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Preface

The subject of the book is fluid dynamics and heat transfer in micro-channels. This
problem is important for understanding the complex phenomena associated with
single- and two-phase flows in heated micro-channels.

The challenge posed by high heat fluxes in electronic chips makes thermal
management a key factor in the development of these systems. Cooling of micro-
electronic components by new cooling technologies, as well as improvement of the
existing ones, is becoming a necessity as the power dissipation levels of integrated
circuits increases and their sizes decrease. Miniature heat sinks with liquid flows in
silicon wafers could significantly improve the performance and reliability of semi-
conductor devices. The improvements are made by increasing the effective thermal
conductivity, by reducing the temperature gradient across the wafer, by reducing
the maximum wafer temperature, and also by reducing the number and intensity of
localized hot spots.

A possible way to enhance heat transfer in systems with high power density is to
change the phase in the micro-channels embedded in the device. This has motivated
a number of theoretical and experimental investigations covering various aspects of
heat transfer in micro-channel heat sinks with phase change.

The flow and heat transfer in heated micro-channels are accompanied by a num-
ber of thermohydrodynamicprocesses, such as liquid heating and vaporization, boil-
ing, formation of two-phase mixtures with a very complicated inner structure, etc.,
which affect significantly the hydrodynamic and thermal characteristics of the cool-
ing systems.

The multiplicity of phenomena characteristic of flow in heated micro-channels
determined the content of the book. We consider a number of fundamental problems
related to drag and heat transfer in flow of a pure liquid and a two-phase mixture
in micro-channels, coolant boiling in restricted space, bubble dynamics, etc. Also
considered are capillary flows with distinct interfaces developing under interaction
of inertia, pressure, gravity, viscous and capillary forces.

In this book we use our own results on a number of problems related to flow
and heat transfer in micro-channels, as well as those of numerous theoretical and
experimental investigations published in current literature. The presented materials
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vi Preface

are easily comprehensible for engineers and applied scientists with some graduate
level familiarity with fluid mechanics and theory of heat transfer.

The book consists of two parts: hydrodynamics and heat transfer of single- and
two-phase media in micro-channels (Chaps. 1–7), capillary flow with distinct inter-
faces (Chaps. 8–11).

The book is not meant to be an undergraduate text, but can be used in graduate
level courses.
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Chapter 1
Introduction

1.1 General Overview

The rapid advances made during the past decade in the field of production and use
of high power micro-devices led to widespread interest in the problems of micro-
fluid mechanics and the need for both comprehensive and detailed treatment of the
fundamental aspects of these phenomena.

Despite the fact that experimental and theoretical studies of flow in small pipes
began already in the first part of the nineteenth century, systematic treatment of
the vast class of problems associated with flow and heat transfer in micro-channels
started only in the middle of the twentieth century. It was then that the true signifi-
cance of such investigations was realized for different applications in micro-system
technology, in particular, micro-scaled cooling systems of electronic devices which
generate high power. Accordingly, experimental and theoretical investigations were
aimed at detailed study of the flow of incompressible and compressible fluids in
regular and irregular micro-channels under adiabatic conditions, conditions corres-
ponding to intensive heat transfer with the environment, and phase change. At the
same time specific problems associated with roughness, energy dissipation, heat
losses, etc., were considered. As a result, important features of flow and heat transfer
in micro-channels were revealed, simple models of the processes were developed,
and empirical and semi-empirical correlations for drag and heat transfer coefficient
were suggested. Comparison of systematic experimental data with predictions of the
conventional theory based on the Navier–Stokes equation reveals the actual sources
of disparity between them. The recent developments in micro-scale heat transfer and
fluid flow have been discussed by e.g. Zhang et al. (2004), Celata (2004), Kakac et
al.(2005), Kandlikar et al. (2005), Zhang (2007).

In spite of the progress described above, certain fundamental problems in flow
and heat transfer are still unclear. This leads to difficulties in understanding the
essence of micro-thermohydrodynamic phenomena.

L.P. Yarin, Fluid Flow, Heat Transfer and Boiling in Micro-Channels 1
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2 1 Introduction

1.2 Scope and Contents of Part I

The first part of this book deals with the characteristics of flow and heat transfer in
the channels and comparison between conventional size and micro-channels, which
are important to understanding micro-processes in cooling systems of electronic
devices with high power density and many other applications in engineering and
technology.

It contains six chapters related to the overall characteristics of the cooling sys-
tems: single-phase and gas–liquid flow, heat transfer and boiling in channels of dif-
ferent geometries.

Chapter 2 presents general schemes of these systems, as well as the characteris-
tics of the micro-channels used.

In Chap. 3 the problems of single-phase flow are considered. Detailed data on
flows of incompressible fluid and gas in smooth and rough micro-channels are pre-
sented. The chapter focuses on the transition from laminar to turbulent flow, and the
thermal effects that cause oscillatory regimes.

Chapter 4 is devoted to single-phase heat transfer. Data on heat transfer in cir-
cular micro-tubes and in rectangular, trapezoidal and triangular ducts are presented.
Attention is drawn to the effect of energy dissipation, axial conduction and wall
roughness on the thermal characteristics of flow. Specific problems connected with
electro-osmotic heat transfer in micro-channels, three-dimensional heat transfer in
micro-channel heat sinks and optimization of micro-heat exchangers are also dis-
cussed.

The results of experimental and theoretical investigations related to study of drag
and heat transfer in two-phase gas–liquid flow are presented in Chap. 5.

The concepts of boiling in micro-channels and comparison to conventional size
channels are considered in Chap. 6. The mechanism of the onset of nucleate boiling
is treated. Specific problems such as explosive boiling in parallel micro-channels,
drag reduction and heat transfer in surfactant solutions are also considered.

Chapter 7 deals with the practical problems. It contains the results of the gen-
eral hydrodynamical and thermal characteristics corresponding to laminar flows in
micro-channels of different geometry. The overall correlations for drag and heat
transfer coefficients in micro-channels at single- and two-phase flows, as well as
data on physical properties of selected working fluids are presented. The correlation
for boiling heat transfer is also considered.

1.3 Scope and Contents of Part II

The second part treats specific problems typical of capillary flow with a distinct
interface. It contains four chapters in which steady and unsteady capillary flow are
treated.

The quasi-one-dimensional model of two-phase flow in a heated capillary slot,
driven by liquid vaporization from the interface, is described in Chap. 8. It takes
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into account the principal characteristics of the phenomenon, namely, the effect of
inertia, pressure and friction forces and capillary pressure due to the curvature of the
interface, as well as the thermal and dynamical interactions of the liquid and vapor
phases.

Chapter 9 is devoted to regimes of capillary flow with a distinct interface. The
effect of certain dimensionless parameters on the velocity, temperature and pressure
within the liquid and vapor domains are considered. The parameters corresponding
to the steady flow regimes, as well as the domains of flow instability are defined.

Chapter 10 deals with laminar flow in heated capillaries where the meniscus pos-
ition and the liquid velocity at the inlet are unknown in advance. The approach to
calculate the general parameters of such flow is considered in detail. A brief discus-
sion of the effect of operating parameters on the rate of vaporization, the position of
the meniscus, and the regimes of flow, is also presented.

The onset of flow instability in a heated capillary with vaporizing meniscus is
considered in Chap 11. The behavior of a vapor/liquid system undergoing small
perturbations is analyzed by linear approximation, in the frame work of a one-
dimensional model of capillary flow with a distinct interface. The effect of the phys-
ical properties of both phases, the wall heat flux and the capillary sizes on the flow
stability is studied. A scenario of a possible process at small and moderate Peclet
number is considered. The boundaries of stability separating the domains of sta-
ble and unstable flow are outlined and the values of the geometrical and operating
parameters corresponding to the transition are estimated.
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Chapter 2
Cooling Systems of Electronic Devices

We attempt here to describe the fundamental equations of fluid mechanics and heat
transfer. The main emphasis, however, is on understanding the physical principles
and on application of the theory to realistic problems. The state of the art in high-
heat flux management schemes, pressure and temperature measurement, pressure
drop and heat transfer in single-phase and two-phase micro-channels, design and
fabrication of micro-channel heat sinks are discussed.

2.1 High-Heat Flux Management Schemes

With the trend towards increasing levels of integration in high-density, very large-
scale integral circuits and heat sink technologies, higher level of performance are
required to meet the elevated power dissipation in electronic and optical devices.
Thermal design for cooling of microprocessor packages has become increasingly
challenging in its thermal and fabrication aspects. Figure 2.1 shows the International
Technology Roadmap for Semiconductors (ITRS) (Prasher et al. 2005). The upper
line corresponds to high-performance semiconductors.

It can be seen that thermal design power (TDP) rises linearly up to about 2009–
2010 and is expected to remain approximately constant afterwards. However, these
data do not indicate whether new cooling technologies are needed for future pack-
ages. Due to die shrinkage and to other complexities of electronic and optical design,
the heat flux will increase drastically, leading to highly non-uniform heat generation
that will in turn cause localized hotspots. Breakthroughs in many semiconductor
technologies are becoming increasingly dependent upon the ability to safely dissi-
pate enormous amounts of heat from very small areas. Frequently, advanced elec-
tronic, optical, nuclear equipment and high-frequency microwave systems require
cooling of some devices at heat fluxes on the order of 103 W/cm2 (Hetsroni et al.
2006a). Fusion reactors, for example, contain components that require continuous

L.P. Yarin, Fluid Flow, Heat Transfer and Boiling in Micro-Channels 7
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8 2 Cooling Systems of Electronic Devices

Fig. 2.1 International Technology Roadmap for Semiconductors (ITRS). Reprinted from Prasher
et al. (2005) with permission

cooling on the order of 104 W/m2 (Boyd 1985). Cooling schemes exploiting recent
research developments in high-heat flux thermal management were discussed and
compared as to their potential heat dissipation reliability and packaging aspects by
Lasance (Philips Research Laboratories) and Simons (IBM Corporation) (Lasance
and Simons 2005). Some of these results are presented below.

Conduction and heat spreading

In all cooled appliances, the heat from the device’s heat sources must first arrive
via thermal conduction at the surfaces exposed to the cooling fluid before it can be
transferred to the coolant. For example, as shown in Fig. 2.2, it must be conducted
from the chip through the lid to the heat sink before it can be discharged to the
ambient air. As can be seen, thermal interface materials (TIMs) may be used to
facilitate this process. In many cases a heat spreader in the form of a flat plate with
high thermal conductivity may be placed between the chip and the lid.

Heat spreading is a very effective means to alleviate the need for sophisticated
high-heat flux cooling options. Of course, the benefit of reducing the heat flux
density by increasing the area should outweigh the “penalty” of the additional
layer in the path of the heat stream. Figure 2.3 shows heat spreading results for
q = 150 W/cm2 as a function of thermal conductivity, thickness and heat transfer
coefficient. For example, using an 8×8 cm2 heat spreader of some advanced com-
posite with k = 800 W/m K and thickness of δ = 4 mm results in a temperature rise
of about 40 K at a heat transfer coefficient h = 2,500 W/m2 K.
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Fig. 2.2 Chip package with thermal conduction path to heat sink via TIMs. Reprinted from La-
sance and Simons (2005) with permission

Fig. 2.3 Effect of thickness on heat spreading for different heat source areas, material thermal
conductivities, and heat transfer coefficients (A in cm2, k in W/mK, h in W/m2K). Reprinted from
Lasance and Simons (2005) with permission

Air cooling

It is generally acknowledged that traditional air-cooling techniques are about to
reach their limit for high-power appliances. With standard fans a maximum heat
transfer coefficient of about 150 W/m2 K can be reached with an acceptable noise
level, which is about 1 W/cm2 for a ΔT = 60 K temperature difference. Using
“macro-jet” impingement, theoretically we may reach 900 W/m2 K, but with un-
acceptable noise levels. Non-standard fan/specialized heat sink combinations for
CPU cooling are expected to have a maximum of about q = 50 W/cm2. Recently,
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some new initiatives have extended the useful range of air-cooling, such as piezo
fans, “synthetic” jet cooling and “nanolightning.”

Piezo fans

Piezoelectric fans are small, low-power, relatively low-noise, solid-state devices that
provide viable thermal management solutions for a variety of portable electronic
appliances, including laptop computers and cellular phones. In these fans piezoce-
ramic patches are bonded onto thin, low-frequency flexible blades driven at reso-
nance frequency, thereby creating an air stream directed at the electronics compo-
nents. Thereby, up to 100% improvement over natural convective heat transfer can
be achieved (Acikalin et al. 2004).

Synthetic jet cooling

An approach using periodic micro-jets called “synthetic jets” is still in the initial
stages of study. Due to the pulsating nature of the flow, the jets create stronger en-
trainment than conventional steady jets with the same Reynolds number, and more
vigorous mixing between the wall boundary layers and the rest of the flow. A test
set-up is shown in Fig. 2.4. The jet entrains cool air from the environment, impinges
on the top hot surface and returns the heated air to the environment. Radial current
counter flow is created in the gap between the plates, with hot air dispersed along
the top and the ambient air entrained along the bottom surface. The idea was fur-
ther advanced by the development of flow actuators using micro-electromechanical
systems (MEMS) technology (Beratlis and Smith 2003).

Nanolightning

An interesting new approach to increasing the heat transfer coefficient, known as
“nanolightning,” was also investigated. It is based on “micro-scale ion-driven air-
flow” using very strong electric fields created by nanotubes. As shown in Fig. 2.5,
the ionized air molecules are moved by another electric field, thereby inducing sec-
ondary airflow (Peterson et al. 2003). Cooling at a heat flux level of q = 40 W/cm2

has been reported.

Liquid cooling

Liquid cooling in electronics is generally divided into two main categories, indirect
and direct, according to the type of contact between the coolant and the cooled
components. The following sections discuss the two categories, represented by heat
pipes and cold plates, and immersion cooling and jet impingement, respectively.

Heat pipes

Heat pipes are an enhanced means of transporting heat (in certain circumstances
much better than copper) from a source to a heat sink where it can be transmit-
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Fig. 2.4 Flow dynamics of
normal jet impingement with
an oscillating diaphragm.
Reprinted from Lasance and
Simons (2005) with permis-
sion

Fig. 2.5 Nanolightning
sketch. Reprinted from La-
sance and Simons (2005) with
permission
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ted to the cooling medium by natural or forced convection. They are sealed and
vacuum-pumped vessels partially filled with liquid. Their internal walls are lined
with a porous medium (the wick) that acts as a passive capillary pump. When heat
is applied to one side of the pipe the liquid begins to vaporize. The pressure gra-
dient causes the vapor to flow towards the cooler regions, where it condenses and
is transported back by the wick structure, thereby closing the loop. Their perform-
ance scales from a heat flux of 10 W/cm2 to over 300 W/cm2. Loop heat pipes
(LHP) have attracted increased attention. Their advantage over their conventional
counterparts is that the vapor and liquid paths are separated, permitting much bet-
ter performance of the liquid return loop. For example, Kim and Golliher (2002)
showed the ability to accommodate a heat flux of 625 W/cm2.

Silicon micro-heat pipes (MHP) are passive systems used to transfer high heat
fluxes and to increase the effective thermal conductivity of a Si substrate. Their
working principle is based on two-phase heat transfer. A MHP consists of a non-
circular closed channel, a few hundred micrometers wide and a few centimeters
long. Similar to the preceding case, the liquid vaporizes at one end of the channel,
where heat flux is applied (evaporator). The vapor, driven by the pressure gradi-
ent, flows to the other end of the channel, which is cooled (condenser). There it
condenses and gives up its latent heat of vaporization. The capillary pressure dif-
ference between the evaporator and the condenser causes the liquid to flow back to
the evaporator. Thereby, heat is transferred from the evaporator to the condenser by
a continuous cycle of working fluid with a low thermal gradient. To increase the
heat load, MHPs are implemented in arrays of several tens.

The role of a MHP is to reduce the maximum temperature of the wafer and de-
crease the temperature gradient across it, thereby increasing the effective thermal
conductivity. Such a device was used in the study conducted by Le Berre et al.
(2006). Its size was 20×20 mm2 and consisted of a series of 27 parallel triangular
channels, 500 µm wide and 350 µm deep (hydraulic diameter about 257 µm), micro-
machined into a silicon wafer using KOH anisotropic etching. The array volume
was about 50 mm3, which represents a void fraction of 11%. Such a geometry with
acute-angled corners is necessary for a proper heat pipe operation: the corners fa-
vor reduction of the meniscus curvature radius, which in turn increases the capillary
pumping pressure.

The performances of the MHP array were evaluated for different methanol filling
charges under different experimental conditions. The results indicated an increase in
the effective thermal conductivity to about 200 W/m K under optimum conditions,
equivalent to a 67% increase over an empty array. Performances are favored by
reducing the input heat flux or increasing the cooling temperature.

Cold plates

Liquid-cooled cold plates perform a function analogous to that of air-cooled heat
sinks. Unlike heat pipes, they may be considered active devices in that the liquid is
usually forced through them by a pump.
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Both direct and indirect liquid cooling methods can be further categorized as
single-phase and two-phase methods. For example, jet impingement cooling may
be a two-phase direct method, in contrast to the two-phase indirect technology of
heat pipes and thermosiphons. Two-phase methods are preferable because of the
high-heat transfer coefficients, although the systems tend to be more complex. In
the mid-1980s, IBM employed an indirect liquid cooling technology using water
for mainframes and supercomputers. This technology became the norm for high-
performance computers, in which the large cold plates can be sufficiently separated
from the electronics and thermally connected with the heat conduction devices.
Two-phase cooling was not considered for notebook computers at that time, since
most microprocessors were sufficiently cooled with metallic heat sinks and fans.

Immersion cooling

Direct liquid immersion cooling also provides a higher heat transfer coefficient, de-
pending on the specific coolant and mode of convective heat transfer. Since there is
no wall separating the heat source from the coolant, the heat can be removed directly
from the chip. In these circumstances, consideration must be given to the coolant’s
chemical compatibility with the chip and other packaging materials exposed to the
liquid. At present, with the continuous increase of heat flux at the chip level, micro-
channel cold plates are receiving renewed attention. The relative magnitude of the
heat fluxes accommodated by liquid cooling depends on convective heat transfer
processes classified as natural convection, forced convection, or boiling modes. The
natural convection mode is derived from the mixing and fluid motion induced by
density differences of the coolant. Its heat transfer rates are low and can be exceeded
by forced convection mode in which the flow velocity of the liquid over the heated
surface is increased with the aid of a pump. Boiling is a convective heat transfer pro-
cess based on the phase change of the working fluid with vapor bubbles forming at
the heated surface, and commonly has the form of pool boiling or flow boiling. The
boiling curve (Fig. 2.6, Simons 1996) for a typical fluorocarbon coolant shows the

Fig. 2.6 Typical heat trans-
fer regimes for immersion
cooling with a fluorocar-
bon. Reprinted from Simons
(1996) with permission
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Fig. 2.7 (a) Spray and jet impingement cooling. Reprinted from Lasance and Simons (2005) with
permission. (b) Details of the test section. (c) HAGO nozzle and spray details. Parts (b–f) reprinted
from Fabbri et al. (2005) with permission
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magnitude of heat fluxes as a function of excess temperature. At low chip powers,
natural convection (A–B) initiates the heat transfer process until sufficient excess
temperature is available to promote bubble growth on the surface, at which point
boiling begins. As the power increases, more nucleation sites are activated and bub-
bles are detached at higher frequency, intensifying fluid circulation near the chip.
This stretch between B and C is termed the nucleate boiling regime, where the in-
tensified fluid circulation accommodates higher heat fluxes with minimal increase in
the surface temperature. Line C–E represents nucleate boiling regime. Stretch D–E
represents the transition to film boiling in which the heat transfer is realized by con-
duction through a vapor film. It is, however, very poor and may result in electronic
failure due to the high temperatures. The most desirable mode for electronics cool-
ing is the nucleate boiling regime. Immersion cooling is a well-established method,
backed by over thirty years of university and industrial research. With natural con-
vection two-phase flow, the critical heat flux using FC-72 is in the range of 5 to
20 W/cm2. However, much higher heat fluxes up to 100 W/cm2 can be accommo-
dated through surface enhancement of the heat source.

Spray cooling and liquid jet impingement

Spray cooling and jet impingement (as shown in Fig. 2.7) are often considered as
competing options for electronics cooling. In general, spraying requires lower flow
rates but a higher nozzle pressure drop. In recent years spray cooling has received
increasing attention as a means of supporting higher heat fluxes. In it the liquid is
disintegrated into fine droplets that impinge individually on the heated wall. The
cooling effect is achieved through a combination of thermal conduction through the
liquid in contact with the surface, and vaporization at the liquid–vapor interface.
The droplet impingement both enhances the spatial uniformity of heat removal and
delays liquid separation at the wall during vigorous boiling.

Fig. 2.7 (d) Comparison between spray and micro-jet performance for two flow rates 50.56 ml/min
[2.87 µl/mm2 s]. Parts (b–f) reprinted from Fabbri et al. (2005) with permission
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Fig. 2.7 (e) Comparison between spray and micro-jet performance for two flow rates 81.56 ml/min
[4.63 µl/mm2s]. (f) Comparison between spray and micro-jet performance for the same pumping
power. Parts (b–f) reprinted from Fabbri et al. (2005) with permission

Single-phase heat transfer rates using droplet sprays and arrays of micro-jets
have been compared by Fabbri et al. (2005). It was found that at a flow rate of
2.87 µl/mm2 s spraying provides a higher heat transfer rate than any jet configura-
tion, while at higher flow rate of 4.63 µl/mm2 s jet arrays can perform as well as
sprays.

Micro-jet arrays are usually associated with lower energy consumption rates than
sprays generated by the special (HAGO) nozzle for the same flow rate. The liquid
was pushed through a 0.5 mm stainless steel orifice plate to form the jets. The holes
in the plate were laser drilled and were arranged in a circular pattern giving a radial
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and circumferential pitch of 1 mm for 397 jets, 2 mm for 127 jets, and 3 for 61
jets. The results presented here are confined to this type of nozzle, although designs
may exist involving lower pressure losses at the considered flow rates. For equal
pumping power and Tw−TL = 76 K, they can remove fluxes as high as 240 W/cm2,
while sprays can only handle 93 W/cm2.

The pressure drop in the HAGO nozzle quickly reaches impractical values. There
is always a combination of jet diameter and jet spacing that yields the same heat
transfer coefficient as the spray, but at a much lower energy cost.

Liquid micro-jet arrays have been successfully put to use. The module has proved
capable of dissipating 129 W, with a heat flux of 300 W/cm2 at a surface tempera-
ture of 80 ◦C, a considerable achievement at the present state of the art. Reduction
of the system pressure made for lower boiling inception temperatures, thus allowing
for higher heat removal rates at lower surface temperatures.

Liquid metal cooling

High-electrical conducting fluids such as liquid metals offer a unique solution to
current and future cooling needs of high-power density heat sources. The two
principal advantages of single-phase cooling systems based on liquid metals lie
in their superior thermophysical properties and in the feasibility of moving them
efficiently with silent, non-moving pumps. Closed loops based on liquid metals
and the requisite pumps make possible gravity-independent high-performance cool-
ing systems. Analytical and experimental work has been presented, using minia-
ture pumps operating at a greater than 8 kPa maximum pressure rise, and show-
ing heat transfer coefficients on the order of 10 W/cm2 K (Miner and Ghoshal
2004).

An example of a liquid cooling loop is shown in Fig. 2.8.

Fig. 2.8 Schematic repre-
sentation of an experimental
set-up for a liquid metal
impingement/stagnation flow.
Reprinted from Miner and
Ghoshal (2004) with permis-
sion
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Sintered porous inserts

The heat transfer and pressure drop in a rectangular channel with sintered porous
inserts, made of stainless steels of different porosity, were investigated. The experi-
mental set-up is shown in Fig. 2.9. Heat fluxes up to 6 MW/m2 were removed by
using samples with a porosity of 32% and an average pore diameter of 20 µm. Under
these experimental conditions, the temperature difference between the wall and the
bulk water did not exceed ΔT = 55 K at a pressure drop of ΔP = 4.5 bars (Hetsroni
et al. 2006a).

Concept of micro-channel heat sink

For flow at a given rate, the only way to significantly increase the heat transfer co-
efficient is to reduce the channel size, whose optimum can be calculated assuming
a practical limit on the available pressure. Recourse to multiple channels, instead
of continuous coolant flow over the entire back substrate surface, enables one to
multiply the substrate area by a factor ϕ , representing the total surface area of the
channel walls which are in contact with fluid. Single-row micro-channels etched dir-

Fig. 2.9 Schematic diagram of experimental set-up: 1 inlet tank, 2 pump, 3 control valve, 4 tem-
perature and pressure measurement ports, 5 sample of porous medium, 6 top of test section, 7 hous-
ing, 8 copper rod, 9 heater, 10 insulation, 11 exit tank, 12 electronic scales. Reprinted from Hetsroni
et al. (2006a) with permission
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ectly into the backs of silicon wafers were first shown to be effective by Tuckerman
and Pease (1981) in which a maximum of q = 790 W/cm2 was removed with a rise
in water temperature ΔT = 71 K at water pressure ΔP = 2 bar (Fig. 2.10). The heat
sink is made of deep rectangular channels of width wc and depth H, separated by
walls of thickness ww. A cover plate is bonded onto the back, confining the coolant
to the channels. The front surface of the substrate contains a planar heat source
(the circuits).

The performance of a heat sink may be measured by its thermal resistance
R = ΔT/q, where ΔT is the temperature rise above that of the input coolant and
q is the heat flux. As electronic and optical devices typically operate at a maximum
ΔTmax = 50−100 K above room temperature, their maximum power is determined
by thermal resistance. In general, R is the sum of Rcond associated with conduction
from the circuits through the substrate, package, and heat sink interface, Rconv with
convection from the heat sink to the coolant, and Rheat with heating of the fluid as
it absorbs the energy passing through the heat exchanger. To reduce Rcond, research
into micro-scale heat exchangers has focused on heat sinks fabricated from a highly
thermally conductive solid, such as copper or silicon, with rows of small channels
fabricated into the surfaces. High solid conductivity is particularly important in mul-
tiple row structures, as the amount of heat by any given row can be large. A highly
conductive medium increases heat conduction into subsequent layers where it can
be transferred to the fluid. Rheat can be reduced by using a coolant of high volu-
metric heat capacity ρcp. With these two components accounted for with relative
ease, the convective thermal resistance Rconv becomes the dominant consideration
in high-performance heat sinks. We focused on some aspects of single-phase and
two-phase flow and heat transfer in small size channels.

Fig. 2.10 High-performance micro-channel heat sink. Reprinted from Tuckerman and Pease
(1981) with permission
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Channel classification

The problems of micro-hydrodynamics were considered in different contexts: (1)
drag at laminar, transient and turbulent single-phase flows; (2) heat transfer of liq-
uids and gas flows; and (3) two-phase flows in adiabatic and heated micro-channels.
As indicated by Kandlikar and Grande (2002), and by Hetsroni et al. (2005a, c),
no fundamental change occurs in single-phase flow in the absence of rarefaction ef-
fects, which for gases are described by the Knudsen number, Kn, and are significant
in the range Kn = 0.01−0.1:

Kn =
λ
dh

(2.1)

where λ is the mean free path for the gas:

λ =
μ
√
π

ρ
√

2RT
(2.2)

with gas constant R in J/kg K, dynamic viscosity μ in kg/m s, density ρ in kg/m3,
temperature T in K.

The book by Karniadakis and Beskon (2002) addresses gas and liquid micro-
flows with focus on the former, in which most of the deviations from macro-scales
occur. The authors also treat liquid-specific phenomena and molecular dynamics.

Table 2.1 reproduced from the book by Karniadakis and Beskon, gives the mean
free path for different gases at 300 K.

The classification in Table 2.2, based on the hydraulic diameter of the channel,
was suggested by Kandlikar and Grande (2002).

The definition of mini-channels and micro-channels has not been clearly and
strictly established in the literature although many related studies have been done.
For example, for compact heat exchangers, Mehendale et al. (1999) gave a relatively

Table 2.1 Mean free path for gases at atmospheric pressure

Gas T
K

R
J/kg K

ρ
kg/m3

μ
kg/m s

λ
µm

Air 300 287.0 1.1614 1.85×10−5 0.068
Helium 300 2077 0.1625 1.99×10−5 0.194
Hydrogen 300 4124 0.08078 8.96×10−6 0.125
Nitrogen 300 296.8 1.1233 1.78×10−5 0.066

Table 2.2 Channel classification

Conventional channels dh > 3 mm
Mini-channels 200 µm ≤ dh ≤ 3 mm
Micro-channels 10 µm ≤ dh ≤ 200 µm
Transitional channels 0.1 µm ≤ dh ≤ 10 µm
Molecular nanochannels dh ≤ 0.1 µm
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loose definition of mini-channels, in terms of hydraulic diameter: dh = 1−6 mm. In
this book we will consider the channels with hydraulic diameters ranging roughly
from 5 to 500 µm as micro-channels and the channels with hydraulic diameters
dh > 500 µm as conventional size channels. Traditional correlations may not be
suitable to predict flow regimes, pressure drop and heat transfer in micro-channels
and applicability of existing correlations for conventional size channels to micro-
channels should be carefully examined.

Classification on the basis of the Knudsen number, as per Karniadakis and
Beskon (2002), is given in Table 2.3.

The micro-electromechanical systems (MEMS) operate in a wide range of re-
gimes covering continuum, slip and transition flows. Further miniaturization of the
MEMS device components and appliances in the emerging field of nanoelectrome-
chanical systems (NEMS) would result in high Knudsen numbers, making it neces-
sary to study mass, momentum, and energy transport over the entire Knudsen range.

The overall performance of micro-channel heat sinks

Micro-channel heat sinks are devices that provide liquid flow through parallel chan-
nels having a hydraulic diameter of around 5–500 µm. Figure 2.11 shows the range
of heat transfer coefficients attainable with different fluids and cooling schemes
(Mudawar 2001). Air is the most readily available, and remains the most widely used
coolant for most applications. However, its poor thermal transport properties limit
its use to low-heat flux devices. Better results are obtained with fluorochemical liq-
uids, and the most demanding cooling situations are typically managed with water.

Mudawar (2001) reviewed high-heat flux thermal management schemes, includ-
ing ultra high-heat fluxes in the range of 1,000–100,000 W/cm2. Garimella and
Sobhan (2003) reviewed research on fluid dynamics and heat transfer in micro-
channels up to 2000. Recent overviews were also provided by Morini (2004), Moha-
patra and Loikitis (2005), Hetsroni et al. (2005a, 2006c), Thome (2006), and Cheng
and Wu (2006).

A micro-channel heat sink can be classified as single-phase or two-phase ac-
cording to the state of the coolant inside it. For single-phase fluid flow in smooth

Table 2.3 Classification on the basis of the Knudsen number

Range of Knudsen
number

Type of flow

Kn = 0.001−0.1 Continuum flow: no rarefaction effects

Kn = 0.01−0.1 Slip flow: rarefaction effects that can be modeled with a modified continuum
theory with wall slip taken into consideration

Kn = 0.1−10 Transition flow: between slip flow and free molecular flow, treated statisti-
cally, e.g., by the Boltzmann equation

Kn > 10 Free molecular flow: motion of individual molecules, that must be modeled
and then treated statistically
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Fig. 2.11 Heat transfer coefficient for different coolants. Reprinted from Mudawar (2001) with
permission

channels with a hydraulic diameter dh from 15 to 4,000 µm, in the Reynolds number
range Re < Recrit, the Poiseuille number Po is independent of Re. For single-phase
gas flow in channels with a hydraulic diameter from 100 to 4,000 µm, in the range
Re < Recrit, with Knudsen number 0.001 ≤ Kn ≤ 0.38, and Mach number 0.07 ≤
Ma ≤ 0.84, the experimental friction factor agrees quite well with the theoretical
prediction for fully developed laminar flow. The behavior of single-phase flow in
micro-channels shows no differences from macro-scale flow (Hetsroni et al. 2005a).

By contrast, two-phase flow in micro-channels of rectangular, circular, triangu-
lar, or trapezoidal cross-section showed significant differences when compared to
macro-scale flow. Lee et al. (2004) studied the bubble growth dynamics in single
micro-channels as small as 41.3 µm. They concluded that a conventional bubble de-
parture model for convective boiling in conventional tubes larger than 6 mm cannot
predict the growth pattern, and that the bubbles always nucleate from the corners.
Chung and Kawaji (2004) investigated liquid and gas adiabatic two-phase flow in
micro-capillaries of circular and square cross-sections and found that the transition
of flow patterns occurred at lower surface velocities in the circular capillary than in
the square one. Convective boiling in transparent single micro-channels with simi-
lar hydraulic diameters but different cross-sections was studied by Yen et al. (2006).
Two types of glass micro-channels were tested: circular of d = 210 µm, and square
of dh = 214 µm. In the latter, the corners acted as active nucleation cavities, both the
number of nucleation bubbles and the local heat transfer coefficient increased with
decreasing vapor quality. The performance of a micro-channel heat sink is enhanced
by increasing the heat transfer area and coefficient, the first being achieved by in-
creasing the number of micro-channels and the second by reducing the hydraulic
diameter, which makes for a dramatic increase in pressure drop. Calame et al. (2007)
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carried out experiments on removing high heat flux from GaN-on-Sic semiconduc-
tors dies using micro-channels coolers. A wide variety of micro-channel materials
and configurations were investigated. Silicon micro-channel coolers exhibited good
performance at power densities of 1,000–1,200 W/cm2. Polycrystalline chemical
vapor deposited (CVD) Sic micro-channel coolers were found to be promising for
higher power densities of 3,000–4,000 W/cm2. The performance was good as a cop-
per micro-channel cooler, but presumably without the stress problems associated
with differential thermal expansion between the semiconductor and cooper.

Lee and Vafai (1999) compared jet impingement and micro-channel cooling for
high-heat flux appliances. One of their conclusions is that micro-channel cooling
is more effective for areas smaller than 7× 7 cm2. Kandlikar and Upadhye (2005)
showed enhanced micro-channel cooling by using off-set strip fins and a split-flow
arrangement. Colgan et al. (2005) published a practical implementation of a silicon
micro-channel cooler (shown in Fig. 2.12) for high-power chips. They argued that
given the high cost of high-performance processor chips it is impractical to form the
micro-channels directly on the chip. Instead, a separate micro-channel cold plate
is bonded to the back of the chip, a design requiring very low interface thermal
resistance. If the micro-cooler is based on silicon, rigid bonding dictates use of
silver-filled epoxies or solder. Power densities in excess of 400 W/cm2 are reported,
for a flow of 1.2 l/min at 30 kPa.

Micro-channel heat transfer can be pushed even further by recourse to boiling.
In addition to offering higher heat transfer coefficients, boiling convection in micro-
channels is promising because it requires less pumping power than its single-phase
liquid counterpart to achieve a given heat sink thermal resistance. For the same heat
flux the pressure drops by a factor of 20. A review on boiling and evaporation in
small-diameter channels was published by Bergles et al. (2003).

The vapor–liquid exchange process that is largely responsible for the effective-
ness of phase-change cooling, requires uninterrupted liquid flow on the device sur-
face. Higher heat fluxes are dissipated by a higher output of vapor bubbles per unit
surface area. Unfortunately, bubble crowding may lead to significant vapor coales-
cence, eventually interfering with the liquid access to the device surface. Once the
vapor–liquid exchange process is interrupted, the power dissipated in the device it-

Fig. 2.12 Pictures from IBM paper showing high-performance liquid cooling technology using
micro-channels. Reprinted from Colgan et al. (2005) with permission
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Table 2.4 Comparison of pressure drops between PG 50% and water for the same thermal resist-
ance

Liquid Flow rate (ml/min) Pressure drop (kPa)

Water 200 80
PG 50% 220 900

self will no longer be removed and the device temperature begins to escalate out of
control. This is the highest point in the boiling curve, termed the critical heat flux
(CHF), constituting the upper design limit for any phase-change cooling system.

The main problem in single-phase micro-channel cooling are freezing thresholds
required in the electronics industry, which may be as low as 40 ◦C, in which case
water is ruled out as cooling medium. Table 2.4 shows a comparison between the
performance of the widely used propylene glycol antifreeze (1:1 PG and water)
versus pure water for the same thermal performance. The micro-channel size for
this study is 50× 300 µm (Prasher et al. 2005). It is seen that the pressure drop
for conventional antifreeze is very large due to its low thermal conductivity and
high viscosity. As a result, strong forces act on the pump bearings. Therefore, for
single-phase micro-channel cooling, other antifreeze coolants are needed, with high-
thermal conductivity and low viscosity.

Another major problem in this context is that the coolant also has to be used as
lubricant for pump bearings, as the pump has to be hermetically sealed. This creates
a situation of conflicting requirements: high viscosity from lubrication viewpoint,
low viscosity from pressure drop viewpoint. Figure 2.13 shows the thermal per-
formance of the package-based micro-channel cold plate as a function of the pres-
sure drop (Prasher et al. 2005). It can be seen that reducing the thermal resistance
of the micro-channels will result in a large pressure drop. In turn, this large pressure

Fig. 2.13 Thermal resistance vs. pressure drop for fluids with different viscosity. Reprinted from
Prasher et al. (2005) with permission
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Table 2.5 Saturation thermophysical properties of some liquid coolants at 1 bar

Fluid Saturation
temperature
Tsat
[◦C]

Liquid
density
ρL
[kg/m3]

Liquid
specific heat
cp,L
[J/kg K]

Vapor
density
ρG
[kg/m3]

Latent heat of
vaporization
hLG
[kJ/kg]

Surface
tension
σ ×103

[N/m]

FC-72 56.6 1600.1 1102.0 13.43 94.8 8.35
FC-87 3.0 1595.0 1060.0 13.65 87.93 14.53
PF-5052 50.0 1643.2 936.3 11.98 104.7 13.00
Water 100.0 957.9 4217.0 0.60 2256.7 58.91

drop across the device will generate significantly large forces on the bearings, thus
increasing the wear and possibly reducing the life time of the pumps. In addition, the
low physical size of the pump shaft may impose significant additional challenges on
the bearing design.

Phase-change cooling systems make do with smaller sizes without necessarily
imposing a larger pumping power requirement compared with single-phase systems.

The saturation thermophysical properties of some liquid coolants are presented
in Table 2.5 (Mudawar 2001).

Poor flow distributions may result in localized dry hotspots which, absent control
of the temperature fluctuations, may cause rapid overheating. Temperature and pres-
sure fluctuations, and poor flow distribution, are the main problems that accompany
the use of two-phase micro-channels.

2.2 Pressure and Temperature Measurements

Pressure measurement

Until recently pressures and temperatures were not measured directly inside the
micro-channels because of size limitations. To obtain the channel inlet and exit
pressures, measurements were taken in a plenum or supply line prior to entering the
channel. Special coefficients were sometimes assumed to account for losses at the
ends and in any piping between the channel plenums and the pressure transducers.
In attempts to obviate the need for such assumptions experiments were conducted
on integration of pressure sensors with a micro-channel, allowing the static pressure
inside it to be measured at multiple locations. These early experiments involved ei-
ther surface micro-machined channels with channel heights on the order of 1–2 µm
(Shih et al. 1996; Li et al. 2000), or of conventionally machined channels, which are
typically larger than dh = 250 mm (Pfund et al. 2000). Due to the difficulty of getting
integrated sensors to operate properly and the limited range of channel dimensions
tested, the experiments provided little additional information about micro-channel
flows at Kn < 0.01. As a further step Kohl et al. (2005), using micro-fabrication
technologies, restored the integration of tap lines and pressure sensing membranes
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into a system consisting of three silicon chips (Fig. 2.14). The micro-channel was
fabricated by etching silicon wafers in KOH, producing a rectangular cross-section.

The lower chip contains the micro-channel test section with inlet and exit
plenums, eight static pressure tap lines intersecting the micro-channel at equally
spaced intervals, and one tap line per plenum. The tap line to the micro-channel

Fig. 2.14 Micro-fabricated test section components, top and bottom views. Reprinted from Kohl
et al. (2005) with permission

Fig. 2.15 Fluid-filled volume of the micro-channel system showing the connections between the
micro-channel, static tap lines, and the fluid-filled volume of the pressure sensors. Reprinted from
Kohl et al. (2005) with permission
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intersection is etched by a deep silicon RIE process to a width less than 7 µm and
depths on the order of 10 µm. The middle chip is used to seal the channel and tap
lines and provides ports for introducing and removing fluid from the plenums, as
well as for connecting the tap lines to the pressure membrane chip, which is located
at the top. The pressure membrane chip contains 10 rectangular membranes for
sensing pressure from the tap lines. The membranes are KOH etched out of silicon
wafers and are approximately 0.564 mm wide, 10 mm long, and 50 µm thick. Fig-
ure 2.15 is a schematic of the fluid-filled volume of the micro-channel and system
including the tap lines and pressure sensor volumes.

The investigation shows agreement between the standard laminar incompressible
flow predictions and the measured results for water. Based on these observations the
predictions based on the analytical results of Shah and London (1978) can be used
to predict the pressure drop for water in channels with dh as small as 24.9 µm. This
investigation shows also that it is insufficient to assume that the friction factor for
laminar compressible flow can be determined by means of the well-known ana-
lytical predictions for its incompressible counterpart. In fact, the experimental and
numerical results both show that the friction factor increases for compressible flows
as Re is increased for a given channel with air.

Temperature measurements

Reliable micro-scale measurement and control of the temperature are required in de-
veloping thermal micro-devices. Available measurement techniques can be largely
classified into contact and non-contact groups. While the resistance thermometer,
thermocouples, thermodiodes, and thermotransistors measure temperature at spe-
cific points in contact with them, infrared thermography, thermochromic liquid crys-
tals (TLC), and temperature-sensitive fluorescent dyes cover the whole temperature
field (Yoo 2006).

Resistance thermometry

Resistance thermometry, based on the variation of the resistance with temperature,
is one of the most traditional techniques used for temperature measurement in the
micro-scale. It is stable and applicable to a wide range of temperatures, but sub-
ject to inaccuracies due to self-heating since it involves use of electric current. The
resistance temperature detector (RTD) and thermistor are the most frequently used
forms. Polysilicon microthermistors have been used to study the heat transfer char-
acteristics in micro-channels (Jiang et al. 1999a,b, 2000) and applied to the wall
shear stress measurement (Lin et al. 2000). Resistance thermometry is also applied
in thermocapillary pumping systems (Sammarco and Burns 1999), micro-machined
chips (Yoon et al. 2002), and transient temperature measurement in thermal bubble
formation (Tsai and Lin 2002). It requires carefully controlled fabrication includ-
ing sensor materials of high purity, precise control of the dosage, and calibration
of the sensors. In the latter, one should bear in mind that all components can be
temperature-dependent.
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Thermocouples

A thermocouple is one of the most common temperature sensors – inexpensive,
reliable, interchangeable, and covering a wide range of temperature. For reduced
size and improved spatial resolution, the micro-machined thermocouple attached to
a cantilever-based probe tip such as in atomic force microscopy (AFM) has been de-
veloped. This technique, which is called scanning thermal microscopy (STM), gen-
erates a thermal map simultaneously with a topographical map by scanning the ther-
moelectric voltage on the surface. The spatial resolution of the technique has been
reduced down to 24 nm (Luo et al. 1997). Significant improvements on the STM
technique and its applications have been reviewed in detail by Majumdar (1999).
Varesi and Majumdar (1998) reported a new technique called scanning joule expan-
sion microscopy (SJEM) that could simultaneously image surface topography and
material expansion due to joule heating.

Thermochromic liquid crystal

In the thermochromic liquid crystal (TLC) the dominant reflected wavelength is
temperature-dependent and it has been employed for full-field mapping of tempera-
ture fields for over three decades. Although it is non-intrusive and cost effective,
there are some problems in applying it to micro-scale measurements, because of
size (typically tens of micrometers) and time response (from a few milliseconds to
several hundred milliseconds depending on the material and the form). Examples
of application are micro-fabricated systems (Chaudhari et al. 1998; Liu et al. 2002)
and electronic components (Azar et al. 1991).

The liquid crystal thermographs method has been used for measuring micro-
tube surface temperature with uncertainties of lower than ±0.4 K by Lin and Yang
(2007). The average outside diameter micro-tubes was 250 µm and 1,260 µm, re-
spectively. The surface was coated with thermochromic liquid crystal (TLC). The
diameters of encapsulated TLC were ranging from 5 to 15 µm. The TLC was painted
on the tested tubes surface with thickness of approximately 30 µm.

Laser-induced fluorescence

Fluorescence is the capacity of certain molecules to absorb energy at a particular
wavelength and to reemit it at a longer wavelength, in the range of visible light.
Examples of relevant studies are Kim and Kihm (2001), and Ross et al. (2001).

Infrared thermography

Infrared (IR) thermography is one of the most advanced non-destructive (NDT)
methods based on the fact that all bodies whose absolute temperature is above zero
emit electromagnetic radiation over a wide spectrum of wavelengths depending on
the temperature. Recently, several researchers have applied it to micro-scale tem-
perature measurement. Hetsroni et al. (2001a) constructed a thermal micro-system
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and studied the effect of the geometric configuration on the flow and heat trans-
fer. Using a flow visualization system, they observed that the heat transfer was en-
hanced under conditions of flow boiling. Subsequently, more detailed investigations
regarding boiling in capillary tubes have been conducted (Hetsroni et al. 2003a,b).
IR thermography was also used to confirm formation of thermally isolated integral
micro-hotplates, which is the key element in the development of an array of micro-
pilasters and conductivity-type gas sensors (Furjes et al. 2002). In the case of liquids,
a problem is that the temperature is measured on the basis of the radiation emitted
from an object, which means that it is necessary to know the accurate value of the
emissivity, which in liquids is sensitive to the wavelength in the infrared range.

Mishan et al. (2007) developed an infrared technique to measure the temperature
of the fluid and wall in a micro-channel, using a transparent cover made of sapphire
glass with a wavelength range of 0.15 to 7 µm, thus permitting visual observation.
When radiant energy strikes a surface, a part of the radiation is reflected, a part is
absorbed and a part is transmitted. The transmission of the sapphire window with
a thickness of 10 mm is shown in Fig. 2.16. From this figure one can conclude
that the transmission is constant for most of the wavelength range, and for λ =
5 µm and T = 273 K, it equals about 85%, a suitable value for the IR technique.
The measurements were preceded by calibration, with the temperature of the water
flowing into the manifolds (range 30 to 90 ◦C) measured by a thermocouple and IR
camera with ±1 K accuracy.

The IR technique also yielded temperature distributions (Fig. 2.17) in the sym-
metry plane at Re = 30 and q = 19×104 W/m2. The wall temperature decreases
by axial conduction through the solid walls in the last part of the micro-channel
(x/L > 0.75) since this part is not heated. Neither the wall nor the fluid bulk tem-
perature distribution can be approximated as linear.

The temperature distribution depends on the material and design of the module,
the flow rate, and the heat flux. Figure 2.18a shows the IR image (top view) of
the central part of the test module obtained at Re = 100 and q = 25×104 W/m2,
and Fig. 2.18b shows its counterpart in the spanwise direction. The field of view is

Fig. 2.16 Transmission vs. wavelength at 10 mm thick sapphire glass. Reprinted from Mishan et
al. (2007) with permission
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Fig. 2.17 Temperature distribution in the streamwise direction. The solid circles (•) represent
the bottom temperature, and the empty circles (◦) represent the fluid temperature. Reprinted from
Mishan et al. (2007) with permission

3.6 mm and 3.6 mm in the streamwise and spanwise direction, respectively, the gray
strips refer to the temperature on the channel walls (about 31.2 ◦C), the black strips
to that of the water (about 29.9 ◦C).

Uncertainty in experimental measurements

For each result presented, the experimental data should include the following infor-
mation:

1. The precision limit P. The ±P interval about a nominal result (single or aver-
age) is the region, with 95% confidence, within which the mean of many such
results would fall, if the experiment were repeated under the same conditions
using the same equipment. Thus, the precision limit is an estimate of the lack of
repeatability caused by random errors and unsteadiness.

2. The bias limit B. The bias limit is an estimate of the constant error. It is assigned
with the understanding that the true value of the bias error, if known, would be
less than |B| with 95% confidence.

3. The uncertainty U . The ±U interval about the nominal result is the band within
which true value of the result lies with 95% confidence. It is calculated from

U = [B2 + P2]1/2 (2.3)

Example

Consider an experiment in which an air-cooled device is being tested and it is desired
to determine the rate of heat transfer Q to the cooling air (ASME 2000). This can
be accomplished by measuring the mass flow rate m, and the inlet and outlet air
temperatures, Tin and Tout, and computing:

Q = mcp(Tout −Tin) (2.4)
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Fig. 2.18a,b Top view of the temperature field, Re = 100, q = 25 ×104 W/m2. (a) IR image.
(b) Temperature variation in the spanwise direction. Reprinted from Mishan et al. (2007) with
permission

where Q is the heat rate, cp is the constant-pressure specific heat of air, and m is the
mass flow rate in kg/s.

The 95% confidence uncertainty UQ in the experimental result Q, is given by
the following combination of the precision (random) contribution PQ, and the bias
contribution BQ:

UQ =
√

P2
Q + B2

Q (2.5)

These two contributions can be evaluated separately in terms of the sensitivity co-
efficients of the result to the measured quantities by using the propagation equation
of Kline and McClintock (1953):
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and
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where B′
Tout

and B′
Tin

are the combination of BTout and BTin , which arise from iden-
tical error sources (as in the case of the thermocouples calibrated using the same
standards, equipment, and procedures), and are therefore presumed to be perfectly
correlated.

Using Eq. (2.4) to evaluate the derivatives, denoting ΔT = Tout − Tin and rear-
ranging, one obtains
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(2.9)
These derivatives can be evaluated numerically, using a data reduction program, or
analytically.

In Eq. (2.4) the temperatures Tout and Tin, denote the bulk mean air tempera-
tures at the outlet and inlet cross-sections, respectively. Their representation by point
measurements introduces a bias error equal to the difference between the latter and
the corresponding bulk means. In evaluating it, allowance should be made for the
residual uncertainty involved in the bias errors from the probe calibration, etc.

Consider now a situation in which the bias limits in the temperature measure-
ments are uncorrelated and are estimated as 0.5 ◦C, and the bias limit on the specific
heat value is 0.5%. The estimated bias error of the mass flow meter system is spec-
ified as “0.25% of reading from 10 to 90% of full scale.” According to the manu-
facturer, this is a fixed error estimate (it cannot be reduced by taking the average of
multiple readings and is, thus, a true bias error), and Bm is taken as 0.0025 times the
value of m. For ΔT = 20 ◦C, Eq. (2.9) gives:

BQ

Q
=

√
(0.0025)2 +(0.005)2 +

(
0.5 ◦C
20 ◦C

)2

+
(

0.5 ◦C
20 ◦C

)2

= 0.036(= 3.6%) .

(2.10)
Obviously, the bias limits on the temperature measurements are dominant in this
specific case. When they are totally correlated, the last term in Eq. (2.9) cancels out
the third and fourth terms, and BQ/Q equals 0.0056 instead if 0.036.

If the random errors and process unsteadiness are such that the precision limit for
Q, PQ, calculated from Eq. (2.7), is 2.7%, the overall uncertainty in the determin-
ation of Q, UQ, is:

UQ

Q
=

√(
BQ

Q

)2

+
(

PQ

Q

)2

=
√

(0.036)2 +(0.027)2 = 0.045(= 4.5%) . (2.11)
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2.3 Pressure Drop and Heat Transfer in a Single-Phase Flow

Many correlations have been proposed in literature for the friction factor and heat
transfer, based on experimental investigations on liquid and gas flow in micro-
channels. Garimella and Sobhan (2003) presented a comprehensive review of these
investigations conducted over the past decade.

Incompressible flow: friction correlations

According to Schlichting and Gersten’s (2000) equation, the friction factor is:

λ = 2ΔP
dh

L
1

ρU2 (2.12)

where ΔP is the pressure drop across the channel, dh is the channel hydraulic diam-
eter, L is the channel length, ρ is the fluid density, and U is the bulk fluid velocity.

Laminar flow

For developed laminar flow in smooth channels of dh > 1 mm, the product λRe =
const. Its value depends on the geometry of the channel. For a circular pipe λRe =
64, where Re = Udh/ν is the Reynolds number, and ν is the kinematic viscosity.

The correlations of Wu and Little (1984), Choi et al. (1991), and Yu et al. (1995),
Maynes and Webb (2002), Turner et al. (2002), Celata et al. (2004), Hetsroni et al.
(2005a) predict constant values of λRe for micro-channels. Predictions by Peng
et al. (1994a) for water flow in rectangular micro-channels in the range of dh from
133 to 343 µm show an altogether different trend: in all cases, λRe decreases with
an increase of the Reynolds number. While the slopes of the curves for all test cases
presented by Peng et al. (1994a) are identical, the magnitude of λRe is highest for
the largest micro-channels and lowest for the smallest. Several experimental results
of λRe in the laminar regime for smooth micro-channels are shown in Fig. 2.19.
The unusual results obtained by Peng et al. (1994a) are attributable, at least in part,
to uncertainties of the experimental data.

Transition and turbulent flows

Transition from laminar to turbulent flow occurs when the friction factor exceeds the
low λRe range. In Fig. 2.20a the results obtained for a tube of diameter 705 µm by
Maynes and Webb (2002) are compared against the value accepted for laminar flow
λ = 64/Re. Based on the above data, one can conclude that the transition occurs at
Re > 2,100.

The friction correlations in the turbulent regime are compared against conven-
tional correlations in Fig. 2.20b. Predictions for nitrogen flow by Choi et al. (1991)
agree very well with conventional results; the Wu and Little (1984) correlation is
similar to those two in its trend, but the predicted values are much higher in mag-
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Fig. 2.19 Laminar flow and friction correlations. Reprinted from Sobhan and Garimella (2001)
with permission

nitude. The correlations of Peng et al. (1994a) for water flow again exhibit a very
different trend: in all cases, λRe decreases with increase of the Reynolds number in
contradiction to conventional correlations. The detailed data for single-phase flow
in micro-channels (experimental conditions, effect of roughness, energy dissipation)
will be discussed later.

Heat transfer. Experimental data for laminar and turbulent flow regimes

The experimental studies have shown departure from the conventional theory for
heat transfer. Choi et al. (1991) found that the measured Nusselt number in lam-
inar flow exhibits a Reynolds number dependence, in contrast to the conven-
tional prediction for fully developed laminar flow, in which the Nusselt number
is constant. The heat transfer at forced convection in channels with cross-section
0.6× 0.7 mm was investigated by Peng and Wang (1998), who observed an un-
usual trend in this dependence of the Nusselt number. Weisberg et al. (1992) and
Bowers and Mudawar (1994) also noted that the behavior of fluid flow and heat
transfer in micro-channels without phase change is substantially different from that
which typically occurs in conventionally sized channels. Wang and Peng (1994)
reported single-phase heat transfer coefficients in six rectangular channels having
0.31 < dh < 0.75 mm for water and methanol. The Nusselt numbers were only 35%
of those predicted by the Dittus–Boelter equation. By contrast, Webb and Zhang
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Fig. 2.20 (a) Dependence of the friction factor on Reynolds number for tube of diameter 705 µm.
Reprinted from Maynes and Webb (2002) with permission. (b) Turbulent flow: friction correla-
tions. Reprinted from Sobhan and Garimella (2001) with permission
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(1998) results were adequately predicted by the commonly accepted correlations
for single-phase flow in multiple tubes having hydraulic diameters between 0.96
and 2.1 mm. Wu and Little (1984) measured the flow and heat transfer characteris-
tics for the flow of nitrogen gas in heat exchangers. The Nusselt numbers for lam-
inar flow (Re < 600) were lower than those predicted by the correlations. Peng
and Peterson (1995) showed a strong effect of the geometric configuration (as-
pect ratio and ratio of the hydraulic diameter to the center-to-center spacing of the
micro-channels) on the heat transfer and flow characteristics in single-phase laminar
flow.

The heat transfer correlations are considered separately in the laminar and tur-
bulent regimes in Figs. 2.21 and 2.22, respectively. The dependence of the Nusselt
number on the Reynolds number is stronger in all the micro-channel predictions
compared to conventional results, as indicated by the steeper slopes of the former;
Choi et al. (1991) predict the strongest variation of Nusselt number with Re. The
predictions for all cases by Peng et al. (1996) also fall below those for a conven-
tional channel.

Fig. 2.21 Laminar flow: heat transfer
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Fig. 2.22 Turbulent flow: heat transfer. Reprinted from Sobhan and Garimella (2001) with
permission

Experimental and numerical study of the pressure drop and heat transfer in
a single-phase micro-channel heat sink by Qu and Mudawar (2002a,b) demonstrated
that the conventional Navier–Stokes and energy equations can adequately predict the
fluid flow and heat transfer characteristics.

New questions have arisen in micro-scale flow and heat transfer. The review by
Gad-el-Hak (1999) focused on the physical aspect of the breakdown of the Navier–
Stokes equations. Mehendale et al. (1999) concluded that since the heat transfer
coefficients were based on the inlet and/or outlet fluid temperatures, rather than
on the bulk temperatures in almost all studies, comparison of conventional correla-
tions is problematic. Palm (2001) also suggested several possible explanations for
the deviations of micro-scale single-phase heat transfer from convectional theory,
including surface roughness and entrance effects.

Effect of axial heat conduction in the channel wall

In general, the axial heat conduction in the channel wall, for conventional size chan-
nels, can be neglected because the wall is usually very thin compared to the diam-
eter. Shah and London (1978) found that the Nusselt number for developed lam-
inar flow in a circular tube fell between 4.36 and 3.66, corresponding to values
for constant heat flux and constant temperature boundary conditions, respectively.
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However, for flow in micro-channels, the wall thickness can be of the same or-
der of channel diameter and will affect the heat transfer significantly. For example,
Choi et al. (1991) reported that the average Nusselt numbers in micro-channels
were much lower than for standard channels and increased with the Reynolds
number.

Hetsroni et al. (2004a) obtained similar results for heat transfer in a circular stain-
less steel tube of inner diameter 1.07 mm and outer diameter 1.50 mm. In the tur-
bulent regime, the predictions of all investigators with the exception of Peng et al.
(1994b) and Peng and Peterson (1996) fell below the conventional channel values.
In particular, those of Adams et al. (1998, 1999) and Wu and Little (1984) lay in one
group. The predictions of Choi et al. (1991) and Yu et al. (1995) were also some-
what comparable, forming a different group. It should be noted that these groups
differ neither in fluid type (both groups cases refer to nitrogen and water) nor in
micro-channel dimensions. The rectangular micro-channels of different dimensions
considered in Peng et al. (1994b) exhibited a wide range of the predicted Nusselt
numbers. In all these cases, as well as in that of Peng and Peterson (1996), the pre-
dicted values lay below those of the Dittus–Boelter equation presented by Shah and
London (1978).

One drawback of a single-phase micro-channel heat exchanger is a relatively high
temperature rise longitudinally compared to traditional heat sinks. Furthermore, the
fluid flow rate might not be evenly distributed between the parallel micro-channels.
Steep temperature gradients produce thermal stresses in the elements and packages
due to the differences in the coefficient of thermal expansion, thus impairing the
device reliability. Heat transfer in gas flow and thermal effects will be discussed in
Chaps. 3 and 4.

Special features of gas flow

In designing micro-scale devices, it is necessary to establish the physical laws
governing gas flow in small conduits. Among other things, such flow may differ
from its macroscopic counterpart in that relatively high, subsonic Mach numbers
may be maintained concurrently with low Reynolds numbers, the surface area to
the volume ratio is huge (on the order 106 m2/m3), the fabrication process may
lead to relatively heavy surface roughness, and non-continuum effects may oc-
cur at pressures above one atmosphere. In a recent review of single-phase flow
and heat transfer data at the micro-scale, Guo and Li (2003) discussed the influ-
ence of gas rarefaction, and the combined influence of channel size and surface
roughness. Their primary conclusion was that the small characteristic length of
the micro-channels favors wide variation of the flow properties – pressure, den-
sity, and velocity – even in the absence of rarefaction. In viscosity-dominated flows,
their compressibility has to be taken into account. It was recognized that there can
be significant differences between the inlet and exit Mach numbers and that flow
compressibility is likely to influence the friction factor and Nusselt number. Sur-
face effects like friction-induced compressibility, surface roughness, viscous forces
and axial heat conduction were attributed to the large surface area to volume ra-
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tio of micro-channels, compared to conventional conduits. Finally, it was acknowl-
edged that between experimental results and theoretical values there could be a re-
sult of entranced effects and measurement error rather than specific micro-scale
phenomena.

Turner et al. (2004) studied the independent variables: relative surface rough-
ness, Knudsen number and Mach number and their influence on the friction factor.
The micro-channels were etched into silicon wafers, capped with glass, with hy-
draulic diameters between 5 and 96 µm. Their surface roughness was 0.002 < ks<
0.06 µm for the smooth channels, and 0.33 < ks < 1.6 µm for the glass-capped ones.
The surface roughness of the glass micro-channels was measured to be in the range
0.0014 < ks < 0.003 µm.

Continuum friction factor and entrance length

The average friction factor for the helium test cases is plotted against the Reynolds
number in Fig. 2.23, with designation of the sample (N = 319. . .), the hydraulic
diameter dh, the relative roughness ks/H, and the Knudsen and Mach number
ranges, indicated for each case. For the largest micro-channel, the experimental fric-
tion factor agrees with the theoretical value. As dh decreases, so does the friction
factor. This is most noticeable in the case N = 0.72 in which Kn = 0.01 for the
entire length of the channel.

Fig. 2.23 Average friction factor for helium flow plotted against Reynolds number. Reprinted from
Turner et al. (2004) with permission
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Rarefaction

The influence of rarefaction was isolated from that of compressibility and sur-
face roughness by conducting low-Re, low-Ma flow tests through smooth micro-
channels. For a given micro-channel, Kn was varied by testing gases with different
mean free paths (λHe ≈ 3λ air) and by reducing the pressure to below atmospheric
conditions. The Kn range was also expanded by testing micro-channels of different
length. Additionally, since Kn increases along the channel length (as the pressure de-
creases), the local pressure measurements were used to determine the friction factor
for four different values of average Kn along the channel. The experimental λ was
normalized versus the incompressible λtheory and is plotted versus Kn in Fig. 2.24,
which shows close agreement between λ and λtheory for Kn < 0.01 (continuum flow
regime). As Kn was increased above 0.01, λ decreased significantly up to 50% of
the continuum value at Kn = 0.15.

Compressibility

Experiments were conducted with air through micro-channel N = 319 (dh =
95.384 µm) to determine the effect of compressibility on the friction factor. The
relative surface roughness was low (ks/H = 0.001) and Kn < 0.001, thus the ex-
periments were effectively isolated from the influence of surface roughness and
rarefaction. The local friction factor is plotted versus Ma in Fig. 2.25 for air. The
experimental λ increases about 8% above the theoretical λ as Ma increases to 0.35.

Fig. 2.24 Influence of rarefaction on the local friction factor. Reprinted from Turner et al. (2004)
with permission
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Fig. 2.25 Influence of compressibility on local friction factor for air. Reprinted from Turner et al.
(2004) with permission

Celata et al. (2005) studied the gaseous flow of helium through micro-tubes of
diameter between 30 and 254 µm and high L/d ratio (between 300 and 2400) at
Reynolds numbers up to 500. They concluded that the quantitative behavior is sat-
isfactory predicted by incompressible theory, and that the friction losses at the inlet
and outlet give only a minor contribution to the total pressure drop. Morini et al.
(2006) investigated the characteristics of gaseous flow of nitrogen in commercial
stainless steel micro-tubes of d = 762, 558 and 127 µm and L/d = 800−3,800 at
Re = 300−4,000. It was observed that in laminar regime the Poiseuille low cor-
rectly predicts the value of the pressure drop. Laminar to turbulent transition takes
place at Re = 1,800−1,900.

Surface roughness

The average λ is plotted versus Re for H = 10 µm channels in Fig. 2.26. In this
figure, the difference in λ between the smooth and rough channels is generally less
than 3%. To investigate the effect of surface roughness on rarefied gas flow, the
smooth and rough channels of H = 5 and 10 µm were tested with air and helium
at below atmospheric pressure. The test resulted in a Knudsen number range of
0.006 < Kn < 0.11, and friction factor λ was normalized by λtheory (Kn = 0) and
is plotted versus Kn in Fig. 2.27. In the slip flow regime (0.01 < Kn < 0.1) there
is no clear difference in λ for the smooth and roughness cases. Overall, the influ-
ence of the relative surface roughness on the friction factor appears to be quite weak
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Fig. 2.26 Influence of surface roughness on friction factor. Reprinted from Turner et al. (2004)
with permission

Fig. 2.27 Influence of surface roughness on rarefied flow. Reprinted from Turner et al. (2004) with
permission

(within 2 to 6%). The experiments showed that λ for the smooth case is within 3%
of that for the rough case, which is also within the experimental uncertainty. Consid-
ering that the rough channels have a higher uncertainty associated with the friction
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factor, there is no statistical difference between the two cases. The friction factor
is strongly dependent on the measurement of channel height. Consequently, as its
standard deviation increases (as is expected and desired for rough surfaces), so does
the uncertainty of the friction factor. To accommodate for this inherent uncertainty,
great care is to be taken to ensure uniform channel depth and surface roughness
along both the channel width and length.

The above results show close agreement between the experimental and theor-
etical friction factor (solid line) in the limiting case of the continuum flow regime.
The Knudsen number was varied to determine the influence of rarefaction on the
friction factor with ks/H and Ma kept low. The data shows that for Kn < 0.01, the
measured friction factor is accurately predicted by the incompressible value. As Kn
increased above 0.01, the friction factor was seen to decrease (up to a 50% λ as Kn
approached 0.15). The experimental friction factor showed agreement within 5%
with the first-order slip velocity model.

The influence of compressibility was assessed by varying the Mach number in
the range 0 < Ma < 0.38, while Kn and ks/H were kept low. Friction factor data
were reported only with Ma < 1 at the exit, to ensure the flow rate was controlled
by viscous forces alone. A mild increase in the friction factor (8%) was observed as
Ma approached 0.38. This effect was verified independently by numerical analysis
for the same conditions as in the experiment. The range of relative surface rough-
ness tested was 0.001 < ks/H < 0.06, yet there was no significant influence on the
friction factor for laminar gas flow.

2.4 Steam–Fluid Flow

To achieve higher heat dissipation rates for micro-electronic technologies, the fun-
damentals of two-phase heat transfer in micro-channels are being studied ever more
extensively. Two-phase flow maps and heat transfer prediction methods exist for va-
porization in macro-channels, but these are not applicable in micro-channels due to
the small-scale phenomena involved, which have to be studied separately. A state-
of-the-art overview of boiling and two-phase flows in micro-channels was published
by Thome (2006). The most important aspects to control are the frequencies, lengths
and velocities of the bubbles and the coalescence processes, which control the flow
pattern transitions. To better predict the heat transfer coefficients in micro-cooling
elements and heat spreaders for electronics cooling, for example, it is desirable to
develop a map for predicting the flow regimes. Due to the predominance of surface
tension over the gravity forces, the tube orientation has a negligible influence on
the flow pattern. For this reason stratified flow does not exist in horizontal micro-
channels (Triplett et al. 1999).

Single micro-channel

Thome et al. (2004) and Dupont et al. (2004) proposed the first mechanistic analysis
for vaporization in a micro-channel, with a three-zone flow boiling model describing
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the transient variation in the local heat transfer coefficient during sequential and
cyclic passage of (1) a liquid slug, (2) a vaporizing elongated bubble, and (3) a vapor
slug created by film dryout. Figure 2.28 shows this model, in which δ0 is the initial
liquid film thickness, δmin the minimum liquid film thickness, LL the length of the
liquid slug, LG the length of the vapor bubble, Lp the length of the pair (liquid
slug/bubble), Ldry the length of the dryout zone, Lfilm the length of the liquid film,
q the heat flux and r, d the radius and diameter of the tube. The new model illustrates
the strong dependence of heat transfer on the bubble frequency, the lengths of the
system elements, and the liquid film thickness, and is so far only applicable to the
slug flow regime.

Flow patterns

Serizawa et al. (2002) studied the flow patterns in steam–water flow. Figure 2.29
shows their observations in a 0.05 mm glass channel. Here a new pattern was iden-
tified, namely, liquid ring flow.

The micro-scale flow patterns described by Revellin et al. (2006) were catego-
rized as follows:

1. Bubbly flow. Here the bubbles were shorter than the tube diameter and the
vapor phase was distributed as discrete bubbles in a continuous liquid phase
(Fig. 2.30a).

2. Bubbly/slug flow. Bubbles both longer and shorter than the channel diameter
(Fig. 2.30b). The bubble frequencies increase rapidly with the heat flux in the
evaporator, reached a peak 900 Hz and then decreased due to coalescence.

3. Slug flow. Vapor bubbles longer than the channel diameter, which is slightly
smaller than that of the tube. The bubbles were separated from the inner channel

Fig. 2.28 Schematic of three-zone vaporization model. Reprinted from Thome et al. (2004) with
permission
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Fig. 2.29 Flow regimes in
50 µm channel for steam–
water flows. Reprinted from
Serizawa et al. (2002) with
permission

wall by a thin film of liquid and from one another by liquid slugs (Fig. 2.30c).
The bubble frequency decreased with increasing vapor quality due to coales-
cence but at a slower rate than in the case of small bubbles.

4. Slug/semi-annular flow. Here both slug and semi-annular flows were present.
The vapor velocity increased with the heat flux and the rear of elongated bubbles
began to break up (Fig. 2.30d). Coalescence was no longer clean and created
a churn-like zone where the liquid slug had been.

5. Semi-annular flow. Liquid slugs were non-existent (Fig. 2.30e). A liquid film
formed at the tube wall with a nearly continuous central vapor core, truncated
periodically by churning liquid–vapor zones, which disappear gradually.

6. Annular flow (wavy and smooth). A liquid film flowed on the tube wall with
a continuous central vapor core without churning zones (Fig. 2.30f,g).

Fig. 2.30a–g Flow patterns and transitions for d = 0.5 mm, L = 70 mm, G = 500 kg/m2s, Ts =
30 ◦C and ΔTsub = 3 K. Reprinted from Revellin et al. (2006) with permission
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Flow pattern maps

Two-phase flow pattern maps, observed by Revellin et al. (2006), are presented in
Fig. 2.31 in mass flux versus vapor quality, and superficial liquid velocity versus
superficial vapor velocity formats calculated from the test results as follows:

ULS =
(1− χ)G

ρL
(2.13)

UGS =
χG
ρG

(2.14)

where ULS and UGS are the liquid and vapor superficial velocities, respectively, and
χ is the vapor quality.

Notably, the higher the mass flux, the earlier annular flow is reached. Bubbly
flow is more or less non-existent for mass fluxes exceeding 1,000 kg/m2 s. The most
important observation about the flow patterns is that their transitions are controlled
primarily by the rate of coalescence, which is not recognized as a contributing factor
by any of the micro-scale or macro-scale flow pattern maps.

Coalescing flow map for vaporizing flows in micro-channels

In order to create phenomenological heat transfer and frictional pressure drop mod-
els as opposed to wholly empirical methods, the two-phase flow characteristics of
each type of flow need to be discernible. For example, the Thome et al. (2004) three-
zone flow boiling model (Fig. 2.28) is currently applicable to slug (elongated bub-
ble) flow and includes the effect of bubble frequency, but only assuming that no coa-
lescence occurs. For further development of such models, it is clear that coalescence
must be dealt with directly to account for the variation of the heat transfer coefficient
due to the decrease in bubble frequency and increase in bubble length as the coales-
cence proceeds along the channel. For distinct, high-frequency elongated bubbles,
the heat transfer coefficient is controlled primarily by transient conduction through
the liquid film surrounding them as against convection through the liquid films in
the annular flow regime. To extend the three-zone heat transfer model in the elon-
gated bubble regime and then generalize it to include the heat transfer mechanisms
controlling bubbly and annular flows, a composite coalescing flow and diabatic flow
type of map is required that reflects both the bubble coalescence phenomena and the
critical heat flux limitation. Furthermore, as can be observed in Fig. 2.31, conven-
tional flow pattern maps do not provide the necessary information for development
of such models here, since coalescence changes the flow pattern along the channel
length and the critical heat flux limits the feasible combinations of mass velocity
and vapor quality.

An example of a diabatic coalescing bubble map for vaporizing flow in micro-
channels is shown Fig. 2.32 (Thome et al. 2006) where Bo is the boiling number,
Bo = q/GhLG, G is the mass velocity of liquid plus vapor (kg/m2 s), hLG is the
latent heat of vaporization (J/kg), qcrit is the critical heat flux (W/m2), ReL is the
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Fig. 2.31a,b Flow pattern maps with experimental transition lines for R-134a, d = 0.5 mm, L =
70 mm, Ts = 30 ◦C and ΔTsub = 3 K. Reprinted from Revellin et al. (2006) with permission

liquid Reynolds number, ReL = Gd/μL, WeG is the vapor Weber number, WeG =
G2d/(σρG), and WeL is the liquid Weber number, WeL = G2d/(σρL).

The first flow pattern zone corresponds to the isolated bubble (IB) regime where
the bubble generation rate is much higher than the coalescence rate. It includes both
bubbly flow and/or slug flows and is present up to the onset of coalescence pro-
cess domination. The second zone is the coalescing bubble (CB) regime, which is
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Fig. 2.32 Diabatic flow pattern map for vaporizing flow in uniformly heated micro-channel,
R-134a, d = 0.5 mm, L = 70 mm, Ts = 30 ◦C, q = 50 kW/m2 without subcooling at inlet. Flow pat-
terns: isolated bubble regime (IB), coalescing bubble regime (CB), annular (completely coalesced)
regime (A), post-dryout regime (PD). Reprinted from Thome et al. (2006) with permission

present up to the end of the coalescence process. This zone is present when the
bubble coalescence rate is higher than the bubble generation rate. The third zone
is the annular (A) zone and is limited by the fourth zone of this diabatic map, the
post-dryout (PD) zone, whose transition is given by the critical vapor quality signal-
ing the onset of critical heat flux. The transition lines in Fig. 2.32 are predicted by
the methods discussed below (notably also showing the accuracy limits of the new
transition predictions that are absent in prior conventional flow maps). The lower
end of the transition lines below the horizontal black line represents extrapolation
below the lowest mass velocities tested, where two-phase flow instabilities occur.
Thus the present map does not specifically capture the threshold of two-phase in-
stability at low mass velocities, but this feature remains as a possibility in future
tests. Such a diabatic/coalescing flow pattern map with instability limits would pro-
vide a complete picture of the physical process for the thermal/hydraulic design of
micro-channel evaporators.

Before describing the transition prediction methods, it is instructive to describe
how a diabatic map is used. One chooses a desired mass flux and sets the heat flux to
be dissipated (assumed uniform along and around the circular channel) up to the de-
sired local length from the inlet to find the corresponding local vapor quality (from
an energy balance) and thus the location of this process condition on the map. The
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inlet is for a saturated or slightly subcooled liquid (χ ≈ 0) and the exit conditions are
applied to find the location (at the extreme right), and the resulting horizontal line
joining these points represents the flow regimes that will be encountered from inlet
to outlet. Significantly, the location of the outlet to the left or right of the dryout tran-
sition curve (indicating the vapor quality at which the critical heat flux is reached)
shows whether the intended operating conditions are feasible or not. Saturation con-
ditions and the physical properties at the inlet pressure of the micro-evaporator are
used for calculating the map.

Parallel micro-channels

The behavior of the flow pattern in a parallel micro-channel is different from
that in a single micro-channel. It was shown by Hetsroni et al. (2003b) that at
the same value of heat flux, different flow regimes may be observed in different
micro-channels, depending on the time interval. Moreover, at the same time inter-
val different flow regimes may exist in each of the component micro-channels. In
Fig. 2.33 two-phase steam–water flow in the central part of such a parallel system
dh = 100 µm is shown as the top view observed through a transparent cover. The

Fig. 2.33a–c Boiling in
the central part of micro-
channels. ULS = 0.14 m/s,
q = 220 kW/m2. 1 Clusters of
liquid droplets at the bottom
of the channel. 2 Clusters
of the liquid droplets on the
side-wall. 3 Steam. Reprinted
from Hetsroni et al. (2003b)
with permission
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field of view is 2.4 mm in the streamwise direction and 2.0 mm in the spanwise di-
rection, the flow moves from left to right. In these images three micro-channels are
shown, marked by uniform gray color or by gray color with light and dark regions.
In channels A and B, clusters of liquid droplets were observed (Fig. 2.33a). One
of the findings of the study is the extreme shortness of the period during which the
“vapor with clusters of droplets” regime was observed. The clusters may appear at
the corner of the bottom as on the side-walls (Fig. 2.33a, channel A). After 0.01 s,
liquid drops were not observed on the bottom of channel B (Fig. 2.33b). Figure 2.33c
shows no presence of liquid droplets in both channels.

The temperature distribution on the heated wall depends on the material and de-
sign of the module, the inflow rate and the heat flux. For given values of flow rate and
heat flux, the infrared (IR) image of the heated module side was clearly observed.
Typical IR images of the heated side of the module, which contained 26 micro-
channels of dh = 100 µm, are shown in Figs. 2.34 and 2.35. The area of the heater
is marked as a square, the flow moved from right to left. We restricted the thermal
image analysis to the marked square area of 10×10 mm2. The temperature distribu-
tion on the heated wall and the histogram of the thermal field at q = 190 kW/m2 and
ULS = 0.14 m/s are shown in Fig. 2.34a,b, respectively. In this case the mean tem-
perature (averaged over the surface of the heater) was Tmean = 93.3 ◦C and boiling
was observed in part of the parallel micro-channels only. The temperature measure-
ments indicate that this “partial” boiling took place at Tmean < TS (TS being the satu-

Fig. 2.34a,b Thermal field
on the heated wall. ULS =
0.14 m/s, q = 190 kW/m2.
(a) Infrared image. (b) His-
togram of temperature dis-
tribution. Reprinted from
Hetsroni et al. (2003b) with
permission
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Fig. 2.35a,b Thermal field
on the heated wall. ULS =
0.14 m/s, q = 220 kW/m2.
(a) Infrared image. (b) His-
togram of temperature dis-
tribution. Reprinted from
Hetsroni et al. (2003b) with
permission

ration temperature), whereas at Tmean > TS boiling in all parallel micro-channels was
observed. The temperature distribution on the heated wall and the histogram of the
thermal field at Tmean = 104.1 ◦C, q = 220 kW/m2 and ULS = 0.14 m/s are shown
in Fig. 2.35a,b, respectively. From Figs. 2.34 and 2.35 one can conclude that the
variation of (Tmax −TS) is more than 20 K, where Tmax is the maximum temperature
on the heated surface. It is clear that consideration of boiling curve and flow regimes
in parallel micro-channels should take into account such wide variation of the wall
temperature.

Boiling regimes

In Fig. 2.36 the dimensionless heat flux q∗ is plotted versus the difference (Tmax −
TS). The dimensionless heat flux is defined as q∗ = [q/(GcpΔT )](Tmax/Tmean),
where q is the heat flux, G is the mass flux, cp is the specific heat, ΔT = TS −Tin,
TS is the saturation temperature, Tin is the water temperature supplied to the inlet
collector, and Tmax and Tmean are maximum and average temperature of the heated
surface, respectively. The term q/(GcpΔT ) reflects the effect of subcooling.

In physical objects involving thermal and fluid flow systems, the dual problem of
how the heater is represented, and boiling as a local-instantaneous effect, should be
considered. The temperature variations on the chip surface are a key characteristic of
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Fig. 2.36 Flow regime map
for parallel micro-channels.
Region A is the low-heat flux
region, and region B the high-
heat flux region. Reprinted
from Hetsroni et al. (2003b)
with permission

such a problem. In Fig. 2.36 two regions of convective boiling may be distinguished.
In region A the value of (Tmax − TS) < 20 K and boiling was observed in part of
the parallel micro-channels only. It may be referred to as the low-heat flux region.
Region B, shown in Fig. 2.36, may be referred to as the high-heat flux region; in this
case (Tmax −TS) exceeds 20 K.

It should be noted that these results were obtained under conditions of intermit-
tent dryout. The physical implication of such a phenomenon will be discussed in the
next section.

Intermittent dryout

Two-phase micro-channel heat sinks generally involve flow boiling in straight, con-
stant cross-section channels. Flow boiling in parallel channels was studied from the
subcooled liquid entry at the inlet to a liquid–vapor mixture flow at the outlet. Once
nucleation begins, the heat flux causes a sudden release of energy into the vapor
bubble, which grows rapidly and occupies the entire channel. The vapor slug may
be considered as an elongated bubble. The rapid bubble growth pushes the liquid–
vapor interface on both caps of the vapor slug at the upstream and the downstream
ends and leads to reversed flow. When in some parallel channels the liquid on the
upstream side is pushed back, the other parallel channels carry the resulting excess
flow. Figure 2.37 illustrates two-phase flow, driven by the pump, in a certain part of
the parallel micro-channels of dh = 130 µm (Hetsroni et al. 2005b). It is the top view
and the flow pattern was observed through the transparent cover. The field of view
is 8 mm in the streamwise direction and 4 mm in the spanwise direction, the flow
moves from the bottom to the top, the mass flux is G = 95 kg/m2 s, and the heat
flux is q = 160 kW/m2. The vapor (the white regions in Fig. 2.37) may be observed
at different distances from the inlet. The successive images obtained, using high-
speed video, showed that the flow patterns were periodic. The liquid front was seen
to pass periodically the region located near the inlet manifold, and the vapor phase
occupied most of the channel core; the periodic wetting and rewetting phenomena
were also observed. The behavior of long vapor bubbles in a micro-channel was
not similar to annular flow with intermittent slugs of liquid between two long vapor
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Fig. 2.37 Flow boiling in
parallel micro-channels. G =
95 kg/m2s, q = 160 kW/m2.
Reprinted from Hetsroni et al.
(2005b) with permission

trains. The periodic phenomena described above may be regarded as explosive boil-
ing. The trigger mechanism of such a regime is venting of the elongated bubble due
to very rapid expansion. Downstream of the onset of nucleate boiling (ONB point)
the region of the venting of elongated bubble and dryout was observed.

Bubble growth in micro-channel

The location (along the channel) of appearance of the first bubble at a given flow
rate, depends on the local surface temperature variation. Since the heated length of
the test section is short (10 mm), at high values of heat flux significant interaction
takes place between the steam generated in the micro-channel and the feed water.
It is very difficult to capture the behavior of the elongated bubble at high values of
heat flux. We investigated this phenomenon at mass flux G = 95 kg/m2 s and heat
flux q = 80 kW/m2. Figure 2.38a–h shows a sequence of bubble formation in one
of the parallel triangular channels of dh = 130 µm. Visualization of the flow pattern
was realized near the ONB point. The incipience of boiling is a local phenomenon,
which strongly depends on both the hydrodynamic and thermal conditions. The on-
set of nucleate boiling was established when the first bubbles were observed and the
channel wall exceeded the saturation temperature. In general, at a given flow rate
the ONB location moved upstream as the heat flux increased, as in ordinary sized
channels. The main flow moved from the bottom to the top. Figure 2.38a shows
a single bubble, which begins to grow along the channel. Figure 2.38b–d illustrate
the bubble growth in the axial direction. Note that at this stage the bubble expands
preferentially in the streamwise direction. Figure 2.38e,f show venting of the elon-
gated bubble. Figure 2.38g,h show rewetting. The life time of the elongated bubble
(the time between images shown in Fig. 2.38b and Fig. 2.38e) is about 0.01 s. At
a given mass flow rate the life time sharply decreases with increasing heat flux.
This is why under certain conditions (periodic flow reversal) we consider the mech-
anism of saturated boiling in micro-channels as an explosive boiling process. Het-
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Fig. 2.38a–h Bubble growth at low heat flux. G = 95 kg/m2s, q = 80 kW/m2. Reprinted from
Hetsroni et al. (2003b) with permission

sroni et al. (2001a, 2002a) observed rapid flow reversal inside an individual chan-
nel in parallel triangular micro-channels; Steinke and Kandlikar (2003) reported
reverse displacement in a set of six parallel micro-channels, dh = 200 µm. The sys-
tem departs from stable operating conditions, and hydrodynamic instability sets in.
This boiling mode leads to liquid–vapor alternating flow in the region located near
the ONB.

Region along the channel after venting of an elongated bubble

After venting of the elongated bubble, the region of “liquid droplets” begins. The
vapor phase occupies most of the channel core. The distinctive feature of this re-
gion is the periodic dryout and wetting phenomenon. The duration of the two-phase
period, i.e., the presence of a vapor phase and micro-droplet clusters on the heated
wall, affects the wall temperature and heat transfer in micro-channels. As the heat
flux increases, while other experimental conditions remain unchanged, the duration
of the two-phase period decreases, and CHF is closer.

Figure 2.39a–o illustrates a typical example of alternate two-phase flow patterns
at a distance of 1,000–1,500 µm downstream from the inlet of the test section. In
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Fig. 2.39a–o a single triangular channel of dh = 130 µm and the walls between the
adjacent channels (white strips) are depicted in the central part and in the periph-
eral parts of each image, respectively. The field of view (including the channel and
the walls) is 0.6× 0.6 mm2, the flow moves from the bottom to the top, the mass
flux is G = 95 kg/m2 s, and the heat flux is q = 160 kW/m2. Figure 2.39a shows

Fig. 2.39a–o Flow pattern at high heat flux. G = 95 kg/m2s, q = 160 kW/m2. Reprinted from
Hetsroni et al. (2005b) with permission
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Fig. 2.40a,b Flow pattern
upstream of the ONB. (a)
Single-phase water flow. (b)
Jet that penetrates the bulk
of the water. Reprinted from
Hetsroni et al. (2006b) with
permission

the water flow that moved through the micro-channel. When the water moves along
the channel it is heated up to saturation temperature and then the elongated bubble
vents in a short time. Figure 2.39b displays the onset of two-phase reversal flow,
which evolved due to venting of the elongated bubble downstream from the obser-
vation point. From Fig. 2.39a,b one can conclude that at the specified conditions
of this experiment, the life time of the elongated bubble did not exceed 0.001 s.
Comparison between the present results obtained at mass flux G = 95 kg/m2 s and
heat flux q = 160 kW/m2 to those shown in Fig. 2.38 and obtained at mass flux
G = 95 kg/m2s and heat flux q = 80 kW/m2 indicates that doubling of the heat flux
causes an approximately tenfold decrease of the life time of the elongated bubble.

Figure 2.39c–f show the annular flow, where the liquid film on the wall is sym-
metrically distributed.

Figure 2.39g,h display the onset of dryout, where liquid droplets are accumulated
at the bottom of the triangular channel. Figure 2.39i–k show that the amount of
liquid phase decreases, and only a few droplets of water remain on the channel
bottom. Figure 2.39l shows the beginning of wetting and the channel is filled with
liquid (Fig. 2.39m–o). The flow patterns depicted in Fig. 2.39a–o were also observed
by Serizawa et al. (2002) in steam–water flow in a 50 µm silicon tube. The authors
reported that at low liquid flow rates, partially continuous liquid film flow changed
to rivulets or even to discrete liquid lumps or large liquid droplets.

The periodic phenomenon described above indicates that the entire channel acts
like the area beneath a growing bubble, going through periodic drying and rewetting.
The cycle was repetitive with venting of the elongated bubble. Such a behavior
affects the mean flow characteristics that usually are measured at the manifolds.
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Fig. 2.41 Auto-correlation functions for pressure and temperature fluctuations. Reprinted from
Hetsroni et al. (2002b) with permission

Figure 2.40 shows the unsteady flow upstream of the ONB in one of the par-
allel micro-channels of dh = 130 µm at q = 228 kW/m2, m = 0.044 g/s (Hetsroni
et al. 2001b). In this part of the micro-channel single-phase water flow was mainly
observed. Clusters of water appeared as a jet, penetrating the bulk of the water
(Fig. 2.40a). The vapor jet moved in the upstream direction, and the space that it
occupied increased (Fig. 2.40b). In Fig. 2.40a,b the flow moved from bottom to top.
These pictures were obtained at the same part of the micro-channel but not simul-
taneously. The time interval between events shown in Fig. 2.40a and Fig. 2.40b is
0.055 s. As a result, the vapor accumulated in the inlet plenum and led to increased
inlet temperature and to increased temperature and pressure fluctuations.

The auto-correlation functions for the pressure Rpp and temperature RTT fluctu-
ations are presented in Fig. 2.41. It is clear that the temporal behavior of the tem-
perature fluctuations corresponds to that of the pressure fluctuations (Hetsroni et al.
2002b).

As the heat flux increases, while other experimental conditions remain un-
changed, the duration of the two-phase period decreases, and the critical heat flux is
closer.

Critical heat flux

As boiling in micro-channel heat sinks is an attractive method for cooling computer
CPUs and other high-heat flux devices (such as laser diodes), it is of crucial import-
ance to accurately predict the critical heat flux (CHF) in the small-diameter chan-
nels. Critical heat flux or burnout is a limiting value for safe operation of heat dis-
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sipation applications and refers to replacement of liquid in contact with the heated
surface with a vapor blanket. The thermal conductivity of the vapor is very low
compared to the liquid and the surface heat transfer coefficient drops dramatically,
resulting in sudden increase of the surface temperature and possible failure of the
cooled device. CHF may occur in natural convection boiling, subcooled, as well as
in low quality and high-quality saturated boiling conditions.

Natural convection boiling

The effect of annular channel size and length on the CHF was studied under con-
ditions of natural convection boiling by Hetsroni et al. (2007). Restriction of the
boiling space was achieved by using unheated glass tubes of different inner diam-
eter, from 2.5 to 9 mm, and length of 24 and 36 mm (typical of micro-channel heat
exchangers). The generated vapor rose up through the annular channel between the
heated stainless steel tube and the glass tube to the free interface and condensed in
a water-cooled condenser.

Data were taken for both increasing and decreasing heat fluxes. Yao and Chang
(1983) showed that the squeezing effect of a bubble due to the confinement may be
described by the Bond number. For water boiling in gap sizes of δ = 0.45, 1.2, 2.2,
and 3.7 mm, the Bond numbers, Bn = δ (σ/g(ρL−ρG))−0.5, were 0.185, 0.493, 0.9
and 1.52, respectively, where δ is the gap size, σ is the surface tension, g is the
acceleration due to gravity, and ρL and ρG are the liquid and vapor densities.

Effect of channel size

Figure 2.42 shows boiling curves obtained in an annular channel with length 24 mm
and different gap size (Bond numbers). The heat flux q is plotted versus the wall
excess temperature ΔT = TW −TS (the natural convection data are not shown). The
horizontal arrows indicate the critical heat flux. In these experiments we did not ob-
serve any signs of hysteresis. The wall excess temperature was reduced as the Bond
number (gap size) decreased. One can see that the bubbles grew in the narrow chan-
nel, and the liquid layer between the wall and the base of the bubble was enlarged.
It facilitates evaporation and increases latent heat transfer.

For low Bond numbers (on the order of or less), the squeezing effect is important
since bubbles cannot grow when the channel is narrower than the bubble diam-
eter. In Fig. 2.42 boiling curves 1, 2, and 3 were obtained at Bond numbers 0.185,
0.493, 0.9, respectively. For high Bond numbers, boiling can be considered as al-
most unconfined. The boiling curve obtained in the present study at Bn = 1.52 did
not differ significantly from that obtained by Hetsroni et al. (2002c, 2004b) in pool
boiling (unconfined space). For example, at q = 450 W/m2 the difference (TW−TS)
is close to 21 K for boiling at Bn = 1.52 and pool boiling. However, as the gap size
decreased, noticeable decrease in CHF occurred.
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Fig. 2.42 Boiling curves of water in restricted space. Squares indicate Bond number Bn = 0.185,
circles indicate Bond number Bn = 0.493, triangles indicate Bond number Bn = 0.9, and last
symbol ( ∗) indicate Bn = 1.52

Effect of channel length

The experimental values of CHF are plotted in Fig. 2.43 as qCHF/q0
CHF versus Bond

number, where q0
CHF is the CHF in unconfined pool boiling with the space large

enough (Bn > 1.5). The data presented by Hetsroni et al. (2002c, 2004b) were used
to calculate the value of q0

CHF. The confined narrow space heavily reduced the CHF
as the vapor bubbles have difficulty escaping from the narrow space, especially at
larger lengths of the heater surfaces. In a confined space they are able to escape only
through the exit. The larger the length of the heater surface, the lower the critical
heat flux. Such behavior is in agreement with experimental results described by
Katto et al. (1966), Fujita et al. (1988), Bonjour and Lallemand (1988), and Zhao
et al. (2002).

Fig. 2.43 Effect of restriction on CHF. Water boiling. Diamonds (♦) indicate L = 2 mm, and
squares indicate L = 36 mm. Reprinted from Hetsroni et al. (2007) with permission
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Flow in single channel

One of the most widely used correlations for saturated CHF in a single channel is
the Katto–Ohno (1984) equation, which in the absence of subcooling reads:

qCHF
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d

]
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For most regimes, they found a linear rise in CHF with increasing liquid subcooling.
Accordingly, subcooling was taken into account in the following equation:

qCHF,sub = qCHF

(
1 + K

Δhin

hLG

)
(2.16)

where G is mass flux, qCHF,sub is the CHF for subcooled conditions, qCHF is the
saturated CHF, Δhin is the inlet enthalpy of subcooling with respect to saturation, d
is the channel diameter, L is the heated length of the channel, and K is an empirical
inlet subcooling parameter.

A series of tests were performed by Wojtan et al. (2006) to determine the sat-
urated critical heat flux in 0.5 and 0.8 mm inner diameter micro-channel tubes as
a function of refrigerant mass velocity, heated length, saturation temperature and
inlet liquid subcooling. The tested refrigerants were R-134a and R-245fa and the
heated length of micro-channel varied between 20 and 70 mm. Figure 2.44 shows
the evolution of the CHF as a function of mass velocity. All conditions (heated
length and temperature of subcooling of refrigerant) were the same for both diam-
eters. As can be seen, the CHF increased with increasing mass velocity. The CHF
for the 0.8 mm micro-channel is higher than that for the 0.5 mm one (Fig. 2.45) and
the difference (30–50%) becomes greater as the mass velocity increases. The influ-
ence of the heated length on the CHF in both micro-tube diameters at constant mass
velocity is depicted in Fig. 2.45. The highest CHF was measured for the shortest
heated length.

With the heated length for the 0.8 mm diameter tube enlarged from 20 to 70 mm,
the drop in the CHF value is qCHF = 400 kW/m2. It confirms that the heated length,
besides the mass velocity, is one of the most important parameters in the design of
heat sinks.

Figure 2.46 shows the influence of liquid subcooling on the CHF. Only three
experimental points are available as measurements at stronger subcoolings proved
impossible. On the basis of the limited data, it can be concluded that CHF does not
change significantly for the subcooling range ΔT = 4.5 to 12 K. This observation
is in agreement with the results of Qu and Mudawar (2004) for micro-channel heat
sinks.

Parallel channels

The analysis of experimental data resulted in version of the Katto–Ohno (1984)
equation, namely
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Fig. 2.44 Variation of CHF as a function of the mass velocity in 0.5 and 0.8 mm tubes. R-134a,
ΔTsub = 8 K, Tsat = 35 ◦C, L = 70 mm. Reprinted from Wojtan et al. (2006) with permission

Fig. 2.45 Variation of CHF as a function of the heated length in 0.5 and 0.8 mm tubes. R-134a,
G = 500 kg/m2s, ΔTsub = 8 K, Ts = 35 ◦C. Reprinted from Wojtan et al. (2006) with permission

qCHF = 0.437
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Fig. 2.46 Influence of refrigerant subcooling on CHF. R-134a, G = 1,000 kg/m2s, Ts = 35 ◦C,
L = 70 mm, d = 0.5 mm. Reprinted from Wojtan et al. (2006) with permission

The first experimental investigation of the CHF in multi-micro-channels was carried
out by Bowers and Mudawar (1994), who tested a cooling element with an array of
17 circular channels, 0.51 mm in diameter, 28.6 mm in length, in a 1.59 mm-thick
nickel block, heated over a central 10 mm square section. Boiling curves were gen-
erated that terminated in well-defined CHF measurements, which were found to be
independent of the liquid subcooling and almost directly proportional to the mass
flux, for which a dimensionless correlation was proposed. Jiang et al. (1999b) de-
veloped two multi-micro-channel heat sinks integrated with a heater and an array
of implanted temperature sensors. There were 58 or 34 channels of rhombic shape,
having a hydraulic diameter of 0.040 or 0.080 mm, respectively, in their 10×20 mm
test section. CHF data were taken for once-through water flow entering subcooled at
ΔT = 20 K. The CHF condition was characterized by a rapid rise in the temperature
sensors. The critical power limit was found to be proportional to the total volumet-
ric flow rate. In a recent paper, Qu and Mudawar (2004) reported a comprehensive
study of the CHF in rectangular micro-channels. Their heated block contained 21
0.215× 0.821 mm channels. The heat flux was reported based on the area of the
three active sides of the channel. De-ionized, de-aerated water was supplied over
a range of G = 86 to 368 kg/m2 s, with an inlet temperature of 30–60 ◦C and outlet
pressure of 1.13 bar. The dependence of the heat flux on the mass flux is shown in
Fig. 2.47 (qp,m is the CHF based on channel heated inside area, qeff,m is the CHF
based on the heat sink’s top platform area). One can see that the CHF increases
monotonically with increasing G for both inlet temperatures. What is quite surpris-
ing is that the inlet temperature Tin has an insignificant effect on the CHF. Interest-
ingly, these CHF trends relative to the mass flux G and inlet temperature Tin mirror
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Fig. 2.47 Variation of CHF with mass velocity. Reprinted from Qu and Mudawar (2004)

those of Bowers and Mudawar (1994) for refrigerant R-113 in circular mini- and
micro-channel heat sinks. While the trend of increasing CHF with increasing G is
quite common, the lack of inlet temperature effect on the CHF seems to be unique to
two-phase mini/micro-channel heat sinks, not to single mini/micro-channels. A key
difference between these is the aforementioned amplification of parallel channel in-
stability prior to the CHF. As discussed earlier, this amplification causes back flow
of vapor into the upstream plenum, which results in strong mixing of the vapor with
the incoming liquid. Regardless of how subcooled the incoming liquid, the mixing
action appears to increase the liquid temperature close to the local saturation level
as it approaches the channel inlet.

The CHF correlation (2.18) was developed by Qu and Mudawar (2004) for water
in a rectangular micro-channel heat sink, as well as Bowers and Mudawar’s CHF
data (1994) for R-113 in a circular mini/micro-channel heat sink.

The following is the CHF correlation:
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Since the CHF for both mini/micro-channel heat sink databases shows no depend-
ence on inlet subcooling, these databases were correlated without the subcooling
multiplier.

Figure 2.48 compares the predictions of this correlation with the flow boiling
CHF data for water both in the rectangular micro-channel heat sink (Qu and Mu-
dawar 2004) and in the circular mini/micro-channel heat sinks (Bowers and Mu-
dawar 1994). The overall mean absolute error of 4% demonstrates its predictive ca-
pability for different fluids, circumferential heating conditions, channel geometries,
channel sizes, and length-to-diameter ratios.
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Comparison of the results obtained by Wojtan et al. (2006) and the correlation
presented by Qu and Mudawar (2004) is shown in Fig. 2.49. As can be seen there
is significant scatter between the respective results. One can conclude that there is
a lack of consistency in the reported data.

Fig. 2.48 Comparison of CHF data for water and R-113 in mini/micro-channel heat sinks corre-
lation (2.18). Reprinted from Qu and Mudawar (2004) with permission

Fig. 2.49 Comparison of the experimental results by Wojtan et al. (2006) to the correlation (2.18)
of Qu and Mudawar (2004). R-134a, G = 500 kg/m2s, ΔTsub = 8 K, Ts = 35 ◦C, d = 0.5 mm.
Reprinted from Wojtan et al. (2006)
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2.5 Surfactant Solutions

Properties of surfactant solutions: microstructure

The mechanisms that affect heat transfer in single-phase and two-phase aqueous sur-
factant solutions is a conjugate problem involving the heater and liquid properties
(viscosity, thermal conductivity, heat capacity, surface tension). Besides the effects
of heater geometry, its surface characteristics, and wall heat flux level, the bulk
concentration of surfactant and its chemistry (ionic nature and molecular weight),
surface wetting, surfactant adsorption and desorption, and foaming should be con-
sidered.

Surfactants have a unique long-chain molecular structure composed of a hy-
drophilic head and hydrophobic tail. Based on the nature of the hydrophilic part
surfactants are generally categorized as anionic, non-ionic, cationic, and zwitter-
ionic. They all have a natural tendency to adsorb at surfaces and interfaces when
added in low concentration in water. Surfactant absorption/desorption at the vapor–
liquid interface alters the surface tension, which decreases continually with increas-
ing concentrations until the critical micelle concentration (CMC), at which micelles
(colloid-sized clusters or aggregates of monomers) start to form is reached (Manglik
et al. 2001; Hetsroni et al. 2003c).

Micro-structure of cationic Habon G surfactant solution at CMC concentration
(C = 530 ppm) is presented in Fig. 2.50 (Hetsroni et al. 2003c). The surfactant so-
lution was examined by direct imaging cryogenic temperature transmission elec-
tron microscopy (cryo-TEM). The most common structures are thread-like micelles,
shown at high magnification in Fig. 2.50a. Micrographs like this one show quite
clearly inner structural details of the micelles (arrowhead). It should be noted that
thread-like micelles have been suggested as the one, possibly the most important,
micro-structural feature that modifies flow patterns in a flowing fluid and reduces
drag (Lu et al. 1998). The drag reduction takes place at values of shear velocity u∗
higher than the onset wall shear. The shear velocity is calculated from the pressure
drop u∗ = (τ/ρ)0.5 (τ shear stress, ρ density). Thus, the drag reducing effect starts
with wall shear stresses larger than a threshold value, which depends on the nature
of additive and its concentration.

Another feature visible in surfactant solutions is vesicles, denoted by “V” in
Fig. 2.50b. These are balloon-like structures made of a double-layer membrane.
Such structures are found in many biological and synthetic amphiphiles (Evans and
Wennerstrom 1999). In this micrograph we see vesicles co-existing with thread-like
micelles (arrows). We have detected junctions between vesicles and thread-like mi-
celles. In fact, three such junctions, one denoted by an arrowhead are seen in the
lower left part of the field of view in Fig. 2.50b. The three micelles connecting
the three vesicles are connected by a threefold junction seen above the arrowhead.
Zheng et al. (2000) hypothesize that the straining actions of flow disrupt vesicles and
thus include structural instability of the fragments that leads to their reconstruction
into networks of branching thread-like micelles.
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Fig. 2.50a,b Microstructure
of the 530 ppm Habon G
solution. (a) Thread-like
micelles and (b) vesicles.
Reprinted from Hetsroni et al.
(2003c) with permission

Fig. 2.51 The shear viscosity
of 530 ppm Habon G solution
vs. shear rate. Reprinted from
Hetsroni et al. (2001b) with
permission

Viscosity

Viscosity of surfactant solutions depends on the kind of solution, shear rate, tem-
perature and concentration. Figure 2.51 shows the effect of shear rate ϖ on shear
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viscosity η for a 530 ppm (parts per million weight) Habon G (the cationic surfac-
tant of molecular weight 500) mixture at different temperatures. The magnitude of
the shear viscosity as a function of the shear rate decreases, when the temperature of
the solution increases. Moreover, the shear viscosity does not change significantly in
the range of the shear rate ϖ=1–1000 1/s at T = 60 ◦C. Based on this result the kine-
matic viscosity behavior of Habon G solutions was studied at high shear rates for
temperatures of T = 55 ◦C and above. Figure 2.52 shows the effect of temperature
on kinematic viscosity of solutions at various Habon G concentrations. One can see
the tendency of viscosity curves to approach that of pure water near the saturation
temperature. The saturation temperature of aqueous surfactant solutions in the range
of concentration 130 to 1060 ppm did not differ from that of pure water (Hetsroni
et al. 2001b).

Thermal conductivity and capacity

Thermal conductivity and capacity of aqueous surfactant solutions in the concentra-
tion range 130 to 1,060 ppm did not differ from that of pure water (Hetsroni et al.
2001b). Figure 2.53 shows the dependence of thermal conductivity k on the tem-
perature for C = 530 ppm Habon G solution. The value of the thermal conductivity
agrees well with that for pure water within the standard deviation of 2%.

Contact angle

The change in surface wettability (measured by the contact angle) with concentra-
tion for the three surfactants is plotted in Fig. 2.54 (Zhang and Manglik 2005). The
contact angle reaches a lower plateau around the CMC where bilayers start to form
on the surface. Wettability of non-ionic surfactants in aqueous solutions shows that
the contact angle data attains a constant value much below CMC. Direct interac-
tions of their polar chain are generally weak in non-ionics, and it is possible for
them to build and rebuild adsorption layers below CMC. The reduced contact an-

Fig. 2.52 Kinematic viscosity of solution vs. temperature at various Habon G concentrations. Cir-
cles (�) indicate water; Habon G, boxes (�) represent 130 ppm, crosses (×) represent 260 ppm,
empty triangles (	) represent 530 ppm, filled triangles (�) represent 1,060 ppm. Reprinted from
Hetsroni et al. (2001b) with permission
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Fig. 2.53 Thermal conductiv-
ity vs. temperature. Reprinted
from Hetsroni et al. (2001b)
with permission

Fig. 2.54 Measured contact angle θ for aqueous surfactant solutions. Reprinted from Zhang and
Manglik (2005) with permission

gle at lower concentration (C < CMC) can also be attributed to the absence of any
electrical repulsion that could oppose molecular aggregation unlike that associated
with ionic surfactants (Zhang and Manglik 2005). Bubble shape is the governing
factor in mechanism of bubble growth and motion in nucleate pool boiling. The ra-
pidity of the bubble growth allows the contact angle to deviate from the static value.
Figure 2.55 (Hetsroni et al. 2006c) shows time behavior of contact angle for water
and non-ionic alkyl (8-16) glucoside aqueous surfactant solution of concentration
C = 600 ppm.

The results were obtained at heat flux q = 10 kW/m2. For both liquids at t = 1 ms
the contact angle is approximately of θ = 60◦, which is very close to the equilibrium
surface tension of water. Throughout bubble growth this value decreases approxi-
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Fig. 2.55 Dependence of contact angle on time, q = 10 kW/m2. Reprinted from Hetsroni et al.
(2006c) with permission

mately up to 41◦ and 51◦ for water and surfactant solution, respectively. The time
behavior of the contact angle of a bubble growing in surfactant solution is qualita-
tively similar to that of water. This in essence explains the time variation of bubble
volume for water and surfactant solution shown in Fig. 2.56 (Hetsroni et al. 2006c).
A surfactant solution cannot be expected to boil in the same way as a pure liquid
even with exactly the same equilibrium surface tension value.

Bubble growth depends on heat flux. With an increase in heat flux, boiling in
surfactant solution, when compared with that in pure water, was observed to be
more vigorous. Surfactant solution promotes activation of nucleation sites in a clus-
tered mode. This may be due to the retarded bubble coalescence caused by the
Marangoni effect of elasticity described by Yang and Maa (2003). The cluster con-
tains a number of small bubbles; the location of the nucleation sites and time be-
havior cannot be traced exactly. Dependence of a single bubble in water and a sin-
gle bubble located in the cluster of non-ionic alkyl (8-16) glucoside aqueous sur-
factant solution of 600 ppm concentration at heat flux q = 50 kW/m2 is shown in
Fig. 2.57 (Hetsroni et al. 2006c). Analysis of the curves in Fig. 2.57 shows that
the growth of bubbles in surfactant solution at high heat flux occurs slower than in
water.
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Fig. 2.56 Dependence of bubble volume on time, q = 10 kW/m2. Reprinted from Hetsroni et al.
(2006c) with permission

Surface tension

In Fig. 2.58 (Hetsroni et al. 2001b) the dependencies of the surface tension of the
various surfactants σ divided on the surface tension of water σw are shown. One can
see that beginning from some particular value of surfactant concentration (which
depends on the kind of surfactant), the value of the relative surface tension almost
does not change with further increase in the surfactant concentration. It should be
emphasized that the variation of the surface tension as a function of the solution con-
centration shows the same behavior for anionic, non-ionic, and cationic surfactants
at various temperatures.

For example, for alkyl (8-16) glycoside (Plantacare 818 UP) non-ionic surfactant
solution of molecular weight 390 g/mol, an increase in surfactant concentration up
to 300 ppm (CMC concentration) leads to a significant decrease in surface tension.
In the range 300 ≤ C ≤ 1,200 ppm the surface tension was almost independent of
concentration. In all cases an increase in liquid temperature leads to a decrease in
surface tension. This surface tension relaxation is a diffusion rate-dependent pro-
cess, which typically depends on the type of surfactant, its diffusion/absorption kin-
etics, micellar dynamics, and bulk concentration levels. As the CMC is approached
the absorption becomes independent of the bulk concentration, and the surfactant
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Fig. 2.57 Dependence of bubble volume on time, q = 50 kW/m2. Reprinted from Hetsroni et al.
(2006c) with permission

Fig. 2.58 The non-dimensional surface tension of various surfactants vs. solution concentration.
Diamonds (♦) represent SDS (Wu et al. 1995), T = 25 ◦C. Circles (�) represent SDS (Tzanand and
Yang 1990), T = 25 ◦C. Squares (�) represent SDS (Wu and Yang 1992), T = 100 ◦C. Triangles
(	) represent Habon G (Hetsroni et al. 2001b), T = 70 ◦C. Reprinted from Hetsroni et al. (2001b)
with permission

molecules form a bilayer on the surface to make it strongly hydrophilic (Zhang and
Manglik 2005). The heat transfer in saturated nucleate boiling of aqueous surfactant
solutions generally increases with increase in heat flux and additive concentration up
to C ≤ CMC. With C > CMC, the enhancement decreases and the heat transfer can
even deteriorate. It should be emphasized that the variation of the non-dimensional
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surface tension as a function of the surfactant concentration shows the same behav-
ior for various temperatures. The normalized nucleate boiling heat transfer coeffi-
cient may be related to normalized surface tension of the surfactant solution. We
used the magnitude of surfactant characteristic concentration C0 where the change
of relative surface tension reaches 90% of the complete change to normalize the
concentration scale. The values C0 = 530 and 700 ppm were chosen for Habon G
and SDS solutions, respectively.

For normalization of the value of the heat transfer enhancement, we used its mag-
nitude at the maximum for each curve. The result of such normalization is shown
in Fig. 2.59. In this figure, C is the solution concentration, C0 is the characteris-
tic concentration, h is the heat transfer coefficient at given values of the solution
concentration and the heat flux q, hmax is the maximum value of the heat transfer
coefficient at the same heat flux, and hw is the heat transfer coefficient for pure water
at the same heat flux q. Data from all the sources discussed reach the same value of
1.0 at the magnitude of relative surfactant concentration equal to 1.0.

Thus, the enhancement of heat transfer may be connected to the decrease in the
surface tension value at low surfactant concentration. In such a system of coordi-
nates, the effect of the surface tension on excess heat transfer (h−hw)/(hmax −hw)
may be presented as the linear fit of the value C/C0. On the other hand, the decrease
in heat transfer at higher surfactant concentration may be related to the increased
viscosity. Unfortunately, we did not find surfactant viscosity data in the other stud-
ies. However, we can assume that the effect of viscosity on heat transfer at surfactant
boiling becomes negligible at low concentration of surfactant only. The surface ten-
sion of a rapidly extending interface in surfactant solution may be different from the
static value, because the surfactant component cannot diffuse to the absorber layer
promptly. This may result in an interfacial flow driven by the surface tension gradi-

Fig. 2.59 The excess heat transfer coefficient vs. the surfactant concentration. For Habon G empty
triangles (	) represent q = 400 kW/m2, and filled triangles (�) represent q = 800 kW/m2. For
SDS (Wu and Yang 1992) empty squares (�) represent q = 350 kW/m2, and filled squares (�)
represent q = 400 kW/m2. Reprinted from Hetsroni et al. (2001b) with permission
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ent (known as Marangoni flow). Phase change during boiling is a local phenomenon
that is associated with the heat transfer and hydrodynamics in the vicinity of a grow-
ing vapor bubble. The concentration sublayer also determines the dynamic surface
tension at the interface, which in turn directly influences the bubbly dynamics.

For pool boiling Wasekar and Manglik (2002) presented the results of a study
that investigates the dependence of nucleate boiling heat transfer coefficients of
aqueous surfactant solutions of different molecular weight and ionic nature. It was
reported that the maximum enhancement increased with decreasing surfactant mo-
lecular weight. The criteria for nucleate boiling enhancement by surfactant additives
was proposed by Yang and Maa (2003). As the first criterion, it was postulated that
the surfactant should be soluble in water. As the second criterion, it was postulated
that the surfactant should depress the equilibrium surface tension of solution sig-
nificantly. As the third criterion, it was postulated that the surfactant should not
depress the equilibrium contact angle significantly. According to Yang and Maa
(2003), boiling heat transfer by addition of surfactant is enhanced by the depression
of the equilibrium surface tension but suppressed by the depression of the equilib-
rium contact angle. Sher and Hetsroni (2002) developed a model of nucleate pool
boiling with surfactant additives. Solid–vapor, solid–liquid and liquid–vapor surface
tensions were assumed to be surfactant diffusion controlled, and the boiling curves
were calculated. To the author’s best knowledge no discussion on effect of channel
gap size on natural convection boiling was found.

Additive of surfactant leads to enhancement of heat transfer compared to water
boiling in the same gap size; however, this effect decreases with decreasing channel
size. For the same gap size CHF in surfactant solutions is significantly lower than
that in water. At high values of heat flux some foaming patches began to occur; this
process increased with decrease in gap size and led to decrease in CHF, Hetsroni
et al. (2007).

2.6 Design and Fabrication of Micro-Channel Heat Sinks

Typical channels studied in literature are rectangular, with one side unheated (usu-
ally a transparent cover plate in the experimental apparatus) and heat is applied near
the opposite wall. Bergles et al. (2003) considered the general geometry, permitting
relative simplicity in the vertical dimension, shown in the sketch of Fig. 2.60: a right
parallelepiped heated (uniformly) on one side, and perforated by one or more rows
of identical channels parallel to the heated surface. The system can be treated as
a stack of plates, some with slots for the channels and some solid. Several possible
patterns and channel sizes (d, di, . . . ) are shown for illustration, although in the fol-
lowing we shall assume that only one channel pattern is used in any particular case.
The channels may be connected at the ends to form flow lengths of L = 2W , 3W ,
or more, or divided at mid-block to form lengths of L = W/2, W/3, or less. Let the
ratio of channel length to block width be r = L/W .
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Fig. 2.60 Geometry of micro-
channel heat sink. Reprinted
from Bergles et al. (2003)
with permission

General problem

The design question is: given the heat rate Q, the length L, and width W , select
a working fluid with mass flow rate m, channel dimension d, channel spacing S×d
(for S is a number > 1), number of channels n, and material and thickness of the
block H. We will be particularly interested in the pumping power P.

The width and thickness of the block, and the number, length, diameter, and
spacing of the channels are not independent. The geometric configuration requires
that the number of channels in a row, nc, be

nc =
W
Sd

(2.19)

and that the number of rows be

nr =
H
Sd

. (2.20)

The total number of holes in a cross-section, which is the number of channels, is

n = ncnr =
WH
(Sd)2 (2.21)

and the total length of all channels

nL = nrW = r
HW 2

(Sd)2 . (2.22)

The number n must be an integer (i.e., n = 1,2,3, . . .) and channel flow is character-
ized by lengths that are at least several diameters in magnitude. The latter constraint
does not preclude operation in the “entry length” mode.

In a phase-change controlled thermal management system, the energy associated
with phase change will account for most of the heat removal

Q = mΔχhLG (2.23)

where Δχ is the change in quality over the length of the channel and hLG is the
latent heat of vaporization for the coolant. For applications where the entire channel
is in the subcooled boiling mode, there would be no change in equilibrium quality.
In this case, the total heat removal might be on the order of that needed to bring the
coolant to saturation temperature:
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Q ≈ mcp(Ts −Tsub) (2.24)

where Cp is the specific heat of the liquid coolant, Ts the saturation temperature,
and Tsub the inlet temperature of the subcooled coolant. Given a desired value of Δχ
(low or high) or of (Ts−Tsub), Eq. (2.23) or (2.24) can be used to get a first estimate
for the mass flow rate of the coolant at the system pressure. From the overall energy
balance for square channels with sides of length d1 = d2 = d, we obtain

Q = 4dnLq =
4rHW 2

S2d
q (2.25)

where q is the average heat flux at the channel wall. In the case of circular channels
of the same diameter d, π replaces the number 4 in this equation.

The average heat flux must be less than the critical value qCHF for the flow, in
order to avoid excessive temperatures in the solid

q < qCHF . (2.26)

It is important to note here that the CHF depends on the flow conditions, including
the mass flux and the vapor quality. Using Eq. (2.25) to eliminate q, we find

qCHF >
QS2d

4rHW 2 . (2.27)

For the lower heat transfer surfaces in Fig. 2.60 to contribute to the energy transport,
the solid should be an effective conductor of heat through its thickness. In other
words, conjugate heat transfer effects should not create a more significant resistance
to heat flow than that of the fluid in the channel. Since the heat transfer coefficient
is generally a maximum at CHF, this leads to

ksolid(S−1)
4H


 qCHF

(TCHF −Ts)
>

q
(TCHF −Ts)

(2.28)

where ksolid is the thermal conductivity of the solid, and TCHF and Ts are the wall
temperature at critical heat flux and the saturation temperature of the fluid, respect-
ively. Substituting Eq. (2.25) in Eq. (2.28), we obtain

ksolid(S−1)
H


 Q
r nLd (TCHF −Ts)

(2.29)

Note that a good design will be one in which the pumping power P is small com-
pared to the heat removal rate Q:

P � Q (2.30)

Non-uniform temperature distribution

One drawback of a micro-channel heat sink is a relatively high temperature rise
along the micro-channel compared to that for the traditional heat sink designs. In
the direction of the flow, the wall temperature rises in a single-phase flow even
when the wall heat flux is uniform. In a micro-channel heat sink, the large amount
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of heat generated by the electronic device is removed from the package by a rel-
atively small amount of coolant, which exits at a relatively high temperature. The
large temperature rise produces thermal stresses in the elements and packages due
to the differences in the coefficient of thermal expansion, thus undermining the de-
vice’s reliability. This temperature rise may be accompanied by a complex pattern of
spatial variations that can produce potentially destructive thermal stresses along the
interface between the chip and the substrate or heat sink. This is one of the key justi-
fications for seeking a nearly isothermal heat sink. Furthermore, a large temperature
gradient is undesirable for the electronic performance, since many electronic param-
eters are adversely affected by it. One example is electrical-thermal instability be-
cause the basic elements of electronic circuits have a switching time that decreases
with increasing temperature.

The surface of ultra large-scale integrated circuits (ULSI), from which the heat
should be transferred, may be heated by a uniform heat flux, and more often by
a non-uniform one. Even in the former case the temperature of the cooled surface
is not uniform, but is determined by the heat transfer coefficients along the surface
and in the spanwise direction.

We have designed, manufactured and tested a prototype that may be applied in
thermal control of electronic devices. It was fabricated from a silicon substrate and
a Pyrex cover, serving as both an insulator and a window through which flow pat-
terns and boiling phenomena could be observed. A number of parallel triangular
micro-channels were etched in the substrate. The heat transferred from the device
was simulated by different types of electrical heaters that provided uniform and non-
uniform heat fluxes, defined here respectively as constant and non-constant values

Fig. 2.61 Type of heater providing non-uniform heat flux. Reprinted from Hetsroni et al. (2001a)
with permission
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on the heated wall (HW). (In reality no heater can generate a really uniform heat
flux, because of the concentration effects of the micro-channel geometry.)

In Fig. 2.61 the part of the heater, with a diameter of 1 mm, has the electrical
resistance of 20% less than the average one (Hetsroni et al. 2001a).

For triangular micro-channels of dh = 130 µm results based on experimen-
tal measurements at the same entrance flow rate m = 0.046 g/s are presented in
Figs. 2.62 and 2.63.

The measurements performed in the heat flux range from 90 to 220 kW/m2

showed that for all module types tested, the irregularity of Tw,max across the heated
bottom, increases with the increase of heat flux. This effect is more marked un-
der boiling conditions. At uniform heat flux the irregularity of Tw,max exceeds 20 K
(Fig. 2.62). In the non-uniform heat flux case (average value q = 220 kW/m2), the
irregularity exceeds 60 K (Fig. 2.63).

The temperature distribution in the flow direction for a fixed flow rate differs for
different devices. This suggests that the heat transfer mechanism in these devices is
not identical. The non-uniform (of about 20%) heat flux leads to conditions at which
the wall temperature increases sharply. Idealizing the heat flux as uniform can result
in a significant error in prediction of the temperature distribution.

Manifolds

Several studies (Klein et al. 2005; Mishan et al. 2007) showed that manifold design
plays an important role in the liquid distribution among parallel micro-channels,
which can lead to spanwise temperature gradients on the device surface, increase
the thermal stresses and reduce reliability. To study the effect of entrance conditions

Fig. 2.62 Spanwise irregularity of maximum temperature on HW. Uniform heat flux. Reprinted
from Hetsroni et al. (2001a) with permission
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Fig. 2.63 Spanwise irregularity of maximum temperature on HW. Non-uniform heat flux.
Reprinted from Hetsroni et al. (2001a) with permission

Fig. 2.64a,b Temperature field on heater. Reprinted from Mishan et al. (2007) with permission

on the temperature of the heater calculations using CFD software were conducted
(Tiselj et al. 2004; Mishan et al. 2007). Developing heat transfer and fluid flow were
investigated experimentally on rectangular micro-channels of Dh = 440 µm, with
water as working fluid. The experimental results were compared with theoretical
predictions from literature and data obtained by numerical modeling of the present
experiment. The experimental results of pressure drop and heat transfer confirm that
including the entrance effects, the conventional theory is applicable for water flow
through micro-channels. Figure 2.64 shows a typical temperature distribution on the
heater. The fluid moves from the bottom to the top, the heat flux is q = 4.4 W/cm2

and the mass flux is G = 8.33 kg/m2 s. The figure presents a comparison between
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the temperature field of the heater obtained from the numerical simulation (A) and
that obtained from IR measurements (B). The square enclosed area of 10×10 mm2

represents the heater. Both of the pictures show very close temperature distribu-
tions. Figure 2.65 shows the temperature distribution along the central and side lines,
marked as lines 1, 2, respectively, in Fig. 2.64. Numerical and experimental results
agree quite well.

To optimize the design of the manifold configuration, a number of numeri-
cal calculations were conducted for three types of manifolds shown in Fig. 2.66.
Figure 2.67 shows the velocity distribution at 2 mm from the inlet to the micro-
channels, from which one can conclude that configuration 1 and 2 ensure uniform
velocity distribution at the entrance.

It was shown that data presented by other researchers can be carried over to en-
trance effects. The present results highlight the importance of accounting for com-

Fig. 2.65 Comparison between numerical simulation and experimental results for the temperature
field on the heater surface. The solid line represents simulation, and triangles (	) experimental
results (line 1 in Fig. 2.64); dotted line represents simulation, and squares experimental results
(line 2 in Fig. 2.64). Reprinted from Mishan et al. (2007) with permission

Fig. 2.66 Types of mani-
folds used for calculations.
Reprinted from Mishan et al.
(2007) with permission
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Fig. 2.67 Velocity profile
at micro-channel entrance.
Manifolds: 1 type 1, 2 type 2,
3 type 3. Reprinted from
Mishan et al. (2007) with
permission

mon phenomena that are often negligible in standard flows, such as profile of inlet
velocity, axial heat conduction, and design inlet and outlet.

Optimization

The object of this optimization is minimization of the unit’s overall thermal resist-
ance, at a fixed pumping power per unit area. For a micro-channel heat sink, the
thermal resistance consists of conduction resistance, convection resistance and bulk
resistance due to the bulk temperature rise of the coolant. Since the micro-channel
heat sink is typically thin and the materials used, such as silicon, have very high ther-
mal conductivity, the conduction resistance is normally a small part of the overall re-
sistance. As the channel size decreases, for a fixed pressure drop or pumping power,
the convection resistance also decreases because the Nusselt number remains con-
stant. However, the bulk resistance increases because now the flow rate decreases.
Therefore there is an optimum channel dimension. If the pumping power is not lim-
ited, there is no optimum aspect ratio since the larger the aspect ratio, the better the
convective heat transfer. With the constraint of pumping power, however, the aspect
ratio cannot be indefinitely increased because the fluid flowing near the fin tip does
not remove any heat at very high aspect ratios. Assuming fully developed conditions,
Bau (1998) conducted an optimization study to minimize the temperature gradient
and the overall thermal resistance. It was demonstrated that further reductions in
overall thermal resistance and temperature gradient could be achieved by varying
the cross-sectional dimensions of the micro-channel. Another optimization study by
Knight et al. (1992) reported that at the optimal configuration, the thermal resistance
for the Tuckerman and Pease device (1981) could be reduced by 35% if turbulent
flow is allowed. However, the required pumping power is almost five times higher.
Phillips (1990) provided an analytical model to estimate the thermal resistance of
a micro-channel, whose results were compared with measurements and showed very
good agreement. Weisberg et al. (1992) analyzed a micro-channel heat exchanger
by numerical simulation of the heat transfer in the fluid and the solid substrate.
Several assumptions made in the previous research were examined and found to be
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valid in this study. The manifold micro-channel heat sink was first proposed by Har-
pole and Eninger (1991) and numerically studied in Copeland et al. (1997) and Ng
and Poh (1999). Unlike a conventional micro-channel heat sink, the manifold type
features many inlet and outlet manifolds, alternating at a periodic distance along the
length of the micro-channel. It is expected to have a smaller pressure drop compared
with its conventional counterpart for a fixed flow rate. Gillot et al. (1998) evaluated
thermal performance of micro-channel heat sink for a multi-chip power module.
A prototype demonstrated the capability of dissipating 230–350 W/cm with a tem-
perature rise of 35 ◦C. The overall thermal resistance can be reduced by increasing
the pumping power. However, this can be costly in terms of the micro-pump require-
ment. Another way to reduce thermal resistance is to increase the heat transfer area.
For a substrate with fixed area, one way to increase the heat transfer area is to use
a heat spreader and then attach a heat sink to the spreader. This is commonly used
in cooling of the central processing unit in a computer. The area increase in this
case is achieved in the plane of the substrate. The stacked micro-channel analyzed
here increases the heat transfer area in the out-of-plane direction. The uniqueness of
such a design is that a heat spreader is not required. Wei and Joshi (2000) evaluated
the thermal performance of stacked micro-channel heat sinks (schematic shown in
Fig. 2.68). At each layer, a number of parallel micro-channels are machined in the
surface of a substrate, e.g., copper, silicon or diamond. These layers are then bonded
into a stacked micro-heat exchanger.

It was demonstrated that for a fixed pumping power, the overall thermal re-
sistance for a two-layered micro-channel stack is 30% less than for a one-layered
micro-channel due to doubling of the heat transfer area. Methods for optimizing the
thermal performance of micro-channel heat sinks were discussed by Kim (2004).

Fig. 2.68 Three-dimensional
stack of micro-channels.
Reprinted from Wei and Joshi
(2000) with permission



82 2 Cooling Systems of Electronic Devices

These include analytical models (fin and porous medium) and a three-dimensional
numerical approach. The fin model is based on the assumption of unidirectional con-
duction, constant heat transfer coefficient, and uniform fluid temperature, while the
porous medium model is based on volume averaging of the velocities and tempera-
tures in the direction perpendicular to the flow. From the optimization of a micro-
channel heat sink, which minimizes the total thermal resistance under the constraint
of a maximum pumping power, the optimal values of channel height, channel width,
and fin thickness are presented. In order to check the validity of the analytical mod-
els, the temperature distributions from the two analytical models are compared with
those from the numerical simulation. The assumption of unidirectional conduction,
and the local volume-averaging technique, are shown to be justified, whereas the
assumption of constant heat transfer coefficient with reference to the bulk mean
temperature is invalid for large values of the aspect ratio. This latter assumption,
combined with incorrect values of fin efficiency, may result in errors in the thermal
design if the aspect ratio is larger than eight. Because of this defect, the fin model
fails to provide the design variables.

It is noteworthy that several studies exhibit contradictory results for both the
mechanical and thermal characteristics of the flow. This is generally due to differ-
ences in the many parameters that characterize these studies such as the geometry,
shape and surface roughness of the channels, the fluid, the boundary conditions and
the measuring methodology itself. These discrepancies indicate the need for exten-
sion of the experimental base to provide the necessary background to the theoretical
model.

In the past few years, Bar-Cohen and co-workers documented an extended ser-
ies of heat sink design and optimization studies aimed at achieving the highest
energy efficiency for high-performance heat sinks (Bahadur and Bar-Cohen 2005;
Bar-Cohen et al. 2006). In their work they introduced an approach involving a new
metric, called the total coefficient of performance (COPT), which namely is the
ratio of the heat removed by the sink to the total invested work, including both
the pumping power and energy content of the heat sink. They successfully demon-
strated the suitability of this approach for air-cooled heat sinks, and found that for
a wide parametric range, the most energy efficient heat sink design involves use of
“least material” optimum fins. This technique has yet to be applied to liquid-cooled
heat sinks, where much higher heat transfer coefficients and heavier pumping power
losses than experienced in air-cooled heat sinks will be encountered. Extension
of this design and optimization methodology to high-performance micro-channel
coolers can be expected to dramatically improve the energy efficiency of these
thermal management devices and establish the broad applicability of the COPT
approach.

A typical example of calculation of the thermal coefficient of performance for
forced convection of air is shown in Fig. 2.69. COP surfaces are presented for the
maximum and least material aluminum heat sink configurations in the design flow
space between 0.01–0.04 m3/s and 20–80 Pa.

These upper-bound COP values for maximum thermal performance aluminum
arrays are seen to approach remarkably high values of nearly 1000 and provide
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Fig. 2.69a,b Coefficient of performance for aluminum plate fin array in forced convection (a)
maximum heat transfer design, and (b) least material design. Reprinted from Bar-Cohen et al.
(2006) with permission

a broad range of flow rate/pressure head combinations with COPs above 300. Pre-
dictably, the least material configurations – in which some thermal performance is
sacrificed in favor of significant mass reduction – offer lower, though still remark-
ably high COP values, peaking at nearly 700, with a broad range of options for
attaining COP values above 200. It should be noted that for the maximum, as well
as least material heat sinks, the peak COPs occur at the lowest values of pressure
drop and flow rate and then decrease rather steeply with increasing volumetric flow
rate and heat sink pressure drop.

Fabrication technique

The earliest micro-channels were built using anisotropic wet chemical etching tech-
niques based on alkaline solutions. Recently, anisotropic dry processes have been
developed. These are significantly faster and, from the manufacturing standpoint,
involve fewer contamination and waste treatment problems. Some fabrication ar-
eas that may spur advances include new materials, high-aspect ratio patterning
techniques other than dry etching, active fluid flow elements, and micro-molding.
Miniaturized traditional techniques are in some respects the most straightforward
approach to creating micro-channels. Saw cuts on the order of 25 µm width with
accuracy of 4 µm can be obtained with commercially available equipment. Micro-
discharge-electromachining has been demonstrated, using very fine wires as elec-
trodes. Other cutting techniques such as ultrasonic and water jet machining are es-
pecially effective on hard brittle materials. Laser machining has become a powerful
tool that can handle a wide variety of difficult materials. Focused ion beam machin-
ing offers many similar benefits and can operate in the submicron regime.
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A review of micro-channel fabrication technology was published by Kand-
likar and Grande (2002). In many cases silicon is the substrate of choice for rea-
sons of cost and process compatibility. The etching can be carried out in either
a wet chemical or dry plasma format, and both techniques have isotropic and
anisotropic variants (Bean 1978; Bhardwaj et al. 1997). Anisotropic wet chem-
ical etching (WCE) (using potassium hydroxide or ethylene diamine pyrocate-
chol) can produce specific micro-channel device designs. In most cases triangu-
lar micro-channels may be created with a 54.74◦ angle to the surface. Isotropic
wet chemical etching (using hydrofluoric acid, nitric acid, and acetic acid) results
in hemispherical etch profiles. Another constraint of anisotropic WCE is that fea-
tures formed by the intersection of planes are stable only where the corner an-
gle is less than 180◦. A recent advance in etch technology are deep reactive ion
etch processes (DRIE), which can produce vertical etch profiles in silicon. Fig-
ure 2.70 shows a set of micro-channels with 42 µm trenches etched to more than
100 µm. Bulk micro-machining etch processes are summarized in Fig. 2.71. Etch
techniques can be combined in unique ways to create complex micro-channel struc-
tures. Figure 2.72 schematically illustrates a process that can create micro-channels
buried inside a wafer. It is also possible to build sets of micro-channels at dif-
ferent depths and have them cross over one another. The micro-channels with
hydraulic diameters in the range of 1.01 to 35.91 µm and length of 10–11 cm
were fabricated using photolithography and wet etching techniques (Harley et al.
1995).

A class of very high-aspect ratio fabrication processes is based on the lost wax
molding technique (LIGA) (lithography, electroforming, molding). As shown in
Fig. 2.73, LIGA uses highly collimated X-rays projected through a special X-ray
mask to provide near diffraction-free exposure of a thick photoresist. The technique
can create structures with aspect ratios in excess of 100:1 and can hold submicron
tolerances over many hundreds of microns of vertical height (Mohr et al. 1988).

Fabrication of micro-channels in dielectrics, using femtosecond lasers, has also
been used (Hwang et al. 2004). In these applications amplified pulsed lasers produc-

Fig. 2.70 Micro-channel ar-
ray formed by silicon DRIE.
Reprinted from Kandlikar and
Grande (2002) with permis-
sion
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Fig. 2.71a–c Bulk micro-
machining etch profiles.
Reprinted from Kandlikar
and Grande (2002) with per-
mission

Fig. 2.72a–c Construction
of buried micro-channels by
combined anisotropic and
isotropic etching. Reprinted
from Kandlikar and Grande
(2002) with permission

ing micro-joules per pulse were used to overcome the optical breakdown threshold
of the substrate, typically glass or fused silica. Based on this method, cylindrical
micro-channels with diameters ranging from 8 to 20 µm can be fabricated in a water-
immersed polymethyl methacrylate (PMMA) substrate (Fig. 2.74). The laser beam
is focused onto the sample by a long working distance objective. Water immersion
is used to reduce aberrations and improve the performance and consistency of the
fabrication method.

None of the technologies described above can individually produce a complete
micro-system. Hybridization is the means of combining all the necessary disparate
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Fig. 2.73a–d The LIGA
process. Reprinted from Kan-
dlikar and Grande (2002) with
permission

components. Direct wafer bonding can generally be used to obtain a wide range of
adhesive bond strengths (Plosl and Krauter 1999). Three bonding techniques of par-
ticular interest are fusion bonding, anodic bonding, and adhesive bonding. In fusion
bonding two wafers whose surfaces are silicon or silicon compounds can be bonded
through a combination of chemical surface treatments, pressure, and annealing at
elevated temperature. In anodic bonding silicon and ionic glass surfaces are jointed
through a combination of pressure, temperature, and electric field. While both fu-
sion and anodic bonding can produce interfaces of high strength, they are quite
material-specific. For generic hetero-bonding, adhesive techniques are the solution.
Figure 2.75 shows how micro-channel devices can be formed by wafer bonding.

A method that creates patterned micro-structures distributed on the bottom wall
of the micro-channel was proposed by Yang et al. (2006). A roughened bottom wall
was created using the crystal orientation characteristics of the wafers.

Wet etching procedures were used in fabrication of the micro-channel heat sink.
The substrates were covered with thermally grown silicon dioxide and patterned in
a photolithography process. Hexagonal cavities distributed over the channel bottom
wall were created using a mask containing parallelograms in the micro-channel.
Figure 2.76 shows a typical example of created micro-structures distributed along
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Fig. 2.74a,b Schematic di-
agram of (a) the experi-
mental set-up for fabrication
of micro-channels and (b)
the fabrication geometry in
the sample. Reprinted from
Hwang et al. (2004) with per-
mission

Fig. 2.75 The wafer bonding
process. Reprinted from Kan-
dlikar and Grande (2002) with
permission

the bottom walls. The channel width is 500 µm and the cavity size is 200× 200×
55 µm. The microstructures are expected to induce fluid flow and thermal boundary
layer disturbances, leading to an enhanced heat transfer coefficient.

A completely different way involves use of metal foams, or metal made porous
otherwise (North and Cho 2003; Hetsroni et al. 2006a).

Aluminum foam can be used as a porous medium in the model of a heat sink
with inner heat generation (Hetsroni et al. 2006a). Open-cell metal foam has a good
effective thermal conductivity and a high specific solid–fluid interfacial surface area.

Depending on the metal foam configuration, its specific surface area varies from
500 for original foam to 10,000 m2/m3 for compressed foam. Aluminum foam of
40 pores per inch (ppi) was studied. The structure of the porous material is presented
in Fig. 2.77.
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Fig. 2.76 SEM micrograph
of roughened micro-channel
bottom wall with distributed
hexagonal micro-structures.
Reprinted from Yang et al.
(2006) with permission

Summary

1. The increased power density in electronic and other devices leads to higher op-
erational temperature, which limits the device performance. Cooling problems are
becoming acute for such devices, and an efficient cooling system is required to main-
tain an isothermal temperature of the device. Direct liquid cooling has emerged
as one of the most promising thermal management techniques for micro-systems
where the control of both the operating temperature and the temperature cycling is
still a challenging task.

The active micro-channel cooling contains a cooling system centered on a micro-
heat collector that is fabricated much in the same way as the chip. Heat collector
usually has a dense amount of micro-channels etched into the surface that works to
transfer heat to a fluid, which is circulated through the entire package.
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Fig. 2.77a,b Sample of aluminum foam. Reprinted from Hetsroni et al. (2006a) with permission

There are now companies engaged in the development and commercialization not
only of micro-channels, but also spray cooling, synthetic jets, liquid metal cooling,
and sintered porous inserts. For heat flux densities up to 10–50 W/cm2 air cool-
ing may remain the cooling option of choice. For heat fluxes over 100–500 W/cm2

some form of liquid cooling appears to be the most viable option. Several inves-
tigations demonstrated that using water as cooling fluid has the potential for in-
dustrial application in the range between 500 and 1,000 W/cm2. There are also
devices with cooling heat flux requirements on the order of 103–104 W/cm2. Fu-
sion reactors, for example, contain components that require continuous cooling on
the order of 104 W/cm2. Other examples are directed energy devices such as high
efficiency, multi-megawatt continuous-wave magnetrons used for short-pulse lasers
and radars, optical devices that deliver high brilliance beams. The enormous cool-
ing requirements of these high-energy devices preclude the use of refrigerants. For
these applications, water and liquid metals remain the coolants of choice. The high
cost of the systems, the stringent material and compatibility requirements constrain
the application of liquid metals to cooling. Water may be chosen as a cooling fluid
because of its outstanding thermophysical properties: very high specific heat and
latent heat of vaporization.

The high-performance supercomputers, certain power devices, electric vehicles,
and advanced avionics need to maintain their temperature in the range of 30–60 ◦C
at the high-flux range. However, because of its very low vapor pressure at the ex-
pected design saturation temperatures of 40–65 ◦C, water is not a candidate fluid
for the flow boiling coolant. The most promising are liquid refrigerants, which at
atmospheric pressure have saturation temperatures in the range of 30–60 ◦C. For
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example, FC-72 may be taken as a possible candidate of various dielectric fluids.
It has at atmospheric pressure the saturation temperature of 56.6 ◦C, and the latent
heat 94.8 kJ/kg. It should be taken into account that there is some concern over the
global warming potential of all refrigerants, as well as the danger of chemical break-
down and production of harmful substances upon exposure to high temperatures.

2. In this book we will consider the channels with hydraulic diameters ranging
roughly from 5 to 500 µm as micro-channels and the channels with hydraulic diam-
eters dh > 500 µm as conventional size channels. Heat transfer in micro-channels has
been studied in a number of investigations, and has been compared with the behav-
ior of conventional (i.e., large-sized) length scales. However, there have been wide
discrepancies between different sets of published results. Measured heat transfer
coefficients in single-phase and two-phase micro-channel flows have either well ex-
ceeded, or fallen far below, those predicted for conventional channels. The Reynolds
number at which the flow behavior indicates a transition from laminar to turbulent
flow has also differed widely in these studies We considered these problems with
regard to micro-channels to gain a better understanding of the distinctive proper-
ties of the measurement techniques and uncertainties, the conditions, under which
the experimental results should be compared to analytical or numerical predictions,
boiling phenomenon, as well as different types of micro-channel heat sinks.

3. Pressure drop measurements. For the majority of experiments the instrumen-
tation was relatively similar. Due to limitations associated with the small size of the
channels, pressures were not measured directly inside the micro-channels. To obtain
the channel entrance and exit pressures, measurements were taken in a plenum or
supply line prior to entering the channel. It is insufficient to assume that the fric-
tion factor for laminar compressible flow can be determined by means of analytical
predictions for incompressible flow.

The method of the measurement pressure drop inside the channel itself should
be used to check the overall agreement between experimental and predicted results.
The internal pressure measurements should be used also to validate the entrance and
exit losses.

4. Temperature measurements. Reliable measurement and control of temperature
in the micro-scale are highly required to develop various micro-devices. Many tem-
perature measurement methods traditionally applied to macro-devices are evolving
into more advanced techniques applicable to micro-devices taking into consider-
ation enhanced spatial, temporal, and temperature resolution. The thermochromic
liquid crystal may be employed for full-field mapping of temperature fields. The
good results obtained by the widespread use of infrared thermography (IR) in ex-
perimental studies of convective heat transfer and boiling in micro-channels have
proved this method to be an effective tool in overcoming several limitations of the
standard sensors originating both from the measurement and the visualization tech-
niques. Recently IR has been developed to measure the temperature of the fluid and
wall in a micro-channel, using a transparent cover. Measurement of the tempera-
ture field of a micro-object by an infrared camera has a number of problems. The
small size of the object causes a substantial amount of infrared radiation from the
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background. The problem of background influence on the object temperature meas-
urement should be taken into account.

5. In general, the result of measurement is only an approximation or estimate
of the value of the specific quantity subject to measurement, and thus the result
is complete only when accompanied by a quantitative statement of its uncertainty.
Because the reliability of evaluations of components of uncertainty depends on the
quality of the information available, it is recommended that all parameters upon
which the measurand depends be varied to the fullest extent practicable so that the
evaluations are based as much as possible on observed data.

6. Pressure drop and heat transfer in a single-phase incompressible flow. Accord-
ing to conventional theory, continuum-based models for channels should apply as
long as the Knudsen number is lower than 0.01. For air at atmospheric pressure, Kn
is typically lower than 0.01 for channels with hydraulic diameters greater than 7 µm.
From descriptions of much research, it is clear that there is a great amount of varia-
tion in the results that have been obtained. It was not clear whether the differences
between measured and predicted values were due to determined phenomenon or due
to errors and uncertainties in the reported data. The reasons why some experimental
investigations of micro-channel flow and heat transfer have discrepancies between
standard models and measurements will be discussed in the next chapters.

7. Steam–liquid flow. Two-phase flow maps and heat transfer prediction meth-
ods which exist for vaporization in macro-channels and are inapplicable in micro-
channels. Due to the predominance of surface tension over the gravity forces, the
orientation of micro-channel has a negligible influence on the flow pattern. The
models of convection boiling should correlate the frequencies, length and velocities
of the bubbles and the coalescence processes, which control the flow pattern transi-
tions, with the heat flux and the mass flux. The vapor bubble size distribution must
be taken into account.

The flow pattern in parallel micro-channels is quite different from that found in
a single micro-channel. At the same values of heat and mass flux, different flow
regimes exist in a given micro-channel depending on the time. Moreover, at the
same time, different flow regimes may exist in various parallel micro-channels. At
low vapor quality heat flux causes a sudden release of energy into the vapor bub-
ble, which grows rapidly and occupies the entire channel. The rapid bubble growth
pushes the liquid–vapor interface on both caps of the vapor bubble, at the upstream
and the downstream ends, and leads to a reverse flow. This phenomenon may be re-
garded as explosive boiling. The CHF phenomenon is different from that observed
in annular flow. A key difference is the amplification of flow and wall temperature
instabilities prior to CHF.

Confined boiling of water and surfactant solutions under condition of natural
convection causes a heat transfer enhancement. Additive of surfactant leads to en-
hancement of heat transfer compared to water boiling in the same gap size; however,
this effect decreased with decreasing gap size. For the same gap size, CHF decreases
with an increase in the channel length. CHF in surfactant solutions is significantly
lower than in water.
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It is noteworthy that several studies presented very different results for both the
heat transfer at flow boiling and CHF in micro-channels. This is generally due to
differences in many parameters that characterize these studies such as the geometry,
the hydraulic diameter, the shape and surface roughness of the channels, the fluid na-
ture, the boundary conditions, the flow regimes and the measuring technique. Such
a large variety of experimental conditions often makes it difficult to apply the results
of a given study to other investigations. The present chapter gives only a general in-
sight on the problem. In the next chapters the main categories of effects will be
discussed to study the boiling in micro-channels.

8. For micro-channel heat sink there is an optimum channel dimension. If the
pumping power is not limited, there is no optimum aspect ratio since the larger
the aspect ratio, the better the heat transfer. With the constraint on pumping power,
however, the aspect ratio cannot be indefinitely increased because the fluid flowing
near the fin does not remove any heat at very high aspect ratios. For an actual micro-
channel cooling element, the micro-channels often have a rectangular shape in its
cross-section, with aspect ratio in the range of 5–10 (with the short side at the base
of the cooling element and the long sides forming fins between channels).

9. Fabrication technique. The micro-channels on the order of 25 µm width with
accuracy of 4 µm can be manufactured with commercially available equipment. The
micro-channels with diameters ranging from 8 to 20 µm can be fabricated using
femtosecond lasers. In some experiments on the effect of rarefaction on the friction
factor the channels of dh = 4.688 µm with surface roughness ranging from 0.002
to 0.06 µm were used. Using photolithography and wet etching technique it was
possible to fabricate micro-channels with hydraulic diameters from 1.01 to 35.91 µm
and lengths from 10 to 11 cm.
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Nomenclature

A Surface area
B Bias limit
C Concentration
C0 Characteristic concentration
cp Heat capacity at constant pressure
d Diameter
G Mass flux, mass velocity of liquid plus vapor
g Acceleration due to gravity
h Heat transfer coefficient
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hLG Latent heat
H High, depth
K Subcooling parameter
k Thermal conductivity
ks Surface roughness
L Channel length
m Mass flow rate
N Power, number of sample
N Number of channels
P Pressure, precession limit
Q Heat rate
q Heat flux
R Thermal resistance, gas constant, auto-correlation func-

tion, radius
r Radius, ration of channel length to block width
S Distance between channels
T Temperature
U Average flow velocity in micro-channel, uncertainty
ULS Superficial liquid velocity
UGS Superficial gas velocity
u∗ Shear velocity
V Volume
w Width
x,y,z Cartesian coordinates

Bn = δ [
g(ρL −ρG)

σ
]0.5 Bond number

Bo =
q

GhLG
Boiling number

Kn =
λ
dh

Knudsen number

Ma =
U

Usound
Mach number

Nu =
hdh

k
Nusselt number

Po = λ ·Re Poiseuille number

Pr Prandtl number

Re =
Udh

ν
Reynolds number

We =
G2dh

σρ
Weber number
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Greek symbols

δ Gap size, thickness
ΔP Pressure drop
ΔT Temperature difference
ϕ Ratio of total heated area to circuit area
Φ Pressure drop ratio
λ Wave length, mean free path

λ = 2ΔP
dh

L
1

ρU2 Friction factor

μ Dynamic viscosity
ν Kinematic viscosity
ρ Density
σ Surface tension
τ Shear stress
χ Vapor quality
θ Contact angle
η Shear viscosity
ϖ Shear rate

Subscripts

c Channel
cond Conduction
conv Convection
CHF Critical heat flux
crit Critical
dry Dryout
eff,m Heated platform area
exp Experimental
film Film
G Gas
h Hydraulic, heated
heat Heat
in Inlet
L Liquid
LG Liquid/gas
max Maximum
mean Average
min Minimum
out Outlet
p Liquid-bubble slug
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pm Heated inside area
pred Predicted
r Row
s Saturation
sound Sound
sub Subcooled
theory Theory
w Wall



Chapter 3
Velocity Field and Pressure Drop
in Single-Phase Flows

The available experimental data on the flow of incompressible fluids are generalized.
These data encompass a wide range of Reynolds numbers that correspond to lami-
nar, transient and turbulent regimes of the flow. Thermal effects due to energy dis-
sipation are estimated. Laminar drag reduction in micro-channels using hydropho-
bic surfaces is discussed. Data of experimental investigations related to the flow
in smooth and rough micro-channels are compared with predictions of the conven-
tional theory. Possible sources of divergence of experimental and theoretical results
are also discussed.

3.1 Introduction

Flow in small tubes has been studied by many researchers over the years. Schlichting
(1979) documents the then-available theories and experimental data, starting with
the pioneering works by Hagen (1839) and Poiseuille (1840). Rapid development
of micro-mechanics stimulated during the last decades numerous investigations in
the field of fluid mechanics of micro-devices (Ho and Tai 1998; Gad-el-Hak 1999;
Bayraktar and Pidugu 2006). Research in this field is important for different appli-
cations in micro-system technology, in particular, micro-scaled cooling systems of
electronic devices, which generate high power (Tuckerman 1984; Incropera 1999).

The problems of micro-hydrodynamics were considered in different contexts:
(1) drag in micro-channels with a hydraulic diameter from 106 m to 103 m at lami-
nar, transient and turbulent single-phase flows, (2) heat transfer in liquid and gas
flows in small channels, and (3) two-phase flow in adiabatic and heated micro-
channels. The studies performed in these directions encompass a vast class of prob-
lems related to flow of incompressible and compressible fluids in regular and ir-
regular micro-channels under adiabatic conditions, heat transfer, as well as phase
change.

L.P. Yarin, Fluid Flow, Heat Transfer and Boiling in Micro-Channels 103
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In spite of the existence of numerous experimental and theoretical investigations,
a number of principal problems related to micro-fluid hydrodynamics are not well-
studied. There are contradictory data on the drag in micro-channels, transition from
laminar to turbulent flow, etc. That leads to difficulties in understanding the essence
of this phenomenon and is a basis for questionable discoveries of special “micro-
effects” (Duncan and Peterson 1994; Ho and Tai 1998; Plam 2000; Herwig 2000;
Herwig and Hausner 2003; Gad-el-Hak 2003). The latter were revealed by compar-
ison of experimental data with predictions of a conventional theory based on the
Navier–Stokes equations. The discrepancy between these data was interpreted as
a display of new effects of flow in micro-channels. It should be noted that actual
conditions of several experiments were often not identical to conditions that were
used in the theoretical models. For this reason, the analysis of sources of disparity
between the theory and experiment is of significance.

We attempt here to reveal the actual reasons of disparity between the theoretical
predictions and measurements obtained for single-phase flow in micro-channels.
For this purpose, we consider the effect of different factors (roughness, energy dis-
sipation, etc.) on flow characteristics. Some of these factors were also discussed by
Sharp et al. (2001), and Sharp and Adrian (2004).

We consider the problem of liquid and gas flow in micro-channels under the
conditions of small Knudsen and Mach numbers that correspond to the continuum
model. Data from the literature on pressure drop in micro-channels of circular,
rectangular, triangular and trapezoidal cross-sections are analyzed, whereas the hy-
draulic diameter ranges from 1.01 to 4,010 µm. The Reynolds number at the tran-
sition from laminar to turbulent flow is considered. Attention is paid to a compari-
son between predictions of the conventional theory and experimental data, obtained
during the last decade, as well as to a discussion of possible sources of unexpected
effects which were revealed by a number of previous investigations.

This chapter has the following structure: in Sect. 3.2 the common characteris-
tics of experiments are discussed. Conditions that are needed for proper comparison
of experimental and theoretical results are formulated in Sect. 3.3. In Sect. 3.4 the
data of flow of incompressible fluids in smooth and rough micro-channels are dis-
cussed. Section 3.5 deals with gas flows. The data on transition from laminar to
turbulent flow are presented in Sect. 3.6. Effect of measurement accuracy is esti-
mated in Sect. 3.7. A discussion on the flow in capillary tubes is given in Sect. 3.8.

3.2 Characteristics of Experiments

For the analysis of flow in micro-channels we use the following experimental data:

1. Smooth micro-channels by Li et al. (2003), Yang et al. (2003), Pfund et al.
(2000), Xu et al. (2000), Wu and Cheng (2003), Maynes and Webb (2002), Judy
et al. (2002), Sharp and Adrian (2004), and Celata et al. (2006)
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2. Micro-channels with roughness by Peng and Peterson (1996), Peng and Wang
(1998), Mala and Li (1999), Qu et al. (2000), Pfund et al. (2000), Li et al. (2003),
and Kandlikar et al. (2003)

3. Transition from laminar to turbulent flow by Peng and Peterson (1996), Peng
and Wang (1998), Pfund et al. (2000), Li et al. (2003) and Sharp and Adrian
(2004)

4. Gas flow in micro-channels by Harley et al. (1995), and Hsieh et al. (2004)

Brief characteristics of these experiments are given in Table 3.1. The flow char-
acteristics (flow rate, pressure gradient, average and fluctuating velocities) were
measured for flow in micro-channels, both smooth and with roughness, of differ-
ent geometry. The physical properties of the fluids used in the experiments, as well
as the material of the micro-channel walls varied widely, which allows for analyzing
the effect of fluid composition, in particular, the ionic component, as well as the in-
fluence of fluid–wall interaction, on the flow characteristics. The Reynolds number
in the experiments varied in the range 103 < Re < 4×103, which covers the regimes
of laminar, transition and turbulent flow. An extremely large relative length of micro-
channels is characteristic for the considered experiments: 102 < L/d∗ < 15×104,
where L is the length of the micro-channel and d∗ is the characteristic dimension of
diameter or depth for circular or rectangular micro-channels, respectively.

In general, conventional theory has been tested for flow in micro-channels by
comparing the experimental and theoretical data on pressure drop as a function of
flow rate. During the last few years, better methods have been used for measurement
of the mean velocity, as well as rms of the velocity fluctuations (Maynes and Webb
2002; Sharp and Adrian 2004).

Table 3.1 Flow characteristics in micro-channels

Geometry
of the tube

Circular, Rectangular, Trapezoidal, Triangular

Size dh µm 3–4×103

h µm 0.51–250

L
d∗

90–15×104

Wall Material Glass, Silica, Stainless steel
Surface Smooth, Rough

Fluid Liquid Tap water, Dist. water, De-ion. water, R-134a, Methanol, Isopropanol,
Carbon tetrachloride solutions with several ionic compositions

Gas Air, N2, He, Ar

Re 103–4×103

U m/s 104–30

Measured
parameter

Flow rate, Pressure gradient, Mean velocity, rms of velocity fluctua-
tions
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3.3 Comparison Between Experimental and Theoretical Results

The classical solution of the problem of steady laminar flow in straight ducts is
based on a number of assumptions on flow conditions, Hetsroni et al. (2005)

1. The flow is generated by a force due to a static pressure in the fluid.
2. The flow is stationary and fully developed, i.e., it is strictly axial.
3. The flow is laminar.
4. The Knudsen number is small enough so that the fluid is a continuous medium.
5. There is no slip at the wall.
6. The fluids are incompressible Newtonian fluids with constant viscosity.
7. There is no heat transfer to/from the ambient.
8. The energy dissipation is negligible.
9. There is no fluid/wall interaction (except purely viscous).

10. The channel walls are straight.
11. The channel walls are smooth.

In this case the problem of developed laminar flow in a straight duct reduces to
integrating the equation

μ
(
∂ 2u
∂y2 +

∂ 2u
∂ z2

)
=

dP
dx

(3.1)

with no-slip condition on the contour, which determines the channel shape.
In Eq. (3.1) u = u(y,z) is the velocity component in the longitudinal x-direction,

P is the pressure, μ is the dynamic viscosity, and x,y,z are the Cartesian coordinates.
The solution of Eq. (3.1) leads to the following expression for the friction factor

λ =
const

Re
(3.2)

or
Po = const (3.3)

where λ = 2ΔP
L

d∗
ρU2 is the friction factor, Po = λ ·Re is the Poiseuille number, and

ΔP is the pressure drop on a channel length L, d∗ is the characteristic size.
The constant in Eqs. (3.2) and (3.3) is determined by the micro-channel shape

and does not depend on the flow parameters, as shown in Table 3.2 (Loitsianskii
1996). In Table 3.2, d is the diameter of the tube, α and β are the semi-axes of the
ellipse, a is the side of an equilateral triangle, H is the side of a rectangle, and f (ξ )

Table 3.2 Parameters of micro-channels (Loitsianskii 1996)

Shape of micro-channel Characteristic size Constant in Eqs. (3.2), (3.3)

Circular d∗ = d 64
Elliptical d∗ = 1

2
√

2
αβ

(α2+β2)1/2 64

Equilateral triangular d∗ = a 160
Rectangular d∗ = H 128/ f (ξ )
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is a tabulated function of height-to-width ratio; f (ξ ) changes from 2.253 to 5.333
when ξ varies from 1 to ∞.

The data on pressure drop in irregular channels are presented by Shah and Lon-
don (1978) and White (1994). Analytical solutions for the drag in micro-channels
with a wide variety of shapes of the duct cross-section were obtained by Ma and
Peterson (1997). Numerical values of the Poiseuille number for irregular micro-
channels are tabulated by Sharp et al. (2001). It is possible to formulate the general
features of Poiseuille flow as follows:

dPo
dRe

= 0 (3.4)

C∗ =
Poexp

Potheor
(3.5)

where C∗ is the ratio of the Poiseuille number defined experimentally to the same
one defined from theory. Poexp and Potheor are the experimental and theoretical
Poiseuille numbers, respectively.

Equation (3.4) reflects the dependence of the friction factor on the Reynolds num-
ber, whereas Eq. (3.5) shows conformity between actual and calculated shapes of
a micro-channel. Condition (3.5) is the most general since it testifies to an identical
form of the dependencies of the experimental and theoretical friction factor on the
Reynolds number.

Basically, there may be three reasons for the inconsistency between the theor-
etical and experimental friction factors: (1) discrepancy between the actual condi-
tions of a given experiment and the assumptions used in deriving the theoretical
value, (2) error in measurements, and (3) effects due to decreasing the characteris-
tic scale of the problem, which leads to changing correlation between the mass and
surface forces (Ho and Tai 1998).

3.4 Flow of Incompressible Fluid

3.4.1 Smooth Micro-Channels

We begin the comparison of experimental data with predictions of the conventional
theory for results related to flow of incompressible fluids in smooth micro-channels.
For liquid flow in the channels with the hydraulic diameter ranging from 106 m to
103 m the Knudsen number is much smaller than unity. Under these conditions, one
might expect a fairly good agreement between the theoretical and experimental re-
sults. On the other hand, the existence of discrepancy between those results can
be treated as a display of specific features of flow, which were not accounted for
by the conventional theory. Bearing in mind these circumstances, we consider such
experiments, which were performed under conditions close to those used for the the-
oretical description of flows in circular, rectangular, and trapezoidal micro-channels.
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Glass and silicon tubes with diameters of 79.9–166.3 µm, and 100.25–205.3 µm,
respectively, were employed by Li et al. (2003) to study the characteristics of fric-
tion factors for de-ionized water flow in micro-tubes in the Re range of 350 to 2,300.
Figure 3.1 shows that for fully developed water flow in smooth glass and silicon
micro-tubes, the Poiseuille number remained approximately 64, which is consistent
with the results in macro-tubes. The Reynolds number corresponding to the transi-
tion from laminar to turbulent flow was Re = 1,700−2,000.

Yang et al. (2003) obtained the friction characteristics for air, water, and liquid
refrigerant R-134a flow in tubes with inside diameters from 173 to 4,010 µm. The
test results showed that the pressure drop correlations for large tubes might be ad-
equately used for water, refrigerant, and low-speed air flow in micro-tubes. The
laminar-turbulent transition Reynolds number varied from 1,200 to 3,800 and in-
creased with decreasing tube diameters. The test friction factors agree very well
with the Poiseuille equation for the laminar flow regime.

Pfund et al. (2000) studied the friction factor and Poiseuille number for 128–
521 µm rectangular channels with smooth bottom plate. Water moved in the chan-
nels at Re = 60−3,450. In all cases corresponding to Re < 2,000 the friction factor
was inversely proportional to the Reynolds number. A deviation of Poiseuille num-
ber from the value corresponding to theoretical prediction was observed. The devi-
ation increased with a decrease in the channel depth. The ratio of experimental to
theoretical Poiseuille number was 1.08± 0.06 and 1.12± 0.12 for micro-channels
with depths 531 and 263 µm, respectively.

Xu et al. (2000) investigated de-ionized water flow in micro-channels with hy-
draulic diameter ranging from 30 to 344 µm at Reynolds numbers ranging from 20
to 4,000. Two test modules were used. The first test module consisted of a cover
and an aluminum plate, into which a micro-channel, inlet and outlet sumps were
machined. A Plexiglas plate was used to cover the channel. The second module
was fabricated from a silicon wafer, and a 5 mm thick Pyrex glass was utilized to

Fig. 3.1 Dependence of the Poiseuille number on the Reynolds number. Reprinted from Li et al.
(2003) with permission
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Fig. 3.2 Velocity profiles vs. r/r0. Reprinted from Maynes and Webb (2002) with permission

cover the channel by using anodic bonding. The experimental data obtained in both
modules showed that the trend of water flow in micro-channels is similar to the pre-
diction of the conventional theory as a whole, i.e., that Po = const. for flow in the
laminar region. However, some discrepancy between the results obtained in these
modules occurred. For flow in the first test module, in which the hydraulic diameter
of the channels varied from 50 to 300 µm, the Po values in the channels smaller than
100 µm were lower than those predicted by the theory. This phenomenon did not
occur in the second test module. Experimental results there almost agree with the
theory for flow in micro-channels varying from 30 to 60 µm. The authors explained
the disagreement and showed that the actual dimension of the first module would
be inaccurate when the cover and micro-channel plate were sealed by bonding with
glue due to the thickness of the layer of the cured material.

The transition to turbulent flow occurred at Re of about 1,500. The authors noted
that for smaller micro-channels, the flow transition would occur at lower Re. The
early transition phenomenon might be affected by surface roughness and other fac-
tors.

Wu and Cheng (2003) measured the friction factor of laminar flow of de-ionized
water in smooth silicon micro-channels of trapezoidal cross-section with hydraulic
diameters in the range of 25.9 to 291.0 µm. The experimental data were found to
be in agreement within ±11% with an existing theoretical solution for an incom-
pressible, fully developed, laminar flow in trapezoidal channels under the no-slip
boundary condition. It is confirmed that Navier–Stokes equations are still valid for
the laminar flow of de-ionized water in smooth micro-channels having hydraulic
diameter as small as 25.9 µm. For smooth channels with larger hydraulic diam-
eters of 103.4–103.4–291.0µm, transition from laminar to turbulent flow occurred
at Re = 1,500−2,000.
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Maynes and Webb (2002) presented pressure drop, velocity and rms profile data
for water flowing in a tube 0.705 mm in diameter, in the range of Re = 500−5,000.
The velocity distribution in the cross-section of the tube was obtained using the
molecular tagging velocimetry technique. The profiles for Re = 550,700,1,240,
and 1,600 showed excellent agreement with laminar flow theory, as presented in
Fig. 3.2. The profiles showed transitional behavior at Re > 2,100. In the range
Re = 550−2,100 the Poiseuille number was Po = 64.

Lelea et al. (2004) investigated experimentally fluid flow in stainless steel micro-
tubes with diameter of 100–500 µm at Re = 50−800. The obtained results for the
Poiseuille number are in good agreement with the conventional theoretical value
Po = 64. Early transition from laminar to turbulent flow was not observed within
the studied range of Reynolds numbers.

Papautsky et al. (1999) investigated the flow friction characteristics of water flow-
ing through rectangular micro-channels with width varying from 150 to 600 µm,
height (depth) ranging from 22.71 to 26.35 µm, and relative roughness of 0.00028.
The experiments were conducted in the range of extremely low Reynolds numbers,
0.001 < Re < 10. The measurements showed that the ratio C∗ was independent
of Re. This value was about 1.2, i.e., nearly 20% above the value of C∗ correspond-
ing to the conventional theory.

The frictional pressure drop for liquid flows through micro-channels with diam-
eter ranging from 15 to 150 µm was explored by Judy et al. (2002). Micro-channels
fabricated from fused silica and stainless steel were used in these experiments. The
measurements were performed with a wide variety of micro-channel diameters,
lengths, and types of working fluid (distilled water, methanol, isopropanol), and
showed that there were no deviations between the predictions of conventional the-
ory and the experiment. Sharp and Adrian (2004) studied the fluid flow through
micro-channels with the diameter ranging from 50 to 247 µm and Reynolds number
from 20 to 2,300. Their measurements agree fairly well with theoretical data.

Cui et al. (2004) studied the flow characteristics in micro-tubes driven by high
pressure ranging from 1 to 30 MPa. The diameters of the micro-tubes were from
3 to 10 µm and de-ionized water, isopropanol and carbon tetrachloride were used
as the working fluid. The Reynolds number ranged from 0.1 to 24. The measure-
ments showed that the ratio C∗ = Poexp/Potheor varied slightly with the pressure
for de-ionized water. But for the other two liquids, isopropanol and carbon tetra-
chloride, C∗ increased markedly with pressure, as shown in Fig. 3.3. It should be
noted that the viscosity is extremely sensitive to the flow temperature. The viscosity
of water in the pressure range from 1 to 30 MPa can be approximately regarded as
constant. Therefore C∗ varied very slightly with pressure. The results of isopropanol
and carbon tetrachloride were corrected taking into account the viscosity–pressure
relationship to obtain the revised theoretical flow rate and revised normalized fric-
tion coefficient. Two revised results for d = 10 µm for isopropanol and carbon tetra-
chloride are shown in Fig. 3.4. It can be seen that the experimental data agree well
with theoretical prediction. For d = 5 and 3 µm micro-tubes, similar tendencies were
observed.
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Fig. 3.3 The normalized Poiseuille number as a function of pressure for carbon tetrachloride in
10 µm micro-tube. Reprinted from Cui et al. (2004) with permission

Fig. 3.4 The revised normalized Poiseuille number as a function of pressure for carbon tetrachlo-
ride in 10 µm micro-tube. Reprinted from Cui et al. (2004) with permission

Celata et al. (2006) studied experimentally the drag in glass/fused silica micro-
tubes with inner diameter ranging from 31 to 259 µm for water flow with Re >
300. The drag measurements show that the friction factor for all diameters agrees
well with predictions of conventional theory: λ = 64/Re (for the smallest diameter
31 µm, the deviations of experimental points from the line λ = 64/Re do not exceed
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±19%). The transition from laminar to turbulent flow occurs at 2×103 < Re <
3×103.

The experimental results of single-phase flow in smooth micro-channels are sum-
marized in Table 3.3.

3.4.2 Micro-Channels with Rough Walls

Several investigators obtained friction factors in micro-channels with rough walls
that were greater than those in smooth wall channels. These observations should be
considered taking into account the entrance effects, losses from change in channel
size, etc.

The existence of roughness leads also to decreasing the value of the critical
Reynolds number, at which transition from laminar to turbulent flow occurs. The
character of the dependence of the friction factor on the Reynolds number in
laminar flow remains the same for both smooth and rough micro-channels, i.e.,
λ = const/Re.

The general characteristics of experimental investigations of pressure drop in
micro-channels with roughness are presented in Table 3.4. The experiments involve
a wide range of flow conditions as related to shape of micro-channels (circular, rect-
angular, trapezoidal), their sizes (50 µm < dh < 103 µm), and the Reynolds numbers
(102 < Re < 4×103). The relative roughness of these micro-channels ks/r0 varied
from 0.32 to 7%. It is known that hydraulically smooth flow regime occurs when
the Reynolds number, which is defined by height of roughness ks and friction vel-
ocity u∗, varies in the range 0 < ksu∗/v < 5 (Tani 1969; Schlichting 1979). The up-
per limit of this inequality determines the maximum value of the velocity at which
laminar flow is possible. Taking into account that u∗ =

√
τ/ρ , τ = μ(du/dy)w,

u = Umax(1−η2), η = r/r0 and Umax = 2U , where τ is the shearing stress at a wall,
Umax and U are the maximum and average velocities, r0 is the micro-channel radius,
and subscript w refers to the wall, we arrive at the following estimate of the rela-
tive roughness, corresponding to the boundary that subdivides the laminar flow in
smooth and rough channels, Hetsroni et al. (2005)

ks

r0
<

5

1.41Re1/2
. (3.6)

For Re ∼ 2×103, the relative roughness that corresponds to the boundary between
the smooth and rough channels is ks/r0 ∼ 0.08. The latter shows that the hydraulic
characteristics of the present micro-channels (Table 3.4) are close to characteristics
of smooth micro-channels.

The deviation of the data related to flow in smooth (Table 3.3) and rough (Ta-
ble 3.4) micro-channels may be a result of heterogeneity of the actual roughness,
where height of some roughness peaks significantly exceeds its mean value. For
example, under conditions of experiment by Pfund et al. (2000) the mean heigh of
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the roughness wall was ±1.9 µm, with the maximum peak value height of approxi-
mately 14.67 µm.

A study of forced convection characteristics in rectangular channels with hy-
draulic diameter of 133–367 µm was performed by Peng and Peterson (1996). In
their experiments the liquid velocity varied from 0.2 to 12 m/s and the Reynolds
number was in the range 50–4,000. The main results of this study (and subsequent
works, e.g., Peng and Wang 1998) may be summarized as follows: (1) friction fac-
tors for laminar and turbulent flows are inversely proportional to Re1.98 and Re1.72,
respectively; (2) the Poiseuille number is not constant, i.e., for laminar flow it de-
pends on Re as Po∼Re−0.98; (3) the transition from laminar to turbulent flow occurs
at Re about 300–700. These results do not agree with those reported by other inves-
tigators and are probably incorrect.

Mala and Li (1999) investigated experimentally the pressure losses in micro-
channels with diameters ranging from 50 to 254 µm. The micro-tubes were fabri-
cated from two different materials, silica and stainless steel, and had mean surface
roughness of ±1.75 µm. Thus, the relative roughness changed from 1.36 to 7.0%
for the pipes with d = 254 µm and d = 50 µm, respectively. The measurements indi-
cate the existence of significant divergence between experimental values of pressure
gradient ΔPexp and values predicted by the conventional theory, ΔPtheor. The differ-
ence ΔPexp −ΔPtheor depends on the diameter of the micro-tube, as well as on the
Reynolds number. At relatively large Re the dependence ΔP(Re) is close to lin-
ear, whereas at Re ∼ 103 and d < 100 µm it shows significant deviation from the
dependence predicted by the Poiseuille equation. It is worth noting that there is
some difference between pressure losses corresponding to flow in silica and stain-
less steel micro-tubes: the pressure gradient in a silica micro-tube is slightly higher
than that for stainless steel. Under conditions corresponding to flow in micro-tubes
with the same roughness, such a difference points to an existence of some non-
hydrodynamic interaction between the fluid and micro-tube wall. Based on the de-
pendence C∗ = f (Re), it is possible to select two branches corresponding to rela-
tively low (Re < 103) and high (Re > 103) Reynolds numbers. Within the first branch
the ratio is about of C∗ = 1.12. At Re > 103 the ratio C∗ increases with Re. The lat-
ter result means that within the ranges of Reynolds number of 0 < Re < 103 and
103 < Re < 2×103 the friction factor is inversely proportional to Re and (Re)n

(n < 1), respectively. Thus, the present results correspond (qualitatively) to the
known data on the drag in macro-tubes at laminar and developed turbulent flows.
The difference between the results corresponding to micro- and macro-rough tubes
manifests itself as shift of the transition to low Reynolds number regions where
λ ∼ 1/Re and λ = const. We suggest two possible reasons of the effects mentioned
above: the first is an earlier transition from laminar to turbulent flow, and the sec-
ond is the direct effect of roughness on the momentum changes in the liquid layer
adjacent to the solid wall.

The hypothesis on the earlier transition from laminar to turbulent flow in micro-
tubes is based on analysis of the dependence of pressure gradient on Reynolds
number. As shown by the experimental data by Mala and Li (1999), this depend-
ence may be approximated by three power functions: ΔP ∼ Re1.072 (Re < 600),
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ΔP ∼ Re1.3204 (600 < Re < 1,500) and ΔP ∼ Re2.0167 (1,500 < Re < 2,200) corres-
ponding to laminar, transition and developed turbulent flow, respectively. Naturally,
such phenomenological analysis does not reveal the actual reasons of the shift of the
boundary transition to the low Reynolds numbers region.

One of the possible ways to account for the effect of roughness on the pressure
drop in a micro-tube is to apply a modified-viscosity model to calculate the vel-
ocity distribution. Qu et al. (2000) performed an experimental study of the pressure
drop in trapezoidal silicon micro-channels with the relative roughness and hydraulic
diameter ranging from 3.5 to 5.7% and 51 to 169 µm, respectively. These experi-
ments showed significant difference between experimental and theoretical pressure
gradient.

It was found that the pressure gradient and flow friction in micro-channels were
higher than that predicted by the conventional laminar flow theory. In a low Re
range, the measured pressure gradient increased linearly with Re. For Re > 500,
the slope of the Px–Re relationship increases with Re. The ratio C∗ was about 1.3
for micro-channels of hydraulic diameter 51.3–64.9 µm and 1.15–1.18 for micro-
channels of hydraulic diameter 114.5–168.9 µm. It was also found that the ratio
of C∗ depends on the Reynolds number.

A roughness-viscosity model was proposed to interpret the experimental data.
An effective viscosity μef was introduced for this purpose as the sum of physical μ
and imaginary μM = μM(r) viscosities. The momentum equation is

1
r
∂
∂ r

(
μefr

∂u
∂ r

)
=

dP
dx

(3.7)

with no-slip conditions on the walls, where μM is determined by a semi-empirical
correlation μM = μ f (r/ks,Re,Rek), Rek = ukks/ν , Re = Ud/ν , uk is the velocity at
the top of the roughness element, U is the average velocity, and d is the micro tube
diameter. The correlation for μM also contains an empirical constant that has to be
determined by using the experimental data.

Friction factors and the friction constant for a 257 µm deep channel with rough
bottom plate were measured by Pfund et al. (2000). The width of the channel cut
into each spacer was fixed at 1 cm. The micro-channel was 10 cm long, so that the
flow profile would be fully developed within at least the middle third of the chan-
nel length. The wide channel gave an approximately 2D flow, thereby simplifying
the theoretical description of the flow. Water entered the system through a pres-
sured pulsation damper. The mean amplitude of roughness on the rough bottom was
of ±1.90 µm with a maximum peak-valley height of approximately 14.67 µm. The
value of C∗ reached, at low Re, approximately 1.25. These results were compared
to those obtained in the smooth micro-channels with depths ranging from 128 to
521 µm. The authors conclude that a possible reduction in channel depth at constant
roughness, and an increase in roughness at constant depth, produced no significant
changes in the friction constant. Friction factors in laminar flow were proportional
to 1/Re to the degree of accuracy of the experiments. High relative roughness might
cause the Poiseuille number to vary with Re. Uncertainties in the measured constant
obscured this effect.
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Li et al. (2003) studied the flow in a stainless steel micro-tube with the diameter
of 128.76–179.8 µm and relative roughness of about 3–4%. The Poiseuille number
for tubes with diameter 128.76 and 171.8 µm exceeded the value of Po correspond-
ing to conventional theory by 37 and 15%, respectively. The critical value of the
Reynolds number was close to 2,000 for 136.5 and 179.8 µm micro-tubes and about
1,700 for micro-tube with diameter 128.76 µm.

The effect of roughness on pressure drop in micro-tubes 620 and 1,067 µm in
diameter, with relative roughness of 0.71, 0.58 and 0.321% was investigated by
Kandlikar et al. (2003). For the 1,067 µm diameter tube, the effect of roughness
on pressure drop was insignificant. For the 620 µm tube the pressure drop results
showed dependence on the surface roughness.

3.4.3 Surfactant Solutions

Drag reduction in a surfactant solution flowing in a micro-channel was the subject
of experimental study by Hetsroni et al. (2004). The pressure drop in fully devel-
oped laminar flow in a micro-tube of inner diameter 1.07 mm was measured in the
range of 10 ≤ Re ≤ 450. The study was performed for water surfactant solution of
350 and 1,060 ppm in adiabatic and diabatic flows. The cationic surfactant Habon G
(molecular weight 500, trade name Hoe S4089, Hoechst AG) was used. The cation
of the surfactant is hexadecyldimethyl hydroxyethyl ammonium and the counter-ion
is 3-hydroxy-z-naphthoate. It was shown by Zakin et al. (1996, 2002) that although
micro-structure of Habon G was mechanically degraded under high-shear condi-
tions, it recovered quickly, no matter how many times it was broken up by shear.

The measurements of physical properties were carried out over a wide range of
temperatures and for various concentrations. All solutions were prepared by dis-
solving the powdered surfactant in de-ionized water with gentle stirring. The shear
viscosity of all surfactant solutions was determined in the temperature range of 25 to
60 ◦C (Hetsroni et al. 2001). Figure 3.5 shows the effect of shear rate on shear vis-
cosity for 1,060 ppm Habon G solutions at different temperatures. One can see that
at low-shear rates, the shear viscosity of Habon G solution is significantly higher
than that of clear water. The curves come closer to one another for higher shear
rates. The magnitude of the shear viscosity as a function of the shear rate decreases
when the temperature of the solution increases.

The plot of the pressure drop depending on the bulk velocity in adiabatic and dia-
batic flows is shown in Fig. 3.6a,b. The data related to the adiabatic flow correspond
to constant temperature of the fluids Tin = 25 ◦C, whereas in the diabatic flow the
fluid temperature increased along micro-channel approximately from 40 to 60 ◦C. It
is seen that in both cases the pressure drop for Habon G increases compared to clear
water. The difference between pressure drop corresponding to flows of a surfactant
solution and solvent increases with increasing bulk velocity.

The experimental data on micro-channel drag are presented in Figs. 3.7 and 3.8
in the form of f versus Re where f = (ΔPd)/(2LρU2), i.e., f = λ/4. The Reynolds
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Fig. 3.5 Dependence of shear
viscosity of Habon G solution
on shear rate. Reprinted from
Hetsroni et al. (2004) with
permission

Fig. 3.6a,b Dependence of pressure drop on fluid bulk velocity in (a) adiabatic flow, and (b)
diabatic flow. Reprinted from Hetsroni et al. (2004) with permission

numbers are defined based on the solvent (Rewat) or shear viscosity of Habon G
(Resh), where the shear viscosity, νsh, determines for a given value of shear rate that
defined as 8U/d (Cogswell 1981). Figure 3.7a,b shows that the friction factor cor-
responding to the Habon G flow exceeds (at the same Rewat) the friction factor in the
pure solvent flow. In contrast to that, the dependences for both 530 and 1,060 ppm
Habon G solutions f (Resh) are located significantly lower than that for a Newtonian
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Fig. 3.7a,b Friction coefficients as function of solvent Reynolds number Rewat in (a) adiabatic
flow, and (b) diabatic flow. Reprinted from Hetsroni et al. (2004) with permission

Fig. 3.8a,b Friction coefficients as a function of solution Reynolds number Resh in (a) adiabatic
flow, and (b) diabatic flow. Reprinted from Hetsroni et al. (2004) with permission
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fluid in a pipe with smooth walls, where the friction factor is f = 16/Resh. These re-
sults are somewhat unexpected. As can be concluded from Fig. 3.8a,b, the Habon G
solutions are not drag reducing in laminar flow. The dependence of f versus Resh

does not reflect this phenomenon. The Reynolds number based on shear viscosity
is not valid to describe drag reduction in laminar flow. According to Lumley (1969)
definition the flows have to be compared using the same viscosity, given by the so-
lution. It has become customary to use the kinematic viscosity of the solvent with
respect to the definition of the friction factor as a function of the Reynolds number
(Cho and Hartnett 1982; Zakin et al. 1996; Virk et al. 1970; Warholic et al. 1999).

3.5 Gas Flows

Gas flows are flows of compressible fluids that flow under conditions of gas ex-
pansion and changes its density, pressure, velocity and temperature along the chan-
nel length (Shapiro 1953). There is a paucity of theoretical study of laminar gas
flows in micro-channels. Berg et al. (1993) considered this problem in conjunction
with calculation of the viscosity from the data on mass flow rate. An experimental
and theoretical investigation of low Reynolds number, high subsonic Mach number
compressible gas flow in channels was presented by Harley et al. (1995). Nitrogen,
helium, and argon gases were used. By means of analytical and numerical solutions
of the problem the detailed data on velocity, density and temperature distributions
along micro-channel’s axis were obtained. The effect of the Mach number on pro-
files of axial and transverse velocities and temperature was revealed. The friction
factor in trapezoidal micro-channels typically 100 µm wide, 104 µm long and rang-
ing from 0.5 to 20 µm in depth, was measured. The measurements of the pressure
drop for the flow of nitrogen, helium and argon were carried out by varying the
Knudsen number from 10−3 to 0.4, the inlet and exit Mach numbers 0.07 and 0.15,
and 0.22, and 0.84, respectively and Re < 2×103. Figure 3.9 shows that under con-
ditions which correspond to continuum flow, the measured value of friction factor is
close to that which is predicted by conventional theory: the average friction constant
was within 3% of the theoretical value for fully developed incompressible flow.

Fig. 3.9 Normalized
Poiseuille number as a func-
tion of the Reynolds number
in 11.04 µm deep channel.
Circles (•) represent nitrogen,
squares (�) represent helium,
and triangles (�) represent
argon. Reprinted from Harley
et al. (1995) with permission
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3.6 Transition from Laminar to Turbulent Flow

The data on critical Reynolds numbers in micro-channels of circular and rectangular
cross-section are presented in Tables 3.5 and 3.6, respectively. We also list geomet-
rical characteristics of the micro-channels and the methods used for determination
of the critical Reynolds number.

For the most part of the experiments one can conclude that transition from lam-
inar to turbulent flow in smooth and rough circular micro-tubes occurs at Reynolds
numbers about Recr = 2,000, corresponding to those in macro-channels. Note that
other results were also reported. According to Yang et al. (2003) Recr derived from
the dependence of pressure drop on Reynolds number varied from Recr = 1,200 to
Recr = 3,800. The lower value was obtained for the flow in a tube 4.01 mm in diam-
eter, whereas the higher one was obtained for flow in a tube of 0.502 mm diameter.
These results look highly questionable since they contradict the data related to the
flow in tubes of diameter d > 1 mm. Actually, the 4.01 mm tube may be considered

Table 3.5 Critical Reynolds number in circular micro-channels

Author Micro-channel Recr Remarks:
Smooth/
rough

d [µm] L [mm] L/d considered
characteristic

Li et al.
(2003)

Smooth 79.9–449 14.56–
118.9

182–714 2,000 Friction factor

Yang et al.
(2003)

Smooth 502–4,010 200–1,000 244–567 2,200 Friction factor
(Recr ∼ 1200–
3800 – pres-
sure gradient)

Maynes,
Webb
(2002)

Smooth 705 141.9 201.2 2,200 Friction factor

Mala, Li
(1999)

Smooth 50–254 55–88 300–900 Pressure gradi-
ent

Li et al.
(2003)

Rough 128–179.8 39.30–
84.26

305–470 1,700–
1,900

Friction factor

Kandlikar
et al.
(2003)

Rough 620–1,032 – – 2,000 Friction factor

Sharp,
Adrian
(2004)

Smooth 50–247 – – 1,800–
2,200

Friction factor,
centerline vel-
ocity, rms of
centerline
velocity fluctu-
ations

Hwang,
Kim
(2006)

Smooth 244–792 400–462 583–1,639 ∼ 2,000 Friction factor
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Table 3.6 Critical Reynolds number in rectangular and trapezoidal micro-channels

Author Micro-channel Recr Remarks:
Smooth/
rough

H [µm] L [mm] L/H considered
characteristic

Xu et al.
(2000)

Smooth 15.4 10–50 367–1,700 1,500 Friction factor

Pfund et al.
(2000)

Smooth 128–1,050 100 95–781 1,700 for
H = 263 µm
2,000–2,100
for
H =521 µm

Friction factor

Pfund et al.
(2000)

Rough 257 100 389 1,700 Friction factor

Qu et al.
(2000)

Rough
(trapezoidal)

28–113.84 30 263–1,071 <2,300 Pressure
gradient

Peng,
Peterson
(1996)

Rough 200–300 45 150–225 200–700 Friction factor

to be a macro-tube, in which the critical Reynolds number is about 2,000. A possible
reason for this inconsistency arises from the method of determination of Recr. The
data discussed above were obtained by analysis of the dependence of the pressure
gradient on the Reynolds number. The same experimental data, presented by Yang
et al. (2003) in the form of dependence of the friction factor on the Reynolds num-
ber, clearly showed that Recr is about 2,000. Mala and Li (1999), using the method
based on dependence of the pressure drop gradient on Reynolds number, obtained
Recr = 300−900.

The transition from laminar to turbulent flow in micro-channels with diameters
ranging from 50 to 247 µm was studied by Sharp and Adrian (2004). The transition
to turbulent flow was studied for liquids of different polarities in glass micro-tubes
having diameters between 50 and 247 µm. The onset of transition occurred at the
Reynolds number of about 1,800–2,000, as indicated by greater-than-laminar pres-
sure drop and micro-PIV measurements of mean velocity and rms velocity fluctua-
tions at the centerline.

In the laminar region the rms of streamwise velocity fluctuations was expected
to be zero (Sharp et al. 2001). Figure 3.10 shows that the first evidence of transition,
in the form of an abrupt increase in the rms, occurs at 1,800 ≤ Re ≤ 2,200, in full
agreement with the flow resistance data. There was no evidence of transition below
these values. Thus, the behavior of the flow in micro-tubes, at least down to a 50 µm
diameter, shows no perceptible differences with the macro-scale flow.

Hwang and Kim (2006) investigated the pressure drop in circular stainless steel
smooth micro-tubes (ks/d < 0.1%) with inner diameters of 244 µm, 430 µm and
792 µm. The measurements showed that the onset of flow transition from laminar
to turbulent motion occurs at the Reynolds number of slightly less than 2,000. It
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Fig. 3.10 Measured rms
of the centerline velocity,
divided by measured average
velocity, vs. the Reynolds
number. Reprinted from Sharp
et al. (2001) with permission

also showed that the conventional theory predicted the friction factor well within an
absolute average deviation of 8.9%.

Hao et al. (2007) investigated the water flow in a glass tube with diameter of
230 µm using micro particle velocimetry. The streamwise and mean velocity profile
and turbulence intensities were measured at Reynolds number ranging from 1,540
to 2,960. Experimental results indicate that the transition from laminar to turbulent
flow occurs at Re = 1,700−1,900 and the turbulence becomes fully developed at
Re > 2,500.

Thus, the available data related to transition in circular micro-tubes testify to
the fact that the critical Reynolds number, which corresponds to the onset of such
transition, is about 2,000. The evaluation of critical Reynolds number in irregu-
lar micro-channels will entail great difficulty since this problem contains a num-
ber of characteristic length scales. This fact leads to some vagueness in definition
of critical Reynolds number that is not a single criterion, which determines flow
characteristics.

Let us explain this assertion by an example of the developed laminar flow in
a rectangular micro-channel. As is well known (Loitsianskii 1966) this problem
reduces to integrating the momentum equation

μ
(
∂ 2u
∂y2 +

∂ 2u
∂ z2

)
=

dP
dx

= −ΔP
L

(3.8)

with the following boundary conditions

u = 0 at y = ±H, |z| < W ;u = 0 at z = ±W, |y| < H (3.9)

where u is the longitudinal velocity component, ΔP/L is the pressure drop per unit
length, μ is dynamic viscosity, and 2H and 2W are the depth and width of the micro-
channel.
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Bearing in mind the conditions of the problem, we can assume that pressure drop
per unit length is determined by viscosity, average velocity, as well as the depth and
width of the micro-channel:

ΔP
L

= f (μ ,U,H,W ) (3.10)

where U is the average velocity.
Applying the Π -theorem to Eq. (3.10), we arrive at the following expression for

the friction factor

λ =
ϕ(ε)
Re∗

(3.11)

where Re∗ = U2H/ν is the Reynolds number determined by micro-channel depth,
λ is the friction factor, ϕ(ε) is some unknown function of channel aspect ratio,
ε = W/H, and ν is the kinematic viscosity of fluid.

It appears that the Poiseuille number in a rectangular channel depends on the
aspect ratio, ε . In order to reveal an explicit form of the dependence ϕ(ε), it is
necessary to solve the problem defined by Eqs. (3.8) and (3.9) to obtain

ϕ(ε) =
128
ψ(ε)

(3.12)

where ψ(ε) = 16
3 − 1024

π5ε (th πε
2 + 1

33 th 3πε
2 + . . .).

Equations (3.11) and (3.12) show that the friction factor of a rectangular micro-
channel is determined by two dimensionless groups: (1) the Reynolds number that
is defined by channel depth, and (2) the channel aspect ratio. It is essential that the
introduction of a hydraulic diameter as the characteristic length scale does not allow
for the reduction of the number of dimensionless groups to one. We obtain

λ =
ϕ ′(ε)
Reh

(3.13)

where ϕ ′(ε) = (ϕ(ε)2ε)/(1+ε). Accordingly, the Poiseuille number that is defined
by hydraulic diameter depends also on channel aspect ratio.

The results related to the laminar-to-turbulent transition can be generalized by
using the Obot–Jones model (Jones 1976; Obot 1988). A detailed discussion of this
model is found in the paper by Morini (2004).

An experimental study of the laminar-turbulent transition in water flow in long
circular micro-tubes, with diameter and length in the range of 16.6–32.2 µm and
1–30 mm, respectively, was carried out by Rands et al. (2006). The measurements
allowed to estimate the effect of heat released by energy dissipation on fluid viscos-
ity under conditions of laminar and turbulent flow in long micro-tubes.

The data on the drag for micro-tube diameters of 16.6, 19.7, 26.3 and 32.2 µm
are presented in Fig. 3.11 in the form of the dependence of the Poiseuille number
on Re. The latter was determined by an average of the mixed-mean temperature at
the inlet and outlet of the micro-tube. The data of Fig. 3.11 show that the Poiseuille
number practically shows no dependence on Re in the range 500 < Re < 2,000. The
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Fig. 3.11 Dependence of
the Poiseuille number on
Reynolds number. Reprinted
from Rands et al. (2006) with
permission

absolute of Po is close to 64, corresponding to the predictions of the conventional
theory. The transition from laminar to turbulent flow occurs at Re = 2,100−2,500.

The dependence of the measured rise in fluid mixed-cup temperature on Reynolds
number is illustrated in Fig. 3.12. The difference between outlet and inlet tempera-
tures increases monotonically with increasing Re at laminar and turbulent flows.
Under conditions of the given experiments, the temperature rise due to energy dissi-
pation is very significant: ΔT = 15−35 K at L/d = 900−1,470 and Re = 2,500. The
data on rising temperature in long micro-tubes can be presented in the form of the
dependence of dimensionless viscous heating parameter Re/[Ec(L/d)] on Reynolds
number (Fig. 3.13).

In the latter figure, the theoretical dependence

Re/[Ec(L/d)] = 32 (3.14)
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Fig. 3.12 Increase in the
fluid average temperature.
Reprinted from Rands et al.
(2006) with permission

Fig. 3.13 Variation of the
viscous heating parameter
Re/[Ec(L/d)] with Reynolds
number. Reprinted from
Rands et al. (2006) with
permission

corresponding to laminar flow in an adiabatic micro-tube is also presented. It is
seen that at relatively low Reynolds numbers that correspond to laminar flow, the
viscous heating parameter does not depend on Re. At Re > 2,000 the shape of the
dependence Re/[Ec(L/d)] = f (Re) sharply changes. An increase in the Reynolds
number leads to an increase in the viscous heating parameter. Thus, both charac-
teristic parameters of flow Po and Re/[Ec(L/d)] that account for the hydraulic re-
sistance and energy dissipation change identically with the Reynolds number. In the
range of relatively low Reynolds numbers, Re < 2,000, they are constant, whereas
at Re > 2,000−2,500 the Poiseuille number and viscous heating parameter mono-
tonically increase with increasing Re. The latter testifies to the fundamental trans-
formation of the flow structure, which occurs in this range of Re, and the Reynolds
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numbers in the range of 2,000–2,500 can be considered as critical corresponding to
the transition from laminar to turbulent flow in micro-tubes.

3.7 Effect of Measurement Accuracy

In experiments related to flow and heat transfer in micro-channels, some parameters,
such as the flow rate and channel dimensions are difficult to measure accurately be-
cause they are very small. For a single-phase flow in micro-channels the uncertainty
of λRe is (Guo and Li 2002, 2003)

δ (λRe)
λRe

=

{(
δ (ΔP)
ΔP

)2

+
(

4(δdh)
dh

)2

+
(
δ (L)

L

)2

+
(
δ (m)

m

)2
}1/2

(3.15)

where m, ΔP, dh, L are the mass flow rate, pressure drop, hydraulic diameter and
channel length, respectively. Equation (3.15) shows that the channel hydraulic diam-
eter measurement error may play a very important part in the resulting uncertainty of
the product λRe. For example, in experiments measuring the friction factor in a cir-
cular glass micro-tube by Guo and Li (2002), they initially measured the diameter
as 84.7 µm using a 40× microscope. The data reduction with this diameter showed
that the friction factors were larger than that predicted by the conventional theory.
The averaged value of the diameter measured using a 400× microscope and scan-
ning electron microscope for the same micro-tube was only 80.0 µm. With this more
accurate value of the diameter, the friction factors obtained from the experimental
data were in good agreement with the conventional values.

3.8 Specific Features of Flow in Micro-Channels

3.8.1 General Remarks

The data presented in the previous chapters, as well as the data from investigations
of single-phase forced convection heat transfer in micro-channels (e.g., Bailey et al.
1995; Guo and Li 2002, 2003; Celata et al. 2004) show that there exist a number of
principal problems related to micro-channel flows. Among them there are: (1) the
dependence of pressure drop on Reynolds number, (2) value of the Poiseuille num-
ber and its consistency with prediction of conventional theory, and (3) the value of
the critical Reynolds number and its dependence on roughness, fluid properties, etc.

All available experimental data (except the data by Peng and Peterson 1996;
Peng and Wang 1998) show that the friction factor is inversely proportional to the
Reynolds number, i.e., λ = const/Re. The constant depends on the micro-channel
shape only and agrees fairly well with the result of a dimensional analysis carried
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out by Sedov (1993) and the analytical solution of the problem (Loitsianskii 1966).
The qualitative difference between the data by Peng and Peterson (1996) and Peng
and Wang (1998) and the experimental and theoretical data of other researchers is,
probably, due to experimental uncertainties.

Concerning the critical Reynolds number, several groups of experiments related
to laminar-to-turbulent flow can be set apart (Tables 3.5 and 3.6):

• Li et al. (2003), Yang et al. (2003), Maynes and Webb (2002), Kandlikar et al.
(2003) and Sharp and Adrian (2004) obtained the critical Reynolds number in
the range Recr ≈ 1,700−2,300.

• Li et al. (2003), Xu et al. (2000), and Pfund et al. (2000) also obtained the critical
Reynolds number Recr ≈ 1,500−1,900.

• Peng and Peterson (1996), Peng and Wang (1998), and Mala and Li (1999) ob-
tained the anomalously low critical Reynolds number Recr ≈ 200−900.

The critical Reynolds numbers of 1,700–2,300 agree fairly well with the well-
known values of Recr corresponding to flow in macro-channels (Lindgren 1958;
Leite 1959; Wygnanskii and Champagne 1973; Schlichting 1979). This result is not
unexpected since from a simple physical consideration it is obvious that under con-
ditions of the continuous model with viscous fluid/wall interaction and moderate
flow velocity, when energy dissipation is negligible, there are no reasons for a de-
crease in the critical Reynolds number. Taking into consideration the dimension of
the characteristic parameters, we determine in this case that the lifetime of vortices
is inversely proportional to the fluid viscosity

t ∼ d2

ν
. (3.16)

The characteristic hydrodynamic time, th is

th =
L
U

(3.17)

and
t
th

∼ Re

L
(3.18)

where L = L/d.
The ratio of t/th, which is characteristic of the possibility of vortices, does not

depend on the micro-channel diameter and is fully determined by the Reynolds num-
ber and L/d. The lower value of Re at which t/th ≥ 1 can be treated as a threshold.
As was shown by Darbyshire and Mullin (1995), under conditions of an artificial
disturbance of pipe flow, a transition from laminar to turbulent flow is not possible
for Re < 1,700, even with a very large amplitude of disturbances.

A direct study of the transition from laminar to turbulent flow in micro-tubes was
performed by Sharp and Adrian (2004). The measurements of mean velocity and
rms of velocity fluctuations showed that the value of the Reynolds number, at which
the transition from laminar to turbulent flow occurs, is about Recr ≈ 1,800−2,200.
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Thus, the measurements of integral flow characteristics, as well as mean velocity and
rms of velocity fluctuations testify to the fact that the critical Reynolds number is
the same as Recr in the “macroscopic” Poiseuille flow. Some decrease in the critical
Reynolds number down to Re ∼ 1,500−1,700, reported by the second group above,
may be due to energy dissipation. The energy dissipation leads to an increase in fluid
temperature. As a result, the viscosity would increase in gas and decrease in liquid.
Accordingly, in both cases the Reynolds number based on the inlet flow viscosity
differs from that based on local viscosity at a given point in the micro-channel.

There is a significant scatter between the values of the Poiseuille number in
micro-channel flows of fluids with different physical properties. The results pre-
sented in Table 3.1 for de-ionized water flow, in smooth micro-channels, are very
close to the values predicted by the conventional theory. Significant discrepancy
between the theory and experiment was observed in the cases when fluid with un-
known physical properties was used (tap water, etc.). If the liquid contains even
a very small amount of ions, the electrostatic charges on the solid surface will attract
the counter-ions in the liquid to establish an electric field. Fluid-surface interaction
can be put forward as an explanation of the Poiseuille number increase by the fluid
ionic coupling with the surface (Brutin and Tadrist 2003; Ren et al. 2001; Papautsky
et al. 1999).

The results obtained by Brutin and Tadrist (2003) showed a clear effect of the
fluid on the Poiseuille number. Figure 3.14 shows results of experiments that were
done in the same experimental set-up for hydraulic diameters of 152 and 262 µm,
using distilled water and tap water. The ion interactions with the surface can perhaps
explain such differences. Tap water contains more ions such as Ca2+, Mg2+, which
are 100 to 1,000 times more concentrated than H3O+ or OH−. In distilled water only
H3O+ and OH− exist in equal low concentrations. The anion and cation interactions
with the polarized surface could modify the friction factor. This is valid only in the
case of a non-conducting surface.

Fig. 3.14 Effect of the fluid on Poiseuille number. Reprinted from Brutin and Tadrist (2003) with
permission
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3.8.2 Thermal Effects

Gruntfest et al. (1964) showed that the thermal effects due to energy dissipation
of liquid flow in a pipe lead to significant transformation of the flow field. It occurs
due to the dependence of liquid density on temperature, distortion of velocity profile
and development of flow instability and its transition to turbulence. The influence of
energy dissipation on thermo- and hydrodynamic characteristics of the liquid flow
in micro-channels was considered by Tso and Mahulikar (1998, 1999, 2000). A de-
tailed analysis of viscous dissipation effects in micro-tubes and micro-channels was
performed by Koo and Kleinstreuer (2004). It was shown that viscous dissipation
becomes significant for fluids with low specific heat capacities and high viscosities,
even in relatively low Reynolds number flows. The channel size, aspect ratio of the
channel diameter to its length, as well as the Reynolds and Brinkman numbers are
important factors that determine the effect of viscous dissipation.

Celata et al. (2005) evaluated the effect of viscous heating on friction factor for
flow of an incompressible fluid in a micro-channel. By integrating the energy equa-
tion over the micro-channel length, a criterion that determines conditions when vis-
cous dissipation effect is significant was obtained:

Ec
Re

(
λReL

)≥ 1 . (3.19)

The simplest evaluation value of the complex (Ec/Re)
(
λReL

)
shows that it is es-

sentially smaller than unity for the realistic conditions typical for water flow in
micro-channels: Re ∼ 103, dh ∼ 100 µm, L ∼ 500.

The behavior of liquid flow in micro-tubes and channels depends not only on the
absolute value of the viscosity but also on its dependence on temperature. The non-
linear character of this dependence is a source of an important phenomenon – hy-
drodynamic thermal explosion, which is a sharp change of flow parameters at small
temperature disturbances due to viscous dissipation. This is accompanied by radical
changes of flow characteristics. Bastanjian et al. (1965) showed that under certain
conditions the steady-state flow cannot exist, and an oscillatory regime begins.

We can estimate the effect of energy dissipation on liquid heating and values of
flow parameters corresponding to arising oscillations in the flow. We assume that
the density of the fluid and its thermal conductivity are constant. Then, the energy
equation attains the form

ρ(ν∇)h = k∇2T +Φ (3.20)

where h is the enthalpy, k is the thermal conductivity, and Φ is the energy dissipa-
tion. The present analysis is restricted to estimation of the maximum heating of the
liquid that corresponds to adiabatic flow in a micro-channel.

For laminar flow
u = Umax(1−η2) (3.21)

where Umax = 2U or Umax = 3U/2 for axisymmetric and plane flows, respectively.
Hence, we obtain from Eq. (3.20) the following estimation for adiabatic rise of the
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liquid temperature:
ΔT
Tin

= 2
ν2

r2
0

(
L
r0

)
Re

cpTin
(3.22)

for circular micro-channel, and

ΔT
Tin

= 12
ν2LRe

H2dhcpTin
(3.23)

for plane micro-channel, where ΔT = Tout−Tin is the difference between outlet and
inlet temperatures. The difference between outlet and inlet temperatures essentially
depends on the heat capacity of the fluid and sharply increases as cp decreases.

Estimation of adiabatic increase in the liquid temperature in circular micro-tubes
with diameter ranging from 15 to 150 µm, under the experimental conditions re-
ported by Judy et al. (2002), are presented in Table 3.7. The calculations were
carried out for water, isopropanol and methanol flows, respectively, at initial tem-
perature Tin = 298 K and ν = 8.7×10−7 m2/s, 2.5×10−6 m2/s, 1.63×10−6 m2/s,
and cp = 4,178 J/kg K, 2,606 J/kg K, 2,531 J/kg K, respectively. The lower and
higher values of ΔT/Tin correspond to limiting values of micro-channel length and
Reynolds numbers. Table 3.7 shows adiabatic heating of liquid in micro-tubes can
reach ten degrees: the increase in mean fluid temperature (Tin +Tout)/2 is about 9 ◦C,
121 ◦C, 38 ◦C for the water (d = 20 µm), isopropanol (d = 20 µm) and methanol
(d = 30 µm) flows, respectively.

Energy dissipation also significantly affects the temperature of gas flow. In order
to estimate adiabatic increase in gas temperature in micro-channels we used the
approximate expression for ΔT/Tin, which follows from Eq. (3.23) assuming that

k∇2T ∼ 0, h = cpT , Φ = μ
(

du
dy

)2 ∼ μ U2

δ 2 and dT
dx = Tout−Tin

L :

ΔT
Tin

=
ν2

2δ 2cpTin

(
L
δ

)
Re (3.24)

where δ = dh/2 and U are characteristic size and average velocity, Re = U2δ/ν .

Table 3.7 Estimation of adiabatic increase in the liquid temperature in a circular micro-tube. Ex-
perimental conditions correspond to those of Judy et al. (2002)

d [µm] L [m] Re (ΔT/Tin) ·102

Water Isopropanol Methanol

15 0.036 34–41 0.35–0.43 4.7–5.6 2.0–2.5
20 0.03–0.05 18–989 0.066–6.0 0.87–80 0.38–35
30 0.04–0.07 8–1,716 0.012–4.3 0.15–57 0.067–25
40 0.05–0.37 17–769 0.013–4.3 0.17–57 0.075–25
50 0.07–0.29 44–1,451 0.024–3.3 0.32–43 0.14–19
75 0.3–0.39 146–1,883 0.10–1.7 1.3–22 0.59–9.8
100 0.39 109–1,858 0.041–0.70 0.55–9.3 0.24–4.1
150 0.2–0.3 137–1,540 0.0079–0.13 0.11–1.8 0.046–0.77
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For parameters presented in Table 3.8, which correspond to conditions in the ex-
periments by Harley et al. (1995), the mean increase in the temperature of nitrogen,
helium and argon (ReN2 = 60, ReHe = 20, ReAr = 50, Tin = 300 K, M ∼ 0.1) is
about 50–200 K (Table 3.9).

Energy dissipation leads to a significant increase in gas viscosity and decrease in
the actual Reynolds number Reac defined by the mean viscosity νac = (νout +νin)/2
compared to that defined by inlet parameters.

Under conditions of real experiments, the thermal regime of the flow determines
not only the energy dissipation, but also the heat losses to the micro-channel walls.
In this case increase in the fluid temperature depends on the relation between the rate
of heat release by energy dissipation and heat losses due to heat transfer (Koo and
Kleinstreuer 2004). This does not distort the qualitative picture of the phenomenon –
in all cases energy dissipation leads to temperature growth, changing viscosity of
fluid and actual Reynolds number. Moreover, in certain cases, energy dissipation
leads to radical transformation of flow and transition from a stable to an oscillatory
regime.

3.8.3 Oscillatory Regimes

To estimate the parameters resulting in such transitions we use the approach by
Bastanjian et al. (1965) and Zel’dovich et al. (1985). The momentum and energy
equations for a steady and fully developed flow in a circular tube are

1
r
∂
∂ r

(
rμ

∂u
∂ r

)
− dP

dx
= 0 (3.25)

∂ 2T
∂ r2 +

1
2
∂T
∂ r

+
μ

kT

(
∂u
∂ r

)2

= 0 (3.26)

Table 3.8 Characteristics of a micro-channel in the experiments by Harley et al. (1995)

Top width
[µm]

Bottom width
[µm]

Depth
[mm]

Hydraulic
diameter dh
[µm]

Length L
[mm]

L/dh Gases tested

94.4 80.0 11.04 19.18 10.18 992.1 N2, He, Ar

Table 3.9 Estimation of adiabatic increase in average gas temperature in experiments by Harley
et al. (1995)

Gases ΔT/Tin ΔTav/Tin νac/νin Rac/Rin

Nitrogen 0.37 0.18 ∼1.35 ∼0.74
Helium 1.522 0.761 ∼2.87 ∼0.35
Argon 0.096 0.048 ∼1.09 ∼0.919
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where μ = μ(T ).
The dependence of the liquid viscosity on the temperature is given by Frenkel

(1946):

μ = μ0 exp

(
E

RT

)
. (3.27)

Using the Frank-Kamenetskii (1969) transformation we present the relation in Eq.
(3.27) in the following form (Zel’dovich et al. 1985):

μ = μ0 exp

(
E

RT0

)
exp

(
−E(T −T0)

RT 2
0

)
(3.28)

where E is activation energy, R is the universal gas constant, μ0 = f (T0), T0 is the
characteristic temperature.

Introducing new variables

ξ =
(

r
r0

)2

, θ =
E(T −T0)

RT 2
0

(3.29)

we reduce the energy equation (3.20) to the following form (Zel’dovich et al. 1985):

∂ 2θ
∂ξ 2 +

1
ξ
∂θ
∂ξ

+ χ eθ = 0 (3.30)

where the dimensionless parameter χ is

χ =
(∂xP)2r4

0

16μ0k
E

RT 2
0

exp

(
− E

RT0

)
. (3.31)

The boundary conditions corresponding to constant temperature are

θ (1) = 0,

(
∂θ
∂ξ

)

ξ=0
= 0 . (3.32)

A steady-state solution of Eq. (3.30) exists only for χ ≤ 2. At χ > 2 hydrodynamic
thermal explosion occurs and oscillatory flow takes place.

Bearing in mind that ΔP = λ L
d
ρU2

2 , λ = 64
Re , U = Reν

d , ∂xP = ΔP
L = 32 ρν2

d3 Re, and
assuming that μ0

ρ � ν0 ≈ ν we obtain

χ =
Re2

r2
0

ν2
0

cpT0

E
RT0

exp

(
− E

RT0

)
Pr (3.33)

or

Recr =
(χcr

N

)1/2
r0 (3.34)

where χcr = 2, N = Pr ν2
o

CpT0

E
RT0

exp
(
− E

RT0

)
.
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From approximation of actual values μ(T ) and E/R in the range of T =
273−323 K it was found E/R = 2,090 K and μ0 = 0.845×10−6Pas at T0 = 300 K.

We estimate the critical Reynolds number for flows of water and transformer oil,
using the physical properties presented by Vargaftik et al. (1996) to be

Recr = 1.94×1010r0 (3.35)

for water, and
Recr = 2.5×108r0 (3.36)

for transformer oil, where r0 is the micro-channel radius in meters.
The critical Reynolds number depends significantly on physical properties of

the liquid (kinematic viscosity, heat capacity and the Prandtl number), and micro-
channel radius. For flow of highly viscous liquids, e.g., transformer oil, in micro-
channels of r0 < 10−5 m, the critical Reynolds number is less than 2,300. Under
these conditions, oscillatory regime occurs at all Re corresponding to laminar flow.
The existence of velocity fluctuations does not indicate a change of the flow regime
from laminar to turbulent. This phenomenon shows only the occurrence of oscil-
latory laminar flow. In water flow (small kinematic viscosity, large heat capacity)
rising of velocity oscillations is not possible at any realistic r0.

Thus, the comparison of experimental results to those obtained by conventional
theory is correct when the experimental conditions were consistent with the the-
oretical ones. The experimental results corresponding to these requirements agree
quite well with the theory:

• For single-phase fluid flow in smooth micro-channels of hydraulic diameter from
15 to 4,010 µm, in the range of the Reynolds numbers Re < Recr, the Poiseuille
number, Po, is independent of the Reynolds number, Re.

• For single-phase gas flow in micro-channels of hydraulic diameter from 101 to
4,010 µm, in the range of Reynolds numbers Re < Recr, the Knudsen number
0.001 ≤ Kn ≤ 0.38, and the Mach number 0.07 ≤ Ma ≤ 0.84, the experimen-
tal friction factor agrees quite well with the theoretical one predicted for fully
developed laminar flow.

• The behavior of the flow in micro-channels, at least down to 50 µm in diam-
eter, shows no difference with macro-scale flow. For smooth and rough micro-
channels with relative roughness 0.32% ≤ ks ≤ 7%, the transition from laminar
to turbulent flow occurs between 1,800 ≤ Recr ≤ 2,200, in full agreement with
flow visualization and flow resistance data. In the articles used for the present
study there was no evidence of transition below these results.

• The relation of hydraulic diameter to channel length and the Reynolds number
are important factors that determine the effect of the viscous energy dissipation
on flow parameters.

• Under certain conditions the energy dissipation may lead to an oscillatory regime
of laminar flow in micro-channels. The oscillatory flow regime occurs in micro-
channels at Reynolds numbers less that Recr. In this case the existence of velocity
fluctuations does not indicate change from laminar to turbulent flow.
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3.8.4 Laminar Drag Reduction in Micro-Channels
Using Ultrahydrophobic Surfaces

The question of the conditions to be satisfied by a moving fluid in contact with
a solid body was one of considerable difficulty for quite some time, as pointed out
by Goldstein (1965), and the assumption of no-slip is now generally accepted for
practical purposes. On the other hand, if we can make an artificial solid surface
where there is very little interaction between the surface and the liquid in contact
with it, slip would be appreciable for liquid flow. The analysis of the phenomenon
was presented by Watanabe et al. (1999).

Because fluid slip occurs at highly water-repellent walls when the contact angle
is about 150◦, Watanabe et al. (1999) analyzed the friction factor of slip flow in a cir-
cular pipe. For a fully developed steady flow in a pipe, the Navier–Stokes equation
can be written as

μ
r

[
d
dr

(
r

du
dr

)]
=
(

dP
dz

)
. (3.37)

By integrating this equation, and owing to the physical consideration that the vel-
ocity must be finite at r = 0,

u =
r2

4μ

(
dP
dz

)
+C1 . (3.38)

The constant C1 is evaluated under the boundary conditions at the pipe wall: r = a,
u = us. Then, the slip velocity us is determined (Goldstein 1965) from a macroscopic
point of view:

τw = μ
(
− du

dr

)

r= r0

= βus (3.39)

where β is the sliding coefficient. For the case of β →∞, Eq. (3.39) agrees with the
no-slip condition. Consequently, this gives

C1 =
(

r0

2β
+

r2
0

4μ

)(−dP
dz

)
(3.40)

and hence,

u =
[

r2
0

4μ

(
1− r2

r2
0

)
+

r0

2β

](−dP
dz

)
. (3.41)

The volume flow rate is

Q =
a∫

0

2πru dr =
πr4

0ΔP
8μL

(
1 +

4μ
r0β

)
(3.42)

where (ΔP/L) is the pressure gradient in a fully developed flow, and equals
(−dP/dz). The friction factor for laminar flow, λ , is

λ =
64
Re

1

1 + 4μ
r0β

. (3.43)
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Thus, in laminar flow with fluid slip, the friction factor is a function of not only the
Reynolds number Re, but also the non-dimensional parameter (μ/aβ ). If the flow
does not exhibit fluid slip, Eq. (3.43) gives λ = 64/Re on substituting β → ∞ into
the equation.

A series of experiments was presented by Ou et al. (2004), which demonstrate
significant drag reduction for the laminar flow of water through micro-channels us-
ing hydrophobic surfaces with well-defined micron-sized surface roughness.

The difference between a hydrophobic surface and an ultrahydrophobic surface
lies not in the surface chemistry, but in the micro-scale surface roughness. Ultra-
hydrophobic surfaces are actually very rough with large, micron-sized protrusions
coming out of the surface. An optical micrograph of an ultrahydrophobic lithograph-
ically etched silicon surface is shown in Fig. 3.15. The equilibrium contact angles
for each of these surfaces were found to be greater than 160◦.

A schematic diagram of the physical model is shown in Fig. 3.16.
Average pressure drop reduction as a function of flow rate for a series of different

surfaces in a micro-channel is shown in Fig. 3.17, where Dr = (ΔPno-slip−ΔP)
ΔPno-slip

, ΔP is

the experimentally measured pressure drop and ΔPno-slip is the theoretical pressure
drop prediction for flow over a no-slip surface at the same flow rate.

Fig. 3.15 Examples of ultra-
hydrophobic surfaces. Litho-
graphically etched silicon sur-
face patterned with 30 µm tall
cubic micro-posts. Reprinted
from Ou et al. (2004) with
permission

Fig. 3.16 Schematic dia-
gram of a model for ultra-
hydrophobic drag reduction.
A combination of surface hy-
drophobicity and roughness
combine to allow water to
stand away from the solid
surface. Reprinted from Ou et
al. (2004) with permission
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The paper by Davies et al. (2006) reports results of a numerical investigation
of the laminar, periodically repeating flow in a parallel-plate micro-channel with
superhydrophobic walls. In particular, the influence of the Reynolds number and the
vapor cavity size on the overall flow dynamics was explored. A schematic of the
near-wall and cavity regions is shown in Fig. 3.18.

The walls exhibit micro-rib and cavity structures oriented perpendicular (trans-
verse) to the flow direction and the walls are treated with a hydrophobic coating. Re-

Fig. 3.17 Average pressure drop reduction as a function of flow rate for a series of different sur-
faces in a micro-channel having dimensions W = 2.54 mm, H = 127 µm, and L = 50 mm. The
experimental data include a series of ultrahydrophobic surfaces with a regular array of square
micro-posts with d = 30 µm with a spacing between micro-posts of w = 15 µm represented by
triangles (�), d = 30 µm and w = 30 µm represented by squares (�), d = 30 µm and w = 60 µm
represented by circles (�), and d = 30 µm and w = 150 µm represented by diamonds (�). Reprinted
from Ou et al. (2004) with permission

Fig. 3.18 Schematic of the near-wall and cavity regions for liquid flow over a superhydrophobic
surface exhibiting micro-rib structures and flow perpendicular to the ribs
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ductions in the frictional drag are greater as the cavity-to-rib length ratio is increased
(increasing shear-free fraction) and as the channel hydraulic diameter is decreased.

The results also show that the normalized slip length and the average friction
factor–Reynolds number product exhibit Reynolds dependence. Furthermore, the
predictions reveal that the impact of the vapor cavity depth on the overall frictional
resistance is minimal provided the depth of the vapor cavity is greater than 25% of
its width.

Summary

Because most applications for micro-channel heat sinks deal with liquids, most of
the former studies were focused on micro-channel laminar flows. Several investi-
gators obtained friction factors that were greater than those predicted by the stand-
ard theory for conventional size channels, and, as the diameter of the channels de-
creased, the deviation of the friction factor measurements from theory increased.
The early transition to turbulence was also reported. These observations may have
been due to the fact that the entrance effects were not appropriately accounted for.
Losses from change in tube diameter, bends and tees must be determined and must
be considered for any piping between the channel plenums and the pressure trans-
ducers. It is necessary to account for the loss coefficients associated with single-
phase flow in micro-channels, which are comparable to those for large channels
with the same area ratio.

Internal pressure measurements would eliminate these effects. In addition to ac-
counting for the losses outside the channel, it is also necessary to consider the pres-
sure drop associated with developing flow in the entrance region of the channel.

The uncertainty of calculating the Poiseuille number from the measurements
must be taken into account. The viscosity–pressure relationship of certain liquids
(e.g., isopropanol, carbon tetrachloride) must be kept in mind to obtain the revised
theoretical flow rate. The effect of evaporation from the collection dish during the
mass flow rate measurement must be taken into consideration. The effect of evap-
oration of collected water into the room air may not be negligible, and due to the
extremely low mass flow rates through the micro-channel this effect can become
significant.

The main aim of the present chapter is to verify the capacity of conventional
theory to predict the hydrodynamic characteristics of laminar Newtonian incom-
pressible flows in micro-channels in the hydraulic diameter range from dh = 15 to
dh = 4,010 µm, Reynolds number from Re = 103 up to Re = Recr, and Knudsen
number from Kn = 0.001 to Kn = 0.4. The following conclusions can be drawn
from this study:

The comparison of experimental results accounting for effects discussed above
to those obtained by conventional theory is correct when the experimental condi-
tions were consistent with theoretical ones, and agrees well with Poiseuille flow
predictions.
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For single-phase fluid flow in smooth micro-channels of hydraulic diameter the
Poiseuille number is independent of the Reynolds number. For single-phase gas flow
in micro-channels of hydraulic diameter 16.6 to 4,010 µm, Knudsen number of Kn =
0.001−0.38, Mach number of Ma = 0.07−0.84, the experimental friction factor
agrees quite well with theoretical one predicted for fully developed laminar flow.

The problem of transition to turbulence has been studied. The data for all chan-
nels showed no indication that a transition to turbulence began for Re up to 2,000.
The behavior of the flow in micro-channels, at least down to 50 µm diameter, shows
no difference with macro-scale flow. For smooth and rough micro-channels with
relative roughness in the range of ks = 0.32−7% the transition from laminar to
turbulent flow occurs in the range of Reynolds number Re = 1,800−2,200, in full
agreement with flow visualization and flow resistance data. These results support
the standard findings that laminar flow is maintained for Re < 2,300. It is important
to note that when the data from a given paper is examined independently, it often
shows a consistent deviation from the theoretical predictions. However, when the
data from many papers are summarized they are randomly scattered both above and
below the standard predictions for large channels.

For flow of some kind of surfactant solutions (Habon G solutions at concentration
530 and 1,060 ppm) in the tube of d = 1.07 mm in the range of Reynolds number
based on solvent viscosity Re = 10−450, the increase of pressure drop in adiabatic
and diabatic conditions was observed compared to that of pure water.

Under certain conditions the energy dissipation may lead to an oscillatory regime
of laminar flow in micro-channels. The relation of hydraulic diameter to channel
length and the Reynolds number are important factors that determine the effect of
viscous energy dissipation on flow parameters. The oscillatory flow regime occurs
in micro-channels at Reynolds numbers less than Recr. In this case the existence of
velocity fluctuations does not indicate change from laminar to turbulent flow.

One approach recently proposed reducing the pressure drop of liquids flowing
in micro-channels by creating micro-ribs and cavities on the micro-channel walls.
If these micro-rib/cavity structures are treated with a hydrophobic coating and the
cavity size is small enough, the liquid flowing in the micro-channels wets only the
surface of the ribs, and does not penetrate the cavities. The liquid thus forms a free
surface meniscus in the cavity regions between the micro-ribs. The result is a reduc-
tion in the surface contact area between the channel walls and the flowing liquid,
and a reduction in pressure drop up to 40% may be achieved.
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Nomenclature

a Side of a equilateral triangle
C∗ Ratio of Poexp/Potheor

cp Specific heat
d Diameter
d∗ Characteristic size
E Activation energy

f =
λ
4

Fanning friction factor

h Enthalpy, heat transfer coefficient
H Side of a rectangle; depth of plane micro-channel
k Thermal conductivity
ks Average height of surface roughness
L The length of the micro-channel
L = L/d∗ Dimensionless length
m Mass flow rate
P Pressure
r Current radius
r0 Inner radius
R Universal gas constant
T Temperature
t Time
U Average velocity
u Longitudinal component of velocity
u′ rms velocity fluctuation
us Slip velocity
u∗ Friction velocity
uk Velocity at the top of the roughness element
x,y,z Cartesian coordinates
Ec = U2

2CpΔT Eckert number

Kn = λ
dh

Knudsen number

Ma = U
Usound

Mach number

Po = λRe Poiseuille number

Pr = ν
α Prandtl number

Re = Udh
ν Reynolds number

Rek = ukks
ν Reynolds number based on average height of surface roughness
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Greek Symbols

α Thermal diffusivity
β Sliding coefficient
α,β Semi-axis of the ellipse
ΔT Temperature difference
ΔP Pressure drop
δ Uncertainty, characteristic size
ε Channel aspect ratio
η Dimensionless radius
θ Dimensionless temperature, variable
λ Friction factor
λ Mean free path
μ Dynamic viscosity
μm Viscosity determined by roughness – viscosity model
ν Kinematic viscosity
ξ Height to width ratio, variable
ρ Density
τ Shearing stress at a wall
Φ Energy dissipation
χ Variable

Subscript

ac Actual
av Average
cr Critical
ef Effective
exp Experimental
h Hydraulic
in Inlet
lam Laminar
max Maximum
out Outlet
sh Shear
theor Theoretical
w Wall
wat Water



Chapter 4
Heat Transfer in Single-Phase Flows

The subject of this chapter is single-phase heat transfer in micro-channels. Several
aspects of the problem are considered in the frame of a continuum model, corres-
ponding to small Knudsen number. A number of special problems of the theory
of heat transfer in micro-channels, such as the effect of viscous energy dissipa-
tion, axial heat conduction, heat transfer characteristics of gaseous flows in micro-
channels, and electro-osmotic heat transfer in micro-channels, are also discussed in
this chapter.

4.1 Introduction

Heat transfer in straight tubes and channels has been the subject of much research
for the last century. Theoretical predictions in this field agree fairly well with known
experimental data related to heat transfer in the conventional size channels (cf.
Petukhov 1967; Kays and Crawford 1993; Baehr and Stephan 1998; Schlichting
2000). The development of micro-mechanics during the last decades stimulated
a great interest in heat transfer studies in micro-channels (cf. Ho and Tai 1998;
Gad-el-Hak 1999). A number of theoretical and experimental investigations de-
voted to this problem were performed from 1994 to 2006, including Wang and
Peng (1994), Peng and Peterson (1995), Peng et al. (1995), Peng and Peterson
(1996), Ma and Peterson (1997), Mala et al. (1997a,b), Mala and Li (1999), Qu
et al. (2000), Qu and Mudawar (2002a,b), Gao et al. (2002), Zhao and Lu (2002),
Wu and Cheng (2003), Weigand and Lauffer (2004), Male et al. (2004), Lelea et al.
(2004), Gamart et al. (2005), Reynaud et al. (2005), Lelea (2005), and Yoo (2006).
Data on heat transfer in laminar and turbulent flows in micro-channels of different
geometry were obtained. Several special problems related to heat transfer in micro-
channels were discussed, including the effect of axial conduction in the wall and vis-
cous dissipation effect (Tso and Mahulikar 1998; Tso and Mahulikar 1999; Tso and
Mahulikar 2000; Tunc and Bayazitoglu 2001; Koo and Kleinstreuer 2004; Maran-
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zana et al. 2004). Comprehensive surveys may be found in Bailey et al. (1995),
Sobhan and Garimella (2001), Kandlikar and Grande (2002), Gua and Li (2003),
Garimella and Sobhan (2003), Celata et al. (2004), Hassan et al. (2004), and Morini
(2004).

We note that different methods of heating are used by various researchers, as
shown in Fig. 4.1.

Fig. 4.1a–c Different heating cases in experiments and numerical modeling. Reprinted from Lelea
(2005) with permission
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Considering the available literature on the experimental research, one can con-
clude that there is a large scatter in the results on heat transfer. There is no con-
vincing explanation of the difference between experimental and theoretical results
for laminar flow, and between experimental and semi-empirical results for turbu-
lent flow. On the one hand, several researchers argue that some new effects exist
in micro-channels, e.g., Ho and Tai (1998), Tso and Mahulikar (1998, 1999, 2000),
Gad-el-Hak (2003). On the other hand, the phenomenon can be related to the dis-
crepancy between the actual conditions of a given experiment, and theoretical or
numerical solution obtained in the frame of conventional theory (Herwig 2000; Her-
wig and Hausner 2003). The aim of the present chapter is to address this issue. The
problem of heat transfer is considered here in the frame of a continuum model,
corresponding to small Knudsen number. The data on heat transfer in circular, trian-
gular, rectangular, and trapezoidal micro-channels with hydraulic diameters ranging
from 10 to 2,000 µm are analyzed. The effects of geometry, axial heat flux due to
thermal conduction through the working fluid and channel walls, and energy dissi-
pation are also discussed. We focus on comparing experimental data, obtained by
a number of investigators, to the conventional theory of heat transfer. The analysis
includes a discussion of possible sources of unexpected effects reported in some
experimental investigations.

In our analysis, we discuss experimental results of heat transfer obtained by pre-
vious investigators and related to incompressible fluid flow in micro-channels of
different geometry. The basic characteristics of experimental conditions are given in
Table 4.1. The studies considered herein were selected to reveal the physical basis
of scale effect on convective heat transfer and are confined mainly to consideration
of laminar flows that are important for comparison with conventional theory.

Table 4.1 Basic characteristics of micro-channels and experimental conditions

Cross-
section

Micro-channel size Working
fluid

Walls Re

dh
[µm]

L
[mm]

L/dh Material Surface

Circular 125.4–
1,070

53–335 72–500 Distilled
water,
de-ionized
water

Stainless
steel

Smooth
Rough

10–2,600

Rect-
angular

133–2,000 25–325.125 13–433 De-min-
eralized
water,
de-ionized
water

Silicon,
copper

Smooth
Rough

40–9,000

Trapez-
oidal and
triangular

62.3–168.9 30 180–
500

R-134a
FC-84

Silicon Smooth
Rough

15–1,450
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4.2 Experimental Investigations

4.2.1 Heat Transfer in Circular Tubes

Laminar flow

The schemes of the test sections used by some investigators are shown in Fig. 4.2.
The geometrical parameters are presented in Tables 4.2 and 4.3.

Figure 4.2a shows the experimental set-up used by Lelea et al. (2004). The inner
diameters of smooth micro-tubes were 125.4, 300, and 500 µm and the flow regime
was laminar with Reynolds number Re = 95−774. The micro-tube was placed in-
side a vacuum chamber to eliminate heat loss to the ambient. It was heated by Joule
heating with an electrical power supply. Distilled water was used and the meas-
urements of heat transfer coefficient were performed under the thermal boundary
condition of a constant heat flux on the wall. In the experimental set-up, there were
two electrodes at both ends of the test tube. The insulated parts were included in the
test section. Thus, for the heating length of Lh = 250, 95, and 53 mm the total length
of the test section was L = 600, 123, and 70 mm, respectively. The experimental re-
sults have been compared both with theoretical predictions from the literature, and
the results obtained by numerical modeling under the same thermal boundary con-
ditions at the inlet and outlet of the tube. The experimental results confirm that the
conventional theories are applicable for water flow through micro-channels, includ-
ing the entrance effects (see Fig. 4.3a).

Table 4.2 Smooth circular micro-channels: experimental conditions

Author Number of
channels in
the test section

Inner dia-
meter din
[µm]

Outer dia-
meter dout
[µm]

Heating
length Lh
[mm]

Dimension-
less length
Lh/din

Reynolds
number
Re

Lelea et al.
(2004)

1 500
300
125.4

700
500
300

250
95
53

500
317
424

95–774

Hetsroni et
al. (2004)

1 1,070 1,500 335 313 10–450

Table 4.3 Rough circular micro-channels: experimental conditions

Author Number of
channels in
the test section

Inner dia-
meter din
[µm]

Relative
roughness
ks/din

Heating
length Lh
[mm]

Dimension-
less length
Lh/din

Reynolds
number
Re

Kandlikar
et
al. (2003)

1 1,067

620

0.00178–
0.00281
0.00161–
0.00355

76.5

67

72

108

500–
2,600
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Fig. 4.2a–c Circular micro-channels. (a) din = 125.4−500 µm. Test section used by Lelea et
al. (2004) (schematic view): 1 adiabatic section, 2 heated section, 3 micro-channel. (b) din =
1,070 µm. Test section used by Hetsroni et al. (2004): 1 electrical contact, 2 thermal developing
section, 3 measurement section. (c) Test section of rough circular micro-channel used by Kand-
likar et al. (2003) (schematic view). din = 1,067 µm, ks/din = 0.00178−0.00281; din = 620 µm,
ks/din = 0.00161−0.00355: 1 steel tube, 2 electrical contact. Reprinted from Lelea et al. (2004),
Hetsroni et al. (2004), and Kandlikar et al. (2003) with permission

The micro-channels utilized in engineering systems are frequently connected
with inlet and outlet manifolds. In this case the thermal boundary condition at the
inlet and outlet of the tube is not adiabatic. Heat transfer in a micro-tube under
these conditions was studied by Hetsroni et al. (2004). They measured heat transfer
to water flowing in a pipe of inner diameter 1.07 mm, outer diameter 1.5 mm, and
0.600 m in length, as shown in Fig. 4.2b. The pipe was divided into two sections.
The development section of Ld = 0.245 m was used to obtain fully developed flow
and thermal fields. The test section proper, of heating length Lh = 0.335 m, was used
for collecting the experimental data.
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DC current was supplied through the development and test sections for direct
heating. The outer temperature on the heated wall was measured by means of an
infrared radiometer. Experiments were carried out in the range of Re = 10−450.
The average Nusselt number was calculated using the average temperature of the
inner tube wall and mean temperature of the fluid at the inlet and outlet of the tube.

The dependence of the local Nusselt number on non-dimensional axial distance
X+ is shown in Fig. 4.3a. The dependence of the average Nusselt number on the
Reynolds number is presented in Fig. 4.3b. The Nusselt number increased drasti-
cally with increasing Re at very low Reynolds numbers, 10 < Re < 100, but this
increase became smaller for 100 < Re < 450. Such a behavior was attributed to the
effect of axial heat conduction along the tube wall. Figure 4.3c shows the depend-
ence of the relation Na/N on the Peclet number Pe, where Na is the power conducted
axially in the tube wall, and N is total electrical power supplied to the tube. Com-
parison between the results presented in Fig. 4.3b and those presented in Fig. 4.3c
allows one to conclude that the effect of thermal conduction in the solid wall leads
to a decrease in the Nusselt number. This effect decreases with an increase in the

Fig. 4.3a–c Experimental
results for smooth circular
tubes. (a) Dependence of
the Nusselt number on non-
dimensional axial distance
din = 125.4, 300 and 500 µm,
Re = 95−774. Reprinted
from Lelea et al. (2004)
with permission. (b) din =
1,070 µm. Dependence of
average Nusselt number on
Reynolds number. Reprinted
from Hetsroni et al. (2004)
with permission. (c) din =
1,070 µm. Dependence of
the relation of the power
conducted axially through
the heated wall to the power
supplied to the heat section.
Reprinted from Hetsroni et al.
(2004) with permission
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Reynolds number. It should be stressed that the heat transfer coefficient depends
on the character of the wall temperature and the bulk fluid temperature variation
along the heated tube wall. It is well known that under certain conditions the use of
mean wall and fluid temperatures to calculate the heat transfer coefficient may lead
to peculiar behavior of the Nusselt number (see Eckert and Weise 1941; Petukhov
1967; Kays and Crawford 1993). The experimental results of Hetsroni et al. (2004)
showed that the use of the heat transfer model based on the assumption of constant
heat flux, and linear variation of the bulk temperature of the fluid at low Reynolds
number, yield an apparent growth of the Nusselt number with an increase in the
Reynolds number, as well as underestimation of this number.

Turbulent flow

Adams et al. (1998) investigated turbulent, single-phase forced convection of wa-
ter in circular micro-channels with diameters of 0.76 and 1.09 mm. The Nusselt
numbers determined experimentally were higher than those predicted by traditional
Nusselt number correlations such as the Gnielinski correlation (1976). The data
suggest that the extent of enhancement (deviation) increases as the channel diam-
eter decreases. Owhaib and Palm (2004) investigated the heat transfer characteristics

Fig. 4.4a,b Plots of local
Nusselt number for differ-
ent ks/din ratios. (a) din =
1,067 µm (b) din = 620 µm.
Reprinted from Kandlikar et
al. (2003) with permission
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for single-phase forced convection of R-134 through single circular micro-channels.
The test sections consisted of stainless steel tubes with 1.7, 1.2, and 0.8 mm inner
diameters, and 325 mm in length. The results show good agreement between the
classical correlations (Dittus-Boelter 1930; Petukhov et al. 1973; Gnielinski 1976)
and the experimentally measured data in the turbulent region. Yang and Lin (2007),
Lin and Yang (2007) measured the heat transfer coefficients for water flow through
stainless steel micro-tubes with inner diameters ranging from 123 to 962 µm by the
method of liquid crystal thermography. In the range of Re = 200−20,000, rough-
ness surface of 1.16–1.48 µm the transfer correlations for laminar and turbulent flow
can be well applied for predicting the fully developed heat transfer performances
in micro-tubes. The transition occurs at Reynolds numbers from 2,300 to 3,000.
This is also the same range as that for convectional tubes. On the contrary, correla-
tions suggested for micro-channels (Wu and Little 1984; Choi et al. 1991; Adams
et al. 1998) do not agree with this test. Kandlikar et al. (2003) studied experimen-
tally the effect of surface roughness on heat transfer in circular tubes 1.067 and
0.62 mm in diameter. Brief details of these experiments are given in Fig. 4.2c and
Table 4.3. The results are presented in Fig. 4.4a,b. They concluded that tubes above
din = 1.067 mm with relative roughness ks/din about 0.003 may be considered as
smooth tubes. However, for small diameter tubes (din < 0.62 mm), the same relative
roughness increases the heat transfer.

4.2.2 Heat Transfer in Rectangular, Trapezoidal
and Triangular Ducts

The schemes of the test sections reported in the literature are shown in Fig. 4.5.
The geometrical parameters are presented in Tables 4.4 and 4.5. Peng and Peterson
(1996) investigated experimentally the single-phase forced convective heat transfer

Table 4.4 Rectangular micro-channels

Author Number of
channels in
the test section

Heating
length Lh
[mm]

Hydraulic
diameter dh
[µm]

Dimension-
less length
Lh/dh

Reynolds
number
Re

Peng and Pe-
terson (1996)

Not
reported

45 133–367 123–338 90–9,000

Harms et al.
(1999)

1
68

25 1,923
404

13
62

173–12,900

Qu and Mudawar
(2002b)

21 44.764 348 129 139–1,672

Warrier et al.
(2002)

5 325.125 750 433.5 557–1,552

Gao et al. (2002) 1 62 200–2,000 31–310 40–8,000

Lee et al. (2005) 10 25.4 318–903 28–80 300–3,500
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Fig. 4.5a–c Rectangular micro-channels. (a) dh = 133−367 µm. Test section used by Peng and
Peterson (1996) (schematic view): 1 electrical contact, 2 heated stainless steel block, 3 micro-
channel, 4 cover plate. (b) dh = 404−1,923 µm. Test section used by Harms et al. (1999) (schematic
view): 1 silicon wafer, 2 micro-channel, 3 heater, 4 cover plate. (c) dh = 348 µm. Test section used
by Qu and Mudawar (2002a) (schematic view): 1 copper block, 2 micro-channel, 3 heater, 4 cover
plate. Reprinted from Peng and Peterson (1996), Harms et al. (1999), Warrier et al. (2002), Qu and
Mudawar (2002a), Gao et al. (2002), and Lee et al. (2005) with permission

Table 4.5 Trapezoidal and triangular micro-channels

Author Number of
channels in
the test section

Length L
[mm]

Hydraulic
diameter
dh [µm]

Dimension-
less length
L/dh

Relative
roughness
ks/dh

Reynolds
number
Re

Qu et al.
(2000)

5 30 62.3
168.9

482
178

1.12×10−2

1.75×10−2
100–
1,450

Wu and
Cheng
(2003)

13 195.34–
453.79

3.26 × 10−5–
1.09×102

15–1,500

Tiselj et
al. (2004)

17 10 160 63 3.2–84

of water in micro-channel structures with small rectangular channels having a hy-
draulic diameter of 0.133–0.367 mm and the distinct geometric configuration shown
in Fig. 4.5a. The heat flux of the micro-channel structure was based on the micro-
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Fig. 4.5d–f Rectangular micro-channels. (d) dh = 750 µm. Test section used by Warrier et al.
(2002) (schematic view): 1 upper aluminum plate, 2 down aluminum plate, 3 micro-channel,
4 heater. (e) dh = 200−2,000 µm. Test section used by Gao et al. (2002) (schematic view): 1 brass
block, 2 micro-channel, 3 heater. (f) Thermally developing flow in rectangular micro-channel (Lee
et al. 2005) (schematic view): 1 cover plate, 2 micro-channel, 3 copper block, 4 heater. Reprinted
from Peng and Peterson (1996), Harms et al. (1999), Warrier et al. (2002), Qu and Mudawar
(2002a), Gao et al. (2002), and Lee et al. (2005) with permission

channel plate area. The heat transfer coefficient was evaluated using the log-mean
temperature difference. Thus, the heat transfer coefficient corresponds to some in-
tegral value of heat flux. The dependence of the heat transfer coefficient on the flow
and geometric parameters was presented.

Harms et al. (1999) obtained experimental results for single-phase forced con-
vection in deep rectangular micro-channels (Fig. 4.5b). Two configurations were
tested, a single-channel system and a multiple-channel system. All tests were per-
formed with de-ionized water, and Reynolds number ranging from 173 to 12,900.
For the single channel design, the experimental Nusselt number was higher than
theoretically predicted for heat transfer in laminar flow. For example, at Re = 1,383



4.2 Experimental Investigations 155

the Nusselt number was Nu = 40.9. Harms et al. (1999) concluded that this en-
hancement may be due to the effect of the inlet bend. The results for the multiple
channel design in the range Re = 173−1,188 showed an increase in Nusselt num-
ber with increasing Re. For example, at Re = 173 the Nusselt number was equal to
2.65, and at Re = 1,188 the Nusselt number was 8.41. This deviation from theor-
etical prediction was attributed to flow bypass in the manifold. The authors believe
that in systems with a small heater area compared to the projected channel area,
three-dimensional conduction occurs. However, for multiple channel design three-
dimensional conduction also occurs when the heater area covers the entire projected
channel area.

Qu and Mudawar (2002b) studied both experimentally and numerically heat
transfer characteristics of a single-phase micro-channel heat sink. The heat sink
was made from oxide-free copper and fitted with a polycarbonate plastic cover
plate (Fig. 4.5c). The heat sink consisted of an array of rectangular micro-channels
231 µm wide and 713 µm deep (Table 4.4). The Reynolds number ranged from 139
to 1,672. The three-dimensional heat transfer characteristics of the heat sink were
analyzed numerically by solving the conjugate heat transfer problem. The measured
temperature distributions showed good agreement with the corresponding numerical
predictions (Fig. 4.6a). These findings demonstrate that conventional Navier–Stokes
and energy equations can adequately predict the fluid flow and heat transfer charac-
teristics of micro-channel heat sinks.

Warrier et al. (2002) conducted experiments of forced convection in small rect-
angular channels using FC-84 as the test fluid. The test section consisted of five
parallel channels with hydraulic diameter dh = 0.75 mm and length-to-diameter ra-
tio Lh/dh = 433.5 (Fig. 4.5d and Table 4.4). The experiments were performed with
uniform heat fluxes applied to the top and bottom surfaces. The wall heat flux was
calculated using the total surface area of the flow channels. Variation of single-phase
Nusselt number with dimensionless axial distance is shown in Fig. 4.6b. The numer-
ical results presented by Kays and Crawford (1993) are also shown in Fig. 4.6b. The
measured values agree quite well with the numerical results.

The study of Gao et al. (2002) is devoted to investigations of the flow and as-
sociated heat transfer in micro-channels of large-span rectangular cross-section and
adjustable height in the range of H = 0.1−1 mm (Fig. 4.5e and Table 4.4). The
fluid used was de-mineralized water. The active channel walls were two plane brass
blocks of heating length Lh = 62 mm, which were separated by a foil with a hol-
lowed out central part of width W = 25 mm. The thickness of this foil fixed the
channel height, H. A set of foils allowed variations of the hydraulic diameter dh

from 200 to 2,000 µm. A typical temperature distribution along the channel for the
case of a very narrow micro-channel (dh = 200 µm) is shown in Fig. 4.6c, where
TC1 through TC5 denote thermocouples. The local Nusselt number Nux expressed
as a function of X+ = x/(dhPe), was compared with the theoretical solution of Shah
and London (1978). For H = 1 mm the results demonstrate good agreement with
the theoretical solution. However, for H = 0.1 mm, the plot Nu(X+) shows depar-
ture from the theoretical heat transfer law, as the Nusselt number is smaller than the
conventional value for large-scale channels. This trend is in agreement with results
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Fig. 4.6a–c Rectangular
micro-channels. Calculation
and experimental data for
(a) dh = 348 µm. Numeri-
cal predictions of average
Nusselt number, Re = 864
(Qu and Mudawar 2002).
(b) dh = 750 µm. Variation
of Nusselt number with axial
distance (Warrier et al. 2002).
(c) dh = 200 µm, Re = 1,780.
Temperature distribution
along the channel (Gao et
al. 2002). Reprinted from Qu
and Mudawar (2002), War-
rier et al. (2002), Goa et al.
(2002), and Lee et al. (2005)
with permission
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Fig. 4.6d,e Rectangular
micro-channels. (d) dh =
200−2,000 µm. Effect of
channel size on Nusselt
number (Gao et al. 2002).
(e) Comparison of the aver-
age Nusselt number obtained
from numerical analyses
for the 194 µm wide micro-
channels (Lee et al. 2005).
Reprinted from Qu and Mu-
dawar (2002), Warrier et al.
(2002), Goa et al. (2002), and
Lee et al. (2005) with permis-
sion

reported by Qu et al. (2000). Figure 4.6d shows the dependence of Nuav/Nuth as
a function of the channel height, where Nuth is the theoretical value of the Nusselt
number for the same value of X+. The significant reduction in the Nusselt number
cannot be explained by roughness effects. The modification of heat transfer laws by
electrokinetic effects also should be discarded, due to the large difference of scales
between the channel height and the double-diffusive layer thickness.

An experimental investigation was conducted by Lee et al. (2005) to explore the
validity of classical correlations based on conventional sized channels for predicting
the thermal behavior in single-phase flow through rectangular micro-channels. The
micro-channels ranged in width from 194 to 534 µm, with the channel depth being
nominally five times the width in each case (Fig. 4.5f and Table 4.4). Each test piece
was made of copper and contained ten micro-channels in parallel. The experiments
were conducted with de-ionized water, with Reynolds number ranging from ap-
proximately 300 to 3,500. The tests were carried out either at the hydrodynamically
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developed but thermally developing (TD) regime or a simultaneously developing
(SD) regime. The average heat transfer coefficient was determined by using the area
available for convection of channels, average temperature of the channel wall and
mean fluid temperature at the inlet and outlet of the micro-channels. In Fig. 4.6e
the numerical calculations that did not include the conduction in the substrate (thin
wall) are compared with the experimental results.

Qu et al. (2000) carried out experiments on heat transfer for water flow at
100 < Re < 1,450 in trapezoidal silicon micro-channels, with the hydraulic diam-
eter ranging from 62.3 to 168.9 µm. The dimensions are presented in Table 4.5.
A numerical analysis was also carried out by solving a conjugate heat transfer prob-
lem involving simultaneous determination of the temperature field in both the solid
and fluid regions. It was found that the experimentally determined Nusselt number
in micro-channels is lower than that predicted by numerical analysis. A roughness-
viscosity model was applied to interpret the experimental results.

Wu and Cheng (2003) investigated laminar convective heat transfer of water in
a single trapezoidal silicon micro-channel. They used a set of 13 micro-channels
having different dimensions and different relative roughness. The geometrical par-
ameters of micro-channels are presented in Table 4.5. A silicon chip was anodically
bonded with a thin Pyrex glass plate from the top. Figure 4.7a shows the effect of
relative surface roughness, a, on the Nusselt number, where Wt and Wb are the width
(µm) of the channels top and bottom, respectively, and H is the height of the chan-
nel (in microns). One can see that at the same Reynolds numbers the Nusselt num-
ber increases with increasing relative surface roughness. The laminar convective
heat transfer showed two different characteristics at low and high Reynolds number
ranges. Figure 4.7b shows the effect of geometric parameters on the Nusselt num-
ber, in the range of relative surface roughness a = 3.62×10−5−9.85×10−5. From
Fig. 4.7b it can be observed that for very low Reynolds number flow, Re = 0−100,
the Nusselt number increased acutely with the increase in the Reynolds number.
However, the increase in the Nusselt number when Re > 100 is gentle with an in-
crease in the Reynolds number.

4.2.3 Heat Transfer in Surfactant Solutions Flowing
in a Micro-Channel

The dependence of the average heat transfer coefficient on the bulk fluid velocity
is plotted in Fig. 4.8. These data are related to laminar flow of Habon G aque-
ous solutions of C = 530 ppm (H530) and C = 1,200 ppm (H1200) in a micro-
channel with the inner diameter of 1.07 mm (Hetsroni et al. 2004). The figure shows
that the heat transfer coefficient in surfactant solutions is higher than in laminar
pipe water flow. Figure 4.9 shows relative enhancement in heat transfer coefficient
DR(h) = (1−hsur/hwat) versus fluid bulk velocity, where hsur and hwat are the heat
transfer coefficients in the tube at the same bulk velocity of surfactant solution,
Habon G and water, respectively. Note that data for C = 530 ppm and C = 1,060 ppm
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Fig. 4.7a,b Trapezoidal micro-channels. (a) Effect of surface roughness on Nusselt number (Wu
and Cheng 2003). (b) Effect of geometric parameters on Nusselt number (Wu and Cheng 2003).
Reprinted from Wu and Cheng (2003) with permission

Fig. 4.8 Average heat transfer
coefficient dependence on
flow velocity. Reprinted from
Hetsroni et al. (2004) with
permission

are expressed as the same symbols. The negative values of DR(h) correspond to an
increase in the heat transfer coefficient. It can be seen from Fig. 4.9 that the increase
in the heat transfer coefficient does not depend on the solution bulk velocity. With
the addition of surfactant macromolecules to water, the viscosity and pressure drop
in laminar pipe flows increase. It is thus quite unexpected to find that for heat trans-
fer the opposite can sometimes take place. Kostic (1994) observed that some drag-
reducing solutions augmented the heat transfer in laminar flow in a non-circular
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Fig. 4.9 Relative heat transfer
coefficient on liquid velocity.
Reprinted from Hetsroni et al.
(2004) with permission

duct. They suggested that the fluid elasticity may lead to secondary flows, which are
responsible for the increase in the heat transfer. The secondary flows increase the
pressure drops in both adiabatic and diabatic flows. However, in diabatic flow the
total pressure drop (due to friction and due to secondary flows) may be smaller com-
pared to that in the adiabatic flow. In this case the common effect includes also some
decrease in the fluid viscosity with an increase in the temperature of the surfactant
solution. On the other hand, it may be assumed that macromolecules of surfactant
change the flow structure in the near-wall region. It also may be responsible for the
increase in pressure drop and heat transfer.

The average Nusselt number, Nu, is presented in Fig. 4.10a,b versus the shear
Reynolds number, Resh. This dependence is qualitatively similar to water behavior
for all surfactant solutions used. At a given value of Reynolds number, Resh, the
Nusselt number, Nu, increases with an increase in the shear viscosity. As discussed
in Chap. 3, the use of shear viscosity for the determination of drag reduction is not
a good choice. The heat transfer results also illustrate the need for a more appropriate
physical parameter. In particular, Fig. 4.10a shows different behavior of the Nusselt
number for water and surfactants. Figure 4.10b shows the dependence of the Nusselt
number on the Peclet number. The Nusselt numbers of all solutions are in agreement
with heat transfer enhancement presented in Fig. 4.8. The data in Fig. 4.10b show

Fig. 4.10a,b The dependence
of the Nusselt number on
the Reynolds and Peclet
numbers. (a) Dependence of
the average Nusselt number
on the solution Reynolds
number. (b) Dependence of
the Nusselt number on the
Peclet number. Reprinted
from Hetsroni et al. (2004)
with permission
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that the use of the Peclet number may be considered for description of experimental
data of laminar pipe flow of certain non-Newtonian fluids.

4.3 Effect of Viscous Energy Dissipation

Under some conditions, the heat released due to viscous dissipation leads to a dras-
tic change of flow and temperature field: in particular, it leads to flow instability,
transition to turbulence, oscillatory motions, etc. (Gruntfest et al. 1964; Bastanjian
et al. 1965; Zel’dovich et al. 1985; Hetsroni et al. 2005). This problem was also
discussed by Tso and Mahulikar (1998, 1999, 2000). To reveal the effect of viscous
dissipation, the experimental data by Wang and Peng (1994) and Tso and Mahu-
likar (2000) were used. Experiments were performed using water flow in micro-
channels. The experimental data in the laminar flow regime were found to correlate
well with the Brinkman number. As a result, a semi-empirical equation for the Nus-
selt number was suggested and the dependence of Nu/Re0.62 Pr0.33 on the Brinkman
number was demonstrated. The Brinkman number, Br = μU2/kΔT , is the ratio of
the heat production due to viscous forces, to heat transferred from the wall to the
fluid. However, most of the data used for that correlation were obtained under con-
ditions in which the Reynolds number and the Prandtl number also varied, so that it
was difficult to separate the effect of the Brinkman number from the effects of the
Reynolds and Prandtl numbers. For instance, at 0.4559×10−5 ≤Br≤ 2.8333×10−5

the Reynolds and Prandtl numbers varied as 80 ≤ Re ≤ 107, and 4.80 ≤ Pr ≤ 6.71
(Tso and Mahulikar 1998). To estimate the real effect of viscous dissipation on heat
transfer it is necessary to determine the dependence of the Nusselt number on the
Brinkman number at fixed values of the Reynolds and the Prandtl numbers. This
is done for the data reported by Tso and Mahulikar (1998) as shown in Table 4.6.
One can see that the effect of the Brinkman number on the Nusselt number is negli-
gible. The same conclusion may be derived also from experiments performed by Tso
and Mahulikar (2000). According to their measurements (Table 4.7) variation of the
Brinkman number from 1.1195×10−8 to 2.3048×10−8 did not affect the Nusselt
number, when the Reynolds and the Prandtl numbers did not change significantly.
It should be stressed that the effect of viscous dissipation on heat transfer in micro-
channels at extremely small values of the Brinkman number, Br ∼ 10−8−10−5, is

Table 4.6 Experimental data in the laminar regime presented by Tso and Mahulikar (1998) at
approximately fixed values of the Reynolds and the Prandtl numbers

Br×105 Re Pr Nu

0.4559 107 4.80 0.35
1.4541 124 4.82 0.37
2.8333 80 6.71 0.46
4.4115 93 6.62 0.49
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Table 4.7 Experimental data in the laminar regime obtained by Tso and Mahulikar (2000) at ap-
proximately fixed values of the Reynolds and the Prandtl numbers

Br×108 Re Pr Nu

1.1195 17.5 3.50 0.3031
2.3048 22.4 3.82 0.3068

not realistic from the physical point of view. At small Br the contribution of the
heat released due to viscous forces is negligible, consequently the effect on the heat
transfer is also negligible. It should also be noted that evaluation of the role of the
Brinkman number performed by Tso and Mahulikar (1998, 1999, 2000) was based
on the experiments that were carried out under some specific conditions (the heat
transfer characteristics were found to be affected by the channel geometry, axial
heat conduction in the channels walls, liquid velocity and temperature, etc.). Some
aspects of this problem were discussed by Herwig and Hausner (2003) and Gad-el-
Hak (2003).

The effect of viscous heating was investigated by Tunc and Bayazitoglu (2001)
when the fluid was heated (Tin < Tw) or cooled (Tin > Tw). In the range of 0 < Kn <
0.12 the Nusselt number decreased as the Knudsen number increased. The viscous
dissipation significantly affected heat transfer. Tunc and Bayazitoglu (2001) showed
that the decrease was greater when viscous dissipation occurred. The effect of vis-
cous dissipation on the temperature field was investigated by Koo and Kleinstreuer
(2004) for three working fluids: water, methanol and isopropanol. Channel size, the
Reynolds number and the Prandtl number are the key factors, which determine the
impact of viscous dissipation. Viscous dissipation effects may be very important for
fluids with low specific heats and high viscosities, even in relatively low Reynolds
number flows. For water the relative magnitude of the ratio, Ad, of convective heat
transfer to dissipation term is given in Table 4.8.

Experimental and numerical analyses were performed on the heat transfer char-
acteristics of water flowing through triangular silicon micro-channels with hydraulic
diameter of 160 µm in the range of Reynolds number Re = 3.2−84 (Tiselj et al.
2004). It was shown that dissipation effects can be neglected and the heat transfer
may be described by conventional Navier–Stokes and energy equations as a com-
mon basis. Experiments carried out by Hetsroni et al. (2004) in a pipe of inner
diameter of 1.07 mm also did not show effect of the Brinkman number on the Nus-
selt number in the range Re = 10−100.

Table 4.8 Ratio Ad of convective heat transfer to dissipation term in tubes

Tube radius r0 [m] Re = 20Ad Re = 200Ad Re = 2,000Ad

10−3 3.45×104 3.45×103 3.45×102

10−4 3.45×102 3.45×101 3.45×100

10−5 3.45×100 3.45×10−1 3.45×10−2
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Hetsroni et al. (2005) evaluated the effect of inlet temperature, channel size and
fluid properties on energy dissipation in the flow of a viscous fluid. For fully de-
veloped laminar flow in circular micro-channels, they obtained an equation for the
adiabatic increase of the fluid temperature due to viscous dissipation:

ΔT
Tin

= 2
ν2

r2
0

(
L
r0

)
Re

cpTin
. (4.1)

For an incompressible fluid, the density variation with temperature is negligible
compared to the viscosity variation. Hence, the viscosity variation is a function of
temperature only and can be a cause of radical transformation of flow and transi-
tion from stable flow to the oscillatory regime. The critical Reynolds number also
depends significantly on the specific heat, Prandtl number and micro-channel ra-
dius. For flow of high-viscosity fluids in micro-channels of r0 < 10−5 m the critical
Reynolds number is less than 2,300. In this case the oscillatory regime occurs at
values of Re < 2,300.

We can estimate the values of the Brinkman number, at which the viscous dissipa-
tion becomes important. Assuming that the physical properties of the fluid are con-
stant, the energy equation for fully developed flow in a circular tube at Tw = const. is:

ρucp
∂T
∂x

=
1
r
∂
∂ r

(
kr
∂T
∂ r

)
+ μ

(
∂u
∂ r

)2

(4.2)

where ρ , μ and k are the density, dynamic viscosity and thermal conductivity, re-
spectively, cp is the specific heat, and u is the actual streamwise velocity.

The actual velocity, u, may be expressed as:

u = 2U(1−R2) (4.3)

where U = 1
r2
0

∫ r0
0 ur dr is the average velocity, and R = r

r0
, r0 is the micro-channel

radius.
From Eqs. (4.2) and (4.3) one can obtain:

2
r0∫
0

∂
∂x

{
ρucp(T −Tw)

}
r dr

k(T −Tw)
= −Nu±8Br (4.4)

where T is the average fluid temperature, Tw is the wall temperature, Nu =
−
(

k (∂T/∂ r)r=r0
d
)

/
(
k(T −Tw)

)
is the Nusselt number, and Br is the Brinkman

number. The minus or plus sign in front of the last term in Eq. (4.4) corresponds to
cooling of fluid when T 0 > Tw or its heating when T 0 < Tw, respectively, where T 0

is the average fluid temperature at the inlet of the micro-channel.
A detailed study of the influence of viscous heating on the temperature field

in micro-channels of different geometries (rectangular, trapezoidal, double-trapezo-
idal) has been performed by Morini (2005). The momentum and energy conserva-
tion equations for flow of an incompressible Newtonian fluid were used to estimate
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the effect of viscous dissipation on bulk temperature. For steady two-dimensional
fully developed laminar flow with constant physical properties the following rela-
tion for longitudinal gradient of the bulk temperature was derived

dTb

dx
=
{

4
Ec
Re

(λRe)
}
ΔT
dh

(4.5)

where Tb = 1
A

∫
A u(y,z)T (x,y,z)dA is the bulk temperature, A is the cross-section

area, u(y,z) and T (x,y,z) are the longitudinal components of velocity and tempera-
ture, respectively, Re = Udh/ν and Ec = U2/

(
2cpΔT

)
are the Reynolds and Eckert

numbers, λ is the friction factor, ΔT is the temperature difference, x,y,z are the
Cartesian coordinates, and x is directed along the micro-channel axis.

The effect of viscous dissipation on temperature change along the micro-channel
axis is illustrated in Fig. 4.11, where the dependences dTb/dx on dh that correspond
to water and isopropanol flows are presented. One can see that under the conditions
corresponding to the Judy et al. (2002) experiments (dh = 74.1 µm, L = 114 mm,
L/d = 1,543), the rise of bulk temperature due to viscous dissipation is small
enough. So, at dh ≥ 100 µm the temperature gradient is dTb/dx ≤ 1 K/m. In this
case, the difference between outlet and inlet temperature is about 0.1 K. Under
conditions that are typical for micro-channels of electronic devices (L/dh ∼ 102)
this difference is about 0.01 K. The rise of temperature due to viscous dissipation
is small enough even at water flow in micro-channels with dh ∼ 20 µm. Thus, for
micro-channels with dh = 20 µm and L/dh = 102, we have Tout −Tin ≈ 0.8 K.

To estimate the value of the term on the left-hand side of Eq. (4.4), we use an ap-
proximate expression for the local and average fluid temperature in the tube. We use

Fig. 4.11 Temperature gradients due to viscous dissipation at Re = 300. Flow in rectangular (γ =
0.1), and square (γ = 1) micro-channel. Reprinted from Morini (2005) with permission
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as the initial guess the expressions for T (x,r) and T (x) that correspond to negligible
viscous dissipation. For Tw = const. they are:

T −Tw = (T0 −Tw)
∞

∑
n=0

Anϕn(R)exp

(
−2ε2

n
1
Pe

x
d

)
(4.6)

T −Tw = 8(T 0 −Tw)
∞

∑
n=1

Bn

ε2
n

exp

(
−2ε2

n
1
Pe

x
d

)
(4.7)

where Pe = Ud/α is the Peclet number, α is the thermal diffusivity, An and Bn are
constants, εn and ϕn(R) are the corresponding eigen functions (Petukhov 1967).

For large values of dimensionless axial distance, X+ = x/(Pe d) the following
relations were obtained from Eqs. (4.4), (4.6), and (4.7):

T −Tw = (T0 −Tw)A0ϕ0(R)exp

(
−2ε2

0
1

Pe
x
d

)
(4.8)

T −Tw = 8(T 0 −Tw)
B0

ε2
0

exp

(
−2ε2

0
1

Pe
x
d

)
(4.9)

and:

−2

d
dx

r0∫
0
ρucpTr dr

k(T −Tw)
=

1
4
ε4

0
A0

B0

1∫

0

(1−R2)ϕ0(R)RdR . (4.10)

Substitution of the values of ε0, A0, B0, as well as the expression for ϕ0(R) in the
right hand side of Eq. (4.10) gives:

1
4
ε4

0
A0

B0

1∫

0

(1−R2)ϕ0(R)RdR = 3.64 = Nu0 (4.11)

where Nu0 is the Nusselt number that corresponds to negligible viscous dissipation.
Equation (4.4) is rewritten as:

Nu = Nu0 ±8Br (4.12)

where the plus and minus signs correspond to the cooling T 0 > Tw or heating
T 0 < Tw regimes, respectively.

Equation (4.12) indicates the effect of viscous dissipation on heat transfer in
micro-channels. In the case when the inlet fluid temperature, T 0, exceeds the wall
temperature, viscous dissipation leads to an increase in the Nusselt number. In con-
trast, when T 0 < Tw, viscous dissipation leads to a decrease in the temperature gra-
dient on the wall. Equation (4.12) corresponds to a relatively small amount of heat
released due to viscous dissipation. Taking this into account, we estimate the lower
boundary of the Brinkman number at which the effect of viscous dissipation may
be observed experimentally. Assuming that (Nu−Nu0)/Nu0 ≥ 10−2 the follow-
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ing evaluation of the Brinkman number was obtained: Br ≥ 5×10−3. This estima-
tion shows that the conclusions of Tso and Mahulicar (1998, 1999, 2000) cannot
be derived from experiments performed at extremely low Brinkman numbers of
Br ∼ 108−105.

It should be noted that for some fluids, viscous dissipation can affect the devel-
opment length in tubes at this physical scale, particularly at high average fluid vel-
ocities. The influence of viscous dissipation was explored by Judy et al. (2002). Vis-
cous heating has the effect of increasing the temperature of the flowing fluid along
the tube axis, yielding continuously varying thermophysical properties. The Nahme
number is used by Judy et al. (2002) to estimate the importance of viscous dissipa-
tion. For pipe flow the Nahme number is defined as Na = −(4βμU2)/k where β
is the temperature sensitivity of viscosity defined as −(1/μ)(∂μ/∂T ), μ is the vis-
cosity, k is the thermal conductivity, and U is the average fluid velocity in the tube.

Viscous dissipation effects become significant for increasing Na. For the liquids
and Reynolds number ranges used in the study by Judy et al. (2002), the largest
Nahme number for the presented data was 0.02, and was found for isopropanol. This
small Na suggests that for the data presented in that study the viscous dissipation
effects were small. Despite this small Na, viscous heating of the fluid can affect the
results. Figure 4.12 illustrates the Poiseuille number Po as a function of Reynolds
number for a fused silica square micro-channel of length L = 11.4 cm and hydraulic
diameter dh = 74.1 µm (L/dh = 1,543) with isopropanol as the working fluid. The
maximum rise in liquid temperature for this case was 6.2 K, found at the maximum
Reynolds number tested, Re ≈ 300. The figure shows Po calculated in two ways:
(1) using a viscosity based on the tube inlet temperature, and (2) using a viscosity
based on the average of tube inlet and exit temperatures. Note that when the aver-
age temperature is used, Po is effectively independent of the Reynolds number. By
contrast, when the temperature at the tube inlet is used to evaluate the viscosity, the
friction factor drops with increasing Reynolds number, as the effect of viscous heat-
ing becomes more pronounced at higher fluid velocities. Even for the small Nahme

Fig. 4.12 Measured Po vs. Reynolds number with viscosity based on average tube fluid tempera-
ture represented by circles, and inlet temperature represented by squares for a fused silica square
micro-channel with isopropanol. Reprinted from Judy et al. (2002) with permission
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number characterizing this data set (Na = 0.02), the viscous heating and associated
viscosity variation can result in a 7–10% drop in Po. For the small Nahme numbers
and associated small rise in mean temperature over tube length found in tests re-
ported here, the average of the fluid temperatures at the tube inlet and exit appears
to be an appropriate reference condition for thermophysical properties.

It should be emphasized that under conditions of energy dissipation the definition
of the heat transfer coefficient as k (∂T/∂ r)r=r0

/(T −Tw), where T is the average
fluid temperature and Tw is the wall temperature, does not characterize the actual
heat transfer properly (Kays and Crawford 1993; Schlichting 2000).

The factors that determine the temperature distribution of the fluid are (1) con-
vective heat transfer, and (2) heat released due to viscous dissipation. For a cooling
regime when the fluid temperature at the inlet T0 > Tw, convective heat transfer
from the fluid to the wall leads to a decrease in the fluid temperature along a rela-
tively small dimensionless distance X+. The heat released due to viscous dissipation
causes an increase in the fluid temperature. The contribution of each component to
the behavior of the fluid temperature depends on X+. At small X+ the dominant
role belongs to convective heat transfer, whereas at large X+ the effect of viscous
dissipation becomes significant. These two factors determine the specific shape of
the temperature distribution along the micro-channel: the fluid temperature variation
along the micro-channel has a minimum. It is worth noting that under the condition
of viscous dissipation the fluid temperature does not reach the wall temperature at
any value of X+.

For the heating regime at small X+, the heat transferred from the wall to the
cold fluid and the heat released due to viscous dissipation lead to an increase in

Fig. 4.13a–d Temperature distribution (a) and (b) T 0 > Tw, (c) and (d) T 0 < Tw. The dotted line
corresponds to temperature distribution at X+ = 0; the arrows show the direction of the increase
of X+. Reprinted with permission from Hetsroni et al. (2005)
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fluid temperature. At some value of X+ the fluid temperature may exceed the wall
temperature (Fig. 4.13). The difference T −Tw decreases up to the inversion point
X+ = X+

inv. This leads to physically unrealistic results like infinite growth of the
Nusselt number in the vicinity of the inversion point.

The analysis of the behavior of the fluid temperature and the Nusselt number
performed for a circular tube at the thermal wall boundary condition Tw = const.
also reflects general features of heat transfer in micro-channels of other geometries.

4.4 Axial Conduction

4.4.1 Axial Conduction in the Fluid

This problem was the subject of a number of theoretical investigations carried out
for conventional size channels, e.g., Petukhov (1967), Hehnecke (1968), Nguyen
(1992), Nguyen et al. (1996), and Weigand and Lauffer (2004). We consider the
effect of axial conduction in the fluid on heat transfer in micro-channels. The energy
equation is formulated for the flow of an incompressible fluid with constant physical
properties. Assuming that the energy dissipation is negligible, we obtain:

ρucp
∂T
∂x

= k

{
1
r
∂
∂ r

(
r
∂T
∂ r

)
+
∂ 2T
∂x2

}
(4.13)

where x and r are the longitudinal and radial coordinates, ρ , cp and k are the density,
specific heat and thermal conductivity of the fluid, respectively.

For q = const. (q is the heat flux on the wall), we introduce new variables

ũ =
u

Uax
, R =

r
r0

, X+ =
2
Pe

x
d

, θ =
T −T0(

qd
k

) (4.14)

where Pe = Ud
α , ũ = (1−R2), d = 2r0, Uax and U = Uax/2 are the axial and average

velocities, respectively, T0 is the fluid temperature at the entrance of the heating
section, and α is the thermal diffusivity.

The dimensionless form of Eq. (4.13) is:

ũ
∂θ
∂X+ =

1
R
∂
∂R

(
R
∂θ
∂R

)
+

1

Pe2

∂ 2θ
∂X+2 . (4.15)

Transferring Eq. (4.15) to divergent form and integrating this equation through the
micro-channel cross-section we obtain:
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Assuming that the exit of the micro-channel is connected to an adiabatic section the
boundary conditions are:

X+ = 0 , θ = 0 ; X+ > 0

⎧
⎪⎪⎨
⎪⎪⎩

R = 0,
∂θ
∂R

= 0

R = 1,
∂θ
∂R

=
1
2

; X+ = X+
∗ ,

∂θ
∂X+ = 0

(4.17)
where X+∗ corresponds to the micro-channel exit.

Taking into account conditions (4.17) we obtain from (4.16):

d
dX+

⎛
⎝

1∫

0

ũθRdR

⎞
⎠=

1
2

+
1

Pe2

d2θ
dX+2 (4.18)

where θ =
∫ 1

0 θRdR is the average temperature.
Assuming that θ is a weak function of R and θ ≈ θ we can estimate:

1∫

0

ũθRdR ≈ θ
4

. (4.19)

Then Eq. (4.18) becomes

∂ 2θ
∂X+2 − 1

4
Pe2 ∂θ

∂X+ +
1
2

Pe2 = 0 . (4.20)

The solution of Eq. (4.20) is:

θ = C1 +C2 exp

(
Pe2

4
X+

)
+ 2X+ (4.21)

where C1 and C2 are constants.
Using the first and third conditions of (4.17) we find:

C1 = C2, C2 = − 2(
Pe2/4

) exp

(
−Pe2

4
X+
∗

)
. (4.22)

The effect of axial conduction on heat transfer in the fluid in the micro-channel can
be characterized by a dimensionless parameter

M =
|qcond|
|qconv| (4.23)

that expresses the relation between heat fluxes due to conduction and convection.
In Eq. (4.23) qconv = ρUcp(T −T0), qcond = k dT

dx . Substitution of the expression for

variable θ and ∂θ
∂X+ in relation (4.23) gives:

M =
1
4

1− exp(χ+− χ+∗ )
χ+− exp(χ+− χ+∗ )+ exp(−χ+∗ )

(4.24)

where χ+ = Pe2X+

4 , χ∗ = Pe2X+∗
4 .
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The limiting cases are:

1. χ+ � 1, χ+
∗ 
 1

2. χ+− χ+
∗ � 1

{
a. χ+∗ 
 1
b. χ+∗ � 1

which correspond to heat transfer at the cooling inlet and heat transfer in the vicin-
ity of the adiabatic outlet, respectively. In the first case we obtain the following
evaluation of parameter M:

M =
1
4

1
χ+ 
 1 . (4.25)

It shows that close to the micro-channel inlet, heat losses to the cooling inlet due to
axial conduction in the fluid are dominant. In the second case parameter M is:

a. Long micro-channel

M =
χ+∗ − χ+

χ+∗ −1
� 1 (4.26)

b. Short micro-channel

M =
χ+∗ − χ+

χ+∗
� 1 (4.27)

Thus, M decreases when χ (and the Peclet number) increases. Accordingly, the
Nusselt number decreases when the Peclet number increases, and approaches its
limiting value Nu∞ that corresponds to Pe → ∞.

The existence of heat transfer due to axial conduction in the fluid leads to increas-
ing difference between wall and fluid temperatures and decreasing value of the Nus-

Fig. 4.14 Numerical calculations of the dependences Nu(X+): 1 Pe = 1, 2 Pe = 2.5, 3 Pe = 10,
4 Pe = 45
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selt number within the entrance section as compared to Nu∞. These effects are illus-
trated in Fig. 4.14, which shows the dependence Nu(χ+)/Nu∞ on χ+. It is possible
to estimate the critical value of the parameter M that subdivides the states at which
the effect of axial conduction dominates (M > Mcr) or it is negligible (M < Mcr).
According to the data of Petukhov (1967), this critical value is Mcr � 0.01. In line
with these results we obtain the following evaluation of the length where the effect
of axial conduction in the fluid should be taken into consideration: x

r0
Pe ≤ 20.

4.4.2 Axial Conduction in the Wall

The problem of axial conduction in the wall was considered by Petukhov (1967).
The parameter used to characterize the effect of axial conduction is P =(
1−d2

0/d2
in

)
(k2/k1). The numerical calculations performed for q = const. and neg-

lecting the wall thermal resistance in radial direction, showed that axial thermal con-
duction in the wall does not affect the Nusselt number Nu∞. Davis and Gill (1970)
considered the problem of axial conduction in the wall with reference to laminar
flow between parallel plates with finite conductivity. It was found that the Peclet
number, the ratio of thickness of the plates to their length are important dimension-
less groups that determine the process of heat transfer.

The effect of axial conduction in the wall on the heat transfer in micro-channels
was recently investigated by Maranzana et al. (2004) and Tiselj et al. (2004). In the
first study the thermal structure of laminar flow between parallel plates was investi-
gated. In the second one, heat transfer characteristics of water flowing through tri-
angular silicon micro-channels were analyzed. For the physical interpretation of the
effects due to axial conduction in the wall, Maranzana et al. (2004) introduced “ax-
ial conduction number” M defined as the ratio of conductive heat flux to convective
heat flux. Numerical calculations by Maranzana et al. (2004) showed that the effect
of axial conduction in the wall is significant when M > 10−2 or estimated using rela-
tion (Celata et al. 2005, 2006) suggested the relation kw

(
d2

out −d2
0

)
/kfd0L.01RePr,

where kw and kf are the thermal conductivity of wall and liquid, respectively, dout

and d0 are the outer and inner tube diameter, and L is the tube length. According to
Tiselj et al. (2004), axial conduction in the wall significantly affects the longitudinal
fluid and wall temperature distribution and longitudinal distribution of the normal
and axial heat flux. We will discuss these results in Sect. 4.5.

4.4.3 Combined Axial Conduction in the Fluid and in the Wall

The energy equations for the fluid and the wall are (Petukhov 1967):

∂ ũθ1
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∂
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R
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172 4 Heat Transfer in Single-Phase Flows

1
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∂R

(
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∂θ2
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)
+

1

Pe2

∂ 2θ
∂X+2 = 0 (4.29)

where θi = (Ti −T0)/(qd1/ki), i = 1,2 for the fluid and wall, respectively.
Integration of Eqs. (4.28) and (4.29) through the cross-section of the micro-

channel gives:

∂
∂X+

⎛
⎝

1∫

0

ũθ1RdR

⎞
⎠=

(
R
∂θ1

∂R

)∣∣∣∣
1

0
+

1

Pe2

∂ 2

∂X+2

⎛
⎝

1∫

0

θ1RdR

⎞
⎠ (4.30)
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The sum of Eq. (4.30) and Eq. (4.31) is:
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Taking into account that

θ 1 =
1∫

0

θ1RdR, θ 2 = (R2
∗ −1)−1
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we obtain:
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Assuming that d2θ 1/dX+2 ≈ d2θ 2/dX+2 the following equation for average fluid
temperature was obtained

d2θ 1

dX+2 − Pe2

4R2∗

dθ1

dX+2 +
1
2

k1,2
Pe2

R2∗
= 0 . (4.36)

The longitudinal fluid temperature distribution is:

θ 1 = C1 +C2 exp

(
Pe2

4R2∗
X+

)
+ 2

k1

k2
X+ (4.37)

where C1 = −C2; C2 = − 2(k1/k2)

(Pe2/4R2∗)
exp

(
Pe2X+∗

4R2∗

)
.
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Then, the parameter M is

M =
1
4

1− exp(χ̃− χ̃∗)
(k1/k2)χ̃ − exp(χ̃ − χ̃∗)+ exp(−χ̃∗) (4.38)

where χ̃ = Pe2X+

4R2∗
, χ̃∗ = Pe2X+∗

4R2∗
.

For the limiting cases χ̃ � 1 and χ̃∗ 
 1 we obtain the following estimation:

M =
1

4k1,2

1
χ̃

=
Λ

4χ+ (4.39)

where Λ = (k2/k1) (r0/rout)
2. For conditions corresponding to flow in micro-chan-

nels, this factor is Λ 
 1. For example Λ equals 25 and 250 for water flows in
micro-channels of r0/rout = 1.1 made of stainless steel and silicon, respectively.
This shows that conduction in the wall has significant effect on the heat transfer in
the micro-channels. It can be an important factor that leads to changes in the heat
transfer coefficient.

4.5 Micro-Channel Heat Sinks

4.5.1 Three-Dimensional Heat Transfer
in Micro-Channel Heat Sinks

The cooling systems fabricated from a large number of rectangular (Qu and Mu-
dawar 2002a; Toh et al. 2002; Li et al. 2004), triangular (Tiselj 2004) or cir-
cular (Kroeker et al. 2004) micro-channels were investigated both theoretically
and experimentally. The micro-channel heat sinks are highly complicated systems
with a non-uniform distribution of thermal characteristics. The existence of a non-
uniform temperature field in the liquid and solid substrate leads to a non-uniform
distribution of heat fluxes in the streamwise and spanwise direction. Qu and Mu-
dawar (2002a) carried out calculations at Re = 140, 700, and 1,400 for heat sinks.
The micro-channels had a width of 57 µm and a depth of 180 µm, and were sep-
arated by a 43 µm wall. The major approximations introduced in the classical fin
analysis method for micro-channel heat sinks operating in the laminar flow regime
are summarized and assessed based on numerical results. The numerical results of
that study revealed that the classical fin method could only provide a qualitatively
correct picture of the heat transport in a micro-channel heat sink.

Numerical results of the heat transfer inside four 1 cm2 heat sinks with 150 and
200 channels were presented by Toh et al. (2002). Their calculation predicted the
local thermal resistance very well. The micro-heat sink modeled in the numerical
investigation by Li et al. (2004) consisted of a 10 mm long silicon substrate. The
rectangular micro-channels had a width of 57 µm, and a depth of 180 µm. The heat
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transfer calculations were performed for Reynolds numbers of 144, 77 and 42. The
longitudinal heat conduction along the silicon wafer at different Reynolds number
is different. In reality, because it is difficult to achieve an adiabatic boundary at the
inlet and outlet of the heat sink as assumed in the numerical model, a significant
portion of the heat is transferred to the inlet and outlet manifolds, especially for low
fluid flow conditions. Thus, when evaluating the heat transfer in micro-heat sinks
with low fluid flow rates, particular attention should be paid to the effects of heat
conduction through the wafer.

Kroeker et al. (2004) investigated thermal characteristics of heat sinks with
circular micro-channels using the continuum model based on the conventional
Navier–Stokes equations and the energy conservation equation. Developing flow
(both hydrodynamically and thermally) was assumed in the flow region and three-
dimensional conjugate heat transfer was assumed in the solid region. At the inlet
and outlet of the solid region (copper or silicon), adiabatic boundary conditions
were imposed. The calculations of local Nusselt number performed at Re = 500
and Re = 1,000 follow closely the classical solution reported by Shah and London
(1978) for forced convection in tubes with constant wall temperature.

One particular characteristic of conduction heat transfer in micro-channel heat
sinks is the strong three-dimensional character of the phenomenon. The smaller the
hydraulic diameter, the more important the coupling between wall and bulk fluid
temperatures, because the heat transfer coefficient becomes high. Even though the
thermal wall boundary conditions at the inlet and outlet of the solid wall are adia-
batic, for small Reynolds numbers the heat flux can become strongly non-uniform:
most of the flux is transferred to the fluid at the entrance of the micro-channel.
Maranzana et al. (2004) analyzed this type of problem and proposed the model of
channel flow heat transfer between parallel plates. The geometry shown in Fig. 4.15
corresponds to a flow between parallel plates, the uniform heat flux is imposed on
the upper face of block 1; the lower face of block 0 and the side faces of both blocks

Fig. 4.15 Effect of axial con-
duction, channel between
two parallel plates (Maran-
zana et al. 2004) (schematic
view): 1 cover plate, 2 micro-
channel, 3 silicon block 1,
4 silicon block 0, 5 heater
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are adiabatic. The two 10 mm long and 500 µm thick blocks are made of silicon,
water flows in the 100 µm thick channel. Figure 4.16a–c shows interface tempera-
ture, interface heat flux and the Nusselt number. The lower the Reynolds number,
the larger the axial conduction effects.

The numerical and experimental study of Tiselj et al. (2004) (see Fig. 4.17) was
focused on the effect of axial heat conduction through silicon wafers on heat transfer
in the range of Re = 3.2−84. Figure 4.17 shows their calculation model of a triangu-
lar micro-channels heat sink. The results of calculations are presented in Fig. 4.18.

Fig. 4.16a–c Effect of ax-
ial conduction. Numerical
simulation. (a) Interface tem-
perature. (b) Interface heat
flux. (c) The Nusselt numbers.
Reprinted from Maranzana et
al. (2004) with permission
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Fig. 4.17 Calculation model of triangular micro-channels heat sink: 1 cover plate, 2 micro-
channel, 3 silicon wafer, 4 heater. Reprinted from Tiselj et al. (2004) with permission

The thermal wall boundary conditions used by Tiselj et al. (2004) at the inlet and
outlet of the solid wall are not adiabatic (cf. Maranzana et al. 2004). The heat sink
was made from a square-shaped silicon substrate of 15×15 mm and 530 µm thick,
and in the silicon substrate, 17 parallel micro-channels were etched. The cross-
section of each channel was an isosceles triangle with a base of 310 µm, the length
of the micro-channels was L = 15 mm, the heating length was Lh = 10 mm. The
angles at the base were 55◦, the hydraulic diameter was dh = 160 µm. The experi-
mental results were used for numerical calculation. The bulk water temperature and
the inner heated wall temperature are shown in Fig. 4.18a. Both temperatures did
not change linearly along the longitudinal direction. In fact, a linear temperature
rise cannot be regarded as a good approximation for both temperatures. When axial
heat flux is directed to both the inlet and the outlet manifolds, the water and heated
surface temperatures did not change monotonically. The longitudinal distributions
of wall normal heat fluxes are presented in Fig. 4.18b. The heat fluxes are taken to be
positive if they are directed from the solid to the fluid, and negative otherwise. The
direction and the magnitude of the negative heat flux depend on relation between the
two thermal resistances: the first defines the heat transport from the wall through the
boundary layer to the fluid core, and the second one quantifies the possibility of heat
transport through the silicon wafer. The importance of the second alternative path-
way for the heat transfer can be truly appreciated only in a three-dimensional conju-
gate heat transfer problem. The thermal wall boundary conditions have a dominant
role in such a problem. Numerical predictions of the local Nusselt number variation
in the streamwise direction are plotted in Fig. 4.18c. As indicated by Incropera and
De Witt (1996) the thermal entry length of a circular tube is:

Ltherm = 0.05Pe ·dh . (4.40)

In the study by Tiselj et al. (2004), the thermal entry length was 0.13 and 3.3 mm
for Re = 3.2 and 84, respectively.
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Fig. 4.18a–c Effect of axial conduction. Triangular micro-channels. ṁ = 0.0356 g/s. (a) Average
water and silicon temperature distributions. N = 8.424 W. (b) Wall normal heat flux distribution in
the silicon chip. 3-1 N = 2.816 W, 3-2 N = 5.676 W, 3-3 N = 8.424 W. (c) Axial distribution of
the Nusselt number in the chip. 3-1 N = 2.816 W, 3-2 N = 5.676 W, 3-3 N = 8.424 W. Reprinted
from Tiselj et al. (2004) with permission
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4.5.2 Entrance Effects

The entrance effects in a single channel were extensively studied in the past
(Petukhov 1967; Kays and Crawford 1993; Baehr and Stephan 1998; Schlichting
2000; Toh et al. 2002; Gamart et al. 2005). We restrict our discussion to the effect
of inlet and the outlet manifolds on the flow and temperature distributions between
the parallel micro-channels. Hetsroni et al. (2001) and Klein et al. (2005) observed
an uneven liquid distribution in the parallel micro-channels. Depending on the par-
ticular manifold design, the difference between the flow rates into some parallel
micro-channels was up to about 20%. Furthermore, due to relatively high thermal
conductivity of the manifolds, fluid pre-warming occurred in the inlet manifold and
additional warming occurred in the outlet manifold. The behavior of the Nusselt
number depends, at least partly, on the entrance effects, which may be important in
the laminar regime. The problem was also studied by Gamart et al. (2005). Ideal-
izing the flow rate as uniform can result in a significant error when predicting the
temperature distribution of a heated electronic device. Lee et al. (2005) showed that
the entrance and boundary conditions imposed in the experiment need to be care-
fully matched in the predictive approaches. In this case numerical predictions based
on a classical, continuum approach were in good agreement with the experimental
data.

4.5.3 Characteristic Parameters

Two definitions were considered by Qu and Mudawar (2004) for heat flux to the heat
sink. The first is an “effective” heat flux defined as the total electrical power input
divided by the top area of the heat sink. The second definition is a mean heat flux
averaged over the micro-channel heated inside area. We determine heat flux as the
power calculated from the energy balance based on fluid temperature at the inlet and
outlet manifolds, divided by the heated area of the micro-channel side walls (Tiselj
et al. 2004). Often special effects are proposed to explain unexpected experimental
results. A common assumption often made (Wang and Peng 1994; Peng and Peter-
son 1995; Peng and Peterson 1996) is to consider the wall heat flux to be uniform
along the channels. However, according to Fig. 4.16b, the wall heat flux was far
from uniform. As shown in Figs. 4.6c and 4.16a, the bulk temperature of the fluid
did not vary linearly (Gao et al. 2002; Maranzana et al. 2004; Tiselj et al. 2004). This
effect is especially important when the M number is large. For example, Maranzana
et al. (2004) utilized exact modeling of heat conduction in the wall. The correspond-
ing simulated estimation of the convective heat transfer coefficient at M = 0.32 was
equal to 25,900 W/m2 K. By comparison, the one-dimensional model, assuming
that the bulk temperature is linear, yields a mean convective heat transfer coeffi-
cient of 6,100 W/m2 K. Axial conduction can be neglected for M number lower
than 0.01.
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4.5.4 Effect of Wall Roughness

Wall roughness leads to increasing friction factor at the same Reynolds number.
Existence of roughness leads also to a decrease in the value of the critical Reynolds
number, at which the transition from laminar to turbulent flow occurs. We suggested
a following estimation of the relative roughness, corresponding to the hydrodynamic
threshold that subdivides the flow in smooth and rough channels (Hetsroni 2005):
ks/r0 < 5/1.41Re0.5, where ks is the average height of roughness, r0 is the chan-
nel hydraulic radius, and Re is the Reynolds number. For Re ∼ 2,000, the relative
roughness that corresponds to the boundary between the smooth and rough channels
is about 0.08. Turner et al. (1999, 2000) concluded that micro-channel surfaces with
relative surface roughness of 0.06 did not cause any statistical change in the friction
factor for laminar flow. The effect of surface roughness on heat transfer depends on
the Prandtl number. Kandlikar et al. (2003) reported that for a 1,067 µm diameter
tube, the effect of relative roughness of about 0.003 on heat transfer in water flow
was insignificant. For 620 µm, the same relative roughness increases the heat trans-
fer. New experiments should be performed to clarify the effect of wall roughness on
heat transfer.

4.5.5 Interfacial Effects

Turner et al. (1999) reported that for the Knudsen number Kn < 0.04 (ratio of mean
free path to channel hydraulic diameter) the continuum-based equations can be
used for flow in micro-channels. Because the micro-devices have a large surface-
to-volume ratio, factors related to surface effects have more impact on the flow at
small scales. Among these are the surface electrostatic charges. If the liquid con-
tains even a small amount of ions, the electrostatic charges on the solid surface will
attract the counter-ions in the fluid to establish an electrical field. The arrangement
of the electrostatic charges on the solid surface and the balancing charges in the
liquid is called the electrical double layer (EDL). Mala et al. (1997b), Yang and Li
(1998), and Ren et al. (2001) reported numerical and experimental results for the
EDL effect with different liquids. They found that the EDL effect led to higher fric-
tion coefficient for pure water and dilute solutions. No results for heat transfer were
presented.

4.5.6 Effect of Measurement Accuracy

In experiments of flow and heat transfer in micro-channels, some parameters, such
as the Reynolds number, heat transfer coefficient, and Nusselt number, are difficult
to obtain with high accuracy. The channel hydraulic diameter measurement error
may play a very important role in the uncertainty of the friction factor (Hetsroni
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et al. 2005). The analysis carried out by Hetsroni et al. (2003) for micro-tubes re-
veals the following values of standard uncertainties: for infrared measurements, sys-
tematic error 0.1 K, random error 0.2 K; for thermocouples, systematic error 0.1 K,
random error 0.15 K; for temperature acquisition system, systematic error 0.1 K,
random error 0.16 K. The 95% confidence uncertainty of the heat transfer coeffi-
cient was 13.2%. The uncertainty must be taken into account in the presentation of
experimental data and in comparison between experimental results and theoretical
predictions.

4.6 Compressibility Effects

Two-dimensional compressible momentum and energy equations were solved by
Asako and Toriyama (2005) to obtain the heat transfer characteristics of gaseous
flows in parallel-plate micro-channels. The problem is modeled as a parallel-plate
channel, as shown in Fig. 4.19, with a chamber at the stagnation temperature Tstg and
the stagnation pressure Pstg attached to its upstream section. The flow is assumed to
be steady, two-dimensional, and laminar. The fluid is assumed to be an ideal gas.
The computations were performed to obtain the adiabatic wall temperature and also
to obtain the total temperature of channels with the isothermal walls. The governing
equations can be expressed as

∂ρu
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+
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= 0 (4.41)
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Fig. 4.19 A schematic diagram of parallel-plate micro-channels. Reprinted from Asako and
Toriyama (2005) with permission
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The equation of the state for the ideal gas is expressed by

h =
γ

γ−1
P
ρ

=
γR
γ−1

T (4.46)

where γ = Cp/Cv, R is the gas constant.
If the range of the channel height is limited to be above 10 µm, then the no-slip

boundary condition can be adopted. Furthermore, with the assumptions of uniform
inlet velocity, pressure, density, and specified pressure Pout at the outlet, the bound-
ary conditions can be expressed as follows:

On the walls (y = ±0.5H) : u = v = 0

At the inlet (x = 0) : u = uin,v = 0,P = Pin,ρ = ρin (4.47)

At the outlet (x = �) : P = Pout .

The thermal boundary conditions on the channel walls are

∂T
∂y

= 0 for the adiabatic channel (4.48)

T = Tw for the isothermal channel. (4.49)

Adiabatic wall temperature

The computations were performed for air of R = 287 J/kg K, γ = 1.4, μ = 1.862×
10−5 Pa s, and k = 0.0261 W/m K to obtain the adiabatic wall temperature. The
adiabatic wall temperature is a wall temperature of the channel with the adiabatic
walls. The channel height ranged from 10 to 100 µm and length was fixed at 30 mm.
The stagnation temperature was kept at Tstg = 300 K. The stagnation pressure Pstg

varied between 1.3×105 and 2.5×106 Pa. The outlet pressure was maintained at
atmospheric condition Pout = 105 Pa.

Since the kinetic energy is related to Ma2, the adiabatic wall temperature might
be reduced by a function of Ma2 for the cases where the viscous heat dissipation is
negligibly small. Then, the values of Tw/Tstg for all channels are plotted as a function
of Ma2 in Fig. 4.20.

Channels with isothermal walls

The computations were also performed for the channels with isothermal walls of
Tw = 305, 310, and 350 K. Air was assumed for the working fluid and the identical
thermophysical properties mentioned earlier were used. The channel height ranged
from 10 to 100 µm and the ratio of the channel length to its height was either 100 or
200. The stagnation temperature was kept at Tstg = 300 K. The stagnation pressure
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Fig. 4.20 Tw/Tstg as a func-
tion of Ma2. Reprinted from
Asako and Toriyama (2005)
with permission

Fig. 4.21 Bulk temperature
for H = 10 µm and Tw =
350 K. Reprinted from Asako
and Toriyama (2005) with
permission

Pstg was varied between 1.2×105 and 4×105 Pa. The outlet pressure was maintained
at atmospheric condition Pout = 105 Pa.

The values of (Tb − Tstg)/(Tw − Tstg) for the channel of H = 10 µm and Tw =
350 K are plotted as a function of X+ in Fig. 4.21 with the bulk temperature for the
incompressible flow. The value of the bulk temperature for the incompressible flow
is normalized as (Tb −Tin)/(Tw −Tin). As seen in the figure, the bulk temperature
of the gaseous flow increases along the channel downstream and then levels off. It
decreases when approaching the outlet due to conversion of the thermal energy into
the kinetic energy. The same trend can be seen for the channels of h = 20, 50, and
100 µm. Therefore, the bulk temperature of the gas flow in the micro-channel cannot
be estimated from the correlation for the incompressible flow.

4.7 Electro-Osmotic Heat Transfer in a Micro-Channel

Electro-osmosis generated flows are interesting for micro-electronics, biomedical
diagnostic techniques, and a number of other applications. Important results re-
lated to heat transfer in such flows were obtained recently by Maynes and Webb
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(2003) and Horiuchi and Dutta (2004). Below we follow the first of these works
and consider some results corresponding to fully developed electro-osmotic heat
transfer in circular micro-tubes. At the assumption of no pressure-driven contribu-
tion to the velocity field, constant electrical and thermal conductivities and constant
wall ζ -potential, the momentum and energy equations that describe flow in circular
micro-tubes are

μ
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r
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dr
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dr
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where u and T are the velocity and temperature, Φ is the applied potential field,
s is the volumetric energy generation (s = i2eσ , ie is the conduction current density,
σ is the liquid electrical resistivity), ε is the fluid dielectric constant, ψ is the excess
charge distribution, k is the thermal conductivity, α is the thermal diffusivity, and
μ is the viscosity.

For low wall potentials the Debye–Huckel linearization holds and the excess
charge distribution is

ψ = ζ
I0(r/λ )
I0(r0/λ )

(4.52)

where ζ is the zeta potential, λ is the Debye length, r0 is the micro-channel radius,
and I0 is the modified Bessel function of the first kind of order zero.

Integration of Eqs. (4.50) and (4.51), with correlation (4.52), yields the following
expression for velocity and temperature distribution, at qw = const.:

Fig. 4.22 Normalized electro-
osmotically driven velocity
profiles as a function of z for
circular tube. Reprinted from
Maynes and Webb (2003)
with permission
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where R = r/r0, Z = r0/λ , λ is the Debye length, Umax is the maximum possible
electro-osmotic velocity for a given applied potential field, θ − (T −Tm)(qwr0/k)
is the dimensionless temperature, Tm is the mixed mean temperature, qw is the wall
heat flux, S = sr0/qw is the dimensionless energy generation, u is the average vel-
ocity,

Fig. 4.23 Normalized tem-
perature profile for the circu-
lar tube as a function of R and
Z. Reprinted from Maynes
and Webb (2003) with per-
mission
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and I1 is the modified Bessel function of the first kind of order one.
The velocity and temperature distributions in a cross-section of a circular micro-

tube are plotted in Figs. 4.22 and 4.23. It is seen that the velocity profile is deter-
mined by a single parameter, Z, whereas the temperature profile depends on two
dimensionless groups, Z and S.

The shape of the velocity profile changes from parabolic corresponding to
Poiseuille flow (Z < 1) to a uniform, slug-like one which is typical for flow with
concentrated momentum source near the wall (Z 
 1) and thin boundary layer. As
can be seen in Fig. 4.23, the temperature distribution is independent from param-
eter s at large enough values of the ratio of micro-channel radius to the Debye length.
Taking into account that the Debye length in pure water is about 1 µm (Hunter 1981),
it is possible to estimate the micro-channel diameter, at which the electro-osmotic
effect on heat transfer is negligible, as about 200 µm.

A general case of heat transfer under the conditions of combined action of
electro-osmotic forces and imposed pressure gradient was considered by Chakra-
borty (2006). The analysis showed that in this case the Nusselt number depends not
only on parameters z and S, but also on an additional dimensionless group, which is
a measure of the relative significance of the pressure gradient and osmotic forces.

4.8 Closing Remarks

Heat transfer in micro-channels occurs under superposition of hydrodynamic and
thermal effects, determining the main characteristics of this process. Experimental
study of the heat transfer in micro-channels is problematic because of their small
size, which makes a direct diagnostics of temperature field in the fluid and the wall
difficult. Certain information on mechanisms of this phenomenon can be obtained
by analysis of the experimental data, in particular, by comparison of measurements
with predictions that are based on several models of heat transfer in circular, rectan-
gular and trapezoidal micro-channels. This approach makes it possible to estimate
the applicability of the conventional theory, and the correctness of several hypothe-
ses related to the mechanism of heat transfer. It is possible to reveal the effects of
the Reynolds number, axial conduction, energy dissipation, heat losses to the envi-
ronment, etc., on the heat transfer.

Theoretical models used for this purpose can be subdivided into two groups de-
pending on the degree of accuracy of their assumptions. The first of these groups
includes the simplest one-dimensional models assuming uniform heat flux, constant
heat transfer coefficient, etc. The comparison of these models with experiments
shows significant discrepancy between the measurements and the theoretical pre-
dictions. Using some “new effects,” which are not accounted for by conventional
Navier–Stokes and energy equations, the simple models may explain experimental
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results. The second group is based on numerical solution of full Navier–Stokes and
energy equations, which account for the real geometry of the micro-channel, axial
conduction in the fluid and wall, energy dissipation, non-adiabatic thermal boundary
condition at the inlet and outlet of the heat sink, dependence of physical properties
of fluid on temperature, etc. These models demonstrate a fairly good agreement
with available experimental data. As a rule, the numerical calculations using simple
models were performed for the following hydraulic boundary conditions:

1. A uniform velocity profile was set at the channel inlet.
2. The flow was assumed to be fully developed in the test section.
3. All the fluid properties were constant.

The thermal boundary conditions were set as follows:

1. Constant heat flux at the walls
2. Adiabatic conditions at the inlet and outlet

These boundary conditions are not in agreement with experiments for which the
“new effects” were assumed. As a result, some researchers concluded that con-
ventional Navier–Stokes and energy equations are not valid, and that only “new
effects” can explain the experimental data. The numerical solutions based on the
Navier–Stokes and energy equations with the proper boundary conditions demon-
strate a fairly good agreement with available experimental data. The results can be
generalized as follows:

1. The effect of energy dissipation on heat transfer in micro-channels is negligible
under typical flow conditions.

2. Axial conduction in the fluid and wall affects significantly the heat transfer in
micro-channels. In laminar flow, two heat transfer regimes may be considered.
The first takes place when Re > 150 and the axial conduction number M <
0.01, or estimated using the relation kw

(
d2

out −d2
0

)
/kfd0L.01RePr. Under these

conditions the heat transferred through the solid substrate may be neglected and
adiabatic boundary conditions may be imposed at the inlet and outlet manifolds
to solve a conjugate three-dimensional heat transfer problem. The second regime
occurs at Re < 150, M > 0.01. In this case, the heat transferred through the solid
substrate should be taken into account.

3. The following considerations must be taken into account in the evaluation of
any experimental results:

a. The experimental results based on the measurements of the fluid tempera-
ture only at the inlet and the outlet manifolds of the heat sink may lead to
incorrect values of the Nusselt number.

b. Since it is difficult to measure the local heat flux at the inner channel wall,
the definition of the heat transfer coefficient is very important and will
strongly influence its value.

4. Accurate estimation of the heat transferred through the solid substrate in ex-
periments should be obtained from energy balance that includes electric power
(simulating the electronic components on the top or bottom wall of the heat
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sink), convective heat transfer to the fluid (based on fluid mass flow rate and
bulk fluid temperature measured at the inlet and outlet manifolds), and heat
losses.

5. The heat transfer coefficient calculated numerically using an exact model with
regard to the heat transferred through the solid substrate represents the correct
variation of the Nusselt number with respect to the Reynolds number.

6. The thermal entry length should be considered by comparison between experi-
mental and numerical results.

Summary

1. A variety of studies can be found in the literature for the solution of the convec-
tion heat transfer problem in micro-channels. Some of the analytical methods
are very powerful, computationally very fast, and provide highly accurate re-
sults. Usually, their application is shown only for those channels and thermal
boundary conditions for which solutions already exist, such as circular tube and
parallel plates for constant heat flux or constant temperature thermal boundary
conditions. The majority of experimental investigations are carried out under
other thermal boundary conditions (e.g., experiments in rectangular and trapez-
oidal channels were conducted with heating only the bottom and/or the top of
the channel). These experiments should be compared to solutions obtained for
a given channel geometry at the same thermal boundary conditions. Results ob-
tained in devices that are built up from a number of parallel micro-channels
should account for heat flux and temperature distribution not only due to heat
conduction in the streamwise direction but also conduction across the experi-
mental set-up, and new computational models should be elaborated to compare
the measurements with theory.

2. A number of physical parameters or dimensionless groups formulated to de-
scribe the same phenomenon have different interpretations. For example, in
some studies heat flux is defined as based on a planform area of heat sink top sur-
face, and in other studies as based on a channel heated inside area. The Nusselt
number is defined in the literature as based on the difference between wall and
fluid temperature. It may be for developed or developing flows, and may present
a peripheral local or average value. Additionally this temperature difference may
be defined differently. For example, the averaged Nu in micro-channels may be
based on the difference (Tw,av −Tf,av) where Tw,av is the average temperature of
the channel bottom, or averaged peripheral temperature, or may be based on
the logarithmic temperature difference, etc. For the most part the temperature
Tf,av was defined as (Tf ,in + Tf ,out)/2. Such an assumption of linear varying the
fluid temperature along a micro-channel may lead to the conclusion which is not
physically sound, that the Nusselt number depends on the Reynolds number un-
der laminar flow. An effort to standardize the definitions of physical parameters
and dimensional groups for flow through micro-channels should be made.



188 4 Heat Transfer in Single-Phase Flows

3. Only a small number of solutions for the laminar forced convection problem and
experimental investigations are available in the literature with some variations
in the associated thermophysical properties. To the authors’ knowledge, for ex-
ample, no experimental study is available to clarify the effect of the Prandtl
number on the heat transfer in micro-channels with different duct geometries.

4. Depending on the particular design of inlet and outlet manifolds, the difference
between the flow rates into some parallel micro-channels may be up to 20%.
Idealizing the flow rate as uniform can result in significant error in prediction of
the temperature distribution of a heated electronic device.

5. For channels above dh = 1 mm the surface roughness generally does not af-
fect the Nusselt number as long as the height of the relative average surface
roughness is less than 1%. For small diameters tubes (dh < 0.6 mm) the relative
average roughness ks/dh > 0.003 increases heat transfer up to 25–30% in the
range of Re = 1,000−2,000. This effect is more pronounced at higher values of
relative surface roughness and Reynolds numbers.
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Nomenclature

A Cross-section
Ad Ratio of convective heat transfer to dissipation one
a Relative surface roughness
cp Specific heat
C Concentration
d Inner diameter
dh Hydraulic diameter
h Heat transfer coefficient, enthalpy
H Micro-channel height
I0 Bessel function
ie Current density
k Thermal conductivity
ks Average height of roughness
L Length
M Conductive to convective heat flux ratio
m Flow rate
Ma Mach number
N Power
P Pressure
q Heat flux
Resh Shear Reynolds number, based on the shear viscosity
r Radius
r0 Tube radius, inner hydraulic radius
R Gas constant, R = r/r0 dimensionless distance from tube axis
s Volumetric energy generation
T Temperature
T Average fluid temperature
U Average velocity
Um Normalized local velocity
u Streamwise velocity
umax Maximum possible electro-osmotic velocity
v Spanwise velocity
W Channel width
Wb Width of the channel bottom
Wc Spacing
Wt Width of the channel top
x Longitudinal coordinate

Br =
μU2

k(Tw −Tf)
Brinkman number

Ec =
U2

2cpΔT
Eckert number
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Kn =
λ
dh

Knudsen number

Na = −4βμU2

k
Nahme number

Nu =
hdh

kf
Nusselt number

Nu0 Nusselt number corresponds to negligible viscous dissipation

Pe =
Udh

α
Peclet number

Pr =
ν
α

Prandtl number

Re =
Udh

ν
Reynolds number

X+ =
x

dhPe
Dimensionless longitudinal coordinate

Greek symbols

α Thermal diffusivity
β Temperature sensitivity
ΔT = Tw −Tf Temperature difference
δ Thickness of tube
γ Aspect ratio, relation of cp/cv

ε Fluid dielectric constant
ζ Wall zeta potential
θ Dimensionless temperature
λ Friction factor, Debye length
λ Mean free path
μ Dynamic viscosity
ν Kinematic viscosity
Π Bejan number
ρ Density
σ Liquid electrical resistivity
Φ Applied potential field
ψ Excess charge distribution

Subscripts

ad Adiabatic
av Average
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ax Axial
b Bulk
cond Conduction
conv Convection
d Developed
f Fluid
h Heated
in Inner, inlet
inv Inversion
out Outer, outlet
sh Shear
sur Surfactant
stg Stagnation
th Theoretical
therm Thermal
tot Total
v Volume
w Wall
wat Water
1 Fluid
2 Wall
2.1 Ratio parameter of wall to fluid



Chapter 5
Gas–Liquid Flow

In Chap. 5 the available data related to flow and heat transfer of a gas–liquid mixture
in single and parallel channels of different size and shape are presented. These data
concern flow regimes, void fraction, pressure drop and heat transfer. The effects of
different parameters on flow patterns and hydrodynamic and thermal characteristics
of gas–liquid flow are discussed.

Understanding the differences in two-phase flow characteristics between con-
ventional size channels and micro-channels is also important for designing mini- or
micro-heat exchangers, since the flow characteristics will affect the phase change
heat transfer.

5.1 Two-Phase Flow Characteristics

Gas–liquid flows occur widely in both nature and industrial applications, including
energy production (e.g., oil transportation, steam generators, cooling systems) and
chemical engineering (e.g., bubble columns, reactors, aeration systems). Two-phase
flows in micro-channels have attracted attention because of its wide applicability
to such advanced fields as MEMS, electronic cooling, medical and genetic engin-
eering, bioengineering, etc. At present, the knowledge of flow and heat transfer in
micro-scale flow passages of a size less than 100 µm is thus strongly demanded.
Specifically, fundamental knowledge of two-phase flow characteristics in small flow
passages, such as the flow pattern, void fraction, pressure drop, and heat transfer
coefficient, is crucial for engineering design purposes as well as for evaluation of
practical performance. Papers by Ghiaasiaan and Abdel-Khalik (2001), Serizawa et
al. (2002), Kawahara et al. (2002), Garimella and Sobhan (2003), Celata (2004),
and Cheng and Wu (2006) extensively reviewed the literature on two-phase flow in
micro-channels.

However, our current knowledge is still limited and in reality only a small num-
ber of literature sources are available. One of the questions is whether the two-phase
flow patterns in small size channels are different from those encountered in “ordin-
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ary” size channels. In particular, in large tubes, as well as in tubes of a few mil-
limeters in diameter, two-phase flow patterns are dominated in general by gravity
with minor surface tension effects. On the other hand, in micro-channels with the
diameter on the order of a few microns to a few hundred microns, two-phase flow
is believed to be influenced mainly by surface tension, viscosity and inertia forces.
Entrance effects, effects of surface roughness and wettability should also be taken
into account. There is an important resemblance between two-phase flow in micro-
channels and the flow in large channels at micro-gravity. In both system types the
surface tension, inertia, and viscosity are important, while buoyancy is suppressed.
Consequently, two-phase dimensionless parameters that have previously been de-
veloped for micro-gravity might be useful for micro-channels.

For adiabatic, steady-state, and developed gas–liquid two-phase flow in a smooth
pipe, assuming immiscible and incompressible phases, the essential variables are ρL,
ρG, μL, μG, σ , dh, g, θ , ULS, and UGS, where subscripts L and G represent liquid
and gas (or vapor), respectively, ρ is the density, μ is the viscosity, σ is the surface
tension, dh is the channel hydraulic diameter, θ is the channel angle of inclination
with respect to the gravity force, or the contact angle, g is the acceleration due to
gravity, and ULS and UGS are the liquid and gas superficial velocities, respectively.
The independent dimensionless parameters can be chosen as Δρ/ρL (where Δρ =
ρL −ρG), and

Eo =
Δρgd2

h

σ
(5.1)

WeLS =
U2

LSdhρL

σ
(5.2)

WeGS =
U2

GSdhρG

σ
(5.3)

ReLS = ULSdh/νL (5.4)

ReGS = UGSdh/νG (5.5)

where ν is the kinematic viscosity, and Eo, We, and Re are Eotvos, Weber and
Reynolds numbers, respectively. Other relevant and widely used dimensionless
parameters include the Bond number, Bn = dh/

√
σ/(gΔρ), Capillary number,

Ca = μLULS/σ , phase Froude numbers, FrGS = UGS/
√

gdh and FrLS = ULS/
√

gdh.
In a class of micro-channels of interest for a wide range of applications, Eo < 1, at
least one of the Weber numbers is on the order of 1–102, and ReLS ≥ 1. Thus, the
surface tension dominates over buoyancy while inertia is important. Similar condi-
tions apply to the two-phase flow at micro-gravity as well, indicating that important
similarities between two-phase flow processes in the two-system categories should
be expected.

Zhao and Rezkallah (1993), Rezkallah (1996), and more recently Lowe and
Rezkallah (1999) developed two-phase flow transition models for micro-gravity
channel flows based on liquid and gas Weber numbers. Zhao and Rezkallah (1993)
suggested WeGS ≈ 1 as the upper boundary for the surface tension-dominated zone,
and WeGS ≈ 20 as the lower boundary for the inertia-dominated zone.
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Although many theories, models and correlations have been developed for two-
phase flow in relatively large diameter tubes on the order of 10 mm, their applicabil-
ity to channels of dh < 10 mm also needs to be clarified. With an order-of-magnitude
reduction in the hydraulic diameter of the flow channel from 10 to 1 mm, significant
differences have been reported by Kawaji (1999) in the two-phase flow pattern map,
void fraction and pressure drop. In narrow channels, the gravitational effect is di-
minished so that the channel orientation no longer has a significant effect on the
two-phase flow map. A small channel height results in the disappearance of the
stratified flow pattern, and some of the flow pattern transition boundaries are also
shifted. We discuss the flow characteristics in the channels of dh ≥ 1 mm, and iden-
tify the changes that occur due to a reduction in the channel diameter from about
1 mm to 20 µm. Table 5.1 is a summary of the recent relevant experimental investi-
gations considered extensively below.
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Serizawa
et al.
(2002)

Single Circular 0.020
0.025
0.100

0.0012–
295.3

0.003–
17.52

+ + +

Hetsroni
et al.
(2003a)

21
Parallel
channels

Triang. 0.130 0.63–
3.1

0.13 +

Hetsroni
et al.
(2003b)

Single
hori-
zontal
incli-
nation
8◦

Circular 49.2
25.0

20.0
24.0–
55.0

0.005–
0.03
0.016–
0.17

+ +

Qu et al.
(2004)

Single Rectang. 0.406×
2.032

0.08–
81.92

0.04–
10.24

+ + +

Ghajar
et al.
(2004)

Single
hori-
zontal
incli-
nation
2◦,
5◦, 7◦

Circular 25.4 ReGS=
560–
48000

ReLS=
820–
26000

+ +

Hetsroni
et al.
(see this
book)

21
Parallel
channels

Triang. 0.130 ReGS=
4.7–
270

ReLS=
4.0–60

+

Zimmerman
et al.
(2006)

Single
horizon-
tal

Circular 25.0 24.2–
41.5

0.02–
0.09

+ +

Ide et al.
(2006)

Single Circular

Rectang.

Circular

0.5–
6.0
1×1
1×5
1×9.9
0.5,
0.05

0.5–
30

0.1–0.5 + + +

5.2 Flow Patterns in a Single Conventional Size Channel

Flow patterns in conventional size channels deviate significantly from those in
micro-channels. Slug and annular flow constitute dominant flow patterns in con-
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ventional size channels, and transition to annular flow occurs at much lower values
of superficial gas velocity than in micro-channels. There are also appreciable dis-
crepancies in both flow patterns and transition boundaries among various conven-
tional size/micro-channel studies due to different channel shape, entrance effects,
etc. It is difficult to generate a universal flow pattern map for adiabatic conventional
size/micro-channel flows because of the need to maintain simultaneously values of
a large number of dimensionless parameters.

5.2.1 Circular Channels

The data of Triplett et al. (1999a) were obtained with air and water at near-
atmospheric pressure and room temperature.

The flow regimes in the test sections were identified visually with the aid of
a strobe and a digital camera. The camera was always targeted at the test section
center. No systematic attempt was made to assess and eliminate the test section
entrance effects on the flow regimes. However, the distance between the point pic-
tured by the camera and the test section inlet was well over 100 channel diameters
everywhere. Thus, although the possibility exists that the reported flow regimes are
influenced by the test section entrance conditions, this influence may not be signifi-
cant.

Figure 5.1 displays representative photographs of the identified flow patterns in
the 1.1 mm inner diameter test section. Five distinct flow patterns can be identified.
Bubbly flow (Fig. 5.1a,b) was characterized by distinct and distorted (non-spherical)
bubbles, generally considerably smaller in diameter than the channel diameter. With
increasing UGS (which leads to increasing void fraction) the bubbles crowded near
the channel top and eventually led to the development of the slug flow (Fig. 5.1c,d),
characterized by elongated cylindrical bubbles. This flow pattern has been referred
to by others as slug (Suo and Griffith 1964), plug (Damianides and Westwater 1988),
and bubble-train. Parameter changes leading to higher void fraction (e.g., increasing
UGS and/or decreasing ULS) lead to longer bubbles and shorter liquid slugs. The
bubbles, however, appear to effectively occupy most of the channel cross-section,
with the liquid film at the bottom only slightly thicker than the liquid film at the top.

At high liquid superficial velocities, ULS, by increasing the mixture volumetric
flux (ULS +UGS), churn flow was established. Two processes were assumed to char-
acterize churn flow. In some cases the elongated bubbles in the slug flow pattern
became unstable near their trailing ends, leading to their disruption (Fig. 5.1e). In
others, flooding-type churning waves periodically disrupted an otherwise apparently
wavy-annular flow (Fig. 5.1f). The churn flow pattern defined here thus includes the
aerated slug flow pattern, as the flow pattern represented by Fig. 5.1e is sometimes
referred to.

At relatively low liquid superficial velocities, increasing the mixture volumetric
flux led to longer bubbles and shorter liquid slugs, eventually leading to the merging
of elongated bubbles, and the development of the slug-annular flow pattern, repre-
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Fig. 5.1a–j Representative photographs of flow patterns in the 1.097 mm diameter circular test
section. Test section: (a), (b) bubbly; (c), (d) slug; (e), (f) churn; (g), (h) slug-annular; (i), (j) an-
nular. Reprinted from Triplett et al. (1999a) with permission
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sented in Fig. 5.1g,h. In this flow pattern, long segments of the channel support
an essentially wavy-annular flow, and are interrupted by large-amplitude solitary
waves which do not grow sufficiently to block the flow path. With further increasing
of UGS, these large-amplitude solitary waves disappear and an annular flow pattern,
represented by Fig. 5.1i,j, is obtained.

Comparison among the micro-channel two-phase flow regime data is compli-
cated, among others, due to the inconsistent terminology used by various authors
for some flow patterns (Triplett et al. 1999a; Ghiaasiaan and Abdel-Khalik 2004;
Akbar et al. 2003). The flow pattern distinction is made between the slug flow
regime, when it is defined as the pattern dominated by elongated, large bubbles
(e.g., in Damianides and Westwater 1988), and the flow pattern that represents
transition from plug to annular flow, and is characterized by large waves super-
imposed on otherwise separated phases that intermittently block the channel (e.g.,
Yang and Shieh 2001). Also, the flow pattern referred to as churn flow by Triplett
et al. (1999a) in fact included two different regimes according to other investiga-
tors: churn flow, characterized by unstable and aerated long bubbles similar to the
pseudo-slug regime as defined by Suo and Griffith (1964), and frothy slug defined
by Zhao and Rezkallah (1993). The latter flow pattern, furthermore, appears to have
been identified as dispersed flow by some of the other investigators (Damianides
and Westwater 1988; Barajas and Panton 1993; Coleman and Garimella 1999; Yang
and Shieh 2001).

5.2.2 Triangular and Rectangular Channels

The experiments of co-current upward air–water two-phase flow patterns in vertical
triangular micro-channels were carried out by Zhao and Bi (2001a). Three equi-
lateral triangular channels 270 mm in length, having side lengths of 5.0, 2.5, and
1.5 mm, corresponding to hydraulic diameters of 2.886, 1.443, and 0.866 mm, were
tested.

Flow patterns in the triangular channels of dh = 2.886 and 1.443 mm

Dispersed bubbly flow

Dispersed bubbly flow (DB) is usually characterized by the presence of discrete
gas bubbles in the continuous liquid phase. As indicated in Fig. 5.2, for the chan-
nel of dh = 2.886 mm, dispersed bubbles appeared at a low gas superficial velocity
but a very high liquid superficial velocity. It is known that for large circular tubes
dispersed bubbles usually take a sphere-like shape. For the triangular channel of
dh = 2.886 mm, however, it is observed from Fig. 5.2 that the discrete bubbles in
the liquid phase were of irregular shapes. The deformation of the gas bubbles was
caused by rather high liquid velocities in the channel.
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Fig. 5.2 Representative flow patterns in the triangular channel of dh = 2.886 mm. Reprinted from
Zhao and Bi (2001a) with permission

Slug flow

Slug flow (S) was observed at low gas superficial velocities in the entire range of the
liquid superficial velocities. It is seen from Fig. 5.2 that gas slugs existed in the con-
tinuous liquid phase, spanned most of the channel cross-section, and were separated
by liquid plugs in the axial direction. The gas slug had a semi-spherically shaped
nose, a smooth body, and a flattened tail at low gas superficial velocities. As the
gas superficial velocity increased, the slugs were deformed. It is also evident from
Fig. 5.2 that the gas slug length increased as the gas superficial velocity increased.

Churn flow

As shown in Fig. 5.2, churn flow (C) appeared at moderate gas superficial velocities
and the entire range of liquid superficial velocities. Flow was extremely chaotic and
the gas–liquid interface was rather irregular. The gas phase and liquid phase had no
distinct shapes.

Annular flow

Annular flow (A) existed at high gas superficial velocities and at the entire range of
liquid superficial velocities. In annular flow, liquid film formed at the side wall with
part of the liquid remaining in the three corners of the channel, while the continuous
gas core flowed concurrently with the liquid phase.

Flow patterns in the triangular channel of dh = 0.866 mm

The images of the representative flow patterns, together with the measured simul-
taneous pressure fluctuations, for the equilateral triangular channel having a side
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length of 1.5 mm (corresponding to 0.866 mm in hydraulic diameter) are displayed
in Fig. 5.3. Generally, as the size of the channel was reduced to Dh = 0.866 mm,
two peculiar phenomena were found: (1) dispersed bubbly flow, which existed in
the channels of dh = 2.886 mm (as presented in Fig. 5.2) and dh = 1.443 mm, was
never observed in the channel of dh = 0.866 mm; (2) as shown in Fig. 5.3a, a new
flow pattern, referred to as the capillary bubbly flow here, was found for the chan-
nel of dh = 0.866 mm. This capillary bubbly flow has the following characteristics.
First, as seen from Fig. 5.3a, the gas bubbles are more regularly distributed in the
liquid phase, represented by a train of bubbles, essentially ellipsoidal in shape, span-
ning almost the entire cross-section with their centers located along the center line
of the channel. This bubbly behavior is rather different from that for conventional
large-sized channels including the two larger triangular channels considered in the
same work, where the sizes of bubbles are usually much smaller than the channel
size and the bubbles are more randomly distributed in the continuous liquid phase.
Secondly, the capillary bubbly flow in the triangular channel of dh = 0.866 mm oc-
curred at low gas flow rates and moderate liquid flow rates.

Fig. 5.3a–f Flow patterns and pressure fluctuations in the equilateral triangular channel of
dh = 0.866 mm: (a) capillary bubble flow (ULS = 0.1 m/s, UGS = 0.2 m/s); (b) slug flow
(ULS = 0.1 m/s, UGS = 0.4 m/s); (c) slug flow (ULS = 0.1 m/s, UGS = 2 m/s); (d) churn flow
(ULS = 0.1 m/s, UGS = 5.5 m/s); (e) annular flow (ULS = 0.1 m/s, UGS = 20 m/s); (f) annular
flow (ULS = 0.1 m/s, UGS = 85 m/s). Reprinted from Zhao and Bi (2001a) with permission
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With an increase in the air velocity, bubble disturbances, collisions, and coales-
cence became stronger, and gas slugs were formed. Figure 5.3b,c represent typical
slug flows in the triangular channel of dh = 0.866 mm. It is seen from this figure
that both the nose and the tail of the distinct slugs took the shape of a semi-sphere at
low mixture velocities. The slugs approached the side walls of the channel although
the channel corners were always resided by liquid because of surface tension. As
compared with the flow in large-sized channels, the gas slugs were substantially
elongated. The measured pressure traces, presented in the right side of Fig. 5.3b,
show that the flow fluctuated at a lower frequency than in the capillary bubbly flow
shown in Fig. 5.3a. For a higher air velocity, as shown in Fig. 5.3c, the slugs in the
channel became irregular in shape and were further elongated. It is also observed
from the right side of Fig. 5.3c that the pressure oscillatory amplitude became sig-
nificantly higher.

As more air was added to the channel, the slug flow became unstable, the slug
bubble broke down, and eventually the churn flow occurred in the channel. As shown
in Fig. 5.3d, the most significant feature of flow characteristics in the churn flow is
that the pressure oscillated at a relatively high amplitude, since the gas plug and
liquid bridge flowed through the test section alternatively.

Figure 5.3e shows the situation when the air velocity was increased to UGS =
20 m/s. It is seen from this figure that the liquid bridges in churn flow disappeared
and a liquid film formed at the side walls of the channel with a continuous gas core,
in which a certain amount of liquid droplets existed. The pressure fluctuations in
this case became relatively weaker in comparison with the case of the churn flow.
The flow pattern displayed in Fig. 5.3f indicates that as the air velocity became high
enough, such as UGS = 85 m/s, the liquid droplets entrained in the gas core disap-
peared and the flow became a pure annular flow. It is also observed from Fig. 5.3f
that the flow fluctuation in this flow regime became weaker than that for the case
shown in Fig. 5.3e, where UGS = 20 m/s.

The experimental results show that the typical flow patterns encountered in the
conventional, large-sized vertical circular tubes, such as dispersed bubbly flow,
slug flow, churn flow, and annular flow were also found in the two larger trian-
gular channels. However, dispersed bubbly flow was not found in the smallest tri-
angular channel. Instead, a new type of flow pattern, referred to as the capillary
bubbly flow, has been identified. Unlike randomly discrete bubbles in continu-
ous liquid phase in large channels, in the capillary bubbly flow regime, the gas
bubbles were more regularly distributed in the liquid phase, represented by a sin-
gle train of bubbles with ellipsoidal shape that flowed upwards along the channel
centerline.

In the study by Qu et al. (2004), experiments were conducted with adiabatic
nitrogen-water two-phase flow in a rectangular micro-channel. The bubbly, strati-
fied and churn flow patterns commonly encountered in macro-channels were never
observed in the study. No water droplets were observed in the nitrogen bubble, nor
were any nitrogen bubbles present in the water slugs.

Annular flow pattern is characterized by a thin water film, which flows along the
channel wall with the nitrogen comprising the central core. Unlike annular macro-
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channel flow, the interface between the two phases is fairly smooth, and no droplets
are entrained in the nitrogen core.

From the visual studies on the flow patterns for circular, trapezoidal and rectan-
gular channels it may be concluded that as the tube diameter decreases, transitions
between flow regimes occur at different combinations of superficial gas and liquid
velocities.

5.3 Flow Patterns in a Single Micro-Channel

Knowledge of dominant two-phase flow patterns in micro-channels is a key factor
in developing accurate and physically sound predictive tools for heat sink design.
Unfortunately, interfacial interactions between the vapor and liquid phases during
flow boiling in a micro-channel are often far too complex to permit accurate meas-
urement or quantitative assessment of flow patterns.

5.3.1 Experimental Observations

Serizawa et al. (2002) studied experimentally, through visualization, the two-phase
flow patterns in air–water two-phase flows in round tubes. The test section for air–
water experiments consisted of a transparent silica or quartz capillary tube with
circular cross-section positioned horizontally. The two-phase flow was realized
through a mixer with different designs, as shown in Figs. 5.4 and 5.5. The air was
injected into the mixer co-axially while water was introduced peripherally.

Air–water flow in 25 µm tube

Figure 5.6 shows typical two-phase flow patterns observed in an air–water flow in
a 25 µm silica tube at nearly atmospheric pressure.

Bubble flow

Dispersed bubbles are observed (Fig. 5.6a) when the gas flow rate is very small
such as UGS = 0.0083 m/s. Two kinds of bubbles are observed: one type is finely
dispersed with a size smaller than the tube diameter, and the other type has a length
of near to or a little larger than the tube diameter with spherical cap and tail. The
distance between two consecutive bubbles may be longer than ten times the tube
diameter. This flow pattern is also considered as a dispersed bubbly flow. Often in
air–water flow two kinds of bubbles appear together as pairs of bubbles in which the
small-sized bubbles follow the larger ones.
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Fig. 5.4 Schematic diagram of the experimental facility for air–water flows. Reprinted from Ser-
izawa et al. (2002) with permission

Fig. 5.5 Mixing chamber.
Reprinted from Serizawa
et al. (2002) with permission

Slug flow

From the experimental observation it is quite clear that the occurrence of the slug
flow is rather an entrance phenomenon than one induced from the tube. Slug flow
occurs if the speed of long gas bubbles is not high enough to overcome the strong
surface tension force of the liquid bridge between them (Fig. 5.6b).

Liquid ring flow

Figure 5.6c shows the typical liquid ring flow structure where the liquid film on
the wall is symmetrically distributed. From experimental observation it is evident
that the slug flow turns into the liquid ring flow when the gas velocity is high. It is
interesting to note that Rezkallah (1998) observed under micro-gravity conditions
frothy slug-annular flow, which is similar to the present liquid ring flow but contains
small liquid droplets in the gas phase.
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Fig. 5.6a–d Two-phase flow
patterns. Reprinted from
Serizawa et al. (2002) with
permission

Liquid lump flow

Further increase in the gas flow rate in liquid ring flow leads to a liquid lump flow,
of which the high-speed core gas entrains the liquid phase and liquid lumps slide
on the wall, as shown in Fig. 5.6d. The shape of the liquid lump is very similar to
that of the wavy flow in a horizontal large tube. The liquid lump shifts from side
to side. When a liquid lump contacts the tube wall, the strong surface tension force
will prevent it from spreading into the liquid film.

Air–water two-phase flow in a 100 µm tube

As demonstrated in Fig. 5.7, the result indicates that two-phase flow patterns ob-
served in a 100 µm quartz tube are almost similar to those observed in a 25 µm silica
capillary tube with several exceptions. One such exceptions is that in slug flow en-
countered at low velocities, small liquid droplets in a gas slug stick to the tube wall
(Fig. 5.8). This fact is evidence that no liquid film exists between the gas slug and
the tube wall.

5.3.2 Effect of Surface Wettability and Dryout

In order to examine how two-phase flow patterns in small channels are sensitive to
surface contamination, Serizawa et al. (2002) observed visually the flow patterns
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Fig. 5.7 Two-phase flow pat-
terns in a 100 µm quartz tube.
Reprinted from Serizawa et al.
(2002) with permission

Fig. 5.8 Liquid droplets sticking onto the tube wall in a gas slug. Reprinted from Serizawa et al.
(2002) with permission

formation using a 100 µm i.d. quartz tube test section, carefully cleaned by ultra-
sonic vibration in pools of high-purity distilled water, ethanol and dilute hydrochlo-
ride acid solution.

Figure 5.9 shows various interesting aspects of two-phase flow patterns obtained
in this observation. It should be noticed from these pictures that a variety of two-
phase flow patterns were encountered in a clean micro-channel. The authors noticed
that in a very clean tube, many small individual bubbles flow in a discrete way
in the tube without coalescence in bubbly flow. The most interesting thing is the
special flow pattern given in Fig. 5.9d, where several bubbles with various shapes
are connected in a series by the gas stems located at the tube center line. The liquid
ring flow is also clearly seen in Fig. 5.9e.

One of the key questions is whether the inner wall of the test tube is wet or
dry during the passage of a gas slug in slug flow pattern. Serizawa et al. (2002)
checked this problem using a high-speed video and a high-precision laser confocal
displacement meter, with an accuracy of 0.4 µm in thickness. Figure 5.10 shows
a moving boundary between wet and dry areas on the tube wall during a passage of
gas slugs. A detailed inspection of the signals from the laser confocal displacement
meter suggests the existence of a dry area underneath a gas slug as well.

The effect of surface contamination and the wettability between the tube wall and
the fluids were also studied experimentally. It has been shown that a stable annular
flow and gas slug formation with a stable thin liquid film formed between the tube
wall and gas slugs, which appeared at high velocities under carefully treated, clean
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Fig. 5.9a–i Air–water two-
phase flow patterns in a
100 µm i.d. clean quartz
tube treated with ultrasonic
vibration in distilled wa-
ter, in ethanol and in dilute
hydrochloride acid solution.
Reprinted from Serizawa et al.
(2002) with permission

Fig. 5.10 Wet–dry boundary
at the tube wall. Reprinted
from Serizawa et al. (2002)
with permission

surface conditions. However, at lower velocities, dry and wet areas exist between
gas slug and the tube wall.

5.3.3 Probability of Appearance of Different Flow Patterns

The objectives of the study by Kawahara et al. (2002) were to experimentally in-
vestigate the probability of appearance of different flow patterns in a circular micro-
channel. The test section was a circular transparent channel made of fused silica
with an internal diameter of 100 µm and length of 64.5 mm, providing an L/d ratio
of 645.
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At a given flow condition, different flow patterns were observed which can be
classified into five distinct patterns depending on the interfacial configuration: liquid
alone (or liquid slug), gas core with a smooth thin liquid film, gas core with a smooth
thick liquid film, gas core with a ring-shaped liquid film, and gas core with a de-
formed interface.

For all flow conditions tested in that study, a bubbly flow pattern with bubbles
much smaller than the channel diameter (100 µm) was never observed. While liquid-
only flows (or liquid slugs) containing small spherical bubbles were not observed,
small droplets were observed inside gas core flows. Furthermore, no stratified flow
occurred in the micro-channel as reported in previous studies of two-phase flow
patterns in channels with a diameter close to 1 mm (Damianides and Westwater
1988; Fukano and Kariyasaki 1993; Triplett et al. 1999a; Zhao and Bi 2001a).

In developing a two-phase flow pattern map it became clear that new flow pat-
terns need to be defined to fully describe the flow characteristics, due to the simul-
taneous occurrence of different flow patterns in the channel under any given flow
condition as shown in Fig. 5.11. Thus, the time fractions of different flow patterns
were obtained for each two-phase flow condition, as typically shown in Figs. 5.11
and 5.12 for low and high liquid flow rates, respectively. In the case of a low liquid
flow rate (Fig. 5.11), three flow patterns alternately appeared at the observation
section of the micro-channel: (A) liquid alone, (B) gas core with a smooth thin
liquid film, and (C) gas core with a ring-shaped liquid film. At high liquid flow
rates (Fig. 5.12), two additional flow patterns were observed in addition to the three
above: (D) gas core with a smooth thick liquid film, and (E) a serpentine-like gas
core with a deformed liquid film. The number of images containing each flow pat-

Fig. 5.11 Probability of appearance of different two-phase flow patterns at low liquid flow rates.
Reprinted from Kawahara et al. (2002) with permission



5.4 Flow Patterns in Parallel Channels 211

Fig. 5.12 Probability of appearance of different two-phase flow patterns at high liquid flow rates.
Reprinted from Kawahara et al. (2002) with permission

tern was then counted and the probability of appearance was computed for a given
flow condition. Based on these probabilities and the time-averaged void fraction for
each flow condition, four flow regimes were defined as follows:

1. Slug-ring flow is the flow in which the probability of B is larger than that of C
and the time-averaged void fraction is less than 0.8.

2. Ring-slug flow is the flow in which the probability of C is greater than that of B
and the time-averaged void fraction is less than 0.8.

3. Semi-annular flow is the flow in which the flow alternates mostly between A and
C. The time-averaged void fraction is greater than 0.8.

4. Multiple flow contains all five flow patterns, A–E, and the time-averaged void
fraction is less than 0.8.

5.4 Flow Patterns in Parallel Channels

Two-phase flow in parallel pipes, fed from a common manifold, displays interest-
ing phenomena, as two phases may split unevenly when entering the parallel pip-
ing. Ozawa et al. (1979, 1989) performed experimental studies on two-phase flow
systems in parallel pipes of 3.1 mm diameter. They simulated the flow in boiling
channels by injection of air and water into the pipes.
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Hetsroni et al. (2003a) investigated two-phase air–water flow in 21 triangular par-
allel micro-channels of dh = 130 µm. The experimental test facility and flow loop,
for liquid flowing through micro-channels is shown in Fig. 5.13.

At different flow conditions, different flow patterns were observed which can
now be classified depending on the interfacial configuration according to Lowe and
Rezkallah (1999): liquid alone (or single-phase flow), bubbly flow, slug flow, and
annular flow (gas core with a thin liquid film, gas core with a thick liquid film). In
the parallel channels having common inlet and outlet collectors, non-uniform dis-
tribution of the working fluid occurs. Tshuva et al. (1999) investigated the splitting
of adiabatic two-phase flow in a system of two parallel pipes with a common feed
and common exit. The results showed that the flow was non-symmetric. Hetsroni
et al. (2003a) observed simultaneous different flow patterns, in different parallel
micro-channels. This point is illustrated in Fig. 5.14 for superficial liquid velocity
ULS = 0.13 m/s and superficial gas velocities UGS = 0.63, 1.7, and 3.1 m/s, respect-
ively. In this figure four parallel channels of the test module can be seen, the flow
is from left to right. The field of view is 2.4 mm in the streamwise direction and
2.2 mm in the spanwise direction.

The “liquid alone” pattern showed no entrained bubbles or gas–liquid interface
in the field of view. The capillary bubbly flow, in the upper part of Fig. 5.14a, is
characterized by the appearance of distinct non-spherical bubbles, generally smaller
in the streamwise direction than at the base of the triangular channel. This flow pat-
tern was also observed by Triplett et al. (1999a) in the 1.097 mm diameter circular
tube, and by Zhao and Bi (2001a) in the triangular channel of hydraulic diameter
of 0.866 mm. This flow, referred to by Zhao and Bi (2001a) as “capillary bubbly

Fig. 5.13 Scheme of the test
section
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flow,” has the following characteristics (as seen from Fig. 5.14a): the gas bubbles
are regularly distributed in the liquid phase, represented by a train of bubbles, es-
sentially ellipsoidal in shape, spanning almost the entire cross-section with their
centers located along the center line of the channel.

The gas core with a thick liquid film is also shown in Fig. 5.14a, the second
channel from the top. It is seen from this figure that a liquid film formed at the side
walls of the channel with a continuous gas core in which a certain amount of liquid
droplets exist. The flow with elongated cylindrical bubbles may be referred to as
“slug” flow (Fig. 5.14b, the third channel from the top).

Fig. 5.14a–c Air–water flow
in different parallel micro-
channels. ULS = 0.13 m/s.
Type B plenum (a) UGS =
0.63 m/s; (b) UGS = 1.7 m/s;
(c) UGS = 3.1 m/s. Reprinted
from Hetsroni et al. (2003a)
with permission
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With increasing superficial gas velocity the gas core with a thin liquid film was
observed. The flow pattern, displayed in Fig. 5.14c (the second, third and fourth
channels from the top), indicates that as the air velocity increased, the liquid droplets
entrained in the gas core disappeared such that the flow became annular.

In air–water flow the different flow patterns occur simultaneously in different
micro-channels. Although the gas core may occupy almost the entire cross-section
of the triangular channel, making the side walls partially dry, the liquid phase always
remained continuous due to the fact that the liquid was drawn into the triangular
corners by surface tension.

5.5 Flow Regime Maps

Two-phase flow characteristics of capillaries are known to be significantly differ-
ent from the characteristics of larger channels, and consequently the existing vast
literature associated with the phenomenology of change-of-phase heat transfer and
two-phase flow hydrodynamic processes generally do not apply to capillaries.

Suo and Griffith (1964) performed experiments in horizontal channels with 0.5
and 0.7 mm diameters, and could identify slug, slug-bubbly, and annular flow pat-
terns. For transition from slug to slug-bubbly, they suggest: ReWe = 2.8 ×105,
where Re = ρLdUB/2μL, We = dρLU2

B/2σ , UB = 1.2(ULS +UGS). Re and We rep-
resent Reynolds and Weber numbers, respectively, d is the channel diameter, ULS

and UGS are liquid and gas superficial velocities, respectively, ρL and μL are the
liquid density and viscosity, respectively, σ is the surface tension, and UB is the vel-
ocity of the gas bubbles. No stratified flow occurred in the experiments of Suo and
Griffith (1964), and subsequent studies have confirmed that, with gas and water-like
liquids, stratified flow does not occur in channels with diameters smaller than about
1 mm (Damianides and Westwater 1988; Fukano and Kariyasaki 1993).

Transition from stratified to slug flow patterns is an important flow regime tran-
sition and has been studied extensively in the past. A widely used semi-analytical
model, due to Taitel and Dukler (1976), is based on a Kelvin–Helmholtz instabil-
ity criterion applied to a stable stratified flow. Barnea et al. (1983) argued that in
micro-channels the predominance of surface tension on gravitational force, and not
the Kelvin–Helmholtz type instability, is responsible for flow regime transition from
stratified to slug. Accordingly, the regime transition was shown to occur when the
liquid depth, HL found from the solution of one-dimensional steady-state stratified
momentum equations satisfied the following condition:

d−HL ≤ π
4

[
σ

ρG
(
1− π

4

)
]1/2

. (5.6)

Furthermore, when d is smaller than the right-hand side of the above equation, the
flow transition criterion is, according to Barnea et al. (1983):
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HL ≥
(

1− π
4

)
d . (5.7)

The criterion of Barnea et al. (1983) predicts well flow patterns of air and water in
channels several millimeters in diameter. For smaller channels, however, the criteria
of Taitel and Dukler (1976) and Barnea et al. (1983) are not suitable.

Fukano and Kariyasaki (1993) reported bubbly, intermittent, and annular regimes,
and noted poor agreement with the flow regime map of Mandhane et al. (1974).
Furthermore, among the semi-analytical flow regime transition models of Taitel and
Dukler (1976) and Taitel et al. (1980), only the following relation for transition to
dispersed bubbly flow agreed with their data:

ULS +UGS = 4.0

(
d0.429(σ/ρL)0.089

ν0.072
L

[
g(ρL −ρG)

ρL

]0.446
)

(5.8)

where νL represents the liquid kinematic viscosity.

5.5.1 Circular Channels

A comparison between the flow patterns observed by Triplett et al. (1999a) and the
flow regime map of Mandhane et al. (1974), which is representative of flow patterns
in larger channels, show poor agreement, confirming previously reported observa-
tions (Fukano and Kariyasaki 1993). The experimental flow patterns obtained in
that study are compared with the correlation of Suo and Griffith (1964), and the
mechanistic model of Taitel et al. (1980) for the flow pattern transition line lead-
ing to a dispersed bubbly flow pattern (Eq. 5.8). The expression suggested by Suo
and Griffith (1964) significantly disagrees with the data of Taitel et al. (1980). The
model of Taitel et al. (1980) satisfactorily predicts the bubbly-slug transition line for
all four test sections, and in particular for the circular test sections.

The flow patterns for the 1.1 mm diameter circular test section observed by
Triplett et al. (1999a) are compared with the experimental flow pattern transition
lines of Damianides and Westwater (1988), representing their circular, 1 mm inner
diameter test section, in Fig. 5.15. The flow pattern names displayed in the figure
represent the notation of Damianides and Westwater (1988). The latter authors ap-
pear to have identified churn flow as a dispersed flow pattern. The two data sets are
in relative agreement with respect to slug and slug-annular (referred to as plug and
slug, respectively, by Damianides and Westwater 1988) flow patterns and the flow
conditions leading to annular flow.

The experimental data obtained by Triplett et al. (1999a) are also in satisfactory
overall agreement with similar experimental data of Fukano and Kariyasaki (1993),
when inconsistencies associated with the identified flow patterns are removed. These
experimental data, however, have all been obtained with air and water. Similar ex-
periments using other fluids are recommended in order to examine the effects of
their properties on flow patterns.
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Fig. 5.15 Comparison between the experimental flow patterns obtained by Triplett et al. (1999a)
and the experimental flow regime transition lines of Damianides and Westwater (1988) represent-
ing their 1 mm diameter circular test section. Reprinted from Triplett et al. (1999a) with permission

5.5.2 Triangular and Rectangular Channels

Zhao and Bi (2001a) presented the flow regime maps for the three tested triangular
channels. The results are shown in Fig. 5.16. In these figures, various flow patterns
such as dispersed bubbly flow, capillary bubbly flow, slug flow, churn flow, and an-
nular flow are denoted, respectively, by the symbols D, B, S, C, and A. The flow
regime maps, using gas and liquid superficial velocities as coordinates, were ob-
tained for liquid velocities in the range 0.08–10 m/s, and air velocities in the range
0.1–100 m/s.

The flow regime maps shown in Fig. 5.16a,b indicate that typical flow patterns
encountered in the conventional, large-sized vertical circular tubes, such as bubbly
flow, slug flow, churn flow and annular flow, were also observed in the channels
having larger hydraulic diameters (dh = 2.886 and 1.443 mm).

Figure 5.16c indicates that as the channel size was reduced to dh = 0.866 mm, the
dispersed bubbly flow pattern vanished from the flow regime map. Figure 5.16a–c
indicates that the slug-churn flow transition line shifted to the right, as the channel
size was reduced. Similar trends were also found in small circular tubes by the
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Fig. 5.16a–c Flow regime
maps for upward flow in con-
ventional size triangular chan-
nels: (a) side length is 5 mm
(dh = 2.886 mm); (b) side
length is 2.5 mm (dh =
1.443 mm); (c) side length
is 1.5 mm (dh = 0.886 mm).
Reprinted from Zhao and Bi
(2001a) with permission

previous investigators (for example, Barnea et al. 1983; Galbiati and Andreini 1992;
Mishima and Hibiki 1996; Ide et al. 1997). However, it should be pointed out that
for large circular tubes the slug-churn flow transition line shifted to the left, as the
tube diameter was decreased (Taitel et al. 1980; Mishima and Ishii 1984). It has also
been reported that for large circular tubes, the transition from churn to annular flow
was not affected by tube diameters (Taitel et al. 1980) or the churn-annular transition
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line shifted to the left as the tube diameter was decreased (Mishima and Ishii 1984).
Apparently, all these findings by previous investigators for large circular tubes are
in conflict with the results presented by Zhao and Bi (2001a).

The comparisons between previous theories and the experimental data obtained
by Zhao and Bi (2001a) suggest that both the model by Taitel et al. (1980) and the
model by Mishima and Ishii (1984) significantly deviate from experimental data
of the flow regime transitions in triangular channels. The discrepancies might be
attributed to the fact that previous phenomenological models were developed for
moderate and large circular channels, in which the effect of surface tension is in-
significant. For triangular channels, however, the meniscus effect induced by the
sharp corners may play an important role in the flow regime transitions, especially
at high gas void fractions.

Qu et al. (2004) presented adiabatic channel two-phase flow pattern maps. Fig-
ure 5.17 depicts these flow patterns and the flow pattern transition boundaries in the
flow pattern map utilizing the superficial velocities of nitrogen and water, respect-
ively, as coordinates. At low values of ULS, the flow is slug or bubbly/slug for low
UGS, but predominantly annular for high UGS. For high ULS, the flow transition from
liquid/slug to liquid/annular occurs with increasing UGS.

Mandhane et al. (1974) developed one of the most popular flow pattern maps for
horizontal adiabatic two-phase flow in macro-channels. Figure 5.18a shows signifi-
cant discrepancy between their map and the data of Qu et al. (2004). Most notably,
certain flow patterns in their map (stratified, wavy, dispersed) were never observed
by Qu et al. (2004). Furthermore, the conventional size channel data show an order
of magnitude shift in UGS values corresponding to the transition to annular flow.
These unique features of adiabatic two-phase conventional size channel flow can be
attributed to several factors, including strong effects of surface tension and negli-
gible gravitational effects. In addition, low flow rates in conventional size channels

Fig. 5.17 Adiabatic micro-
channel two-phase flow pat-
tern map. Reprinted from Qu
et al. (2004) with permission
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Fig. 5.18a,b Comparison of
flow pattern map of Qu et al.
(2004) with predictions of
(a) Mandhane et al. (1974),
(b) Taitel and Dukler (1976).
Reprinted from Qu et al.
(2004) with permission

often produce laminar liquid and gas flows, a combination not commonly encoun-
tered in macro-channels. Figure 5.18b shows a significant departure of the Taitel
and Dukler models (1976) from the data of Qu et al. (2004), especially at low UGS.
However, predictions of the transition to annular flow are reasonably accurate.

5.6 Flow Regime Maps in Micro-Channels

There has been relatively little work done on the development of two-phase flow
regime maps for micro-channels. The general trends of how the transition lines are
shifted as the diameter is decreased are unclear. Figure 5.19 shows a flow pattern
map obtained for air–water two-phase flow in a 20 µm i.d. silica tube by Serizawa
et al. (2002) at nearly atmospheric pressure.
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Fig. 5.19 Two-phase flow pattern transition. Reprinted from Serizawa et al. (2002) with permission

Figure 5.20 shows the overall two-phase flow regime map developed for micro-
channels by Kawahara et al. (2002). The lines represent the boundaries at which
flow regime transition occurred among the four flow patterns, i.e., slug-ring, ring-
slug, multiple and semi-annular flows.

This flow regime map can be compared with other maps developed previously
for air–water two-phase flow in small-diameter horizontal and vertical channels.
Figure 5.21a–d shows comparisons with the results of Damianides and Westwa-
ter (1988), Fukano and Kariyasaki (1993), Triplett et al. (1999a) and Zhao and Bi
(2001a), respectively. The solid lines represent the flow regime transition boundaries
observed in the ∼1 mm diameter channels and the flow regime names in parentheses
are those given by the respective authors.

Damianides and Westwater (1988) used a 1 mm inner diameter, circular horizon-
tal channel, and identified five flow regimes, i.e., bubbly, plug, slug, pseudo-slug,

Fig. 5.20 Two-phase flow
regime map for a 100 µm
micro-channel. Reprinted
from Kawahara et al. (2002)
with permission
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Fig. 5.21a–d Comparison of two-phase flow regime maps presented by Kawahara et al. (2003)
with: (a) Damianides and Westwater (1988), (b) Fukano and Kariyasaki (1993), (c) Triplett et al.
(1999a) and (d) Zhao and Bi (2001a). Reprinted from Kawahara et al. (2002) with permission

dispersed and annular flows. Fukano and Kariyasaki (1993) identified three flow
regimes, namely, bubbly, intermittent and annular flows, in a horizontal capillary
tube having a 1 mm inner diameter. Triplett et al. (1999a) distinguished five flow
regimes in a horizontal circular channel having a 1.1 mm inner diameter: bubbly,
slug, churn, slug-annular and annular flows. Most recently, Zhao and Bi (2001a)
observed “capillary bubbly,” slug, churn and annular flows in a vertical equilateral
triangular channel with a hydraulic diameter of 0.87 mm.

There are similarities and differences between the flow regime map presented by
Kawahara et al. (2002) and other flow regime maps obtained in ∼1 mm diameter
channels. While intermittent flow patterns such as plug and slug flow, and annular
(or semi-annular) flow patterns have been observed in both the micro-channel of d =
100 µm and d ∼ 1 mm diameter channels, bubbly and churn flow patterns are absent
in the micro-channel results. Differences in the locations of the transition boundaries
are also found, but some variations already exist among the flow regime maps for
∼1 mm diameter channels, so this aspect will not be pursued in detail. Instead, we
will focus on the significant differences concerning the bubbly flow and multiple
flow patterns. The multiple flow pattern has been observed by Kawahara et al. (2002)
in a micro-channel at high liquid and gas flow rates, with alternating occurrences of
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liquid alone and gas core flows with different liquid film geometries. In ∼1 mm
diameter channels, both Zhao and Bi (2001a) and Triplett et al. (1999a) observed
a churn flow under the similar flow conditions. The churn flow involves a highly
agitated gas–liquid interface, indicative of the high turbulence level in the two-phase
mixture. Although slight interface deformation was observed in the serpentine-like
gas core, the degree of interface deformation seen in the multiple flow pattern in the
present micro-channel is incomparably smaller than that obtained in churn flow.

The bubbly flow pattern always appears in larger channels typically at high liquid
and low gas flow rates, due to turbulence in the liquid breaking up the gas phase into
small bubbles. However, bubbly flow was not observed at all in the 100 µm micro-
channel within the present flow conditions, even at high superficial liquid veloci-
ties up to 4 m/s. The lowest superficial gas velocity covered in the present work
was ∼0.1 m/s, and it may not be considered as sufficiently low for micro-channels.
Serizawa and Feng (2001) showed images of very small bubbles and a chain of
short bubbles in micro-channels under certain conditions. Also, in flow boiling situ-
ations, small bubbles nucleating in a heated micro-channel may be swept up by
high-speed liquid flow to form a bubbly flow pattern. However, when conducting ex-
periments of steady two-phase flow at low superficial gas velocities (UGS ∼ 0.1 m/s)
the measurement of such extremely small volumes of gas continuously injected into
the micro-channel is somewhat difficult. The gas subsequently expands within the
micro-channel due to the large pressure drop, especially at high liquid flow rates.

The absence of the bubbly and churn flow patterns may be mainly attributed to
the laminar nature of the liquid flow in the micro-channel, even at the highest su-
perficial liquid velocity tested. For example, the liquid Reynolds number based on
ULS = 4 m/s is only about 400 for water flowing through a 100 µm micro-channel.
Even with the injection of gas flow, not enough turbulence can be induced and sus-
tained in the liquid to break up the gas phase into small bubbles with diameters less
than the channel diameter. Thus, from a liquid turbulence point of view, the bubbly
flow regime is not expected to occur in micro-channels except at much higher su-
perficial liquid velocities, possibly over 20 m/s, and sufficiently low gas velocities.
This would mean that the frictional pressure drop would be so large that the bubbly
flow regime could only occur over very short distances in the micro-channels.

5.7 Void Fraction

5.7.1 Void Fraction Definition and Correlations

There are two different methods to experimentally define void fraction. The first is
based on analyzing the images of gas–liquid interfaces recorded in the observation
window of the channel (Triplett et al. 1999b; Serizawa et al. 2002; Kawahara et al.
2002). For example, in experiments by Kawahara et al. (2002) at low liquid flow
rates, most of the recorded images showed either liquid flowing alone or a gas core
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flow with a smooth thin liquid film or ring-shaped liquid film. For the latter flow pat-
tern, the void fraction was assumed to be equal to unity. By counting the number of
images containing each flow type, the time-averaged void fraction was determined.

The second method to calculate of void fraction is based on gas velocity meas-
urement. A high-speed motion analyzer was employed by Zhao and Bi (2001b) to
visualize bubble behavior in the test sections.

For slug flow in large-sized channels, the liquid bridges usually contain a number
of small isolated gas bubbles, but for slug flow through miniature triangular chan-
nels, Zhao and Bi (2001b) found that, in most cases, almost no isolated gas bubbles
existed in the liquid bridges between the relatively long gas slugs. This fact sug-
gests that the slug bubble velocity can be regarded as the gas velocity in the slug
flow regime. According to the drift-flux model given by Wallis (1969)

ug = UGS/α = C0 j +Vb (5.9)

where α is the void fraction, j = UGS +ULS, C0 the distribution parameter, and Vb is
the so-called drift velocity (Benjamin 1968). For slug flow in a large circular tube,
it has been shown by Ishii (1977) that

C0 = 1.2−0.2
√
ρG/ρL (5.10)

Vb = 0.35
√
Δρgd/ρL (5.11)

where d is the tube diameter, g the acceleration due to gravity, and ρ is the fluid
density, with the subscripts G and L denoting the quantities of gas and liquid.

Zhao and Bi (2001b) concluded that the drift-flux model with zero drift velocity
and C0 = 1.2− 0.2

√
ρG/ρL agrees with the measured gas velocities for the three

tested miniature channels.
Homogeneous flow may be described using volumetric gas quality.
For homogeneous flow the void fraction is:

α =
x
ρG

x
ρG

+ (1−x)
ρL

(5.12)

where x is the volumetric quality.
Empirical void fraction correlations, relating to the Lockhart–Martinelli factor X

and from there to volumetric quality x, have been provided by Lockhart and Mar-
tinelli (1949), Baroczy (1963), Wallis (1969), and have been discussed by Butter-
worth (1975) and Chen and Spedding (1983). Butterworth (1975) showed that Lock-
hart and Martinelli’s correlation (1949) for void fraction, as well as several other
void fraction correlations, can be represented in the following generic form:

1−α
α

= A

(
1− x

x

)p(ρG

ρL

)q( μL

μG

)r

(5.13)

where A = 0.28, p = 0.64, q = 0.36 and r = 0.07 for Lockhart and Martinelli (1949),
and A = 1, p = 0.74, q = 0.65 and r = 0.13 for a correlation due to Baroczy (1963).
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5.7.2 Experiments in Conventional Size Channels

Void fraction and two-phase frictional pressure drop in conventional size channels
were experimentally investigated by Triplett et al. (1999b). Measured void fractions
were compared with several correlations, and shown in Figs. 5.22a,b and 5.23. These
figures indicate that the homogeneous flow model provides a satisfactory prediction
of the channel void fractions at low UGS values, corresponding to bubbly and slug
two-phase flow patterns. For churn and annular flow patterns, where relatively sig-
nificant interface slip is likely due to the separation of the liquid and gas phases,
the homogeneous flow model evidently overpredicts the experimental data by large
margins. The correlations of Butterworth (1975) also predict well in bubbly and slug
flow patterns.

It was shown by Zhao and Bi (2001b) that the void fractions for slug flow in
the triangular channels of dh = 0.87−2.9 mm can be obtained from the measured

Fig. 5.22a,b Comparison of measured void fractions by Triplett et al. (1999b) for circular test
section with predictions of various correlations: (a) homogeneous flow model; (b) Lockhart–
Martinelli–Butterworth (Butterworth 1975). Reprinted from Triplett et al. (1999b) with permission
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Fig. 5.23 Comparison of measured void fractions by Triplett et al. (1999b) for a trapezoid test
section with predictions of various correlations for the homogeneous flow model. Reprinted from
Triplett et al. (1999b) with permission

superficial gas and liquid velocities. Figure 5.24 presents the void fractions for the
tested channels in terms of the volumetric quality defined as

β =
UGS

UGS +ULS
and α = 0.838β . (5.14)

Note that Eq. (5.14) is very close to α = 0.833β for large circular tubes given by Ar-
mand (1946). Equation (5.14) is compared with the experimental data in Fig. 5.24.
It is evident from Fig. 5.24 that the experimental data for the three tested channels
can be best approximated by Eq. (5.14), 95% of the data falling within the deviation
of 10% when β < 0.8. Equation (5.14) may be used to obtain the pressure drop of
two-phase flow through the triangular channels.

5.7.3 Experiments in Micro-Channels

Micro-channels on the order of a few microns to a few hundred microns

An experimental investigation has been carried out by Kawahara et al. (2002). Water
and nitrogen gas were injected at superficial velocities of UGS = 0.1−60 m/s for gas,
and ULS = 0.02−4 m/s for liquid.

In Fig. 5.25 the void fraction α is plotted versus a homogeneous void fraction β
with different symbols used for different ranges of liquid superficial velocity ULS.
The void fraction can be correlated with the homogeneous void fraction:

α =
0.03β 0.5

1−0.97β 0.5 . (5.15)
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Fig. 5.24a–c Void fraction vs. mixture volumetric quality β . Reprinted from Zhao and Bi (2001b)
with permission

The time-averaged void fraction remained low even for relatively high homogeneous
void fractions, β < 0.8, but increased rapidly for 0.8 < β < 1. The data and best-
fit curve are highly non-linear indicating strong deviations from linear relations for
a homogeneous flow (i.e., α = β , shown by a dotted line in Fig. 5.25). For the latter,
Ali et al. (1993) have reported that the void fraction in narrow channels with dh ∼
1 mm can be approximately given by an Armand-type (1946) correlation,α = 0.8β ,
which is shown by a dashed line in Fig. 5.25.

On the other hand, in the study by Serizawa et al. (2002) the cross-sectional
averaged void fraction was correlated with the Armand (1946) correlation as shown
in Fig. 5.26. This trend does not contradict the data reported for conventional size
channels, but it is different from results obtained by Kawahara et al. (2002). Dis-
agreement between results of void fraction in micro-channels obtained by different
investigators was shown by Ide et al. (2006) and will be discussed in the next section.
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Fig. 5.25 Relation between
measured and homogeneous
void fractions. Reprinted from
Kawahara et al. (2002) with
permission

Fig. 5.26 Cross-sectional
average void fraction in
air–water two-phase flow
in a 20 µm i.d. silica tube.
Reprinted from Serizawa
et al. (2002) with permission

5.8 Pressure Drop

5.8.1 Frictional Pressure Drop Correlations

Homogeneous model

The homogeneous mixture model is the simplest method for calculating the fric-
tional two-phase pressure drop, and has been found by Ungar and Cornwell (1992)
to agree reasonably well with their experimental data representing the flow of two-
phase ammonia in channels with d = 1.46−3.15 mm.

The two-phase frictional pressure gradient is obtained from:
(
− dP

dz

)

TP
=Φ2

L

(
− dP

dz

)

L
(5.16)
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where (−dP/dz)L represents the frictional pressure gradient when all fluid is as-
sumed to be liquid.

In the homogeneous flow model, ρH is the homogenous mixture density defined
by,

1
ρH

=
x
ρG

+
1− x
ρL

(5.17)

where x is the volumetric quality.
Several models have been proposed to evaluate the two-phase mixture viscosity,

and the model selected may affect the predicted two-phase frictional pressure drop:

Owens (1961): μH = μL (5.18)

McAdams (1954): μH =
(

x
μG

+
1− x
μL

)−1

(5.19)

Cicchitti et al. (1960): μH = xμG +(1− x)μL (5.20)

Dukler et al. (1964): μH = βμG +(1−β )μL (5.21)

Beattie and Whalley (1982): μH = μL(1−β )(1 + 2.5β )+ μGβ (5.22)

Lin et al. (1991): μH =
μLμG

μG + x1.4(μL − μG)
(5.23)

where subscripts H, G, and L denote homogeneous, gas and liquid, respectively.

The Lockhart and Martinelli model

The Lockhart and Martinelli (1949) correlation also uses a two-phase friction mul-
tiplier, defined by Eq. (5.16). The friction multiplier has been correlated in terms of
the Lockhart–Martinelli parameter, X , given by

X2 =
(ΔP/Δz)L

(ΔP/Δz)G
(5.24)

where (ΔP/Δz)G is the frictional pressure drop when the gas is assumed to flow
alone in the channel. A widely used correlation to calculate the friction multiplier is
that proposed by Chisholm (1983)

Φ2
L = 1 +

C
X

+
1

X2 (5.25)

where the coefficient, C, is a constant ranging in value from 5 to 20 depending on
whether the liquid and gas flows are laminar or turbulent.

The C-value in Eq. (5.25) is known to decrease as the channel hydraulic diameter
is reduced (Kawaji 1999). Mishima and Hibiki (1996) have proposed a correlation
for the C-value for small diameter channels as follows:

C = 21(1− e−0.319dh) . (5.26)
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Equation (5.26) was developed using the available air–water two-phase flow data
obtained in circular and rectangular channels with dh = 1−4 mm.

5.8.2 Experiments in Conventional Size Channels

Triplett et al. (1999b) used the value of two-phase liquid viscosity, suggested
by McAdams (1954) and compared experimental results with the homogeneous
model. The predicted pressure drops, obtained with a homogeneous pressure drop
model, normalized everywhere with corresponding experimentally measured pres-
sure drops, are displayed in Fig. 5.27 for circular channels, where the channel two-
phase flow patterns are also specified. Overall, the homogeneous pressure drop
model, as expected, predicts well the experimental data in bubbly and slug flow
patterns and at high ReL (where ReL = ρLULSd/μL), where the homogeneous flow
assumption is well applicable. Relatively significant deviations are mostly associ-
ated with slug-annular and annular flow patterns, and slug flow at very low ReL.

Figure 5.28 displays the predicted pressure drops, everywhere normalized with
experimentally measured pressure drops for a trapezoidal channel. The model pre-
dictions in this figure were obtained by using the homogeneous flow (no-slip) as-
sumption, and using the Friedel correlation (1979) for two-phase wall friction. Once
again model predictions are in satisfactory agreement with data for bubbly and slug
flow patterns at high ReL. They, however, deviate from experimental data rather sig-
nificantly at low ReL values. Compared with the homogeneous two-phase frictional
pressure drop model, the Friedel correlation (1979) evidently provides less accu-

Fig. 5.27 Model-predicted pressure drops normalized with experimentally measured pressure
drops for a circular test section (Triplett et al. 1999b). Model predictions represent the homo-
geneous wall friction model. Reprinted from Triplett et al. (1999b) with permission
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Fig. 5.28 Model-predicted pressure drops normalized with experimentally measured pressure
drops for a trapezoid test section (Triplett et al. 1999b). Model predictions represent Friedel corre-
lation (1979). Reprinted from Triplett et al. (1999b) with permission

rate predictions for the experimental data. At low ReL homogeneous models did not
agree well with experimental results.

Zhao and Bi (2001b) measured pressure drop in triangular conventional size
channels (dh = 0.866−2.866 mm). The variations of the measured two-phase fric-
tional multiplier Φ2

L with the Martinelli parameter X for the three miniature trian-
gular channels used in experiments are displayed, respectively, in Fig. 5.29a–c. In
Fig. 5.29 also shown are the curves predicted by Eq. (5.25) for C = 5 and C = 20.
It is evident from Fig. 5.29 that the experimental data are reasonably predicted by
the Lockhart–Martinelli correlation, reflected by the fact that all the data largely fall
between the curves for C = 5 and C = 20, except for the case at very low superficial
liquid velocities.

5.8.3 Experiments in Micro-Channels

The two-phase pressure drop was measured by Kawahara et al. (2002) in a circu-
lar tube of d = 100 µm. In Fig. 5.30, the data are compared with the homogeneous
flow model predictions using the different viscosity models. It is clear that the agree-
ment between the experimental data and homogeneous flow model is generally poor,
with reasonably good predictions (within ±20%) obtained only with the model from
Dukler et al. (1964) for the mixture viscosity.

Figure 5.31 shows a comparison of the two-phase friction multiplier data with
the values predicted by Eq. (5.25) with C = 5, for both phases being laminar, and
with C = 0.66 given by Mishima and Hibiki’s (1996) correlation. It is clear that
the data correlate well using a Lockhart–Martinelli parameter, but the predictions of



5.8 Pressure Drop 231

Fig. 5.29a–c Two-phase
frictional multiplier Φ2

L vs.
Lockhart–Martinelli param-
eter X (Lockhart and Mar-
tinelli 1949). Reprinted from
Zhao and Bi (2001b) with
permission
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Fig. 5.30 Comparison of the two-phase frictional pressure gradient between micro-channel data
and homogeneous flow model predictions using different viscosity formulations. Reprinted from
Kawahara et al. (2002) with permission

Eq. (5.25) with C = 5 are well over the present data. On the other hand, the friction
multiplier values calculated with C = 0.66 are slightly higher than the experimental
data, while a slightly smaller value of C = 0.24 was found by Kawahara et al. (2002)
to best fit the results.

Finally, a comparison of the two-phase frictional pressure gradient data with the
predictions of the Lockhart–Martinelli correlation using different C-values is shown
in Fig. 5.32, including C = 5, C = 0.66, C calculated from the Lee and Lee model
(2001), and C = 0.24. The conventional value of C = 5 again significantly over-
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Fig. 5.31 Variation of two-phase friction multiplier data with Lockhart–Martinelli parameter.
Reprinted from Kawahara et al. (2002) with permission

Fig. 5.32 Predictions of two-phase friction pressure gradient data by a Lockhart–Martinelli corre-
lation with different C-values. Reprinted from Kawahara et al. (2002) with permission
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predicted the present data, while Mishima and Hibiki’s (1996) correlation generally
overpredicted the data by about 10%. On the other hand, good agreement (within
±10%) was obtained with the use of the C-value given by the Lee and Lee (2001)
model and the present value of C = 0.24.

5.9 Heat Transfer

Most of heat transfer correlations are based on data obtained in flow boiling from
relatively large diameter conduits and the predictions from these correlations show
considerable variability. Effects of superficial liquid and gas velocity on heat transfer
in gas–liquid flow and its connection to flow characteristics were studied by Hetsroni
et al. (1998a,b, 2003b), Zimmerman et al. (2006), Kim et al. (1999), and Ghajar et al.
(2004). However these investigation were carried out for tubes of D = 25−42 mm.
These data, as well as results presented by Bao et al. (2000) in tubes of D = 1.95 mm
and results obtained by Hetsroni et al. (2001), Mosyak and Hetsroni (1999) are
discussed in the next sections to clarify how gas and liquid velocities affect heat
transfer. Effects of the channel size and inclination are considered.

5.9.1 Effect of Superficial Liquid Velocity

Conventional size channels. Inclined tubes

Experiments in annular flow were performed by Hetsroni et al. (2003b) to study
the flow regimes and heat transfer in air–water flow in 8◦ inclined tubes of inner
diameter 49.2 mm and 25 mm.

Flow in a 49.2 mm pipe. Visual observations

The purpose of these experiments was to characterize different flow details under
conditions when the superficial gas velocity is constant and the superficial liquid
velocity increases. The upward flow regimes are presented in Fig. 5.33. Figure 5.33a
shows the stratified flow pattern at UGS = 20 m/s and ULS = 0.005 m/s. In the region
of pure stratified flow the liquid layer is drawn upward by the gas via the interfacial
shear stress. No droplets could be observed at the interface. Such a regime was also
observed by Taitel and Dukler (1976), and Spedding et al. (1998).

Droplets appeared on the surface of the pipe (Fig. 5.33b) after increasing the
water flow rate up to ULS = 0.007 m/s. Spedding et al. (1998) referred to this regime
as “film plus droplet pattern.” When the water flow rate increased and superficial
liquid velocity was ULS = 0.03 m/s (Fig. 5.33c) droplets began to roll back into the
liquid film. Kokal and Stanislav (1989) identified such a regime as “annular plus
roll wave flow pattern.” The experimental facility used in the present study allowed
us to achieve values of superficial gas velocities up to 20 m/s in the 49.2 mm pipe.
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Fig. 5.33 Flow patterns in the
inclined pipe 49.2 mm, UGS =
20 m/s (a) ULS = 0.005 m/s;
(b) ULS = 0.007 m/s;
(c) ULS = 0.03 m/s. Reprinted
from Hetsroni et al. (2003b)
with permission

Therefore, to study the flow regimes at higher superficial gas velocities the pipe
diameter was decreased.

Flow in a 25 mm pipe. Visual observations

The second part of the experiments was carried out in a pipe of inner diameter
25 mm. The experiments were carried out in the range of the UGS = 24−55 m/s and
ULS = 0.0016−0.17 m/s.
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Experimental investigations in the 25 mm pipe reveal significant differences from
the results obtained in the 49.2 mm pipe. Figure 5.34 shows an instantaneous side
view of air–water flow into the tube, obtained by a high-speed video camera. The
flow moves from right to left. The distance in the flow direction is 280 mm. The pic-
ture was captured at the following values of the superficial velocities UGS = 36 m/s
and ULS = 0.045 m/s. The light regions on the left and right side of the image are
air–water clusters, the smooth light bands reflect the disturbance wave flow at the
lower part of the tube and liquid film at the upper part of the tube, respectively.

It was observed that as some new waves were created, others disappeared. This
process occurred either by faster waves catching up with slower waves and engulf-
ing them or occasionally by waves appearing to die spontaneously (an event, which
apparently occurs when the amplitude of the disturbance wave got too large). In
Fig. 5.34 one can distinguish the regions of disturbance wave without air–water
clusters and air–water clusters that occupied significant cross-section area. This flow
pattern is difficult to identify since a problem existed in distinguishing visually be-
tween highly aerated slugs and wavy annular flow. This difficulty was overcome by
the study of these patterns separately. Qualitative behavior of clusters showed that
within a certain distance they propagated with some change in shape. Using high-
speed video, it was possible to show separately the sequence of the frames with
wave regimes and sequence of frames with air–water clusters.

Detailed typical instantaneous images of disturbance wave regions without air–
water clusters are shown in Fig. 5.35a–d. The clusters, also observed at these re-
gions, are shown in Fig. 5.35e–h. Both sets of images were obtained at a superficial
gas velocity UGS = 36 m/s. The superficial liquid velocity varied from ULS = 0.016
(Fig. 5.35a,e) to ULS = 0.17 (Fig. 5.35d,h). The flow moves from right to left, the
distance in the streamwise direction, shown in those figures, is about two tube diam-
eters. Figure 5.35a (ULS = 0.016 m/s) shows open annular flow with disturbance
waves. Figure 5.35e shows rather small air–water clusters that at some time were
observed instead of the flow pattern shown in Fig. 5.35a. It was determined from
visual observations that in this case the drops on the upper part of the pipe almost did
not move. When the liquid flow rate increased (Fig. 5.35b,f) (ULS = 0.027 m/s) the
drops on the upper part of the pipe began to move. Velocity of the displacement of
droplets in the flow direction is an order of magnitude less than the superficial liquid
velocity. Further increase in the liquid flow rate (Fig. 5.35c,g) (ULS = 0.045 m/s)
leads to closed annular flow with liquid film on the upper part of the tube, in add-
ition to air–water clusters. Figure 5.35d,h (ULS = 0.17 m/s) shows the closed annu-
lar flow with huge air–water clusters, that often block the tube cross-section. Visual
observations showed that under flow conditions, of the last two flow regimes, dryout

Fig. 5.34 Annular flow in
the inclined pipe 25 mm with
air–water clusters. Reprinted
from Hetsroni et al. (2003b)
with permission
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Fig. 5.35a–h Flow regimes in the pipe of 25 mm at UGS = 36 m/s: (a) ULS = 0.016 m/s, dis-
turbance waves with motionless droplets; (b) ULS = 0.027 m/s, disturbance waves with moving
droplets; (c) ULS = 0.045 m/s, disturbance waves and liquid film on the upper tube part; (d) ULS =
0.17 m/s, disturbance air–water waves and liquid film on the upper tube part; (e) ULS = 0.016 m/s,
small air–water clusters; (f) ULS = 0.027 m/s, air water clusters; (g) ULS = 0.045 m/s, huge air–
water clusters; (h) ULS = 0.17 m/s, huge air–water clusters that block the tube cross-section.
Reprinted from Hetsroni et al. (2003b) with permission

was not observed. Parameters of air–water clusters were obtained from histograms
of velocity and amplitude distribution. Figure 5.35e–h shows typical images that
were used to describe characteristics of clusters in statistical terms for air–water
regimes. When the clusters blocked the entire pipe cross-section, they touched the
top wall only momentarily. It is of interest to note that the picture of air–water
clusters, for the 25 mm pipe, resembles the “pseudo-slugs” described by Lin and
Hanratty (1987).

Heat transfer in the 49.2 mm pipe

The local heat transfer coefficients on the surface of the pipe may not be uniform,
though the surface is heated by uniform heat flux. This irregularity is due to the dis-
tribution of the air and liquid phase in the pipe. The temperature distribution along
the pipe perimeter shows a maximum at the top and a minimum at the bottom of
the pipe. In Fig. 5.36a–c, the heat transfer coefficients hθ are plotted versus angle θ .
These results were compared to simultaneous visual observations of the flow pat-
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Fig. 5.36a–c Pipe 49.2 mm.
UGS = 20 m/s. Local
heat transfer coefficients:
(a) ULS = 0.005 m/s;
(b) ULS = 0.007 m/s;
(c) ULS = 0.03 m/s. Reprinted
from Hetsroni et al. (2003b)
with permission

terns. The distributions of hθ plotted in Fig. 5.36a–c correspond to conditions under
which the dryout of the upper part takes place.

Heat transfer in the 25 mm pipe

Figure 5.37a–d illustrates a typical temperature distribution in the range of the angle
0 ≤ θ < 180◦ (where θ = 0◦ is at the top of the tube). The heat flux was q =
8,000 W/m2, the superficial gas velocity was UGS = 36 m/s. The superficial liquid
velocities were 0.016, 0.027, 0.045 and 0.099 m/s, respectively. The flow moves
from the right to the left. The color shades are indicative of the wall temperature.
Comparison to simultaneous visual observations shows that the distribution of heat
transfer coefficient at ULS = 0.0016 m/s corresponds to dryout on the upper part of
the pipe.

Experiments in annular and slug flow were carried out also by Ghajar et al.
(2004). The test section was a 25.4 mm stainless steel pipe with a length-to-diameter
ratio of 100. The authors showed that heat transfer coefficient increases with in-
crease in liquid superficial velocity not only in annular, but also in slug flow regimes.

Horizontal pipes. Annular and slug flow

For conventional size pipes the flow regimes depend on orientation. Two-phase air–
water flow and heat transfer in a 25 mm internal diameter horizontal pipe were in-
vestigated experimentally by Zimmerman et al. (2006). Figure 5.38 shows the flow
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Fig. 5.37a–h Thermal patterns on the heated wall and local heat transfer coefficients, UGS =
36 m/s, q = 8,000 W/m2. Thermal patterns: (a) ULS = 0.016 m/s; (b) ULS = 0.027 m/s; (c) ULS =
0.045 m/s; (d) ULS = 0.099 m/s. Local heat transfer coefficient: (e) ULS = 0.016 m/s; (f) ULS =
0.027 m/s; (g) ULS = 0.045 m/s; (h) ULS = 0.099 m/s. Reprinted from Hetsroni et al. (2003b)
with permission

regime map reported by Lin and Hanratty (1987) for air and water flowing in a hori-
zontal pipe of inner diameter 25.4 mm and experimental conditions of the study by
Zimmerman et al. (2006).
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Fig. 5.38 Flow regime map. Reprinted from Zimmerman et al. (2006) with permission

In Fig. 5.39a–d the local heat transfer coefficients derived in the horizontal tube
are compared to those obtained in the 8◦ upward inclined pipe and presented by
Hetsroni et al. (2006). The results show a clear improvement of the heat transfer
coefficient with the pipe inclination. Taitel and Dukler (1976) showed that the flow
regimes are very sensitive to the pipe inclination angle. In the flow regime maps
presented in their work, the transition from stratified to annular flow in the inclined
tube occurs for a smaller air superficial velocity than for the case of the horizontal
tube.

Flow patterns and heat transfer were also investigated by Ghajar et al. (2004)
in slug and annular flow. The different flow regimes depicted in Fig. 5.40 illustrate
parameters in their experiments in the tube of d = 25.4 mm.

The results presented in Fig. 5.41 clearly show that two-phase mean heat trans-
fer coefficients are strongly influenced by the liquid superficial Reynolds number
(ReLS). As shown in Fig. 5.41, the heat transfer coefficient increases proportionally
as ReLS increases.

Micro-channels

To the best of our knowledge there is a paucity of data in the literature on gas–liquid
(without boiling) heat transfer in micro-channels. Hetsroni et al. (2003a) studied
this matter in a test section, that contains 21 parallel triangular micro-channels of
dh = 130 µm. A scheme of the test section used in that work is shown in Fig. 5.13
(see Sect. 5.4).

As shown in Fig. 5.42 an increase in superficial liquid velocity involves an in-
crease in heat transfer (NuL). This effect falls off with increasing superficial gas
velocity in the range ReGS = 4.7−270.
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Fig. 5.39 Local heat transfer comparison to 8◦ upward inclination pipe. UGS = 36.3 m/s. The
solid line (——–) represents the horizontal; the dashed line (– – –) represents 8◦ upwards.
(a) ULS = 0.020 m/s; (b) ULS = 0.028 m/s; (c) ULS = 0.045 m/s; (d) ULS = 090 m/s. Reprinted
from Zimmerman et al. (2006) with permission

5.9.2 Effect of Superficial Gas Velocity

Conventional size channels

The experiments were performed by Mosyak and Hetsroni (1999) in a horizon-
tal and upward inclined tube of dh = 49.2 mm at β = 5◦. For horizontal flow,
the superficial velocities of the liquid phase were ULS = 0.62−1.40 m/s (FrLS =
0.9−2.0), the superficial velocities of the air phase were UGS = 0.02−0.30 m/s
(FrGS = 0.03−0.43). For flow into the inclined tube, the parameters were ULS =
0.40−1.40 m/s (FrLS = 0.59−2.0), UGS = 0.02−0.39 m/s (FrGS = 0.03−0.57).
The Froude numbers are defined as FrL = ULS/

√
gd, FrG = UGS/

√
gd, where d

is the inner pipe diameter, and g is the acceleration due to gravity. The experiments
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Fig. 5.40 The flow pattern map for horizontal flow. Reprinted from Ghajar et al. (2004) with
permission

Fig. 5.41 Variation of heat transfer coefficient in horizontal flow vs. ReLS. Reprinted from Ghajar
et al. (2004) with permission

for the air–water mixture in a horizontal pipe were carried out at the intermittent
flow regime. The data for an inclination of 5◦ also correspond to intermittent regime
with elongated bubbles (Taitel and Dukler 1976). In Fig. 5.43 the ratio of the time-
averaged heat transfer coefficient at the top of the tube (θ = 0) to that for single-
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Fig. 5.42 Effect of superficial
liquid velocity on heat transfer
in parallel triangular micro-
channels of dh = 130 µm

Fig. 5.43 Relative heat transfer coefficients at the top of horizontal and inclined tubes. Horizontal:
circles (◦) indicate FrLS = 0.9, squares (�) indicate FrLS = 1.3, triangles (	) indicate FrLS =
2.0. Inclined at β = 5◦: filled circles (•) indicate FrLS = 0.59, filled squares (�) indicate FrLS =
1.2, filled triangles (�) indicate FrLS = 2.0. Reprinted from Mosyak and Hetsroni (1999) with
permission

phase liquid, is plotted versus the gas Froude number. The open symbols denote the
data for the horizontal tube, the closed symbols denote the data for the inclined tube.

On the top of the horizontal tube (dh = 49.2 mm, θ = 0◦) the heat transfer coef-
ficient in two-phase flow is less than that for single-phase water flow.

Ghajar et al. (2004) studied heat transfer of two-phase flow in a horizontal tube of
dh = 25.4 mm and reported that the effect of superficial gas velocity on heat transfer
depended on flow pattern and showed its own distinguished trend (Fig. 5.44).

Authors also demonstrated the effect of inclination by varying the inclination
angle of the pipe, going from the horizontal position to each 2◦, 5◦, and 7◦ upward
inclined positions. Figure 5.45 shows the heat transfer results for these cases. The
figure shows that not only do ReLS, ReGS, and flow pattern but also inclination affect
the two-phase heat transfer. The results clearly show that a slight change in the
inclination angle has a significant effect on the two-phase heat transfer, especially
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Fig. 5.44 Variation of heat transfer coefficient in horizontal flow vs. ReGS. Reprinted from Ghajar
et al. (2004) with permission

in the middle range of ReGS. It is seen from Fig. 5.45 that at some range of ReGS

the heat transfer coefficient decreases with increase in ReGS.
On the other hand Bao et al. (2000) reported that the measured heat transfer co-

efficients for the air–water system are always higher than would be expected for the
corresponding single-phase liquid flow, so that the addition of air can be considered
to have an enhancing effect. This paper reports an experimental study of non-boiling
air–water flows in a narrow horizontal tube (diameter 1.95 mm). Results are pre-
sented for pressure drop characteristics and for local heat transfer coefficients over
a wide range of gas superficial velocity (0.1–50 m/s), liquid superficial velocity
(0.08–0.5 m/s) and wall heat flux (3–58 kW/m2).

Figure 5.46 shows the experimental heat transfer coefficients for horizontal flows
with: (a) a liquid mass flux of 78.6 kg/m2 s and a heat flux of 20 kW/m2, and (b)
a liquid mass flux of 290 kg/m2 s and heat flux of 33 kW/m2 plotted against the gas
superficial velocity and the gas phase Reynolds number. The heat transfer coefficient
increases with increasing liquid mass flux and increasing gas superficial velocity or
Reynolds number. The data show a sharp increase in the heat transfer coefficient at
a gas velocity of about 3 m/s (ReGS ≈ 1,600) for the case of GLS = 78.6 kg/m2 s
and a gas superficial velocity of 5.5 m/s for the case of GLS = 290 kg/m2 s. This is
most likely caused by a change in flow regime.

Figure 5.47 shows a plot of the ratio of the experimental heat transfer coefficient
obtained by Bao et al. (2000) divided by the predicted values of Chen (1966) and
Gungor and Winterton (1986) for heat transfer to saturated flow boiling in tubes
versus liquid Reynolds number. It can be seen that both methods provide reasonable
predictions for ReLS > 500, but that both overpredict the heat transfer coefficient at
lower values of ReLS. For comparison it was assumed that the boiling term of these
correlations is zero.
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Fig. 5.45 Inclination effects on heat transfer. Reprinted from Ghajar et al. (2004) with permission

From the results discussed above one may conclude that due to the complex
nature of two-phase gas–liquid flow there is a large variation in experimental results
and heat transfer correlations presented by different investigators. For channels of
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Fig. 5.46 A plot of the experimentally determined heat transfer coefficient as a function of
the superficial gas velocity and the gas Reynolds number. The liquid mass fluxes are 78.6 and
290 kg/m2s, the heat fluxes are 20 and 33 kW/m2 and the pressure ranges from 140 to 200 kPa.
Reprinted from Bao et al. (2000) with permission

dh = 1−100 mm the prediction of Chen (1966) and Gungor and Winterton (1986)
(assuming that the boiling term is zero) may be used to calculate the heat transfer
coefficient in the range of ReLS = 500−1,500 and ReGS = 100−10,000.

Micro-channels

Figure 5.48a–e illustrates the effect of ReGS on heat transfer depending on ReLS. In
the range of ReLS = 4−56 heat transfer decreases with increasing ReGS.

The Nusselt number may be calculated as:

NuL = 0.044Re0.96
LS Re−0.18

GS for ReGS = 4.7−270,ReLS = 4.0−8.0 (5.27)

NuL = 0.13Re0.96
LS Re−0.40

GS for ReGS = 4.7−270,ReLS = 8.0−56 (5.28)

where NuL = hdh/kL, ReLS = ULSdh/νL, ReGS = UGSdh/νG, h is the heat transfer
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Fig. 5.47 A plot of the ratio of the experimentally determined heat transfer coefficients divided
by the predicted values from the Chen (1966) and Gungor and Winterton (1986) correlations as
a function of the liquid phase Reynolds number. Reprinted from Bao et al. (2000) with permission

coefficient, kL is the liquid thermal conductivity, ULS and UGS are the liquid and
gas superficial velocities, respectively, and νL and νG are the liquid and gas kine-
matic viscosity, respectively (see Fig. 5.49 for comparison of experimental Nusselt
numbers to predictions by Eqs. (5.27), (5.28)).

5.9.3 Heat Transfer in Micro-Channels and Dryout

The quasi-steady-state analysis approach to the dryout problem

The important reason for the quasi-steady-state approach arises from the difficulty
in obtaining a solution to the transient convection problem for two-phase situations.
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Fig. 5.48 Effect of superficial gas velocity on heat transfer in parallel triangular micro-channels of
dh = 130 µm: (a) ReLS = 4, (b) ReLS = 8, (c) ReLS = 15, (d) ReLS = 28, (e) ReLS = 56

Fig. 5.49 Comparison of experimental Nusselt numbers to predictions by Eqs. (5.27) and (5.28)

We will discuss the question in terms of the interface between the two-phase liquid
(liquid–gas) and the wall. For this, consider the transient local heat flux as

q = q(τ,Tw,Tf,P,G,x, . . .) (5.29)
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where q is the total heat flux from the wall, τ is the time, Tw is the wall temperature,
Tf is the fluid temperature, P is the pressure, G is the total mass flux, and x is the
void fraction.

When G = x = 0, P and Tf are constant, the total derivative of (5.29) with respect
to time can be written as:

dq
dτ

=
(
∂q
∂Tw

)(
dTw

dτ

)
. (5.30)

This equation has been discussed by Nelson and Pasamehmetoglu (1992) relative to
the application of the quasi-steady-state model for the convection problem.

In general, the term dryout indicates a local continuous contact of the gas phase
with the surface. This term contains no statement as to the average (either spatial
or temporal) value of the surface temperature at which dryout may occur. The term
used in the present study is defined with respect to the averaged viewpoint of the
process time.

It is worthwhile to develop some understanding of certain aspects of the more
general topic of two-phase modeling and the assumptions which are involved. The
discussion will be limited to the definition of the heat transfer coefficient, because it
is the averaging value for which the dryout must be specified. Since the microscopic
details of this process are rarely needed for engineering problems, the macroscopic
nature of the process is usually much more important. The averaging operation ef-
fectively eliminates information on local instantaneous fluctuation. Eulerian averag-
ing is of the group that is of most interest, because it involves averaging over time
and space, which are the independent variables. The time-averaged value of the heat
transfer coefficient may be calculated at a fixed point located at the angle θ , from
the top of the pipe:

hθ =
1
τ

τ∫

0

h(τ)dτ (5.31)

and the time and space mean value, of the heat transfer coefficient within the angle θ
and θ +Δθ , when Δθ → 0 is

hθ =
1

τΔθ

τ∫

0

θ+Δθ∫

θ

h(τ,θ )dτ dθ . (5.32)

It may be used, the relation of the time-averaged heat transfer coefficients on the
top and bottom, as a criterion for determination of dryout. It was assumed that the
relation hθ/h� < 1 indicates dryout, i.e., the surface superheat T w − T f is greater
than that, when the surface contacts single-phase water only (h� is the heat transfer
at the bottom of the channel). This method can be applied to connect dryout with
hydraulic conditions, if the value of hθ may be associated with intermittent flow
parameters.
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5.10 Comparison of Gas–Liquid Two-Phase Flow Characteristics
Between Conventional Size Channels and Micro-Channels

Ide et al. (2006) addressed the differences in gas–liquid two-phase flow characteris-
tics that occur in conventional size channels and micro-channels by examining the
two-phase flow pattern, interfacial wave, void fraction and friction pressure drop
data obtained in circular and rectangular channels with a hydraulic diameter rang-
ing from 50 µm to 6.0 mm.

The experimental data obtained in conventional size channels and micro-channels
with diameters between 100 µm and 6.0 mm are examined to further elucidate and
understand the differences in two-phase flow characteristics between the micro-
channels and conventional size channels. Since two separate sets of experiments
have been conducted using air and water in acrylic channels with diameters be-
tween 500 µm and 6.0 mm, and nitrogen gas–water in fused silica channels with
diameters between 50 and 500 µm, the authors refer to the former channels as con-
ventional size channels, and the latter channels as micro-channels for convenience.
Two different inlet sections were covered in micro-channel experiments, a gradually
reducing section and a T-junction.

The void fraction data obtained in micro-channels and conventional size chan-
nels showed significant differences depending on the channel cross-section and inlet
geometry. For the micro-channel with a diameter of 100 µm, the effects of the inlet
geometry and gas–liquid mixing method on the void fraction were seen to be quite
strong, while the conventional size channels have shown a much smaller effect of
inlet geometry on the void fraction.

The void fraction data obtained with a T-junction inlet showed a linear relation-
ship between the void fraction and volumetric quality, in agreement with the homo-
geneous flow model predictions. The flow patterns observed for this inlet geometry
included plug and slug flows with short gas plugs separated by short liquid slugs.
Both phases likely moved with the same velocity, giving rise to the good agreement
between the void fraction data with the homogeneous flow model. On the contrary,
the void fraction data from the reducing section inlet experiments by Kawahara et al.
(2002) showed a non-linear void fraction-to-volumetric quality relationship.

This trend implies a strong departure from homogeneous flow and indicates
a large slip between the liquid and gas phases. Kawahara et al. (2002) observed
mainly long gas core flows surrounded by thin, thick and wavy liquid films, which
likely moved with a much slower velocity due to a large viscous effect near the
channel wall. They observed few plug flows with short gas plugs for the same
micro-channel connected to a reducer inlet. From these data, it is clear that the
void fraction in a micro-channel strongly depends on the inlet geometry and gas–
liquid mixing method due to the significantly different flow patterns that occur in
the micro-channel.

In contrast, the conventional size channel void fraction data conform to the Ar-
mand correlation (1946). To our knowledge, no unusually low void fraction data
have been reported for conventional size channels, so the two-phase flow in conven-
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tional size channels can be considered to be relatively independent of the gas–liquid
mixing method.

Thus, similar void fraction data can be obtained in micro-channels and conven-
tional size channels, but the micro-channel void fraction can be sensitive to the inlet
geometry and deviate significantly from the Armand correlation.

For a micro-channel connected to a 100 µm T-junction the Lockhart–Martinelli
model correlated well with the data, however, different C-values were needed to
correlate well with all the data for the conventional size channels. In contrast, when
the 100 µm micro-channel was connected to a reducing inlet section, the data could
be fit by a single value of C = 0.24, and no mass velocity effect could be observed.
When the T-junction diameter was increased to 500 µm, the best-fit C-value for the
100 µm micro-channel again dropped to a value of 0.24. Thus, as in the void fraction
data, the friction pressure drop data in micro-channels and conventional size chan-
nels are similar, but for micro-channels, significantly different data can be obtained
depending on the inlet geometry.

In contrast to conventional size channels, the flow regimes and heat transfer coef-
ficients in micro-channels are not sensitive to the channels inclination. In the range
of ReLS = 4−56 and ReGS = 4.7−270 an increase in ReGS leads to a decrease in
the heat transfer coefficient (Hetsroni et al.) as opposed to results reported for mini-
channels.

Summary

1. The flow pattern observed in two-phase gas–liquid flow may take many different
configurations with respect to the distribution gas–liquid interface. The desig-
nation of the flow pattern should be based on the flow configuration that has
basically the same character, pertaining to the distribution of the interfaces and
the mechanisms dominating pressure drop and heat and mass transfer. It depends
largely on the individual interpretation of the different research. Standardization
is essential so that data from different groups and laboratories can be correctly
interpreted and compared.

2. In large tubes, as well as in tubes of a few millimeters in diameter, two-phase
flow patterns are dominated in general by gravity with minor surface tension
effects. In micro-channels with the diameter on the order of a few microns to
a few hundred microns, two-phase flow is influenced mainly by surface tension,
viscosity and inertia forces. The stratified flow patterns commonly encountered
in single macro-channels were not observed in single micro-channels.

3. The micro-channels are sensitive not only to inlet geometry but also to the
method of gas–liquid injection.

4. Experimental data on flow patterns and the transition boundaries are usually
mapped on a two-dimensional plot. Two basic types of coordinates may be used
for the flow regime maps – one that uses dimensional coordinates such as su-
perficial velocities, and another that uses some kind of dimensionless group. Di-
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mensionless analysis is the straightforward approach to select the proper dimen-
sionless coordinates. The flow pattern transition boundaries should be a function
of all these variables. Maps based on dimensionless coordinates are more gen-
eral, for example, they should be independent of fluid properties and channel
size. Unfortunately, determining the correct dimensionless coordinates for flow
pattern is not at all trivial. Moreover, there is no guarantee that two dimension-
less coordinates are sufficient in the majority of cases. The maps obtained for
a given geometry and channel size are usually based on superficial liquid and
gas velocities. The usual experimental approach is to apply these variables to all
transitions in all channels, assuming that entrance effects, channel geometry and
size, roughness, solid–liquid–gas contact wetting angle, etc., have no influence
on flow pattern. The chance of this approach being correct, outside the specific
range of operating conditions that has been used to correlate the data, is very
slim.

5. Two-phase flow in parallel micro-channels, feeding from a common manifold
shows that different flow patterns occur simultaneously in different micro-
channels. The probability of appearance of different flow patterns should be
taken into account for developing flow pattern maps.

6. Similar void fraction data can be obtained in micro-channels and conventional
size channels, but the micro-channel void fraction can be sensitive to the inlet
geometry and deviate significantly from the homogeneous flow model.

7. The Lockhart–Martinelli model can correlate the data obtained from pressure
drop measurements in gas–liquid flow in channels with hydraulic diameter of
0.100–1.67 mm. The friction multiplier is ΦL = 1 +C/X + 1/X2.
Different C-values are needed to correlate all the data. For example, when the
100 µm micro-channel was connected to a reducing inlet section, the data could
be fit by a single value of C = 0.24.

8. Only a few experimental investigations deal with heat transfer of gas–liquid flow
in the conventional size channels. There is a significant discrepancy between ex-
perimental results on heat transfer presented for channels of dh = 1−100 mm.
No data is available in the literature on gas–liquid heat transfer in micro-
channels, except for the results on the study of heat transfer in the test section
that contains 21 parallel triangular micro-channel of dh = 130 µm reported in the
present chapter. In the range of superficial velocities ULS = 0.015−0.244 m/s,
UGS = 0.50−28.6 m/s the heat transfer coefficient increases with increasing
liquid velocity and decreases with increasing air velocity.
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Nomenclature

C Constant used in Eq. (5.25)
C0 Distribution parameter
d Diameter
g Acceleration due to gravity
G Mass flux
h Heat transfer coefficient
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H Height, depth
j = UGS +ULS Sum of the superficial gas and liquid velocities
K Thermal conductivity
q Heat flux
P Pressure
T Temperature
U Velocity
ug Slug bubble velocity
Vb Drift velocity
X Lockhart–Martinelli parameter
x Volumetric quality, void fraction
z Streamwise coordinate

Eo =
Δρgd2

h

σ
Eotvos number

WeLS =
U2

LSdhρL

σ
Weber number based on superficial liquid velocity

WeGS =
U2

GSdhρG

σ
Weber number based on superficial gas velocity

ReLS =
ULSdh

νL
Reynolds number based on superficial liquids velocity

ReGS =
UGSdh

νG
Reynolds number based on superficial gas velocity

Bn = dh

√
g(ρL −ρG)

σ
Bond number

Ca =
μLULS

σ
Capillary number

FrLS =
ULS√

gdh
Froude number based on superficial liquids velocity

FrGS =
UGS√

gdh
Froude number based on superficial gas velocity

NuL
hLdh

kL
Nusselt number based on liquid parameters

Greek symbols

α Void fraction
β Homogeneous (volumetric) void fraction
Δρ = ρL −ρG Difference between liquid and gas density
θ Angle, contact angle
ρ Density
μ Dynamic viscosity
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σ Surface tension
τ Time
ν Kinematic viscosity
Φ Two-phase multiplier

Subscripts

B Gas bubbles
b Bottom
f Fluid
G Gas
GS Gas superficial
exp Experimental
H Homogeneous
h Hydraulic
L Liquid
LS Liquid superficial
model Model prediction
pred Predicted
TP Two-phase
w Wall
θ Angle



Chapter 6
Boiling in Micro-Channels

The subject of Chap. 6 is boiling in micro-channels. Several aspects of boiling are
also considered for conventional size channels and comparison with micro-channels
was carried out. Significant differences of ONB in micro-channels have been dis-
cussed compared to conventional channels. Effect of dissolved gases on boiling in
water and surfactant solution was revealed. Attention was paid on pressure drop
and heat transfer, critical heat flux and instabilities during flow boiling in micro-
channels.

6.1 Onset of Nucleate Boiling in Conventional Size Channels

In this section the general approach used to describe the parameters corresponding
to the onset of nucleate boiling (ONB) in a single channel are considered, and mod-
els and experiments are compared. The mode of ONB in parallel micro-channels is
presented in Sect. 6.2. We will also look at the effect of dissolved gases on ONB
during flow boiling of water and surfactant solutions in micro-channels. Section 6.3
deals with the dynamics of vapor bubble in a single micro-channel and in parallel
micro-channels. Pressure drop in two-phase flow boiling in parallel micro-channels
is considered in Sect. 6.4. In this section we look at a new correlation incorporat-
ing the effects of both channel size and coolant mass velocity, which shows better
accuracy than prior correlations. In Sect. 6.4 heat transfer correlations in two-phase
flow boiling in parallel micro-channels are examined and correlations based on the
Martinelli parameter are considered. Parameters that affect the explosive boiling are
discussed in Sect. 6.5. Existing critical heat flux (CHF) correlations for flow boil-
ing of water with available databases taken from small-diameter channels are also
evaluated.

L.P. Yarin, Fluid Flow, Heat Transfer and Boiling in Micro-Channels 259
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6.1.1 Models for Prediction of Incipient Boiling Heat Flux
and Wall Superheat

The onset of bubble nucleation usually requires that the temperature on the heated
surface exceeds the saturation temperature of the liquid corresponding to a given
pressure. There has been a great deal of analysis on bubble nucleation and a num-
ber of semi-empirical models of boiling incipience have been proposed during the
past few decades (Carey 1992; Dhir 1998). Two general approaches were used to
describe the parameters corresponding to the onset of nucleate boiling. The first
is based on analysis of the behavior of a single bubble on a rough surface where
the temperature of the surrounding liquid exceeds the saturation temperature. The
second approach considers vapor bubbles generated in liquid (homogeneous nucle-
ation), on a surface or at a corner (heterogeneous nucleation) based on the classical
kinetics of nucleation.

The first approach developed by Hsu (1962) is widely used to determine ONB
in conventional size channels and in micro-channels (Sato and Matsumura 1964;
Davis and Anderson 1966; Celata et al. 1997; Qu and Mudawar 2002; Ghiaasiaan
and Chedester 2002; Li and Cheng 2004; Liu et al. 2005). These models consider
the behavior of a single bubble by solving the one-dimensional heat conduction
equation with constant wall temperature as a boundary condition. The temperature
distribution inside the surrounding liquid is the same as in the undisturbed near-wall
flow, and the temperature of the embryo tip corresponds to the saturation tempera-
ture in the bubble TS,b. The vapor temperature in the bubble can be determined
from the Young–Laplace equation and the Clausius–Clapeyron equation (assuming
a spherical bubble):

TS,b −TS =
2σTS

hLGρGrb
(6.1)

where σ is the surface tension, hLG is the latent heat of vaporization, ρG is the vapor
density, and rb is the radius of bubble embryo assumed to be proportional to the
radius of the cavity rc.

The temperature distribution in the undisturbed fluid over the heated surface is
described by the equation

∂θ
∂ t

= α
∂ 2θ
∂y2 (6.2)

where θ = T −T∞, T∞ is the temperature of the surrounding fluid, α is the thermal
diffusivity.

Integrating Eq. (6.2) with the initial and boundary conditions

t = 0, 0 ≤ y ≤ δ , θ = 0
t > 0, y = 0, θ = θw

(6.3)

leads to the following expression for the liquid temperature

θ
θw

= η+
2
π

∞

∑
n=1

cosπn
n

exp(−n2π2Fo)sinπnη (6.4)
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where θw = Tw−T∞, η = y/δ , Fo = 2αt/δ 2 is the Fourier number, δ is the thickness
of thermal boundary layer, t is the time, y is the distance from the wall.

From Eqs. (6.1) and (6.4) one can find the limiting values of the cavity radius of
active sizes on the heated surface

rcrit =
δ
4

⎛
⎝1− θS

θw
±
√(

1− θS

θw

)2

− 12.8σTS

ρGhLGδθw

⎞
⎠ (6.5)

where plus and minus signs on the right-hand side of Eq. (6.5) correspond to max-
imum and minimum active cavity, respectively.

It should be stressed that such models are valid only when the medium is con-
tinuous. Measurements by Ye et al. (2004) showed that bubble nucleation in water
may be considered as continuous when rc ≥ 10 nm.

Thermodynamic and mechanical equilibrium on a curved vapor–liquid interface
requires a certain degree of superheat in order to maintain a given curvature. Char-
acteristics of homogeneous and heterogeneous nucleation can be estimated in the
frame of classical theory of kinetics of nucleation (Volmer and Weber 1926; Farkas
1927; Becker and Doring 1935; Zel’dovich 1943). The vapor temperature in the
bubble TS,b can be computed from equations (Bankoff and Haute 1957; Cole 1974;
Blander and Katz 1975; Li and Cheng 2004) for homogeneous nucleation in super-
heated liquids

Jhom = N0

(
kTS,b

h

)
exp

(
− 16πσ3

3kTS,b(PG −PL)

)
(6.6)

for heterogeneous nucleation on a surface

Jhet = N2/3
0 ψ

(
kTS,b

h

)
exp

(
− 16πσ3ω

3kTS,b(PG −PL)2

)
(6.7)

where J is the bubble nucleation density, N0 is the molecule number per unit volume,
k is the Boltzmann constant, PG is the pressure in a bubble, PL is the pressure in
liquid, and h = kTS,b/(2σ/πmB)0.5, where m is the mass of molecule, B ≈ 2/3. The
termω is the geometric correction factor for the minimum work required to form the
critical nucleus (for heterogeneous nucleation on a smooth surface with no cavities,
ω = (1/2)(1 + cosθ ); ψ = (1/4)(1 + cosθ )2(2− cosθ ), θ is the contact angle).

Using the Clausius–Clapeyron equation and Eqs. (6.6) and (6.7) one can obtain
the saturation temperature in the bubble TS,b (Li and Cheng 2004):

TS,b −TS =
TS

hLGρG

√
16πσ3ω

3kTS,b ln(N0kTS,bψ/J ·h)
. (6.8)

6.1.2 Comparison Between Models and Experiments

There are a number of experiments directed at studying the incipience of nucleate
boiling in heated channels of hydraulic diameter dh = 0.04−20 mm. The overall
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characteristics of experiments are presented in Table 6.1. Measurements of hydro-
dynamic and thermal parameters corresponding to onset of nucleate boiling (ONB)
were performed in circular, annular, rectangular, and trapezoidal channels, and wa-
ter, refrigerant-22, and fluorocarbon R-113 were used as working fluid. ONB was
recorded by various ways: analysis of the pressure drop-mass flux characteristic
curve; relation between the heat flux and the wall superheat at the start point of
the sharp drop in wall temperature (ΔTS,ONB = TW,ONB − TS, where TW,ONB and
TS is the temperature of the heated wall, corresponding to onset of nucleate boil-
ing and saturation temperature, respectively); visual detection of bubble growth
and departure from the heated wall. Experiments were carried out in the range of
mass flux G = 45−2,100 kg/m2s, heat flux q = 1.49−18,900 kW/m2, and pressure
P = 0.1−15.8 MPa.

Wall superheat

Bergles and Rohsenow (1964) studied the wall superheat that corresponded to
the nucleate boiling of distilled water in a stainless steel tube of inner diameter
d = 2.387 mm. The measurements of ΔTS,ONB = TW,ONB −TS corresponding to the
ONB were performed at different values of inlet temperature, Tin, in the range of
inlet velocity Uin = 3.74−19.42 m/s, and Reynolds number corresponding to inlet
parameters Re = 9×103−2×105. Wall temperature measurements were taken at
the heated length to the tube diameter ratio of L/d = 29 and 48. Experiments were
restricted to low heat fluxes. This usually limits subcooled-boiling tests to the region
of low wall superheat.

During the subcooled nucleate flow boiling of a liquid in a channel the bulk
temperature of the liquid at ONB, TB, is less than the saturation temperature, and at
a given value of heat flux the difference ΔTsub,ONB = TS −TB depends on L/d. The
experimental parameters are presented in Table 6.2.

Table 6.2 shows that the ratio of qONB/ρUincp changes relatively weakly in the
range of wide variation of heat flux and inlet flow velocity. The wall superheat sig-
nificantly depends on heat flux. The data of Bergles and Rohsenow (1964) are shown
in Fig. 6.1. This dependence is close to ΔTS,ONB ∼ q0.5

ONB. The results presented by

Table 6.2 Parameters of experiments by Bergles and Rohsenow (1964)

Inlet
velocity

Inlet temperature Subcooling Heat
flux

Wall su-
perheat

Parameter

LONB/d
= 29

LONB/d
= 48

LONB/d
= 29

LONB/d
= 48

L/d
= 29

L/d
= 48

Uin
[m/s]

Tin
[◦C]

ΔTsub,ONB
[K]

qONB
[MW/m2]

ΔTS,ONB
[K]

qONB/ρONBUincp
[K]

19.42 8 40 108.3 66.6 9.974 27 0.126 0.126

9.54 13 52 103.3 50 5.67 19.4 0.149 0.146

2.145 22 47 92.2 56.6 3.71 12.2 0.144 0.144
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Fig. 6.1 Dependence of wall superheat on heat flux

Sato and Matsumura (1964) and the results of flow boiling in the 1.07 mm tube with
average roughness of ks = 0.29 µm, obtained in the range of Reynolds number Re
= 50–150 by Hetsroni et al. are also shown in Fig. 6.1. The values of ΔTS,ONB pre-
sented by Sato and Matsumura (1964) are higher than those obtained at the same
heat flux by Bergles and Rohsenow (1964), and Hetsroni et al. According to studies
by Hsu (1962), Sato and Matsumura (1964), Davis and Anderson (1966), Kandlikar
et al. (1997), and Liu et al. (2005) one can conclude that ΔTS,ONB ∼ q0.5

ONB

qONB = M
kLhLGρG

σTS
ΔT 2

S,ONB (6.9)

where M is constant in a wide range of qONB = 103−106 W/m2, and kL, ρG, σ
are the thermal conductivity of liquid, the vapor density, and the surface tension,
respectively. For example M is 1/12 in Hsu (1962), 1/8 in Sato and Matsumura
(1964), 1/8(1+cosθ ) in Davis and Anderson (1966), where θ is contact angle, and
1/9.2 (Kandlikar et al. 1997).

Experiments by Bergles and Rohsenow (1964) corresponded to boiling incipi-
ence in relatively short channels when subcooling of the working fluid at the ONB
point was about ΔTsub,ONB = 50−100 K, where ΔTsub,ONB = TS−TB,ONB and TB,ONB

is the bulk (mean mass) fluid temperature at the channel cross-section, where ONB
occurs. Unal (1975) studied the incipience of boiling at relatively high values of
LONB/dh. The experimental determination of the ONB in this study has been carried
out in such a way: The number of bubbles appearing on the developed films have
been counted for different inlet temperatures at a constant heat flux q, pressure P,
and mass flux G. It was observed that not all the bubbles were attached to the wall
of the test section, but some were in the bulk of the flow. In these experiments the
value of ΔTsub,ONB did not exceed 4.3 K.

Heat transfer characteristics during flow boiling of water in the d = 1.5 mm tube
were studied by Hapke et al. (2000). The measured roughness was on the order
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of magnitude of 5 µm. The axial distribution of the external wall temperature was
measured using the thermographic method. The temperature reached a maximum
at the initial point after the single-phase liquid heating. A wall superheat occurred
at this point. The local temperature varied near the initial point when the boiling
started. Amplitudes of 2 K with a frequency of approximately 2 Hz were achieved.
The results measured were compared with those presented by Sato and Matsumura
(1964) and by Bergles and Rohsenow (1964). A satisfactory agreement existed only
for heat fluxes of about q = 50 W/m2. However, the wall has to be superheated to
a relatively great extent to initiate the nucleate boiling in the experiments by Hapke
et al. (2000) compared to those reported by Sato and Matsumura (1964) and by
Bergles and Rohsenow (1964). A mass flux dependence of the wall superheat was
reported by Hapke et al. (2000). Figure 6.2 shows the dependence of ΔTS on the
parameter qONB/G.

Qu and Mudawar (2002) performed experiments to measure the incipient boiling
heat flux qONB, in a heat sink containing 21 rectangular micro-channels 231 µm wide
and 713 µm deep. Tests were performed using de-ionized water with inlet liquid vel-
ocities of 0.13–1.44 m/s, inlet temperatures of 30, 60, and 90 ◦C, and outlet pres-
sure of 0.12 MPa. Using a microscope, boiling incipience was identified when the
first bubbles were detected growing at, and departing from the micro-channel wall.
The authors conclude that bubble behavior at incipient boiling in micro-channels is
quite different from that in large channels. At incipient boiling, a small number of
nucleation sites were observed close to the exit of several micro-channels. The de-
tachment size was comparable to that of the micro-channel cross-section for lower
velocities and decreased progressively with increasing velocity. Results of these ex-
periments are presented in Fig. 6.3. Figure 6.3 shows that the wall superheat is
directly proportional to the heat flux, ΔTS,ONB ∼ qONB.

Sato and Matsumura (1964), and Bergles and Rohsenow (1964) have proposed
the equation for the incipient boiling condition in the case that surface cavities of
all sizes are available for nucleation. Hino and Ueda (1985) studied incipient boil-
ing of fluorocarbon R-113 in a stainless steel tube of d = 7 mm at mass velocity
G = 158−1,600 kg/m2s, and inlet subcooling ΔTsub,in = TS −Tin ranged from 10–

Fig. 6.2 Dependence of
wall superheat ΔTS,ONB =
TW,ONB −TS at ONB point on
the parameter qONB/G ob-
served by Hapke et al. (2000)
in the d = 1.5 mm tube
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Fig. 6.3 Dependence of wall superheat on heat flux. Experiments performed by Qu and Mudawar
(2002) in rectangular parallel micro-channels 231 µm wide and 713 µm deep

30 K. In the case where the upper limit of available cavity sizes was restricted to
radius r∗max the incipient boiling condition was expressed as follows by Hino and
Ueda (1985):

qONB =
kL

r∗max
ΔTONB − 2σkLTS

hLGρG(r∗max)2 . (6.10)

Figure 6.4 shows the relation between the heat flux and the wall superheat at the
ONB position obtained by Hino and Ueda (1975) in the range of the largest cavity
radius r∗max = 0.22−0.34 µm. Experimental points show that the wall superheat at
the ONB position was practically independent of the mass flux and the inlet sub-
cooling. The lines shown in this figure represent the values of Sato and Matsumura
(1964), and Bergles and Rohsenow (1964). The wall superheats reported by Hino
and Ueda (1975) were much greater than those predicted by Eq. (6.9).

The data of ONB in trapezoidal micro-channels of dh = 41.3 µm presented by
Lee et al. (2004) are shown in Fig. 6.5. Figure 6.5 illustrates a comparison of the
data of the results reported by Lee et al. (2004) and prediction of Eq. (6.10) with
various different values of r∗max. For the experimental data points in Fig. 6.5, the
saturation temperature is corresponding to the local pressure at each of the ONB
locations. The local pressure is estimated by assuming a linear pressure distribution
in the channel between the inlet and exit ones. The system pressure may vary from
case to case. For Fig. 6.5 an average system pressure of 161.7 kPa over various dif-
ferent cases of this study was employed. As for the wall temperature, it is assumed
that the channel wall temperature is uniform as the channel is relatively short and
the wall material, silicon, has relatively good thermal conductivity. The figure indi-
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Fig. 6.4 Relation between
heat flux and wall superheat at
the position of incipient boil-
ing. Reprinted from Hino and
Ueda (1975) with permission

cates that most of the cavity sizes ranged from 1.5 to 4 µm. This is consistent with
the maximum roughness on the side wall of the channels used in experiments. Ex-
periments showed that for a given value of r∗max, wall superheat, ΔTS,ONB, does not
depend on mass flux.

Effect of pressure

The wall superheat in Eq. (6.9) depends on saturation temperature TS and conse-
quently on pressure PS:

σTS

kLρG
= ψ(PS) . (6.11)

The analysis shows that Eq. (6.11) can be presented for water in the pressure range
PS = 1−20 bar as follows

(
σTS

kLρG

)1/2

= 7.33P−0.5
S . (6.12)
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Fig. 6.5 Relationship between heat flux and wall superheat in micro-channels of dh = 41.3 µm.
Reprinted from Lee et al. (2004) with permission

Using Eq. (6.9) and Eq. (6.12) the wall superheat is given by

ΔTS,ONB = MPα
S (qONB)β (6.13)

where M is constant.
Analysis of experimental data presented by Sato and Matsumura (1964), Bergles

and Rohsenow (1964), Hetsroni et al. as well as theoretical analysis by Hsu (1962),
Davis and Anderson (1966), Kandlikar et al. (1997) shows that the values of expo-
nents α and β are close to α = −0.50, β = 0.50 (Table 6.3).

Table 6.3 Exponents in Eq. (6.13)

Author Exponents α , β Source
α β

Hsu (1962) −0.50 0.50 Theoretical analysis

Sato, Matsumura (1964) −0.50 0.50 α Theoretical analysis
β Empirical correlation

Bergles, Rohsenow (1964) −0.51 0.49 Empirical correlation

Davis, Anderson (1966) −0.50 0.50 Theoretical analysis

Kandlikar (1997) −0.50 0.50 Theoretical analysis

Hetsroni et al. – 0.50 Empirical correlation
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Fig. 6.6 Dependence of dimensionless wall superheat ΔT +
S,ONB = ΔTONB/ΔT ∗

ONB on dimensionless
pressure P+

S = PS/P∗
S . 1 Hsu (1962), 2 Bergles and Rohsenow (1964), 3 Thom et al. (1965), 4 Jens

and Lottes (1951)

On the other hand, Jens and Lottes (1951) and Thom et al. (1965) presented
empirical correlations that showed another dependence of wall superheat on pres-
sure. Dependence of the dimensionless wall superheat ΔT +

S,ONB = ΔTONB/ΔT ∗
ONB on

dimensionless pressure P+
S = PS/P∗

S is presented in Fig. 6.6 where ΔT ∗
ONB and P∗

S
corresponds to wall superheat and pressure of 1 bar. In Fig. 6.6 the theoretical pre-
diction based on the Hsu (1962) model, and empirical correlation of Bergles and
Rohsenow (1964) are shown.

The Bergles and Rohsenow correlation (1964) is

ΔTS,ONB = 0.555

(
qONB

1,082P1.156

)P0.0234/2.16

(6.14)

where P is in bar, ΔTS,ONB in K, and qONB in W/m2.
The empirical correlation by Jens and Lottes (1951) is

ΔTS,ONB = 25(qONB)0.25 exp

(
− P

62

)
(6.15)

where P is in bar, ΔTS,ONB in K, and qONB in W/m2.
The empirical correlation by Thom et al. (1965) is

ΔTS,ONB = 22.65(qONB)0.5 exp

(
− P

87

)
(6.16)

where P is in bar, ΔTS,ONB in K, and qONB in W/m2.
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It is seen that the empirical correlation by Bergles and Rohsenow (1964) agrees
fairly well with prediction of theoretical analysis based on the Hsu (1962) model.
Empirical correlations by Jens and Lottes (1951) and by Thom et al. (1965) show
that wall superheat weakly depends on pressure.

Comparison of wall superheat predicted by classical kinetics of nucleation
to experimental results

Using the properties of water Li and Cheng (2004) computed from the classical
kinetics of nucleation the homogeneous nucleation temperature and the critical nu-
cleation radius rcr. The values are: TS,B = 303.7 ◦C and rcrit = 3.5 nm. However, the
nucleation temperatures of water in heat transfer experiments in micro-channels car-
ried out by Qu and Mudawar (2002), and Hetsroni et al. (2002b, 2003, 2005) were
considerably less that the homogeneous nucleation temperature of TS,B = 303.7 ◦C.
The nucleation temperature of a liquid may be considerably decreased because
of the following effects: dissolved gas in liquid, existence of corners in a micro-
channel, surface roughness.

Liquid subcooling at ONB point

The data of liquid subcooling at ONB point presented in Table 6.4 indicate that
the value of ΔTsub,ONB = TS − TB,ONB changes in the wide range of ΔTsub,ONB =

Table 6.4 Liquid subcooling at ONB point

Author and
method of
ONB
detection

Heat flux Inlet flow
velocity

Pressure Relative
heated length

Fluid
subcooling

qONB
MW/m2

Uin
m/s

P
MPa

LONB/d ΔTsub,ONB
K

Unal (1975)
High-speed
photographic
technique

0.38 2.121 13.9 1250 4.3
0.45 2.121 15.8 1250 4.1

Bergles and
Rohsenow
(1964)
Dependence
of wall
superheat on
heat flux

9.774 19.2 0.261 29 108.3
9.774 19.2 0.261 48 66.6
6.67 9.54 0.261 29 103.3
5.67 9.54 0.261 48 50.0
2.145 3.74 0.261 29 92.2
2.145 3.74 0.261 48 56.6

Kennedy et al.
(2000)
Dependence
of pressure
drop on mass
flux

1.5–4.0 1.0–4.0 1.034 137 5–12
1.5–3.0 1.3–2.6 1.034 110 13–19
1.5–3.0 3.5 0.69 137 4.0
1.5–3.0 1.3 0.69 110 4.0
1.5–3.0 2.0 0.344 137 5.0
1.5–3.0 4.3 0.344 110 5.0
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Fig. 6.7 Relationship of
(TB,ONB −Tin)/(TS −Tin) on
LONB/dh

4.0−108.3 K, where TB,ONB is the average mass liquid temperature at the cross-
section where ONB occurs.

Figure 6.7 shows the relationship of (TB,ONB −Tin)/(TS −Tin) on LONB/dh. The
results obtained by different investigators indicate that in the range of qONB =
1.5−9.8 MW/m2 the value of (TB,ONB − Tin)/(TS −Tin) depends only on the par-
ameter LONB/dh.

For qualitative analysis of the conditions at which the ONB phenomenon was
studied experimentally in conventional size channels, as well as in micro-channels
the parameter D = ΔTsub,ONB/TS may be used. Depending on the value of D the
channels can be subdivided into two groups: (1) D < 1, and (2) D � 1. When the
value of D was in the range 0.125–0.25, as in experiments by Bergles and Rohsenow
(1964), the onset of nucleate boiling occurred at values of the bulk temperature,
TB,ONB, significantly less than the saturation temperature. It should be noted that
at low values of TB,ONB the Prandtl number of liquid is large enough. As a result
the thin thermal layer formed over the channel wall. When D � 1, the onset of
nucleate boiling occurred at values of the bulk temperature, TB,ONB, that were close
to the saturation temperature. Experiments by Unal (1975), Kennedy et al. (2000),
and by Liu et al. (2005) were carried out under such conditions. For example, in
experiments by Kennedy et al. (2000) the value of D was in the range 0.011–0.043.
Figure 6.8 illustrates the fluid temperature distribution depending on the relation of
D = ΔTsub,ONB/TS. The dark area corresponds to the region where the local fluid
temperature T exceeds the saturation temperature TS. In this region the maximum
probability of the bubble embryo formation takes place.

6.1.3 Effect of Inlet Velocity on Wall Superheat

The point of ONB located at the channel exit corresponds to minimum heat flux at
which the boiling incipience is possible for the channel of the given length. Kennedy
et al. (2000) presented the measurements that were carried out at different values
of the inlet average velocity Uin, whereas the inlet temperature Tin, was constant.
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Fig. 6.8 Fluid temperature distribution depending on the relation of D = ΔTsub,ONB/TS

Fig. 6.9 Dependence of the
boiling Stanton number at
ONB point. Experiments by
Kennedy et al. (2000)

Figure 6.9 illustrates the dependence of the boiling Stanton number at ONB point,
StONB = qONB/[ρLUincp(TS − Tin)], on the Reynolds number, Re = Uindh/ν . One
can see that the value of the StONB does not change significantly in the range of Re ∼
0.4×104−1.6×104, i.e., the value of qONB depends on the inlet average velocity
when its temperature is constant.
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To estimate the value of the bulk liquid temperature at ONB in conventional size
channels, as well as in micro-channels the energy and continuity equations should
be considered.

Energy and continuity equations for cylindrical channels are:

ρucp
∂T
∂x

+ρvcp
∂T
∂y

=
k
y
∂
∂y

(
y
∂T
∂y

)
+ k

∂ 2T
∂x2 (6.17)

∂ (ρu)
∂x

+
1
y
∂ (ρu)
∂y

= 0 (6.18)

where cp and k are specific heat and thermal conductivity of the liquid, respectively,
and u, v are streamwise and spanwise components of the velocity.

The boundary conditions for Eqs. (6.17) and (6.18) read as

x = 0 , u = Uin , ρ = ρin , T = Tin

x > 0

{
y = 0 , ∂T

∂y = 0

y = r0 , −λ ∂T
∂y = q

(6.19)

where r0 is the tube radius, q is the heat flux on the wall.
Restricting our consideration analysis of the developed flow we rewrite Eqs.

(6.17) and (6.18) in the form

ρucp
∂ (T −Tin)

∂x
=

k
y
∂
∂y

(
y
∂T −Tin

∂y

)
+ k

∂ 2(T −Tin)
∂x2 (6.20)

∂ρu
∂x

= 0 . (6.21)

Multiplying Eq. (6.21) on cp(T − Tin) and summing this equation with Eq. (6.20)
we obtain

∂ρucp(T −Tin)
∂x

=
k
y
∂
∂y

(
y
∂ (T −Tin)

∂y

)
+ k

∂ 2(T −Tin)
∂x2 . (6.22)

Integration of Eq. (6.22) gives

∂
∂x

r0∫

0

ρucp(T −Tin)ydy = ky
∂ (T −Tin)

∂y

∣∣∣∣
r0

0
+k

∂ 2

∂x2

r0∫

0

(T −Tin)ydy . (6.23)

Omitting in Eq. (6.23) the last term that allows for axial heat transfer, Eq. (6.23)
may be expressed:

∂
∂x

r0∫

0

ρucp(T −Tin)ydy = qr0 . (6.24)

Integration of Eq. (6.24) from x = 0 to x = LONB gives

∂
∂x

r0∫

0

ρuONBcp(TONB −Tin)ydy = qONBr0LONB . (6.25)
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Introducing the mean mass temperature gives

TB,ONB =
1

2ρUincpr2
0

r0∫

0

ρucpTONBydy . (6.26)

Equation (6.26) may be presented in the form

qONB

ρUincp(TB.ONB −Tin)
2LONB

r0
= 1 . (6.27)

Equation (6.27) was obtained for circular channels. Rectangular channels with four
or three conductive walls are shown in Fig. 6.10.

The thermal balance equation for rectangular channels with four or three heated
walls shown in Fig. 6.10 are:

�
S

ρucp(TB,ONB −Tin)dydz = qONBLONB ·4(a + b) (6.28)

and �
S

ρucp(TB,ONB −Tin)dydz = qONBLONB ·2(2a + b) (6.29)

where S is the area of channels cross-section:

Fig. 6.10 Rectangular channels: (a) four heated walls, (b) three heated walls

In the terms of mean mass temperature Eqs. (6.28) and (6.29) take the form

qONB

ρUincp(TB,ONB −Tin)
LONB(a + b)

ab
= 1 (6.30)

and
qONB

ρUincp(TB,ONB −Tin)
LONB(a + b)

2ab
= 1 . (6.31)
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If the value of TB,ONB ≈ TS, (D � 1) the integral characteristics for the circular
channels, the rectangular channels with four and three heated walls, respectively,
are:

qONB

ρUincp(TS −Tin)
2LONB

r0
= Ic,ONB (6.32)

qONB

ρUincp(TS −Tin)
LONB(a + b)

ab
= I4,ONB (6.33)

qONB

ρUincp(TS −Tin)
LONB(2a + b)

2ab
= I3,ONB . (6.34)

The bulk temperature TB,ONB is close to saturation temperature TS, when the values
calculated using Eqs. (6.32), (6.33) and (6.34) do not differ significantly from unity.
In Fig. 6.11 the experimental results reported by Kennedy et al. (2000) are presented
as the dependence of the value Ic,ONB (Eq. 6.32) on the Peclet number. The data may
be described by the single line of Ic,ONB = 0.96. In this case the bulk temperature
TB,ONB, at ONB point should not differ significantly from TS. Experimental results
given in Table 6.4 support this statement.

The onset of nucleate boiling in the flow of water through a micro-channel
heat sink was investigated by Liu et al. (2005). The rectangular micro-channels of
dh = 384 µm and length of 25.4 mm were used. Holes were drilled into the bottom
of the copper block to house eight cartridge heaters that can provide heating through
three walls. Onset of nucleate boiling was identified with a high-speed imaging sys-
tem. To complement the incipient heat flux results identified from the visualization
approach, the micro-channel wall temperatures and pressure drop along the micro-
channels were analyzed. Experimental parameters obtained in this study are pre-
sented in Fig. 6.12 as the dependence of the value I3,ONB on the Peclet number. In
this case the parameter I3,ONB ∼ 0.93, and Tb should also not differ significantly from
TS. Unfortunately, the experimental data of Tb were not reported by Liu et al. (2005).

Parameters Ic,ONB, I3,ONB, and I4,ONB change in the range of 0 < T < 1. They
account for a specific temperature field in heated micro-channels and are criteria
for the relative micro-channel length. Note, if D < 1 the value of parameter I is
significantly less than unity. The paper by Celata et al. (1997) reports the results
of experimental research of the onset of subcooled water boiling in the circular

Fig. 6.11 Dependence of the
value Ic,ONB on the Peclet
number (the legend is given
in Fig. 6.9). Experiments by
Kennedy et al. (2000)
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Fig. 6.12 Dependence of the
value I3,ONBon the Peclet
number. Experiments by Liu
et al. (2005)

Fig. 6.13 Value of Ic as
a function of the Peclet num-
ber. Experiments by Celata et
al. (1997)

channel with d = 8 mm, and L = 100 mm. Test conditions were as follows: Uin =
5−10 m/s, Pout = 1.0−2.5 MPa, Tin = 30−60 ◦C, inlet subcoolingΔTsub,in = TS−Tin

from 120 to 194 K, qONB = 3−11 MW/m2. Figure 6.13 shows the value of Ic,ONB

as a function of the Peclet number. The authors did not report liquid subcooling at
ONB. In this study the parameter was Ic,ONB ∼ 0.074. According to an estimation
based on such a small value of Ic,ONB one can conclude that onset of nucleate boiling
in experiments by Celata et al. (1997) occurred at high liquid subcooling.

The wall superheat that corresponds to bubble formation in liquid flow can be
estimated using an approach that is not connected to the mechanism of bubble for-
mation. Such tentative estimation makes it possible to consider only the low level
of wall superheat. According to Kays and Krawford (1993) the temperature distri-
bution in turbulent flow and Pr ∼ 1 is

TW −T
TW −Tc

=
(

r0 − r
r0

)1/7

(6.35)

where T is the current fluid temperature, and Tc is the liquid temperature at the tube
axis.

From the analytical solution based on the thermal boundary approach:

Tw −Tc =
q

ρcpU
1√
f/2

(
5Pr+5ln(5Pr+1)+ 2.5ln

Pr
√

f/2
60

)
(6.36)
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where f = 2τw/(ρU2), τw is the wall shear stress.

Dependence of wall superheat on inlet fluid velocity

For D � 1, TB,ONB ≈ TS and

ΔTS,ONB = TW,ONB −TS . (6.37)

Under these conditions the wall superheat depends weakly on the Reynolds number
(Kennedy et al. 2000).

The same conclusion is evident from results obtained by Hino and Ueda (1975)
and presented above in Fig. 6.4. The conclusion that ΔTS is almost unaffected by
inlet flow velocity as at D � 1 as at D < 1 was established from experiments carried
out in the channels of diameters about d = 1−10 mm. What has been commonly
observed at incipient boiling for subcooled flow in channels of this size is that small
bubbles nucleate, grow and collapse while still attached to the wall, as a thin bubble
layer formed along the channel wall.

6.1.4 Effect of Inlet Parameters on Incipient Boiling Heat Flux

Effect of inlet velocity

Qualitative analysis of the Eqs. (6.32), (6.33), and (6.34) makes it possible to illus-
trate the salient features of the dependence qONB on Uin. They could be approxi-
mated by the following lines shown in Fig. 6.14a. The solid line corresponds to
the case of Tin � TS (D < 1), the dotted line corresponds to the case of Tin ≈ TS

(D � 1). Experimental results reported by Liu et al. (2005) (see Fig. 6.14b) agree
qualitatively with analytical prediction. The same tendency was also observed by
Qu and Mudawar (2002).

Effect of inlet temperature on qONB

From Eqs. (6.32), (6.33) and (6.34) one can conclude that incipient boiling heat flux
qONB depends on the inlet temperature Tin. Such a behavior is shown in Fig. 6.15a.
Note that at the same value of Tin the value of qONB increases with increasing inlet
velocity. Experimental data by Liu et al. (2005) shown in Fig. 6.15b agree qualita-
tively with analysis.

6.1.5 Incipience of Boiling in Surfactant Solutions

Under some conditions boiling incipience in surfactant solutions may be quite dif-
ferent from that in Newtonian fluids. Hetsroni et al. (2007) presented results for
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Fig. 6.14 Variation of incipi-
ent boiling heat flux with inlet
flow velocity: (a) analytical
predictions, (b) experimental
data by Liu et al. (2005)

natural convection boiling in narrow horizontal annular channels of the gap size
0.45–2.2 mm for Alkyl (8-16) degraded solutions, i.e., solutions that were used af-
ter 6 to 10 runs.

For degraded Alkyl (8-16) solutions boiling occurred at wall superheat higher
than that observed in fresh solutions and water. Incipience of boiling in both wa-
ter and fresh surfactant solutions was accompanied by formation of small bubbles
on the heated surface. However, a significant difference in the behavior of boiling
patterns was observed. The formation of big vapor clusters took place before boil-
ing incipience in degraded Alkyl (8-16) solutions in the range of concentrations
C = 10−600 ppm (weight part per million). This process is shown in Fig. 6.16a–c.
The burst of such a cluster is shown in Fig. 6.16d. The cluster formation was ac-
companied by high wall superheat (TW −TS) in heat flux controlled experiments,
where TW is the temperature measured on the heated wall, and TS is the saturation
temperature measured in the vessel. It should be stressed that these clusters were
not gas (air) bubbles. The desorption of the dissolved gases formed bubbles of gas
and a limited amount of bubbles containing gas–water vapor mixture. As a result,
boiling incipience occurred at a heated wall temperature below that of saturation
temperature. In the present study such a phenomenon was not observed. We also
measured fluid temperature Tf in the annular space between the heated tube and the
inner wall of glass tube by a thermocouple. This temperature exceeded over 4–12 K
the saturation temperature depending on solution concentration. Finally, the collapse
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Fig. 6.15 Variation of incipient boiling heat flux with inlet flow temperature: (a) analytical predic-
tions, (b) experimental data by Liu et al. (2005)

of the cluster led to a reduction in wall superheat and the saturated boiling regime
occurred. For water boiling we did not observe the bubble coalescence at very small
scales. For pool boiling of surfactant solutions bubble coalescence was observed.
There were clusters of small bubbles, which rose from the cavity. These bubbles
were adjacent to each other and the cluster neck was not observed. The bursting of
vapor clusters before boiling incipience of degraded cationic surfactant Habon G
solution was also observed by Hetsroni et al. (2002b).

Data were taken for both increasing and decreasing heat fluxes. The total mass of
the liquid in the test facility remained constant, thus no fresh liquid was introduced
to “top off” the system. For water boiling in the gap sizes of 0.45, 1.2, 2.2, and
3.7 mm, the Bond numbers, Bn = δ (σ/g(ρL − ρG))−0.5, were 0.185, 0.493, 0.9
and 1.52, respectively, where δ is the gap size, σ is the surface tension, g is the
acceleration due to gravity, and ρL and ρG are the liquid and the vapor densities.
Boiling of surfactant solutions was investigated in a gap size of 0.45 and 2.2 mm in
the range of Bond numbers Bn = 0.26−1.26.

The results obtained at Bn = 1.26 are presented in Fig. 6.17, for different con-
centrations of surfactant solutions. The onset of boiling corresponds to the curve
ABCD for the runs with increasing heat flux. It follows the curve DCA for decreas-
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Fig. 6.16 Boiling incipience in degraded solutions. Reprinted from Hetsroni et al. (2007) with
permission

Fig. 6.17 Boiling hysteresis in degraded Alkyl (8-16) solutions. (�) C = 300 ppm, (�) C =
100 ppm, (♦) C = 25 ppm, (	) C = 10 ppm. Reprinted from Hetsroni et al. (2007) with permission



6.2 Onset of Nucleate Boiling in Parallel Micro-Channels 281

ing heat flux. The measurements were repeated several times and the same phe-
nomena were observed. Point B stands for the condition at which the fluid starts to
boil when the heat flux is increasing (the typical process is shown in Fig. 6.16a–d).
Zhang and Manglik (2005) concluded that hysteresis occurred due to high wettabil-
ity, which takes place at very high concentrations, C > CCMC, where CCMC is the
critical micelle concentration. It should be stressed that in the present study hys-
teresis was observed in restricted boiling of degraded solutions as for pre-CMC
solutions (C < 300 ppm) as for post-CMC solutions. It is speculated that molecules
of degraded surfactant are more amenable to formation of a surfactant monolayer,
which renders the interface less flexible and results in the dampening of interfacial
motion. For Alkyl (8-16) hysteresis occurs only in degraded solutions.

6.2 Onset of Nucleate Boiling in Parallel Micro-Channels

6.2.1 Physical Model of the Explosive Boiling

Flow and boiling in parallel micro-channels occur under conditions of significant
hydrodynamic and thermal heterogeneity due to finite lateral size of the heat sink,
as well as interaction between the steams in individual channels connected by in-
let and outlet collectors. Some data on such flows are presented by Ozawa et al.
(1989), Peles (1999), and Peles et al. (2001). The temperature field of the heat sinks
involving 13 to 26 micro-channels with hydraulic diameters of 0.10–0.22 mm under
conditions of low quality flow boiling was studied by Hetsroni et al. (2002a, 2002b,
2003). The results showed that the wall temperature of the channels located at the
central part of the heat sink was higher than that of the channels located at the pe-
ripheral part. The successive images obtained using high-speed video visualization
showed that flow patterns in a given channel were quasi-periodic. The onset of nu-
cleate boiling was established when the first bubbles were observed. This process is
accompanied by pressure drop and temperature fluctuations, so that the boiling in-
cipience is a local phenomenon. As discussed previously, the vapor accumulated in
the inlet plenum. That leads to the increase of inlet temperature to a value close to TS.
According to analysis presented in the previous section, TB,ONB is close to the satura-
tion temperature TS, and wall superheat ΔTS, since the onset of nucleation boiling is
much lower than that calculated from the classical kinetics of nucleation for homo-
geneous nucleation in superheated fluid. For example, the wall superheat was about
4 K for flow boiling in the 26 micro-channels of dh = 0.103 mm at q = 220 kW/m2

and Uin = 0.14 m/s (Hetsroni et al. 2003).
Visual observation in the studies by Hetsroni et al. (2002a,b, 2003), Qu and

Mudawar (2002) proved bubble behavior at incipient boiling in micro-channels
(dh < 1 mm) and concluded that it was quite different from that in larger chan-
nels. After nucleation, bubbles first grew to detachment size before departing into
the liquid flow. The detachment size was comparable to that of the micro-channel
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cross-section for lower velocities and decreased progressively with increasing vel-
ocity. The detached bubbles moved to the downstream plenum where they collapsed.
These visual observations proved that boiling incipience in the micro-channel heat
sink was accompanied by both bubble growth and departure.

A physical model of ONB for the explosive boiling and dryout, was suggested. In
order to understand why dryout occurred even at a low value of vapor quality x, it is
important to keep in mind that the liquid film does not cover the entire heated surface
of the micro-channel, and two-phase flow is characterized by an unsteady cyclic
behavior. The following assumptions are made in the development of the model:

1. The bubble nucleation occurs at the location where the wall temperature exceeds
the saturation temperature.

2. The heat flux is uniform and constant along the inner wall of the micro-channel.
3. All energy entering the fluid is used to vaporize the liquid. The temperatures of

the liquid and vapor remain at saturation temperature.
4. After the bubble venting the liquid remains attached to the wall as droplets or

clusters of droplets. It evaporates during the period of the cycle.
5. The thermal inertia of the wall is negligible, i.e., we assumed no phase shift

between temperature of the channel wall and the heater.

Figure 6.18 shows a representation of the explosive boiling process. The bubble is
assumed to nucleate at the ONB point (Fig. 6.18a). Then the bubble quickly grows
to the channel size and an elongated bubble is formed. During this process some
amount of liquid remains in front of the bubble (Fig. 6.18b). Figure 6.18c shows
bubble venting. During this process the bubble expands not only in the upstream but
also in the downstream direction. An interesting result is that a single bubble cycli-
cally growing and collapsing away from the outlet manifold is capable of inducing
a mean unidirectional fluid flow. This trend was also reported by Ory et al. (2000).

Fig. 6.18 Scheme of explosive boiling: 1 micro-channel, 2 main area of visual observation, 3 ONB
point, 4 elongated cylindrical bubble, 5 liquid in front of the bubble, 6 vapor, 7 liquid droplets and
clusters. Reprinted from Hetsroni et al. (2005) with permission
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Figure 6.18d shows the appearance of liquid droplets or clusters of liquid droplets
on the wall after the bubble venting. The pressure in the micro-channel decreases
and water starts to move into it from the inlet manifold (Fig. 6.18e). Figure 6.18f
shows the start of a new cycle.

6.2.2 Effect of Dissolved Gases on ONB During Flow Boiling
of Water and Surfactant Solutions in Micro-Channels

Desorption of the dissolved gases formed bubbles of gas and a limited amount of
bubbles containing gas–water vapor mixture. As a result, boiling incipience oc-
curred at a channel wall temperature below the saturation temperature. Steinke and
Kandlikar (2004a) studied flow boiling in six parallel micro-channels, each having
hydraulic diameter of 0.207 mm. During the flow boiling studies with water in these
micro-channels, nucleation was observed at a surface temperature of TW = 90.5 ◦C
for the dissolved oxygen content of 8.0 parts per million (ppm) at a pressure of
P = 1 bar.

Comparison between water flow and surfactant solution was investigated by
Klein et al. (2005). The experimental facility was designed and constructed as il-
lustrated schematically in Fig. 6.19.

The test module consisted of inlet and outlet manifolds that were jointed to the
test chip (Fig. 6.20). The tested chip with heater is shown in Fig. 6.21. It was made
from a square shape 15× 15 mm and 0.5 mm thick silicon wafer, which was later
bonded to a 0.53 mm thick Pyrex cover. On one side of the silicon wafer 26 micro-
channels were etched, with triangular shaped cross-sections, with a base of 0.21 mm

Fig. 6.19 Schematic view of
the experimental facility. 1 In-
let tank, 2 mini-gear pump,
3 rotameter, 4 test module,
5 exit tank, 6 inlet ther-
mocouple, 7 inlet pressure
gauge, 8 outlet thermocou-
ple, 9 outlet pressure gauge,
10 high-speed IR camera,
11 microscope, 12 high-speed
CCD camera, 13 external light
source. Reprinted from Klein
et al. (2005) with permission
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Fig. 6.20 Test module. Reprinted from Klein et al. (2005) with permission

Fig. 6.21 Test chip with heater: (a) cross-section, (b) heater. Reprinted from Klein et al. (2005)
with permission

and a base angle of 54.7◦. Using a microscopic lens, IR measurements can be taken
up to 800 Hz with a 30 µm spatial resolution. The surfactant used was of the Alkyl
polyglucosides (APG) type.

Figure 6.22 shows the effect of APG additives on the dynamic and the static
surface tension for different mass concentrations, measured at 75 and 95 ◦C. The
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Fig. 6.22 Surface tension of the APG solutions. Concentration and solution temperature (◦C): C =
100 ppm, filled triangles (�) represent 75 ◦C, empty triangles (	) represent 95 ◦C; C = 300 ppm,
filled squares (�) represent 75 ◦C, empty squares (�) represent 95 ◦C. Reprinted from Klein et al.
(2005) with permission

dashed lines a,b represent the surface tension value for pure water at 75 and 95 ◦C.
Solid points represent the APG data at 75 ◦C and the hollow points represent the
APG data at 95 ◦C. Note that an increase in concentration decreases surface tension
down to a value of 31 mN/m, compared to 59.9 mN/m for pure water.

The temperatures on the heater TW,ONB, and heat fluxes qONB corresponding to
onset of nucleate boiling in water and surfactant solution that contain dissolved
gases are presented in Table 6.5.

As can be seen in Table 6.5, ONB in APG solution of concentration C = 100 ppm
took place at significantly higher surface temperatures. It should be noted that the
ONB in surfactant solutions may not be solely associated with static surface tension
Sher and Hetsroni (2002). Other parameters such as heat flux, mass flux, kind of
surfactant, surface materials, surface treatments, surface roughness, dynamic sur-
face tension and contact angle need to be considered as well.

Table 6.5 Onset of nucleate boiling in fluids that contain dissolved gases. Reprinted from Klein et
al. (2005) with permission

De-ionized water APG-100 ppm, surfactant solution

Mass flux
(kg/m2 s)

qONB
(W/cm2)

TW,ONB
(◦C)

Mass flux
(kg/m2 s)

qONB
(W/cm2)

TW,ONB
(◦C)

37.9 5.2 81.6 39.4 7.7 107.3

57.7 8.2 91.6 57.2 9.3 101.4

84.9 9.9 81.6 83.3 15.9 116.6

116.2 16.2 96.6 117.6 23.2 120.3

172.3 21.0 91.6 171.2 32.3 121.1
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6.2.3 Effect of Roughness

On roughened surface boiling enhancement occurs due to the increased number of
active cavities that promote bubble nucleation and provide more and larger sites for
bubble growth. However, during boiling the effect of surface roughness may dimin-
ish generally due to phenomenon known as “aging”. Cavities formed by roughening
the surface were often not stable vapor traps and reentrant cavities may be used as
a vapor trap for conventional size channels. Effect of reentrant cavities on boiling
in micro-channels was studied by Kosar et al. (2005) and by Kuo and Peles (2007).
Intensified nucleation activity was observed in the micro-channels with reentrant
cavities accompanied by significantly better uniformity of nucleation site distribu-
tion. Significant reductions in the wall superheat required to initiate boiling were
measured in structured surface micro-channels compared to the plain-wall micro-
channel.

6.3 Dynamics of Vapor Bubble

6.3.1 The State of the Art of the Problem

The bubble dynamics was a subject of numerous theoretical investigations starting
from pioneering work by Rayleigh (1917). The results of the study of bubble growth
in superheated liquid, as well as their response to different disturbances are collected
in a number of monographs and surveys devoted to mechanisms of two-phase media
and the theory of heat transfer and boiling (Kutateladze 1963; Nigmatulin 1991;
Carey 1992; Dhir 1998; Nakoryakov et al. 2000).

There are many criteria for bubble shape or bubble detachment suggested for the
description of bubble growth dynamics. The distinct feature of bubble dynamics is
that contact angle deviates from the static value due to the fast growth. The well-
known Fritz equation (1936) predicts bubble departure diameter for contact angle of
48◦. This agrees well with the experimental data at atmospheric pressure. Hsu and
Graham (1961) assumed a contact angle of 53.1◦. Han and Griffith (1965) presented
a theory and experimental results of bubble growth of pool boiling at low heat flux.
Bubble departure was considered by the authors and it was found that the Fritz
relation works as the non-equilibrium bubble contact angle. Most of the previous
research on single bubble growth has been performed using a constant wall heat
flux created by heating a metallic block beneath the bubble (Staniszewski 1959;
Han and Griffith 1965; Cole and Shulman 1966; van Stralen 1966). The effect of
pressure for contact angle of 48◦ was described by Cole and Shulman (1966).

Analytical analyses for the growth of a single bubble have been performed for
simple geometrical shapes, using a simplified heat transfer model. Plesset and Zwick
(1954) solved the problem by considering the heat transfer through the bubble in-
terface in a uniformly superheated fluid. The bubble growth equation was obtained
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from the conduction through the thermal boundary layer around the bubble. The
interface cooling effect was also reported by Zuber (1961) and Mikic et al. (1970).

Zeng et al. (1993) proposed that the dominant forces leading to bubble detach-
ment could be the unsteady growth force and buoyancy force. In order to derive an
accurate detachment criterion from a force balance, all forces should be accurately
known. If a mechanism is not known precisely, then approximate expressions, one
or two fitted parameters and comparison with experiments might offer a solution.
Such fitting procedures have indeed been applied (Klausner et al. 1993; Mei et al.
1995a; Helden et al.1995).

Mei et al. (1995b) developed a numerical model for vapor bubble growth in satur-
ated pool boiling and demonstrated that the bubble growth rate is reduced due to the
resulting temperature gradients beneath the nucleation site. Thorncroft et al. (1998)
carried out experimental investigations of bubble growth and detachment in vertical
up flow and down flow boiling. They observed that the growth data fit a power law
ranging from about t0.33 to t0.5, where t is the time. The models of bubble growth
and correlations for the bubble radius are discussed by Thorncroft et al. (2001).

Robinson and Judd (2001) considered four regions of bubble growth: surface ten-
sion controlled region, transition domain, inertial controlled growth and heat trans-
fer controlled growth. A theory has been developed that is able to accommodate
both spatial and temporal variations in the temperature and velocity fields in the
liquid surrounding the bubble as it grows. Overall agreement between the theory
and experimental data is very good. Bubble growth and variation of bubble lifetime
and size with flux, subcooling, heat flux and pressure were examined by Prodanovic
et al. (2002).

Nucleate pool boiling experiments with constant wall temperature were per-
formed by Lee et al. (2003) using R-11 and R-113 for saturated boiling conditions.
The geometry of the bubble was obtained from the images. The bubble growth rate
was proportional to t0.2, which was slower than the growth rate proposed in previous
studies. Detachment of a vapor bubble from a plane, solid wall has been studied the-
oretically by Geld (2004). The vapor–liquid interface shape was approximated by
a truncated sphere. The forces related to gravity and surface energy densities were
found to be major contributors to departure time.

Boiling incipience and vapor bubble growth dynamics in aqueous surfactant so-
lutions were studied using high-speed photography by Wu and Yang (1992). The
bubble growth period was observed to increase slightly, while the waiting period
and the time interval between two consecutive bubbles were reduced drastically. The
experimental results of bubble dynamics for pure water and 100 ppm SDS solution
at relatively low heat flux of 23 kW/m2 were presented by Yang and Maa (2003). It
was shown that the departure diameter decreases considerably with addition of sur-
factant. Bubble growth in saturated pool boiling in water and surfactant solution was
studied by Hetsroni et al. (2006a). It was shown that at relatively low heat fluxes on
the wall (q ≤ 10 kW/m2), shape, lifetime and the volume of bubble growth in sur-
factant solution did not differ significantly with those in water. The time behavior of
contact angle of bubble growth in surfactant solution is qualitatively similar to that
of water.
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At high enough heat flux of q ≥ 50 kW/m2, the boiling in surfactant solution,
when compared to pure water, was observed to be more vigorous. Surfactant pro-
motes activation of nucleation sites. The bubbles appeared in clusters. The lifetime
of each bubble in the cluster is shorter than that of a single water bubble. The de-
tachment diameter increases with increasing heat flux, whereas analysis of bubble
growth in surfactant solution reveals the opposite effect: the detachment diameter of
the bubble decreases with increasing heat flux.

These studies consider the dynamics of a single bubble that grows in infinity
space, which is filled by superheated liquid. Under these conditions the bubble ex-
pansion depends on inertia forces or on intensity of heat transfer. In the case when
inertia forces are dominant the bubble radius grows linearly in time (Carey 1992):

r(t) =
(

2
3

T∞−TS

TS

hLGρG

ρL

)1/2

t (6.38)

where T∞ and TS are the ambient and saturated temperature, hLG is the latent heat of
evaporation, and ρG and ρL are the vapor and liquid density, respectively.

When the heat transfer is dominant, bubble radius is directly proportional to the
square root of time

r(t) = 2C
√
αt (6.39)

where C = Ja
√

3/π, Ja = (T∞−TS)ρLcpL/ρGhLG is the Jacob number, and α is the
liquid thermal diffusivity.

The bubble dynamics in a confined space, in particular in micro-channels, is quite
different from that in infinity still fluid. In micro-channels the bubble evolution de-
pends on a number of different factors such as existence of solid walls restricting
bubble expansion in the transversal direction, a large gradient of the velocity and
temperature field, etc. Some of these problems were discussed by Kandlikar (2002),
Dhir (1998), and Peng et al. (1997). A detailed experimental study of bubble dynam-
ics in a single and two parallel micro-channels was performed by Lee et al. (2004)
and Li et al. (2004).

6.3.2 Dimensional Analysis

From the physical point of view it is possible to suggest that the rate of bubble
growth in micro-channel is determined by the following parameters:

1. Physical properties of the fluid and its vapor: ρG, ρL, μL, kL, cpL, σ , hLG

2. Average inlet flow velocity: U
3. Micro-channel characteristic size: d∗
4. Initial diameter of the bubble: d0 (6.40)
5. Wall superheat: ΔTS = Tw −TS

6. Heat flux on the wall: q
7. Acceleration due to the gravity: g
8. Time: t
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In accordance with (6.40) one can present the functional equation for rate of bubble
growth as follows

dr
dt

= f (q,hLG,ρL,ρG,μL,kL,cpL,d0,d∗,σ ,ΔTS,g, t,U) (6.41)

where dr/dt is the rate of bubble growth, t is the time.
Using dimensions of length L, mass M, time τ , temperature T , and energy J, one

can obtain dimensions of parameters on the right-hand side of Eq. (6.41):

q [Jτ−1L−2], hLG [JM−1], ρL [ML−3], ρG [ML−3], μL [ML−1T−1], (6.42)

kL [Jτ−1L−1T−1], cpL [JM−1T−1], U [Lτ−1], d0 [L], d∗ [L], σ [Mτ−2],

TS [T ], g [Lτ−2], t [τ].

Among the dimensional variables of the problem, five parameters have independ-
ent dimensions and Eq. (6.41) may be written in dimensionless form. Choosing par-
ameters pL, cpL, U , ΔTS, d∗ and taking into account π-theorem (Sedov 1993), Eq.
(6.41) can be represented as:

Π = ϕ(Π1,Π2, ...Π9) (6.43)

where Π = ṙ
U , Π1 = q

ρLUcpLΔTS
, Π2 = hLG

cpLΔTS
, Π3 = ρG

ρL
, Π4 = μL

ρUd∗ , Π5 = kL
ρLcpLUd∗ ,

Π6 = d0
d∗ , Π7 = σ

ρU2d∗
, Π8 = gd∗

U2 , Π9 = τU
d∗ , ṙ = dr

dt .
Analysis of experimental data presented by Lee et al. (2004) revealed that param-

eters Π3–Π9 did not change significantly. ParameterΠ2 depends mainly on the wall
superheat,ΔTS = TW−TS. It should be noted that the value of wall temperature TW in
experimental investigations was obtained from the measurements, whereas the value
of saturation temperature TS was calculated using the dependence of TS on satura-
tion pressure PS. Assuming linear pressure distribution along the micro-channel Lee
et al. (2004) presented two approaches to calculate TS. The first of them is based on
the local pressure at the nucleate boiling incipience. The second one is based on the
average value of the pressure in the micro-channel PS = (Pin + Pout)/2. Depending
on the method of calculation of saturation temperature, the results differ. We as-
sumed that Π2 ≈ const. Thus, one can consider Π1 as the dimensionless parameter
that determines the rate of bubble growth in the linear regime:

dr
dt

= ϕ(Π1) . (6.44)

6.3.3 Experimental Data

Single micro-channel

Data by Lee et al. (2004) and Li et al. (2004) contain the results related to bub-
ble dynamics in a single micro-channel and two parallel ones. The experimen-
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tal setup used by Lee et al. (2004) consisted of the test section, a syringe pump,
a heating module and a flow visualization system. The test section was a 5 mm
wide silicon strip, etched with the micro-channel on its top surface. The top sur-
face dimension was 5 × 20 mm. Figure 6.23 displays the top and cross-section
views of the test section. The top and bottom widths of the trapezoid channel
are 102.8 and 59.12 µm, respectively, and the channel depth is 30.1 µm result-
ing in a hydraulic diameter of 41.3 µm. The channel length is 28 mm leading to
a length-to-diameter ratio of 678. Only the central 20 mm was heated. The rms
roughness of the bottom surface was 206 nm, while it was 82 nm for the side
wall.

The results are presented in Table 6.6 (the data related to flow regimes at which
the wall temperature Tw was less than saturated, are excluded from this table).

According to Eq. (6.44) such a behavior may be analyzed using parameter Π1.
In the range of Π1 = 0.00791−0.0260 linear behavior of the bubble radius was
observed, when Π1 > 0.0260 exponential bubble growth took place (Fig. 6.24).

Table 6.6 also demonstrates extraordinarily high bubble growth rates of 94.63,
72.8 and 95.3 µm/ms. For these three cases, the growth rates are two orders of
magnitude higher than the other cases. The authors noted that it is unclear why the
bubble growth rate for such cases is much higher than the other cases.

Fig. 6.23 The top and cross-section views of the test section with a trapezoid micro-channel
(length shown not in scale). Reprinted from Lee et al. (2004) with permission

Fig. 6.24 Behavior of bubble
radius with time. The values
of Π1were calculated from
experimental results presented
by Lee et al. (2004)
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Table 6.6 Behavior of bubble radius with time. Data by Lee et al. (2004)

Number Heat flux q
[W/m2]

Mass flux G
[kg/m2 s]

Bubble
growth rate
dr/dt
[µm/ms]

Parameter
Π1 = q

ρLUcpLΔTS

Behavior of
bubble radius
with time

1 103,000 341 94.63 0.00791

Linear

2 189,000 341 0.24 0.0260
3 264,000 341 0.32 0.0259
4 255,000 341 0.22 0.0135
5 107,000 477 7.09 0.0106
6 218,000 477 72.8 0.0019
7 353,000 477 0.54 0.0124
8 415,000 477 0.10 0.0145
9 449,000 477 0.10 0.0110

10 57,600 170 2.62 0.0267
Exponential11 137,000 170 95.3 0.0272

12 196,000 170 4.91 0.0339

Parallel micro-channels

The bubble dynamics under conditions corresponding to flow in two parallel tra-
pezoidal micro-channels with hydraulic diameter 47.7 µm was studied by Li et al.
(2004). The bubbles in two parallel micro-channels generally grow similarly to that
in a single micro-channel. The authors reported on the presence of two-phase flow
instability.

Hetsroni et al. (2003) studied bubble growth in 26 parallel triangular micro-
channels of dh = 103 µm and length of 10 mm. When incipient boiling superheat
is achieved, the vapor bubble nucleates and grows rapidly. The bubble is initially
a small sphere and then the axisymmetric growth in a narrow channel takes place.
Temporal variation of bubble size is shown in Fig. 6.25. Figure 6.25a,b shows the
variation of bubble size in the streamwise direction Lp, and in the spanwise direc-
tion Ln, respectively. From these figures one can conclude that at time t = 0.375 s the
maximum length of the bubble in the streamwise direction Lp is about eight times
larger than that in the spanwise direction Ln.

The observed ratio f = Lp/Ln, is quite different from that reported for subcooled
flow boiling of water in tubes of 17–22 mm inner diameter. Prodanovic et al. (2002)
reported that this ratio was typically around 0.8 for experiments at 1.05–3 bar. The
situation considered in experiments carried out by Hetsroni et al. (2003) is however
different as the bubbles undergo a significant volume change and the flow is unsta-
ble. Ory et al. (2000) studied numerically the growth and collapse of a bubble in
a narrow tube filled with a viscous fluid. The situation considered in that study is
also quite different from experiments by Hetsroni et al. (2003) as, in that case, heat
was added to the system impulsively, rather than continuously as we do here.

Visual observation of bubble growth in parallel triangular micro-channels showed
that the majority of the first bubbles were observed on the channel bottom wall,
though a few bubbles did appear on the side walls. After nucleation, bubbles first
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grew to detachment size before departing into the liquid flow. The detached bubbles
moved to the downstream plenum.

Bubble velocity

Figure 6.26 shows the velocity of displacement of the bubble tail in the stream-
wise direction Ub (m/s) versus bubble lifetime t, at fixed conditions as described

Fig. 6.25 Temporal variation of vapor bubble size: (a) streamwise direction, Lp (b) spanwise di-
rection, Ln. ULS = 0.046 m/s, q = 8×104 W/m2. Reprinted from Hetsroni et al. (2003) with per-
mission
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Fig. 6.26 Velocity of bubble displacement. ULS = 0.046 m/s, q = 80 kW/m2. Reprinted from
Hetsroni et al. (2003) with permission

above, i.e., q = 8×104 W/m2, ULS = 0.046 m/s. One may conclude that the vel-
ocity of bubble displacement varies, depending on the given range of lifetime. In
region A the boiling process during the time of about 0.005 s from the appearance
of the first bubble, ONB, the bubble velocity is equal to the superficial liquid vel-
ocity. It should be noted that the term ONB, known as the onset of nucleate boiling,
was “borrowed” from the terminology of subcooled flow boiling in larger tubes. Re-
gion B is characterized by a sharp increase in the bubble velocity. One may conclude
that the bubble is accelerated in the streamwise flow direction. Figure 6.26 shows
that in this region the bubble velocity increases about threefold, during a time in-
terval of about 0.003 s. After the time when Ub reaches maximum value it remains
constant, as shown in Fig. 6.26, region C.

Such a behavior agrees with results reported by Agostini et a. (2008). It was
found that the elongated bubble velocity increased with increasing bubble length
until a plateau was reached. An analytical model has been proposed that is able to
predict this trend.

The collision of elongated bubbles has been studied by Revellin et al. (2008)
along adiabatic glass micro-channels of 509 and 709 µm internal diameters for re-
frigerant R-134a. A model for the collision of elongated bubbles in micro-channels
was proposed to predict the bubble length distribution at the exit of the micro-
evaporator.

In micro-channels bubbles cause a significant volume change (relative to the
channel size). As a result, pressure fluctuations were observed. The temporal be-
havior of the pressure drop is shown in Fig. 6.27. The data were obtained at
q = 220 kW/m2 and ULS = 0.14 m/s. Such a behavior is a result of vapor formation
in each micro-channel.



294 6 Boiling in Micro-Channels

Fig. 6.27 Pressure drop fluctuations. ULS = 0.14 m/s, q = 220 kW/m2. Reprinted from Hetsroni
et al. (2003) with permission

The pressure spike introduces a disruption in the flow. Depending on the local
conditions, the excess pressure inside the bubble may overcome the inertia of the
incoming liquid and the pressure in the inlet manifold, and cause a reverse flow of
varying intensity depending on the local conditions. There are two ways to reduce
the flow instabilities: reduce the local liquid superheat at the ONB and introduce
a pressure drop element at the entrance of each channel, Kandlikar (2006). Kakac
and Bon (2008) reported that density-wave oscillations were observed also in con-
ventional size channels. Introduction of additional pressure drop at the inlet (small
diameter orifices were employed for this purpose) stabilized the system.

A simultaneous visualization and measurement study has been carried out by
Wang et al. (2008) to investigate effects of inlet/outlet configurations on flow boil-
ing instabilities in parallel micro-channels having a length of 30 mm and a hydraulic
diameter of 186 µm. It was found that nearly steady flow boiling existed in the par-
allel micro-channels through an inlet restriction.

6.4 Pressure Drop and Heat Transfer

6.4.1 Pressure Drop in Two-Phase Flow Boiling

The measurements show that the pressure drop in circular and rectangular micro-
channels depend strongly on the mass and heat fluxes (Tran et al. 2000; Yu et al.
2002; Shuai et al. 2003).

The flow patterns (expansion of the bubbly, slug and annular regions of flow)
affect the local pressure drop, as well as the pressure oscillations in micro-channels
(Kandlikar et al. 2001; Wu and Cheng 2003a,b, 2004; Qu and Mudawar 2003; Het-
sroni et al. 2005; Lee and Mudawar 2005a).
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The influence of inlet conditions on stability of flow boiling in micro-channels
was analyzed by Brutin and Tadrist (2004). The set-up with rectangular micro-
channel 500× 4,000 µm was used to study flow boiling at two kinds of upstream
conditions, which corresponded to constant liquid velocity at channel entrance (con-
finement condition) and constant velocity at the syringe outlet. The flow character-
istics corresponding to steady and unsteady regimes were studied and the Reynolds
number that subdivided these states was found.

Hwan and Kim (2006) investigated the pressure drop in circular stainless steel
tubes with inner diameter of 244, 430, and 792 µm. These data show that mass flux
strongly affects two-phase pressure drop in micro-channels of different diameters.

A detailed analysis of several correlations for calculating pressure drop in boiling
flow was carried out by Qu and Mudawar (2003a). They tested two groups of corre-
lations, the first of them corresponds to boiling flow in conventional channels (Col-
lier and Thome 1994; Lockhart and Martinelli 1949), and the second ones to boiling
in conventional size channels and micro-channels (Mishima and Hibiki 1996; Tran
et al. 2000; Lee and Lee 2001a; Yu et al. 2002; Qu and Mudawar 2003a).

In the study by Qu and Mudawar (2003a) experiments were performed to meas-
ure pressure drop in two-phase micro-channel heat sink containing 21 parallel
231× 713 µm micro-channels. The pressure drop in the micro-channel two-phase
region ΔPtp was expressed as the sum of acceleration and friction components:

ΔPtp = ΔPtp,a +ΔPtp,f (6.45)

where ΔPtp,a is the acceleration component of two-phase pressure drop, and ΔPtp,f is
the friction component of two-phase pressure drop.

The predictive capability of the proposed correlation for all operating conditions
of the study by Qu and Mudawar (2003a) was illustrated. The mean absolute error
(MAE) of each correlation

MAE =
1
N ∑

∣∣ΔPpred −ΔPexp
∣∣

ΔPexp
100% (6.46)

was used to discuss the results, where N is the number of experimental data. The
comparison showed that the MAE for the first group of correlations, denoted as
Eqs. (1) to (6) in the study of Qu and Mudawar (2003a), was in the range of MAE =
29−378%. The correlations of the second group, Eqs. (7) to (11), are presented in
Table 6.7.

In Table 6.7, C is the Martinelli–Chisholm constant, f is the friction factor, ff is
the friction factor based on local liquid flow rate, ffo is the friction factor based on
total flow rate as a liquid, G is the mass velocity in the micro-channel, L is the length
of micro-channel, P is the pressure, ΔP is the pressure drop, Ptp,a is the acceleration
component of two-phase pressure drop, ΔPtp,f is the frictional component of two-
phase pressure drop, v is the specific volume, xe is the thermodynamic equilibrium
quality, Xvt is the Martinelli parameter based on laminar liquid-turbulent vapor flow,
Xvv is the Martinelli parameter based on laminar liquid-laminar vapor flow, α is
the void fraction, μ is the viscosity, ρ is the density, Φ2

f is the two-phase frictional
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multiplier based on local liquid flow rate, Φ2
fo is the two-phase frictional multiplier

based on total flow considered as a liquid, Reg is the Reynolds number based on
local vapor flow, Refo is the Reynolds number based on total flow as a liquid; the
subscripts are f for liquid, frictional, g for vapor, in for test module inlet, out for test
module outlet, pred for predicted, and tp for two-phase.

It should be noted that for convenience in Table 6.7 we used the same nomencla-
ture as in original paper by Qu and Mudawar (2003a).

Figures 6.28 and 6.29 show the comparison of pressure drop data with predictions
of conventional size/micro-channels correlations ((7)–(11), Table 6.7).

A new approach was developed by Lee and Mudawar (2005a) to improve the
accuracy of pressure drop prediction in two-phase micro-channels. Since the bubbly
and churn flow patterns are rarely detected in high-flux micro-channel flow, the
separated flow model was deemed more appropriate than the homogeneous.

It was assumed that the added complexity of two-phase flow in a micro-channel
is the result of interactions between liquid inertia, the liquid viscous force, and sur-
face tension. Two key measures of these interactions are the Reynolds and Weber
numbers based on liquid properties:

ReL =
Udh

νL
(6.47)

and

WeL =
G2dh

σρL
(6.48)

The two-phase pressure drop multiplier

Φ2
L = 1 +

C
X

+
1

X2 (6.49)

is modified with a new dimensionless parameter defined as

C = C1Rec2
L Wec3

L (6.50)

where C1, C2, C3 are parameters presented in Eqs. (6.51–6.52).
To enhance the predictive capability of the new correlation, both the present

R-134a data and prior micro-channel water data of Qu and Mudawar (2003a) were
examined. Large differences between the thermophysical properties of the two
coolants were deemed highly effective at broadening the application range of the
new correlation. Another key difference between the two data sets is both the liquid
and vapor flows are laminar for the water data, while low viscosity rendered the
vapor flow turbulent for R-134a. Typical micro-channel operating conditions rarely
produced turbulent liquid flow. Therefore, two separate correlations were derived
for C, based on the flow states of the liquid and vapor,

Cvv = 2.16Re0.047
L We0.60

L (laminar liquid–laminar vapor) (6.51)

Cvt = 1.45Re0.25
L We0.23

L (laminar liquid–turbulent vapor) (6.52)
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Fig. 6.28 Comparison of pressure drop data with predictions of mini/micro-channel correlations
of (a) Mishima and Hibiki (1996), (b) Tran et al. (2000), (c) Lee and Lee (2001a,d) and Yu et al.
(2002), (e) Qu and Mudawar (2003a). Reprinted from Qu and Mudawar (2003a) with permission

Notice the stronger effect of surface tension where both liquid and vapor are
laminar. Figure 6.30a shows good agreement of the pressure drop predictions based
on the new correlation with the R-134a data, both in terms of MAE (mean absolute
error) and the general trend. The largest deviation is concentrated in the low mass
flux and low heat flux region where both the heat loss (which influences the accuracy
of the heat flux used in the pressure drop model) and the flow rate measurement
uncertainty are greatest. Figure 6.30b shows the present correlation is also very
effective at predicting the micro-channel water data of Qu and Mudawar (2003a).



6.4 Pressure Drop and Heat Transfer 299

Fig. 6.29 Comparison of pressure drop data with correlation predictions for Tin = 60 ◦C and
G = 255 kg/m2s. (a) correlation (11), (b) correlations (7)–(10). Reprinted from Qu and Mudawar
(2003a) with permission

Quiben and Thome (2007a,b) presented an experimental and analytical investi-
gation of two-phase pressure drops during evaporation in horizontal tubes. Experi-
ments were performed under diabatic conditions in tubes of d = 8 and 13 mm in
the range of vapor quality x = 0−1, mass velocity G = 70−700 kg/m2s, heat flux
q = 6.0−57.5 kW/m2. The test fluids were R-134a, R-22 and R-410A. The results
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Fig. 6.30 Comparison of
correlation predictions with
(a) R-134a (Lee and Mu-
dawar (2005a)) and (b) water
Qu and Mudawar’s (2003a)
micro-channel water data.
Reprinted from Lee and Mu-
dawar (2005a) with permis-
sion

showed that while the fluid, diameter and mass velocity had a strong effect over
the entire range of vapor quality, the heat flux influenced the pressure drop only
for a particular range vapor qualities near and after the onset dryout. An analyt-
ical study was undertaken in order to develop a new two-phase prediction method.
A model has been developed following a phenomenological approach and the inter-
facial structure between the phases was taken into account. The flow pattern effects
are particularly important at low flow rates (stratification effects) and high vapor
qualities (dryout effects). This model works well in annular flow and captures the
position of the pressure drop peak under condition of dryout at high vapor quality.
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6.4.2 Heat Transfer in Two-Phase Flow Boiling

The heat transfer coefficient of boiling flow through a horizontal rectangular channel
with low aspect ratio (0.02–0.1) was studied by Lee and Lee (2001b). The mass
flux in these experiments ranged from 50 to 200 kg/m2 s, maximum heat flux was
15 kW/m2, and the quality ranged from 0.15 to 0.75, which corresponds to annular
flow. The experimental data showed that under conditions of the given experiment,
forced convection plays a dominant role.

The detail experimental study of flow boiling heat transfer in two-phase heat
sinks was performed by Qu and Mudawar (2003b). It was shown that the saturated
flow boiling heat transfer coefficient in a micro-channel heat sink is a strong function
of mass velocity and depends only weakly on the heat flux. This result, as well as the
results by Lee and Lee (2001b), indicates that the dominant mechanism for water
micro-channel heat sinks is forced convective boiling but not nucleate boiling.

Heat transfer characteristics for saturated boiling were considered by Yen et al.
(2003). From this study of convective boiling of HCFC123 and FC72 in micro-tubes
with inner diameter 190, 300 and 510 µm one can see that in the saturated boiling
regime, the heat transfer coefficient monotonically decreased with increasing vapor
quality, but independent of mass flux.

The convective and nucleate boiling heat transfer coefficient was the subject of
experiments by Grohmann (2005). The measurements were performed in micro-
tubes of 250 and 500 µm in diameter. The nucleate boiling metastable flow regimes
were observed. Heat transfer characteristics at the nucleate and convective boiling in
micro-channels with different cross-sections were studied by Yen et al. (2006). Two
types of micro-channels were tested: a circular micro-tube with a 210 µm diameter,
and a square micro-channel with a 214 µm hydraulic diameter. The heat transfer
coefficient was higher for the square micro-channel because the corners acted as
effective nucleation sites.

Several popular macro-channel correlations and recently recommended small-
channel correlations were examined by Lee and Mudawar (2005b). Predictions were
adjusted for the three-sided wall heating and rectangular geometry using the follow-
ing relation:

htp = htp,cor
Nu3

Nu4
(6.53)

where htp,cor is the value predicted from a correlation for uniform circumferential
heating, and Nu3 and Nu4 are the single-phase Nusselt numbers for laminar flow
with three-sides and four-sides wall heating, respectively (Shah and London 1978).

Nu3 = 8.235(1−1.883β+ 3.767β 2−5.814β 3 + 5.361β 4−2.0β 5) (6.54)

and

Nu4 = 8.235(1−2.042β+ 3.085β 2−2.477β 3 + 1.058β 4−0.186β 5) (6.55)

where β is the ratio of the channel depth to width.
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Figure 6.31 compares the measured heat transfer coefficient by Lee and Mudawar
(2005b) in two-phase flow of R-134a to predictions based on previous studies. The
predictive accuracy of a correlation was measured by the mean absolute error, de-
fined as

MAE =
1
N ∑

[∣∣htp,pred −htp,exp
∣∣

htp,exp
×100%

]
. (6.56)

Figure 6.31 shows all correlations yield poor predictions evidenced by their large
MAE values.

Experiments by Lee and Mudawar (2005b) reveal the range of parameters at
which heat transfer is controlled by nucleate boiling or annular film evaporation. The
first of these processes occurs only at low qualities (x < 0.05) corresponding to very
low heat fluxes; the second one at moderate (0.05 < x < 0.55) or high (x > 0.55)
qualities that correspond to high enough heat fluxes. New correlations were sug-
gested by Lee and Mudawar (2005b). They are based on the Martinelli parameter X
and account for micro-channel effects not represented in the prior correlations.

Table 6.8 summarizes the new correlations for the three quality regions. The
low and high-quality regions are based solely on the Martinelli parameter while the
mid-range includes the effects of Bo and Wefo as well. Overall, convection to liquid
is important for both the low and mid-quality regions, while convection to vapor
becomes important for the high-quality region. For the latter, the low viscosity of
R-134a vapor yields vapor Reynolds numbers corresponding to turbulent flow at
high-heat flux conditions despite the small hydraulic diameter of the micro-channel.
Thus, the single-phase vapor term in the high quality correlation must allow for both
laminar or turbulent vapor flow.

Table 6.8 shows that the effect of the Martinelli parameter is important for each of
the three quality ranges. The present correlations show the heat transfer coefficient is

Table 6.8 Two-phase flow boiling in micro-channels. Heat transfer coefficient. Reprinted from
Lee and Mudawar (2005b) with permission

xe Correlation Data MAE (%)

0–0.05 htp = 3.856X0.267hsp,L

X2 = (dp/dz)L
(dp/dz)G

, hsp,L = Nu3kL
dh

Xvv =
(
μL
μG

)0.5(
1−xe

xe

)0.5(
vL
vG

)0.5

Xvt =
(

fLRe0.25
G

0.079

)0.5(
1−xe

xe

)0.5(
vL
vG

)0.5

ReG = Gxedh
μG

50 Water data points 11.6

0.05–0.55 htp = 436.48Bo0.522We0.351
L X0.665hsp,L

Bo = q
GhLG

, Wefo = vLG2dh
σ

83 R-134a data points
157 Water data points

11.9

0.55–1.0 htp = max
{
(108.6X1.665hsp,G), hsp,G

}

hsp,G = Nu3kG
dh

for laminar gas flow

hsp,G = 0.023Re0.8
G Pr0.4

G for turbulent gas flow

28 R-134a data points 16.1
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Fig. 6.31 Comparison of R-134a heat transfer coefficient data with predictions based on Chen
(1966), Shah (1982), Lazarek and Black (1982), Liu and Winterton (1991), Tran et al. (1996), Lee
et al. (2001b), Yu et al. (2002) and Warrier et al. (2002). Reprinted from Lee and Mudawar (2005b)
with permission
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proportional to the Martinelli parameter raised to a positive exponent, whereas prior
macro-channel correlations employ a negative exponent for the same parameter.

In this table the parameters are defined as follows: Bo is the boiling number, dh is
the hydraulic diameter, f is the friction factor, h is the local heat transfer coefficient,
k is the thermal conductivity, Nu is the Nusselt number, Pr is the Prandtl number,
q is the heat flux, v is the specific volume, X is the Martinelli parameter, Xvt is the
Martinelli parameter for laminar liquid–turbulent vapor flow, Xvv is the Martinelli
parameter for laminar liquid–laminar vapor flow, xe is thermodynamic equilibrium
quality, z is the streamwise coordinate, μ is the viscosity, ρ is the density, σ is the
surface tension; the subscripts are L for saturated fluid, LG for property difference
between saturated vapor and saturated liquid, G for saturated vapor, sp for single-
phase, and tp for two-phase.

Figure 6.32 illustrates good agreement between predictions based on the corre-
lation scheme suggested by Lee and Mudawar (2005b) and both the R-134a and
water data. An overall MAE of 12.26% indicates good predictive capability, espe-
cially with most of the data falling within a ±30% error range and capturing the
correct data trend.

The work by Steinke and Kandlikar (2004b) focused on the obtaining heat trans-
fer data during flow boiling in micro-channels. An experimental investigation was
performed for flow boiling using water in six parallel, horizontal micro-channels

Fig. 6.32 Comparison of heat transfer coefficient data for R-134s and water with predictions based
on Lee and Mudawar correlation. Reprinted from Lee and Mudawar (2005b) with permission
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with a hydraulic diameter of 207 µm. The channels had a slightly trapezoidal cross-
section, with the top and bottom widths differing by about 15 µm. The average
channel dimensions are 214 µm wide by 200 µm deep and 57.15 mm long. The
range of parameters are mass flux from 157 to 1,782 kg/m2 s, heat flux from 5 to
930 kW/m2, inlet temperature of 22 ◦C, quality from subcooled to 1.0, and atmo-
spheric pressure at the exit.

htp = 0.6683Co−0.2(1− x)0.8 f2hL + 1,058Bo0.7(1− x)0.8F ·hL (6.57)

Co =
(
ρG

ρL

)0.5(1− x
x

)0.8

(6.58)

Bo =
q

GhLG
(6.59)

where Co is the convection number given in Eq. (6.58), Bo is the boiling number
given in Eq. (6.59), f2 is the multiplier, hL is the heat transfer coefficient with all
liquid flow, and x is the quality. The F number for water is 1.0 and the f2 is multiplier
is 1.0 for micro-channel flow.

The empirical correlation (6.57) predicts a heat transfer coefficient about two
times higher than that measured by Qu and Mudawar (2003b) during flow boiling
of water (x < 0.15) and during flow boiling of R-134a (x = 0.4−0.8). Correlation
(6.57) also overpredicts the experimental data obtained by Yen et al. (2003) during
convective boiling of HCFC123 and FC72 in d = 190 µm tubes in the range of
x = 0.4−0.9.

6.4.3 Critical Heat Flux of Flow Boiling

Available data sets for flow boiling critical heat flux (CHF) of water in small-
diameter tubes are shown in Table 6.9. There are 13 collected data sets in all. Only
taking data for tube diameters less than 6.22 mm, and then eliminating duplicate data
and those not meeting the heat balance calculation, the collected database included
a total of 3,837 data points (2,539 points for saturated CHF, and 1,298 points for
subcooled CHF), covering a wide range of parameters, such as outlet pressures from
0.101 to 19.0 MPa, mass fluxes from 5.33 to 1.34×105 kg/m2s, critical heat fluxes
from 0.094 to 276 MW/m2, hydraulic diameters of channels from 0.330 to 6.22 mm,
length-to-diameter ratios from 1.00 to 975, inlet qualities from −2.35 to 0, and out-
let thermal equilibrium qualities from −1.75 to 1.00.

Zhang et al. (2006) compared some correlation with each database. The com-
parison results are tabulated in Table 6.10. Mean deviation is defined as (1/N)×
∑
∣∣(qcrit,exp −qcrit,cal)/qcrit,exp

∣∣×100%, a bold font in Table 6.10 denoting the small-
est of mean deviations predicted by four correlations including a new correlation,
and an underlined font being the smallest except for the correlation by Zhang et al.
(2006).

Figure 6.33 compared graphically the predicted CHF values by the Bowring
(1972) correlation, the Katto (1984) correlation and the Shah (1987) correlation
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Fig. 6.33 Evaluation of correlations with saturated CHF data. (a) Bowring correlation (1972), (b)
Shah correlation (1987), (c) Katto correlation (1984), (d) Zhang et al. correlation (2006). Reprinted
from Zhang et al. (2006) with permission

with the experimental values, respectively. Symbols for each data set are depicted
in Table 6.9. For low CHF values, shown in Fig. 6.33a, the Bowring (1972) rela-
tion correlated generally well with the experimental CHF values, although there is
a slight overprediction. For high CHF values, however, the Bowring (1972) relation
fails to correlate the experimental CHF values. A large scatter of predictions can be
observed and many of them tend to deviate systematically from the experimental
values. Figure 6.33b shows the behavior of the Katto (1984) correlation. Although
the relation correlates all the data successfully within a relatively small scatter, it
seems that there exist some slight overpredictions for most of the CHF data. Fig-
ure 6.33c shows the evaluation of the Shah (1987) correlation. For low CHF values,
the predictions by the Shah (1987) correlation have a very small scatter and most
are centered within the error band of ±30%. For high CHF values, the Shah (1987)
correlation tends to predict CHF with some scatter. The best agreement with experi-
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mental data on saturated CHF is the correlation by Zhang et al. (2006) (Fig. 6.33d):

Bo = 0.0352

[
We + 0.0119

(
L
dh

)2.31(ρG

ρL

)0.361
]−0.295

×
[(

L
dh

)−0.311
(

2.05

(
ρL

ρL

)0.170

− xin

)] (6.60)

where Bo = qcrit/(hLGG) is the boiling number, We = (G2dh)/(σρL) is the Weber
number, qcrit is the critical heat flux, hLG is the latent heat of evaporation, G is the
mass flux, xin is the thermodynamical equilibrium quality at inlet, ρG and ρL are the
density of saturated vapor and liquid, respectively, dh is the hydraulic diameter, L is
the heated length, and σ is the surface tension.

Hall and Mudawar (2000) provided a comprehensive review of the current state
of the knowledge of subcooled CHF for water flow boiling in channels, and designed
a statistical correlation with five parameters based on almost all available subcooled
CHF databases in the literature:

Bo =
C1WeC2(ρL/ρG)C3 [1−C4(ρL/ρG)C5xin]

1 + 4C1C4WeC2(ρL/ρG)C3+C5(L/dh)
(6.61)

where the Weber number We = G2dh/(ρLσ), C1 = 0.0722, C2 = −0.312, C3 =
−0.644, C4 = 0.900, and C5 = 0.724. The correlation was developed using a total
of 4,860 data points and predicted CHF with a rms error of 14.3% in the follow-
ing parametric ranges: 0.1 < P0 < 20 MPa, 0.25 < dh < 15.0 mm, 2 < L/dh < 200,
300 < G < 30,000 kg/m2 s, −2.00 < xin < 0.00, and −1.00 < xout < 1.00.

A theoretical model for the prediction of the critical heat flux of refrigerants flow-
ing in heated, round micro-channels has been developed by Revellin and Thome
(2008). The model is based on the two-phase conservation equations and includes
the effect of the height of the interfacial waves of the annular film. Validation
has been carried out by comparing the model with experimental results presented
by Wojtan et al. (2006), Qu and Mudawar (2004), Bowers and Mudawar (1994),
Lazareck and Black (1982). More than 96% of the data for water and R-113, R-134a,
R-245fa were predicted within ±20%.

6.5 Explosive Boiling of Water in Parallel Micro-Channels

The thermohydrodynamical processes of boiling in a micro-channel heat sink were
subject to a number of experimental investigations performed during the last decade.
Periodic wetting and rewetting phenomena were observed by Hetsroni et al. (2003,
2005), Zhang et al. (2002), Steinke and Kandlikar (2004a), and Kandlikar and Bal-
asubramanian (2004). Flow boiling of water in parallel silicon micro-channels with
trapezoidal cross-sectional area with hydraulic diameters of 158.8 and 82.8 µm, was
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studied by Wu and Cheng (2003a,b, 2004). Long period fluctuations in fluid pres-
sure, fluid temperature, and fluid mass flux were measured.

6.5.1 Quasi-Periodic Boiling in a Certain Single Micro-Channel
of a Heat Sink

In the study by Hetsroni et al. (2006b) the test module was made from a square-
shaped silicon substrate 15 × 15 mm, 530 µm thick, and utilized a Pyrex cover,
500 µm thick, which served as both an insulator and a transparent cover through
which flow in the micro-channels could be observed. The Pyrex cover was anod-
ically bonded to the silicon chip, in order to seal the channels. In the silicon sub-
strate parallel micro-channels were etched, the cross-section of each channel was an
isosceles triangle. The main parameters that affect the explosive boiling oscillations
(EBO) in an individual channel of the heat sink such as hydraulic diameter, mass
flux, and heat flux were studied. During EBO the pressure drop oscillations were
always accompanied by wall temperature oscillations. The period of these oscilla-
tions was very short and the oscillation amplitude increased with an increase in heat
input. This type of oscillation was found to occur at low vapor quality.

Period between successive events

Figure 6.34 shows the dependence of the dimensionless period of phase transforma-
tions (i.e., the time between bubble venting), t∗, on boiling number Bo (t∗ = t/Udh,

Fig. 6.34 Dependence of dimensionless time interval between cycles on boiling number: circles
(◦) represent dh = 100 µm, water, triangles (�) represent dh = 130 µm, water, diamonds (♦) repre-
sent dh = 220 µm, water, star (∗) represents dh = 220 µm, ethanol. Reprinted from Hetsroni et al.
(2006b) with permission
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Bo = q/GhLG, where t is the period between successive events, U is the mean vel-
ocity of single-phase flow in the micro-channel, dh is the hydraulic diameter of the
channel, q is heat flux, m is mass flux, hLG is the latent heat of vaporization). The
dependence t∗ on Bo can be approximated, with a standard deviation of 16%, by

t∗ = 0.000030Bo−2 . (6.62)

6.5.2 The Initial Thickness of the Liquid Film

The term initial liquid film thickness is defined as the average thickness of fluid,
evenly distributed during period t, over the surface of the circular micro-channel,
after venting of the elongated bubble. This surface is located downstream of the
ONB and may be characterized by the heated length L, and hydraulic diameter dh,
assuming that during the period t the liquid film has disappeared due to evaporation.
The heat removed from the wall surface is the same as that required for the liquid
film evaporation during the period t. The heat balance is:

πδdhLρL = qπdhLt/hLG (6.63)

where ρL is the liquid density.
The average liquid thickness δ , can be calculated as:

δ = qt/ρLhLG . (6.64)

Figure 6.35 shows dependence of the dimensionless initial liquid thickness of water
and ethanol δ ∗, on the boiling number Bo, where δ ∗ = δU/ν , U is the mean velocity
of single-phase flow in the micro-channel, and ν is the kinematic viscosity of the

Fig. 6.35 Dependence of dimensionless initial film thickness on boiling number: circles (◦) rep-
resent dh = 100 µm, water, triangles (�) represent dh = 130 µm, water, diamonds (�) represent
dh = 220 µm, water, star (∗) represents dh = 220 µm, ethanol. Reprinted from Hetsroni et al.
(2006b) with permission
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Fig. 6.36 Variation of initial film thickness for water versus heat flux: circles (◦) represent dh =
100 µm, water, triangles (�) represent dh = 130 µm, water, diamonds (�) represent dh = 220 µm,
water. Reprinted from Hetsroni et al. (2006b) with permission

liquid at saturation temperature. The dependence of δ ∗ on Bo can be approximated,
with a standard deviation of 18%, by

δ ∗ = 0.00015Bo−1.3 . (6.65)

The initial thickness of the liquid film is a key parameter of the explosive boil-
ing. This point may be discussed in some detail with regard to the beginning of the
critical heat flux (CHF) regime. The variation of the initial thickness of the film of
water versus the heat flux is provided in Fig. 6.36. For explosive boiling the film
thickness decreases with increasing heat flux from 125 to 270 kW/m2 from about 8
to 3 µm. This range of values is on the same order of magnitude as those given by
Moriyama and Inoue (1996) and by Thome et al. (2004) for R-113 in small spaces
(100–400 µm). Decreasing liquid film thickness with increasing heat flux is a dis-
tinct feature of dryout during explosive boiling. Under these conditions at which
the instantaneous temperature of the heater surface exceeds 125 ◦C, the value of δ
was in the range of (3±0.6) µm. This value may be considered as minimum initial
film thickness. If the liquid film reached the minimum initial film thickness δmin,
CHF regime occurred. According to Thome et al. (2004) δmin is assumed to be on
the same order of magnitude as the surface roughness. The values of the minimum
initial film thickness calculated by Thome et al. (2004) for R-113 at saturation tem-
perature 47.2 ◦C was in the range of 1.5–3.5 µm.

6.5.3 System that Contains a Number of Parallel Micro-Channels

Hetsroni et al. (2006b) also studied the effect of EBO in individual channels on
the average characteristics of the whole heat sink: total pressure drop and tempera-
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ture fluctuations on the heater, and the heat transfer coefficient. The high-frequency
oscillations in individual micro-channels are superimposed and lead to total low-
frequency pressure drop and temperature oscillations of the system.

Fluctuation of pressure drop, fluid and heated wall temperatures

The experimental investigations of boiling instability in parallel micro-channels
have been carried out by simultaneous measurements of temporal variations of pres-
sure drop, fluid and heater temperatures. The channel-to-channel interactions may
affect pressure drop between the inlet and the outlet manifold as well as associ-
ated temperature of the fluid in the outlet manifold and heater temperature. Fig-
ure 6.37 illustrates this phenomenon for pressure drop in the heat sink that con-
tains 13 micro-channels of dh = 220 µm at mass flux G = 93.3 kg/m2 s and heat
flux q = 200 kW/m2. The temporal behavior of the pressure drop in the whole
boiling system is shown in Fig. 6.37a. The considerable oscillations were caused
by the flow pattern alternation, that is, by the liquid/two-phase alternating flow
in the micro-channels. The pressure drop FFT is presented in Fig. 6.37b. Under

Fig. 6.37 Time variation of pressure drop at q = 200 kW/m2: (a) pressure drop fluctuations,
(b) pressure drop amplitude spectrum. Reprinted from Hetsroni et al. (2006b) with permission



314 6 Boiling in Micro-Channels

condition of the given experiment the period of pressure drop fluctuation is about
t = 0.36 s. The results differ significantly from those reported by Wu and Cheng
(2004). In the range of average values of mass flux G = 112−146 kg/m2s and heat
flux q = 135−226 kW/m2 these authors observed much longer oscillation period
(from t = 15.4 to 202 s). In experiments conducted by Wu and Cheng (2004), the
water in the pressure tank was moved by the compressed nitrogen gas to the test
section. According to the authors when the boiling occurred in the test section, the
pressure drop across the test was suddenly increased due to generation of vapor
bubbles. This increase in pressure drop caused a decrease in mass flux. The long
period pressure drop fluctuations may be connected to the period of increasing or
decreasing of incoming mass flux. The former depends not only on boiling in the
micro-channels of heat sinks, but also on the nitrogen pressure in the water tank and
the total length of the pipe connecting the water tank to the test section. In our ex-

Fig. 6.38 Time variation of fluid temperature at the outlet manifold q = 200 kW/m2: (a) tempera-
ture fluctuations, (b) temperature amplitude spectrum. Reprinted from Hetsroni et al. (2006b) with
permission



6.5 Explosive Boiling of Water in Parallel Micro-Channels 315

periments, the mass flow rate was independent of pressure drop fluctuations, and the
oscillation periods are very much different from those recorded by Wu and Cheng
(2004).

The pressure drop fluctuation provides insight into the temperature behavior of
the fluid in the outlet manifold. The pressure drop fluctuation frequency is repre-
sentative of the oscillations in the system. Figure 6.38a,b shows time variation and
FFT of the fluctuation component of the fluid temperature. From Fig. 6.38a one can
see that the average fluid temperature at the outlet manifold is less than the satura-
tion temperature. This results in the fact that only single liquid comes to the outlet
manifold through some of the parallel micro-channels.

The time variation of the mean and maximum heater temperature is presented in
Fig. 6.39. The mean heater temperature (i.e., the average temperature of the whole
heater) changed in the range of ΔTav = 10 K. The maximum heater temperature
changed in the range ofΔTmax = 6 K. Comparison between Figs. 6.37, 6.38 and 6.39,
shows that the time period (frequency) is the same for the pressure drop, the fluid
temperature at the outlet manifold, and the mean and maximum heater temperature
fluctuations. It also allows one to conclude that these fluctuations are in phase.

When the heat flux is increased, at constant value of mass flux, the oscillation
amplitudes of the pressure drop, the fluid and the heater temperatures also increase.

6.5.4 Average Heat Transfer Coefficient

It was observed that at the same boiling number and inlet temperature, an increase
in diameter shifts the ONB further from the inlet. The region of the local dryout
decreases and the average heated surface temperature decreases as well. Under this
condition the heat transfer coefficient increases with increased hydraulic diameter.

Fig. 6.39 Time variation of average and maximum heater temperature at q = 200 kW/m2.
Reprinted from Hetsroni et al. (2006b) with permission
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In order to take into account the effect of surface tension and micro-channel hy-
draulic diameter, we have applied the Eotvos number Eo = g(ρL −ρG)d2

h/σ . Fig-
ure 6.40 shows the dependence of the Nu/Eo on the boiling number Bo, where
Nu = hdh/kL is the Nusselt number, h is the heat transfer coefficient, and kL is the
thermal conductivity of fluid. All fluid properties are taken at the saturation tem-
perature. This dependence can be approximated, with a standard deviation of 18%,
by the relation:

Nu/Eo = 0.030Bo−1.5 (6.66)

Simultaneous measurements of temporal variations of pressure drop, fluid and
heater temperatures show the boiling instability in parallel micro-channels. The
channel-to-channel interactions may affect pressure drop between the inlet and the
outlet manifold, as well as associated temperature of the fluid in the outlet manifold
and the temperature of the heater. The frequency is the same for the pressure drop,
the fluid temperature at the outlet manifold, and for the fluctuations of the mean and
maximum temperature of the heater. All these fluctuations are in phase. When the
heat flux increases, at a constant value of mass flux, the oscillation amplitudes of
the pressure drop, the fluid and the heater temperatures also increase.

The large heated wall temperature fluctuations are associated with the critical
heat flux (CHF). The CHF phenomenon is different from that observed in a single
channel of conventional size. A key difference between micro-channel heat sink and
a single conventional channel is the amplification of the parallel channel instability
prior to CHF. As the heat flux approached CHF, the parallel channel instability,
which was moderate over a wide range of heat fluxes, became quite intense and
should be associated with a maximum temperature fluctuation of the heated sur-
face. The dimensionless experimental values of the heat transfer coefficient may be
correlated using the Eotvos number and boiling number.

Fig. 6.40 Dependence of Nu/Eo on Bo: circles (◦) represent dh = 100 µm, water, triangles (�)
represent dh = 130 µm, water, diamonds (�) represent dh = 220 µm, water, star (∗) represents
dh = 220 µm, ethanol. Reprinted from Hetsroni et al. (2006b) with permission
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Summary

1. Incipience boiling

Wall superheat

Significant differences in boiling inception phenomena have been reported in micro-
channels compared to conventional size channels. Phase-change processes, particu-
larly boiling incipience, are important in the micro-scale as well in the macro-scale,
but relatively little work has been done to compare the experimental results in
this area. Most of the studies on this phenomenon in conventional size channels
(dh = 1−20 mm) were carried out in a single channel. Heat exchangers with micro-
channels (dh less than about 0.5 mm) are generally subject to two problems. The
first of these is flow distribution among parallel channels. The second is conjugate
effects, circumferential and axial heat conduction in the material forming the chan-
nel, so that the actual heat flux and temperature distributions at the channel wall
are difficult to estimate. Typical micro-channels studied in the literature had one
unheated side wall (usually a transparent cover plate in the experimental apparatus)
and heat was applied from the bottom, with the result that the heat flux and wall
temperature distribution may be circumferentially non-uniform.

There is significant disagreement between experimental results for conventional
size channels due to different experimental conditions. For example, the wall has
to be superheated to a relatively great extent to initiate the nucleate boiling in the
experiments by Hapke et al. (2000) compared to those reported by Sato and Mat-
sumura (1964) and by Bergles and Rohsenow (1964). Moreover, a mass flux depend-
ence of the wall superheat was reported by Hapke et al. (2000). Measurements of
incipient boiling heat flux performed by Qu and Mudawar (2002) in a heat sink con-
taining rectangular parallel micro-channels showed that qONB ∼ ΔTS,ONB whereas
measurements by Bergles and Rohsenow (1964) showed that heat flux depends on
the wall superheat as qONB ∼ ΔT 2

S,ONB and is independent of mass flux.
For qualitative analysis of the conditions at which the boiling incipience was

studied experimentally the parameter D =ΔTsub,ONB/TS may be used. Depending on
the value of D, the channels can be subdivided into two groups: D < 1 and D � 1.
When D < 1 (D = 0.125−0.25) the onset of nucleate boiling occurred at a bulk
temperature significantly less than saturation. When D � 1 (D = 0.011−0.043)
the onset of nucleate boiling occurred at values of the bulk temperature close to
saturation.

Incipient boiling heat flux

When D < 1 (Tin � TS) incipient boiling heat flux increases with increasing mass
velocity. When D � 1 (Tin ∼ TS) incipient boiling heat flux weakly depends on mass
velocity. For micro-channels boiling incipient heat flux may weakly depend on inlet
temperature. This case corresponds to flow boiling in parallel micro-channels, in
which vapor penetrates the inlet manifold.
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Surfactant solutions

For some kind of surfactant solutions boiling incipience was accompanied with hys-
teresis and the wall superheat up to 24 K was observed.

Effect of dissolved gases

Desorption of the dissolved gases formed bubbles of gas and a limited amount of
bubbles containing gas–water vapor mixture. Under these conditions, during flow
boiling of water boiling incipience occurred at channel wall temperatures below that
of saturation temperature. Addition of surfactants led to an increase in wall tempera-
ture. In this case the boiling occurred in the range of heat flux of 5.2–21 W/cm2 at
wall temperatures of 107–121 ◦C.

2. Bubble dynamics in a confined space

Dimensional analysis shows that the behavior of the bubble radius with time de-
pends on the parameter Π = q/(ρLUcpLΔTS). In the range of Π = 0.0079−0.026,
linear behavior was observed, and whenΠ > 0.026 exponential bubble growth took
place.

3. Pressure drop

The complexity of steam–liquid flow in a micro-channel is the result of interactions
between liquid inertia, the liquid viscous force, and surface tension. The approach
developed by Lee and Mudawar (2005a) may be used to calculate the pressure drop
in micro-channels. Two key measures of these interactions are the Reynolds and
Weber numbers based on liquid properties.

4. Heat transfer in two-phase flow boiling

The extent to which an incoming liquid will be vaporized is a design variable that de-
pends on the intended application. In micro-scale refrigeration systems, the change
in vapor quality may be substantial, on the order of 0.8 for example. In electronics
cooling applications, the equilibrium vapor quality may remain at 0, or be very
small; in those designs, the aim is to capture the high-heat transfer coefficients
of subcooled flow boiling, without the added complexities of net vapor generation
(e.g., the need to incorporate a condenser). The distinction between low and high-
quality outflow affects heat transfer coefficients. Experiments by Lee and Mudawar
(2005b) revealed the range of parameters at which heat transfer was controlled by
nucleate boiling or annular film evaporation. The first of this process occurred only
at low qualities (x < 0.05), the second one at moderate (0.05 < x < 0.55) or high
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(x > 0.55) qualities. New correlations were suggested by Lee and Mudawar (2005b).
They are based on the Martinelli parameter and may be used for two-phase flow
boiling of water and refrigerant R-134a.

5. Critical heat flux

Several thousand CHF points have been reported in the boiling literature of the past
50 years. Most of these data were obtained with stable flow in single conventional
size circular tubes and conventional size channels. The tubes were usually of uni-
form wall thickness, and direct electrical heating was utilized to simulate the con-
stant heat flux. The correlation suggested by Zhang et al. (2006) gives the best agree-
ment with experimental data on saturated CHF in the channels of 0.33–6.22 mm. As
discussed in detail in Chap. 2, there is significant difference between experimental
results of CHF obtained in a single micro-channel of dh = 0.5 mm and in the block
that contained twenty-one 0.215×0.21 mm channels.

The study of CHF in micro-channels has not received much attention in the lit-
erature. Single-tube CHF data are not available for micro-channels with hydraulic
diameters less than 0.3 mm. Under conditions of explosive boiling, Hetsroni et al.
(2006b) suggested that the initial thickness of the liquid film may by considered
as a key parameter that affects CHF in the system containing a number of paral-
lel micro-channels of dh = 0.1−0.22 mm. New experiments should be performed
to validate the dimensionless groups caused by the evaporating interface near the
heated wall and CHF for single micro-channels, as well as for blocks that contain
parallel micro-channels.

6. Flow instability

The channel-to-channel interactions may affect pressure drop between the inlet and
the outlet manifold, as well as associated temperature of the fluid in the outlet mani-
fold and temperature of the heater. The frequency and the phase are the same for
all these fluctuations. They increase at a constant value of mass flux with increas-
ing heat flux. The large heated wall temperature fluctuations are associated with
the CHF. As the heat flux approached CHF, the parallel-channel instability, which
was moderate over a wide range of heat fluxes, became quite intense and should be
associated with maximum temperature fluctuation of the heated surface.
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Nomenclature

a Half of channel height
b Half of channel width
cp Heat capacity at constant pressure
C Parameter C (Eqs. 6.39, 6.50)
Co Convection number (Eqs. 6.57, 6.58)
d Diameter
d0 Initial diameter of bubble
d∗ Characteristic size
D Subcooling parameter at ONB point
G Mass flux, mass velocity of liquid plus vapor
g Acceleration due to gravity
h Heat transfer coefficient
hLG Latent heat
k Thermal conductivity, Boltzman constant
ks Surface roughness
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L Channel length
m Mass flow rate
M Mass, constant (Eqs. 6.9, 6.13)
MAE Mean absolute error
No Molecular number per unit volume
P Pressure
P∗

s Pressure 1 bar
P+

s Dimensionless pressure
q Heat flux
r Bubble radius
rb Radius of bubble embryo
rc Radius of cavity
r∗max Largest cavity radius
t Time
t∗ Dimensionless period
T Temperature
Tf Fluid temperature in annular space
T∞ Temperature of surrounding fluid
u Streamwise velocity
U Average flow velocity in micro-channel, uncertainty
Ub Velocity of bubble tail
ULS Superficial liquid velocity
UGS Superficial gas velocity
v Spanwise velocity
x Vapor quality
X Martinelli parameter
x,y,z Cartesian coordinates

Bn = δ
√

g(ρL −ρG)
σ

Bond number

Bo =
q

GhLG
Boiling number

Eo =
δ 2g(ρL −ρG)

σ
Eotvos number

Fo =
2αt
δ 2 Fourier number

Ja =
(T∞−Ts)ρLcpL

ρGhLG
Jacob numer

Nu =
hdh

k
Nusselt number

Po = λ ·Re Poiseuille number

Pr Prandtl number
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Re =
Udh

ν
Reynolds number

StONB =
qONB

ρLuincp(Ts −Tin)
Stanton number at ONB point

We =
G2dh

σρ
Weber number

Greek symbols

α Thermal Diffusivity, exponent
β Ratio of channel depth to width, exponent
ΔP Pressure drop
ΔT Temperature difference
ΔT ∗

ONB Wall superheat at pressure of 1 bar
δ Gap size, liquid thickness, thermal boundary layer
δ ∗ Dimensionless liquid thickness
η Dimensionless distance from the wall
θ Temperature difference, contact angle
μ Dynamic viscosity
ν Kinematic viscosity
Π Dimensionless parameter (Eqs. 6.43, 6.44)
ρ Density
σ Surface tension
τw Wall shear stress
ΦL Two-phase pressure drop multiplier
ψ Parameter (Eqs. 6.5, 6.7)

Subscripts

av Average
B Bubble, bulk
c Cavity, circular, center
CHF Critical heat flux
CMC Critical micelle concentration
crit Critical
exp Experimental
G Gas
h Hydraulic, heated
heat Heat
het Heterogeneous
hom Homogeneous
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in Inlet
L Liquid
LG Liquid/gas
max Maximum
min Minimum
n Spanwise
out Outlet
ONB Onset of nucleate boiling
p Streamwise
pred Predicted
s Saturation
s,B Saturation in the bubble
sub Subcooled
sub,ONB Subcooled at ONB point
tp Two-phase
tp,a Acceleration component
tp,cor Uniform circumferential heating
tp,f Friction component
vt Laminar liquid–turbulent vapor
vv Laminar liquid–laminar vapor
w Wall
w,ONB Wall at ONB point
3 Three sides heating
4 Four sides heating



Chapter 7
Design Considerations

The details of the specific features of the heat transfer coefficient, and pressure drop
estimation have been covered throughout the previous chapters. The objective of this
chapter is to summarize important theoretical solutions, results of numerical calcu-
lations and experimental correlations that are common in micro-channel devices.
These results are assessed from the practical point of view so that they provide
a sound basis and guidelines for the evaluation of heat transfer and pressure drop
characteristics of single-phase gas–liquid and steam–liquid flows.

7.1 Single-Phase Flow

Fully developed flows in smooth channels

The Poiseuille number in laminar flows is constant but dependent upon the flow pas-
sage geometry (Shah and London 1978). The heat transfer rate in laminar channel
flow is very sensitive to the thermal boundary conditions. Hence, it is essential to
carefully identify the thermal boundary conditions in laminar flow. A systematic an-
alysis of thermal boundary conditions for internal flow is given by Shah and London
(1978). Three important thermal boundary conditions T, H1, and H2 are described;
they are pertinent to most micro-devices. The T boundary condition refers to the
constant wall temperature Tw both axially and peripherally throughout the passage
length. The wall heat transfer rate is constant in the axial direction while the wall
temperature at any cross-section is constant in the peripheral direction for the H1
boundary condition. The wall heat transfer rate is constant in the axial direction, as
well as in the peripheral direction for the H2 boundary condition. The H1 bound-
ary condition is realized at qw = const. for highly conductive materials for which
the temperature gradients in the peripheral direction are minimum; the H2 bound-
ary condition is realized at qw = const. for very low conductive materials for which
temperature gradients exist in the peripheral direction. For intermediate values of
thermal conductivity, the boundary condition at qw = const. will be between H1 and
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H2. It may be noted that the H1 and H2 boundary conditions for the symmetrically
heated passages with no sharp corners (e.g., circular, flat, and concentric annular
channels) are identical; they are simply designated as H.

The values of the Nusselt and the Poiseuille numbers for heat transfer and fric-
tion for fully developed laminar flows through specified channels are presented in
Table 7.1 (Shah and London 1978).

Correlations concerning symmetrically heated channels should be adjusted for
non-uniform circumferential heating. An example is given in Sect. 6.4.2, Eqs.
(6.53), (6.54), and (6.55).

Theoretical solutions have been verified by many researchers for flow friction and
heat transfer in a single channel. Hence, these results provide a valuable guideline
for devices that may employ many such channels in parallel. However, passage-

Table 7.1 The Nusselt and the Poiseuille numbers for fully developed laminar flow

Geometry (L/dh > 100) NuH1 NuH2 NuT Po

2b

2a

60°
2b
2a

=
√

3
2

3.111 1.892 2.47 53.332

2b

2a

2b
2a

= 1

3.608 3.091 2.976 56.908

2a

4.002 3.862 3.34 60.216

2b

2a

2b
2a

=
1
2

4.123 3.017 3.391 62.192

2a
4.364 4.364 3.657 64

2b

2a

2b
2a

=
1
4

5.331 2.94 4.439 72.932

2b
2a

2b
2a

=
1
4

6.049 2.93 5.137 78.808

2a
2b 2b

2a
=

1
8

6.490 2.94 5.597 82.340

2a
2b 2b

2a
→ 0

8.235 8.235 7.541 96.00
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to-passage flow non-uniformity could result in significant deviations in Nu and Po
from the analytical predictions. Also, actual thermal boundary conditions for heat
transfer may not correspond to any previously described boundary conditions. In
addition, the developing flow effect may be present if the flow passage is not long
enough. These and other effects such as fouling, fluid property variations, etc., could
affect the actual Nu and Po as presented in Table 7.1. For all these reasons, when
accurate Nu and Po are needed for specific applications, they should be obtained
experimentally or from numerical calculations even for simple passage geometries.

For smooth micro-channels the transition from laminar to turbulent flow occurs
at Re = 1,500−2,200. For turbulent flows the friction factor maybe calculated as

λ = 0.316 ·Re0.25 . (7.1)

Direct measurements of turbulent heat transfer in smooth pipes led to the correlation
known as the Dittus–Boelter equation

Nu = 0.023 ·Re0.8 Pr n (7.2)

where n is 0.4 and 0.3 for heating and cooling, respectively, Re is the Reynolds
number, and Pr is the Prandtl number. The analytical solutions, e.g., Eq. (6.36),
based on the thermal boundary approach appears to provide a reasonable basis for
understanding the mechanism of heat transfer.

Entrance effects

For most channels, the mean Nusselt number and friction factor will be within 10%
of the fully developed value if L/dh > 0.2RePr. If L/dh < 0.2RePr, the fully de-
veloped analytical solutions may not be adequate, since Nu and λ are higher in the
developing flow region. However, if the passage-to-passage non-uniformity exists
in a micro-device, it reduces Nu substantially, and also reduces λ slightly (and it
could be neglected for practical purposes).

Effect of roughness

For channels above dh = 1 mm the surface roughness generally does not affect
Nu and λ as long as the height of the surface roughness is negligible compared
to the channel hydraulic diameter (i.e., ks/dh < 0.01). For small diameter tubes
(dh < 0.6 mm) the relative roughness of ks/dh > 0.003 increases heat transfer up
to 25–30% in the range of Re = 1,000−2,200. This effect is more pronounced at
higher values of ks/dh and Re (Kandlikar et al. 2003).

Axial conduction in the walls

For high values of the Reynolds number, the mean value of the Nusselt number
does not differ significantly from the theoretical value for fully developed flow. On
the contrary, at low Re the effects of conjugate heat transfer on the mean value of
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the Nusselt number are very important because conduction along the channel walls
becomes a competitive mechanism to heat transfer through internal convection.

The mean heat transfer coefficient calculated using average wall and fluid tem-
peratures (assuming a linear wall and fluid temperature distribution) is not consis-
tent with mechanisms of heat transfer. This is also an explanation for the depend-
ence of the Nu on Re found in experiments. This effect will decrease as the con-
vective term of heat transfer increases with respect to the conductive term in the
channel wall (Hetsroni et al. 2004; Tiselj et al. 2004; Maranzana et al. 2004). This
is evidenced through numerical simulation, and when the effects of conjugate heat
transfer dominate, the temperature distribution along the micro-channel is not lin-
ear. For a circular tube, the region of significance of axial conduction in the walls
in the conjugated heat transfer problem, used also by Celata et al. (2005) may be
calculated as:

(kw/kL)
(
(d2

o −d2
in)/dinL

)
/RePr > 10−2 (7.3)

where kw and kL is the thermal conductivity of wall and liquid, respectively, do and
din is the outer and inner tube diameter, and L is the tube length.

The dimensionless quantity on the left-hand side of Eq. (7.3) labeled as M by the
above-cited authors, allows for the comparison of heat transfer by axial conduction
in the wall to the convective heat transfer in the flow.

7.2 Gas–Liquid Flow

Void fraction

The void fraction data was obtained in micro-channels and showed significant dif-
ferences from conventional size channels, depending on the channel cross-section
and inlet geometry. For the micro-channels with a diameter of 100 µm, the effects
of inlet geometry and the gas–liquid mixing method on the void fraction were seen
to be quite strong, while the conventional size channels have shown a much smaller
effect of inlet geometry on the void fraction. The homogeneous flow model and the
Armand (1946) correlation, α = β , where β = UGS/(UGS +ULS), or the correlation
α = 0.83β recommended by Ali et al. (1993) may be used for narrow channels with
dh ∼ 1 mm.

Kawahara et al. (2002) presented void fraction data obtained in a 100 µm micro-
channel connected to a reducing inlet section and T-junction section. The superfi-
cial velocities are UGS = 0.1−60 m/s for gas, and ULS = 0.02−4 m/s for liquid.
The void fraction data obtained with a T-junction inlet showed a linear relationship
between the void fraction and volumetric quality, in agreement with the homoge-
neous model predictions. On the contrary, the void fraction data from the reducing
section inlet experiments showed a non-linear void fraction-to-volumetric quality
relationship:

α = 0.03β 0.5/(1−0.97β 0.5) . (7.4)
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Pressure drop

This matter was discussed in Sect. 5.8. For channels of dh = 0.9−3.2 mm, the two-
phase pressure drop can be calculated using the Lockhart–Martinelli model with
parameter C, ranging from 5 to 20. The parameter C decreases when the hydraulic
diameter decreases (Zhao and Bi 2001). For channels of dh = 100 µm, (Kawahara
et al. 2002) two-phase pressure drop can be correlated within an accuracy of ±10%
using the Lockhart–Martinelli model with C = 0.24.

Heat transfer

There is a lack of information on the effect of superficial liquid and gas velocities
on heat transfer in micro-channels. We studied this problem in the test section that
contained 21 parallel triangular micro-channels of dh = 130 µm.

The heat transfer coefficient h increases with increasing superficial liquid vel-
ocity ULS. Enhancement of heat transfer is more pronounced for low values of su-
perficial liquid velocity. An increase in superficial gas velocity UGS to the same value
of the superficial liquid velocity led to a decrease in the heat transfer coefficient. The
Nusselt number may be calculated as:

NuL = 0.044Re0.96
LS Re−0.18

GS for ReGS = 4.7−270 , ReLS = 4.0−8.0 (7.5)

NuL = 0.13Re0.96
LS Re−0.40

GS for ReGS = 4.7−270 , ReLS = 8.0−56 (7.6)

where NuL = hdh/kL, ReLS = ULSdh/νL, ReGS = UGSdh/νG , h is the heat transfer
coefficient, kL is the liquid thermal conductivity, ULS and UGS are the liquid and gas
superficial velocities, respectively, and νL and νG are the liquid and gas kinematic
viscosity, respectively.

7.3 Boiling in Micro-Channels

7.3.1 Boiling Incipience

Wall superheat

Experimental and analytical studies showed that wall superheat significantly de-
pends on the heat flux. This dependence is close to ΔTS,ONB ∼ q0.5

ONB. Wall superheat
corresponding to nucleate boiling may be calculated using Eq. (6.9).

Effect of pressure

Empirical correlation (6.14) by Bergles and Rohsenow (1964) is recommended
when taking the dependence of wall superheat on pressure into account. It agrees
fairly well with the prediction of theoretical analysis based on the Hsu (1962) model.
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Liquid subcooling at ONB point

For qualitative analysis of the conditions at which the ONB phenomenon takes place
the parameter D = ΔTsub,ONB/TS may be used. Depending on the value of D, the
channels can be subdivided into two groups: (1) D < 1 (parameter is in the range of
D = 0.1−0.5), and (2) D � 1 (parameter is in the range of D = 0.01−0.1). For the
first group, defined as “short channels,” the relative heated length is LONB/dh < 100.
For the second group, defined as “long channels,” the relative heated length is
LONB/dh > 100. When the value of D lies in the range of 0.125–0.25, as in ex-
periments by Bergles and Rohsenow (1964), the onset of nucleate boiling occurred
at values of the bulk temperature TB,ONB, significantly less than the saturation tem-
perature. When the parameter was in the range of D = 0.011−0.074, as in the ex-
periments by Celata et al. (1997) and by Kennedy et al. (2000), the ONB occurred
at values of the bulk temperature that were close to saturation. Equations (6.32),
(6.33) and (6.34) are suggested for calculation of LONB at given values of qONB,
inlet velocity, and the difference between saturated and inlet temperature.

Effect of mass flux

Heat flux qONB is essentially independent of mass flux in the case that the inlet
fluid temperature does not differ significantly from the saturation temperature, i.e.,
TS −Tin is about 10–20 K. Heat flux qONB is in excess of 10–20% for the case of
TS −Tin > 20 K.

Effect of inlet temperature

Incipient boiling heat flux qONB decreases with an increase in the inlet temperature.
It was shown in Sect. 6.1.4 that an increase in the inlet flow temperature may lead to
a drastic decrease in qONB. As a consequence of the above discussion the fact is that
at the same value of Tin the value of qONB increases with increasing inlet velocity
(see Eqs. 6.32, 6.33, and 6.34).

Boiling incipience in surfactant solutions

Under some conditions boiling incipience in surfactant solutions may be quite dif-
ferent from that in Newtonian fluids. For some kinds of degraded solutions (i.e.,
solutions that were used after 6–10 runs) boiling occurred at wall superheat higher
than that observed in fresh solutions or water. Hysteresis was observed during boil-
ing of degraded solutions. It is speculated that molecules of degraded surfactant
are more amenable to the formation of a surfactant monolayer, which renders the
interface less flexible and results in the dampening of interfacial motion.

Effect of dissolved gases

Desorption of the dissolved bubbles formed bubbles of gas and a limited amount
of bubbles containing gas–water vapor mixture. As a result, boiling incipience oc-
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curs at a channel wall temperature below that of the saturation temperature. Onset
of nucleate boiling in surfactant solutions that contain dissolved gases takes place
at surface temperatures significantly higher than the saturation temperature (Klein
et al. 2005).

Dynamics of vapor bubble

In micro-channels the maximum length of the bubble in the streamwise direction is
about eight times larger than that in the spanwise direction (Hetsroni et al. 2003b).
The parameterΠ = q/(ρLUcpLΔTs) may be used to distinguish linear and exponen-
tial regimes of bubble growth. Bubble formation causes pressure and temperature
fluctuations.

7.3.2 Flow Boiling: Pressure Drop Characteristics

Predictions of the homogeneous equilibrium flow model and previous separated
flow models yielded relatively poor predictions of pressure drop. The mean abso-
lute error (Eq. 6.48) is in the range of MAE = ±40% (Qu and Mudawar 2003a).
A new approach was developed to improve the accuracy of pressure drop predic-
tion in two-phase micro-channels (Lee and Mudawar 2005a). Since the bubbly and
churn flow patterns are rarely detected in high-flux micro-channel flow, the sep-
arated flow model was deemed more appropriate than the homogeneous. In both
the slug and annular regimes, mass transfer by liquid break-up and deposition is
highly influenced by surface tension. It is assumed that the added complexity of
two-phase flow in a micro-channel is the net result of interactions between liquid
inertia, the liquid viscous force, and surface tension. Two key measures of these
interactions are the Reynolds number (Eq. 6.47) and Weber number (Eq. 6.48)
based on liquid properties. Equations (6.50), (6.51), and (6.52) are suggested to
evaluate the pressure drop in a copper micro-channel heat sink. These correla-
tions were examined experimentally by measurements of the pressure drop in water
and refrigerant R-134a in a two-phase micro-channel heat sink containing paral-
lel 231× 713 µm channels. The operating conditions for water were as follows:
inlet temperature of Tin = 30.0 or 60.0 ◦C, mass flux of G = 135−400 kg/m2s,
heat flux of q = 40.0−130 W/cm2, and outlet pressure of P = 2 bar. Experi-
ments performed with refrigerant R-134a spanned the following conditions: inlet
pressure of Pin = 1.44−6.60 bar, mass flux of G = 127−654 kg/m2s, inlet qual-
ity of xin = 0.001−0.25, outlet quality of xin = 0.001−0.25, and heat flux of
q = 31.6−93.8 W/cm2. Equations (6.50), (6.51), and (6.52) predict the pressure
drop with the mean absolute error of MAE = ±30%. New experiments should be
performed in micro-channels of different geometry and a comprehensive method
should be developed for determining micro-channel heat sink pressure drop for
coolants with different thermophysical properties.
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7.3.3 Flow Boiling: Heat Transfer

The correlations considered below may be used only in the range of experimental
conditions at which these correlations were obtained. More local data for differ-
ent channel geometries should be obtained for further validating its applicability to
different flow regimes, aspect ratios, sizes and geometries.

Nucleate boiling and annular film evaporation

The study by Steinke and Kandlikar (2004) was performed for water flow boiling
in six parallel, horizontal, lightly trapezoidal micro-channels of dh = 207 µm. The
ranges of parameters are: mass flux from 157 to 1,782 kg/m2 s, heat flux from 5
to 930 kW/m2, inlet temperature of 22 ◦C, quality from sub-cooled to 1.0, and at-
mospheric pressure at the exit. Equations (6.57), (6.58) and (6.59) were suggested
to calculate the heat transfer coefficient. The optimal range of the correlations is
between qualities of 0.2 to 0.8. The correlation underpredicts the heat transfer coef-
ficients at the ONB condition. In a recent publication, Kandlikar (2004) presented
two new non-dimensional groups that are thought to be important in micro-channel
flows. The groups are based on the surface tension and momentum change due to
evaporation, as well as the viscous shear force and inertia force. This and prior
studies by other authors pointed to annular flow as the dominant two-phase flow
pattern in micro-channels at moderate to high heat fluxes. These observations lend
credence to the hypothesis that the dominant heat transfer mechanism for two-phase
heat sinks is forced convective boiling and not nucleate boiling. It should be stressed
that the empirical correlations (6.57), (6.58) and (6.59) predict a heat transfer coef-
ficient about twice that measured by Qu and Mudawar (2003b) during flow boiling
of water (x < 0.15) and during flow boiling of R-134a (x = 0.4−0.8). These cor-
relations also overpredict the experimental data obtained by Yen et al. (2003) for
convective boiling of HCFC 123 and FC72 in d = 190 µm tubes in the range of
x = 0.4−0.9.

Experiments by Lee and Mudawar (2005b) revealed a range of parameters in
which heat transfer is controlled by nucleate boiling or annular film evaporation.
The micro-channels were formed by cutting 53 of 231 µm wide and 713 µm deep
micro-slots into the 25.3× 25.3 mm2 top surface on an oxygen-free copper block.
A transparent cover plate formed a top-insulating surface for the micro-channels.
Experimental operating conditions spanned the following ranges: inlet quality of
xe,in = 0.001−0.25, outlet quality of xe,out = 0.49 to superheat, mass flux of G =
127−654 kg/m2s, heat flux of q = 159−938 kW/m2, and inlet pressure of Pin =
1.44−6.60 bar.

Two-phase heat transfer in micro-channel heat sink was associated with differ-
ent mechanisms for low, medium, and high-quality flows. Bubble flow and nu-
cleate boiling occur only at low qualities (xe < 0.05) corresponding to very low
heat fluxes. High fluxes produce medium-quality (xe = 0.05−0.55) or high-quality
(xe = 0.55−1.0) flows depending on the flow rate, where heat transfer is dominated
by annular film evaporation. Due to the large differences in heat transfer mechan-
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isms between the three quality regions, Lee and Mudawar (2005b) reported that
better predictions are possible by dividing the quality range into smaller ranges cor-
responding to these flow transitions.

Table 6.8 summarizes the new correlations for the three quality regions. The low
and high-quality regions are based solely on the Martinelli parameter, while the
mid-range includes the effects of Bo and WeL as well. Overall, convection to liquid
is important for both the low and mid-quality regions, while convection to vapor
becomes important for the high-quality region. For the latter, the low viscosity of
R-134a vapor yields vapor Reynolds numbers corresponding to turbulent flow at
high-heat flux conditions despite the small hydraulic diameter of the micro-channel.
Thus, the single-phase vapor term in the high-quality correlation must allow for both
laminar and turbulent vapor flow. The present correlations show that the heat transfer
coefficient is proportional to the Martinelli parameter raised to a positive exponent,
whereas prior macro-channel correlations employ a negative exponent for the same
parameter.

Critical heat flux in flow boiling

Available CHF databases in the literature for flow boiling of water in small-diameter
tubes were collected by Zhang et al. (2006). Three correlations by Bowring, Katto
and Shah were evaluated with the CHF data for saturated flow boiling, and three cor-
relations by Inasaka and Nariai, Celata et al. and Hall and Mudawar were evaluated
with the CHF data for subcooled flow boiling. The results obtained by Zhang et al.
(2006) are presented in Sect. 6.4.3. The collected database included 2,539 points for
saturated CHF and 1,298 points for subcooled CHF, covering a wide range of par-
ameters, such as outlet pressures from 0.101 to 19.0 MPa, mass fluxes from 5.33 to
1.34×105 kg/m2s, critical heat fluxes from 0.094 to 276 MW/m2, hydraulic diam-
eters of channels from 330 to 6.22 mm, length-to-diameter ratios from 1.00 to 975,
inlet qualities from −2.35 to 0, and outlet thermal equilibrium qualities from −1.75
to 1.00. A new simple correlation (6.59) was developed by Zhang et al. (2006) for
saturated CHF in small-diameter tubes. In contrast to other correlations, this cor-
relation consists only of a single equation and predicts the experimental data with
mean deviation of 16.8%. The authors concluded that the correlation may be used
to predict CHF of saturated flow boiling in small-diameter tubes. However, results
presented by Zhang et al. (2006) consider the macro-scale flow boiling methods
adapted to micro-channel data without recognizing any new heat transfer mechan-
isms. Such an approach cannot explain the disagreement between experimental re-
sults discussed above in Chap. 2. In particular, there is significant scatter between
results obtained by Wojtan et al. (2006) and Qu and Mudawar (2004). Hence, add-
itional phenomena, channel geometry, surface roughness, instability effects, add-
itives to fluid, and heat transfer mechanisms must have an effect on micro-channel
boiling.

The Hall–Mudawar correlation (6.61) seem to be the most reliable tools for CHF
prediction in subcooled flow boiling regions.
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Table 7.2 Physical properties of saturated water

T
[◦C]

p (10−2)
[kPa]

ρ
[kg/m3]

h
[kJ/kg]

cp
[kJ/kg K]

k (102)
[W/m K]

α (108)
[m2/s]

ν (106)
[m2/s]

σ (104)
[N/m]

Pr

0 1.013 999.9 0 4.212 55.1 13.1 1.789 756.4 13.67

10 1.013 999.7 42.04 4.191 57.4 13.7 1.306 741.6 9.52

20 1.013 998.2 83.91 4.183 59.9 14.3 1.006 726.9 7.02

30 1.013 995.7 125.7 4.174 61.8 14.9 0.805 712.2 5.42

40 1.013 992.2 167.5 4.174 63.5 15.3 0.659 696.5 4.31

50 1.013 988.1 209.3 4.174 64.8 15.7 0.556 676.9 3.54

60 1.013 983.1 251.1 4.179 65.9 16.0 0.478 662.2 2.98

70 1.013 977.8 293.0 4.187 66.8 16.3 0.415 643.5 2.55

80 1.013 971.8 355.0 4.195 67.4 16.6 0.365 625.9 2.21

90 1.013 965.3 377.0 4.208 68.0 16.8 0.326 607.2 1.95

100 1.013 958.4 419.1 4.220 68.3 16.9 0.295 588.6 1.75

110 1.43 951.0 461.4 4.233 68.5 17.0 0.272 569.0 1.60

120 1.98 943.1 503.7 4.250 68.6 17.1 0.252 548.4 1.47

130 2.70 934.8 546.4 4.266 68.6 17.2 0.233 528.8 1.36

140 3.61 926.1 589.1 4.287 68.5 17.2 0.217 507.2 1.26

150 4.76 917.0 632.2 4.313 68.4 17.3 0.203 486.6 1.17

160 6.18 907.0 675.4 4.346 68.3 17.3 0.191 466.0 1.10

170 7.92 897.3 719.3 4.380 67.9 17.3 0.181 443.4 1.05

180 10.03 886.9 763.3 4.417 67.4 17.2 0.173 422.8 1.00

190 12.55 876.0 807.8 4.459 67.0 17.1 0.165 400.2 0.96

200 15.55 863.0 852.5 4.505 66.3 17.0 0.158 376.7 0.93

210 19.08 852.8 897.7 4.555 65.5 16.9 0.153 354.1 0.91

220 23.20 840.3 943.7 4.614 64.5 16.6 0.18 331.6 0.89

230 27.98 827.3 990.2 4.681 63.7 16.4 0.145 310.0 0.88

240 33.48 813.6 1037.5 4.756 62.8 16.2 0.141 285.5 0.87

250 39.78 799.0 1085.7 4.844 61.8 15.9 0.137 261.9 0.86

260 46.94 784.0 1135.7 4.949 60.5 15.6 0.135 237.4 0.87

270 55.05 767.9 1185.7 5.070 59.0 15.1 0.133 214.8 0.88

280 64.19 750.7 1236.8 5.230 57.4 14.6 0.131 191.3 0.90

290 74.45 732.3 1290.0 5.485 55.8 13.9 0.129 168.7 0.93

300 85.92 712.5 1344.9 5.736 54.0 13.2 0.128 144.2 0.97

310 98.70 691.1 1402.2 6.071 52.3 12.5 0.128 120.7 1.03

320 112.90 667.1 1462.1 6.574 50.6 11.5 0.128 98.10 1.11

330 128.65 640.2 1526.2 7.244 48.4 10.4 0.127 76.71 1.22

340 146.08 610.1 1594.8 8.165 45.7 9.17 0.127 56.70 1.39

350 165.37 574.4 1671.4 9.504 43.0 7.88 0.126 38.16 1.60

360 186.74 528.0 1761.5 13.984 39.5 5.36 0.126 20.21 2.35

370 210.53 450.5 1892.5 40.321 33.7 1.86 0.126 4.709 6.79
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7.3.4 Natural Convection Boiling

Natural convection boiling of water and surfactants at atmospheric pressure in
narrow horizontal annular channels was studied experimentally by Hetsroni et al.
(2007) in the range of Bond numbers of 0.185–1.52. The channel length was 24 and
36 mm, the gap size was 0.45, 1.2, 2.2 and 3.7 mm. The heat flux was in the range
of 20–500 kW/m2, the concentration of surfactant solutions was varied from 10 to
600 ppm. Effect of restriction and channel length on boiling curves is presented in
Chap. 2. For water boiling at Bond numbers less than unity, the CHF in restricted
space is lower than that in unconfined space. This effect increases with increasing
the channel length. For water at Bond number of 1.52, boiling can almost be consid-
ered as unconfined. The addition of surfactant led to enhancement of heat transfer
compared to water boiling in the same gap size; however, this effect decreased with
decreasing gap size. Hysteresis was observed for boiling in degraded surfactant so-
lutions. For the same gap size, CHF in surfactant solutions was significantly lower
than that in water.

7.3.5 Explosive Boiling

Hetsroni et al. (2003b, 2003, 2005a,b) observed the explosive saturated boiling
regime in micro-channels, which exists before the annular flow regime. The test

Table 7.3 Physical properties of R-11

T
[◦C]

p (10−2)
[kPa]

ρ ′
[kg/m3]

ρ ′′
[kg/m3]

h
[kJ/kg]

cp
[kJ/kg K]

k (102)
[W/m K]

α (107)
[m2/s]

ν (106)
[m2/s]

σ (104)
[N/m]

Pr

−40 0.05093 1620.7 0.3619 204.06 0.84 0.107 0.783 0.605 264.8 7.72

−30 0.09206 1600.8 0.6285 200.69 0.85 0.104 0.772 0.510 253.0 6.60

−20 0.1576 1579.0 1.037 197.29 0.86 0.101 0.761 0444 240.3 5.83

−10 0.2573 1554.7 1.633 193.84 0.86 0.098 0.747 0.394 224.6 5.27

0 0.4030 1534.4 2.477 190.34 0.87 0.095 0.733 0.354 212.8 4.83

10 0.6083 1511.5 3.630 186.79 0.88 0.093 0.716 0.324 201.0 4.52

20 0.8891 1487.9 5.165 183.17 0.88 0.090 0.697 0.300 186.3 4.30

30 1.263 1463.7 7.158 179.45 0.89 0.87 0.678 0.277 173.6 4.09

40 1.748 1439.0 9.709 175.60 0.90 0.084 0.658 0.260 160.8 3.95

50 2.366 1413.8 12.900 171.53 0.91 0.081 0.636 0.245 149.1 3.85

60 3.138 1387.9 16.858 167.35 0.92 0.078 0.614 0.232 137.3 3.78

70 4.088 1361.3 21.697 162.87 0.93 0.075 0.591 0.222 123.6 3.76

80 5.240 1333.9 27.579 158.09 0.95 0.073 0.566 0.212 111.8 3.74

100 8.253 1275.8 43.196 147.46 0.98 0.0670 0.539 0.200 89.2 3.72

120 12.393 1211.8 65.660 135.03 1.02 0.061 0.505 0.189 66.7 3.74

140 17.896 1138.3 98.619 120.22 1.07 0.056 0.466 0.183 45.1 3.92
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modules had 13, 21 and 26 triangular micro-channels with hydraulic diameters of
220, 130, and 100 µm, respectively. Tests were performed in the range of mass flux
32–200 kg/m2s, heat flux 120–270 kW/m2, and vapor quality at the outlet manifold
0.01–0.08. The matter is discussed in Sect. 6.5.1. During quasi-periodic boiling in
a certain single micro-channel of a heat sink the pressure drop oscillations were al-
ways accompanied by wall temperature oscillations. The period of these oscillations
was very short and the oscillation amplitude increased with an increase in heat in-
put. The dependence of the dimensionless time interval between cycles in a given
channel on boiling number is shown in Eq. (6.62). The initial liquid film thickness
may be calculated using Eq. (6.65). The high-frequency oscillations in individual
micro-channels are superimposed and lead to total low frequency (2–5 Hz) pressure
drop and temperature oscillations of the whole heat sink. Temporal variations of
pressure drop, fluid temperature at the outlet manifold and heater temperature are
periodic with the same oscillation frequency. All these fluctuations are in phase.
The CHF phenomenon is different from that observed in channels of conventional
size. A key difference between micro-channel heat sink and conventional channels
is the amplification of instability prior to CHF. The heat transfer coefficient may be
calculated with standard deviation of 18% by Eq. (6.66).

7.4 Selected Properties of Liquids
Used for Cooling Micro-Devices

The data of physical properties of saturated water are presented in Table 7.2.

Table 7.4 Physical properties of R-12

T
[◦C]

p (10−2)
[kPa]

ρ ′
[kg/m3]

ρ ′′
[kg/m3]

h
[kJ/kg]

cp
[kJ/kg K]

k (102)
[W/m K]

α (107)
[m2/s]

ν (106)
[m2/s]

σ (104)
[N/m]

Pr

−40 0.6423 170.95 1515 4.096 0.8834 0.1000 0.747 0.280 180.44 3.79

−30 1.0052 167.43 1486 6.201 0.8960 0.0954 0.716 0.254 165.73 3.55

−20 1.5102 163.62 1457 9.039 0.9085 0.0907 0.685 0.236 152.98 3.44

−10 2.1927 159.48 1426 12.80 0.9211 0.0861 0.656 0.220 137.29 3.36

0 3.0881 154.95 1394 17.66 0.9337 0.0814 0.625 0.211 124.05 3.38

10 4.2933 150.05 1361 23.80 0.9504 0.0768 0.594 0.204 110.81 3.44

20 5.6731 144.70 1327 31.52 0.9672 0.0721 0.562 0.199 98.06 3.55

30 7.4451 138.75 1292 41.16 0.9839 0.0675 0.531 0.194 85.32 3.66

40 9.5947 132.14 1254 53.12 1.0006 0.0628 0.500 0.191 71.59 3.82

50 12.1463 124.56 1213 68.56 1.0844 0.0582 0.442 0.186 61.19 4.12

60 15.1814 116.90 1167 85.69 1.1179 0.0535 0.410 0.184 42.76 4.49

70 18.7265 108.02 1108 108.81 1.1597 0.0477 0.368 0.183 32.07 4.97

80 22.8393 97.68 1064 138.31 1.2225 0.0419 0.322 0.182 24.12 5.65
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Refrigerants R-N (N = 11,12, . . .)

The same data on physical properties of liquid refrigerants R-N (R-11, R-12, R-
13, R-21, R-22, R-113) and their vapor are presented in Tables 7.3–7.8. The de-
tailed data on thermophysical properties of different refrigerants (density, enthalpy,
heat capacity, viscosity, thermal conductivity and diffusivity) are found in books by
Platzer et al. (1990), Andersen (1959), and Danilova et al. (1976).

Many micro-channel blocks have a high thermal conductivity and conjugate ef-
fects may become important. In this chapter we considered analytical and experi-

Table 7.5 Physical properties of R-13

T
[◦C]

p (10−2)
[kPa]

ρ ′
[kg/m3]

ρ ′′
[kg/m3]

h
[kJ/kg]

cp
[kJ/kg K]

k (102)
[W/m K]

α (107)
[m2/s]

ν (106)
[m2/s]

σ (104)
[N/m]

Pr

−110 0.161 162.57 1634 1.257 0.816 0.114 0.855 0.408 204.0 4.77

−100 0.333 158.47 1597 2.457 0.854 0.109 0.799 0.340 186.0 4.26

−90 0.628 154.00 1558 4.427 0.879 0.104 0.760 0.298 168.0 3.92

−80 1.098 149.26 1520 7.452 0.908 0.0984 0.712 0.261 151.0 3.67

−70 1.805 144.19 1481 11.848 0.929 0.0933 0.677 0.240 134.0 3.55

−60 2.817 138.62 1439 18.044 0.971 0.0882 0.631 0.221 117.9 3.50

−50 4.204 132.43 1395 26.497 1.009 0.0831 0.590 0.204 101.3 3.46

−40 6.051 125.56 1349 37.850 1.042 0.0780 0.555 0.199 85.5 3.59

−30 8.42 117.98 1300 52.938 1.072 0.0729 0.523 0.194 69.9 3.72

−20 11.43 109.53 1247 72.833 1.105 0.0678 0.493 0.192 54.9 3.90

Table 7.6 Physical properties of R-21

T
[◦C]

p (10−2)
[kPa]

ρ ′
[kg/m3]

ρ ′′
[kg/m3]

h
[kJ/kg]

cp
[kJ/kg K]

k (102)
[W/m K]

α (107)
[m2/s]

ν (106)
[m2/s]

σ (104)
[N/m]

Pr

−40 0.093 1514.1 0.4989 267.1 1.001 0.123 0.814 0.415 277.5 5.10

−30 0.162 1492.7 0.8563 262.1 1.009 0.119 0.795 0.372 261.8 4.68

−20 0.277 1470.9 1.395 256.7 1.017 0.116 0.775 0.337 247.1 4.35

−10 0.454 1448.5 2.180 252.0 1.026 0.113 0.758 0.312 231.4 4.11

0 0.706 1425.6 3.276 246.7 1.034 0.109 0.742 0.288 216.7 3.88

10 1.06 1402.2 4.756 241.7 1.042 0.105 0.725 0.271 202.0 3.74

20 1.53 1378.2 6.708 236.3 1.051 0.102 0.705 0.256 187.3 3.63

30 2.15 1353.8 9.229 230.9 1.059 0.098 0.690 0.244 173.6 3.54

40 2.95 1328.8 12.43 224.4 1.068 0.095 0.672 0.233 159.8 3.47

50 3.96 1302.4 15.87 218.1 1.072 0.091 0.658 0.224 146.1 3.40

60 5.216 1277.4 21.50 211.2 1.080 0.087 0.642 0.216 133.4 3.37

70 6.76 1250.7 27.03 203.8 1.089 0.083 0.622 0.210 119.6 3.38

80 – 1225.4 47.62 196.3 1.097 0.080 0.597 0.205 109.8 3.44
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Table 7.7 Physical properties of R-22

T
[◦C]

p (10−2)
[kPa]

ρ ′
[kg/m3]

ρ ′′
[kg/m3]

h (10−3)
[kJ/kg]

cp
[kJ/kg K]

k (102)
[W/m K]

α (107)
[m2/s]

ν (106)
[m2/s]

σ (104)
[N/m]

Pr

−70 2048 1489 1.064 250.58 0.9504 0.1344 0.879 0.434 230.48 3.94

−60 0.3746 1465 1.869 245.05 0.9835 0.1198 0.831 0.323 215.25 3.88

−50 0.6472 1439 3.096 239.48 1.0161 0.1163 0.795 0.275 201.03 3.46

−30 1.6465 1382 7.407 227.55 1.0819 0.1082 0.724 0.232 168.67 3.20

−20 2.4614 1350 10.76 220.94 1.1145 0.1035 0.688 0.218 152.00 3.17

−10 3.5598 1318 15.29 214.36 1.1476 0.1000 0.661 0.210 136.31 3.18

0 5.0013 1285 21.23 206.95 1.1803 0.0954 0.629 0.204 120.13 3.25

10 6.8547 1249 28.90 198.29 1.2129 0.0907 0.599 0.199 103.95 3.32

20 9.1691 1213 38.76 188.41 1.2460 0.0872 0.577 0.197 90.12 3.41

30 12.0228 1176 51.55 177.27 1.2786 0.0826 0.549 0.196 75.90 3.55

40 15.4845 1132 67.57 164.75 1.3117 0.0790 0.532 0.196 60.21 3.67

50 19.6424 1084 88.50 155.33 1.3444 0.0744 0.510 0.196 46.68 3.78

60 24.4378 1032 111.48 149.13 1.3732 0.0709 0.500 0.202 33.69 3.92

70 30.0765 969 146.18 142.00 1.4068 0.0669 0.491 0.208 21.28 4.11

80 36.5979 895 196.35 134.50 1.4403 0.0628 0.487 0.219 11.18 4.41

Table 7.8 Physical properties of R-113

T
[◦C]

p (10−2)
[kPa]

ρ ′
[kg/m3]

ρ ′′
[kg/m3]

h
[kJ/kg]

cp
[kJ/kg K]

k (102)
[W/m K]

α (107)
[m2/s]

ν (106)
[m2/s]

σ (104)
[N/m]

Pr

0 0.148 1626 1.23 160.56 0.9127 0.0766 0.517 0.573 215.25 11.15

10 0.236 1600 1.90 157.97 0.9295 0.0743 0.500 0.506 202.01 10.10

20 0.364 1580 2.85 154.97 0.9462 0.0722 0.483 0.447 192.21 9.23

30 0.541 1560 4.12 152.95 0.9630 0.0702 0.467 0.394 182.40 8.45

40 0.783 1530 5.59 148.84 0.9797 0.0681 0.456 0.359 168.18 7.88

50 1.101 1510 8.00 146.12 0.9965 0.0661 0.439 0.323 158.86 7.35

60 1.512 1480 10.8 145.70 1.0090 0.0640 0.428 0.302 144.16 7.06

70 2.033 1460 14.2 138.88 1.0258 0.0620 0.414 0.278 136.31 6.71

80 2.677 1430 18.5 135.11 1.0425 0.0598 0.403 0.254 124.54 6.30

90 3.472 1400 23.7 130.71 1.0593 0.0578 0.389 0.236 111.79 6.07

100 4.421 1380 30.0 126.11 1.0760 0.0556 0.375 0.218 102.97 5.82

mental correlations for pressure drop and heat transfer, suggested for use in single-
phase and two-phase flow in micro-channels, as well as in conventional size chan-
nels. It is recommended that such correlations be used in the range of boundary
conditions and experimental parameters under which they were obtained.
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Nomenclature

a Half length of channel bottom
b Half length of channel side
d Diameter
cp Heat capacity at constant pressure
C Concentration
G mass flux
H Heat transfer coefficient
k Thermal conductivity
ks Average height of surface roughness
L Length
n Exponent (Eq. 7.2)
P Pressure
q Heat flux
T Temperature
x Mass quality

D =
ΔTsub,ONB

TS
Parameter

Nu =
hdh

k
Nusselt number

Po Poiseuille number
Pr =

ν
α

Prandtl number

Re =
Udh

ν
Reynolds number
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Greek symbols

α Void fraction
β Homogeneous (volumetric)
ΔTsub,ONB = TS −TB,ONB

λ Friction factor
ρ Density
Π = q

ρLUCpLΔTs

Subscripts

B Bulk
crit Critical
e Equilibrium
exp Experimental
f Fluid
G Gas, mass flux
GS Gas superficial
h Hydraulic
H1, H2 Thermal boundary condition at constant wall heat flux
in Inner, inlet
L Liquid
LS Liquid superficial
max Maximum
o Out
ONB ONB point
s Saturation
T Thermal boundary condition at constant wall pressure
w Wall, water
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Chapter 8
Capillary Flow with a Distinct Interface

The quasi-one-dimensional model of laminar flow in a heated capillary is presented.
In the frame of this model the effect of channel size, initial temperature of the work-
ing fluid, wall heat flux and gravity on two-phase capillary flow is studied. It is
shown that hydrodynamical and thermal characteristics of laminar flow in a heated
capillary are determined by the physical properties of the liquid and its vapor, as
well as the heat flux on the wall.

8.1 Preliminary Remarks

For a while now, the problem of flow and heat transfer in heated capillaries has
attracted attention from a number of research groups, with several applications to
engineering. The knowledge of the thermohydrodynamic characteristics of capil-
lary flow with evaporative meniscus allows one to elucidate the mechanism of heat
and mass transfer in porous media, to evaluate the efficiency of cooling system of
electronic devices with high power density, as well as to optimize MEMS.

In the earliest research on micro-scale flow heat transfer, Tuckerman and Pease
(1981) studied the single-phase fluid flow and heat transfer characteristics in micro-
channels and demonstrated that electronic chips could effectively be cooled by
means of the forced convection flow of water through micro-channels made from
silicon. Following Tuckerman’s (1984) research, some other researchers (Wu and
Little 1984; Weisberg et al. 1992; Peng and Peterson 1995) have contributed to
a better understanding of the fluid flow and heat transfer mechanism occurring in
micro-channels with single-phase flow. An extensive review of the available cool-
ing data for single-phase micro-channel flow has written by Bailey et al. (1995).
Although single-phase coolants can effectively cool miniature devices, they present
some inherent disadvantages like large pressure drops and streamwise increases in
the heat sink temperature. However, two-phase heat dissipation can achieve very
high heat fluxes for a constant flow rate while maintaining a relatively constant sur-
face temperature.
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Bowers and Mudawar (1994a) performed an experimental study of boiling flow
within mini-channel (2.54 mm) and micro-channel (d = 510 µm) heat sink and
demonstrated that high values of heat flux can be achieved. Bowers and Mu-
dawar (1994b) also modeled the pressure drop in the micro-channels and mini-
channels, using the Collier (1981) and Wallis (1969) homogenous equilibrium
model, which assumes the liquid and vapor phases form a homogenous mixture
with equal and uniform velocity, and properties were assumed to be uniform within
each phase.

Landerman (1994) developed an analytical model for two-phase boiling heat
transfer in a high aspect ratio rectangular channel. The flow regimes in the chan-
nel were mapped and then the heat transfer and wall temperature were evaluated,
using heat transfer coefficients taken from the literature.

Wayner et al. (1976) developed a simple procedure to obtain the heat transfer
coefficient for the interline region of an adsorption controlled wetting film. Xu and
Carey (1990) developed an analytical model to predict the heat transfer characteris-
tics of film evaporating on a microgroove surface.

A different analytical approach to the pressure drop of boiling two-phase flow
in extremely narrow channels (35–110 µm between plates) was suggested by Mori-
jama and Inoue (1992). The momentum equations for the liquid and the vapor were
introduced in order to evaluate the pressure loss along the gap for slug flow and film
flow regimes, assuming equal and constant liquid film thickness on the upper and
lower wall. The modern state of the problem is found in recent experimental data
and corresponding bibliography, discussed in Chaps. 3–6.

The capillary flows where the working liquid undergoes a change of phase on
the evaporating meniscus were studied (applied for the problems of grooved heat
pipes) by Potast and Wayner (1972), Xu and Carey (1990), Stephan and Busse
(1992), Khrustalev and Faghri (1994, 1995), Peterson and Ma (1996), Ha and Peter-
son (1998), Peterson and Ha (1998), and Weislogel and Lichter (1998). The detail
theoretical investigation of the evaporative meniscus of a perfect wetting liquid in
a heated channel with constant wall temperature was performed by Morris (2003).
A mathematical model of evaporative liquid–vapor meniscus in a capillary slot
has been developed by Khrustalev and Faghri (1996). The model includes two-
dimensional steady-state momentum conservation and energy equations for both
the vapor and liquid phase, while the liquid–vapor interface curvature was constant
along the interface.

The flow in a heated capillary depends on a number of parameters including
the channel geometry, physical properties of the liquid and the heat flux. An im-
mediate consequence of the liquid heating and evaporation is convective motion of
both phases. The latter leads to a velocity and temperature field transformation and
a change in the meniscus shape.

Peles et al. (2000) elaborated on a quasi-one-dimensional model of two-phase
laminar flow in a heated capillary slot due to liquid evaporation from the meniscus.
Subsequently this model was used for analysis of steady and unsteady flow in heated
micro-channels (Peles et al. 2001; Yarin et al. 2002), as well as the study of the onset
of flow instability in heated capillary flow (Hetsroni et al. 2004).
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Below we consider a quasi-one-dimensional model of flow and heat transfer in
a heated capillary, with hydrodynamic, thermal and capillarity effects. We estimate
the influence of heat transfer on steady-state laminar flow in a heated capillary, on
the shape of the interface surface and the velocity and temperature distribution along
the capillary axis.

The present model takes into account how capillary, friction and gravity forces
affect the flow development. The parameters which influence the flow mechanism
are evaluated. In the frame of the quasi-one-dimensional model the theoretical de-
scription of the phenomena is based on the assumption of uniform parameter dis-
tribution over the cross-section of the liquid and vapor flows. With this approxi-
mation, the mass, thermal and momentum equations for the average parameters are
used. These equations allow one to determine the velocity, pressure and temperature
distributions along the capillary axis, the shape of the interface surface for various
geometrical and regime parameters, as well as the influence of physical properties
of the liquid and vapor, micro-channel size, initial temperature of the cooling liquid,
wall heat flux and gravity on the flow and heat transfer characteristics.

Chapter 8 consists of the following: in Sect. 8.2 the physical model of the process
is described. The governing equations and conditions of the interface surface are
considered in Sects. 8.3 and 8.4. In Sect. 8.5 we present the equations transforma-
tions. In Sect. 8.6 we display equations for the average parameters. The quasi-one-
dimensional model is described in Sect. 8.7. Parameter distribution in characteristic
zones of the heated capillary is considered in Sect. 8.8. The results of a parametrical
study on flow in a heated capillary are presented in Sect. 8.9.

8.2 The Physical Model

A capillary system is said to be in a steady-state equilibrium position when the capil-
lary forces are equal to the hydrostatic pressure force (Levich 1962). The heating of
the capillary walls leads to a disturbance of the equilibrium and to a displacement of
the meniscus, causing the liquid–vapor interface location to change as compared to
an unheated wall. This process causes pressure differences due to capillarity and the
hydrostatic pressures exiting the flow, which in turn causes the meniscus to return
to the initial position. In order to realize the above-mentioned process in a conti-
nuous manner it is necessary to carry out continual heat transfer from the capillary
walls to the liquid. In this case the position of the interface surface is invariable and
the fluid flow is stationary. From the thermodynamical point of view the process in
a heated capillary is similar to a process in a heat engine, which transforms heat into
mechanical energy.

The idealized picture of the flow in a heated micro-channel is shown in Fig. 8.1a.
Such flow possesses a number of specific properties due to its unique structure,
which forms because of liquid evaporation and the interaction of pure vapor and
liquid flows separated by the interface surface. The latter has an infinitely thin sur-
face with a jump in pressure and velocity, while the temperature is equal. One can
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Fig. 8.1a,b The structure of flow in a heated capillary. Reprinted from Peles et al. (2000) with
permission. (a) A heated capillary scheme: (1) heated (0 ≤ x < x∗), (2) evaporation (x∗ < x ≤
x∗∗), and (3) superheated (x > x∗∗) regions. (b) The evaporation regions: I a – b, II b – c, III c – d,
IV d – a, V a – e, VI e – f, VII f – h, VIII h – a, I′ a – d, II′ d – e, III′ e – a. The terms f (G) and f (L)

are the cross-section of the vapor and liquid flows, f (L) = f (L)
1 + f (L)

2

see that in a heated capillary there are three distinct regions (heated, evaporation,
superheated) corresponding to different types of flow. Within the first and the third,
single-phase liquid (vapor) flow occurs. Heat transfer from the wall to the fluid is
accompanied by an increase of the liquid (vapor) temperature and velocity down-
stream. In the second region liquid–vapor flow interaction takes place. Heat flux
causes the liquid to progress downstream and to evaporate.

8.3 Governing Equations

Consider the mass, thermal and momentum balance equations. The key assumption
of the present analysis is that the Knudsen number of the flow in the capillary is
sufficiently small. This allows one to use the continuum model for each phase. Due
to the moderate flow velocity, the effects of compressibility of the phases, as well as
mechanical energy, dissipation in the phases are negligible. Assuming that thermal
conductivity and viscosity of vapor and liquid are independent of temperature and
pressure, we arrive at the following equations:

divρ (α)v(α) = 0 (8.1)



8.4 Conditions at the Interface Surface 353

ρ (α)(v(α) ·∇)h(α) = k(α)∇2T (α) (8.2)

ρ (α)(v(α) ·∇)v(α) = −∇P(α) + μ (α)∇2v(α) +
μ (α)

3
grad divv(α) +ρ (α)g (8.3)

where ρ , v, T and h are the density, velocity, temperature and enthalpy (bold letters
denote vectors). The term v has components u, v, w, which are directed along the
x, y and z-axes, respectively, g is the acceleration due to gravity, P is the pressure,
and k and μ are the thermal conductivity and viscosity, respectively. The parameters
∇ and ∇2 are the gradient and the Laplacian operator. The superscript α = G and
L corresponds to vapor (α = G) or liquid (α = L). The term that represents the
so-called second viscosity is omitted in Eq. (8.3).

In order to close the system of Eqs. (8.1–8.3) it is necessary to supplement the
gas equation of state and the equation determining the dependence of liquid density
on temperature

P(G) = P(G)(ρ (G)T (G)) (8.4)

ρ (L) = ρ (L)(T (L)) (8.5)

The system of Eqs. (8.1–8.5) should also be supplemented by a correlation deter-
mining the dependence of enthalpy on temperature: h(α) = h(α)(T (α)).

8.4 Conditions at the Interface Surface

We now describe the conditions that correspond to the interface surface. For station-
ary capillarity flow, these conditions can be expressed by the equations of continuity
of mass, thermal fluxes on the interface surface and the equilibrium of all acting
forces (Landau and Lifshitz 1959). For a capillary with evaporative meniscus the
balance equations have the following form:

2

∑
α=1

ρ (α)v(α)n(α)
i = 0 (8.6)

2

∑
α=1

(
ρ (α)v(α)h(α)− k(α) ∂T (α)

∂x�

)
n(α)

i = 0 (8.7)

2

∑
α=1

(P(α) +ρ (α)v(α)
i v(α)

k )n(α)
i = (τ(G)

ik − τ(L)
ik )nk +σ(r−1

1 + r−1
2 )n(G)

i +
∂σ
∂x�

(8.8)

where σ is the surface tension, τik is the tensor of viscous tension, v(α)n(α)
i and

(∂T (α)/∂x�)n
(α)
i are the normal components of the velocity vector and temperature

interface surface gradient, respectively, r1 and r2 are the general radii of curvature
of the interface surface, and ni and nk correspond to the normal and the tangent

directions. The term n(G)
i = −n(L)

i , n(G)
i is directed inside the first fluid (vapor) l =

1,2,3,∑2
α=1 is the sum of terms related to vapor (α = 1 = G) and liquid (α = 2 = L).
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When the interface surface is expressed by a function x = ϕ(y,z) the general radii
of curvature are found from the equation (Smirnov 1964):

Ar2 + Br + c = 0 (8.9)

where A = (a1a2 − a2
3); B = a4[2a3a5a6 − (1 + a2

5)a2 − (1 + a2
6)a1]; c = (1 +

a2
5 + a2

6)
2; a1 = (∂ 2x/∂y2)b; a2 = (∂ 2x/∂ z2)b; a3 =

(
∂ 2x/(∂y∂ z)

)
b; a4 = [1 +

(∂x/∂y)2
b
+(∂x/∂ z)2

b
]1/2; a5 = (∂x/∂y)b; a6 = (∂x/∂ z)b. The index b corresponds

to the interface surface.
For the flow in a slot (the plane problem: x = ϕ(y)) the general radii of curvature

equals

r1 = ∞,r2 =
(1 + f (G)′2)3/2

f (G)′′ = ψ−1 (8.10)

where f (G)′ and f (G)′′ equal (d f (G)/dx)b and (d2 f (G)/dx2)b, respectively; f (G) =
|k|yb is half the vapor flow cross-section area and k is a unit vector in the z-direction.
The vapor pressure on the interface surface may be found from the Clausius–
Clapeyron equation.

8.5 Equation Transformation

As already mentioned, the system of Eqs. (8.1–8.5) is supplemented by the Clausius–
Clapeyron equation, as well as by the correlation that determines the dependence of
enthalpy on temperature and describes the thermohydrodynamical characteristics of
flow in a heated capillary. It is advantageous to analyze parameters of such flow
to transform the system of governing equations to the form that is convenient for
significant simplification of the problem.

8.5.1 Equation for Pressure and Temperature at Interface Surface

The vapor and liquid densities, pressure and temperature on the interface surface are
connected by the following equation (Carey 1992):

1

ρ (G)
dP(G)

dT
+

1

ρ (L)
dP(L)

dT
=

hLG

T
. (8.11)

On the meniscus surface the deviation of vapor pressure P(G) from the saturation
pressure Psat depends on the surface tension σ , liquid density ρ (L), gas constant R,
temperature T , and radii of curvature r. When P(G) −Psat(T ) � (2σ/r2) (which is
usually the case), P(G) can be approximated for most systems (Carey 1992) by the
following expression:

P(G) = Psat exp(−(2σ/RTρ (L)r2)) . (8.12)
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When the ratio 2σ/RTρ (L)r2 � 1 it is possible to assume P(G) = Psat. For ex-
ample, for realistic conditions: T = 300 K, ρ (L) = 103 kg/m3, r2 = 5 ×10−4 m,
R = 462 J/kg K, σ = 0.0727 N/m, the vapor pressure P(G) = Psat exp(−2×10−6),
i.e., P(G) = Psat. In this case vapor pressure on the interface may be found from the
Clausius–Clapeyron equation

dP(G)

dT (G) =
hLGρ (G)

T (G) . (8.13)

Assuming the vapor is an ideal gas

P(G) = Rρ (G)T (G) (8.14)

and combining Eqs. (8.12) and (8.13), we arrive (after integration) at the dependence
of the vapor pressure on the temperature at the interface surface

P(G) = P̃exp(−hLG/RT (G)) (8.15)

where P̃ = P′ exp(hLG/RT ′); P′ and T ′ are some values of the pressure and tem-
perature on the saturation line.

8.5.2 Transformation of the Mass, Momentum
and Energy Equations

To transform the mass energy and momentum equations, we use Eqs. (8.1–8.3) in
the following form:

∂
∂x�

(ρ (α)v(α)
� ) = 0 (8.16)

∂
∂x�

[
ρ (α)v(α)

� h(α)− k(α) ∂T (α)

∂x�

]
= 0 (8.17)

∂
∂xk

(Π
(α)

ik ) = 0 (8.18)

whereΠ (α)
ik = P(α)δik +ρ (α)v(α)

i v(α)
k −τ(α)

ik −X (α)
k , δik is the Kronecker delta; δik =

1 for i = k, δik = 0 for i �= k; i,k = 1,2,3; τ(α)
ik = μ (α)((∂v(α)

i /∂xk)+(∂v(α)
k /∂xi)−

(2/3)δik(∂v(α)
� /∂x�)); X (α)

k =
∫
ρ (α)gk dx, gk(g,0,0), g is the component of vector g

directed along x-axis, k = 1,2,3.
Let us transform Eqs. ( 8.16–8.18) using Gauss’s theorem

∫

V (α)

∂
∂x�

(ρ (α)v(α)
� )dV =

∫

Σ (α)

ρ (α)v(α) dS (8.19)



356 8 Capillary Flow with a Distinct Interface

∫

V (α)

∂
∂x�

[
(ρ (α)v(α)

� h(α))− k(α) ∂T (α)

∂x�

]
dV =

∫

Σ (α)

[
(ρ (α)v(α)h(α))− k(α)∂T (α)

∂x�

]
dS

(8.20)
∫

V (α)

∂
∂x�

(Π (α)
ik )dV =

∫

Σ (α)

Π (α)
ik dS (8.21)

where Σ (α) and V (α) are the surface and the volume of the vapor (α = G) and liquid
(α = L) media, respectively; S = nS, n is the external normal to that surface. The in-

tegrals
∫

Σ (G)
A(G) dS and

∫
Σ (G)

A(L) dS, A(α) = ρ (α)v(α),ρ (α)v(α)h(α),k(α)∇T (α)
� ,Π (α)

ik )

are equal (see Fig. 8.1b):

∫

Σ (L)

A(L) dS =
VIII

∑
k=I

∫

S
(L)
k

A(L) dS (8.22)

∫

Σ (G)

A(G) dS =
III′

∑
k=I′

∫

S(G)
k

A(G) dS (8.23)

where k is the number of restricted surface elements.
Summing integrals (8.22) and (8.23), one also accounts for:

1. Impenetrability of the capillary walls
∫

SII

ρ (L)v(L) dS =
∫

SVII

ρ (L)v(L) dS = 0 ;

∫

SII

ρ (L)v(L)h(L) dS =
∫

SVII

ρ (L)v(L)h(L) dS = 0

2. Adhesion of fluid to the wall
∫

SII

ρ (L)v(L) dS =
∫

SVII

ρ (L)v(L) dS = 0

3. Equality ∫

SII

P(L) dS+
∫

SVII

P(L) dS = 0

4. Opposed signs of the normal to the interface surface on the liquid side and on

the vapor side (n(G)
i = −n(L)

i ), as well as conditions (8.6–8.8) and correlation
(8.10) we obtain the following equations (for the plane problem):

2

∑
α=1

∫

f (α)

ρ (α)v(α) dS = c1 (8.24)



8.5 Equation Transformation 357

2

∑
α=1

∫

f (α)

(
ρ (α)v(α)h(α)− k(α) ∂T (α)

∂x�

)
dS = Qext + c2 (8.25)

⎛
⎜⎝

2

∑
α=1

∫

f (α)

(P(α)δik +ρ (α)v(α)
i v(α)

k − τ(α)
ik −X (α)

k )dS

⎞
⎟⎠

+
∫

fint

[
σψn(G)

i +
∂σ
∂x�

]
dS = Fext + c3

(8.26)

where Qext = 2
∫

SII

k(L)(∂T (L)/∂x�)dS, Fext = 2
∫

SII

τ(α)
ik dS, SII = |k|

x∫
xin

dx,

f (α) is the cross-section of vapor (α = G) or liquid (α = L) flows,

fint = 2 |k|
x∫

xin

[
1 +( f (G)′)2

]1/2
dx is the interface surface, constants c1, c2 and c3

correspond to 2
∫
SI

A(L) dS, and xin is the initial value of x.

In addition we write the balance equation for each phase:
∫

f (α)

ρ (α)v(α) dS+
∫

fint

ρ (α)v(α) dS = c(α)
4 (8.27)

∫

f (α)

(
ρ (α)v(α)h(α)− k(α) ∂T (α)

∂x

)
dS

+
∫

fint

(
ρ (α)v(α)h(α)− k(α) ∂T (α)

∂x�

)
dS = Qext + c(α)

5

(8.28)

∫

f (α)

(P(α)δik +ρ (α)v(α)
i v(α)

k − τ(α)
ik −X (α)

k )dS

+
∫

fint

(P(α)δik +ρ (α)v(α)
i v(α)

k − τ(α)
ik −X (α)

k )dS = F(α)
ext + c(α)

6 .
(8.29)

The system of Eqs. (8.24–8.29) allows to determine the component of velocity u, v,
temperature T and pressure P within the regions of liquid and vapor flows, as well as
the coordinates of interface xb, yb. The geometrical correlation for the cross-section
of the liquid and vapor flows

2

∑
α=1

f (α) = f (8.30)

is valid at any value of operating parameters (here f is the cross-section of capillary).
It should be noticed that Eq. (8.30) can be used together with any five equations

of the system (8.24–8.29) for calculating flow in heated micro-channel.
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8.6 Equations for the Average Parameters

Let us introduce average (over the flow cross-section) parameters as:

〈
J(α)

〉
= f (α)−1

∫

f (α)

J(α) dS (8.31)

where J is the parameter under examination and 〈 〉 is the operator indicating aver-
aging over the cross-section. Then Eqs. (8.24–8.26), and (8.27–8.29) transform to
the following form:

2

∑
α=1

f (α)
〈
ρ (α)v(α)

〉
= c1 (8.32)

2

∑
α=1

f (α)

〈
ρ (α)v(α)h(α)− k(α) ∂T (α)

∂x�

〉
= Qext + c2 (8.33)

(
2

∑
α=1

f (α)
〈

P(α)δik +ρ (α)v(α)
i v(α)

k − τ(α)
xk −X (α)

k

〉)

+
∫

fint

[
σψn(G)

i +
∂σ
∂x�

]
dS = Fext + c3

(8.34)

f (α)
〈
ρ (α)v(α)

〉
+
∫

fint

ρ (α)v(α) dS = c(α)
4 (8.35)

f (α)

〈
ρ (α)v(α)h(α)− k(α) ∂T (α)

∂x�

〉

+
∫

fint

〈
ρ (α)v(α)h(α)− k(α) ∂T (α)

∂x�

〉
dS = Q(α)

ext + c(α)
5

(8.36)

f (α)
〈

P(α)δik +ρ (α)v(α)
i v(α)

k − τ(α)
xk −X (α)

x

〉

+
∫

fint

〈
P(α)δik +ρ (α)v(α)

i v(α)
k − τ(α)

xk −X (α)
x

〉
dS = F (α)

ext + c(α)
6 . (8.37)

These equations, supplemented by the expression for the liquid density and va-
por pressure, may be integrated into the general case only numerically. However,
for some important particular cases, reasonable approximations can be introduced
which simplify the system of equations for the average parameters to a form that
can be integrated analytically. This approach, developed below, yields expressions
for a set of first-order integral equations of the average parameters.
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8.7 Quasi-One-Dimensional Approach

Significant simplification of the governing equations may be achieved by using
a quasi-one-dimensional model for the flow. Assume that: (1) the ratio of meniscus
depth to its radius is sufficiently small, (2) the velocity, temperature and pressure
distributions in the cross-section are close to uniform, and (3) all parameters de-
pend on the longitudinal coordinate. Differentiating Eqs. (8.32–8.35) and (8.37) we
reduce the problem to the following dimensionless equations:

d
dx

(
2

∑
α=1

ρ(α)u(α) f
(α)
)

= 0 (8.38)

d
dx

(
2

∑
α=1

ρ(α)u(α)h
(α)

f
(α)
)

= ϑ + Pe−1
2

∑
α=1

k
(α) d

dx

(
f
(α) dT

(α)

dx

)
(8.39)

Eu
d
dx

(
2

∑
α=1

f
(α)

P
(α)δik

)
+

d
dx

(
2

∑
α=1

f (α)ρ (α)u(α)2

)

=
dFext

dx
+ Re−1 d

dx

(
2

∑
α=1

μ (α)τ(α)
ik f

(α)
)
−We−1 d

dx

⎛
⎜⎝
∫

f int

σψn(1)
i dS

⎞
⎟⎠

−We−1 d
dx

⎛
⎜⎝
∫

f int

∂σ
∂x�

dS

⎞
⎟⎠+ Fr−1 d

dx

(
2

∑
α=1

f
(α)

X
(α)
k

)
(8.40)

d
dx

(
ρ(α)u(α) f

(α)
)

=
d
dx

G
(α)
int (8.41)

Eu
d
dx

(
f
(α)

P
(α)δik

)
+

d
dx

(
f
(α)ρ(α)u(α)2

)

=
dF

(α)
ext

dx
+ Re−1 d

dx

(
μ (α)τ (α)

ik f
(α)
)
− dF

(α)
int

dx
+ Fr−1 d

dx

(
f
(α)

X
(α)
) (8.42)

2

∑
α=1

f
(α) = 1 (8.43)

where the characteristic scales pressure PL0, density ρ20, velocity u20, tempera-
ture TL0, heat capacity cp20, viscosity μ20, thermal conductivity k20, surface ten-
sion σL0 (σL0 corresponds to TL0), area f , and length d (d is half the capil-

lary width) are used to define the following dimensionless parameters: P
(α) =

P(α)/PL0; ρ(α) = ρ (α)/ρL0; u(α) = u(α)/uL0; T
(α) = T (α)/TL0; c(α)

p = c(α)
p /cpL0;

μ (α) = μ (α)/μL0; k
(α) = k(α)/kL0; σ (α) = σ (α)/σL0; f

(α) = f (α)/ f ; S = S/ f ;
x = x/d; F = F/ρL0u2

L0 f ; G = G/ρL0uL0 f ; ψ = ψd; Qext = Qext/ρL0uL0cpL0
hL0;

X = X/ρL0u2
L0.

The terms Re = uL0d/νL0; Eu = PL0/ρL0u2
L0; Fr = u2

L0/gd; Pe = uL0dρL0 ·
cpL0/kL0; We = dρ20u2

20/σ20 are the Reynolds, the Euler, the Froude, the Weber
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and the Peclet numbers; ϑ = q/ρL0uL0cpL0TL0, Qext = 2
∫
SII

qdS, q is the heat flux on

the wall, Fext =
∫

SII

t dS, t = ξρ (α)
(

u(α)
)2

is the friction stress, ξ is the drag coef-

ficient, Gint =
∫

fint

ρ (α)v(α) dS, Fint =
∫

fint

(
P(α)δik +ρ (α)v(α)

i v(α)
k − τ(α)

ik −X (α)
k

)
dS,

and subscript 0 refers to the initial state.
From the frame of the quasi-one-dimensional model it is possible to determine

the hydrodynamic and thermal characteristics of the flow in a heated capillary, ac-
counting for the influence of the capillary force.

The dimensionless forms of Eqs. (8.5), (8.14), (8.15) and (8.43) are

ρ (L) = ρ (L)(T (L)) (8.44)

EuP
(G) = γρ(G)T

(G)
(8.45)

EuP
(G) =Ω exp(−ωT

(G)) (8.46)
2

∑
α=1

f
(α) = 1 (8.47)

where γ = RTL0/u2
L0; ω = hLG/RTL0; Ω = P̃/ρL0u2

L0.
For typical conditions of the capillarity flow, the non-dimensional groups have

the following orders: Re ∼ 1, Pe ∼ 10, Eu ∼ 107, Fr ∼ 10−3, We ∼ 10−4, ϑ ∼ 1.1

So λ
(G) ∼ 10−1, k

(L) = 1, μ (G) ∼ 10−2, μ (L) = 1, u(G) ∼ 103, P
(α) ∼ 1, T ∼ 1,

f
(α) ∼ 1, x ∼ 1, and the order of magnitude of the derivatives in Eqs. (8.39–8.42)

is 1.2 Accordingly, it is possible to omit the first term on the left-hand side of Eqs.
(8.40) and (8.42) and the second term on the right-hand side. At moderate and large
heat fluxes on the wall (q > 10 W/m2), the first terms on the left-hand and right-
hand side of Eq. (8.39) are of the same order. In this case it is possible to omit the
second term on the right-hand side of Eq. (8.39).

8.8 Parameters Distribution in Characteristic Zones

Consider now the case where the axial heat transfer due to the temperature gradient
is negligible compared to the heat transfer from the capillary wall and the friction
caused by the velocity gradient in the x-direction is negligible compared to the mo-
mentum losses at the fluid–wall interface.

Liquid heating region: 0 < x < x∗, ( f
(G) = 0, f

(L) = 1)

Equations (8.38–8.40) contain the following integrals:

1 For water flow in a heated capillary with d = 5 ×10−4 m at u = 10−3−10−2 m/s and q =
106 Wm2.
2 Within the heating and superheat regions x > 1 derivatives in Eqs. (8.39–8.42) are O(1).
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ρ (L)u(L) = c1 (8.48)

ρ (L)u(L)h(L) = ϑx + c2 (8.49)

ρ (L)u(L)2
+ EuP

(L) = Fext + Fr−1ρ (L)x + c3 . (8.50)

The constants c1, c2 and c3 are found from conditions3

x = 0 , ρ (L) = 1 , u(L) = 1 , h(L) = 1 . (8.51)

To determine Fext in Eq. (8.50) we use the relation Fext =
∫

SII

t dS and SII = |k|
x∫

xin

dx.

Assuming ζ = 32/Re we obtain

Fext = 32/Re · x . (8.52)

The system of Eqs. (8.48–8.50) may be written as

ρ(L)u(L) = 1 (8.53)

T
(L) = 1 +ϑx (8.54)

(u(L) −1)+ Eu(P(L)−1) = −x(32/Re+ρ(L)/Fr) . (8.55)

The heating region length is determined from the conditions

x = x∗ P = Ps T = T s . (8.56)

Since the dependence ρ (L) = f (T (L)) is very weak, it is possible to neglect the liquid
density ρ (L) variation within the heating region. Then Eqs. (8.54) and (8.55) may be
transformed to:

P
(L) = 1− (T (L)−1)Λ (8.57)

where Λ = 32/Re+ρ(L)/Fr
ϑEu .

The dependences (8.56) and (8.57) determine the parameters at the end of the
heating region. TheΛ parameter corresponding to micro-cooling system conditions
is on the order of 10−2. In this case P∗ and T ∗ practically do not depend on Λ .
Accordingly, the heating region length depends on the non-dimensional group ϑ
only.

x∗ = (T ∗ −1)/ϑ (8.58)

Evaporation region: x∗ ≤ x ≤ x∗∗

Equations (8.38–8.42) have the following integrals

2

∑
α=1

(
ρ(α)u(α) f

(α)
)

= c4 (8.59)

3 The constants c1 = 1, c2 = 1, c3 = 1+Eu.
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2

∑
α=1

(
ρ (α)u(α) f

(α)
h

(α)
)

= ϑx + c5 (8.60)

2

∑
α=1

(
ρ (α) u(α)2

f
(α)
)

+ Eu
2

∑
α=1

(
P

(α)
f
(α)
)

= Fext −We−1
∫

f int

σψnidS

−We−1
∫

f int

∂σ
∂x�

dS+ Fr−1

x∫

x∗

(
2

∑
α=1

ρ (α) f
(α)
)

dx+ c6

(8.61)

ρ(G)u(G) f
(G) = −

x∫

x∗
ρ(G)u(G)

√
1 +

(
f (G)′

)2
dx+ c7 (8.62)

ρ (G)u(G) f
(G)+EuP

(G)
f

(G)

= −
x∫

x∗

(
EuP

(G) +ρ(G)u(G)2
)√

1 +
(

f (G)′
)2

dx+ Fr

x∫

x∗
ρ(G) f

(G)
dx+c8 .

(8.63)

The constants c4, c5, c6, c7 and c8 are found from the conditions4

x = x∗, f
(G) = 0, f

(L) = 1, ρ (α)= ρ (α)
∗ , u(α) = u(α)

∗ , P
(α) = P

(α)
∗ , h

(α) = h
(α)
∗ .

Equations (8.59) and (8.63) may be written as

ρ(G)u(G) f
(G) +ρ(L)u(L) f

(L) = 1 (8.64)

ρ(G)u(G) f
(G)

h
(G) +ρ(L)u(L) f

(L)
h

(L) = h
(G)
∗ +ϑ(x− x∗) (8.65)(

ρ(G)u(G)2
f
(G) +ρ(L)u(L)2

f
(L) −ρ(L)

∗ u(L)2

∗
)

+Eu
(

P
(G)

f
(G) + P

(L)
f
(L) −P

(L)
∗
)

= We(−1)
∫

fint

σψni dS−We(−1)
∫

fint

∂σ
∂x�

dS

−(32/Re)(x− x∗)−Fr−1
x∫

x∗

(
∑2
α=1ρ

(α) f
(α)
)

dx

(8.66)

ρ(G)u(G) f
(G) =

x∫

x∗

ρ (G)u(G)
√

1 +
(

f (G)′)2
dx (8.67)

ρ (G)u(G)2
f
(G) + EuP

(G)
f
(G)

=
x∫

x∗

(
EuP

(G) +ρ(G)u(G)2
)√

1 +
(

f (G)′
)2

dx−Fr−1

x∫

x∗

ρ (G) f
(G)

dx .
(8.68)

4 The constants c4 = 1, c5 = h(G)
∗ −ϑx∗, c6 = EuP

(L)
∗ +ρ(L)

∗ u(L)2

∗ − (32/Re)x∗, c7 = 0, c8 = 0
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The left-hand side of Eq. (8.65) can be presented as:

ρ (G)u(G) f
(G)

h
(G) −ρ(G)u(G) f

(G)
h

(L) +ρ(G)u(G) f
(G)

h
(L) +ρ(L)u(L) f

(L)
h

(L)

= ρ (G)u(G) f
(G)

(
h

(G) −h
(L)
)

+ h
(L)

(
ρ (G)u(G) f

(G) +ρ(L)u(L) f
(2)
)

= ρ (G)u(G) f
(G)

(
h

(G) −h
(L)
)

+ h
(L)

.

Then Eq. (8.65) has the form

ρ (G)u(G) f
(G)

(
h

(G) −h
(L)
)

+ h
(L) = h

(L)
∗ +ϑ(x− x∗) . (8.69)

If h
(α) = c(α)

p T (c(L)
p = 1) then5

T =
(

1 + hLGρ(G)u(G) f
(G)
)−1 [

T ∗ +ϑ(x− x∗)
]

(8.70)

where hLG = hLG/cp20
T20.

The location of x∗∗ can be determined from the conditions6

x = x∗∗, f
(G)′ = tanθ , f

(G) = 1 (8.71)

where θ is the contact angle.
At a given Weber number, condition (8.71) may be satisfied at some values of the

Euler number, which play the role of eigenvalues.
The second integral on the right-hand side of Eq. (8.66) may be presented as

∫

f int

∂σ
∂x�

dS =
∫

f int

∂σ
∂T

· ∂T
∂x�

dS (8.72)

where
(
∂σ
∂T

)
< 0 for most known liquids.

In the partial case when σ is constant the first integral on the right-hand side of
Eq. (8.66) may be expressed as

∫

f int

σψni dS =
(

arctg f
(G)′ −π/2

)
. (8.73)

Superheat region: ( f
(G) = 1, f

(L) = 0)

Equations (8.38–8.40) have the following integrals

ρ (G)u(G) = c9 (8.74)

ρ (G)u(G)h
(G) = ϑx+ c10 (8.75)

5 Equation (8.70) may be presented in the following form ρ(G)u(G) f
(G) = (1+ϑx−T

(L))/hLG.
6 The solution of Eq. (8.66) must satisfy the following condition: x = x∗ f

(1)′ = ∞ ( f
(G) = 0),

x = x∗∗ f
(G)′ = tanθ ( f

(G) = 1).
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ρ(G)u(G)2
+ EuP

(G) = Fext + Fr−1ρ (G)x+ c11 (8.76)

where the constants c9, c10 and c11 are found from the conditions x = x∗∗, ρ (G) =
ρ (G)
∗∗ , u(G) = u(G)

∗∗ , P
(G) = P

(G)
∗∗ , T

(G) = T
(G)
∗∗ , (c9 = 1, c10 = c(G)

p T
(G)
∗∗ −ϑx∗∗,

c11 = u(G)
∗∗ + EuP

(G)
∗∗ −32x∗∗/Re−Fr−1ρ(G)

∗∗ x∗∗).
Then,

ρ (G)u(G) = 1 (8.77)

T
(G) = T

(G)
∗∗ +ϑ/c(G)

p (x− x∗∗) (8.78)(
u(G)−u(G)

∗∗
)

+ Eu
(

P
(G) −P

(G)
∗∗
)

= −(32/Re)(x− x∗∗)−Fr−1
(
ρ(G)x−ρ(G)

∗∗ x∗∗
)

.

(8.79)

The systems of Eqs. (8.56–8.58), (8.64–8.66), and (8.77–8.79) allow us to find the
density, velocity, temperature and pressure distributions along the capillary axis, as
well as the interface surface shape.

8.9 Parametrical Study

8.9.1 Thermohydrodynamic Characteristics of Flow

The numerical solution of Eqs. (8.38–8.43) was carried out for laminar flow, for
a set of non-dimensional groups varying within the limits: 5×108 ≤ Eu ≤ 1012;
1 < ϑ < 103; 5×10−10 ≤ We ≤ 10−6; 5×10−3 ≤ Re ≤ 10; 10−8 ≤ We ≤ 10−2.
The non-dimensional groups were chosen based on water flow in a 500 µm slot, heat
flux variation of 1 (W/cm2) to 100 (W/cm2) and 10−5(m/s)≤ uL0 ≤ 2×10−1(m/s)
velocity variation.

The calculations show that the liquid pressure monotonically decreases along the
heating region. Within the evaporation region a noticeable difference between the
vapor and liquid pressures takes place. The latter is connected with the effect of the
Laplace force due to the curvature of the interface surface. In the superheated region
the vapor pressure decreases downstream.

Figure 8.2a,b shows the character of the liquid and the vapor pressure distribution
along the evaporation region. It is found that for the above-mentioned parameters,
the vapor pressure is practically independent from x. Accordingly, the vapor tem-
perature, as well as the density, are also approximately constant. The latter makes it
possible to reduce the number of equations by three. The remaining five equations

consist of four equations that contain only four unknowns (u(G),u(L), f
(G)

, f
(L)

) and
one equation (the combined vapor–liquid momentum balance), which contains the

additional unknown P
(L)

. That means that the system of governing equations may

be solved successively: at first to obtain u(G), u(L), f
(G)

, f
(L)

and then to obtain
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Fig. 8.2a–d The vapor and
liquid pressure and velocity
distribution within the evap-
oration region for We = 10−9,
ϑ = 2.5, Eu = 1.6×1011,
Re = 0.04, Fr = 1.3×10−7.
Reprinted from Peles et al.
(2000) with permission

P
(L)

by solving the equation for the total momentum. Note that u(G), u(L), f
(G)

, f
(L)

depend on ϑ and P
(L)

, which is a function of the other non-dimensional groups:

P
(G) = f (Eu,Re,Fr,We). The liquid pressure decreases along the evaporation re-

gion and a sharp drop takes place near the top of the evaporation region.
The liquid and vapor velocity versus axial position for the evaporation region are

shown in Fig. 8.2c,d. It can be seen that the vapor velocity increases as x0.4, whereas
the liquid velocity is almost constant along a wide range of x and decreases very
sharply towards the top of the evaporation region.

The effect of various parameters on the difference between vapor and liquid pres-
sure is illustrated in Figs. 8.3 and 8.4. The effect of the Euler and Weber numbers
as well as the thermal parameter ϑ is highly noticeable. An increase in Eu, We
and ϑ leads to a decrease in ΔP, whereas the difference of both phase pressures is
practically independent of Reynolds number. An increase in the Froude number is
accompanied by an increase in ΔP for a small Fr. At Fr > 10−6 the effect of Fr on
ΔP is negligible.
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Fig. 8.3a,b The depend-
ence ΔP(We) and ΔP(ϑ )
for different ϑ at x∗ for
Eu = 1.6×1011, Re = 0.04,
Fr = 10−6. Reprinted from
Peles et al. (2000) with per-
mission

The ϑ(θ ) correlation corresponding to various Weber numbers is shown in
Fig. 8.5. The shape of the interface surface in a capillary flow with phase change
is presented in Fig. 8.6. As the calculations show, the curvature of the meniscus is
not constant and grows toward the periphery.

8.9.2 The Effect of Regulated Parameters

The regulated parameters of the problem are: the width and length of micro-
channel d = dhLGρ (L)/σ and L = LhLGρ (L)/σ , initial temperature of the liquid

T
(L)
inl = T (L)

inl c(L)
p /hLG, gravity acceleration g = gσ3/ν(L)2ρ (L)3

h3
LG, and heat flux on

the wall q = qσ/ρ (L)2
h2

LGν
(L). The effect of these parameters on the flow char-

acteristics, the liquid and vapor velocities u(i) = u(i)σ/ν(L)hLGρ (L), temperatures

T
(i) = T (i)c(L)

p /hLG, pressures P
(i) = P(i)/ρ (L)3

(ν(L)hLG/σ)2 and the length of the
heating and evaporation region x j = x jhLGρ (L)/σ was studied numerically.

The subsequent calculations were performed for laminar flow of water (ρ (L) =
103 kg/m3, cp = 4.19 kJ/kg K, σ = 0.059 N/m, hLG = 2,256 kJ/kg, θ = 0.67 rad)

in a vertical slot of height d = 1.5 mm. The inlet water temperature T (L)
in , gap size d,

heat flux q and acceleration due to gravity g were varied within the limits; 273 <

T (L)
in < 373 (K), 1 < d < 500 (µm), 10 < q < 600 (W/cm2), 1 < g < 600 (m/s2).
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Fig. 8.4 (a) The dependence
ΔP(Eu) at x∗ for We = 10−7,
ϑ = 10, Re = 0.1, Fr = 10−7.
(b) The dependence ΔP(Re)
at x∗ for We = 10−7, ϑ = 10,
Eu = 2.5×108, Fr = 10−5.
(c) The dependence ΔP(Fr)
at x∗ for We = 10−7, ϑ = 10,
Eu = 2.5×108, Re = 0.1.
Reprinted from Peles et al.
(2000) with permission

Fig. 8.5 The correlations
ϑ (θ) at We – var. Reprinted
from Peles et al. (2000) with
permission

The numerical solution for the entire flow domain (i.e., the liquid single-phase flow,
two-phase flow and superheated single-phase vapor flow) begins with the evaluation
in the two-phase domain for an initial guess of the vapor pressure at the beginning
of this domain (x∗). The liquid single-phase length x∗ is obtained based on the inlet
temperature, and the inlet pressure is calculated. If it is the inlet pressure, the prop-
erties of the single-phase flow in the liquid and vapor domain are calculated and
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Fig. 8.6 The shape of inter-
face surface for We = 10−7,
ϑ = 2.5, Eu = 1.6×1011,
Fr = 10−7, Re = 0.04.
Reprinted from Peles et al.
(2000) with permission

Fig. 8.7a–c The effect of inlet liquid temperature, gap size and wall heat flux from the wall on the
pressure in inlet cross-section pressure of the micro-channel. Reprinted from Peles et al. (2000)
with permission
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the numerical evaluation ends, if not the vapor pressure at x∗ in the two-phase do-

main is changed and another iteration takes place. The calculations show that P
(L)
in ,

for a fixed vapor evaporation pressure, depends very weakly on T
(L)
in , d and q at

large Euler numbers. For example, the variation of T
(L)
in , d and q within the lim-

its 0.52 < T
(L)
in < 0.68, 4×104 < d < 2×107; 10−8 < q < 2.5×10−7 corresponds

(at Eu > 108) to less than 0.02% change in P
(L)
in (Fig. 8.7). The temperature in the

meniscus symmetry point T20 equals the saturation temperature Tsat. Since the pres-
sure drop in the liquid region of the capillary flow is small, it is possible to assume

that Tsat corresponds to P(G)
out . The estimations show that such an assumption does

not affect practically, the results of the calculations.
The effect of the inlet liquid temperature, the size of the capillary gap, the wall

heat flux and gravity on the hydrodynamic and the thermal characteristics of the
flow in micro-channel are illustrated in Figs. 8.7–8.15. These data show that the

preliminary heating of the liquid (increase of T
(L)
in ) is accompanied by displacement

of the meniscus toward the inlet of the capillary. In accordance with that, the length
of the liquid region of the flow (x∗) decreases, whereas the length of vapor region
increases (Fig. 8.8). It is worth noting that the length of the evaporation region (as

well as the shape of interface surface) does not depend on T
(L)
in .

Expansion of the vapor region leads to a vapor temperature and velocity growth
at the outlet (Fig. 8.9a–c). The latter is accompanied by a significant change of
the micro-channel drag. The calculation has shown that the decrease in the liquid
region drag is smaller than the growth of the hydraulic drag at the vapor region. As

Fig. 8.8a–c The effect of inlet liquid temperature on the meniscus position: (a) the dependence

of x∗(T
(L)
in ), (b) the dependence of x∗∗(T

(L)
in ), (c) the dependence of Δx(T (L)

in ), (Δx = x∗∗ − x∗).
Reprinted from Peles et al. (2000) with permission
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Fig. 8.9a–c The dependencies of vapor temperature, pressure and velocity in the outlet cross-

section of the capillary on the inlet liquid temperature: (a) the dependence of ΔT (T (L)
in ), (b) the

dependence of ΔP(T (L)
in ), (c) the dependence of u(G)

out (T
(L)
in ), (ΔT = T

(L)
in −T

(G)
out , ΔP = P

(G)
out −P

(L)
in ).

Reprinted from Peles et al. (2000) with permission

a consequence the total pressure drop between the inlet and outlet cross-sections of
the micro-channel increase as the liquid preliminary heating increases (Fig. 8.9b).

The effect of capillary gap size on the interface surface, vapor velocity and the
difference of pressure and temperature between inlet and outlet cross-sections of the
micro-channel are illustrated in Figs. 8.10 and 8.11. It is seen that an increase of d
leads to the expansion of the liquid region. This effect is explained as follows: at the
fixed values of the other parameters an increase of d leads to a growth in the total
mass flux of the liquid through the capillary. Since the area of heat transfer surface
and wall heat flux are invariable, the energy per unit mass of liquid decreases. Ac-
cordingly the heating rate of the liquid decreases as well. The latter is accompanied
by a displacement of the meniscus toward the outlet cross-section and therefore x∗
increases. The length of the evaporation region increases proportionally to the size
of the gap, whereas the (x∗∗ − x∗)/d ratio does not depend on d. The latter shows
that the shape of the interface surfaces are similar for various d. The decrease of the
superheat region length with gap size growth leads to a decrease in the outlet vapor
velocity and temperature (Fig. 8.11).
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Fig. 8.10a–c The effect of gap size on the meniscus position: (a) the dependence of x∗(d), (b) the
dependence of x∗∗(d), (c) the dependence of Δx(d), Δx = x∗∗ − x∗. Reprinted from Peles et al.
(2000) with permission

The effect of gravity on the liquid and vapor parameters in the inlet and out-
let cross-section is presented in Figs. 8.12 and 8.13. It is seen that an increase

in the gravity is accompanied by a significant growth of the liquid pressure P
(L)
in

(Fig. 8.12a). At the same time an increase of the vapor pressure in the outlet cross-
section is observed. However, the rate of liquid and vapor pressure growth are very

different. This causes an increase of the difference ΔP = P
(L)
in − P

(G)
out as gravity

increases, as well as the sign change at some value of g. The temperature differ-

ence ΔT = T
(L)
in −T

(G)
out and vapor velocity in the outlet cross-section of the micro-

channels practically do not depend on gravitational acceleration (Fig. 8.12).
The effect of wall heat flux on the length of the heating and evaporation re-

gions, vapor velocity, temperature and pressure in the outlet cross-section is shown
in Figs. 8.13, 8.14, and 8.15. These data illustrate some important features of capil-
lary flow at large Euler numbers.

At large Euler number (Eu > 108) the mass flux through the micro-channels is
directly proportional to the wall heat flux. In this case the energy per unit mass
of liquid absorbed from the wall does not depend on the value of the heat flux. As
a consequence the length of the heating and evaporation regions, as well as the liquid
and vapor temperatures are invariable on heat flux q. This phenomenon, which may
be called “the effect of self-regulation,” has an important impact when estimating
the limiting permissible thermal states of the system with phase change of a cooling
liquid. Ha and Peterson (1998) showed that for V-shape micro-grooves the evapor-
ation length decreases slightly as heat flux increases. However, the Euler number in
this research is on the order of 107 (Eu < 108) and the capillary pumping mechanism
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Fig. 8.11a–c The dependence of vapor temperature, pressure and velocity gap size: (a) the depend-

ence of ΔT (d), (b) the dependence of ΔP(d), (c) the dependence of u(G)
out (d), (ΔT = T

(L)
in −T

(G)
out ,

ΔP = P
(L)
in −P

(G)
out ). Reprinted from Peles et al. (2000) with permission

in this kind of geometry is primarily due to the receding radius of curvature parallel
to the flow direction.

At Eu > 108 the wall temperature Tw depends on the liquid (vapor) temperature,
the heat transfer intensity and the wall heat flux.

To estimate the limiting permissible value of the wall heat flux we use the thermal
balance equation

hΔT = q (8.80)

where h is the convection heat transfer coefficient, ΔT = Tw −T (G).
Then we have

T max
w = T (G)

out + q/h (8.81)

where T max
w is the maximum temperature of the wall and T (G)

out is the outlet vapor
temperature.
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Fig. 8.12a,b The effect of gravity on inlet liquid pressure and pressure difference between the

inlet and outlet cross-section of the capillary: (a) the dependence of P
(L)
in (g), (b) the dependence of

ΔP(g), (ΔP = P
(L)
in −P

(G)
out ). Reprinted from Peles et al. (2000) with permission

Fig. 8.13a,b The effect of gravity on vapor velocity and temperature in the outlet cross-section of

the capillary: (a) the dependence of u(G)
out (g), (b) the dependence of ΔT (g), (ΔT = T

(L)
in −T

(G)
out ).

Reprinted from Peles et al. (2000) with permission

Recalling that Nu = ARen Prm (Nu and Pr are Nusselt and Prandtl numbers, A, n,
m are known constants), we rewrite Eq. (8.80) in the following form

T max
w = T (G)

out + cq (8.82)
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Fig. 8.14a,b The effect of wall heat flux on the meniscus position: (a) the dependence of x∗(q),
(b) the dependence of x∗∗(q), (c) the dependence of Δx∗∗(q). Reprinted from Peles et al. (2000)
with permission

where c = (d1−nνn/kAvn Prm), where k is the thermal conductivity and v is the kine-
matic viscosity.

Let the permissible wall temperature equal Tw,p. Then we obtain the following
estimation for the permissible heat flux on the wall qp

cqp ≤ Tw,p −T (G)
out . (8.83)

The inequality (8.83) gives an estimation of the limiting permissible value of heat
flux on the wall.

Summary

The quasi-one-dimensional model of flow in a heated micro-channel makes it pos-
sible to describe the fundamental features of two-phase capillary flow due to the
heating and evaporation of the liquid. The approach developed allows one to esti-
mate the effects of capillary, inertia, frictional and gravity forces on the shape of the
interface surface, as well as the on velocity and temperature distributions. The re-
sults of the numerical solution of the system of one-dimensional mass, momentum,
and energy conservation equations, and a detailed analysis of the hydrodynamic
and thermal characteristic of the flow in heated capillary with evaporative interface
surface have been carried out.

The following results have been obtained:

1. The velocity, pressure and temperature distribution in a heated capillary with
evaporative interface surface are determined by the following parameters ac-
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Fig. 8.15a–c The dependencies of vapor temperature, pressure on a velocity in outlet cross-section

of capillary on heat flux on the wall: (a) the dependence of ΔT (q), (b) the dependence of u(G)
out (q),

(c) the dependence of ΔP(q), (ΔT = T
(L)
in −T

(G)
out , ΔP = P

(L)
in −P

(G)
out ). Reprinted from Peles et al.

(2000) with permission

counting for the physical properties of the liquid and vapor as well as hydrody-
namic and thermal conditions of the flow: the Reynolds, Euler, Peclet, Froude
and Weber numbers and four non-dimensional groups γ , Ω , ω , and ϑ .

2. The vapor pressure, density and temperature practically do not change along the
evaporation region in physically realistic systems. The latter allows one to sim-
plify the system of governing equations and reduce the problem to a successive
solution of the shortened system of equations to determine the velocity, liquid
pressure and gaseous phases as well as the interface shape in a heated capillary.

3. The difference in pressure between vapor and liquid within the evaporation re-
gion depends mainly on the Euler and Weber numbers, as well as on the thermal
parameter ϑ . The effect of the Reynolds and Froude numbers on the pressure
difference of both phases is negligible.
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4. The curvature of the meniscus in a heated capillary with evaporative interface
surface is not constant.

5. Increasing the initial liquid temperature is accompanied by a change of the
length of the liquid and vapor regions, the increase of the vapor velocity and
temperature as well as the total drag in the micro-channel.

6. Heat flux on the wall, gap size of the capillary, as well as gravity affects notice-
ably the total drag in the micro-channel and temperature difference between the
inlet and outlet cross-sections.

7. At Euler number larger than 108 a self-regulated regime of flow is realized at
which the length of heating, evaporation and superheating regions, as well as
liquid and vapor temperatures, do not depend on the wall heat flux. At such flow
the wall temperature depends on the liquid (vapor) temperature, heat transfer
intensity and wall heat flux.

8. The maximum possible heat flux, which corresponds to the maximum allowed
wall temperatures is estimated. This maximum wall heat flux is determined by
the difference between the permissible wall temperature and the vapor tempera-
ture in the outlet cross-section, which is a function of the Reynolds and Nusselt
numbers.
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Nomenclature

cp Thermal conductivity
d Width of micro-channel
Fext Drag force
g Acceleration due to gravity
h Enthalpy, heat transfer coefficient
hLG Latent heat of evaporation
q Heat flux on the wall
Qext External heat flux
k Thermal conductivity
ni,nk Correspond to the normal and tangent direction
P Pressure
R Universal gas constant
r1,r2 General radii of curvature of the interface
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T Temperature
u,v,w Components of velocity directed along x, y and z-axis, respectively
v Velocity (bold letter denote vector)
x,y,z Cartesian coordinates

Eu =
P
ρu2 Euler number

Fr =
u2

gd
Froud number

Nu =
αd
k

Nusselt number

Pe =
ud
α

Peclet number

We =
ρu2d
σ

Weber number

Greek symbols

μ Viscosity
∇ Gradient
∇2 Laplacian operator
σ Surface tension
τik Tensor of viscous tension

Subscripts

in Initial state
w Wall
ext External
s Saturation

Superscript

α = G or L Corresponds to vapor (α = G) or liquid (α = L)
max Maximum



Chapter 9
Steady and Unsteady Flow in a Heated Capillary

The forced fluid flow in heated micro-channels with a distinct evaporation front is
considered. The effect of a number of dimensionless parameters such as the Peclet,
Jacob numbers, and dimensionless heat flux, on the velocity, temperature and pres-
sure within the liquid and vapor domains has been studied, and the parameters cor-
responding to the steady flow regime, as well as the domains of flow instability are
delineated. An experiment was conducted and demonstrated that the flow in micro-
channels appear to have to distinct phase domains one for the liquid and the other
for the vapor, with a short section of two-phase mixture between them.

9.1 Introduction

The investigations of fluid flow in micro-channels may be divided in two groups:
(1) single-phase flow, and (2) evaporative two-phase flow. The first was intensively
investigated beginning from the pioneer work by Tukermann and Pease (1981).
Two-phase flow is much less understood.

Hsu (1962) developed a semi-theoretical model that provides considerable in-
sight into the effects of a non-uniform liquid superheat resulting from a transient
condition in the liquid during the bubble growth and release process. The model
shows that there is a finite range of active cavity sizes on the heating surface, which
depends on subcooling, pressure, heat flux and physical properties of the fluid. For
water at atmospheric pressure, the temperature difference between the wall and sat-
uration temperature is around 15.6 ◦C, thermal boundary layer thickness of 76 µm
near the nucleation site, and heat flux of 30 W/cm2; the active nucleation sites are
those having a cavity opening of radius 2.5–15 µm. The thermal boundary layer far
from the nucleation site was measured by optical means by Yamagata et al. (1955). It
was found that the thickness of the thermal boundary layer is on the order of 250 µm.
Thus, the boundary layers of an adjacent heated micro-channel wall have coverage
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in a channel with a hydraulic diameter on the order of 100 µm, causing a higher bulk
temperature and therefore a wider range of active nucleation sides. The latter results
in higher bubble departure frequency. Furthermore, the bubble departure diameter in
channels of regular size is on the order of 1 mm, indicating that the bubble initiation
process in micro-channels is strongly controlled by the surrounding walls.

Peng and Wang (1993) investigated the flow boiling through micro-channels with
a cross-section of 0.6×0.7 mm2. They observed that no partial nucleate boiling ex-
isted and that the velocity and liquid subcooling have no obvious effect on the flow
nucleate boiling fluid. Peng et al. (1994a,b, 1996) conducted additional experimen-
tal investigations on flow boiling in micro-channels with rectangular cross-sections
ranging from 0.1×0.3 to 0.6×0.7 mm2. Peng et al. (1998) suggested a dimension-
less parameter for nucleate boiling in micro-channels, which agree well with the
experimental data.

Bowers and Mudawar (1994) performed an experimental study of pressure drop
and critical heat flux (CHF) in mini-channels with circular cross-section (d =
2.54 mm and d = 510 µm) using R-113. A CHF correlation proposed by Katto
(1978) was presented as qCHF = GhLG = 0.16We−0.19(L/d)−0.54, where qCHF is the
critical heat flux, G is the mass velocity, L and d are the channel length and hydraulic
diameter, respectively, hLG is the latent heat of evaporation and We = (ρLu2L)/σ
is the Weber number, σ is the surface tension, and u is the inlet velocity. When the
channel size decreases, the capillary forces acting in the longitudinal direction be-
come significant. The experiment yields CHF values of about 200 W/cm2. However,
the pressure drop for the small channels was less than 1 KPa compared to 23 KPa
for the micro-channels.

Peles et al. (1998) and Khrustalev and Faghri (1996) considered two-phase lam-
inar flow in a heated micro-channel with distinct evaporating meniscus in the frame
of quasi-one-dimensional and two-dimensional models.

Below the system of quasi-one-dimensional equations considered in the previous
chapter used to determine the position of meniscus in a heated micro-channel and
estimate the effect of capillary, inertia and gravity forces on the velocity, temperature
and pressure distributions within domains are filled with pure liquid or vapor. The
possible regimes of flow corresponding to steady or unsteady motion of the liquid
determine the physical properties of fluid and intensity of heat transfer.

We also consider the conditions corresponding to the existence of steady flow
with distinct evaporation front. The knowledge of such conditions is necessary to
design cooling systems of electronic devices with high power densities, and for
choosing operating parameters ensuring their stability, etc. We use the model by
Peles et al. (1998), which is based on a simplified one-dimensional model flow with
flat evaporation front dividing the liquid and vapor into two different domains.

Chapter 9 consists of the following: in Sect. 9.2 the physical model of two-phase
flow with evaporating meniscus is described. The calculation of the parameters dis-
tribution along the micro-channel is presented in Sect. 9.3. The stationary flow
regimes are considered in Sect. 9.4. The data from the experimental facility and
results related to two-phase flow in a heated capillary are described in Sect. 9.5.
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9.2 The Physical Model

Evaporative two-phase flow in a heated micro-channel resembles a two-phase slug
flow with distinct domains of liquid and vapor. These domains are divided by the
infinitely thin evaporating front, which propagates relatively to the fluid with a vel-
ocity u′f equal (numerically) to the linear rate of liquid evaporation. In the frame
of reference associated with micro-channel walls, the velocity of the evaporation
front is

uf = |uL|−
∣∣u′f
∣∣ (9.1)

where uf and u′f are the velocity of the evaporating front in the systems of coordinates
associated with the micro-channel wall and the fluid flow, respectively, and uL is the
liquid velocity in an inertial system of coordinates.

Depending on the correlation between u′f and uL, the evaporation front moves
downstream (|u′f| < |uL|) or upstream (|u′f| > |uL|) (Fig. 9.1). Essentially, in both
cases the flow in the micro-channel is unsteady. At the same time, at a certain com-
bination of governing parameters (initial velocity of liquid, heat flux on the wall,
etc.) the regime of flow may be steady. It corresponds to the kinematic condition
u′f = uL, which determines the fixed position of the evaporation front in the micro-
channel, as well as invariable length of the “liquid” and “vapor” domains. The vel-
ocity, temperature and pressure distributions corresponding to such a flow are plot-
ted in Fig. 9.2. The velocity of the vapor increases monotonically along the channel
axis, whereas the liquid velocity is almost constant. The latter is a result of low ther-
mal expansion of the liquid: γ = 0.18×10−3 K−1 for water at T = 20 ◦C (Kuchling
1980) and ρL(TL)≈ const. at 20 ◦C < T < 100 ◦C. Accordingly, within such a range
of temperature the change of liquid velocity does not exceed 4%.

Fig. 9.1 The scheme of the
flow in a heated capillary.
uL is the liquid velocity
and u′f is the front velocity
relative to the liquid. �L is
the liquid length domain and
L is the total channel length.
Reprinted from Peles et al.
(2001) with permission
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Fig. 9.2 The velocity, tem-
perature and pressure distribu-
tions along the axis of a heated
capillary (N = u,T,P), G and
L correspond to vapor and
liquid domains, respectively.
Solid line indicates the liquid
domain, and dotted line indi-
cates the vapor domain (con-
cave meniscus). Reprinted
from Peles et al. (2001) with
permission

At the evaporation front there is a jump in the flow velocity, which equals Δu =
uL(ρL.G − 1), where ρL.G = ρL/ρG, ρL and ρG are the liquid and vapor densities,
respectively. Since ρL.G 
 1 a jump in the flow velocity is expressed approximately
as Δu � uLρL.G.

The temperature distribution has a characteristic maximum within the liquid do-
main, which is located in the vicinity of the evaporation front. Such a maximum
results from two opposite factors: (1) heat transfer from the hot wall to the liquid,
and (2) heat removal due to the liquid evaporation at the evaporation front. The
pressure drops monotonically in both domains and there is a pressure jump at the
evaporation front due to the surface tension and phase change effect on the liquid–
vapor interface.

Taking into account the above-mentioned factors it is possible to present the sta-
tionary flow in a heated capillary as a flow of liquid and its vapor divided by an
infinitely thin evaporation front. The parameters of these flows are related to each
other by the condition of mass, momentum and energy conservation at the evapor-
ation front.

To describe the flow in a horizontal heated capillary we use the mass, momentum
and energy balance equations. At moderate velocity, the effects due to compressibil-
ity of liquid and vapor, as well as energy dissipation in gaseous and liquid phases
are negligible. Assuming that thermal conductivity and viscosity of the vapor and
the liquid are independent of temperature and pressure, we arrive at the following
system of equations:

div(ρivi) = 0 (9.2)

ρi(vi ·∇hi) = ki∇2Ti (9.3)

ρi(vi ·∇)vi = −∇Pi + μi∇2vi (9.4)

where ρ , v, T and h are the density, velocity, temperature and enthalpy (vector v
has components u,v,w which are directed along the x,y,z-axes, respectively), P the
pressure, k and μ the thermal conductivity and viscosity, respectively, ∇ and ∇2 are
the gradient and the Laplace operator; from here on the subscript i = G,L corres-
ponding to vapor and liquid.



9.2 The Physical Model 383

The system of Eqs. (9.2–9.4) should be supplemented by relations determining
the dependencies PG(ρG,TG), ρL(TL) and hi(Ti).

At steady flow in a heated micro-channel the conditions at the evaporation front
may be expressed by the continuity of mass, thermal fluxes on the interface surface
and the equilibrium of all acting forces (Landau and Lifshitz 1959). With reference
to the evaporative meniscus the balance equations have the following form (Peles et
al. 1998):

2

∑
i=1

ρivini = 0 (9.5)

2

∑
i=1

(
ρivihi − ki

∂Ti

∂x�

)
ni = 0 (9.6)

2

∑
i=1

(Pi +ρivivk)ni =
(
τ(G)

ik − τ(L)
ik

)
nk +σ(r−1

1 + r−1
2 )n(1)

i +
∂σ
∂x�

(9.7)

where σ is the surface tension, τik the tensor of viscous tension; vini and (∂Ti/∂xi)ni;
the normal component of the velocity vector and temperature interface surface gra-
dient, respectively, r1 and r2 the general curvature radii of the interface surface, ni

and nk correspond to the normal and tangent directions: n(G)
i = −n(L)

i , xi = x,y,z.
The radius of curvature r of the meniscus and its depth H are expressed for

a cylindrical micro-channel as

r = r0/cosθ (9.8)

H = r0(1− sinθ )/cosθ (9.9)

where r0 and θ are the radius of the micro-channel and the contact angle, respect-
ively.

When the contact angle is close to π/2 (for example, for the system water/steel
θ ∼ 0.45π), the ratio H/r0 is small, we estimate the order of magnitude of the terms
in Eqs. (9.2–9.4) and conditions (9.5–9.7). Choosing the meniscus as characteristic
scales of length in the longitudinal and transversal directions H and r0, respectively,
we obtain

∂
∂x

∼ 1
H

,
∂
∂y

∼ 1
r0

;
∂ 2

∂x2 ∼ 1
H2 ,

∂ 2

∂y2 ∼ 1

r2
0

. (9.10)

From Eq. (9.10) we obtain

∂ 2

∂x2 
 ∂ 2

∂y2 (9.11)

∇2 =
∂ 2

∂x2 +
1
y
∂
∂y

(
y
∂
∂y

)
≈ ∂ 2

∂x2 . (9.12)

The components of velocity at the meniscus surface are connected with each other
(at ρG/ρL 
 1) by relation

v/u ≈ tanϕ (9.13)
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where 0 < ϕ < π/2−θ , tanϕ = dy∗/dx∗, y∗(x∗) is the equation which determines
the meniscus shape.

At large contact angle (practically θ ≥ 0.4π) the following evaluations are valid

u > v, u
∂
∂x


 v
∂
∂y

. (9.14)

Estimates (9.12) and (9.14) effectively reduce the problem of flow in a heated micro-
channel to solving a system of one-dimensional mass, momentum and energy bal-
ance equations. They have the following form:

dρiui

dx
= 0 (9.15)

ρiui
dui

dx
= − dPi

dx
− dFi

dx
(9.16)

ρiuicpi
dTi

dx
= ki

d2Ti

dx2 + q (9.17)

where ρ , u, T and P are the density, velocity, temperature and pressure, F the drag
force accounting for the effect of viscosity and cp and k are the heat capacity and
thermal conductivity, respectively, q is the heat flux per unit axial length from the
wall. The boundary conditions for the present problem are:

at x = 0 , ρL = ρL,0 , uL = uL,0 , TL = TL,0 (9.18)

at x = �L , ρi = ρi,s , ui = ui,s , Pi = Pi,s , Ti = Ts (9.19)

at x = L , ρG = ρG,00 , uG = uG,00 ,
dTG

dx
= 0 (9.20)

where L = �G + �L is the total length of the micro-channel, �G and �L the length of
the vapor and liquid regions, respectively, subscripts 0 and 00 correspond to the inlet
and outlet cross-section, respectively, and s to the evaporation front.

We supplement the system of Eqs. (9.15–9.17) by the equation of state of the
vapor and liquid

PG = RρGTG (9.21)

ρL = ρL(TL) (9.22)

by the equation for the vapor pressure at the interface

Ps = Ps(Ts) (9.23)

and by the mass and thermal balances at the evaporation front

uG,s = uL,sρG.L (9.24)

− kL

(
dTL

dx

)

x=�L

+ kG

(
dTG

dx

)

x=�L

= hLGρL,suL,s (9.25)

where R is the gas constant.
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The momentum balance equation at the evaporation front has (neglecting the
effect of viscous tension and changing surface tension along of meniscus) the fol-
lowing form:

ΔP =
σ

2r0
cosθ +ρL,sv

2
L,s(1−ρL,s/ρG,s) (9.26)

where ΔP = PG,s −PL,s, and vL,s is the linear rate of evaporation.
The linear rate of evaporation (cylindrical micro-channel), may be estimated as

follows:

vL,s =
4q∗

hLGρL,s

L
d

(9.27)

where q∗ is the heat flux at the wall, and hLG is the latent heat of evaporation.
Using Eqs. (9.25) and (9.26) we estimate the contribution of the surface tension in

the pressure jump at the evaporation front, for the following parameters: L/d = 102,
d = 2×10−4 m, ρL = 103 kg/m3, ρL/ρG = 103, hLG = 2.26×106 J/kg, θ = 80◦,
σ = 500×10−4 N/m by calculating the ratio of the first term on the right-hand side
of Eq. (9.25) to the second one at q∗ = (3;30;300)×104 W/m2. As a result we find
that the ratio σ cosθ/2r0ρLv2

L(ρL/ρG) equals 1.39, 0.0139, 0.000139, respectively,
for q∗ = (3;30;300)× 104 W/m2. It is seen that the pressure jump in a flow in
a micro-channel with evaporation front is determined mainly by the phase change.
The effect of surface tension shows only at small heat fluxes at the wall. The latter is
typical to any fluid/wall system, in particular, for a water/glass system with θ = 0.
In this case the ratio σ cosθ/2r0ρLv2

L(ρL/ρG) equals 8.93; 0.0893; 0.000893 for
q∗ = (3;30;300)×104 W/m2.

The above-mentioned estimates show that at high power densities, characteristic
for cooling systems of electronic devices, it is possible to neglect the effects due to
curvature of the interface and present it as a flat front.

We add to Eqs. (9.15–9.17) and (9.21–9.25) the total mass and energy balances
to determine the vapor velocity and the temperature at the outlet cross-section

ρG,00uG,00 = ρL,0uL,0 (9.28)

Q0 +ρL,0uL,0cpL(Ts −TL,0)+ρL,0uL,0hL,G +ρL,0uL,0cpL(TG,00 −Ts) = qL (9.29)

where Q0 = kL(dT/dx)|x=0 is the upstream heat losses from the liquid in the inlet
cross-section.

9.3 Parameters Distribution Along the Micro-Channel

Using the system (9.15–9.17) we determine the distribution of velocity, temperature
and pressure within the liquid and vapor domains. We render the equations dimen-
sionless by the following characteristic scales: uL,0 for velocity, TL,0 for temperature,
ρL,0 for density, PL,0 for pressure, ρL,0u2

L,0 for the drag force and L for length

ui = ui/uL,0 , T i = Ti/TL,0 , Pi = Pi/PL,0

ρ i = ρi/ρL,0 , Fi = Fi/ρL,0u2
L,0 , x = x/L .

(9.30)
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The dimensionless equations take the following form:

dρ iui

dx
= 0 (9.31)

dρ iu
2
i

dx
= −Eu

dPi

dx
− dFi

dx
(9.32)

dT i

dx
=

1
Pei

d2T i

dx2 +ϑi (9.33)

where Eu = PL,0/ρL,0u2
L,0 is the Euler number, Pei = uL,0L/αi the Peclet number,

αi = ki/ρL,0cpi the thermal diffusivity, and ϑi = qL/ρL,0uL,0cpiTL,0 is the dimen-
sionless heat flux at the wall.

The boundary conditions for system (9.31–9.33) are

at x,ρL = 1 , uL = 1 , T L = 1 (9.34)

at x = �L , ρ i = ρ i,s , ui = ui,s , T i = T s , Pi = Pi,s (9.35)

at x = 1 , ρG = ρG,00 , uG = uG,00 ,
dT G

dx
= 0 . (9.36)

The additional relations of Eqs. (9.21) and (9.23) and conditions (9.24) and (9.29)
take the following dimensionless form:

Pi = R∗ρGT G (9.37)

PS = Ps(T s) (9.38)

ρL = ρL(T L) (9.39)

uG,s = uL,sρL.1 (9.40)

−
(

dT 2

dx

)

�L

+ kG.L

(
dT L

dx

)

�L

= Ja ·PeL (9.41)

EuΔP = We−1 cosθ +(1−ρ) (9.42)

ρG,00uG,00 = 1 (9.43)

Q0 +(T s −1)+ Ja+ cpG.L(T G,00 −T s) = ϑL (9.44)

where Q0 = Q0/(ρL,0uL,0cp,LTL,0), Ja = hLG/cpLTL,0 is the Jacob number, ϑL =
qL/(ρL,0uL,0cp,LTL,0), R∗ = R ρL,0TL,0

PL,0
, cpL.G = cpG/cpL, kG.L = kG/kL, ρ = ρL/ρG,

and We = 2r0ρLv2
L

σ .
At large Euler numbers when ΔP � 1, the vapor pressure may be calculated by

the Clausius–Clapeyron equation. In this case Ps and T s in Eq. (9.38) correspond to
the saturation parameters.

Integrating (9.31) and (9.33) we obtain:

ρ iui = 1 (9.45)

T i = C(i)
1 +ϑi(x+ Pe−1

i )+C(i)
2 exp(Peix) (9.46)
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where the constants C(i)
1 and C(i)

2 express as:

C(L)
1 = (1−C(L)

2 )−ϑL/PeL (9.47)

C(L)
2 = [(T s −1)−ϑL�L]/[exp(PeL�L)−1] (9.48)

C(G)
1 = T s −ϑG(�L + Pe−1

G )−C(G)
2 exp(PeG�L) (9.49)

C(G)
2 = −ϑG/(PeG expPeG) . (9.50)

The temperature distribution has a maximum at

xm = Pe−1
i ln

[
− ϑi

PeiC
(i)
2

]
. (9.51)

Such a maximum exists only if C(i)
2 < 0 and

∣∣∣ϑi/(PeiC
(i)
2 )

∣∣∣ ≥ 1. Since ϑ1 and Pe1

are positive, C(i)
2 < 0. It is easy to show that C(L)

2 is also less than unity at any value
of the operation parameters. Taking into account expressions (9.48) and (9.50) we
obtain from (9.51) the following:

xmL = Pe−1
L ln

ϑL[ePeL�L −1]
[ϑL�L − (T s −1)]PeL

(9.52)

xmG = 1 . (9.53)

Thus the maximum of the vapor (xmG) and liquid (xmL) temperatures are located at
the outlet cross-section of the micro-channel, and in front of the evaporation front
(inside the liquid domain), respectively.

Considering the pressure distribution in the liquid and vapor domains and taking
into account that the drag force Fl takes the form

Fi =
ξ

2ReL,0
ρL,0u2

L,0

x∫

0,�L

ν i dx (9.54)

we obtain from Eq. (9.32) the following expressions for the liquid P2 and P1 pres-
sures:

PL = 1−Eu−1

⎧⎨
⎩(ρL −1)+

ξ
2ReL,0

x∫

0

νL dx

⎫⎬
⎭ (9.55)

PG = PG,s −Eu−1

⎧⎪⎨
⎪⎩

(ρG,s −1)/ρG,s,0 +
ξ

2ReL,0

x∫

�L

νL dx

⎫⎪⎬
⎪⎭

(9.56)

where vi = vi/vL,0, ρL = ρL,0/ρL, ρG,s = ρG,s/ρG, ρG,s,0 = ρG,s/ρL,0, x = x/d, d is
the hydraulic diameter of the micro-channel, and ξ = 64 for laminar flow.
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Bear in mind that ρL is a weak function of the temperature, such that when ρL is
close to unity, we can write an approximate expression of PL

PL � ξ
2ReL,0

Eu

x∫

0

νL dx . (9.57)

In accordance with expressions (9.55) and (9.56) the pressure drop in the liquid and
vapor regions of flow is given by

ΔPL = Eu−1

⎧
⎨
⎩(ρL,s −1)+

ξ
2ReL,0

x∫

0

νL dx

⎫
⎬
⎭ (9.58)

ΔPG = Eu−1

⎧
⎪⎨
⎪⎩

(ρG,s,00−1)/ρG,s,0 +
ξ

2ReL,0

�G∫

�L

νG dx

⎫
⎪⎬
⎪⎭

(9.59)

where

ρL,s = ρL,0/ρL,s ρG,s,00 = ρG,s/ρG,00 ρG,s,0 = ρG,s/ρL,0 �i = �i/d

ΔPL = 1−PL,s ΔPG = PG,s −PG,00 .

Since
∫ �L

0 νL dx < [(1 +νL,s)/2]�L and vL,s < 1, the following estimate of the max-
imum pressure drop in the liquid domain is valid:

(ΔPL)max � ξ
2ReL,0Eu

· �L . (9.60)

The total pressure drop in a heated micro-channel is

ΔPt = Eu−1

⎧
⎪⎨
⎪⎩

ξ
2ReL,0

⎛
⎜⎝

�L∫

0

νL dx+
�G∫

�L

νG dx

⎞
⎟⎠+(ρ t −1)−We−1 cosθ

⎫
⎪⎬
⎪⎭

(9.61)

where ρ t = ρL,0/ρG,00.

9.4 Stationary Flow Regimes

Rearranging the thermal balance equation (9.41) and using expressions (9.46–9.50)
we arrive at

−
{
ϑL −PeL

ϑL�L − (T s −1)
1− e−PeL�L

}
+ kG.L · cpL.GϑL

{
1− e−PeLkG.L(1−�L)

}
= JaPeL

(9.62)
where kL.G = kL/kG and cpL.G = cpL/cpG.

The temperature distribution within the liquid and vapor domains of a heated
micro-channel is plotted in Fig. 9.3. The liquid entering the channel absorbs heat
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Fig. 9.3 Temperature distri-
bution in a heated capillary.
Solid line: liquid, dotted
– vapor (water and atmo-
spheric pressure, Ja = 1.82
and PeL = 6). Reprinted from
Peles et al. (2001) with per-
mission

from the walls and its temperature increases. The liquid temperature reaches a max-
imum in front of the interface. Then (within xm < x < �L) it decreases to the satura-
tion temperature. Heat flux from the region of high temperature to meniscus spends
to liquid evaporation. An increase of ϑL leads to the shortening of the liquid domain,
as well as to a displacement of the point corresponding to the maximum temperature
towards the inlet cross-section (Fig. 9.4). This process is accompanied by a decrease
of the maximum liquid temperature and an increase of the heat losses in the inlet
cross-section (Fig. 9.5). The effect of PeL on the length of the liquid domain is il-
lustrated in Fig. 9.6. An increase of PeL leads to a decrease of �L. The liquid–vapor
heat flux ratio at the evaporation front is shown in Fig. 9.7. An increase of the Peclet
number is accompanied by an increase of (qL/qG)x=�L

. This is due to the fact that
when the vapor–liquid Peclet number increases two events occur: (1) more heat flux
at the front is needed to evaporate a larger quantity of liquid, and (2) its influence on
the temperature field, and thus on the temperature slope, diminishes. Since the vapor
Peclet number is very large, compared to the liquid Peclet number, the contribution
of the vapor domain to the front heat flux increases much slower than that of the
liquid as the Peclet number increases, thus (qL/qG)x=�L

must increase.

Fig. 9.4 The effect of ϑLon
the length of liquid domain
�L, for water and atmospheric
pressure, Ja = 1.82 and PeL =
6. Reprinted from Peles et al.
(2001) with permission
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Fig. 9.5 Dependence of the
maximal temperature T max on
ϑL, for water at atmospheric
pressure, Ja = 1.82 and PeL =
6. Reprinted from Peles et al.
(2001) with permission

Fig. 9.6 The length of liquid
domain as a function of PeL.
Reprinted from Peles et al.
(2001) with permission

Fig. 9.7 The ratio
(qL/qG)x=�L

vs. the Peclet
number (water at atmospheric
pressure). Reprinted from
Peles et al. (2001) with per-
mission

Equation (9.62) contains seven dimensionless parameters accounting for the hy-
drodynamic and thermal effects. The regimes in which stable flows in a heated cap-
illary are possible correspond to the following interval of the length �L: 0 < �L < 1.
The latter allows us to use Eq. (9.62) to define the domains of the existence of
stable and unstable flow regimes. In the multi-dimensional parametric space (�,
ϑL PeL Ja T s kL.G cpL.G), the limiting values of these parameters corre-
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spond to a surface subdividing the parametric space into domains, which correspond
to various flow regimes.

The solution of Eq. (9.62) may be represented as 35 spatial (or 21 planar) di-
agrams which establish correlations between any three (or two, for the planar di-
agram) parameters when all the other parameters are fixed. These diagrams allow
us to outline the domains of stable flow regimes and to determine the values of the
parameters corresponding to the change between the stable and unstable flows.

Consider some particular cases, which are of interest to the understanding of the
general flow properties in a heated capillary. First, we examine a simple case when
the Peclet number is much less than unity. Since �L < 1, the assumption PeL � 1
corresponds to the condition PeL�L � 1. In this case Eq. (9.62) reduces to

�
2
L −K1�L + K2 = 0 (9.63)

where
K1 = (ϑL − Ja)/ϑL K2 = (T s −1)/ϑLPeL . (9.64)

For any finite value of the parameters ϑL and PeL, it is seen that the dimensionless
length of the liquid domain �L, cannot be equal to 0 and 1, since the term K2 and
the parameter Ja are positive. To determine a relationship between the parameters
corresponding to the stable flow in the case PeL � 1, Eq. (9.63) should be solved to
find �L

�L = 0.5

(
K1 ±

√
K2

1 −4K2

)
(9.65)

Since �L should be positive, the physically realistic solution of Eq. (9.65) is possible
only under the following conditions:

K1 > 0 (9.66)

K2
1 ≥ 4K2 . (9.67)

From inequality (9.66) it follows that for

ϑL > Ja (9.68)

a steady flow is possible.
To estimate the range of possible variations of PeL and ϑL for a given T s and Ja

inequality (9.67) is presented in the following form:

PeL ≥ 4
(T s −1)ϑL

(ϑL − Ja)2 (9.69)

where the equality corresponds to the low boundary of the stable flow domain.
The dependence PeL = PeL(ϑL) is shown in Fig. 9.8a. Each point of this curve

corresponds to a certain position of the evaporation front. Extreme points (the upper
one �L = 0 and the lower one �L = 1) correspond to ϑL = Ja, PeL → ∞ and as
ϑL → ∞ the Peclet number PeL tends to 0, respectively.
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Fig. 9.8a,b The dependence
of PeL(ϑL). The shaded
region indicates unsteady
flow: (a) PeL � 1, (b) PeL 

1. Reprinted from Peles et al.
(2001) with permission

The domain of the stable flow is located to the right of the boundary PeL(ϑL) (the
shaded region in the graph). To the left of this curve is the domain in which stable
flows in a heated capillary cannot occur. From the relation between the parameters
ϑL and Ja, the parametric plane PeL −ϑL may be subdivided into two domains: (1)
ϑL < Ja, and (2) ϑL > Ja. Within the first of these the stable flows cannot occur
at any values of parameters PeL and T s. At ϑL > Ja various flow regimes may be
realized: (1) a stable flow at PeL > PeLb, and (2) an unstable flow at PeL < PeLb

(PeLb is the value of the Peclet number corresponding to the boundary curve).
In the second case when (PeL 
 1, PeL�L 
 1), expression (9.62) reduces to

�L = (PeLϑL)−1{PeL[Ja+(T s −1)]+ϑL(1− kG.LcpL.G)
}

. (9.70)

Assuming �L ≤ 1 in Eq. (9.70) we obtain

PeL ≤ ϑL(1− kG.LcpG.L)
ϑL − [Ja+(T s −1)]

. (9.71)

The dependence PeL = PeL(ϑL) is shown in Fig. 9.8b. The lineϑL = Ja+(T s−1)
divides the parametric plane PeL−ϑL into two domains: (1) an unstable flow regime
domain for any value of PeL[ϑL < Ja +(T s − 1)], (2) a stable flow regime domain
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[ϑL > Ja+(T s−1) and PeL < 1−kG.LcpL.G]. Thus, at PeL 
 1 the domain of stable
flows in a heated capillary with a distinct evaporation front is restricted by the lines
ϑL = Ja+(T s−1) and PeL = 1−kG.LcpG.L. Note that the last restriction had already
been met by the restriction PeL 
 1.

9.5 Experimental Facility and Experimental Results

The experimental set-up is shown in Fig. 9.9. Prior to the experiment, the water was
passed through a 1/2 µm cartridge filter, to fill up the reservoir. Water was circulated
through the flow loop by a peristaltic pump (6). As the fluid leaves the reservoir (10),
it passes through a silicon rubber tube and then flows into the test module (1) and
leaves it through the outlet silicon rubber tube. A special Teflon cartridge was manu-
factured to hold the module in place and to move it in the x–y plane. The temperature
and pressure were measured at both the inlet (7) and exit (8) of the test section using
a 0.3 mm copper-constantan thermocouple and silicon pressure gauges, respectively.
The thermocouples and pressure gauge output voltages were recorded by multi-scan
data acquisition module, which in turn was connected to a PC via a data acquisition
card. The input voltage was then translated to ◦C and kPa by a calibration process
prior to the test runs.

A DC power supply with an operating range of 0–60 V was used to supply power
to the chip aluminum resistor (2). The Teflon module cartridge was placed under-

Fig. 9.9 Experimental set-up: 1 test module, 2 heater, 3 electrical contact, 4 micro-channel,
5 Pyrex, 6 peristaltic pump, 7 and 8 pressure and temperature measurements, 9 cooler, 10 reser-
voir, 11 IR camera, 12 microscope, 13 high-speed video camera, 14 PC, 15 synchronizer, 16 video
recorder. Reprinted from Peles et al. (2001) with permission
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neath a high-speed CCD camera (13) mounted on a microscope (12), which pho-
tographed the boiling process occurring in the micro-channel (4) to the PC (14) and
a video recorder (16). At the same time an IR (11) camera measured the resistor’s
temperature on the other side of the chip. Special software was used to analyze the
IR results and to compute the average and maximum temperature on the chip.

The test module is shown in Fig. 9.10. The device of the micro-channel silicon
substrate is shown in Fig. 9.11. It consists of some parts: the first and most impor-
tant is a 525 µm micro-channel silicon substrate (1) bonded to the 500 µm Pyrex
cover (5) and the last is the flow manifold. The micro-channel silicon substrate was
fabricated by a photolithography process on one side and consists of 16 mm long tri-
angular micro-channels (4) having hydraulic diameter ranging from 50 to 200 µm.
On the other side of a 1×1 cm2 aluminum resistor, silicon substrate was evaporated,
forming three distinct channel regions: inlet adiabatic, heat flux dissipation and out-
let adiabatic. The channel side was glued to a Pyrex substrate by anodic bonding to
form the chip test module.

While the manifolds were fabricated by a plain molding process, the micro-
channels substrate fabrication was quite complicated and was achieved by a multi-
stage process. The following main stages were used in the process: (1) double side
oxidation of a 525 µm (1 0 0) silicon substrate to 1,000 A, (2) single side 1,200 A
silicon nitride deposition, (3) silicon nitride channels template opening by reactive

Fig. 9.10 The test module.
Reprinted from Peles et al.
(2001) with permission

Fig. 9.11 The micro-channel
silicon substrate bonded to the
500 µm micro-channel cover
Pyrex: 1 test module, 2 heater,
3 electrical contact, 4 micro-
channel, 5 Pyrex. Reprinted
from Peles et al. (2001) with
permission
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ion etching (RIE), (4) channels template oxidation buffer oxide etching (BOE), (5)
silicon etching by tetramethyl ammonium hydroxide (TMAH), (6) 4,000 A double
side oxidation, (7) silicon nitride etching by RIE, (8) 1,000 A oxidation layer etch-
ing, (9) silicon/Pyrex anodic bonding, (10) aluminum thin film evaporation, (11)
aluminum template etching, and (12) wafer sawing.

Once the micro-channels were fabricated, the manifold were bonded to the sub-
strate by epoxy glue, and the resistor was wired by a silver-based epoxy electric
conductor and painted with a 1 pm thin paint to increase the surface emissivity. The
triangular micro-channels and the unpainted resistor are shown in Fig. 9.12.

The experiments were conducted on a heat exchanger described above, having 17
triangular micro-channels with hydraulic diameter of 157 µm and mass flow rates of
5.7 ml/min. The applied heat flux ranged from up to 35 W/cm2. The deviation of
q∗ from its nominal value does not exceed 0.5%. The characteristic value of the

Fig. 9.12 The (a) triangular micro-channels, and (b) unpainted resistor. Reprinted from Peles et al.
(2001) with permission
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dimensionless groups at which the observations were carried out are: Eu ∼ 106,
PeL ∼ 7×102, ϑL ∼ 0.3, Ja ∼ 1.8, and allows us to study the flow in a heated
capillary outside the domains of the steady flows.

The experimental results show that the evaporating mechanism in two-phase
flows in micro-channels differ considerably from larger sized channels. Two distinct
phase domains, one for the liquid and another for the vapor, were observed, with
a very short (on the order of the hydraulic diameter) section of two-phase mixture
between them. This implies that the outlet vapor mass quality for a steady flow can
take only the values of 0 (single-phase liquid flow) or unity (saturated or superheated
vapor). The energy required for the flow with zero outlet quality is much lower than
the energy required for the quality larger than one. Thus an energy gap is found
between those energy levels, for which steady evaporating two-phase flow does not
exist. If the applied heat flux is sufficient to initiate evaporation at quality lower than
one, an unsteady flow is expected with an outlet phase flow fluctuation correspond-
ing to some time-average mass quality lower than one, as was shown to be the case
in the present experiment. This agrees well with the theoretical model results since
it lies in the unsteady flow region (ϑL < Ja +(T s −1)), as can be seen in Fig. 9.8b.

The development of the two-phase flow in a heated capillary at different Peclet
number is illustrated in Fig. 9.13. It shows that different mechanisms of two-phase
flow formation may occur depending on the value of PeL. At small PeL the fine bub-
ble formation (on the micro-channel wall) plays a dominant role. Growth of these
bubbles leads to a blockage of the micro-channel, to a sharp change of the hydraulic

Fig. 9.13a,b Flow types in
a heated capillary: (a) bubble
formation, (b) liquid–vapor
front. Reprinted from Peles
et al. (2001) with permission
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resistance and ultimately to an unsteady gas–liquid flow. This effect is negligible
at large Peclet number. In this case liquid evaporation is accompanied by forma-
tion of the two-phase flow with distinct vapor–liquid evaporation front dividing the
domains of the liquid and the vapor. Depending on the values of the governing par-
ameters such flow may be steady or unsteady. A particular flow at PeL ≈ 500 and
ϑL ≈ 0.3 (the conditions correspond to boundary of the unsteady flow domains)
are shown in Fig. 9.14. A number of successive photos of the flow are presented.
They show that the position of the evaporation front changes during the periodical
observation. Thus at the given values of parameters the flow in a heated capillary
is non-steady. The latter agrees with the estimation of the boundary of steady states
given in Sect. 9.4.

The experimental investigation of the flow in a heated capillary shows that, de-
pending on the value of the Peclet number, various types of the process occurred. At
small PeL, the dominant role is the bubble formation at the channel wall, whereas
for PeL 
 1, liquid evaporation leads to formation of an evaporation front.

The experimental results also demonstrated that evaporating two-phase flow in
micro-channels with time-average mass quality lower than one is unsteady. This re-
sult agrees well with the one-dimensional model prediction. Physically this flow
regime can be explained by the special mechanism associated with the micro-
channel geometry, which appear to have two distinct phase domains: one for the
liquid and the other for the vapor, with a very short section of two-phase mixture
between them. It follows that the outlet flow can exhibit only single-phase, either
liquid or vapor. Thus, a vapor mass quality lower than 1 points to an alternating
outlet phase with a time-average quality lower than one.

Fig. 9.14 Unsteady flow in
a heated capillary: ϑL =
0.3, Ja = 1.83, PeL = 598.
Reprinted from Peles et al.
(2001) with permission
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Summary

The quasi-one-dimensional model described in the previous chapter is applied to the
study of steady and unsteady flow regimes in heated micro-channels, as well as the
boundary of steady flow domains. The effect of a number of dimensionless param-
eters on the velocity, temperature and pressure distributions within the domains of
liquid vapor has been studied. The experimental investigation of the flow in a heated
micro-channel is carried out.

The following results have been obtained:

1. The temperature distribution along the micro-channel axis is not monotonic. It
has a maximum that is located within the liquid domain. An extraordinary form
of the temperature profile is a result of the influence of two opposite factors,
namely, absorbs heat from the wall and heat transfer from liquid to the front
in order to establish the evaporation process. An increase of heat flux on the
wall leads to displacement of the point corresponding to maximum temperature
towards the inlet cross-section.

2. An increase of the Peclet number leads to a decrease of the length of liquid do-
main, as well as an increase of the liquid–vapor heat flux ratio at the evaporating
front.

3. The different types of the process can be realized depending on the value of the
Peclet number, the dominant role is the bubble formation at the channel wall,
whereas for large Pe, liquid evaporation leads to formation of an evaporation
front.

4. The experimental results also demonstrated that evaporating two-phase flow in
micro-channels with time-average mass quality lower than one is unsteady. This
result agrees well with the one-dimensional model prediction. Physically this
flow regime can be explained by a special mechanism associated with micro-
channel geometry, which appears to have two distinct phase domains: one for
the liquid and the other for the vapor, with a very short section of two-phase
mixture between them. It follows that the outlet flow can exhibit only single-
phase, either liquid or vapor. Thus, a vapor mass quality lower than 1 means
alternating outlet phase with a time-average quality lower than one.
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Nomenclature

cp Specific heat
d Hydraulic diameter
F Drag force
H Depth of meniscus
k Thermal conductivity
L Total channel length
�l Liquid length domain
n Normal to interface surface
P Pressure
q Heat flux permit axial length
Q0 Heat losses from the liquid in the inlet cross-section
R Gas constant
r Radius of curvature of the meniscus
r0 Radius of micro-channel
T Temperature
u Inlet velocity
uf Velocity of the evaporating front in the system of coordinates asso-

ciated with the micro-channel walls
u′f Velocity of the evaporating front in the system of coordinates asso-

ciated with the fluid flow

Eu =
P
ρu2 Euler number
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Ja =
hLG

CpT
Jacob number

Pe =
uL
α

Peclet number

Re =
ρuL
μ

Reynolds number

We =
Lρu2

σ
Weber number

Greek symbols

α Thermal diffusivity
ϑ Dimensionless heat flux at the wall
θ Contact angle
μ Viscosity
ρ Density
σ Surface tension

Subscripts

f Fluid
G Vapor
L Liquid
S Saturated
t Total
0 Inlet
00 Outlet



Chapter 10
Laminar Flow in a Heated Capillary
with a Distinct Interface

The subject of the present chapter is the analysis of possible states of capillary flow
with distinct evaporative meniscus. The system of quasi-one-dimensional mass, mo-
mentum and energy equations are applied to classify the operating parameters cor-
responding to various types of flow. The domains of steady and unsteady states are
also outlined.

10.1 Introduction

One of the possible ways to enhance the heat transfer in cooling systems of elec-
tronic devices, with high power densities, is phase change of the coolant in micro-
channels. The possibility of enhancing heat transfer motivated a number of groups
to study two-phase boiling heat transfer in mini- and micro-channels (Bowers and
Mudawar 1994; Morijama and Inoue 1992; Landerman 1994; Peng et al. 1996; Peng
and Wang 1993).

Two-phase flows in micro-channels with an evaporating meniscus, which sepa-
rates the liquid and vapor regions, have been considered by Khrustalev and Faghri
(1996) and Peles et al. (1998, 2000). In the latter a quasi-one-dimensional model
was used to analyze the thermohydrodynamic characteristics of the flow in a heated
capillary, with a distinct interface. This model takes into account the multi-stage
character of the process, as well as the effect of capillary, friction and gravity forces
on the flow development. The theoretical and experimental studies of the steady
forced flow in a micro-channel with evaporating meniscus were carried out by
Peles et al. (2001). These studies revealed the effect of a number of dimension-
less parameters such as the Peclet and Jacob numbers, dimensionless heat trans-
fer flux, etc., on the velocity, temperature and pressure distributions in the liquid
and vapor regions. The structure of flow in heated micro-channels is determined
by a number of factors: the physical properties of fluid, its velocity, heat flux on

L.P. Yarin, Fluid Flow, Heat Transfer and Boiling in Micro-Channels 401
© Springer 2009



402 10 Laminar Flow in a Heated Capillary with a Distinct Interface

the wall, etc. At a fixed geometry, the flow pattern in a micro-channel depends,
mainly, on the liquid velocity v and heat flux on the wall qw (i.e., the values of
the Peclet number and dimensionless heat flux), where different regimes of flow
take place. At large qw and small v, bubble nucleation is the dominant factor that
determines the flow pattern. In the case of relatively small qw and large v, bub-
ble nucleation is negligible. Under these conditions a two-phase flow with dis-
tinct meniscus (dividing the regions of pure liquid and pure vapor flows) forms
in the micro-channel. Such flow characterizes small channels with high critical heat
flux.

In spite of the fact that for the last decade the flow in micro-channels has attracted
significant interest (Incropera 1995; Peng and Wang 1994; Peng et al. 1994; Ha and
Peterson 1998; Peterson and Ha 1998; Triplett et al. (part I) 1999a; Triplett et al.
(part II) 1999b; Ghiaasiaan and Abdel-Khalik 2001) a number of important prob-
lems related to the hydrodynamic and heat transfer in such channels have been less
investigated. This particularly concerns the parametrical dependence of the process,
its stability, conditions of the existence of stationary flow, etc.

In Chap. 10 the study of complex processes in a heated capillary with evapo-
rating meniscus is presented. The study consists of the formulation of the prob-
lem, detailed analysis of the influence of the physical properties of the coolant
and wall heat flux on the thermal regime of the flow, hydraulic resistance of the
micro-channel, as well as the efficiency of the cooling system on the whole. In or-
der to study the thermohydrodynamic characteristics of a two-phase capillary flow
with phase change at the meniscus a quasi-one-dimensional model is used. It takes
into account the principal characteristics of the phenomenon, namely, the effects
of the inertia, pressure, gravity, friction forces and capillary pressure due to the
curvature of the interface surface, as well as the thermal and dynamical interac-
tions of the liquid and vapor phases. To describe the flow outside of the menis-
cus, in the domains of the pure liquid or vapor, the one-dimensional mass, momen-
tum and energy equations are used. The possible states of the flow are considered,
and the domains of steady and unsteady states are outlined. An equation for sta-
tionary two-phase flow regimes in heated micro-channels is derived. This equation
is applied to classify the operating parameters, corresponding to various types of
flow.

Chapter 10 consists in following: the model of the cooling system of the elec-
tronic device with high power density is described in Sect. 10.2. Section 10.3 deals
with the mathematical formulation of the problem of laminar flow in a heated capil-
lary with phase change. The statement of the dimensionless variables, reformulation
of the problem in these variables, its parametrical study as well as the analysis of the
existence of steady and unsteady states are presented in Sects. 10.4, 10.5, and 10.6.
In Sect. 10.7 we discuss the results of the numerical calculations. The problem of
efficiency of the cooling system and the condition of its optimal functioning are
presented in Sect. 10.8. The relation between the saturation parameters of the va-
por is presented in Sect. 10.9.1. The integral relations are derived in Sect. 10.9.2.
The analysis of the solutions of the governing system of equations is presented in
Sect. 10.9.3.
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10.2 Model of the Cooling System

The elements of a cooling system of electronic devices are micro-heat exchang-
ers with extremely large surface area per unit volume, low thermal resistance and
small mass. As a rule, they are systems of parallel channels with hydraulic diam-
eters ranging from 10 µm to 103 µm with inlet and outlet manifolds, which connect
the channels (Fig. 10.1). A sketch of the cooling system is presented in Fig. 10.2.
It consists of a micro-channel (1), condenser (2), heat exchanger (3), pump (4)
and two tanks (5) and (6). The coolant is supplied into the micro-channel (by
the pump), where it is heated and vaporizes on the meniscus. The vapor enters
into the vapor tank (6) and then into the condenser (2) where it condenses. The
water from the condenser (2) enters into the heat exchanger (3) and is cooled
down to ambient temperature. The pressure PL,0 and temperature TL,0 at the in-
let of the micro-channel can be changed by regulating the heat exchanger and the
pump.

The thermohydrodynamiccharacteristics of the flow in the heated micro-channels
depend on the following factors: the heat flux on the wall, which determines the in-
tensity of the vaporization, the location of the meniscus, the difference between the
inlet and outlet pressures, the capillary, and mass and friction forces which act on
the liquid and vapor.

The processes in a cooling system of electronic devices with high power density
can be modeled as follows. The coolant with temperature T2.0 and pressure P2.0

enters into the micro-channel from the tank (5) (Fig. 10.2). The mass capacity of the
liquid in the tank (5) is large enough, therefore the heat flux from the micro-channel

Fig. 10.1 Cooling element of
electronic device. Reprinted
from Yarin et al. (2002) with
permission
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Fig. 10.2 Scheme of a cool-
ing system. Reprinted from
Yarin et al. (2002) with per-
mission

does not influence the coolant initial temperature. Phase change occurs directly on
the meniscus. Its position depends on the operating parameters and the physical
properties of the cooling fluid and its vapor. The upper tank (6) and the condenser (2)
ensure a given pressure of the vapor at the outlet of the micro-channel.

10.3 Formulation of the Problem

10.3.1 Conditions on the Interfacial Surface

The existence of the interfacial surface with a finite curvature causes the capillary
pressure, which determines the rising of the liquid, and its height in a stationary
state (Levich 1962). The latter is determined by the equilibrium of the gravity and
capillary forces. The situation changes drastically, when the phase change occurs on
the meniscus surface. The liquid evaporation disturbs the equilibrium of the gravity
and capillary forces and provides for the motion of both phases and displacement of
the interface. In this case the flow field is demarcated by the interface into two do-
mains where pure liquid or vapor flow occurs. Obviously, such structure of flow in
a micro-channel is possible when bubble nucleation within the liquid domain is ab-
sent. The theoretical analysis by Peng et al. (1998) showed, that the critical value of
the heat flux on the wall at which the bubble nucleation is negligible depends on the
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physical properties of the liquid, and the micro-channel diameter and is expressed
by the following inequality

hLGα
cπ(v′′ − v′)d

> qcr (10.1)

where hLG is the latent heat of evaporation, v′′ and v′ are the vapor and liquid
specific volume at saturation, α is the thermal diffusivity of the vapor, d is the
micro-channel diameter, c is an empirical constant has order of unity. For water
flow in a micro-channel with d = 10−4 m (v′′ = 1.673 m3/kg, v′ = 0.00104 m3/kg,
hLG = 2.26×106 J/kg, α = 18.58×10−8 m2/s) the critical heat flux qcr is about
8×104 W/m2 and increases with decreasing d. In experiments by Peng and Wang
(1998), Peng et al. (1994, 1996) vapor bubbles were not observed in water and
methanol flows in rectangular micro-channels with a cross-section ranging from
0.1× 0.3 mm to 0.6× 0.7 mm even when the applied heat flux was much higher
than 105 W/m2. Thus, the theoretical estimations, as well as the experiment, show
that the considered model of flow in a heated micro-channel is valid for a wide range
of heat fluxes, which are of practical interest.

Consider a flow of liquid coolant in a capillary where heating and evaporation
occur. The conditions on the interface are expressed by means of the continuity of
the mass and thermal fluxes and the equilibrium of all acting forces (Landau and
Lifshitz 1959):

2

∑
i=1

(ρivi)ni = 0 (10.2)

2

∑
i=1

(ρivihi − ki∇Ti)ni = 0 (10.3)

2

∑
i=1

(Pi +ρivinvin)ni = (τ∗G − τ∗L)nk +σ
(
r−1

1 + r−1
2

)
nG +∇σ (10.4)

where ρ ,v,T,h and P are the density, velocity, temperature, enthalpy and pressure;
σ is the surface tension; k is the thermal conductivity; τ∗ is the viscous tension
tensor; vi = vini and ∇Tini are the normal components of the velocity vector and the
temperature interface surface gradient, respectively; r1 and r2 are the general radii
of the curvature for the interface; ni and nk are the normal and tangent directions;
nG = −nL refer to the vapor and the liquid; the bold letters indicate a vector,∑2

i=1 is
the sum of terms related to vapor (i = 1 = G) and liquid (i = 2 = L).

Consider a liquid–solid system for which the contact angle is close to 90◦ (for
example, the contact angle for the water–steel system is 70◦ < θ < 90◦ (Grig-
oriev and Zorin 1982)). The projections of the velocity vector v on x-, y-, z-
axes are u = |v|sinθ , v = w = |v|cosθ . For the surface, which is weakly bent,
cosθ � 1 and sinθ ∼ 1 we have the following estimate u 
 v = w. Analogously,
∂T/∂x 
 ∂T/∂y = ∂T/∂z.
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Bearing in mind these estimates and the assumptions that σ = const., also that
the fluid is incompressible, Eqs. (10.2–10.4) transform as follows:

ρGṼG = ρLṼL (10.5)

PG +ρGṼ 2
G = PL +ρLṼ 2

L + fL (10.6)

ρGṼGhG − kG
∂TG

∂x
= ρLṼLhL − kL

∂TL

∂x
(10.7)

where Ṽi = ui−Vf is the relative velocity, Vf = ∂xf/∂ t is the velocity of the interface
surface, fL = 2σ/R is the capillary pressure, R = r1 = r2 is the radius of the surface
curvature.

Since the coolant and its vapor are conductive fluids, TG,f = TL,f = Ts, where the
subscripts s and f correspond to the saturation parameters and the interface sur-
face, respectively. The saturation pressure and temperature are weakly connected
(Sect. 10.9.1), so that Ts is determined practically by the external pressure PG,00.

It should be stressed that Eqs. (10.5) and (10.6) are satisfied for any values of the
contact angle, whereas Eq. (10.7) is correct only for θ that is close to 90◦.

10.3.2 The Flow Outside of the Interfacial Surface

To calculate the flow fields outside the evaporating meniscus we use the one-
dimensional model, developed by Peles et al. (1998, 2000, 2001). Assuming that
the compressibility and the energy dissipation are negligible (a flow with moderate
velocities), the thermal conductivity and viscosity are independent of the pressure
and temperature, we arrive at the following system of equations:

∂ρi

∂ t
+
∂ρiui

∂x
= 0 (10.8)

ρi
∂ui

∂ t
+ρiui

∂ui

∂x
= −∂Pi

∂x
−ρig− ∂Fi

∂x
(10.9)

ρi
∂hi

∂ t
+ρiui

∂hi

∂x
=

∂
∂x

(
ki
∂Ti

∂x

)
+ q (10.10)

where F is the specific friction force, q is the specific volumetric rate of heat ab-
sorption, and g is the acceleration due to gravity.

The initial and boundary conditions for the problem are

t = 0 : ρi = ρi(x) , ui = ui(x) , Ti = Ti(x) , hi = hi(x) , xf = x∗f , (10.11)

where the x is the longitudinal coordinate; xf and x∗f are the actual and initial position
of the meniscus:

t > 0 : x = 0, ρL = ρL.0, uL = uL.0, TL = TL.0, hL = hL.0, PL = PL.0 (10.12)
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t > 0 : x = x∗f , ρi = ρi.f, ui = ui.f, Ti = Ti.f, hi = hi.f, Pi = Pi.f (10.13)

t > 0 : x = L, ρG = ρG.00, uG = uG.00,
∂TG

∂x
= 0,

∂hG

∂x
= 0, PG = PG.00 (10.14)

where L is the total length of the micro-channel, and subscripts 0 and 00 are related
to the inlet and outlet, respectively (Fig. 10.3).

The boundary conditions (10.12–10.14) correspond to the flow in a micro-
channel with a cooled inlet and adiabatic receiver (an adiabatic pipe or tank, which
is established at the exit of the micro-channel). Note, that the boundary conditions
of the problem can be formulated by another way, if the cooling system has another
construction, for example, as follows: x = 0, TL = TL.0, x = L, TG = TG.00, when
the inlet and outlet are cooled; x = 0, ∂TL/∂x = 0, x = L, TG = TG.00 in case of the
adiabatic inlet and the cooled outlet, etc.

We supplement the system of Eqs. (10.8–10.10) by the equations of state of the
vapor and liquid

PG = ρGRTG (10.15)

ρL = ρL(TL) (10.16)

and by the equation for the vapor pressure at the interface surface

PG.f = PG.f(TG.f) . (10.17)

The quasi-one-dimensional model is based on the system of Eqs. (10.8–10.10) with
condition (10.5–10.7) and describes the major features of the flow in the heated

Fig. 10.3 Characteristic do-
mains in heated capillary:
1 flow of vapor, 2 flow of
liquid (bold line is interface).
Reprinted from Yarin et al.
(2002) with permission
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capillary. This model takes into account the general characteristics of the process
due to the curvature of the interfacial surface, as well as the flow of the liquid and
vapor, that is caused by evaporation. A similar model was successfully used by Yuan
and Prosperetti (1999) for a study on the pumping effect of growing and collapsing
bubbles in a tube. It should be noted that the actual position of the meniscus xf, as
well as the velocity of the coolant at the inlet u2,0, and the vapor temperature at the
outlet of the micro-channel TG,00 are a priori unknown. In order to determine these
parameters it is necessary to supply the system of governing equations, the integral
correlations connecting inlet and outlet parameters. They take the following form
(Sect. 10.9.2):

∂
∂ t

⎛
⎝

xf∫

0

ρL dx +
L∫

xf

ρG dx

⎞
⎠+(ρG.00uG.00 −ρL.0uL.0) = 0 (10.18)

∂
∂ t

⎛
⎝

xf∫

0

ρLuL dx +
L∫

xf

ρGuG dx

⎞
⎠= fL −{(ρGu2

G

)
00 −

(
ρLu2

L

)
0}+(PL.0 −PG.00)

−g

⎛
⎝

xf∫

0

ρL dx +
L∫

xf

ρG dx

⎞
⎠− (FL.f + FG.00) (10.19)

∂
∂ t

⎛
⎝

xf∫

0

ρLhL dx +
L∫

xf

ρGhG dx

⎞
⎠+{(ρGuGhG)00 − (ρLuLhL)0}

= −kL

(
∂TL

∂x

)

0
+ qL . (10.20)

Note, that the term kG(∂TG/∂x)00, which belongs to the boundary condition (10.14)
is omitted on the right-hand side of Eq. (10.20).

10.4 Non-Dimensional Variables

Assuming steady state in Eqs. (10.8–10.10) and (10.18–10.20), we obtain the sys-
tem of equations, which determines steady regimes of the flow in the heated micro-
channel. We introduce values of density ρ∗ = ρL.0, velocity u∗, length �∗ = L, tem-
perature T∗ = TL,0, pressure ΔP∗ = PL,0 −PG,00 and enthalpy hLG as characteristic
scales. The dimensionless variables are defined as follows:

ρ = ρ/ρ∗ , u = u/u∗ , x = x/l∗ , T = T/T∗

h = h/hLG , γ =
kT∗

ρ∗u∗hLGl∗
, P = P/ΔP∗ (10.21)
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and we obtain the dimensionless equations

dρ iui

dx
= 0 (10.22)

ρ iui
dui

dx
= −Eu

dPi

dx
−Fr−1ρ i −

dFi

dx
(10.23)

ρ iui
dhi

dx
= γi

d2T i

dx2 +ϑ (10.24)

where Eu = ΔP∗/(ρ∗u2∗) and Fr = u2∗/(gL) are the Euler and Froude numbers, ϑ =
qL/(ρ∗u∗hLG), Fi = Fi/(ρ∗u2∗), γi = q̃i/Pei, q̃i = cpiT∗/hLG, Pei = u∗L/αi is the
Peclet number, αi = ki/ρ∗cpi.

Choose the characteristic velocity u∗ so, that total heat flux on the wall is fully
expended for liquid evaporation (the heating without any losses of heat: ϑ ≡ 1). We
conclude that

u∗ =
qL

ρ∗hLG
=

4qwL
dρ∗hLG

. (10.25)

The conditions (10.5–10.7) and integral relations (10.18–10.20) become

ρGṼ G = ρLṼ L (10.26)

EuPG +ρG(Ṽ G)2 = EuPL +ρL(Ṽ L)2 + We−1 (10.27)

ρGṼ GhG − γG
∂T G

∂x
= ρLṼ LhL − γL

∂T L

∂x
(10.28)

and

ρG.00uG.00 −ρL.0uL.0 = 0 (10.29)

We−1 −{(ρGu2
G)00 − (ρLu2

L)0}+ Eu

−Fr−1

⎛
⎝

xf∫

0

ρL dx+
L∫

xf

ρG dx

⎞
⎠− (FL.f + FG.00) = 0 (10.30)

(ρGuGhG)00 − (ρLuLhL)0 = −γL

(
∂T L

∂x

)

0
+ 1 (10.31)

where We = (ρ∗u2∗2R)/σ is the Weber number, R = d/2cosθ , d is the diameter of
the micro-channel.

The system of Eqs. (10.22–10.24) and relations (10.26–10.31) contains five di-
mensionless parametrical groups Eu, Fr, We, γG and γL, which completely determine
the problem.
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10.5 Parametrical Equation

Now let us transform the integral relations (10.30) and (10.31). For this, we write
the solution of Eqs. (10.22) and (10.24). They are (Peles et al. 2001)

ρ iui = const (10.32)

T L = C(L)
1 +ϑ ∗[x+(PeuL.0)−1]+C(L)

2 exp(PexuL.0) (10.33)

where C(L)
1 =(1−C(L)

2 )−ϑ ∗/(PeuL.0), C(L)
2 =

(
(T s−1)−ϑ ∗xf

)
/(exp(PexfuL.0)−1),

ϑ ∗ = hLG/(cpT∗uL.0), T s = Ts/T∗, Ts is the temperature on the interface.
We also determine the friction forces FL.f and FG.00. Assuming that

Fi =

x′′i∫

x′i

ηi
ρiu2

i

2
dx
d

(10.34)

and taking into account that x′L = 0, x′′L = xf, x′G = xf, x′′G = L and ηi = 64/Rei

(Rei = uid/νi where νi are the kinematic viscosity) we obtain

FL.f =
8
r2 uLμLxf (10.35)

FG.00 =
8
r2 uGμG(L− xf) (10.36)

where r is the micro-channel radius and μ is the dynamic viscosity of the fluid.
Then the last term on the left-hand side of Eq. (10.30) turns out to be

(FL.f + FG.00) =
32

ReL
uG[xf +νGL(L− xf)]L̃ (10.37)

where ReL = u∗d/νL, νG.L = νG/νL, L̃ = L/d.
Since ρGuG = ρLuL, the left-hand side of Eq. (10.31) is

(ρGuGhG)00 − (ρLuLhL)0 = ρLuL(hG.00 −hL.0) . (10.38)

The right-hand side of Eq. (10.38) transforms to

ρLuL(hG.00 −hL.0) = ρLuL(1 + J1 + J2) (10.39)

where J1 = (hG.00 −hH.f)/hLG, J2 = (hL.f −hL.0)/hLG.
Taking into account that at P = 105 N/m2, hL,f = 417.46 kJ/kg, hG,f = 2,675

kJ/kg and hLG = 2,258 kJ/kg (Johnson 1998), we obtain the following estimates for
J1 and J2: 0 < J1 < 0.02, 0 < J2 < 0.04 when 100 ◦C < TG < 120 ◦C and 80 ◦C <
TL < 100 ◦C, respectively. This allows one to assume that ρLuL(1+J1+J2)≈ ρLuL.



10.5 Parametrical Equation 411

The integrals
∫ L

xf
ρG dx and

∫ xf
0 ρL dx in Eq. (10.30) have the order of magnitudes

L∫

xf

ρG dx ∼ (L− xf)ρG (10.40)

xf∫

0

ρL dx ∼ xfρL . (10.41)

Since the liquid and vapor densities are estimated as ρL ∼ 1, ρG ∼ 10−3, we have
the following estimate for the ratio of the integrals (10.41) and (10.40)

xf∫
0
ρL dx

L∫
xf

ρG dx

∼ xfρL

(L− xf)ρG
. (10.42)

When (xfρL)/
(
(L− xf)ρL

) 
 1 the integral (10.40) is much smaller than the
integral (10.41) and it can be neglected. This inequality is fulfilled for the majority
of physically realistic conditions when xf 
 L ·10−3.

Taking into account the above estimates we write Eq. (10.30) in the following
form

u′L =
We−1 + Eu−Fr−1xf

32
ReL

L̃[xf +νG.L(L− xf)]
(10.43)

where u′L is the velocity, defined by the momentum equation.
When the heat flux on the wall qw = 0, the velocity of the fluid also equals zero.

Assuming in Eq. (10.43) that u′L = 0, we find the height of the liquid in the micro-
channel with no heat transfer:

X fcap =
We−1 + Eu

Fr−1 . (10.44)

In particular, when Eu = 0 (pure capillary height)

X fcap =
Fr
We

. (10.45)

Using Eq. (10.44), we write Eq. (10.43) as

u′L = A
1− x̃f

B− x̃f
(10.46)

where A = Re/(32FrL(νG.L −1)), B = �̃νG.L/(νG.L −1), x̃f = xf/X fcap, �̃ = L/X fcap.
As seen from Eq. (10.46) the physical realistic values of the liquid velocity u′L ≥ 0

correspond to the confined range of the meniscus position x̃f: 0 < x̃f ≤ 1. The ex-
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istence of the upper limit in this inequality may be explained as follows: the heat
flux on the wall causes liquid evaporation and determines the displacement of the
meniscus. If the heat flux increases, the rate of evaporation also increases. The vel-
ocities of the flow of the two phases grow and the interface surface moves towards
the inlet of the micro-channel. Thus, the height of the meniscus when qw = 0 is
maximum and is equal to X fcap. Accordingly, the dimensionless meniscus height
x̃f = xf/X fcap < 1 for any value of the heat flux.

Fig. 10.4a,b Functions u′L(x̃f) and u′′L(x̃f): (a) dependence of u′L(x̃f) upon various values of par-
ameter B; arrow shows an increase of parameter B; (b) dependence of u′′L(x̃f) upon various values
of Peclet number. Reprinted from Yarin et al. (2002) with permission
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The dependence of u′L(x̃f) on different values of the parameter B is plotted in
Fig. 10.4a (Sect. 10.9.3, Fig. 10.5a–c).

Taking into account Eq. (10.33), we transform Eq. (10.31) into

u′′L = 1−
(

1
Peu′′L

+
qL(T S −1)u′′L −X fcapx̃f

exp(PeX fcapx̃fu′′L)−1

)
(10.47)

where u′′L is the liquid velocity defined from the energy equation, qL = (cpLT∗)/hLG.
The graphs of u′′L(x̃f) for different values of the Peclet number are plotted in
Fig. 10.4b.

Now the momentum and energy equations for steady flow in a heated capillary
are

u′L = ϕ1(x̃f) (10.48)

u′′L = ϕ2(x̃f) . (10.49)

The stationary states correspond to the parametrical equation

u′L = u′′L (10.50)

which includes the following parameters: Re, Pe, Fr, ν12, T S, L, �̃ and qL.
Equation (10.50) postulates equality of the velocity due to liquid evaporation u′′L

and the velocity due to the capillary and pressure forces u′L.

10.6 Parametrical Analysis

The solution of Eq. (10.50) determines the steady states of the liquid velocity, as well
as the position of the meniscus in a heated micro-channel. Equation (10.50) can have
one, two or three steady solutions. This depends on the value of the parameter �̃ (in
the generic case: parameter B), which takes into account the effect of the capillary
forces.

Consider the possible regimes of flow corresponding to �̃
 1 and �̃∼ 1. We refer
to the first regime as “semi-filled,” whereas the second one is “filled.”

The change of velocity due to liquid evaporation u′′L and influence of the capil-
lary forces u′L versus x̃f for �̃ 
 1 is illustrated in Fig. 10.6. In the case �̃ 
 1 the
curves u′L(x̃f) and u′′L(x̃f) have only one point of intersection, which determines the
stationary values of uL = uL.st and x̃f = x̃f.st. It is not difficult to show that this point
is stable. Indeed a displacement of the meniscus from its initial position x̃f.st to the
position x̃(∗)

f.st
leads to the situation, when the velocity due to the liquid evaporation

u′′L exceeds the velocity due to the capillary force u′L. This leads to the return of the
meniscus to its initial position. If the meniscus displaces to the left, u′L > u′′L, this
also leads to the return of the system to its initial state.

The dependence of the stable values of the liquid velocity uL.st and the meniscus
location x̃f.st on the Peclet number and upon the parameter A are plotted in Fig. 10.7.
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Fig. 10.5a–c Graphical analysis of Eq. (10.44): (a) dependence of L(x̃f), left-hand side of Eq.
(10.44) and R(x̃f), right-hand side of Eq. (10.44) at D < 0 and any u′′L or at D < 0 and one of
the conditions 0 < u′′L < 1/2−√

D or 1/2 +
√

D < u′′L < 1 (D is the discriminate of the equation
u′′L −1+(1/Peu′′L) = 0); 1, 2, 3 correspond to various values of u′′L : u′′L(1) > u′′L(2) > u′′L(3). (b) The

dependence of L and R on x̃f at D = 0. (c) The dependence L and R upon x̃f at D < 0 and 1/2 +√
D < u′′L < 1/2+

√
D. Reprinted from Yarin et al. (2002) with permission
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Fig. 10.6 Solution of Eq. (10.47) at �̃ 
 1. Reprinted from Yarin et al. (2002) with permission

The effect of the Peclet number on uL.st and x̃f.st is shown in Fig. 10.7a. An increase
in the Peclet number is accompanied by an increase in uL.st and a decrease in x̃f.st.
The changing of uL.st and x̃f.st with A is more complicated (Fig. 10.7b). An increase
of A leads to a monotonic increase of x̃f.st, whereas the dependence of ur.st(A) has
a maximum at A > Am, where Am corresponds to an extremum of the curve u′′L(x̃f).

Figure 10.7b illustrates the influence of some physical parameters on the charac-
teristics of the capillary flow. The dimensionless parameter A may be expressed as
A = (1/128) (hLG/qwL)

(
ρ∗gd3/(νG −νL)

)
. Thus, an increase of the heat flux on

the wall or the length of the capillary causes a decrease in the parameter A and is ac-
companied by the displacement of the meniscus near the inlet of the micro-channel.
When the distance x̃f between the interface and the inlet is small enough, the heat
losses increase and the rate of evaporation u′L decreases.

The possible intersections of curves u′L(x̃f) and u′′L(x̃f)at �̃ ∼ 1 are shown in
Fig. 10.8. If the values of A are small enough (0 < A < A1), there is only one inter-
section point P1. It is located on the left branch of the curve u′′L(x̃f) and corresponds
to the steady regime of the flow. Parameters A = A1 and A = A3 confine the domain
within which there are three intersection points of the curves u′L(x̃f) and u′′L(x̃f). One
of these points (intermediate) corresponds to the unstable state. The boundary val-
ues A = A1 and A = A3 correspond to two intersection points, one of which is the
point of touch. If A > A3 there is only one intersection point (stable). The domains
of existence of one, two or three solutions of Eq. (10.50) are shown in Figs. 10.9
and 10.10 in the plane of the parameters A–Pe and the space A–Pe–X f.cap. The exis-
tence of two stable regimes of flow (with fixed values of the parameters and various
meniscus positions) may be explained as follows: when the meniscus is located near
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Fig. 10.7a,b Dependence of liquid velocity uL.st and meniscus location x̃f.st versus Peclet number
and parameter A (semi-filled regime): (a) u′′L.st(Pe); x̃f.st(Pe), (b) u′′L.st(A); x̃f.st(A). Reprinted from
Yarin et al. (2002) with permission

the outlet, the volume of the capillary is filled by liquid. Since the length of the va-
por region is very small, the friction force due to vapor is negligible. The friction
force due to liquid is smaller than the gravitational force. Thus, the capillary force is
balanced mainly by the gravitational force. At the same time, dynamic equilibrium
is possible, when friction forces due to vapor are dominant. This situation appears,
when the meniscus approaches the inlet of the micro-channel and the gravity force
together with the friction force due to the liquid are negligible.
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Fig. 10.8 Solution of Eq. (10.47) at �̃ ∼ 1. Reprinted from Yarin et al. (2002) with permission

Fig. 10.9 Diagram of steady states: I and III are domains of existence of single solution, II is
a domain of existence of three solutions (two stable and one unstable). Lines A1 and A2 correspond
to two stable solutions. Reprinted from Yarin et al. (2002) with permission

Thus, depending on the values of the parameter �̃ we can classify the equilibrium
states, using parameter A (Table 10.1). When A = A1 or A = A3 the curves u′L and
u′′L are tangent.

The stable stationary states that correspond to two lower rows in Table 10.1 may
be subdivided into two groups: gravity and friction, depending on the dominant
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Fig. 10.10 Three-dimensional diagram of steady states: I and III are domains of existence of single
solution, II is a domain of existence of three solutions (two stable and one unstable). Boundary
surfaces correspond to two stable solutions. Reprinted from Yarin et al. (2002) with permission

Table 10.1 Classification of the equilibrium states using parameter A

Regime
Parameter Number of

stationary states
Stability

�̃ A

Semi-filled �̃ 
 1 0 < A <∞ One Stable

Filled �̃ ∼ 1

0 < A < A1 One Stable

A1 < A < A3 Three
Two stable
One unstable

A = A1
A = A3

Two Stable

factor. The first corresponds to the conditions when the capillary force due to surface
tension is compensated mainly by the weight of a liquid column, whereas the second
corresponds to the dominant role of the friction force due to the vapor flow.

Table 10.1 shows that only one stationary state is possible, when the meniscus
is far enough from the outlet of the capillary. Contrary to this, when the capillary
is filled, namely, the interface surface is near the outlet, and two and three station-
ary states are possible. From the physical point of view, these phenomena may be
explained by the different contribution of the friction force due to the vapor. In the
first case this force is dominant, whereas in the second its effect is negligible.

10.7 Results and Discussion

The numerical calculations of the liquid velocity and the meniscus position were
carried out for the various wall heat flux qw, the acceleration due to gravity g as well
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as the length and the diameter of the micro-channel in the ranges (200 < qw < 2000)
W/m2, (5 < g < 45) m/s2, (0.015 < L < 0.05) m, and (0.1 < d < 2) 10−4 m. The
change of the flow velocity and meniscus position versus heat flux is illustrated in
Fig. 10.11. An increase in qw is accompanied by a decrease in the xf.st and growth
of the outlet uL.st. The sharp change of xf.st and uL.st is observed at relatively small
heat fluxes when the meniscus is located away from the inlet and heat losses are
negligible. In this case all the energy supplied to the liquid is used for its evapor-
ation so that its velocity is directly proportional to qw. The character of the process
changes qualitatively when qw is much greater. When the meniscus approaches the
inlet cross-section, the heat losses became significant, because they are proportional
to
(
(T S −1)/x̃f

)
. In this case an increase in qw is accompanied by an increase in the

heat losses to the inlet and practically has no effect on the liquid velocity.
The effect of the acceleration due to gravity on the steady-state liquid velocity

and the meniscus position is shown in Fig. 10.12. An increase in g is accompanied
by the displacement of the meniscus toward the inlet and a decrease in the liquid
velocity.

Figure 10.13 illustrates the effect of the micro-channel length on uL.st and xf.st. It
may be seen that an increase in the micro-channel length is accompanied by a mono-
tonic decrease in xf.st, whereas the function uL.st(L) has a maximum. Such a de-
pendence of uL.st(L) is due to opposite features: (a) the growth of the friction forces
with L; (b) the growth of the total heat flux to the liquid. When L is relatively small
the increase in the total heat flux plays the dominant role, which leads to an increase
in the liquid velocity. When L is large enough, the hydraulic resistance of the vapor
region is dominant. Its growth leads to the displacement of the meniscus towards
the inlet, the increase in the heat losses and the decrease in the liquid velocity.

Fig. 10.11 Stable liquid velocity and meniscus location vs. heat flux on the micro-channel wall
(L = 2×10−2 m, d = 10−4 m, g = 9.8 m/s2). Reprinted from Yarin et al. (2002) with permission
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Fig. 10.12 Stable liquid velocity and meniscus location versus gravity acceleration (L = 2 ×
10−2 m, d = 10−4 m, qw = 200 W/m2). Reprinted from Yarin et al. (2002) with permission

Fig. 10.13 Liquid velocity and the location of the meniscus versus capillary length (d = 10−4 m,
g = 9.8 m/s2, qw = 200 W/m2). Reprinted from Yarin et al. (2002) with permission

The graphs of the functions uL.st(d) and xf.st(d) are plotted in Fig. 10.14. Both
curves have rising and falling branches and accordingly a characteristic maximum at
a certain (depending on the curve) value of the micro-channel diameter. When d >
1×10−4 m the liquid velocity is inversely proportional to d. Within this regime an
increase in the micro-channel diameter leads to a significant decrease in the friction
force as well as the forces due to the surface tension. Under these conditions the
length of the liquid region is shortened. The situation changes qualitatively when
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Fig. 10.14 Liquid velocity and meniscus location versus capillary diameter (L = 2×10−2 m, g =
9.8 m/s2, qw = 200 W/m2). Reprinted from Yarin et al. (2002) with permission

xf.st is small enough and heat losses play a significant role. In this case the growth
of uL.st with d takes place.

10.8 Efficiency of the Cooling System

The total energy, which is supplied to the liquid from the wall, is equal to the heat
flux qw, multiplied by the lateral area of the micro-channel: πdLqw. The energy,
which is expended to the liquid vaporization, is equal to the latent heat of evap-
oration hLG, multiplied by the mass liquid flow rate through a cross-section of the
micro-channel, and is equal ρLuL

(
πd2/4

)
hLG.

The effect of the heat losses to the inlet on the thermal states of the micro-channel
depends mainly on the meniscus position, which is determined by the flow param-
eters. To characterize this effect, the coefficient of efficiency is introduced; it may
be defined as the ratio of the energy expended to the liquid vaporization and the total
energy supplied to the micro-channel.

η =
ρLuLdhLG

4qwL
. (10.51)

Since the coefficient of efficiency depends on the location of the meniscus, it is
different for semi-filled and filled regimes.

In a steady state two-phase flow in a heated capillary, there is the balance of
forces, which act on the liquid and its vapor. The analysis of this balance shows that
there are two stable states of the flow. They correspond to the different locations of
the meniscus, which separates the liquid and the vapor. The existence of such states
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may be explained by the changes in the values of the different components in the
balance equation. When the meniscus is near the outlet, the gravity and the surface
tension play the main role, whereas the friction forces of the liquid and the vapor are
negligible. In contrast, when the meniscus is near the inlet, the friction and surface
tension forces are the main parameters.

The position of the meniscus within the micro-channel defines the type of tem-
perature distribution. In the first case, when the meniscus is near the outlet, the tem-
perature gradient of the vapor region is small. The rate of evaporation is determined
mainly by the heat flux in the liquid region. Therefore, the necessary condition of
the evaporation consists of the existence of the region (near the meniscus), where
the water is overheated (its temperature is higher than the temperature of boiling).
The heat losses to the inlet tank cause the existence of the temperature maximum.

When the meniscus is near the inlet of the micro-channel, the heat losses increase,
because the gradient of the temperature is greater.

Thus, there are two meniscus positions near the edges of the micro-channel,
where the heat losses are significant. Between them there is some position, in which
these losses are minimal and the evaporation is the most intense. This corresponds
to the optimal efficiency of the cooling system.

The effect of various parameters on the efficiency coefficient is illustrated in
Fig. 10.15a–d. It may be seen, that an increase of heat flux on the wall leads to a sig-
nificant decrease in η . It is due to the meniscus displacement towards the inlet and
growth of heat losses into the cooling liquid. The calculations show (Fig. 10.15a–c)
that for given values of parameters there is some “optimal” value of a micro-
channel’s diameter and length, at which the coefficient of efficiency reaches max-
imum.

The developed theory of two-phase laminar flow with a distinct interface which
is based on a one-dimensional approximation, takes into account the major features
of the process: the inertia, gravity, surface tension and friction forces and leads to the
physically realistic pattern of a laminar flow in a heated micro-channel. This allows
one to use the present theory to study the regimes of flow as well as optimizing
a cooling system of electronic devices with high power densities.

The obtained solution of the problem shows that the rate of vaporization (the
liquid’s velocity), the liquid and vapor temperatures, the position of the meniscus
in the micro-channel, its hydraulic resistance and the thermal losses are determined
by eight non-dimensional groups, accounting for the effects of heat transfer, phase
change as well as inertia, friction, surface tension and gravitational forces. The num-
ber of such non-dimensional groups may be reduced to four by introducing a gen-
eral parameter: the capillary height, which depends on the Weber, Froude and Euler
numbers. It is shown that in the generic case the governing system of equations that
describes capillary flow has three stationary solutions: two stable and one (interme-
diate) unstable.

An increase in the heat flux is accompanied by an increase in the liquid and vapor
velocities, the meniscus displacement towards the outlet cross-section, as well as
growth of vapor to liquid forces ratio and heat losses. When qw is large enough, the
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Fig. 10.15 Efficiency of cooling system (friction regime): (a) coefficient of efficiency vs. heat flux,
(b) coefficient of efficiency vs. gravity, (c) coefficient of efficiency vs. capillary length, (d) coeffi-
cient of efficiency vs. capillary diameter. Reprinted from Yarin et al. (2002) with permission

difference between the intensity of heat transfer and heat losses are limited by some
final value, which determines the maximum rate of vaporization. Accordingly, when
qw is large all characteristic parameters are practically invariable.

The existence of two stable states (at given values of the operating parameters)
is due to the dominant role of the gravity or friction forces at the various meniscus
positions. A decrease in the gravity leads to the displacement of the meniscus toward
the outlet and to a decrease in the heat losses and an increase in the liquid and vapor
velocities. A decrease in the micro-channel diameter leads to a monotonic increase
in the liquid and vapor velocities, whereas the dependence of the meniscus position
versus d has an extremum.

At given values of the parameters, there are optimal values of the micro-channel
diameter and length, which correspond to a maximum efficiency coefficient.
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10.9 Equation Transformation

10.9.1 The Dependence of the Saturation Pressure
and Temperature

The dependence of the saturation pressure PS and temperature TS for several liquids
is determined by the Antoine equation (Reid et al. 1987). We use the following
expression for saturation pressure of the water (Seaver et al. 1989):

PS = a0 + tS[a1 + tS(a2 + tS{a3 + tS[a4 + tS(a5 + a6tS)]})] (10.52)

where

a0 = 6.107799961×10−2, a1 = 4.436518521×10−3, a2 = 1.428945805×10−4,

a3 = 2.650648731×10−6, a4 = 3.031240396×10−8, a5 = 2.034080948×10−10,

a6 = 6.136820929×10−13,

t is measured in degrees Celsius.
From Eq. (10.52) it follows that

dTS

dPS
=

1
a1 + tS(2a2 + tS{3a3 + tS[4a4 + tS(5a5 + 6a6tS)]}) .

For tS = 100 ◦C

dTS

dPS
= 2.6859×10−4 ,

for tS = 200 ◦C

dTS

dPS
= 2.4066×10−5 .

This shows that TS changes weakly with the pressure. This allows us to neglect the
dependence of the hydraulic resistance of the vapor on the saturation temperature TS

and assume that it is determined by the external pressure PG,00.

10.9.2 Integral Relations

1. Integrating Eq. (10.2) from 0 to xf(−) we obtain

xf∫

0

(
∂ρL

∂ t
+
∂ρLuL

∂x

)
dx =

∂
∂ t

xf∫

0

ρL dx−ρL.f
dxf

dt
+{(ρLuL)f − (ρLuL)0} = 0 .

(10.53)
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Integrating Eq. (10.2) from xf(+) to L yields

L∫

xf

(
∂ρG

∂ t
+
∂ρGuG

∂x

)
dx =

∂
∂ t

L∫

xf

ρG dx +ρG.f
dxf

dt
+{(ρGuG)00 − (ρGuG)f} = 0 .

(10.54)
Summing Eqs. (10.53) and (10.54) we get

∂
∂ t

⎛
⎝

xf∫

0

ρL dx +
L∫

xf

ρG dx

⎞
⎠+(ρG −ρL)f

dxf

dt
+{[(ρLuL)f − (ρLuL)0]

+[(ρGuG)00 − (ρGuG)f]} = 0 .

(10.55)

From Eq. (10.11) it follows that

(ρGuG −ρLuL)f = (ρG −ρL)fVf = (ρG −ρL)f
dxf

dt
. (10.56)

Then Eq. (10.55) takes the following form

∂
∂ t

⎛
⎝

xf∫

0

ρL dx +
L∫

xf

ρG dx

⎞
⎠+(ρG.00uG.00 −ρL.0uL.0) = 0 . (10.57)

2. Multiplying Eq. (10.2) by ui and summing that equation with Eq. (10.3) we
obtain the equation

∂ρiui

∂ t
+
∂ρiu2

i

∂x
= −∂Pi

∂x
−ρig− ∂Fi

∂x
. (10.58)

Integrating Eq. (10.58) from 0 to xf and from xf to L yields

∂
∂ t

xf∫

0

ρLuL dx− (ρLuL)f
dxf

dt
+{(ρLu2

L)f − (ρLu2
L)0}

= (PL.0 −PL.f)−g

xf∫

0

ρL dx−FL.f

(10.59)

∂
∂ t

L∫

xf

ρGuG dx +(ρGuG)f
dxf

dt
+
{(
ρGu2

G

)
00 −

(
ρGu2

G

)
f

}

= (PG.f −PG.00)−g

L∫

xf

ρG dx−FG.00 .

(10.60)
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Note that we account for that FL,0 ≡ 0, FG,f ≡ 0 in Eqs. (10.59) and (10.60).
Summing Eqs. (10.59) and (10.60), we obtain

∂
∂ t

⎛
⎝

xf∫

0

ρLuL dx +
L∫

xf

ρGuG dx

⎞
⎠+(ρGuG −ρLuL)

dxf

dt

+
{(
ρLu2

L

)
f −

(
ρLu2

L

)
0 +

(
ρGu2

G

)
00 −

(
ρGu2

G

)
f

}
(10.61)

= (PL.0 −PL.f + PG.f −PG.00)−g

⎛
⎝

xf∫

0

ρL dx +
L∫

xf

ρG dx

⎞
⎠− (FL.f + FG.00) .

Using the conditions (10.12) and (10.13), we transform Eq. (10.61). Taking into
account Eq. (10.56), we rewrite Eq. (10.13) as follows:

(ρGu2
G −ρLu2

L)f = fL − (PG−PL)f +(ρG −ρL)f

(
dxf

dt

)2

. (10.62)

Then Eq. (10.61) takes the form

∂
∂ t

⎛
⎝

xf∫

0

ρLuL dx +
L∫

xf

ρGuG dx

⎞
⎠= fL − [(ρGu2

G)00 − (ρLu2
L)0]

+(PL.0 −PG.00)−g

⎛
⎝

xf∫

0

ρL dx +
L∫

xf

ρG dx

⎞
⎠− (FL.f + FG.00) .

(10.63)

3. We rewrite Eq. (10.4) in the following form and integrate this equation from 0
to xf and from xf to L:

∂
∂ t

xf∫

0

ρLhL dx− (ρLhL)f
dxf

dt
+{(ρLhLuL)f − (ρLhLuL)0}

= kL

(
∂TL

∂x

)

f
− kL

(
∂T2

∂x

)

0
+ qxf

(10.64)

∂
∂ t

L∫

xf

ρGhG dx +(ρGhG)f
dxf

dt
+{(ρGhGuG)00 − (ρGhGuG)f}

= kG

(
∂TG

∂x

)

00
− kG

(
∂TG

∂x

)

f
+ q(L− xf) .

(10.65)

Summing Eqs. (10.64) and (10.65) we find

∂
∂ t

⎛
⎝

xf∫

0

ρLhL dx +
L∫

xf

ρGhG dx

⎞
⎠+(ρGhG −ρLhL)f

dxf

dt
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+{(ρLhLuL)f − (ρLhLuL)0 +(ρGhGuG)00 − (ρGhGuG)f} (10.66)

= kK

(
∂TL

∂x

)

f
− kL

(
∂TL

∂x

)

0
+ kG

(
∂TG

∂x

)

00
− kG

(
∂TG

∂x

)

f
+ qL .

Using Eq. (10.14) we obtain

∂
∂ t

⎛
⎝

xf∫

0

ρLhL dx +
L∫

xf

ρGhG dx

⎞
⎠+{(ρGhGuG)00 − (ρLhLuL)0}

= −kL

(
∂TL

∂x

)

0
+ kG

(
∂TG

∂x

)

00
+ qL .

(10.67)

10.9.3 Analysis of the Equations

1. Let us transform the momentum Eq. (10.43) to the form:

u′2 = A
1− x̃f

B− x̃f
(10.68)

where

A = Re/
(
32FrL(νG.L −1)

)
, B = �̃νG.L/(νG.L −1) ,

x̃f = xf/X fcap , �̃ = L/X fcap .

If the pressure is moderate (P < 106 Pa), the ratio of the kinetic viscosities of the
vapor and the liquid ν12 has the order of about 70 (Johnson 1998). The curve
u′L(x̃f) is a hyperbola with the horizontal asymptote u′L = A and the vertical
x̃f = B (Fig. 10.4a). The physical meaning is only the sector of lower branches
of the hyperbola, which is between the lines x̃f = 0 and x̃f = 1. It corresponds to
the position of the meniscus inside the micro-channel.

2. Now let us consider the energy equation of Eq. (10.44). To reveal the shape of
the curve u′′L(x̃f) we consider its intersection with the lines u′′L = const. Writing
Eq. (10.44) as follows:
(

u′′L −1 +
1

Peu′′L

)
[exp(PeX fcapx̃fu

′′
L)−1] = X fcapx̃f −q2u′′L(T S −1) . (10.69)

The right-hand side of Eq. (10.69): R is the linear function of x̃f. An increase
of u′′L leads to the displacement of these lines downwards. The left-hand side of
Eq. (10.69) gives: L as a non-linear function of x̃f. Its sign depends on the sign
of the multiplier (u′′L −1 + 1/(Peu′′L)), i.e., on the determinant D = 1/4−1/Pe.
There are three cases: D < 0, D = 0, D > 0.

(a) D < 0 (Pe < 4). In this case u′′L−1+1/(Peu′′L) > 0. Since the expression in
square brackets is positive, the left-hand side of Eq. (10.69) is also positive
(Fig. 10.5a). The derivatives of functions on left-hand side and right-hand
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side of Eq. (10.69) at the point x̃f = 0 equal, respectively,

L′ = X fcap + PeX fcap(u′′L −1)u′′L (10.70)

R′ = X fcap . (10.71)

Since u′′L < 1, then R′ > L′. That means that depending on value of u′′2
there are one or two intersection points of the curves L(x̃f) and R(x̃f).
Under certain conditions the intersection points are absent. Thus the curve
u′′L(x̃f) has the shape as shown in Fig. 10.5a.

(b) D = 0 (Pe = 4, u′′L = 1/2). In this case there is a single intersection point
of the curve u′′L with the axis of abscissa x̃f =

(
qL(T S −1)

)
/
(
2X fcap

)
(Fig. 10.5b).

(c) D > 0 (Pe > 4). When u′′L changes within the range (1/2)−√
D ≤ u′′L ≤

(1/2)+
√

D, L(x̃f) decreases with the increasing of x̃f. In this case there is
one intersection point (Fig. 10.5c). When 0 < u′′L < (1/2)−√

D or (1/2)+√
D < u′′2 < 1, i.e., u′′L − 1 + 1/(Peu′′L) > 0 and there are two intersection

points as it is shown in Fig. 10.5a.

Now we find intersection points of the curve u′′L(x̃f)with the abscissa axis. As-
suming in Eq. (10.54) u′′L → 0 (at finite xf), we obtain

(x̃f)G.L =
1

X fcap
± 1

X fcap

√
1−2

qL(T −1)
Pe

. (10.72)

The dependences u′′L(x̃f) for various Pe are plotted in Fig. 10.4b. The shape of
these curves significantly depends on the value of the Peclet number. When
Pe < 4 the raising and the falling branches of u′′L(x̃f) contain points (x̃f)G and
(x̃f)L on the abscissa axis and form canopy-shaped curves with characteristic
maximum depending on Pe. Contrary to that, if Pe ≥ 4, the curves u′′L(x̃f) are not
continuous. When x̃f is large, the upper and lower branches have one (Pe = 4)
or two (Pe > 4) asymptotes.

10.10 Two-Dimensional Approach

The quasi-one-dimensional model used in the previous sections for analysis of var-
ious characteristics of flow in a heated capillary assumes a uniform distribution of
the hydrodynamical and thermal parameters in the cross-section of micro-channel.
In the frame of this model, the general characteristics of the flow with a distinct
interface, such as position of the meniscus, rate evaporation and mean velocities of
the liquid and its vapor, etc., can be determined for given drag and intensity of heat
transfer between working fluid and wall, as well as vapor and wall. In accordance
with that, the governing system of equations has to include not only the mass, mo-
mentum and energy equations but also some additional correlations that determine



10.10 Two-Dimensional Approach 429

the drag coefficient and Nusselt number and thereby close the system of governing
equations.

In contrast with the one-dimensional model, the two-dimensional model allows
to determine the actual parameter distribution in flow fields of the working fluid and
its vapor. It also allows one to calculate the drag and heat transfer coefficients by the
solution of a fundamental system of equations, which describes the flow of viscous
fluid in a heated capillary.

The general features of two-dimensional flow with evaporating liquid–vapor
meniscus in a capillary slot were studied by Khrustalev and Faghri (1996). Follow-
ing this work we present the main results mentioned in their research. The model
of flow in a narrow slot is presented in Fig. 10.16. Within a capillary slot two char-
acteristic regions can be selected, where two-dimensional or quasi-one-dimensional
flow occurs. Two-dimensional flow is realized in the major part of the liquid do-
main, whereas the quasi-one-dimensional flow is observed in the micro-film region,
located near the wall.

At the assumption that in a narrow slot the gravitational forces are negligible as
compared to surface tension, the governing equations describing flow of an incom-
pressible liquid in the central part of flow read as

∇ ·v = 0 (10.73)

ρ(v ·∇)v = −∇P+ μ∇2v (10.74)

ρcp(T ·∇)v = k∇2T (10.75)

where v is the vector with components u and v, directed along the x- and y-axis,
respectively, P and T are the pressure and temperature, and μ and k are the viscosity
and thermal conductivity.

Fig. 10.16 Model of flow in
narrow slot. Reprinted from
Khrustalev and Faghri (1996)
with permission
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The boundary conditions for Eqs. (10.73–10.75) are:

1. Non-slip condition on the wall (u = v = 0), and parabolic velocity profile u at
the inlet

2. Uniform liquid temperature distribution at the inlet, constant wall temperature
3. Symmetry of flow: v ≡ 0, du/dy = 0, dT/dy = 0.

At the interface the mass and thermal balance equations are valid. If one assumes
that the liquid–vapor interface curvature is constant, accordingly (PG −PL)int =
σ/Rmen, where PG and PL are the vapor and liquid pressure at the interface, σ is
the surface tension, and Rmen is the meniscus radius.

To calculate the micro-field, the quasi-one-dimensional model by Khrustalev and
Faghri (1994, 1995) is used.

The results of numerical calculations of the velocity distribution within the vapor
and liquid domains for two values of the difference between wall and saturation
temperatures are shown in Fig. 10.17. It is seen that the vapor velocity reaches 100–
150 m/s in the region of micro-film. The liquid velocity is much smaller than those
in vapor.

The temperature distribution in the capillary slot is presented in Fig. 10.18. These
data show the wall superheat influence on temperature fields in liquid and vapor
domains. In these cases, significant heterogeneity of temperature fields is observed.

The results of calculations of the Nusselt number are presented in Fig. 10.19.
Here also the data of the calculated heat transfer by the quasi-one-dimensional
model by Khrustalev and Faghri (1996) is shown. The comparison of the results
related to one and two-dimensional model shows that for relatively small values of
wall superheat the agreement between the one and two-dimensional model is good
enough (difference about 3%), whereas at large Δt the difference achieves 30%.

Summary

A theory of two-phase laminar flow with a distinct interface has been developed.
Although this theory is based on a one-dimensional approximation, it takes into
account the major features of the process: the inertia, gravity, surface tension and
friction forces. Thus this study may be expected to give the physically realistic pat-
tern of a laminar flow in a heated micro-channel. This allows one to use the present
theory to study the regimes of flow, as well as optimizing a cooling system of elec-
tronic devices with high power densities.

Partial results are as follows:

1. To calculate the flow parameters under the conditions when the meniscus pos-
ition and the liquid velocity at the inlet are unknown a priori. The mass, mo-
mentum and energy equations are used for both phases, as well as the balance
conditions at the interface. The integral condition, which connects flow param-
eters at the inlet and the outlet cross-sections is derived.
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Fig. 10.17a–d Vapor flow over the evaporating meniscus (a) Tw−Tsat = 5 K, (b) Tw −Tsat = 10 K.
Liquid flow in the evaporating meniscus (c) Tw −Tsat = 5 K, (d) Tw −Tsat = 10 K. Reprinted from
Khrustalev and Faghri (1996) with permission
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Fig. 10.18a,b Temperature contours in the liquid and vapor: (a) Tw −Tsat = 5 K, (b) Tw −Tsat =
10 K. Reprinted from Khrustalev and Faghri (1996) with permission

Fig. 10.19 Local Nusselt
number for the vapor flow
along the slot water at atmo-
spheric pressure. Reprinted
from Khrustalev and Faghri
(1996) with permission

2. It is shown that the rate of vaporization (the liquid’s velocity), the liquid
and vapor temperatures, the position of the meniscus in the micro-channel,
its hydraulic resistance and the thermal losses are determined by eight non-
dimensional groups, accounting for the effects of heat transfer, phase change,
as well as inertia, friction, surface tension and gravity forces. The number of
such non-dimensional groups may be reduced to four by introducing a general
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parameter: the capillary height, which depends on the Weber, Froude and Euler
numbers.

3. The classification of possible regimes of flow are proposed. It is based on a non-
dimensional parameter accounting for the ratio of the micro-channel length to
the capillary height. It is shown that in the generic case the governing system
of equations, which describes capillary flow, has three stationary solutions: two
stable and one (intermediate) unstable.

4. It is shown that an increase in the heat flux is accompanied by an increase in
the liquid and vapor velocities, the meniscus displacement towards the outlet
cross-section, as well as growth of vapor to liquid forces ratio and heat losses.
When qw is large enough, the difference between the intensity of heat transfer
and heat losses are limited by some final value, which determines the maximum
rate of vaporization. Accordingly, when qw is large all characteristic parameters
are practically invariable.

5. It is shown that the existence of two stable states (at given values of the operat-
ing parameters) is due to the dominant role of the gravity or friction forces at the
various meniscus positions. A decrease in the gravity leads to the displacement
of the meniscus toward the outlet and to a decrease in the heat losses and an in-
crease in the liquid and vapor velocities. A decrease in the micro-channel diam-
eter leads to a monotonic increase in the liquid and vapor velocities, whereas the
dependence of the meniscus position versus d has an extremum.

6. At given values of the parameters, there are optimal values of the micro-channel
diameter and length, which correspond to a maximum efficiency coefficient.
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Nomenclature

d Micro-channel diameter
fL Capillary pressure
g Acceleration of gravity
h Enthalpy
k Thermal conductivity
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L Total length of micro-channel
n,k Normal and tangent direction
P Pressure
hLG Latent heat of evaporation
q Specific volumetric rate of heat absorption
qcr Critical value of heat flux on the wall at which the bubble nucleation

is negligible
qw Wall heat flux
T Temperature
v Velocity (vector v has components u,v,w, are directed along axis

x,y,z, respectively)
Ṽf Relative velocity
Vf Velocity of interface surface

Eu =
ΔP
ρu2 Euler number

Fr =
u2

gL
Froud number

Pe =
uL
α

Peclet number

Re =
uL
ν

Reynolds number

We =
ρu2

σ
Weber number

x,y,z Cartesian coordinates

Greek symbols

α Thermal diffusivity
∇ Gradient
θ Contact angle
ν Kinematic viscosity
ρ Density
σ Surface tension

Subscripts

G, L Correspond to vapor and liquid, respectively
s Saturation parameters
0, 00 Inlet and outlet cross-section, respectively
f Interface surface
cr Critical



Chapter 11
Onset of Flow Instability in a Heated Capillary

The capillary flow with distinct evaporative meniscus is described in the frame of the
quasi-dimensional model. The effect of heat flux and capillary pressure oscillations
on the stability of laminar flow at small and moderate Peclet number is estimated. It
is shown that the stable stationary flow with fixed meniscus position occurs at low
wall heat fluxes (Pe � 1), whereas at high wall heat fluxes Pe ≥ 1, the exponential
increase of small disturbances takes place. The latter leads to the transition from
stable stationary to an unstable regime of flow with oscillating meniscus.

11.1 Introduction

Consider the stability of capillary flow when a liquid is heated and evaporated at
a meniscus. This problem is important in the context of cooling systems of elec-
tronic devices. A growing number of designs in MEMS with high power density re-
quire a thorough insight into the mechanism of complex processes in heated micro-
channels. The latter includes a number of problems related to hydrodynamics of
laminar flow developed under conditions of the inertia, friction, gravity and cap-
illary force interactions, heat transfer, as well as phase change. The studies in the
last decade concern a wide range of problems connected with stable single-phase
flows (Tuckerman and Pease 1984; Tuckerman 1981; Wiesberg et al. 1992; Wang
and Peng 1994; Wu and Little 1984; Bailey et al. 1995; Peng et al. 1994; Peng and
Peterson 1995, 1996; Adams et al. 1998; Incropera 1999), boiling nucleation and
bubble growth in narrow pipes (Peng et al. 1998; Yuan et al. 1999; Ory et al. 2000;
Peng et al. 2001), pressure drop and heat transfer in two-phase flows (Morijama
and Inoue 1992; Peng and Wang 1993; Bowers and Mudawar 1994; Sobhan and
Garimella 2001). At the same time there is a paucity of theoretical studies dealing
with capillary flow with a phase change at an evaporative meniscus, in spite of the
fact that such flows are interesting in connection with their possible implementation
in cooling systems of electronic devices.

L.P. Yarin, Fluid Flow, Heat Transfer and Boiling in Micro-Channels 437
© Springer 2009
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The stationary regimes of capillary flows with a distinct meniscus separating the
regions of liquid and vapor flows have been considered by Khrustalev and Faghri
(1996) and Peles et al. (1998, 2000, 2001). Recently Yarin et al. (2002) investigated
in detail the features of two-phase laminar flow in a heated micro-channel and re-
vealed the effect of the inertia, pressure, gravity and friction forces on major flow
characteristics. It was shown that, in the general case, the system of equations that
describes the capillary flow has three solutions corresponding to stationary regimes
of flow. The analysis of stationary states performed in the quasi-stationary approxi-
mation (an approach similar to the Semenov’s diagram method) showed that two of
these states (“upper” and “lower” corresponding to high and low velocities, respect-
ively) are stable whereas the intermediate one is unstable. The stationary or quasi-
stationary approximations should be considered as limiting for the solutions of the
unsteady problems for infinite time intervals. However, approaches ignoring the dy-
namics of the transient processes leading to steady states should be supplemented
with stability consideration. Indeed, only stable steady states can become attractors
of the transient processes. This makes stability studies of the limiting steady states
extremely important.

The present chapter deals with the study of the stability of a flow in a heated
capillary, with liquid evaporating at a meniscus. The behavior of the vapor–liquid
system, which undergoes small perturbations, is analyzed by linear approximation,
in the frame of the quasi-one-dimensional model of capillary flow with a distinct
interface. The effect of the physical properties of both phases, the wall heat flux and
the capillary sizes on the flow stability is studied. The velocity, pressure and tem-
perature oscillations in a capillary tube with constant wall heat flux or constant wall
temperature are determined. A scenario of a possible process at small and moderate
Peclet numbers corresponding to the flow in capillaries is considered. The bound-
aries of stability, subdividing the domains of stable and unstable flows, are outlined,
and the values of geometrical and operating parameters corresponding to the tran-
sition from stable to unstable flow are estimated. The study consists of the problem
formulation, analysis of the influence of the physical properties of the liquid and
its vapor, and wall heat flux, on velocity, pressure and temperature oscillations in
capillary flows, as well as the stability of the flow at small and large Peclet numbers.

Chapter 11 consists of following: Sect. 11.2 deals with the pattern of capillary
flow in a heated micro-channel with phase change at the meniscus. The perturbed
equations and conditions on the interface are presented in Sect. 11.3. Section 11.4
contains the results of the investigation on the stability of capillary flow at a very
small Peclet number. The effect of capillary pressure and heat flux oscillations on
the stability of the flow is considered in Sect. 11.5. Section 11.6 deals with the study
of capillary flow at a moderate Peclet number.
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11.2 Capillary Flow Pattern

We deal here with the stability of flow in a heated capillary tube when liquid is evap-
orating on the meniscus. The capillary, as shown in Fig. 11.1, is a straight vertical
pipe with diameter d and length �. The wall heat flux is uniform: qw = const. The
thermal conditions on the capillary inlet and outlet are:

1. T L.in = const., the average liquid temperature T L at x = 0

2.
(

dT G
dx

)
x=�

= 0, the average vapor temperature gradient at x = �

Hereafter, the subscripts G and L denote vapor and liquid, respectively, and in and
0 denote inlet and outlet of the capillary tube, respectively.

These conditions correspond to a certain design of cooling system, namely,
a micro-channel with cooling inlet and adiabatic outlet (Yarin et al. 2002).

The wall heat flux is the cause for the liquid evaporation, and perturbation of
equilibrium between the gravity and capillary forces. It leads to the offset of both
phases (heated liquid and its vapor) and interface displacement towards the inlet. In
this case the stationary state of the system corresponds to an equilibrium between
gravity, viscous (liquid and vapor) and capillary forces. Under these conditions the
stationary height of the liquid level is less than that in an adiabatic case

x f < xf.ad =
2σ

rρLg
cosθ (11.1)

where xf and xf,ad are the height of the liquid level in a heated and adiabatic capillary
tube, respectively, σ is the surface tension coefficient, r is the radius, ρL is the liquid
density, g is the acceleration due to gravity, and θ is the static contact angle as
measured from the liquid side of the contact line.

Fig. 11.1 Schematics of
a heated micro-channel (ar-
rows show flow and heat flux
directions). Reprinted from
Hetsroni et al. (2004) with
permission
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Unlike at adiabatic conditions, the height of the liquid level in a heated capillary
tube depends not only on σ , r, ρL and θ , but also on the viscosities and thermal
conductivities of the two phases, the wall heat flux and the heat loss at the inlet. The
latter affects the rate of liquid evaporation and hydraulic resistance of the capillary
tube. The process becomes much more complicated when the flow undergoes small
perturbations triggering unsteady flow of both phases. The rising velocity, pressure
and temperature fluctuations are the cause for oscillations of the position of the
meniscus, its shape and, accordingly, the fluctuations of the capillary pressure. Un-
der constant wall temperature, the velocity and temperature fluctuations promote
oscillations of the wall heat flux.

11.3 Equation Transformation

11.3.1 Perturbed Equations

In this section we present the system of quasi-one-dimensional equations, describing
the unsteady flow in the heated capillary tube. They are valid for flows with weakly
curved meniscus when the ratio of its depth to curvature radius is sufficiently small.
The detailed description of a quasi-one-dimensional model of capillary flow with
distinct meniscus, as well as the estimation conditions of its application for calcula-
tion of thermohydrodynamic characteristics of two-phase flow in a heated capillary
are presented in the works by Peles et al. (2000, 2001) and Yarin et al. (2002). In this
model the set of equations including the mass, momentum and energy balances is:

∂ρi

∂ t
+
∂ρiui

∂x
= 0 (11.2)

ρi
∂ui

∂ t
+ρiui

∂ui

∂x
= −∂Pi

∂x
−ρig− ∂Fi

∂x
(11.3)

ρi
∂hi

∂ t
+ρiui

∂hi

∂x
=

∂
∂x

(
ki
∂Ti

∂x

)
+ q (11.4)

where ρ , u, P, h and T are the density, velocity, pressure, enthalpy and temperature,
respectively, k is the thermal conductivity, q is the specific rate of volumetric heat
absorption, F is the specific friction force, and the subscripts i = G,L correspond to
vapor and liquid, respectively.

The conditions on the interface express the continuity of the mass and heat fluxes
and the equilibrium of all acting forces (Landau and Lifshitz 1959). In the frame of
reference associated with the interface they are:

ρGṼG = ρLṼL (11.5)

PG +ρGṼ 2
G = PL +ρLṼ 2

L + fσ (11.6)

ρGṼGhG − kG
∂T1

∂x
= ρLṼLhL − kL

∂TL

∂x
(11.7)
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where Vf = dxf/dt is the velocity of the interface, Ṽi = ui−Vf is the velocity relative
to the interface, fσ = 2σ/R is the capillary pressure, and R = r/cosθ is the radius
of the interfacial curvature.

In the case when capillary flow undergoes small perturbations, the governing
parameters Jj can be presented as a sum of their basic values, corresponding to the
stationary flow J j, plus small perturbations J′j

J j = J j + J′j (11.8)

where Jj = ρ , u, P, T , h, xf, fσ and q. The line over any parameters refers to their
average (in time) values. ∂J j/∂ t = 0, J

′
j = 0.

In capillary flow with a distinct meniscus separating the regions of pure liquid
and pure vapor flows, it is possible to neglect the change in densities of the phases
and assume ρG and ρL are constant. For flow of incompressible fluid (ρi = const.,
ρ ′

i = 0, ∂ui/∂x = 0) the substitution of (11.8) in Eqs. (11.1–11.3) leads, in a linear
approximation, to the following system of equations

ρ i
∂ (ui + u′i)

∂x
= 0 (11.9)

ρ i
∂u′i
∂ t

= −∂ (Pi + P′
i )

∂x
−ρ ig−

∂ (Fi + F ′
i )

∂x
(11.10)

ρ i
∂h′i
∂ t

+ρ iui
∂hi

∂x
+ρ iu

′
i
∂hi

∂x
+ρ iui

∂h′i
∂x

=
∂
∂x

(
ki
∂ (T i + T ′

i )
∂x

)
+ q+ q′ . (11.11)

The equations for stationary flow

dui

dx
= 0 (11.12)

dPi

dx
+ρ ig +

dFi

dx
= 0 (11.13)

ρ iuicpi
dT i

dx
=

d
dx

(
ki

dT i

dx

)
+ q . (11.14)

We obtain from (11.9–11.11) the equations for small perturbations of velocity, pres-
sure, temperature and enthalpy, as well as the specific volumetric rate of heat ab-
sorption. Assuming that hi = cpi

Ti we arrive at

∂u′i
∂x

= 0 (11.15)

∂u′i
∂ t

= − 1
ρ i

(
∂P′

i

∂x
+
∂F ′

i

∂x

)
(11.16)

∂T ′
i

∂ t
+ u′i

∂T i

∂x
+ ui

∂T ′
i

∂x
=

∂
∂x

(
αi
∂T ′

i

∂x

)
+ q̃′i (11.17)
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where αi = ki/(ρ icpi
)is the thermal diffusivity, q̃′i = q′/(ρ icpi

). Substitution of
(11.8) in conditions (11.5–11.7) leads (in linear approximations) to the following
system of equations:

ρG

(
uG + u′G − dx′f

dt

)
= ρL

(
uL + u′L−

dx′f
dt

)
(11.18)

PG + P′
G +ρG(u2

G + 2uGu′G) = PL + P′
L +ρL(u2

L + 2uLu′L)+ fσ + f ′σ (11.19)

ρG

(
uGhG + u′GhG + uGh′G −hG

dx′f
dt

)
− kG

∂T G

∂x
− kG

∂T ′
G

∂x

= ρL

(
uLhL + u′LhL + uLh′L −hL

dx′f
dt

)
− kL

∂T L

∂x
− kL

∂T ′
L

∂x
.

(11.20)

Here xf = xf + x′f, xf is the liquid height in the capillary.
For stationary flow

ρGuG = ρLuL (11.21)

PG +ρGu2
G = PL +ρLu2

L + fσ (11.22)

ρGuGhG − kG
∂T G

∂x
= ρLuLhL − kL

∂T L

∂x
(11.23)

and we obtain from (11.18–11.20) equations for the oscillations at the meniscus
surface

(ρGu′G −ρLu′L) = (ρG −ρL)
dx′f
dt

(11.24)

(P′
G −P′

L) = 2ρGuL(u′L −u′G)+ f ′σ (11.25)

ρLuL(h′G −h′L)+ (ρGhGu′G −ρLhLu′L)−

−(ρGhG −ρLhL)
dx′f
dt

= kG
∂T ′

G

∂ t
− kL

∂T ′
L

∂ t

(11.26)

where h = cpT , hx=xf = cpTs, and Ts is the temperature of the interface that is as-
sumed to be constant and equal to the saturation temperature. The small perturba-
tions of pressure practically does not influence Ts because of the weak dependence
of Ts(Ps) (Reid et al. 1987).

The solution of Eqs. (11.15–11.17), subject to the conditions (11.24–11.26), de-
termines the displacement of the interface in time, as well as the evolution of the
velocity, pressure and temperature oscillations.

11.3.2 Perturbed Energy Equation for Small Peclet Number

The dimensionless form of Eq. (11.17) is

St
∂ T̃ ′

i

∂ t̃
+ ũ′i

∂ T̃i

∂ x̃
+ ũ

∂ T̃ ′
i

∂ x̃
= Pe∗

−1

i
∂ 2T̃ ′

i

∂ x̃2 +ϑ ′
i (11.27)
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where St = �∗ψ∗/u∗ and Pe∗i = u∗�∗/αi are the Strouhal and Peclet numbers, re-
spectively, and ϑ ′

i = q′�∗/(ρiu∗cpi
T∗), ũi = ui/u∗, ũ′i = u′i/u∗, T̃i = T i/T ∗ , T̃ ′

i =
T ′

i /T ∗ , x̃ = x/�∗ and t̃ = tψ∗ (ψ∗ = t−1∗ ), �∗, u∗, T ∗ and t∗ are characteristic scales
of the length, velocity, temperature and time.

The first terms on the left and right-hand sides of Eq. (11.27) are on the order of
St and Pe−1, respectively, whereas the second and third terms on left-hand side of
Eq. (11.27) have the order of one. When Pe � 1 and St 
 1 it is possible to omit
the terms accounting for convective heat transfer due to oscillations and present Eq.
(11.17) as follows:

∂T ′
i

∂ t
= αi

∂ 2T ′
i

∂x2 + q̃′i . (11.28)

11.3.3 Perturbed Energy Equation for Moderate Peclet Number

When the temperature Ts of the interface is constant, and wall heat flux is also con-
stant, temperature oscillations are the result of the meniscus displacement along
micro-channel axis. They are expressed as

T ′
i = x′

dTi

dx
= x′

dT i

dx
+ x′

dT ′
i

dx
. (11.29)

Neglecting the term containing product of oscillations, we obtain

T ′
i = x′

dT i

dx
,

dT ′
i

dx
= x′

d2T i

dx2 . (11.30)

The oscillations of the meniscus position x′ can be estimated as follows:

x′ =
u′∗
ψ∗

(11.31)

where u′∗ is the characteristic oscillations velocity (order of liquid oscillation vel-
ocity).

Convective heat transfer that is due to oscillations determines the second and the
third terms on the left-hand side of Eq. (11.17). Using Eqs. (11.30) and (11.31), we
estimate the values of these terms. For this, we consider the ratio of the third term
to the second one

∣∣∣∣∣∣∣∣

ui
∂T ′

i

∂x

u′i
∂Ti

∂x

∣∣∣∣∣∣∣∣
=

1
St∗

∣∣∣∣∣∣∣∣∣

(
∂ 2T̃i

∂ x̃2
i

)

(
∂ T̃i

∂ x̃

)

∣∣∣∣∣∣∣∣∣
. (11.32)

The temperature distribution in a heated micro-channel is described by the following
correlation (Peles et al. 2001).

T̃ = C(i)
1 +ϑi(x̃∗ + Pe∗

−1

i )+C(i)
2 exp(Pei ∗ x̃∗) (11.33)
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where the constants C(i)
1 and C(i)

2 are expressed as

C(L)
1 = (1−C(L)

2 )−ϑL/Pe∗L (11.34)

C(L)
2 = [(T̃s −1)−ϑLx̃∗f ]/[exp(Pe∗Lx̃∗f )−1] (11.35)

C(G)
1 = T̃s −ϑG(x̃∗f + Pe∗−1

G )−C(L)
2 exp(Pe∗Lx̃∗f ) (11.36)

C(G)
2 = −ϑG/[PeG exp(Pe∗G)] . (11.37)

Here characteristic length �∗ = � is the length of the capillary tube, T∗ = TL.in is the
inlet liquid temperature.

The temperature distribution in a heated micro-channel is not uniform (Fig. 11.2,
Peles et al. 2000). The liquid entering the channel absorbs heat from the walls and
its temperature increases. As the liquid flows toward the evaporating front it reaches
a maximum temperature and then the temperature begins to decrease up to the sat-
urated temperature. Within the vapor domain, the temperature increases monotoni-
cally from saturation temperature Ts up to outlet temperature TG.0.

The module of ratio of the second-order derivative ∂ 2T̃i/∂ x̃2 to the first-order
derivative ∂ T̃i/∂ x̃ is

∣∣∣∣∣∣∣∣

(
∂ 2T̃i

∂ x̃∗2

)

(
∂ T̃i

∂ x̃∗

)

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣
C(i)

2 Pe∗2
i exp(Pe∗i x̃∗)

1−C(i)
2 Pe∗i exp(Pe∗i x̃∗)

∣∣∣∣∣ . (11.38)

The value of the ratio χ = (∂ 2T̃i/∂ x̃∗2)/(∂ T̃i/∂ x̃∗) depends on the Peclet number, as
well as on meniscus position in stable state x̃f. The dependence of the meniscus pos-
ition x̃∗f on Pe∗ is shown in Fig. 11.3. It is seen that in the range of moderate Peclet
number x̃∗f � 1. The values of the right-hand side of Eq. (11.32) determines by ratio
χ/St. At moderate values of characteristic frequency w∗ ∼ 10−2 m the Strouchal

number has order of 0.1–1. When the term C(i)
2 Pe∗2

i exp(Pe∗i x̃∗) in Eq. (11.38) is
more than unit, the parameter χ has order of Pe∗i i.e. larger than unit. In this case it
is possible to omit the second term on the left-hand side of Eq. (11.17) and it takes

Fig. 11.2 The scheme of tem-
perature distribution along
a heated micro-channel.
Reprinted from Peles et al.
(2000) with permission
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Fig. 11.3 The dependences
of uL(Pe∗L)and x̃∗f (Pe∗L).
Reprinted from Hetsroni et
al. (2004) with permission

the following form:

∂T ′
i

∂ t
+ ui

∂T ′
i

∂x
=

∂
∂x

(
αi
∂T ′

i

∂x

)
. (11.39)

11.4 Flow with Small Peclet Numbers

11.4.1 The Velocity, Pressure and Temperature Oscillations

The estimations enable us to disregard the minor convective effects, and to consider
the problem in the framework of a pure conductive approximation. Neglecting, in

Eq. (11.17), the term u′i
∂T i
∂x and ui

∂T ′
i

∂x we reduce the problem to

∂T ′
i

∂ t
= αi

∂ 2T ′
i

∂x2 + q̃′i . (11.40)

First we restricted ourselves to considering a particular case of flow in a capillary
tube with qw = const. (q′ = 0). We also neglected the change of the capillary pres-
sure through the changes of the contact angle, due to the motion of the meniscus.
Accordingly we assume that f ′σ = 0 in condition (11.25).

To determine the velocity, pressure and temperature oscillations we use Eqs.
(11.15), (11.16) and (11.40). From Eq. (11.15) it follows that

u′ = u′(t) . (11.41)

Thus, the velocity oscillations, in the flow of an incompressible fluid, depend only
on time, i.e., the liquid and vapor columns move in the capillary tube, on the whole,
similar to a solid body. Bearing this in mind, we present the solution of Eq. (11.15)
as follows:

u′i = Ai exp(Ω t) (11.42)
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where A is the amplitude of the velocity oscillations, Ω = ξ + i|ψ | is the complex
frequency, and ξ and ψ are the growth rate and frequency of the velocity oscilla-
tions.

The specific friction force Fi in laminar flow is expressed as (Yarin et al. 2002)

Fi =
32
d2 μiuix (11.43)

where d is the diameter of the tube, and μ is the viscosity.
In accordance with Eq. (11.43), the oscillations of Fi are

F ′
i =

32
d2 μiu

′
ix . (11.44)

Taking into account Eqs. (11.42) and (11.44) we can present the pressure oscil-
lations as follows:

P′
i = Aiρ i fi(x)exp(Ω t)+ ai (11.45)

where fi(x) is some function of x, and the parameter ai = ai(t).
From a dimensional consideration, it is necessary to assume that the derivative

of the function f (x) is constant: f ′i (x) = ki. Substitution of expressions (11.44) and
(11.45) in Eq. (11.16) gives

ki = −
(

32
d2 νi +Ω

)
(11.46)

where ν is the kinematic viscosity.
The parameter ai is determined by using the conditions

x = 0 , P′
L = P′

L.in (11.47)

x = � , P′
G = P′

G.0 . (11.48)

As a result we obtain

a1 = P′
G.0 −ρGAGkG�exp(Ω t) (11.49)

a2 = P′
2.in . (11.50)

The oscillations of the phase temperatures can be presented in the following form

T ′
i = Ai

(
hLG

cpi
uL

)
ϕi(x)exp(Ω t) (11.51)

where hLG is the latent heat of the liquid vaporization, uL = uL.in is the liquid vel-
ocity in the stationary flow regime, and ϕ(x) is some function of x that satisfies the
condition ϕ ′′(x)/ϕ(x) = const.

Assuming that ϕi(x) = exp(nix), we obtain

T ′
i = Ai(

hLG

cpi
uL

)exp(nix∗+Ω t) (11.52)
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where x∗ = x− xf, n = ikx, kx is the longitudinal component of the wave vector k
(kx �= 0, ky = kz = 0).

The substitution of expression (11.52) into Eq. (11.40) gives

ni = ±
(
Ω
αi

)1/2

(11.53)

Assuming that the temperature oscillations that are due to the displacement of the
interface decrease far from xf, the sign in front of Eq. (11.53) is positive for phase L
and negative for phase G.

The oscillations of the meniscus position x′f depend only on the time and are
expressed as follows:

x′f = C exp(Ω t) (11.54)

where C is the amplitude.

11.4.2 Dispersion Equation

Using expressions (11.42), (11.45), (11.51) and (11.54) for the velocity, pressure,
temperature and meniscus position oscillations, as well as Eqs. (11.46) and (11.53)
for ki and ni, we arrive at the system of algebraic equations for unknown amplitudes
AG, AL and C.

AGα̃11 + ALα̃1.2 +Cα̃13 = 0

AGα̃21 + ALα̃22 = 0 (11.55)

AGα̃31 + ALα̃32 +Cα̃33 = 0

where

α̃11 = ρG , α̃12 = −ρL , α̃13 = −Ω(ρG −ρL)
α̃21 = (kGρGxf + 2ρLuL) , α̃22 = −(kLρLxf + 2ρLuL)

α̃31 =
(

uL +ρG.L
hG

hLG
−αGρG.LnG

)
, α̃32 =

(
uL +

hL

hLG
−αLnL

)

α̃33 =ΩuL

(
ρG.L

hG

hLG
− hL

hLG

)
, ρG.L = ρG/ρL .

Note that the system (11.55) is valid for small deviations of the interface from xf

when nix′f � 1 and exp(nix′f) � 1. Estimations show that the term Cα̃33 in the ther-
mal balance equation on the interface is small in comparison with the term AGα̃31

and ALα̃32. Moreover, since ρG.L(hG/hLG) � 1 and (hL/hLG) � 1, it is possible to
neglect the second term in the expressions for coefficients α̃31 and α̃32 and assume
that α̃31 = (uL −αGρG.LnG), α̃32 = (uL −αLnL). Then the non-trivial solution of
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the relations in Eq. (11.55) correspond to the following condition:
∣∣∣∣∣∣
α̃11 α̃12 α̃13

α̃21 α̃22 0
α̃31 α̃32 0

∣∣∣∣∣∣
= 0 . (11.56)

From (11.93) it follows that

α̃13(α̃21α̃32 − α̃22α̃31) = 0 . (11.57)

The case α̃13 = 0 corresponds to the condition Ω = 0 (stationary regime), and we
obtain the following dispersion equation for Ω �= 0

α̃21α̃32 − α̃22α̃31 = 0 . (11.58)

The specific form of the dependence of the complex frequency Ω on parameters
of the problem found by Eq. (11.58), is presented as follows:

a∗Ω 3/2 + b∗Ω + c∗Ω 1/2 + d∗ = 0 (11.59)

where

a∗ =
(

1 +α1/2
G.L

)
α−1/2

L ,

b∗ = − uL

αL
(1−ρL.G) ,

c∗ = −
{
−32

d2 νG

(
1−νL.Gα

1/2
G.L

)
+ 2ρL.G

uL

xf

(
1−ρG.Lα

1/2
L.G

)} 1√
αL

,

d∗ = −32
d2 νG

uL

αL
(1−νL.GρL.G)

and the ratio of characteristic parameters, corresponding to liquid and gaseous
phases, is expressed as α j.i = α j/αi, ρ j.i = ρ j/ρi, ν j.i = ν j/νi.

Introducing the new variable

y =Ω 1/2 +
b∗

3a∗
(11.60)

we reduce Eq. (11.59) to the form

y3 + 3P∗y + 2q∗ = 0 (11.61)

where

2q∗ =
2b3∗

27a3∗
− b∗c∗

3a2∗
+

d∗
a∗

, (11.62)

3P∗ =
3a∗c∗ −b2∗

3a2∗
. (11.63)
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11.4.3 Solution of the Dispersion Equation

Equation (11.61) has three roots: three real, or one real and two complex, depending
on the value of determinant D = q2∗ +P3∗ (Korn and Korn 1968). Since our aim is to
determine the complex frequency Ω , we will consider the complex solution of Eq.
(11.61) only.

In the case when q2∗ + P3∗ > 0 and P∗ < 0, the complex roots of Eq. (11.61) are

Ω 1/2
I =

(
r∗ Cosh

ϕ
3

+ i
√

3r∗ Sinh
ϕ
3

)
− b∗

3a∗
(11.64)

Ω 1/2
II =

(
r∗ Cosh

ϕ
3
− i

√
3r∗ Sinh

ϕ
3

)
− b∗

3a∗
(11.65)

where Coshϕ = q∗/r3∗ , r∗ = ±√ |P∗ |, and the sign of r∗ is the same as sign of q∗.
In the case when P∗ > 0 the complex roots of Eq. (11.61) are

Ω 1/2
I =

(
r∗ Sinh

ϕ
3

+ i
√

3r∗ Cosh
ϕ
3

)
− b∗

3a∗
(11.66)

Ω 1/2
II =

(
r∗ Sinh

ϕ
3
− i

√
3r∗ Cosh

ϕ
3

)
− b∗

3a∗
(11.67)

where Sinhϕ = q∗/r3∗ .
Since Ω = ξ + i|ψ | and

Ω 1/2 =

{√√
ξ 2 + |ψ |2 + ξ + i

√√
ξ 2 + |ψ |2 − ξ

}
(11.68)

we split Eqs. (11.64), (11.65), (11.66), and (11.67) into the real and imaginary parts.
As a result we obtain expressions for the growth rate and frequency of oscillations

ξ =
(

r∗ Cosh
ϕ
3
− b∗

3a∗

)2

−3r2
∗ Sinh 2ϕ

3
(11.69)

|ϕ | =
∣∣∣∣4
(

r∗ Cosh
ϕ
3
− b∗

3a∗

)√
3r∗ Sinh

ϕ
3

∣∣∣∣ (11.70)

for the case q2∗ + P3∗ > 0, P∗ < 0, and

ξ =
(

r∗ Sinh
ϕ
3
− b∗

3a∗

)2

−3r2
∗ Cosh 2ϕ

3
(11.71)

|ϕ | =
∣∣∣∣4
(

r∗ Sinh
ϕ
3
− b∗

3a∗

)√
3r∗ Cosh

ϕ
3

∣∣∣∣ (11.72)

for the case P∗ > 0.



450 11 Onset of Flow Instability in a Heated Capillary

11.4.4 Analysis of the Solution

First we estimate the values of the coefficients a∗, b∗, c∗ and d∗ for realistic physical
values of the characteristic parameters (Table 11.1).

Taking into account the data in Table 11.1 it is possible to simplify significantly
the expressions for the coefficients a∗ , b∗ , c∗ and d∗.

a∗ � α1/2
G α−1

L (11.73)

b∗ � ρL.G
uL

αL
(11.74)

c∗ � −
{
−32

d2 νG + 2ρL.GαL.G
uL

xf

}
1√
αL

(11.75)

d∗ � 32
d2 νL

uL

αL
ρL.G . (11.76)

For the study of flow stability in a heated capillary tube it is expedient to present the
parameters P∗ and q∗ as a function of the Peclet number defined as Pe = (uLd)/αL.
We notice that the Peclet number in capillary flow, which results from liquid evapor-
ation, is an unknown parameter, and is determined by solving the stationary problem
(Yarin et al. 2002). Employing the Peclet number as a generalized parameter of the
problem allows one to estimate the effect of physical properties of phases, micro-
channel geometry, as well as wall heat flux, on the characteristics of the flow, in
particular, its stability.

Using Eqs. (11.73–11.76) and (11.62) and (11.63), we obtain

P∗ = A∗Pe2
L + B∗PeL +C∗ (11.77)

q∗ = A∗∗Pe3
L + B∗∗Pe2

L +C∗∗PeL (11.78)

where

A∗ = −1
9
ρ2

L.G
αL

d2 αL.G ,

B∗ = −2
3
ρL.Gα

1/2
L.G

αL

d2

1
x̃f

,

Table 11.1 Characteristics of phases (saturated state T = 100 ◦C) (Vargaftic et al. 1996)

Phase Parameter
ρ
(kg/m3)

μ
(kg/ms)

k
(J/s m K)

cp
(J/kg K)

ν
(m2/s)

α
(m2/s)

Pr

Water 958.4 282.5
×10−6

0.679 4.2
×103

0.295
×10−6

16.8
×10−8

1.75

Vapor 0.598 12.28
×10−6

2.5
×10−2

2.135
×103

20.53
×10−6

19.58
×10−6

1.05
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C∗ =
1
3

32
αL

d2 α
1/2
G.L Pr G ,

A∗∗ =
1
27

1
d3ρ

3
L.Gα

3/2
L.Gα

3/2
L ,

B∗∗ = −1
3
ρ2

L.GαL.Gα
3/2
L

1
d3x̃f

,

C∗∗ =
16
d3 ρL.Gα2

L.Gα
3/2
G Pr L

(
1− 1

3
νG.Lα

1/2
L.G

)
,

x̃f =
xf

d
.

The form of the solution of the dispersion equation (11.61) depends on the sign of
the determinant D = q2∗ + P3∗ , i.e., on the values of the characteristic parameters q∗
and P∗. The latter are determined by the physical properties of the liquid and its
vapor, as well as the values of the Peclet number. This allows us to use q∗ and P∗ as
some general characteristics of the problem considered here.

The dependence of P∗(PeL) and q∗(PeL) is shown in Fig. 11.4. The parameter
P∗(PeL) is a parabola with an axis of symmetry left of the line PeL = 0. Since the
Peclet number is positive, for any value of the operating parameters, the physical
meaning is that only for the right branch of this parabola, which intersects the axis
of the abscissa at some critical value of Peclet number, PeL = Pecr. The vertical line
PeL = Pecr subdivides the parametrical plane P∗ − PeL into two domains, corres-
ponding to positive (PeL < Pecr) or negative (PeL > Pecr) values of the parameter P∗.
The critical Peclet number is

Pecr = 3α1/2
G.L

⎛
⎝− 1

x̃f
±
√(

1
x̃f

)2

+
32
3
α1/2

G.L Pr G

⎞
⎠ (11.79)

Taking into account that Pecr > 0, we should choose the positive value for the rad-
ical in Eq. (11.79). For very small and large x̃f the following estimates for the

Fig. 11.4 The dependence
of P∗ (PeL) and q∗ (PeL).
The dotted line shows PeL =
Pecr: I domain PeL < Pecr, II
domain PeL > Pecr, 1 critical
point, 2 q∗ = 0. Reprinted
from Hetsroni et al. (2004)
with permission
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critical Peclet number are valid: Pecr � 16(αG.L/ρL.G)PrG x̃f, x̃f ≤ 4×10−3 and

Pecr =
(√

96/ρG.L
)

Pr1/2
G α3/4

G.L, x̃f ≥ 4 (x̃f is the dimensionless liquid height in the
stable state). In both cases the errors in the calculation Pecr do not exceed 5%.
The dependence of the critical Peclet number on the dimensionless meniscus pos-
ition x̃f is plotted in Fig. 11.5. An increase of the wall heat flux, which is ac-
companied by a shift of the interface towards the capillary tube inlet, leads to de-
creasing Pecr. At small enough qw (large x̃f) Pecr approaches its asymptotic value

(Pecr)lim =
√

96α3/4
G.LPr1/2

G .
The curve q∗(PeL) is a cubic parabola, which passes through the point O(0,0).

Since, the Peclet number is positive, the physical meaning has the falling and rising
branches of q∗(PeL), which are located on the right part of the parameter plane
q∗ −PeL.

Bearing in mind the characteristics of the dependences of P∗(PeL) and q∗(PeL)
we estimate the growth rate of the oscillations in the vicinity of the two characteristic
points: PeL = 0 and PeL = Pecr.

1. PeL = 0. In the vicinity of this point P∗ is close to C∗ > 0 and q∗ is close to
zero. Then Sinhϕ = q∗/ |Px|3/2 ∼ 0, ϕ ∼ 0, Sinhϕ/3 ∼ 0, Coshϕ/3 ∼ 1. Since
b∗/3a∗ = 0 at PeL = 0, we obtain

ξ = −3P∗ = −32
αL

d2 α
1/2
G.L Pr G . (11.80)

Thus at small PeL the growth rate of the oscillations is negative and the capillary
flow is stable. The absolute value of ξ sharply increases with a decrease of the
capillary tube diameter. It also depends on the thermal diffusivity of the liquid
and the vapor, as well as on the value of the Prandtl number.

2. PeL = Pecr. In the vicinity of this point the parameters P∗ and q∗ are: P∗ ∼ 0,
q∗ �= 0. Bearing in mind that the sign of the parameter q∗ is the same as that of
the parameter r∗ we find that ratio q∗/r3∗ 
 1 and ϕ 
 1 in the vicinity of the
point PeL = Pecr. In accordance with that, at large ϕ

Sinh
ϕ
3

= Cosh
ϕ
3

=
1

22/3
(Sinhϕ)1/3 =

1

22/3

(
q∗
r3∗

)1/3

. (11.81)

Fig. 11.5 The dependence
of Pecr(x̃f). Reprinted from
Hetsroni et al. (2004) with
permission
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Substitution of (11.81) in Eq. (11.71) leads to the following expression for the
growth rate of the oscillations:

ξ =
q2/3
∗

24/3

⎡
⎣
(

1− b∗
3a∗

22/3

q1/3
∗

)2

−3

⎤
⎦ . (11.82)

Since q2/3
∗ > 0, the sign of the growth rate is determined by the difference of the

terms in the bracket of Eq. (11.82): (1) (1−N)2 > 3, ξ > 0, (2) (1−N)2 = 3, ξ = 0,

(3) (1−N)2 < 3, ξ < 0, where N = (b∗/3a∗)
(

22/3/q1/3
∗
)

.

The behavior of the growth rate and the frequency of oscillations of flow par-
ameters in the vicinity of the critical point is illustrated in Fig. 11.6, where the

dependencies ξ (2/q∗)2/3 = f (x̃f) and (1/2)
(
|ψ |/q2/3

∗
)

= ϕ(x̃f) are plotted. It is

seen that there are three ranges of changing meniscus position, which correspond
to stable and unstable regimes of the flow. At small enough wall heat fluxes, when

x̃f > x̃(1)
f , the growth rate is negative and the flow in the capillary is stable. An

increase of the wall heat flux is accompanied by a displacement of the meniscus to-
wards the inlet (x̃f ∼ 1/qw), and a decrease of the absolute value of ξ . In the vicinity

of the point x̃(1)
f , sharp growth of ξ is observed. The latter leads to a change of the

sign of the growth rate and to the transition from stable to unstable regimes. At large
heat fluxes when the meniscus reaches the inlet, the growth rate sharply decreases

and becomes negative. The flow stabilization at x̃f < x̃(2)
f is due to intense heat trans-

fer to the cooling inlet, when the meniscus position and rate of evaporation weakly
depend on qw (Yarin et al. 2002).

It will be noted that applying the present approximation for the analysis of the sta-

bility of capillary flow at high heat fluxes corresponding to the domain 0 < x̃f < x̃(L)
f

is purely symbolic, since the general assumption that PeL � 1 is not valid at

Fig. 11.6 The dependence of the increment (solid line) and frequencies (dotted line) of oscillations
on x̃f in the vicinity of the critical point. Reprinted from Hetsroni et al. (2004) with permission
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Fig. 11.7 The dependence ξ (PeL): 1 domain of stationary steady regimes of flow, 2 domain of
unsteady states. PeL = PeLtr point of transition from the stable to unstable flow regime. Reprinted
from Hetsroni et al. (2004) with permission

large qw. Thus, in the case considered here, only stable stationary (x̃f > x̃(G)
f ) or

unsteady (x̃f < x̃(G)
f ) flow occur in capillary tube. The above is also related to the

frequency of oscillations. At physically realistic x̃f(x̃f > 1) only the low-frequency
oscillations occur (as estimations show the order of these oscillations does not ex-
ceed 10 GHz). The dependence of the growth rate on the Peclet number (moder-
ate qw) is shown in Fig. 11.7. It is seen that at small PeL (small enough qw) the flow
is stable. An increase of the wall heat flux leads to an increase of the rate of evap-
oration, growth of the Peclet number, development of flow instability and transition
(at PeL = PeL,tr) from stable to unstable flow.

11.5 Effect of Capillary Pressure and Heat Flux Oscillations

In this section the influence of the pressure in the capillary and the heat flux fluc-
tuations on the stability of laminar flow in a heated capillary tube is analyzed. All
the estimations performed in the framework of the general approach and developed
in the previous section are kept also in the present cases. Below we will assume
that the single cause for capillary pressure oscillations is fluctuations of the contact
angle due to motion of the meniscus, whereas heat flux oscillations are the result of
fluid temperature fluctuations only.

11.5.1 Capillary Pressure Oscillations

The present analysis is based on the assumption that the interfacial temperature Ts

is constant and the capillary pressure is determined by the following expression
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fσ =
2σ
r

cosθd (11.83)

where θd is the dynamic contact angle.
Assuming that the dynamic contact angle θd is a sum of its basic value corres-

ponding to stationary flow θst and small perturbation θ ′ we arrive at the following
relation for the fluctuation of capillary pressure

f ′σ =
2σ
r

(cosθst cosθ ′ − sinθst sinθ ′) . (11.84)

For a system in which the contact angle is close to 90◦ (for example, the water–steel
system: 70◦ < θst < 90◦ (Grigoriev and Zorin 1982)) it is possible to assume that
cosθst ∼ 0, sinθst ∼ 1 and sinθ ′ ∼ θ ′. Then Eq. (11.84) takes the following form:

f ′σ = −2σ
r
θ ′ . (11.85)

There is a number of theoretical and experimental relations determining the de-
pendence of the dynamic contact angle on flow velocity (Dussan 1979; Ngan and
Dussan 1982; Cox 1986; Blake 1994; Kistler 1993). Hoffman (1975) expressed the
dynamic contact angle as a function solely of dimensionless parameters: capillary
number Ca

θd = f (Ca) (11.86)

where Ca = μu/σ .
We estimate the effect of the velocity fluctuations on the capillary pressure, using

the Hoffman–Voinov–Tanner law which is valid at θd ≤ 135◦ and Ca ≤ 0 (0.1)

θ 3
d = CT −Ca . (11.87)

where CT
∼= 93, θd is in radians.

From Eq. (11.86), we obtain

θ ′ = −1
3
μLu′L
σ

(
CT − μLuL

σ

)−2/3
. (11.88)

Taking into account that uL = uL + u′L and u′L � uL, we arrive at the following
relation for capillary pressure oscillations:

f ′σ =
2
3
μLu′L

r

(
CT − μLuL

σ

)−2/3

. (11.89)

From (11.42), (11.45) and (11.87) we transform Eq. (11.25) to the following form:

AGα̃21 + ALα∗
22 = 0 (11.90)

where α̃∗
22 = −(kLρLxf + 2ρLuL + ε), ε = (2μL)/(3r)(CT − (μLuL)/σ)−2/3, α̃21

is the same as α̃21 in Eq. (11.55).
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Then the dispersion equation for the problem considered here takes the following
form:

α̃21α̃32 − α̃∗
22α̃31 = 0 (11.91)

where coefficients α̃31, α̃32 are the same as in Eq. (11.55).
The equation can be presented as follows:

a∗Ω 3/2 + b∗Ω + c̃∗Ω 1/2 + d̃∗ = 0 (11.92)

where the coefficients a∗ and b∗ are the same as in Eq. (11.59) and the coefficients
c̃∗ and d̃∗ are

c̃∗ = −
{
−32

d2 νG

(
1−νL.Gα

1/2
G.L

)
+ 2ρL.G

uL

xf

(
1−ρG.Lα

1/2
L.G − ε

ρG.Lα
1/2
L.G

2ρLuL

)}
1√
αL

(11.93)

d̃∗ = −
{
−32

d2 νG
uL

αL
(1−νL.G)−ρL.G

u2
L

αL

ε
ρLuL

1
xf

.

}
(11.94)

Approximate expressions for the parameters c̃∗ and d̃∗ corresponding to realistic
values of operating parameters are

c̃∗ � −
{
−32

d2 νG + 2ρL.G
uL

xf

(
1− ε

ρG.Lα
1/2
G.L

2ρLuL

)}
1√
αL

(11.95)

d̃∗ � 32
d2 νL

uL

αL
ρL.G −ρL.G

u2
L

αL

ε
ρLuL

1
xf

. (11.96)

Using Eqs. (11.62) and (11.63) as well as expressions (11.73), (11.74), (11.95)
and (11.96), it is possible to transform the dependencies P∗(PeL) and q∗(PeL) to the
canonical form similar to Eqs. (11.77) and (11.78) with coefficients A∗, B∗, C∗ and
A∗∗, B∗∗, C∗∗.

A∗ = −1
9
ρ2

L.GαL.G , B∗ = −2
3
ρL.Gα2

L.G
1
x̃f

(
1− ε

ρG.Lα
1/2
G.L

ρLuL

)
,

C∗ =
32
3
αL

d2 α
1/2
G.LρL.G

A∗∗ =
1

27
1
d3 ρ

3
L.Gα

3/2
L.Gα

3/2
L , B∗∗ = 3ρG.L

1
d3x̃f

αL.Gα
3/2
L

(
ρL.G − 5

2
α1/2

G.L
ε

ρLuL

)

C∗∗ =
32
d3 ρL.GPrLα

1/2
L.Gα

3/2
L

(
1− 1

3
PrG.Lα

1/2
L.G

)
.

In the domain of a very small Peclet number the growth rate of flow oscillations
is negative at any values of flow parameters. In the vicinity of the critical point
(PeL = Pecr, P∗ � 0) the sign ξ is determined by Eq. (11.82). An increase in ε (other
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parameters are fixed) leads to an increase of the critical value of the Peclet number
and expansion of domain of stable flows.

11.5.2 Heat Flux Oscillations

There are two causes for oscillations of the heat flux, with Tw = const.: (1) fluctua-
tions of the heat transfer coefficient due to velocity fluctuations, and (2) fluctuations
of the fluid temperature. At small enough Reynolds numbers the heat transfer coeffi-
cient is constant (Bejan 1993), whereas at moderate Re (Re ∼ 102) it is a weak func-
tion of velocity (Peng and Peterson 1995; Incropera 1999; Sobhan and Garimella
2001). Bearing this in mind, it is possible to neglect the influence of velocity fluc-
tuations on the heat transfer coefficient and assume that heat flux fluctuations are
expressed as follows:

q′wi
= −hiT

′
i (11.97)

where hi is heat transfer coefficient for stationary flow of the ith phase.
Using Eq. (11.40), as well as Eqs. (11.52) and (11.97) we obtain

ni =

√
Ω +Ω0i

αi
(11.98)

where Ω0i = 4hi
ρicpi d

.

Using expressions (11.46) and (11.98) we transform Eq. (11.59). Bearing in mind

that hi = ki
Nu
d and

Ω0i
αi

= 4 Nu
d2 we arrive at the equation

−
(

32
d2 νG +Ω

)√
Ω
αL

+ 4
Nu
d2 ·N1 +

√
Ω
αL

+ 4
Nu
d2 ·N2 −

(
32
d2 νG +Ω

)
·N3 + N4 =

+
(

32
d2 νL +Ω

)√
Ω
αL

+ 4
Nu
d2 ·M1 +

√
Ω
αG

+ 4
Nu
d2 ·M2 −

(
32
d2 νL +Ω

)
·M3 + M4

(11.99)

where Nu is the Nusselt number

N1 = ρGxfαL , N2 = 2ρLuLαL , N3 = −ρGxfuL , N4 = −2ρLu2
L ,

M1 = ρLxfαGρG.L , M2 = 2ρLuLαGρG.L , M3 = −ρLxfuL , M4 = −2ρLu2
L .

Equation (11.99) shows that the effect of heat flux oscillations is not significant in
micro-channels with large diameter when the term 4Nu/d2 is small enough.

Presenting the complex frequency as

Ω = ξ + i|ψ | (11.100)
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we arrive at two equations that determine the increment and frequency of oscilla-
tions

− fGFLN1 + |ψ |φLN1 + FLN2 − fGN3 + N4

− fLFGM1 + |ψ |φGM1 −FGM2 + fLM3 −M4 = 0
(11.101)

−|ψ |FLN1 − fGφLN1 +φLN2 −|ψ |N3 + N4

−|ψ |FGM1 − fLφGM1 −φGM2 −|ψ |M3 −M4 = 0
(11.102)

where

Fi =
1√
2

√√
a2

i + b2
i + ai ,

φi =
1√
2

√√
a2

i + b2
i −ai ,

fi =
32
d2 νi + ξ ,

ai =
ξ
αi

+ 4
Nu
d2 ,

bi =
|ψ |
αi

.

Consider the particular case as corresponding to low frequency. Assuming b ∼ 0,

φ ∼ 0 and Fi ∼ a1/2
i , we arrive at the following equation for increment of oscillations

at ψ → 0

− fGa1/2
L N1 + a1/2

L N2 − fGN3 + N4 − fLa1/2
L M1 −a1/2

L M2 + fLM3 −M4 = 0 .
(11.103)

Transforming Eq. (11.103) we obtain

ξ = − νL

d2Nu1/2(1 +αG.L)

{
32Nu1/2(νG.L +αG.L)

−PeL

[
Nu1/2αL.G(ρL.G −2)

x̃f PrL
+ 32Pr

L
(νG.L −1)

]}
.

(11.104)

At small PeL (PeL → 0), the growth rate is negative and the flow is stable whereas
at relatively large PeL the flow is unstable: ξ > 0. Assuming in Eq. (11.104) ξ = 0
and taking into account that ρL.G 
 1, νL.G 
 1 we find the value of Peclet number
corresponding to the transition from stable to unstable flow

PeL,tr ∼= Nu1/2PrL(νG.L +αG.L)
Nu1/2

x̃f
αL.GρL.G +νG.LPr2

. (11.105)
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It is seen that the Peclet number corresponding to transition from stable to unstable
flow decreases with increasing wall heat flux (decreasing x̃f). The increase of the
Nusselt number leads to increasing PeL,tr.

11.6 Moderate Peclet Number

The perturbed energy equation for moderate Peclet number has (at q′ = 0) the fol-
lowing form:

∂T ′
i

∂ t
+ ui

∂T ′
i

∂x
=

∂
∂x

(
αi
∂T ′

i

∂x

)
. (11.106)

Assuming, as earlier, that u′, P′ and T ′ are determined by Eqs. (11.42), (11.45),
(11.51) we find ki and ni

ki = −(
32
d2 νi +Ω) (11.107)

ni =
1
2

⎛
⎝ ui

αi
±
√(

ui

αi

)2

+ 4
Ω
αi

⎞
⎠ . (11.108)

Substituting expressions (11.107), and (11.108) in Eq. (11.91) leads to the disper-
sion equation

−
(

32
d2 νG +Ω

)
1
2

⎛
⎝ uL

αL
+

√(
uL

αL

)2

+ 4
Ω
αL

⎞
⎠N1

+
1
2

⎛
⎝ uL

αL
+

√(
uL

αL

)2

+ 4
Ω
αL

⎞
⎠N2 −

(
32
d2 νG +Ω

)
N3 + N4

= −
(

32
d2 νL +Ω

)
1
2

⎛
⎝ uG

αG
−
√(

uG

αG

)2

+ 4
Ω
αG

⎞
⎠M1

+
1
2

⎛
⎝ uG

αG
−
√(

uG

αG

)2

+ 4
Ω
αG

⎞
⎠M2 −

(
32
d2 νL +Ω

)
M3 + M4 .

(11.109)

Transforming this equation we obtain

A◦ + B•Ω ◦ +C•F1(Ω ◦)+ D•F2(Ω ◦)+ E•Ω •[FL(Ω ◦)+ρ2.1F1(Ω ◦)] = 0
(11.110)

where

A◦ = (1− μL.G)PeL + 2
N3

N1
α(1−ρL.GνL.G)

B• = PeL(1−ρL.G)
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C• = −νG.LρL.GPeL

(
1 +

d2

32νG

N2

N1

)

D• = −PeL

(
1 +

d2

32νG

N2

N1

)

E• = PeL

FG(Ω ◦) =
√

1 +β1Ω ◦

FL(Ω ◦) =
√

1 +β2Ω ◦

β1 = 128
PrG

Pe2
L
α2

G.LρL.G; β2 = 128αG.L
PrG

Pe2
L

.

Assuming Ω ◦ = ξ ◦ + i |ψ◦|, where ξ ◦ = ξ
(
d2/32νG

)
, ψ◦ = ψ

(
d2/32νG

)
we ob-

tain from Eq. (11.110) two equations for dimensionless frequency and increment of
oscillations:

A◦ + B•ξ ◦ +
C•
√

2

√√
a◦2

1 + b◦2

1 + a◦1 +
D•
√

2

√√
a◦2

2 + b◦2

2 −a◦1

+
E•ξ ◦
√

2

{√√
a◦2

2 + b◦2

2 + a◦2 +ρL.G

√√
a◦2

1 + b◦2

1 −a◦1

}

−E• |ψ◦ |√
2

{√√
a◦2

2 + b◦2

2 −a◦2 −ρL.G

√√
a◦2

1 + b◦2

1 −a◦1

}
= 0

(11.111)

and

B• |ψ◦ |+ C•
√

2

√√
a◦2

1 + b◦2

1 −a◦1 +
D•
√

2

√√
a◦2

2 + b◦2

2 −a◦1

+
E• |ψ◦ |√

2

{√√
a◦2

2 + b◦2

2 −a◦2 +ρL.G

√√
a◦2

1 + b◦2

1 −a◦1

}

+
E• |ψ◦ |√

2

{√√
a◦2

2 + b◦2

2 + a◦2 +ρL.G

√√
a◦2

1 + b◦2

1 + a◦1

}
= 0

(11.112)

where a◦1 = 1 +β1ξ ◦, a◦2 = 1 +β2ξ ◦, b◦1 = β1 |ψ◦| , b◦2 = β2 |ψ◦|.
Using Eq. (11.112) we estimate the increment of oscillations for low frequencies

(|ψ◦| → 0). Assuming in Eq. (11.112) b1 → 0 we arrive at the equation

A◦ + B•ξ ◦ +C•a◦
1/2

1 + B•ξ ◦(a◦
1/2

1 +ρL.Ga◦
1/2

1 ) = 0 . (11.113)

To find the solution of Eq. (11.113) we use an approximate expression for the coef-
ficients A◦, B•, C• and E•. Characteristic values of the operating parameters are:
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A◦ ∼= μL.GPeL > 0 , B• ∼= −ρL.GPeL < 0 ,

C• ∼= −νG.LρL.GPeL(1 +ρL.GαL.G
PeL

PrG

1
x̃f

) < 0 , E• = PeL > 0 .

Consider three particular cases corresponding to very small and large values of ξ ◦:
(1) ξ ◦ ≤ 10−6, (2) ξ ◦ ≤ 10−5, (3) ξ ◦ ≥ 102. In the first case a◦1

1/2 ∼ 1, a◦2
1/2 ∼ 1

and solution to Eq. (11.113) is

ξ ◦ = − A◦ +C•

B• + E•(1 +ρL.G)
. (11.114)

Since νG.LρL.G > μL.G and (1 + ρL.GαL.G (PeL/PrG) (1/x̃f)) > 1 the sum A◦ +
C• < 0. The sum B• + E•(1 +ρL.G) = E• > 0. Accordingly, the ratio (A◦ +C•)/
(B• + E•(1 +ρL.G)) is negative and the growth rate is positive ξ ◦ > 0. Thus, in this
case the flow in heated micro-channel is unstable at any values of the Peclet number.

In the second case, the growth rate is expressed as

ξ ◦ =
1
2

{
β−1

2 +
√
β−2

2 −8β−1
2 (A◦ +C•)

}
. (11.115)

Since β2 > 0 and A◦ +C• < 0, the growth rate is positive and the flow is also unsta-
ble.

In the third case Eq. (11.113) is transformed to a form similar to Eq. (11.92)

aξ ◦3/2
+ bξ ◦+ cξ ◦1/2

+ d = 0 (11.116)

with the coefficients a, b, c and d expressed as a = E◦(β 1/2
2 + ρL.Gβ

1/2
1 ), b = B•,

c = β 1/2
1 C•, d = A◦. Estimations show that the determinant

D = q2
∗ + P3

∗ (11.117)

which is defined by correlations (11.62) and (11.63) and coefficients a, b, c and d
are negative. That means that Eq. (11.116) has three real roots, which are:

ξ ◦1/2

I = −2r∗ cos
4
3
− b

3a

ξ ◦1/2

II = 2r∗ cos

(
60− 4

3

)
− b

3a

ξ ◦1/2

III = −2r∗ cos

(
60 +

4
3

)
− b

3a

(11.118)

where cosϕ = q/r3∗; r∗ =
√|P∗|, sign r∗ is the same as sign q∗ .

At realistic flow conditions cosϕ ∼ 0 and ϕ is close to π/2. Under these condi-
tions, in any case, one of the roots of (11.118) is positive. This shows that capillary
flow in a capillary tube is unstable at large ξ ◦.
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Summary

The system of quasi-one-dimensional non-stationary equations derived by transfor-
mation of the Navier–Stokes equations can be successfully used for studying the
dynamics of two-phase flow in a heated capillary with distinct interface.

The following results have been obtained:

1. The quasi-one-dimensional model allows analyzing the behavior of the vapor–
liquid system, which undergoes small perturbations. In the frame of the linear
approximation the effect of physical properties of both phases, the wall heat flux
and the capillary sizes, on the flow instability is studied, and a scenario of the
development of a possible processes at small and moderate Peclet number is
considered.

2. The boundaries of the stability, subdividing the domains of stable and unsta-
ble flows, are outlined, and the values of geometrical and operating parameters
corresponding to the transition from stable to unstable flow are estimated.

3. The performed calculations show that flow instability in a heated capillary tube,
develops under conditions of high wall heat fluxes, which are the main factor in
determining the flow regimes. The evolution of capillary flow is due to changes
of heat flux on the wall that may be presented as follows. At relatively small qw,
when the rate of liquid evaporation is small and the height of the rising liquid
is close to the adiabatic one, a stable laminar flow takes place. In this case the
equilibrium of the two-phase system is determined by the equality of gravity
and capillary forces, whereas the influence of the friction forces and heat losses
to cooling inlet is negligible. On the contrary, at high wall heat fluxes the fric-
tion and capillary forces, as well as losses to the inlet play the dominant role.
Under these conditions, a small deviation from equilibrium leads to progressive
(exponential) growth of disturbances, i.e., development of flow instability. The
latter is displayed in oscillations of the velocity and temperature of both phases,
as well as oscillations of the position of the meniscus.

4. It is shown that the stability of the flow, with evaporating meniscus, depends
(other conditions being equal) on the wall heat flux. The latter determines the
rate of liquid evaporation, equilibrium acting forces, meniscus position, as well
as the heat losses to the cooling inlet. The stable stationary flow with fixed
meniscus position corresponds to low wall heat fluxes (Pe � 1). In contrast,
at high wall heat fluxes (Pe 
 1) an exponential increase of small disturbances
takes place. That leads to the transition from stable stationary to unstable flow
with oscillating meniscus.
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Nomenclature

A Amplitude of velocity oscillations
Ca Capillary number
cp Specific heat
d Diameter of the pipe
fσ Capillary pressure
F Specific friction force
h Enthalpy
g Acceleration due to gravity
k Thermal conductivity
� Length of pipe
P Pressure
q Specific rate of volumetric heat absorption
qw Heat flux on the wall
R Radius of interface curvature
r Radius of the pipe
T Temperature
u Longitudinal component of the velocity
vf Velocity of interface
Ṽ Velocity relative to the interface
xf Height of the liquid level in a heated capillary
xf,ad Height of the liquid level in adiabatic capillary

Nu =
αd
k

Nusselt number

Pe =
ud
α

Peclet number
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Pr =
ν
α

Prandtl number

Re =
ud
ν

Reynolds number

St =
�ψ
u

Strouhal number

Greek symbols

α Thermal diffusivity
θ Static contact angle
θd Dynamic contact angle
μ Viscosity
ν Kinematic viscosity
ξ Growth rate of velocity oscillations
ρ Density
σ Surface tension
ψ Frequency of velocity oscillations
Ω Complex frequency

Superscripts

()′ Corresponds to perturbed parameter

Subscripts

ad Adiabatic
G Vapor
in Inlet
f Interface
L Liquid
cr Critical
tr Transition
w Wall
0 Outlet



Author Index

A

Abdelgawad M. 89
Abdel-Khalik S.I. 92, 95, 97, 188, 195, 201,

253, 255, 321, 323, 324, 343, 402, 433,
434, 462

Acikalin T. 10, 92
Adam M. 93
Adams T.M. 38, 92, 151, 152, 188, 437, 462
Adrian R.J. 104, 105, 110, 112, 121, 122,

128, 142
Agostini B. 293, 319, 324
Akagawa K. 254, 255
Akbar M.K. 201, 252
Albin M. 93
Ali M.I. 222, 252, 332, 343
Ameel T. 98, 139, 141, 188, 376, 463
Andersen S.A. 341, 343
Anderson G.H. 260, 264, 268, 320
Andreini P. 217, 253
Armand A.A. 225, 226, 250, 251, 253, 332,

343
Asako Y. 180, 182, 188
Asendrych D. 189
Asheghi M. 325
Ashraf H. 93
Azar K. 28, 92
Aziz K. 254

B

Bae S.W. 322
Baehr H.D. 145, 178, 188
Bahadur R. 82, 92
Bailey D.K. 127, 139, 146, 349, 376, 437,

463
Balasubramanian P. 309, 321

Bankoff S.G. 261, 319
Bao Z.Y. 234, 244, 246, 247, 253
Bon B. 294, 321
Barajas A.M. 201, 253
Bar-Cohen A. 82, 83, 92, 93, 96, 253
Barenblatt G.I. 142, 191
Barnea D. 214, 215, 217, 253, 255
Baroczy C.J. 223, 253
Barron R.E. 93, 98, 188
Barsony I. 93
Bastanjian S.A. 130, 132, 139, 161, 188
Bau H.H. 80, 92, 94, 98, 140, 377, 464
Bayazitoglu Y. 94, 145, 162, 191
Bayraktar T. 103, 140
Bean K.E. 84, 93
Beattie D.R.H. 228, 253
Becker K.M. 306, 307, 320
Becker R. 261, 320
Behnia M. 93
Benjamin T.B. 223, 253
Benson J.R. 92
Beratlis N. 10, 93
Berg H.R. 120, 140, 463
Bergles A.E. 23, 73, 74, 93, 262–266,

268–271, 317, 320, 324, 333, 334, 343
Bernard D. 321
Bernheim-Groswasser A. 94
Beskon A. 20, 21, 95
Bhardwaj J. 84, 93
Bi Q.C. 197, 201–203, 210, 212, 216–218,

220–224, 226, 230, 231, 233, 244, 255
Binari S.C. 93
Black S.H. 303, 309, 322
Blake T.D. 455, 463
Blander M. 261, 320
Blasick A.M. 324
Bochnia D. 190

467



468 Author Index

Bode M. 320
Boelter L.M.K. 34, 38, 152, 188, 331
Bonjour J. 59, 93
Boot P. 320
Bowers M.B. 34, 62, 63, 93, 298, 306, 307,

309, 320, 323, 350, 376, 380, 401, 433,
437, 463

Bowring R.W. 305, 307, 308, 320, 337
Boyd R.D. 8, 93
Boye H. 320
Brazzle J. 141
Bricard A. 93
Brutin B. 129, 140, 295, 320
Buchko N.A. 343
Burns M.A. 27, 97
Busse C.A. 350, 377
Butterworth D. 223, 224, 253

C

Calame J.P. 22, 93
Campbell L.A. 321
Carey van P. 260, 286, 288, 320, 350, 354,

376, 377
Cartwright M. 321
Celata G.P. 1, 33, 41, 93, 104, 111, 112, 122,

130, 140, 146, 171, 188, 195, 253, 260,
275, 276, 306, 307, 320, 332, 334, 337,
343

Cha J. 98
Chai J.C. 191
Chakraborty S. 185, 188
Champagne F.H. 128, 142
Chang J.Y. 96
Chang Y. 58, 98
Chara Z. 142
Chau D. 196
Chaudhari A.M. 28, 93
Chedester R.C. 260, 320
Chein R. 98
Chen J.C. 244, 246, 247, 253, 303, 320
Chen J.J.J. 112, 223, 253
Chen W. 322
Chen X.Y. 191
Chen Z.H. 254
Chen Z.Y. 254
Cheng P. 21, 93, 104, 109, 142, 145, 153,

158, 159, 190, 191, 195, 253, 260, 261,
270, 294, 310, 314, 315, 322, 324, 325

Chien H.T. 142
Chien C.M. 141
Chisholm D. 228, 253, 295
Cho H.J. 96, 98
Cho W. 87, 120, 140, 253

Cho Y.I. 93
Choi S.B. 33, 34, 36, 38, 93, 152, 188
Choi T.Y. 94
Choi W.K. 142
Chrysler G. 96
Chung P.M. 22, 93, 254, 343
Chyu M.C. 321
Cicchitti A. 228, 253
Cleveland R.G. 253
Cogswell F.N. 118, 140
Cole R. 261, 286, 320
Coleman J.W. 201, 253
Colgan E. 23, 93
Colin S. 95
Collier G. 295, 320, 350
Collier S.P. 350, 376
Como M. 188
Copeland D. 81, 93
Cornwell J.D. 227, 255
Cox R.G. 455, 469
Crawford M.E. 145, 151, 155, 167, 178, 189
Croon M.H.J.M. 190
Cui H.H. 110–112, 140
Cumo M. 93, 140, 188, 320, 343

D

Dale J.D. 190
Damianides C.A. 199, 201, 210, 214–216,

220, 221, 253
Danilova G.N. 341, 343
Darbyshire A.G. 128, 140
Davies J. 173, 140
Davis E.J. 171, 178, 260, 264, 268, 320
Davis H.T. 98
Debray F. 191
Derg A. 190
Delhaye J.M. 254
De Witt D.P. 176, 189
Dhir V.K. 94, 191, 254, 260, 286, 288, 320,

324
Dittus F.W. 34, 38, 152, 188, 331
Doring W. 261, 320
Dougherty R.L. 354
Dowling M.E. 92, 321, 323, 357
Dozel W. 190
Droll M. 324
Du D.X. 141
Ducso Cs. 93
Dukler A.E. 214, 215, 219, 228, 230, 234,

240, 242, 253, 255
Duncan A.B. 104, 140
Dupont V. 43, 93, 97, 324
Dussan E.B. 455, 462



Author Index 469

Dutta P. 183, 189

E

Eckert E. 143, 151, 164, 188, 192
Ehrfeld W. 96
Ekelchik L.A. 377, 434, 464
Eninger J.E. 81, 94
Enke C. 254
Enzelberger M. 95
Eriksson O. 320
Evans F.E. 66, 93

F

Fabbri M. 14–16, 93
Faghri A. 97, 191, 350, 376, 380, 398, 401,

429–433, 438, 463
Fallon T.A. 324
Farkas L. 261, 302
Favre-Marinet M. 189
Feng Z. 97, 222, 255
Ferguson M.E.G. 256
Fichman M. VII
Filatkin V.N. 343
Fisher T. 96
Fletcher D.F. 253
France D.M. 140, 324, 325
Frank-Kamenetskii D.A. 133, 140
Frans J.-P. 191
Fraser D. 337
Frazier B. 141
Frenkel L. 133, 140
Friedel L. 229, 230, 253
Fritz W.W. 286, 320
Fujii T. 255
Fujita Y. 59, 93
Fukano T. 210, 214, 215, 220, 221, 253, 254
Furjes P. 29, 93

G

Gad-el-Hak M. 37, 93, 103, 104, 140, 145,
147, 162, 189

Gaitan M. 97
Galbiati L. 217, 253
Gall V. 93
Galloway A. 434
Gamart G. 145, 178, 189
Gao P. 145, 152–157, 178, 189
Garimella S.V. 21, 33–35, 37, 92, 93, 95–97,

146, 189, 190, 191, 195, 201, 253, 322,
437, 457, 464

Garven M. 93

Geld C. 287, 320
Gerner F.M. 189
Gersten K. 97
Ghajar A.J. 198, 234, 238, 240, 242–245,

253, 254
Ghiaasiaan S.M. 97, 195, 201, 252, 253, 255,

260, 320, 323, 324, 343, 402, 433
Ghoshal U. 17, 96
Gill W.N. 171, 188
Gillot C. 81, 93
Gladuntsov A. 190
Gnielinski V. 151, 152, 189
Gogotsi Y. 325
Goldberg E. VII
Goldstein S. 135, 140
Golliher E. 12, 95
Goodling J.S. 95
Goodson K.E. 93, 98, 325
Graham R.W. 286, 321
Grande W. 20, 84–87, 94, 146, 189
Greene G. 93, 253
Gregory G.A. 254
Gregory O.J. 97, 191
Griffel J. 306, 307, 320
Griffith P. 93, 199, 201, 214, 215, 255, 286,

320, 322
Grigoriev V.A. 405, 433, 455, 463
Grigoropoulos C.P. 94
Grohmann S. 301, 320
Gruntfest I. 130, 140, 161, 189
Gulik P.S. 140
Gumo M. 140
Gungor K.E. 244, 246, 247, 253
Guo Z.-Y. 38, 93, 127, 140, 141
Gurevich M. VII, 94, 189, 253–255, 321, 343

H

Ha J.M. 350, 371, 376, 377, 402, 403, 434
Hagen G. 103, 140, 189
Hall D.D. 307, 309, 320, 337
Hall D.J. 95
Han C.H. 286, 320
Han Z. 95
Hanratty T.J. 142, 237, 239, 254
Hao P.F. 123, 140
Hapke I. 262, 264, 265, 317, 320
Harley J.C. 84, 94, 105, 120, 132, 140
Harms T.M. 152–155, 189
Harpole G.M. 81, 94
Hartnett J.P. 93, 120, 140, 254
Hassan I. 147, 189
Hausner O. 104, 140, 147, 162, 189
Haute T. 261, 319



470 Author Index

Haynes B.S. 253
Hehnecke D.K. 168, 189
Helden W. 287, 320
Hernborg G. 320
Herwig H. 104, 140, 147, 162, 189
Hetsroni G. VII 7, 18, 20–22, 28, 29, 33, 38,

49, 50–59, 65–73, 76–78, 87, 89, 94–97,
106, 113, 117–119, 140, 141, 148–151,
158–163, 167, 178–180, 189, 191, 197,
198, 212, 213, 234–243, 251–255, 262,
264, 268, 270, 277, 279–282, 285, 287,
291–294, 309–316, 319, 321–324, 332,
335, 339, 343, 344, 350, 376, 377, 399,
434, 439, 445, 451–454, 463, 464

Hetsroni R. VII
Hewitt G.F. 254, 322
Hibiki T. 217, 228, 254, 295, 297, 298, 322,

325, 344
Hino R. 262, 265–267, 277, 321
Hironai F. 399
Ho C.-M. 95, 97, 103, 104, 107, 141, 145,

147, 189
Hoffman R. 455, 466
Horiuchi K. 183, 189
Hsieh S.S. 105, 141
Hsu Y.Y. 260, 264, 268–270, 286, 321, 333,

343, 379, 398
Hu B.G. 253, 254
Hu C. 96
Hu H.Y. 323, 399, 434, 363
Huang C. 141
Huang S. 324
Huang Y. 94, 140
Hull J.R. 325
Hunter R.J. 185, 189
Hwan Y.W. 295, 321
Hwang D.J. 84, 87, 94
Hwang Y.W. 112, 121, 122, 141

I

Ide H. 198, 217, 226, 250, 254
Ikenze E. 321
Inasaka F. 306, 307, 321, 323, 335
Incropera F.P. 103, 141, 176, 189, 402, 433,

437, 457, 463
Inoue A. 312, 322, 376, 401, 434, 437, 463
Ishii M. 217, 218, 223, 254
Iyengar M. 92
Jacobi A.M. 93, 96, 97, 324
Jaeger R.C. 95
Jens W.H. 269, 270, 321
Jensen M.K. 324

Jeter S.M. 92, 95, 188, 321, 323, 324, 343,
462

Jhonson N.L. 140
Jiang F. 95
Jiang L. 27, 62, 94, 325
Jiang S. 93
Johnson R.W. 189, 410, 427, 423
Jones O.C. 124, 141
Joshi S. 141, 189, 343
Joshi Y. 81, 97
Judd R.L. 287, 323
Judy J. 104, 110, 112, 131, 141, 164, 166,

189

K

Kagawa M. 254
Kakac S. 94, 294, 321
Kandlikar S.G. 20, 23, 54, 84–87, 94, 95, 97,

105, 114, 117, 121, 128, 141, 144, 148,
149, 151, 152, 179, 189, 254, 264, 268,
283, 288, 294, 304, 309, 321, 324, 331,
336, 343, 344

Kao Y.K. 375
Kariyasaki A. 210, 214, 215, 220, 221, 253,

254
Karniadakis G.M. 20, 21, 95
Kasagi N. 98, 325, 344
Katto Y. 59, 60, 95, 305, 307, 308, 321, 337,

380, 398
Katz J.L. 261, 320
Kawahara A. 195, 197, 209–211, 220–222,

225–227, 230, 232, 233, 250, 254, 332,
333, 343

Kawaji M. 22, 93, 97, 228, 254, 343
Kawara Z. 97, 255
Kays W.M. 141, 151, 155, 167, 178, 189,

276, 321
Kazmierzak M.J. 189
Kendell G.E. 193
Kennedy J.E. 262, 270, 271, 272, 275, 277,

321, 334, 343
Kenny T.W. 98
Kharchenko-Mosyak L. VII
Khrustalev D. 350, 376, 380, 398, 401, 429,

430–433, 438, 463
Kiehnscherrf R. 190
Kihm K.D. 28, 95
Kim D. 234, 254
Kim H.J. 28, 81, 95
Kim J. 12, 95
Kim J.-Y. 253
Kim M.H. 322
Kim M.S. 112, 121, 122, 141, 321



Author Index 471

Kim S.J. 81, 95
King M.R. 95
Kistler S.F. 455, 463
Klausner J.F. 287, 321, 322, 324, 325
Klein D. VII, 77, 95, 178, 189, 283–285,

322, 335, 343
Kleinstreuer C. 130, 132, 141, 145, 162, 190
Kline S.J. 31, 95
Knight R.W. 80, 95
Kohl M.J. 25, 26, 95
Kokal S.L. 234, 254
Koo J. 130, 132, 141, 145, 162, 190
Koo J.-M. 325
Korn G.A. 449, 463
Korn T.M. 449, 463
Kosar A. 286, 322
Kostic M. 159, 190
Krauter G. 86, 96
Krawford M.E. 276, 321
Kroeker C.J. 173, 174, 190
Kuchling H. 381, 389
Kuo C.J. 286, 322
Kureta M. 306, 307, 322
Kurgano V. 90
Kutateladze S.S. 286, 322
Kwok C.C.K. 254

L

LaCroix L.V. 377
Lallemand M. 59, 93, 95
Lam L.C. 97
Landau L.D. 353, 376, 383, 399, 405, 433,

440, 463
Landerman C.S. 350, 376, 401, 434
Lanzo C.D. 322
Lasance C.J.M. 8, 9, 11, 14, 95
Lauffer D. 145, 168, 191
Lazarek G.M. 307, 322
Le Berre M. 12, 95
Le Person S. 189
Lee D.J. 463
Lee D.Y. 23, 95
Lee F. 98
Lee H.J. 232, 234, 254, 322, 295, 297, 298,

301, 303
Lee H.C. 287, 322
Lee J. 294, 296, 300, 302–304, 318, 319,

322, 335–337, 343
Lee P.C. 22, 95, 262, 266, 268, 288, 289,

290, 291
Lee P.S. 152–154, 156, 157, 178, 190, 322
Lee S.Y. 234, 254, 295, 297, 298, 301, 303,

322

Lee W.Y. 95
Lee Y. 98
Lee Y.S. 98
Leite R.J. 128, 141
Lelea D. 110, 112, 141, 145, 146, 148–150,

190
LeMouel A. 234, 255
Levich V.G. 351, 376, 404, 434
Lew J. 95
Lezzi A.M. 306, 307, 322
Li D. 95, 105, 114, 115, 121, 122, 128, 141,

142, 145, 190, 191
Li H.Y. 322
Li J. 173, 190, 260, 261, 270, 288, 291, 322
Li R.Y. 254
Li X. 25, 95
Li Z.X. 38, 93, 104, 105, 108, 112, 114, 117,

121, 127, 128, 140, 141, 146, 186
Librovich V.B. 142, 191
Lichter S. 350, 377
Lienhard J.H. 93
Lifshitz E.M. 353, 376, 383, 399, 405, 433,

440, 467
Lim G. 98
Lin C.Y. 141
Lin L. 27, 97
Lin P. Y. 237, 239, 254
Lin T.Y. 28, 95, 152, 190, 191
Lin Q. 27, 95
Lin S. 228, 254
Lin Z. 94, 98, 140
Lindgren E.R. 128, 141
Little W.A. 33, 36, 38, 98, 152, 349, 437, 464
Liu D. 190, 260, 262, 264, 271, 275–279,

322
Liu J. 28, 95, 97
Liu Z. 303, 322
Locascio L.E. 97
Lockhart R.W. 223, 224, 228, 230–233, 251,

252, 254, 256, 295, 322, 333
Loikitis D. 21, 96
Loitsianskii L.G. 106, 123, 128, 141
Lombardi C. 253
London A.L. 27, 37, 38, 97, 107, 142, 155,

174, 191, 301, 324, 329, 330, 344
Lorenzini M. 96
Lottes P.A. 269, 270, 321
Lowdermilk W.H. 306, 307, 322
Lowe D.C. 196, 212, 254
Lu B. 65, 95
Lu S.R. 142
Lu T.J. 145, 191
Lumley J.L. 120, 141
Luniski Y. 253



472 Author Index

Luo K. 29, 95

M

Ma H.B. 97, 145, 190, 350, 377, 399, 334
Maa J.R. 69, 73, 98, 287, 325
Macbeth R.V. 306, 307, 324
Mahulikar S.P. 130, 142, 145, 147, 161, 162,

191
Maillet D. 190, 343
Maitre T. 191
Majumdar A. 28, 95, 97
Makhviladze G.M. 142
Mala G.M. 105, 114, 115, 121, 122, 128,

141, 142, 145, 147, 190
Male P. 145, 190
Malhotra K. 253
Mandhane J.M. 215, 218, 219, 254
Manglik R.M. 65, 67, 68, 71, 73, 95, 97, 98,

281, 325
Manno V.P. 92
Manuchia T.J. 434
Maranzana G. 171, 174–176, 178, 190, 332,

343
Marconi V. 140, 188, 343
Mariani A. 320
Martinelli R.C. 295, 302, 304, 319, 322, 326,

333, 337
Masuoka T. 98
Matsouka H. 399
Matsumura H. 254, 260, 264–266, 268, 317,

323
Maurer G. 343
Mavko B. 97, 191, 344
Maynes D. 33, 35, 96, 104, 105, 109, 110,

112, 121, 128, 140–142, 182–184, 190
McAdams W.H. 228, 229, 254
McClintock F.A. 31, 95
McCord B.N. 255, 434
McGuarrie A. 93
McPhail S. 93, 140, 188, 343
Mehendale S.S. 20, 37, 96
Mei R. 287, 321, 322, 324, 325
Merzhanov A.G. 139, 188
Mewes D. 254
Mi Y. 325, 343, 344
Mickley H.S. 142
Mikic B.B. 287, 322
Miner A. 17, 96
Mishan Y. VII, 29–31, 77–80, 96
Mishikawa K. 399
Mishima K. 217, 218, 234, 254, 295, 298,

322, 325, 344
Mizo V. 321

Mohapatra S. 21, 96
Mohr J. 84, 96
Molho J.I. 142
Momoda L.A. 191
Morfouli P. 95
Morijama K. 350, 376, 401, 434, 437, 463
Moriyama K. 312, 322
Morini G.L. 21, 41, 96, 124, 140, 141, 146,

163, 164, 190
Morrissey A. 93
Morris S.J.S. 350, 377
Mosyak A. IV, VII, 4, 94–97, 140, 141, 189,

191, 234, 241, 243, 253–255, 321, 322,
343, 344

Mudawar I. 21, 22, 25, 34, 60, 62–64, 93,
96, 145, 152–157, 173, 190, 191, 255,
260, 262, 266, 270, 277, 281, 294–309,
318–320, 322, 323, 335–337, 343, 344,
350, 376, 380, 388, 401, 433, 437, 463

Mullin T. 128, 140
Munchmeyer D. 96
Myers A. 96
Myers R.E. 93
Myska J. 142

N

Naguib N. 325
Nakayama W. 93
Nakoryakov V.E. 286, 323
Narasimhan S. 96
Nariai H 306, 307, 321, 323, 337
Nelson R.A. 249, 254
Ng E.Y.K. 81, 9
Ngan C.D. 455, 463
Nguyen N.T. 190, 198
Nguyen T. 190, 198
Nigmatulin R.J. 286, 323
Niro A. 322
Nishikawa K. 93
Nishio S. 141, 190
North M. 87, 96

O

Obot N.T. 124, 141
Oh B.D. 322
Oh K.W. 98
Ohno H. 60, 95, 307, 321
Ohta H. 93
Ooi K.T. 142
Ormiston S.J. 190
Ory E. 282, 291, 323, 437, 463
Ou J. 136, 137, 141



Author Index 473

Ousaka A. 254
Owens W.L. 228, 254
Owhaib W. 151, 190
Ozawa M. 211, 254, 255, 281, 323

P

Palm B. 151, 190
Palm R. 37, 96
Pan C. 95, 322
Pan T. 324
Pancallo E.A. 94, 140
Pandraud G. 95
Panton R.L. 201, 253
Papautsky I. 110, 112, 129, 141
Pasamehmetoglu K.O. 249, 254
Pease R.F.W. 19, 80, 97, 349, 377, 379, 399,

437, 464
Peles Y.P. 281, 286, 322, 323, 350, 352,

365–383, 389, 390, 392, 393–397, 399,
401, 406, 410, 434, 438, 440, 443, 444,
463

Peng X.F. 33, 34, 36, 38, 96, 97, 105, 114,
115, 122, 127, 128, 141, 145, 152–154,
161, 178, 190, 191, 288, 323, 349, 377,
380, 399, 401, 402, 404, 405, 434, 437,
457, 463, 464

Perot B. 141
Perry I. 190, 343
Peterson G.P. 36, 38, 96, 104, 105, 107,

114, 115, 122, 127, 128, 140, 141, 145,
152–154, 178, 190, 349, 350, 371, 376,
377, 399, 402, 433, 437, 457, 463

Peterson M. 10, 96
Petukhov B.S. 145, 151, 152, 165, 168, 171,

178, 190
Pfund D. 25, 96, 104, 105, 108, 112–114,

116, 122, 128, 141
Phillips R.J. 80, 96
Phuttavong P. 189
Pidugu S.B. 103, 140
Plam B. 104, 141
Platzer B. 341, 343
Plesset M.S. 286, 323
Plosl A. 86, 96
Plummer D.A. 252
Pogrebnyak E. VII, 94, 96, 97, 141, 189, 254,

321, 343, 344, 376, 463
Poh S.T. 81, 96
Poiseuille J. 22, 41, 99, 103, 106–108,

110–117, 120, 121, 125–127, 129, 134,
138, 139, 141, 143, 166, 185, 189, 326,
329, 330, 334

Pokusaev B.G. 323

Poling B.E. 434, 363
Popescu A. 96
Popinet S. 323
Potast M. 350, 377
Prasher R.S. 7, 8, 24, 96
Prausnitz J.M. 434, 463
Prodanovic V. 287, 291, 323
Prosperetti A. 323, 408, 434, 463
Prstic S. 96

Q

Qguz H.N. 464
Qi Y. 142
Qu W. 37, 60, 62–64, 96, 105, 114, 116, 122,

142, 145, 152–158, 173, 178, 190, 191,
198, 204, 218, 219, 255, 260, 262, 265,
266, 270, 277, 281, 294–301, 305, 309,
317, 323, 335–337, 343, 344

Quake S. 95
Quiben J.M. 299, 323
Qureshi Z.-H. 92, 188, 462

R

Raghunathan S.R. 255
Raman A. 92
Rands C. 124–126, 142
Rayleigh J.W.S. 286, 323
Rector D. 96, 141
Reid R.C. 424, 434, 442, 463
Reising G.F.S. 324
Ren L. 129, 142, 179, 191
Revellin R. 44–47, 97, 98, 293, 309, 319,

323, 324, 344
Reynaud S. 145, 191
Rezkallah K.S. 196, 201, 206, 212, 254, 255
Roach G.M.Jr. 306, 307, 321, 323, 343
Robinson A.J. 287, 323
Rohsenow W.W. 262–266, 268–271, 317,

320, 323, 333, 334, 343
Ross D. 28, 97
Rothstein J.P. 141
Rozenblit R. VII, 94, 140, 189, 253, 254,

255, 321, 343
Ryali V.K. 254

S

Sadatomi M. 343
Sadatomi Y. 255
Sadowski D.L. 95, 97, 255
Sadowski J.L. 434
Sakaguchi T. 254, 255, 323



474 Author Index

Sakharov-Yarin N. VII
Salvigini S. 96
Salcudean M. 323
Sammarco T.S. 27, 97
Santiago J.K. 325
Santiago S.J. 142
Saruwatari S. 255
Sato T. 260, 262, 264–266, 268, 317, 323
Sato Y. 255
Sauciuc I. 96
Savoie T.I. 139, 188, 376, 463
Schaeffer C. 93
Scherbov M.G. 343
Schlichting H. 33, 103, 113, 128, 142, 145,

167, 178, 191
Schlitz D. 96
Schmidt J. 320
Schmidt G.M. 142
Schouten J.C. 190
Scriven L.E. 95, 98
Seaver M. 424, 434
Sedov L.I. 128, 142, 289, 323
Segal Z. VII, 94, 97, 189, 191, 254, 321, 343,

344
Seldom C.A. 140
Serizawa A. 44, 45, 56, 97, 195, 198,

205–209, 219, 220, 222, 226, 227, 255
Shah M.M. 323
Shah R.K. 27, 37, 38, 96, 97, 107, 142, 155,

174, 191, 301, 303, 305, 307, 308, 324,
329, 330, 337, 344

Shapiro A.K. 120, 142
Sharp K.V. 104, 105, 107, 110, 112,

121–123, 128, 142
Shekarriz A. 96, 141
Sher I. 73, 94, 97, 285, 321, 324
Shi Z. 95
Shih J.C. 25, 97
Shieh C.C. 201, 255
Shimura T. 323
Shoji M. 254
Shreiberg I.R. 323
Shuai J. 294, 324
Shulman H.L. 286, 320
Siegel B.L. 322
Silber-Li Z.H. 140
Silvestri M. 253
Simons R.E. 8, 9, 11, 13, 14, 95, 97
Smirnov V.I. 354, 377
Smith K.A. 142
Smith M. 10, 93
Sobhan C. 21, 33–35, 37, 93, 97, 146, 189,

191, 195, 253, 437, 457, 464
Solddaini G. 253

Soliman H.M. 190
Spedding P.L. 223, 234, 253, 255
Stanislav J.F. 234, 254
Staniszewski B.I. 286, 324
Steinke M. 54, 97, 283, 304, 309, 321, 324,

336, 344
Stephan K. 145, 178, 188, 350, 377
Stoddard R.M. 262, 324
Su S. 262, 324
Sun H. 97, 191
Sung S.W. 98
Suo M. 199, 301, 314, 215, 255
Suzuki Y. 98, 325, 344

T

Tadrist L. 129, 140, 295, 320
Tai Y.-C. 95, 97, 103, 104, 107, 141, 145,

147, 189
Taitel Y. 214, 215, 217–219, 234, 240, 242,

253, 255
Takano K. 141, 190
Takemura F. 98, 325
Talmon Y. 94, 95, 98
Tanaka Y. 254
Tani I. 113, 142
Teraoka K. 95
Thome J.R. 21, 43, 44, 46, 48, 93, 97, 98,

295, 299, 309, 312, 319, 320, 323, 324,
344

Thompson B. 306, 307, 324
Thorncroft G.E. 297, 324
Tian S. 141, 189, 321, 343
Tien Y. 463
Tiggelaar R.M. 190
Tiselj I. VII, 78, 97, 153, 162, 171, 173,

175–178, 191, 322, 344
Toh K.C. 173, 178, 191
Toriyama H. 180, 182, 188
Tran T.M. 194, 195, 197, 198, 303, 324
Trimble S. 253
Triplett K.A. 43, 97, 197, 199, 200, 201, 210,

212, 215, 216, 221, 222, 224, 225, 229,
230, 255, 402, 434

Tsai H.H. 141
Tsai J.H. 27, 97
Tseng F.G. 92, 322
Tshuva M. 212, 255
Tso C.P. 130, 142, 145, 147, 161, 162, 166,

191
Tsukahara T. 255
Tsuruta T. 98
Tuckerman D.B. 19, 80, 97, 103, 142, 349,

377, 437, 464



Author Index 475

Tunc G. 145, 162, 191
Turner S.E. 33, 39–42, 97, 179, 191
Tzanand Y.L. 71, 97

U

Uchida S. 93
Udagawa H. 142
Udagawa Y. 142
Ueda T. 262, 265–267, 277, 321
Uehara K. 323
Unal H.C. 262, 264, 270, 271, 324
Ungar E.K. 227, 255
Upadhye H. 23, 95
Ursenbacher T. 97

V

Vandervort C.L. 306, 307, 324
Vafai K. 23, 95
Van Stralen S.J.D. 286, 324
Varesi J. 28, 95, 97
Vargaftic N.B. 450, 464
Vargin V.S. 142
Vasiliev L.L. 94
Vinogradov Y.K. 142, 464
Virk P.S. 120, 142
Vizvary Zs. 93
Volmer M. 261, 324

W

Wait S. 92
Walker W.M. 324
Wallis G.B. 223, 255, 350, 377
Wambsganss M.W. 324, 325
Wang B.X. 399, 401, 405, 434, 437, 463, 464
Wang G. 324
Wang X. 324
Wang Y. 94
Warholic M.D. 120, 142
Warrier G.R. 152–157, 191, 303, 324
Warrington R.Q. 93, 188
Warrington R.O. 98, 139, 188, 376, 463
Wasekar V.M. 73, 95, 97
Watanabe K. 135, 142
Watterson J.K. 255
Wayner P.C. 350, 377
Webb A.R. 33, 35, 96, 105, 109, 110, 112,

121, 128, 141, 182–184
Webb B.W. 140–142, 189, 190
Webb R.L. 34, 97
Weber A. 47, 99, 196, 214, 255, 256, 296,

309, 318, 324, 327, 335, 359, 365, 366,
378, 380, 400, 409, 433, 435

Wei X.J. 81, 97
Weigand B. 145, 168, 191
Weisberg A. 34, 80, 98, 349, 377
Weise W. 151
Weislogel M.M. 350, 377
Welty J. 96
Wennerstrom H. 65, 93
Werner C. 190
Westwater J.W. 201, 210, 215, 216, 220,

221, 253
Whalley P.B. 229, 253
White F.M. 107, 142
Wicks I.M. 253
Wiesberg A. 437, 464
Winterton R.H.S. 244, 246, 247, 253, 303,

322
Wojtan L. 60–62, 64, 98, 309, 324, 337, 344
Wong M. 94, 95
Wong N.T. 142
Wood F.N. 93
Woolford B. 140
Woudenberg T.M. 93
Wu H.Y. 104, 142, 145, 153, 158, 159, 191,

195, 294, 310, 314, 315, 324, 325
Wu P.Y. 33, 36, 98, 145, 191, 349, 377, 437,

464
Wu J.C 142
Wu W.T. 72, 93, 98, 287, 325
Wu W.Y. 21, 253
Wygnanskii L.J. 128, 142

X

Xu B. 104,108, 112, 122, 128, 142
Xu X. 350, 377
Xudiaev S.I. 139, 188

Y

Yang C. 191
Yang C.Y. 104, 108, 112, 121, 122, 128, 142,

190, 191, 201, 255
Yang H. 98
Yang Y.M. 97, 98, 287, 325
Yao S.C. 58, 98
Yao Z.H. 140
Yargin V.S. 464
Yarin L.P. VII, 1, 3, 4, 7, 94, 103, 141, 145,

189, 195, 253, 254, 259, 321, 323, 329,
343, 349, 350, 376, 377, 379, 399, 401,
403, 404, 407, 712, 414–421, 423, 434,
437–440, 446, 450, 453, 463, 464

Ye H. 261, 325
Yen T.H. 22, 98, 301, 305, 321, 336, 344



476 Author Index

Yener Y. 94
Yi J.H. 253, 254
Yokoya S. 95
Yoo J.Y. 27, 98, 145, 191
Yoon D.S. 27, 98
Yoon S.-M. 255
Young J.P. 140, 189, 260
Yu D.L. 33, 38, 98
Yu W. 294, 295, 297, 298, 303, 325
Yuan H. 324, 408, 434, 437, 463, 464

Z

Zakin J.L. VII, 94, 95, 98, 117, 120, 140, 142
Zaleski S. 323
Zavalluilli R. 253
Zel’dovich Ya.B. 132, 133, 142, 161, 191,

261, 325
Zemel J.N. 94, 98, 377, 464
Zeng L.Z. 287, 321, 325
Zewel J.N. 140
Zhang J. 68, 71, 95, 98, 281, 325

Zhang L. 98, 309, 325
Zhang M. 97
Zhang X.W. 140
Zhang Y. 142
Zhang W. 305–309, 319, 325, 337, 344
Zhang Z. 98
Zhao C.Y. 145, 191
Zhao L. 196, 201, 255
Zhao T.S. 197, 201–203, 210, 212, 216–218,

220–224, 226, 230, 231, 255, 333, 344
Zhao Y.H. 59, 98
Zheng Y. 65, 95, 98
Zhu S.N. 140
Zimmerman R. VII, 198, 234, 238–241, 255
Ziskind G. VII, 94, 253, 254, 321
Zohar Y. 94, 95
Zorin V.M. 405, 433, 445, 463
Zuber N. 254, 287, 325
Zummo G. 93, 140, 188, 343
Zun I. 97
Zwick S.A. 286, 323



Subject Index

A

Absolute average deviation 123
Acceleration due to gravity 58, 196, 223,

241, 279, 353, 366, 406, 418, 419, 439
Active cavity 261, 379
Actual roughness 113
Adiabatic conditions 1, 103, 186, 440
Adiabatic receiver 407
Adsorption 65, 67, 350
Aeration systems 195
Air cooling 9, 10, 89
Alkyl (-) glycoside 68–70, 278, 281, 284
Aluminum foam 87
Ambient temperature 403
Amplitude of roughness 116
Annular flow 45, 46, 52, 56, 91, 198, 199,

201, 202, 204, 206, 208, 211, 212,
214–218, 221, 224, 229, 234, 236, 240,
300, 301, 336, 339

Antoine equation 424
Aqueous surfactant solution 68, 69
Armand correlation 250, 251
Aspect ratio 36, 80, 82–84, 92, 124, 130,

301, 350
Auto-correlation function for pressure 57
Average

heat transfer coefficient 158, 315
liquid thickness 311
parameters 351, 358
roughness 188, 264
velocity 116, 123, 124, 131, 163, 184,

271, 272
Axial conduction 181, 185, 186, 331, 332

B

Bias limit 30, 32

Boiling
flow 281, 295, 301, 350
incipience 260, 264, 265, 271, 277–279,

281–283, 287, 289, 317, 318, 333, 334
heat transfer 2, 72, 73, 240, 301, 336, 350,

401
nucleation 437
number 46, 304, 305, 309–311, 315, 316,

340
regimes 51
curve 13, 24, 51, 58

Boltzmann constant 261
Boundaries of stability 3, 438
Bubble

coalescence 46, 48, 67, 279
departure frequency 380
expansion 288
flow 46, 205, 336
formation 27, 53, 276, 335, 396–398
growth in micro-channel 53, 288
nucleation 260, 261, 282, 286, 402, 404
radius 287, 288, 290, 318

Bulk
fluid 33, 154, 158, 174, 187
temperature 29, 60, 151, 164, 178, 182,

263, 271, 275, 317, 334, 380
velocity 117, 158, 159

C

Capillary
flow VI, 2, 3, 346, 350, 366, 369, 371, 374,

401, 402, 415, 422, 433, 437–441, 450,
452, 453, 461, 462

force 360, 413, 416, 418, 438
number 196, 455

477



478 Subject Index

pressure III, 12, 402, 404, 406, 437, 438,
440, 441, 445, 454, 455

Carbon tetrachloride 105, 110, 112, 138
Cationic surfactant 67, 117, 179
Cavity 87, 137–139, 260, 261, 266, 267, 279,

379
Channel

classification 20
geometry 77, 162, 187, 252, 262, 337, 350

Characteristic
scales 359, 383, 385, 408, 443
velocity 409

Churn flow 199, 201, 202, 204, 215–217,
221, 222, 296, 335

Circular micro-channel 131, 311
Clausius–Clapeyron equation 260, 261, 354,

355, 386
Complex frequency 446, 448, 449, 457
Compressibility effects 180
Condition at interface surface 353
Conductivity of liquid 264
Conductivity of wall 171, 332
Continuity equation 273
Continuous medium 106
Convective boiling 22, 52, 301, 305, 336
Conventional theory I, 34, 78, 91, 103–105,

107, 109–111, 115, 117, 120, 123, 125,
127, 129, 134, 138, 147, 185

Cooling
system of electronic devices 349, 403,

422, 430
air 30
synthetic jet 89
liquid 10, 351, 371, 422
cold plated 12
immersion 13
spray 15
liquid jet impingement 15
liquid metal 17

Critical heat flux 15, 24, 46, 48, 49, 57, 58,
59, 60, 75, 259, 305, 309, 312, 316, 319,
337, 380, 402, 405

Critical Reynolds number 113, 121–123,
127–129, 134, 163, 179

D

Debye length 183–185
Dittus–Boelter equation 34, 38, 331
Developed turbulent flow 116
Dimensional analysis 127, 288, 318
Dimensionless equation 259, 386, 409
Dimensionless group 185, 251, 319, 396

Dimensionless parameters 288, 296, 359,
379, 380, 390, 398, 401, 415, 455

Dispersed bubble flow 201, 203–205, 215,
216

Dispersion equation 447–449, 451, 456, 459
Displacement of interface 404, 442, 447
Displacement of meniscus 351, 369, 370,

412, 413, 415, 419, 423, 433, 453
Dissolved gases 259, 278, 283, 285, 318,

334, 335
Drag

coefficient 499
force 384, 385, 387

Dynamic
contact angle 455
equilibrium 416

E

Effect
of axial heat conduction in the channel wall

37
of channel length 59
of channel size 58, 349
of compressibility 40
of mass flux 334
of inlet temperature 163, 277, 334
of pressure 267, 286, 333
of dissolved gases 259, 283, 318, 334
of superficial liquid velocity 334
of roughness 34, 115–117, 286, 331
of regulated parameters 366
of superficial gas velocity 241, 243

Effective viscosity 116
Efficiency of cooling system 349
Electro-osmotic heat transfer 2, 145, 182,

183
Electronic

cooling 195
device 76, 178, 188, 402

Elongated bubble 44, 46, 52–54, 56, 282,
293, 311

Energy
dissipation 1, 2, 34, 103, 104, 106,

124–126, 128–132, 134, 139, 145, 147,
161, 163, 167, 168, 185, 186, 352, 382,
406

equation 130, 133, 163, 168, 413, 427,
442, 443, 459

Entrance effects 78, 79, 113, 138, 148, 178,
196, 199, 262, 331

Equation for the average parameters 351,
358

Equation of state 353, 384



Subject Index 479

Equilibrium
model 350
of all acting forces 353, 383, 405, 440,

462
of gravity and capillary forces 404

Evaporating
meniscus 350, 380, 401, 402, 406, 462
front 381, 398, 444

Evaporative two-phase flow 379, 381
Explosive boiling II, 53, 91, 259, 281, 282,

309, 310, 312, 319, 339
Extraordinarily high bubble growth 290

F

Fabrication technique 83, 92
Film dryout 44
Flow

in single channel 60
instability 3, 130, 161, 291, 319, 350, 379,

437, 454, 462
pattern maps 46, 218, 252
patterns in parallel channels 211

Fluctuating velocities 105
Fluid dielectric constant 183
Fluorocarbon coolant 13
Frank-Kamenetskii transformation 133
Friction

correlations 33
force 406, 416, 420, 440, 446
stress 360
velocity 113

Frictional pressure drop correlations 227
Frictional resistance 138
Fritz equation 286

G

Gas constant 20, 133, 181, 354, 384
Gauss’s theorem 355
General curvature radii 383
Gnielinski correlation 151
Gravity force 196, 416

H

Habon G 65, 68, 72, 117, 120, 158, 279
Heat

capacity 19, 65, 131, 134, 341, 359, 384
conduction 13, 19, 37, 38, 80, 145, 150,

162, 174, 175, 178, 187, 260, 317
flux oscillations 438, 454, 457
pipes 10, 12, 13, 350
source 13, 15, 19

spreading 8
transfer mechanism 77, 336, 349

Heterogeneous nucleation 260, 261
Hoffman–Voinov–Tanner law 455
Homogeneous model 227, 229, 332
Homogeneous nucleation 260, 261, 270, 281
Hydrodynamic instability 54

I

Immersion cooling 10, 13, 15
Incipience of nucleation boiling 261
Infinitely thin evaporation front 382
Infrared thermography 27, 28, 90
Interfacial temperature 454
Intermittent dryout 52

J

Joule heating 28, 148

K

Katto–Ohno equation 60
Kronecker delta 355

L

Laplace operator 382
Laser-induced fluorescence 28
Lifetime of vortices 128
Linear rate of evaporation 385
Liquid

electrical resistivity 183
lump flow 207
ring flow 44, 206–208
slug 44, 45, 210, 218

Liquid–vapor flow 352
Liquid–vapor interface 15, 52, 91, 350, 351,

382, 430
Lockhart–Martinelli model 228, 251, 252,

333

M

Martinelli–Chisholm constant 295
Mass flow rate 30, 31, 53, 74, 75, 120, 127,

138, 187, 315
Mass momentum and energy balance equations

382, 384
Mean

free path for the gas 20
mass temperature 274
velocity 105, 122, 123, 128, 129, 311

Measurement accuracy 104, 127, 179
Mechanical energy dissipation 352
Micro-channel



480 Subject Index

circular 131, 311
rectangular 63, 123, 204
triangular 252
trapezoidal 266, 291, 336

Micro
heat exchanger 81
scale heat transfer 1

Mixture
viscosity 228, 238
model 227

Models for two-phase mixture viscosity
Beattie and Whalley 228
Cicchitti et al. 228
Dukler et al. 228
Lin et al. 228
McAdams 228
Owens 228

Molecular tagging velocimetry technique
110

N

Nanolightning 10
Natural convection boiling 58, 73, 278, 339
Navier–Stokes equations 37, 104, 109, 174,

462
Nucleation site 286, 287, 379
Nucleation temperature 270
Nucleate boiling regime 15

O

Onset
of dryout 56
of flow instability 3, 350, 437
of nucleate boiling 2, 53, 259, 262, 263,

271, 275, 276, 281, 285, 293, 317, 334,
335

Oscillatory motion 161
Oscillatory regime II, 130, 132, 134, 139, 163
Outlet quality 335, 336, 396

P

Peak-value height 115
Periodic rewetting phenomena 309
Periodic wetting phenomena 309
Perturbed equations 438, 440
Piezo fans 10
Precision limit 30, 32
Pressure drop correlation

Mishima and Hibiki 297
Tran et al. 297
Lee and Lee 297

Yu et al. 297
Qu and Mudawar 297

Q

Quasi-one-dimensional approach 359
Quasi-periodic boiling 310, 340
Quasi-stationary approximation 438

R

Radius of bubble embryo 260
Rarefaction effects 20, 21
Rate of bubble growth 288, 289
Relation between saturation parameters 402
Relative roughness 39, 110, 113–117, 134,

139, 148, 152, 153, 158, 179, 331

S

Saturation
pressure 289, 354, 406, 424
thermophysical properties 25

Semenov’s diagram method 438
Shearing stress 113
Sintered porous inserts 18, 89
Smooth circular micro-channel 148
Solid conductivity 19
Stability of capillary flow 437, 438, 453
Stable regimes of flow 415
Stationary flow regimes 380, 388
Subcooled liquid 49, 52
Superficial velocity 201, 202, 225, 238, 240,

244
Synthetic jet cooling 10

T

Tensor of viscous tension 353, 383
Thermodynamic characteristic 28, 90
Total pressure drop 41, 160, 312, 370, 388
Trigger mechanism 53
Truncated sphere 287
Two-phase

boiling heat transfer 350, 401
capillary flow 349, 374, 402
pressure drop 227, 230, 295, 296, 333
slug flow 381

U

Ultrahydrophobic surfaces 135, 136

V

Vapor



Subject Index 481

bubble 44, 52, 73, 91, 259, 286, 287, 291,
335

domain 367, 389, 444
flow 295, 296, 302, 304, 337, 352, 354,

367, 404, 418
jet 57
quality 22, 45, 46, 48, 49, 75, 91, 282, 299,

300, 301, 310, 318, 340
Viscosity of surfactant solutions 66
Volumetric

heat capacity 19
rate of heat absorption 406, 441

W

Working fluids II, 162

Y

Young–Laplace equation 260

Z

Zeta potential 183



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




