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Abstract. The formalism of P systems is known for many years, yet
just recently new derivation modes and halting conditions have been pro-
posed. For developing comparable results, a formal description of their
functioning, in particular, of the derivation step is necessary. We intro-
duce a formal general framework for static membrane systems that aims
to capture most of the essential features of (tissue) P systems and to
define their functioning in a formal way.

1 Introduction

P systems were introduced by Gh. Păun (see [8], [14]) as distributed parallel
computing devices, based on inspiration from biochemistry, especially with re-
spect to the structure and the functioning of a living cell. The cell is considered
as a set of compartments enclosed by membranes; the membranes are nested
one in another and contain objects and evolution rules. The basic model neither
specifies the nature of these objects nor the nature of the rules. Specifying these
two parameters, a lot of different models of computing have been introduced,
see [20] for a comprehensive bibliography. Tissue P systems, first considered by
Gh. Păun and T. Yokomori in [18] and [19], also see [11], use the graph topology
in contrast to the tree topology used in the basic model of P systems.

In this paper, we design a general class of multiset rewriting systems contain-
ing, in particular, P systems and tissue P systems. We recall that any P system
may be seen at the most abstract level as a multiset rewriting system with only
one compartment, encoding the membrane as part of the object representation.
However, this approach completely ignores the inner structure of the system
because all structural information is hidden (by an encoding) which makes it
difficult do deduce any compartment-related information or to model (processes
in) biological systems. At a lower level of abstraction, a P system may be seen
as a network of cells (compartments) evolving with multi-cell multiset rewriting
rules. At the lowest level, the graph/tree structure appears as well as a special-
ization of rules which are of a very particular form. This last level is usually used
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in the area of P systems because it permits to easily specify the system and to
incorporate different new types of rules.

It is worth noting that in the definition of membrane systems the applica-
tion of rules often is defined in a quite informal way. This is related to the fact
that for a long time only the maximally parallel derivation mode was considered
and a P system was supposed to work only in this mode. Recent developments
in P systems area have revealed that other derivation modes as the minimally
parallel derivation mode might be considered [5] and allow for many interesting
new results, yet depending on specific interpretations of this notion. Moreover,
different halting conditions have been investigated (see [10], [1]), too. All these
articles have shown that there is a need for a formal definition of part of the
semantics of membrane systems as the derivation step and the halting proce-
dure like it was done for splicing test tube systems [6] or networks of language
processors [7]. In particular, this is important for a classification of P systems
as well as for their implementation. For approaches to find operational and logic
based semantics for P systems we refer to [4] and [2]; a Petri net semantics for
membrane systems is discussed in [12].

This article is an attempt to fulfill the goal of formally defining a procedural
semantics for a quite large number of well-known variants of (tissue) P systems
considered so far in the literature, but, of course, we do not at all claim to have
captured all the variants having already appeared in the literature. In order to
be quite general, we place our reasoning at the abstract level of networks of
cells, already considered in a slightly different way in [3]. We adapt an imple-
mentational point of view and also give a formal definition of the derivation step,
the halting condition and the procedure for obtaining the result of a computa-
tion. Moreover, we give examples of applying our concepts to some well-known
variants of P systems.

2 Preliminaries

We recall some of the notions and the notations we use (for further details see
[8] and [17]). Let V be a (finite) alphabet; then V ∗ is the set of all strings (a
language) over V , and V + = V ∗ − {λ} where λ denotes the empty string. FIN
(FIN (V ))denotes the set of finite languages (over the alphabet V ), and RE,
REG, and MAT λ denote the families of recursively enumerable and regular
languages as well as matrix languages, respectively. For any family of string
languages F , PsF denotes the family of Parikh sets of languages from F and
NF the family of Parikh sets of languages from F over a one-letter alphabet.
By N we denote the set of all non-negative integers, by N

k the set of all vectors
of non-negative integers.

Let V be a (finite) set, V = {a1, ..., ak}. A finite multiset M over V is a map-
ping M : V −→ N, i.e., for each a ∈ V , M (a) specifies the number of occurrences
of a in M . The size of the multiset M is |M | =

∑
a∈V M (a). A multiset M over V

can also be represented by any string x that contains exactly M (ai) symbols ai

for all 1 ≤ i ≤ k, e.g., by a
M(a1)
1 ...a

M(ak)
k , or else by the set

{
a

M(ai)
i | 1 ≤ i ≤ k

}
.



A Formal Framework for Static (Tissue) P Systems 273

The support of M is the set supp(M) = {a ∈ V | f(a) ≥ 1}. For example, the
multiset over {a, b, c} defined by the mapping a → 3, b → 1, c → 0 can be
specified by a3b or

{
a3, b

}
, its support is {a, b}.

The set of all finite multisets over the set V is denoted by 〈V, N〉. We may
also consider mappings M of form the M : V −→ N∞ where N∞ = N ∪ {∞},
i.e., elements of M may have an infinite multiplicity; we shall call such multisets
where M (ai) = ∞ for at least one i, 1 ≤ i ≤ k, infinite multisets. The set of
all such multisets M over V with M : V −→ N∞ is denoted by 〈V, N∞〉. For
W ⊆ V , W∞ denotes the infinite multiset with W (a) = ∞ for all a ∈ W .

Let x and y be two multisets over V , i.e., from 〈V, N〉 or 〈V, N∞〉. Then x is
called a submultiset of y, written x ≤ y or x ⊆ y, if and only if x (a) ≤ y (a) for
all a ∈ V ; if, moreover, x (a) < y (a) for some a ∈ V , then x is called a strict
multiset of y. Observe that for all n ∈ N, n+∞ = ∞, and ∞−n = ∞. The sum
of x and y, denoted by x+y or x∪y, is a multiset z such that z(a) = x(a)+y(a)
for all a ∈ V . The difference of two multisets x and y, denoted by x−y, provided
that y ⊆ x, is the multiset z with z(a) = x(a) − y(a) for all a ∈ V . Observe that
in the following, when taking the sum or the difference of two multisets x and y
from 〈V, N∞〉, we shall always assume {x(a), y(a)} ∩ N �= ∅.

If X = (x1, . . . , xm) and Y = (y1, . . . , ym) are vectors of multisets over V ,
then X ≤ Y if and only if xj ⊆ yj for all j, 1 ≤ j ≤ m; in the same way,
sum and difference of vectors of multisets are defined by taking the sum and the
difference, respectively, in each component.

3 Networks of Cells

In this section we consider a general framework for describing membrane systems
with a static membrane structure. We consider membrane systems as a collection
of interacting cells containing multisets of objects [3].

Definition 3.1. A network of cells of degree n ≥ 1 is a construct

Π = (n, V, w, Inf, R) , where:

1. n is the number of cells;
2. V a finite alphabet;
3. w = (w1, . . . , wn) where wi ∈ 〈V, N〉, for all 1 ≤ i ≤ n, is the finite multiset

initially associated to cell i;
4. Inf = (Inf1, . . . , Infn) where Infi ⊆ V , for all 1 ≤ i ≤ n, is the set

of symbols occurring infinitely often in cell i (in most of the cases, only
one cell, called the environment, will contain symbols occurring with infinite
multiplicity);

5. R is a finite set of interaction rules of the form

(X → Y ; P, Q)

where X = (x1, . . . , xn), Y = (y1, . . . , yn), and xi, yi ∈ 〈V, N〉, 1 ≤ i ≤ n,
are vectors of multisets over V as well as P = (p1, . . . , pn), Q = (q1, . . . , qn),
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and pi, qi, 1 ≤ i ≤ n, are finite sets of multisets over V . We will also use
the notation

((x1, 1) . . . (xn, n) → (y1, 1) . . . (yn, n) ; (p1, 1) . . . (pn, n) , (q1, 1) . . . (qn, n))

for a rule (X → Y ; P, Q); moreover, if some pi or qi is an empty set or some
xi or yi is equal to the empty multiset, 1 ≤ i ≤ n, then we may omit it from
the specification of the rule.

A network of cells consists of n cells, numbered from 1 to n, that contain
(possibly infinite) multisets of objects over V ; initially cell i contains wi∪Infi

∞.
Cells can interact with each other by means of the rules in R. An interaction
rule

((x1, 1) . . . (xn, n) → (y1, 1) . . . (yn, n) ; (p1, 1) . . . (pn, n) , (q1, 1) . . . (qn, n))

rewrites objects xi from cells i into objects yj in cells j, 1 ≤ i, j ≤ n, if every
cell k, 1 ≤ k ≤ n, contains all multisets from pk and does not contain any
multiset from qk. In other words, the first part of the rule specifies the rewriting
of symbols, the second part of the rule specifies permitting conditions and the
third part of the rule specifies the forbidding conditions. In the next section we
give an even more detailed precise definition for the application of an interaction
rule.

For an interaction rule r of the form above, the set

{i | xi �= λ or yi �= ∅ or pi �= ∅ or qi �= λ}

induces a relation between the interacting cells. However, this relation need not
give rise to a structure relation like a tree as in P systems or a graph as in tissue P
systems (e.g., see [15] for definitions of P systems and tissue P systems), though
most models of membrane systems with a static membrane structure can be
seen as special variants of networks of cells, and moreover, a lot of important
features of membrane systems, in particular the derivation step and the halting
condition, may be described at the level of networks of cells.

4 Systems with a Static Structure

In this section we consider networks of cells having a static structure, i.e., the
number of cells does not change during the evolution of the system. We first
define configurations, transition steps, and then halting conditions.

Definition 4.1. Consider a network of cells Π = (n, V, w, Inf, R). A configu-
ration C of Π is an n-tuple of multisets over V (u′

1, . . . , u
′
n) with u′

i ∈ 〈V, N∞〉,
1 ≤ i ≤ n; in the following, C will also be described by its finite part Cf only,
i.e., by (u1, . . . , un) satisfying u′

i = ui ∪ Infi
∞ and ui ∩ Infi = ∅, 1 ≤ i ≤ n.

In the sense of the preceding definition, the initial configuration of Π , C0, is
described by w, i.e., C0

f = w = (w1, . . . , wn), whereas w′
i = wi ∪ Infi

∞, 1 ≤ i ≤
n, is the initial contents of cell i, i.e., C0 = w ∪ Inf∞.
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Definition 4.2. We say that an interaction rule r = (X → Y ; P, Q) is eligible
for the configuration C with C = (u1, . . . , un) if and only if for all i, 1 ≤ i ≤ n,
the following conditions hold true:

– for all p ∈ pi, p ⊆ ui (every p ∈ pi is a submultiset of ui),
– for all q ∈ qi, q � ui (no q ∈ qi is a submultiset of ui), and
– xi ⊆ ui (xi is a submultiset of ui).

Moreover, we require that xj ∩(V − infj) �= ∅ for at least one j, 1 ≤ j ≤ n. This
last condition ensures that at least one symbol appearing only in a finite number
of copies is involved in the rule. The set of all rules eligible for C is denoted by
Eligible (Π, C).

The marking algorithm. Let C = (v1, . . . , vn) be a configuration of a network of
cells Π and Cf its finite description; moreover, let R′ be a finite multiset of rules
from R consisting of the (copies of) rules r1, . . . , rk, where for each i, 1 ≤ i ≤ k,
we have ri = (Xi → Yi; Pi, Qi) ∈ Eligible (Π, C), Xi = (xi,1, . . . , xi,n), Yi =
(yi,1, . . . , yi,n). Moreover, let X ′

i and Y ′
i , 1 ≤ i ≤ k, be the the vectors of finite

multisets from 〈V, N〉 with Xi,j = X ′
i,j ∪ Infj

∞ and X ′
i,j ∩ Infj = ∅, 1 ≤ j ≤ n.

Then:

1. consider the vector of multisets Mark0 (Π, C, R′) = (λ, . . . , λ) of size n and
let i = 1;

2. if X ′
i ≤ Cf − Marki−1 (Π, C, R′), then set

Marki (Π, C, R′) =
(
Cf − Marki−1 (Π, C, R′)

)
− X ′

i,

otherwise, end the algorithm and return false;
3. if i = k then end the algorithm and return true, otherwise set i to i+1 and

return to step 2.

If the marking algorithm returns true for the pair (C, R′) then we say that
the configuration C may be marked by R′, and we define Mark (Π, C, R′) =
Markk (Π, C, R′).

Definition 4.3. Consider a configuration C and let R′ be a multiset of rules
from Eligible (Π, C) (i.e., a multiset of eligible rules). We say that the multiset
of rules R′ is applicable to C if the marking algorithm as described above returns
true and Mark (Π, C, R′). The set of all multisets of rules applicable to C is
denoted by Appl (Π, C).

Definition 4.4. Consider a configuration C and a multiset of rules R′ ∈ Appl
(Π, C). According to the marking algorithm described above, we define the con-
figuration being the result of applying R′ to C as

Apply (Π, C, R′) = (C − Mark (Π, C, R′)) + Σ1≤i≤kY ′
i .
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We remark that Apply(R′, C) is again a configuration.
For the specific derivation modes to be defined in the following, the selection

of multisets of rules applicable to a configuration C has to be a specific subset
of Appl (Π, C).

Definition 4.5. For the derivation mode ϑ, the selection of multisets of rules
applicable to a configuration C is denoted by Appl (Π, C, ϑ).

Definition 4.6. For the asynchronous derivation mode (asyn),

Appl (Π, C, asyn) = Appl (Π, C) ,

i.e., there are no particular restrictions on the multisets of rules applicable to C.

Definition 4.7. For the sequential derivation mode (sequ),

Appl (Π, C, sequ) = {R′ | R′ ∈ Appl (Π, C) and |R′| = 1} ,

i.e., any multiset of rules R′ ∈ Appl (Π, C, sequ) has size 1.

The most important derivation mode considered in the area of P systems from
the beginning is the maximally parallel derivation mode where we only select
multisets of rules R′ that are not extensible, i.e., there is no other multiset of
rules R′′

� R′ applicable to C.

Definition 4.8. For the maximally parallel derivation mode (max),

Appl (Π, C, max) = {R′ | R′ ∈ Appl (Π, C) and there is
no R′′ ∈ Appl (Π, C) with R′′

� R′} .

For the minimally parallel derivation mode, we need an additional feature for
the set of rules R, i.e., we consider a partition of R into disjoint subsets R1 to
Rh. Usually, this partition of R may coincide with a specific assignment of the
rules to the cells. For any set of rules R′ ⊆ R, let ‖R′‖ denote the number of
sets of rules Rj , 1 ≤ j ≤ h, with Rj ∩ R′ �= ∅.

There are several possible interpretations of this minimally parallel derivation
mode which in an informal way can be described as applying multisets such that
from every set Rj , 1 ≤ j ≤ h, at least one rule – if possible – has to be used (e.g.,
see [5]). We start with the basic variant where in each derivation step we only
choose a multiset of rules R′ from Appl (Π, C, asyn) that cannot be extended
to R′′ ∈ Appl (Π, C, asyn) with R′′

� R′ as well as (R′′ − R′) ∩ Rj �= ∅ and
R′ ∩ Rj = ∅ for some j, 1 ≤ j ≤ h, i.e., extended by a rule from a set of rules
Rj from which no rule has been taken into R′.

Definition 4.9. For the minimally parallel derivation mode (min),

Appl (Π, C, min) = {R′ | R′ ∈ Appl (Π, C, asyn) and
there is no R′′ ∈ Appl (Π, C, asyn)
with R′′

� R′, (R′′ − R′) ∩ Rj �= ∅
and R′ ∩ Rj = ∅ for some j, 1 ≤ j ≤ h} .
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In the following we also consider further restricting conditions on the four basic
modes defined above, especially interesting for the minimally parallel derivation
mode, thus obtaining some new combined derivation modes.

A derivation mode closely related to the maximally parallel one, yet not con-
sidered so far in the literature is the following one, where we not only demand
that the chosen multiset R′ is not extensible, but also contains the maximal
number of rules among all applicable multisets:

Definition 4.10. For any basic derivation mode δ ∈ {asyn, sequ, max, min},
we define the maximal in rules δ derivation mode (maxruleδ) by setting

Appl (Π, C, maxruleδ) = {R′ | R′ ∈ Appl (Π, C, δ) and
there is no R′′ ∈ Appl (Π, C, δ)
with |R′′| > |R′|} .

In the case of the minimally parallel derivation mode, we have two more very
interesting variants of possible interpretations, the first one maximizing the
sets of rules involved in a multiset to be applied (maxsetmin), and the sec-
ond one demanding that all sets of rules that could contribute should contribute
(allasetmin). The corresponding restricting conditions are based on a partition
of the rules which usually will be the same as that one given in the definition
for the minimally parallel derivation mode. In general, we define these variants
for any of the basic derivation modes as follows:

Definition 4.11. For any basic derivation mode δ ∈ {asyn, sequ, max, min},
we define the maximal in sets δ derivation mode (maxsetδ) by setting

Appl (Π, C, maxsetδ) = {R′ | R′ ∈ Appl (Π, C, δ) and
there is no R′′ ∈ Appl (Π, C, δ)
with ‖R′′‖ > ‖R′‖} .

Definition 4.12. For any basic derivation mode δ ∈ {asyn, sequ, max, min},
we define the using all applicable sets δ derivation mode (allasetδ) by setting

Appl (Π, C, allasetδ) = {R′ | R′ ∈ Appl (Π, C, δ) and
for all j, 1 ≤ j ≤ h,
Rj ∩

⋃
X∈Appl(Π,C) X �= ∅

implies Rj ∩ R′ �= ∅} .

We should like to mention that, for example, the derivation modes maxsetδ and
allasetδ with δ ∈ {asyn, sequ, max, min} could be extended by the constraint
that a maximal number of rules has to be used, too, thus yielding derivation
modes maxrulemaxsetδ and maxruleallasetδ. Yet we do not consider such com-
binations of restricting conditions in this paper. Moreover, there are several
other derivation modes considered in the literature, for instance, we may apply
(at most) k rules in parallel in every derivation step, but we leave the task to
define such derivation modes in the general framework elaborated in this paper
to the reader.
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For all the derivation modes defined above, we now can define how to obtain
a next configuration from a given one by applying an applicable multiset of rules
according to the constraints of the underlying derivation mode:

Definition 4.13. Given a configuration C of Π and a derivation mode ϑ, we
may choose a multiset of rules R′ ∈ Appl (Π, C, ϑ) in a non-deterministic way
and apply it to C. The result of this transition step from the configuration C with
applying R′ is the configuration Apply (Π, C, R′), and we also write C =⇒(Π,ϑ)
C′. The reflexive and transitive closure of the transition relation =⇒(Π,ϑ) is
denoted by =⇒∗

(Π,ϑ).

Looking carefully into the definitions for all the (basic and combined) derivation
modes defined above, we immediately infer the following equalities which do not
depend on the kind of rules at all (observe that the restricting conditions for
the combined modes using the condition maxrule or maxset are defined with
respect to the underlying basic mode, which, for example, immediately implies
the equalities for the sequential mode):

Lemma 4.1. The following equalities for derivation modes hold true in general
for all kinds of networks of cells:

maxrulesequ = maxsetsequ = sequ,
maxruleasyn = maxrulemin = maxrulemax.

Provided that the partitions with respect to min as well as allaset and maxset

are the same, also the following equalities hold true:

maxsetmin = maxsetasyn,
allasetmin = allasetasyn.

On the other hand, it is well known from the literature that the four basic
derivation modes may yield different application results. Moreover, the following
simple example shows most of the incomparability between combined and/or
basic derivation modes:

Example 4.1. Consider the network of cells

Π =
(
4, {a, b} ,

(
b3, a3, b, b

)
, (∅, ∅, ∅, ∅) , R

)

with the following rules in R:

1. (b, 1) (a, 2) → (a, 1) (b, 2)
2. (a, 2) (b, 3) → (b, 2) (a, 3)
3. (aa, 2) (b, 4) → (b, 2) (aa, 4)

In fact, Π can be interpreted as a P system with antiport rules, 3 membranes
with membrane i represented by cell i + 1, as well as cell 1 representing the
environment (see subsection 4.4 as well as Figure 1). Due to the availability
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1 : b ←→ a

2 : a ←→ b

3 : aa ←→ b

aaabbb

b

b

3

2

1

Fig. 1. Network of cells depicted as P system with antiport rules

of objects in the four cells, only the following multisets of rules (represented as
strings) are applicable to the initial configuration C0, C0 =

(
b3, a3, b, b

)
:

Appl (Π, C0, asyn) = Appl (Π, C0) =
{
1, 12, 13, 122, 12, 13, 2, 23, 3

}

Assuming the partition for the minimally parallel derivation mode to be the
partition into the three single rules (which corresponds to assigning the rule i
to cell i + 1 – corresponding to membrane i in a membrane system – and no
rule to cell 1 which represents the environment), we obtain the following sets of
multisets of rules applicable to C0 according to the different derivation modes:

Appl (Π, C0, δ1) = {1, 2, 3} for δ1 ∈ {sequ, maxrulesequ, maxsetsequ},
Appl (Π, C0, min) =

{
13, 122, 12, 13, 23

}
,

Appl (Π, C0, max) =
{
13, 122, 13, 23

}
,

Appl (Π, C0, maxruleδ2) =
{
13, 122

}
, δ2 ∈ {asyn, min, max},

Appl (Π, C0, maxsetδ3) =
{
122, 12, 13, 23

}
, δ3 ∈ {asyn, min},

Appl (Π, C0, maxsetmax) =
{
122, 13, 23

}
,

Appl (Π, C0, allasetδ4) = ∅, δ4 ∈ {sequ, asyn, min, max}.

All these sets of multisets of rules listed above are different which shows the
incomparability of the corresponding derivation modes (observe that the inherent
equalities for the modes δ1, δ2, and δ3 follow from Lemma 4.1). Due to the
competition of the rules for the objects in cell 2, we get Appl (Π, C0, allasetδ4) = ∅
for all basic derivation modes δ4 ∈ {sequ, asyn, min, max}.

Omitting cell 4 in the network of cells above as well as the corresponding rule
3, we obtain a network of cells Π ′,

Π ′ =
(
3, {a, b} ,

(
b3, a3, b

)
, (∅, ∅, ∅) , R′) ,
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with only the rules 1 and 2 in R′ as well as

∅ � Appl (Π ′, C′
0, allasetmin) =

{
12, 122

}
�

{
122

}
= Appl (Π ′, C′

0, allasetmax) .

Especially for computing and accepting devices, the notion of determinism is of
major importance. For networks of cells, determinism can be defined as follows:

Definition 4.14. A configuration C is said to be accessible in Π with respect to
the derivation mode ϑ if and only if C0 =⇒∗

(Π,ϑ) C (C0 is the initial configuration
of Π). The set of all accessible configurations in Π is denoted by Acc (Π).

Definition 4.15. A network of cells Π is said to be deterministic with respect
to the derivation mode ϑ if and only if |Appl (Π, C, ϑ)| ≤ 1 for any accessible
configuration C.

4.1 Halting Conditions

A halting condition is a predicate applied to an accessible configuration. The
system halts according to the halting condition if this predicate is true for the
current configuration. In such a general way, the notion halting with final state
or signal halting can be defined as follows:

Definition 4.16. An accessible configuration C is said to fulfill the signal halt-
ing condition or final state halting condition (S) if and only if C ∈ S (Π, ϑ)
where

S (Π, ϑ) = {C′ | C′ ∈ Acc (Π) and State (Π, C′, ϑ) = true} .

Here State (Π, C′, ϑ) means a decidable feature of the underlying configuration
C′, e.g., the occurrence of a specific symbol (signal) in a specific cell.

The most important halting condition used from the beginning in the P sys-
tems area is the total halting, usually simply considered as halting:

Definition 4.17. An accessible configuration C is said to fulfill the total halting
condition (H) if and only if no multiset of rules can be applied to C with respect
to the derivation mode anymore, i.e., if and only if C ∈ H (Π, ϑ) where

H (Π, ϑ) = {C′ | C′ ∈ Acc (Π) and Appl (Π, C′, ϑ) = ∅} .

The adult halting condition guarantees that we still can apply a multiset of rules
to the underlying configuration, yet without changing it anymore:

Definition 4.18. An accessible configuration C is said to fulfill the adult halt-
ing condition (A) if and only if C ∈ A (Π, ϑ) where

A (Π, ϑ) = {C′ | C′ ∈ Acc (Π) , Appl (Π, C′, ϑ) �= ∅ and
Apply (Π, C′, R′) = C′ for every R′ ∈ Appl (Π, C′, ϑ)} .
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We should like to mention that we could also consider A (Π, ϑ)∪H (Π, ϑ) instead
of A (Π, ϑ).

For introducing the notion of partial halting, we have to consider a partition
of R into disjoint subsets R1 to Rh as for the minimally parallel derivation mode
(eventually, this partition for partial halting might also be different from the
partition used for the minimally parallel derivation mode). We then say that we
are not halting only if there still is a multiset of rules R′ from Appl (Π, C) with
R′ ∩ Rj �= ∅ for all j, 1 ≤ j ≤ h:

Definition 4.19. An accessible configuration C is said to fulfill the partial halt-
ing condition (h) if and only if C ∈ h (Π, ϑ) where

h (Π, ϑ) = {C′ | C′ ∈ Acc (Π) and there is
no R′ ∈ Appl (Π, C′) with R′ ∩ Rj �= ∅ for all j, 1 ≤ j ≤ h} .

4.2 Computation, Goal and Result of a Computation

A computation in a network of cells Π , Π = (n, V, w, Inf, R), starts with the
initial configuration C0, C0 = w ∪ Inf∞, and continues with transition steps
according to the chosen derivation mode until the halting condition is met.

The computations with a network of cells may have different goals, e.g., to
generate (gen) a (vector of) non-negative integers in a specific output cell (mem-
brane) or to accept (acc) a (vector of) non-negative integers placed in a specific
input cell at the beginning of a computation. Moreover, the goal can also be to
compute (com) an output from a given input or to output yes or no to decide
(dec) a specific property of a given input.

The results not only can be taken as the number (N) of objects in a specified
output cell, but, for example, also be taken modulo a terminal alphabet (T ) or
by subtracting a constant from the result (−k).

Such different tasks of a network of cells may require additional parameters
when specifying its functioning, e.g., we may have to specify the output/input
cell(s) and/or the terminal alphabet.

We shall not go into the details of such definitions here, we just mention that
the goal of the computations γ ∈ {gen, acc, com, dec} and the way to extract the
results ρ (usually taken from halting computations) are two other parameters to
be specified and clearly defined when defining the functioning of a network of
cells or a membrane system.

4.3 Taxonomy of Networks of Cells and (Tissue) P Systems

For a particular variant of networks of cells or especially P systems/tissue P
systems we have to specify the derivation mode, the halting condition as well as
the procedure how to get the result of a computation, but also the specific kind
of rules that are used, especially some complexity parameters.

For networks of cells, we shall use the notation

OmCn (ϑ, φ, γ, ρ) [parameters for rules]
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to denote the family of sets of vectors obtained by networks of cells Π =
(n, V, w, Inf, R) with m = |V |, as well as ϑ, φ, γ, ρ indicating the derivation
mode, the halting condition, the goal of the computations, and the way how to
get results, respectively; the parameters for rules describe the specific features
of the rules in R. If any of the parameters m and n is unbounded, we replace it
by ∗.

For P systems, with the interaction between the cells in the rules of the corre-
sponding network of cells allowing for a tree structure as underlying interaction
graph, we shall use the notation

OmPn (ϑ, φ, γ, ρ) [parameters for rules] .

Observe that usually the environment is not counted when specifying the number
of membranes in P systems, but this often hides the important role that the
environment takes in the functioning of the system.

For tissue P systems, with the interaction between the cells in the rules of
the corresponding network of cells allowing for a graph structure as underlying
interaction graph, we shall use the notation

OmtPn (ϑ, φ, γ, ρ) [parameters for rules] .

As a special example, let us now consider symport/antiport P systems.

4.4 A Specific Example: P Systems with Symport/Antiport Rules

For definitions and results concerning P systems with symport/antiport rules,
we refer to the original paper [13] as well as to the overview given in [16]. An
antiport rule is a rule of the form ((x, i) (u, j) → (x, j) (u, i)) usually written as
(x, out; u, in), xu �= λ, where j is the region outside the membrane i in the
underlying graph structure. A symport rule is of the form ((x, i) → (x, j)) or
((u, j) → (u, i)).

The weight of the antiport rule (x, out; u, in) is defined as max {|x| , |u|}. Using
only antiport rules with weight ≤ k induces the type of rules α usually written
as antik. The weight of a symport rule (x, out) or (u, in) is defined as |x| or |u|,
respectively. Using only symport rules with weight ≤ k induces the type of rules
α usually written as symk. If only antiport rules (x, out; u, in) of weight ≤ 2 and
with |x| + |u| ≤ 3 as well as symport rules of weight 1 are used, we shall write
anti2′ .

As is well known, O∗P2 (max, H, gen, N) [anti2′ ] = NRE.
Observe that we only need one membrane separating the environment and

the skin region, but this means that two regions corresponding to two cells are
involved.

4.5 A General Result

For any network of cells using multiset rewriting rules of type α, with a derivation
mode ϑ ∈ {allasetmin, maxsetmin, asyn, sequ} and partial halting, we only get
Parikh sets of matrix languages (regular sets of non-negative integers):
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Theorem 4.2 For every ϑ ∈ {allasetmin, maxsetmin, asyn, sequ},

O∗C∗ (ϑ, h, gen, T ) [α] ⊆ PsMAT λ and O∗C∗ (ϑ, h, gen, N) [α] ⊆ NREG

provided that the partitions for the derivation modes allasetmin, maxsetmin and
the partial halting h are the same.

The proof follows the ideas of a similar result proved for a general variant of
P systems with permitting contexts in [1] for ϑ ∈ {allasetmin, asyn, sequ} and
therefore is omitted; we just have to mention that the results are still valid if we
take the derivation mode maxsetmin instead of allasetmin, because when using
partial halting we always have to take at least one rule from every set of rules
(provided that the partitions for the derivation modes allasetmin, maxsetmin
and the partial halting h all are the same). On the other hand, we do not
know whether these results also hold true for the derivation modes min and/or
maxrulemin.

5 Conclusions

The main purpose of this paper is to elaborate a general framework for static P
systems and tissue P systems, but there are many variants of membrane systems
not yet covered by this general framework, especially dynamic changes of the
number of cells cannot be handled with the current version. Yet we have already
started to extend our approach to such dynamic variants like P systems with
active membranes. Moreover, also spiking neural P systems require some efforts
for being captured within this framework. Our approach aims at formalizing
the main features of membrane systems in such a way that derivation modes
and halting conditions can be defined in a clear and unambiguous way to avoid
that different interpretations of notions and concepts in the P systems area yield
incomparable results (as a special example consider the variants described for the
minimally parallel derivation mode). Moreover, specifying the marking algorithm
in a procedural way should allow for easier and unambiguous implementations.
Considering variants of (tissue) P systems at such a high level of abstraction
allows for establishing quite general results.
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