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Abstract. DNA self-assembly is a promising paradigm for nanotechnology. In
this paper we study the problem of finding tile systems of minimum size that as-
semble a given shape in the Tile Assembly Model, defined by Rothemund and Win-
free [14]. We present a tile system that assembles an N × �log2 N� rectangle in
asymptotically optimal Θ(N) time. This tile system has only 7 tiles. Earlier con-
structions need at least 8 tiles [7]. We managed to reduce the number of tiles without
increasing the assembly time. The new tile system works at temperature 3.

The new construction was found by the combination of exhaustive computer-
ized search of the design space and manual adjustment of the search output.

1 Introduction

Self-Assembly (SA) is the process by which autonomous components assemble into
complexes following rules of local interaction only. SA is ubiquitous in Nature. Chem-
istry and Biology provide many examples, such as the formation of crystals and the
growth of some organisms. SA is a promising paradigm for assembling shapes and pat-
terns at molecular scale. The ability to construct many objects of intricate design may
be useful in the fields of nano-electronics [9] and Material Sciences. The Watson-Crick
law of pairing, together with the small size of bases, make DNA an attractive material
to build self-assembled systems. There are numerous experimental results that support
this approach [11,12,13,16,17,18,20].

Rothemund and Winfree proposed a theoretical model for DNA SA, the Tile Assem-
bly Model (TAM. In the TAM, the DNA compounds are modeled as square tiles with
glues on their sides. The individual tiles can stick to a growing assembly, as long as
the glues on their sides provide enough sticking strength. Adleman et al. [1] added the
notion of time complexity to the model. Some variants of the TAM have been explored
in [2,3,8].

In [14], Rothemund and Winfree studied the problem of assembling an N×N square
starting from a single tile. In their construction, they first built a rectangle from a base
row by simulating a binary counter. Then, they completed the square by other means.
Their counter construction required 12 tiles and needed Θ(N · log N) time to finish the
assembly. Adleman et al. [1] presented a new counter that assembles in asymptotically
optimal Θ(N) time, but requires 15 different tiles. Chen, Cheng, Goel and Moisset [7]
improved the result by finding a counter that uses only 8 tiles and also achieves Θ(N)
assembly time.
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Reducing the number of tiles to assemble a given shape has a practical motivation.
The cost of materials, i.e. DNA, and the time to carry out an experiment is closely
related to the number of tiles in the design. Also, finding a smaller, or the smallest
number of tiles to accomplish a given task is a theoretical problem of independent
interest. Tiles that assemble a given shape are analogous to a computer program that
outputs that shape. Minimizing the number of required tiles is similar to minimizing
the program size.

In some computational problems, there is a trade-off between program size and run-
ning time. The natural question to ask is if reducing the number of tiles to build a
counter forces to increase the assembly time.

T he main results of the paper are: In Section 3, we show a set of 7 tiles that assembles
an N × �log2 N� rectangle from an initial base row in asymptotically optimal Θ(N)
time. It is the smallest counter known so far, and it does not incur an increased assembly
time. In spite of the small number of tiles, the construction is more involved than those
found in [1,14]. The proof of correctness of the new counter is non-trivial and it is
outlined in Section 4. For a complete, formal proof, see [4]. The counter with 7 tiles was
originally published in [5], but it was described informally and no proof of correctness
was given.

The process of finding a working design with only 7 tiles is of independent interest.
It relied an exhaustive computerized search. This search was not guaranteed to output
a correct design. It was only meant to suggest a candidate set of tiles which had to be
verified manually. In fact, the search program produced a set that was flawed, and had
to be corrected by hand. Interestingly, the manual modification of the candidate set fell
outside the design space our program searched. In any case, the resulting design is so
involved that it is unlikely that it could have been found without using the computer-
aided approach. Details of the search process will appear in [6].

2 Definitions

The Tile Assembly Model (TAM): The tile assembly model [14,1] extends the theo-
retical model of tiling by Wang [15] to include a mechanism for growth based on the
physics of molecular SA. We will present a succinct definition, with minor modifica-
tions for ease of explanation.

A tile is an oriented unit square with the north, east, south and west edges labeled
from some alphabet Σ of glues. For each tile t ∈ T , the labels of its four edges are
denoted σN (t), σE(t), σS(t), and σW (t). Sometimes we will describe a tile t as the
quadruple (σN (t), σE(t), σS(t), σW (t)). Consider the triple 〈T, G, τ〉 where T is a fi-
nite set of tiles, τ ∈ Z>0 is the temperature, and G is the glue strength function from
Σ to Z≥0, where Σ is the set of glues.

Given p = (x, y), p′ = (x′, y′) ∈ Z
2, we say p and p′ are position adjacent iff

|x − x′| + |y − y′| = 1. A shape is a finite, connected (under the adjacency relation
defined above) subset of Z

2. Let Dom(f) denote the domain of a function f . A supertile
S of T is a partial function from Z

2 to T such that Dom(S) is a shape. For a supertile
S, we will write [S] to represent Dom(S).
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Let C and D be two supertiles. Suppose there exist some t ∈ T and some (x, y) ∈ Z
2

such that (x, y) �∈ Dom(C), D(x, y) = t and D = C except at (x, y). If (x, y +
1) ∈ Dom(C) and σN (t) = σS(C(x, y + 1)), let fN,C,t(x, y) = G(σN (t)) and
let fN,C,t(x, y) = 0 otherwise. Informally fN,C,t(x, y) is the strength of the bond
between C and the north side of t. Define fS,C,t(x, y), fE,C,t(x, y) and fW,C,t(x, y)
similarly. Then we say that tile t is attachable to C at position (x, y) iff fN,C,t(x, y) +
fS,C,t(x, y) + fE,C,t(x, y) + fW,C,t(x, y) ≥ τ , and we write C →T D to denote the
transition from C to D in attaching a tile to C at position (x, y). Informally, C →T D
iff D can be obtained from C by adding a tile t such that the total strength of interaction
between t and C is at least τ .

A tile system is a quadruple T = 〈T, s, G, τ〉, where T, G, τ are as above and s is
a special supertile called the “seed”. The notion of a derived supertile of a tile system
T = 〈T, s, G, τ〉 is defined recursively:

1. The seed s is a derived supertile of T, and
2. if C →T D and C is a derived supertile of T, then D is also a derived supertile of

T.

Informally, a derived supertile is either just the seed (condition 1 above), or obtained
by legal addition of a single tile to another derived supertile (condition 2).

A terminal supertile of the tile system T is a derived supertile A such that there is no
supertile B for which A →T B. Let →∗

T denote the reflexive transitive closure of →T.
If there is a terminal supertile A such that for any derived supertile B, B →∗

T A, we say
that the tile system uniquely produces A. A tile system T uniquely produces a shape W
iff it uniquely produces some supertile Γ and [Γ ] is identical (up to translation) to W .

We will now add the notion of running time to this model. We associate with each
tile t ∈ T a non-negative probability P (t), such that

∑
t∈T P (t) = 1. We assume that

the tile system has an infinite supply of each tile, and P (t) models the concentration of
tile t in the system. Now SA of the tile system corresponds to a continuous time Markov
process where the states are in a one to one correspondence with derived supertiles, and
the initial state corresponds to the seed s. Suppose a single tile t can be added to a
derived supertile C to produce supertile D. Then there is a transition from state C to
D in the Markov chain, and the rate of the transition is P (t). Suppose the tile system
produces a unique terminal supertile AT. In the Markov chain, the time for reaching
AT from s is a random variable. The “running time” of the SA process is defined as the
expected value of this random variable. Note that the Markov process modeling the SA
process is inherently parallel. For details, see [1].

A supertile Γ is full iff for all p, p′ ∈ [Γ ], if p′ = p + (1, 0) then σE(Γ (p)) =
σW (Γ (p′)) and if p′ = p − (1, 0) then σW (Γ (p)) = σE(Γ (p′)) and if p′ = p + (0, 1)
then σN (Γ (p)) = σS(Γ (p′)) and if p′ = p − (0, 1) then σS(Γ (p)) = σN (Γ (p′)).
Intuitively, a supertile is full if there are no glue mismatches in the abutting edges of
adjacent tiles.

General Purpose Counter (GPC): A quadruple 〈T, Ts, G, τ〉, where T and Ts are
finite sets of tiles with glues from some alphabet Σ, G : Σ → Z≥0, and τ is a
temperature, is a general purpose counter iff for all integers h > 1, for all integers
w ≥ �log2 h�, there exists a supertile sh,w of Ts such that:



Toward Minimum Size Self-Assembled Counters 49

1. 〈T ∪Ts, sh,w, G, τ〉 uniquely produces a supertile, denote it Γh,w, such that [Γh,w] =
{0, −1, . . . , −w + 1} × {0, 1, . . . , h − 1}.

2. [sh,w] = {0, −1, . . . , −w + 1} × {0}.
3. For all (x, y) ∈ {0, −1, · · · , −w + 1} × {1, 2, . . . , h − 1}, Γh,w(x, y) ∈ T .

Informally, the seed row sw has width w and is made out of tiles in Ts. The tiles in T
will grow the rest of the h × w rectangle on top of sw. The size of a GPC 〈T, Ts, G, τ〉
is |T |.
The General Purpose Counter problem: Given a temperature τ , find the least positive
integer m such that there exist an alphabet Σ and sets of tiles T and Ts with glues from
Σ, and there exists G : Σ → Z≥0, such that 〈T, Ts, G, τ〉 is a GPC and |T | = m.

Informally, we would like to find the smallest set of tiles that assembles a rectan-
gle whose size is determined solely by the initial supertile, i.e. the seed, of the SA
process. We would like the size of this set of tiles to be independent of the size of the
desired rectangle. We will also assume the shape of the seed has to be a horizontal line.
Constructions with these properties were used by Rothemund and Winfree [14] and
by Adleman et al. [1] as a “subroutine” to assemble squares. Since the techniques to
assemble rectangles in [14,1,7] are based on repeated addition of binary numbers, we
refer to these constructions as counters. Information theory imposes a logarithmic lower
bound on the width of the counter. Hence, we impose the w ≥ �log2 h� constraint. Our
choice of 2 as base of the logarithm is somewhat arbitrary.

3 A Counter of Size 7

In this section we present a GPC of size 7 that works at temperature 3. We also outline
the proof of correctness. Before describing the counter, we introduce some notation.

A supertile Γ is said to be rectangular iff there are positive integers w and h such
that [Γ ] = {0, −1, . . . , −w + 1} × {0, 1, . . . , h − 1}. We will call w and h the width
and height of Γ , respectively.

Let Γ be a rectangular supertile, and let w and h be the width and height of Γ , respec-
tively. For all k ∈ {0, 1, . . . , w − 1}, let CΓ,k = (Γ (−k, 0), Γ (−k, 1), . . . , Γ (−k, h −
1)). For all k ∈ {0, 1, . . . , w − 1}, we will refer to the restriction of Γ to {−k} ×
{0, 1, . . . , h} as the k-th column of Γ . Similarly, for all k ∈ {0, 1, . . . , h − 1}, let
RΓ,k = (Γ (−w +1, k), Γ (−w+2, k), . . . , Γ (0, k)). For all k ∈ {0, 1, . . . , h− 1}, we
will refer to the restriction of Γ to {0, −1, . . . , −w + 1} × {k} as the k-th row of Γ .

The set of tiles: We begin by giving a pictorial representation of the counter in
Figure 1. Define T = {T1, T2, · · · , T7}, and define the glue-strength function
G : {a, b, c, d, e, f, g}2 → {0, 1, 2, 3} so that G(a) = G(b) = 3, G(c) = G(d) =
G(e) = 2 and G(f) = G(g) = 1.

The supertile Bw: Given a sequence S, and a positive integer k, we will write Sk

to denote the k-th element of S. For all positive integers k and l, define Sk,l as the
subsequence of S comprising all elements from Sk through Sl. Define the sequence
concatenation operator • in the usual way. For all positive integers k, for all finite se-
quences S, we will write k × S to denote S • S • · · · • S, where S is concatenated k
times.
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Fig. 1. Counter with 7 tiles

Define the following infinite sequences of tiles with period 6.

D̄ = (T4, T3, T6, T2, T6, T5, T4, T3, T6, T2, T6, T5, . . .)
D = (T6, T5, T4, T1, T7, T3, T6, T5, T4, T1, T7, T3, . . .)
Ē = (T4, T1, T7, T3, T6, T5, T4, T1, T7, T3, T6, T5, . . .)
E = (T6, T2, T6, T5, T4, T3, T6, T2, T6, T5, T4, T3, . . .)

For all positive integers w, define the following w sequences of length 2w:

1. C(0,w) = 2w−1 × (T1, T7)
2. For all odd and positive k ≤ w − 1, C(k,w) = 2w−k−1 × (D̄1,2k • D1,2k)
3. For all even and positive k ≤ w − 1, C(k,w) = 2w−k−1 × (Ē1,2k • E1,2k)

For all positive integers w, define the rectangular supertile Bw in such a way that the
width of Bw is w, the height of Bw is 2w and for all (k, i) ∈ {0, 1, . . . , w − 1} ×
{0, 1, . . . , h − 1}, Bw(−k, i) = C

(k,w)
i+1 . Note that CBw,k = C(k,w). Define sw as the

0-th row of Bw. Figure 3 shows B3, as an example.

4 Results and Proof Outlines

We state now the main result of the paper:

Theorem 1. For all positive integers w, the tile system Tw = 〈T , G, sw, 3〉 uniquely
produces Bw.

Note that the height of Bw is exactly 2w. Minor modifications to sw allow the assembly
of rectangles of all heights up to 2w. The details about the modifications are omitted.

For reasons of space, we present only an informal outline of the proof of correctness
here. For details see [4].

The proof is constructive, showing that if sw is the seed row and the temperature is 3,
the tiles in T uniquely assemble Bw. The first step is to show that Bw is a full supertile,
i.e. there are no glue mismatches between adjacent tiles. This fact follows from the
definition of Bw. Then we prove that Bw can be derived from sw. The proof of this fact
is constructive, showing a particular derivation of Bw from sw. The process is sketched
in Figure 2.
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Fig. 2. The inductive step
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Fig. 3. The supertile B3. The dashed line encloses s3.

We prove Bw can be derived from sw by induction on w, exploiting the recursive
structure of Bw. Roughly speaking, Bw contains two copies of Bw−1. Therefore, we use
the inductive hypothesis to prove that we can derive the supertile Bw,1 from sw. This
follows from Bw,1 being Bw−1 with an extra tile attached to its west side. It follows
form Bw being full that we can start growing the westmost column of Bw, deriving
Bw,2 from Bw,1. Using a similar argument, we add one row to the northmost side of
Bw,2 to obtain Bw,3. Now we use the inductive hypothesis, and grow another copy of
Bw−1 on top of Bw,3, yielding Bw,4. Finally, we use appeal to Bw being full to prove
we can finish assembly the westmost column of Bw.
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We know that Bw is produced from sw. Therefore, we just need to prove that pro-
duction is unique, which is done through a case analysis.

We conclude by stating the time complexity of Tw is Θ(2w), which follows from the
derivation of Bw used to prove that Bw derives from sw, and from results in [10]. The
proof of the next theorem relies on Lemmas 3.3, 3.4, and 4.1, and Theorem 4.4 in [10].

Theorem 2. There exists a concentration function P : T → (0, 1) such that for all
positive integers w, the time complexity of Tw = 〈T , G, sw, 3〉 is Θ(2w).

Proof outline: Define P as a constant valued function with value 1/7. The bound Ω(2w)
is trivial. Call Ew the equivalent acyclic graph induced by the derivation of Bw de-
scribed in Figure 2. Ew is identical to the DAG GN defined in the proof of Lemma 3.3
in [10], if N = 2w. The length of the longest path in Ew is O(2w). By Theorem 4.4
in [10], the time complexity of Tw is O(2w). �


5 Open Problems

Although the counter presented here uses fewer tiles than any other known counter,
there are still some unanswered questions.

1. Our counter works at temperature 3, which is undesirable for lab implementations.
Experience shows [12,19] that it is possible to obtain a reasonable approximation
to the TAM at temperature 2 using DNA tiles. The question whether or not there
exists a GPC of size 7 at temperature 2 remains open.

2. Our counter produces full supertiles. Dropping that constraint could potentially
result in smaller counters that work at lower temperature. We are currently pursuing
that goal.

3. The exhaustive exploration techniques we used to find the tile system do not scale
up well past 7 or 8 tiles. This is consequence of the combinatorial explosion of the
design space as the number of tiles grow. Perhaps it is possible to find an efficient
algorithm that yields sub-optimal results.
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