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Abstract. Pawlak rough set theory is a powerful mathematic tool to deal with
imprecise, uncertainty and incomplete dataset. In this paper, we study the fuzzy
rough set attribute reduction (fuzzy RSAR) in fuzzy information systems. Firstly,
we present the formal definition of a kind new rough set form-the composed
fuzzy rough set. The second, some properties of extension forms of Pawlak rough
set are also discussed. Lastly, we illustrate the fuzzy RSAR based on composed
fuzzy rough set, and a simple example is given to show this approach can retain
less attributes and entailing higher classification accuracy than the crisp
RST-based reduction method.
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1 Introduction

It is well known many classification problems involve high-dimensional descriptions
of input features. However, some existing methods tend to destroy the underlying
semantics of the features after reduction or require additional information beyond the
given data set. A technique that can reduce the dimensionality by using information
contained within the data set and preserving the meaning of the features is clearly
desirable. Rough Sets Theory (RST) can be used as such a tool to discover data
dependencies and reduce the number of attributes contained in data set by purely
structural methods [4].

With more than twenty years development [S], RST has indeed become an
expanding research area, recent theoretical developments are collected in papers [7].
However, in traditional Pawlak RST, an equivalence relation seems to be a very
stringent condition which limits its applications fields. As well known, the fuzzy set
theory and rough set theory represent different aspects of uncertainty and aim to two
different purpose, so many attempts have been made to combine these two theories
[1,2,9]. Because the values of attributes may often be both crisp and real-valued in
more and more application cases, therefore the traditional RST encounters a problem.
Based on information entropy, paper [8] presents a discretization algorithm of
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real-valued attributes values information system for selecting cut points. Because the
discretization process itself often requires some additional information beyond the
aimed data sets, the paper [4] introduce a new concepts for fuzzy-rough attribute
reduction based on fuzzy rough sets.

In this paper, a kind new rough set concept is presented and the composed fuzzy
rough set is formally defined and its properties are discussed. The fuzzy rough attribute
reduction based on the composed fuzzy rough set is illustrated with a simple example.
This approach can retain less attributes and entail higher classification accuracy than
the crisp RST-based reduction method. The rest of this paper is organized as follows.
Section 2 discusses some related basic theory with this paper later, such as fuzzy set,
Pawlak rough set theory, information system, and so forth. Section 3 mainly explores
some extension Pawlak rough set models. Firstly some properties of generalized fuzzy
rough set are discussed. The second, the composed fuzzy rough set is initiated and
formally defined; its some properties are also discussed in detailed. The four section
illustrate the fuzzy RSAR based the composed fuzzy rough set; and an example is given
to show its efficiency and accuracy in classification. In section 5 we make a conclusion
on the paper.

2 Preliminaries

Let U= {uy, u,, ..., u,} stands for the finite and nonempty set of objects. The power
P(U) can be viewed as a subset of fuzzy power #(U), X F(U) can be represented as
form X={(u, uxy)l u €U}, where for every u&U, the value px, E[0, 1]. X is also
represented as form X=(pxw1), Hxw2) ---» Mxen) When U is finite set, or as X=[ Uxu
when U is infinite set. For arbitrary A€ 1=[0, 1], the A-level X, and the strong A-level

X, are respectively X;={u € Uluxw>A} and X;,={u € Uluxu>r}, X= vV AAXy)
rel
= )L\/ AAXy), » Xo=U, X,=0 [7]. A fuzzy binary relation R over U is a function R:
el

UxU—[0, 1], its membership function is represented by pr(X, y). The class of all fuzzy
binary relations of U will be denoted as 7(UxU).

Let R be an ordinary equivalence relation on U, U/R denotes the equivalence classes
by R. For every u€ U, [u]g € U/R denotes the equivalence class of u, the pair (U, R) is

called as the Pawlak approximation space. Let X< U,
R X={ul[u]gE X}, EX:{uI[u]RﬂX;ﬁQ} 2.1

Where R X is called the lower approximation of X, while R X is the upper
approximation of X, (R X,EX) is called as rough set of X. ox(X) =card(R X)
/card( R X) denotes the accuracy of approximation, R X- R X as the boundary set of
X. The fuzzy set X over U is defined as following [7]:
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W ()= card([ulr N X) , for every object ueU (2.2)
card([ulr)

So, pg (w=1 iff u€ R X; pg (w)=0 iff u€U- E X; otherwise 0< g (u)<1 iff
ue R X- R X. However, if X is fuzzy rough set or R is fuzzy equivalence relation over

U, the above calculation formula of membership function [g (u) may need some

changes in form.

Information system (IS) is an ordered quadruple S=(U, A, f, V), where U={u,, u,,
..., u,} is a non-empty finite objects set, A={a;, ay, ..., a,} is a non-empty finite
attributes set. V=U,ca V, is a set of attributes values, where V, is the domain of
attribute a€ A. f: UXA—V is an information function, where for all (u, a) = UXA, f(u,
a)EV,, Inf(u)={(a, f,(u))lac A} is called as an information vector of u.

Let PC A, Ind(P)={(u, v) € UxUl for all a€P, f(a, u)=f(a, v)}. If (u, v) =Ind(P), then
u and v are indiscernible under attributes subset P. For every u€U, its equivalence
class is denoted as [ulp={VI(u, v)EInd(P)} and U/P={[u]plueU}. Let P, QS A, the

positive region POSp(Q) = U P X contains all objects of U that can be classified to
XeUIQ

classes of U/Q by using the knowledge in attributes P. For P, Q< A, we call Q depends
on P in a degree k (0<k<1), where

k=yp(Q)= Card(POS »(Q) 2.3)
card(U)
If k=1, then call Q depends totally on P; if O<k<1, then call Q depends partially on P
with the degree k, denoted by P= Q; and if k=0 then call Q does not depend on P.

3 Extensions of Pawlak Rough Set Model

Let U={uy, uy, ..., u,} and W={w,, wy, ..., Wy} be two finite and nonempty sets, RE
F(UxW) is fuzzy relation from U to W. When U and W are finite nonempty sets, R can
be represented by n*m matrix R=(r;;),.m Where rij=pr(w;, w;)) €[0, 1], for all i=1, 2, ..., n,
j=1,2, ..., m [3]. For each A& [0, 1], matrix (Ar),«m denotes the cut relation R;, where
Arj=1 iff r;>A, otherwise Ar=0. If REP(UxW), then for all u€U, we call Rw(w)={w
EWI(u, w) ER} as the successor neighborhood of u.

Definition 1. Let U be two finite and nonempty sets, REF(UxW). YEF (W), ueU,

the generalized fuzzy rough set ( apr. Y, a_er Y) can be defined as following:
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apr, Y(u)= r\gl\{/l {max(1-R(u, w), Y(w))}

apr, Y(u)= max {min(R(u, w), Y(w)} (3.1)

Where the triple (U, W, R) is called as generalized fuzzy approximation space.

Theorem 1. Let RE F(UxW), then for all Y EF (W) and arbitrary o [0, 1],
(apr, Y)e=apr, Y., (aprg Y),=apry Y,
—_ —NR{-0)+ o
(@R X) o= @R(H‘) You ( aer Y)o= aeru Yoo

Proof. For arbitrary a € [0, 1],

(apr, Y) ={ u EUlapr, Y(w3=za)
={u€Eu IIIliv{ll { max(1-R(u, w), Y(w))}>a}
={u €Ulforall w €W, max(1-R(u, w), Y(w))>a}
={u €Ulforeach w €W, 1-R(u, w)>a, or Y(w)>0}
={uelU{weWII-R@lu,w>a}U{weWIY(W)>>u}=W }
={uelU{weWIRUu w>1-0}S{weWIYWw)>ua} }
= {u Ul RwW) S Y )=apr, Y,

R-o+

(apry ) o={ u U lapr, Y(w=>a)
={u€U Imee\l%( { min(R(u, w), Y(w))}>a}

={ueUldw €W, min(R(u, w), Y(w))>a}
={u€EeUldw €W, R(u, w) >a and Y(w)>a}
={u EUIRwW)NY  #O}=apry Y,

(apr, Y) o= {u SUlapr, Y(u>a}
={u €U IIIE\{II { max(1-R(u, w), Y(w))}>a)

={u €U lfor each wEW, max(1-R(u, w), Y(w))>a}

={u €Ulforeach weW, 1-R(u, w)>a, or Y(w)>a}
={ueUl{weWI1-Ru, w>a}U{weWI|Y(W)>a}=W }
={ueUI{weEWIRU, w>1-a}SE{ weEW I Y(W)>0}=W }
= {u SUI Ry Yo J=apr, Yo

(apry Y) o= (u EU lapr, Y(w>a)

={u€EU |r‘£1€%3( { min(R(u, w), Y(w))}>a}
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={u€UITdw €W, min(R(u, w), Y(w))>a}
={u€EUldw €W, R(u, w)>0 and Y(w)>o0}

={u EUIRw)u:NY .70}=apry Y o
Remark 1. From the theorem 1 and the decompose theory, we can immediately

conclude that the following conclusion.

Dapr, Y= v @/\( apr, Y= v @/\(apr, Y.
2) a_er Y= ae?g 1] (a/\(a_erw Y o))= ae?g 1] ((X/\(a_eru Y)

In paper [6], Wu construct the generalized fuzzy rough sets exactly starting from the
above formulas 1) and 2). Our results in the paper show these two approaches are
totally equivalence.

Let the fuzzy equivalence classes set U/R={F;, F,, ..., F |}, we consider the

approximations problem for every X € 7(U), let Apry X denotes upper approxim

-ation and Aer X lower approximation respectively. Because the membership values

of individual object to the approximations are not explicitly available directly, so we
need obtain them from another point. Let F;€ U/R denoted by Fi={(u, pg)lu€U},
consider the following fuzzy set forms:

Apr, X= ¥ ex (F)F; AprgX=_% g (F/F, (3.2)

Where RX and RX are short writing of fuzzy sets Apr, X and Apry X,

respectively. For every FEU/R= {F;, F,, ..., F (}, the membership degree values
Urx (F) and gx (F) can be respectively calculated by the following:

Urx (F)= Iglgl max (1- Ug (v), X(v)), Ugx (F)= max min (Ug (v), X(V)).
On the other hand, for every ueU,

Mrx (W)= Max min (e (W), Hex (F), g (W=Max min (R (W), g ().

If R is a crisp equivalence relation over U and U/R={F,, F,, ..., F}. Let XEP(U),
then the Ugx (F) and Uiy (F) can be computed as follows.

Hrx (F)=min max (1-p (v), X (v)) =min X (v)

i (F)=max min (L (v), X (v)) =Max X (v)
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It means that Urx (F) =1 iff FEX, otherwise Urx (F)=0; and Lgy (F)=1 iff

FNX#@, other wise [z (F)=0. Therefore,

Urx (W)= {:21?‘/)15 min (Ug (u), Urx (F)) =max { lg (u) lu €F and F< X}

Ugx (W)= {:21?‘/)15 min (Ug (u), Ugx (F)) = max { lg (u) lu EF and FNX#@}

Above statements show that our viewpoint is a natural generalization of Pawlak
rough set from crisp case to the fuzzy circumstance. Below the paper, we will present
the more general statement of above extension. Let U= {uy, uy, ..., u,} and W={w,, w,
..., Wn} be two finite and nonempty universe,

Iy Tz - Oim I
Re[ 21 B2 = B (= (i) = | B [ =000 Pareen ) (3.3)
Ly Iy o Thym I,

Where for all i=1, 2, ..., n, j=1, 2, ..., m, rj=pe(w;, W;), Rw(u)= ri=(ry, 1, ..., Tim),
RU(Wj)=I"j=(I'1j, L5, «vvs rnj)T, R’=(r’ij)an[?(WXU), where r’ji=rij.

Definition 2. Let U and W be two finite and nonempty sets, REF(UxW). XEF(W),

then Apry X, Apr, X&F(W) can be defined as following. For all vE W,

ﬂk X(v)= max min(R’ (v, u), ml\{ll max(1-R(u, w), X(w))),

Apr, X(v)= max min(R’(v, ), Max min(R(u, w), X(w)) (3.4)

The pair ( Aer X, Aprg X) is called as the composed fuzzy rough set of X, and the

triple (U, W, R) as the composed fuzzy approximation space.

Proposition 4. Let U and W be two finite and nonempty universes, REF (UxW). Then
for all XEF (W),

Apr, X= a_PrR'(@R XD A_er X= a_er' (a_er X).

Where apr, and a_er are respectively generalized fuzzy rough lower and upper

approximation operators, apry, is upper approximation operator related with R’.
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If U=W and R is a fuzzy equivalence relation, then R=R’ and R’ (v, u) =R (u, v). For
eachu€U, F,= X R (u, v)/v. Furthermore,
veU

Apr X= X (mln max(1-R(u, v), X(v)))/F,

ueU veU

Aer X= EU ( ma[.JX min(R(u, v), X(v)))/F, (3.5)

Therefore, from above definition 2,
Apr_ X (v) =max min (R’ (v, u), min max (1-R(u, w), X(w)))
TR ueU weW
= IEIEaUX min (MFu (V)’ Hg (Fu))
Aer X (v)= maUX min (R’ (v, u), m%a( min(R (u, w), X(w)))
ue we

=max min (R, (v), Kig (F))

Proposition 5. Let U be finite and nonempty set, REP (UxU), then for all X = P(U),
Apr, X=R X, Apry X= R X
Proof. Since REP (UxU), X=P(U), then for arbitrary u<U, there exists a unique

equivalence class [u]lg= X R(u, v)/v. Therefore, for all XEP(U) and u€ U,
veU

Apr X (v) =max min(R’(v, u), min max(1-R(u, w), X(W)))
_max min(R (v, u), min ( min max (1-R(u, w), X(w)), min max(1-R(u, w), X(w))))

we[u]g welulg

= max min(R (v, u), min X (w))

welulg

=max (Max min(R (v, u), MiN X(w)), Max min(R (v, u), MIN X(w)))

uelvlg welulg ug[vly welulg

=min X (w) =R X(v)

we[vlg

A_pI‘R X(v)= max min(R’(v, u), m%&( min(R(u, w), X(w)))

—max min(R (v, u), max( MaXx min(R(u, w), X(w)), MaX min(R(u, w), X(w))))
we[ulg

welulg
= max min(R (v, u), Max X(w))
weluly
=max (MaXx min(R (v, u), Max X(w)), Max min(R(v, u), max X(w)))
ue[vlg welulg ug[vlg welulg

=max X (w) =R X (v).

we[vlg
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Thatis Apr, X=R X, Apr, X=R X.

Theorem 2. Let RE F(UxW), then for all X7 (W), and arbitrary o [0, 1],

D (Apr, X) o= a(R’)a

3) (mR X) = a_F)r(R')u @R(Fu) Xu+’ 4) <A_I)rR X)a+= a_F)r(R')nu a_F)rRm X

Proof. For arbitrary a € [0, 1],
1) (mR X) = {v €Ul ﬂR X(v)=a}
={v €U max min (R’ (v, u), Hél\{,l max(1-R(u, w), X(w)))>a}
={v €Uldu €U, R’ (v, u)>0 and min max(1-R(u, w), X(w))>a}

={v €UIR’,)N( apr, X)FD }= apr(R) (apr X)e= apr(R)

2) (Apry X).=(v EUIApr, X(v)>a)
={v €Ul maUX min(R’(v, u), ma“)/( min(R(u, w), X(w)))>a}
={v €Ul3du €U, R’(v, u)>a and mag]( min(R(u, w), X(w))>o}
= (v EUI(R")uN(aPTy X)HB }= 2P g, (AT X)=aPT g, ATy, X
3) (Apr, X) o= {v EUIApr, X (w>a}
={v €Ul maUX min (R’ (v, u), rrél\{ll max (1-R(u, w), X(w)))>a}

={v €Uldu €U, R’ (v, u)>a and min max (1-R (u, w), X(w))>a}

apry Xo  2) (Aprg X),= apr g, aprp X

X
p R(I o)+

= {v EUI(R",) (8T, X)o.#D }=apr g, (apr, X) o=apr g, apr apry X

4) (Aer X)p={ vEUI Aer X(v)>a}

={veUul m%x min(R’(v, u), ma“)/( min(R(u, w), X(w)))>o}
ue we

={veUl3dueU, (R’(v, u)>a and m%a( min(R(u, w), X(w))>a)

= {vEUI(R’\)a:N( a_er X)os#D = a_Pr(Rv)M ( aR X)os= a_Pr(Rv)M ERM X

Remark 2. From above theorem 2, then

1) ﬂR Y= (o /\ (aprg,, apr, Yu))_ (o /\ (aprg,, apr.

[0 1] [O 1]

2) Apry Y= v (@/\(apr,, apre Xo)=

[01]

o+

X)),

((l/\(apr(R) apry - Xos))-
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4 Attribute Reduction Based on Composed Fuzzy-Rough Set

An information system S=(U, A, f, V) is called as decision table system, if A=CUD
and CND=JJ, where C is the conditional attributes set and D#J is the set of decision
attributes. The issue of decision table mainly focuses on how to obtain whole rules by
as less rules and attributes as possible from the information table. The main approach is
attribute reduction including the reduction of attributes-values and deletion of
redundant rules. In fuzzy case, fuzzy rough set attributes reduction (Fuzzy RSAR)
should be built on the notion of the composed fuzzy lower approximation. Let fuzzy
decision table system S=(U, C U {d}, f, V), for arbitrary P< C, the fuzzy positive region
POSy({d})= U  Apr_F, where [pos,ay (W) = Sup Upp (u), Then the
FeU/{d} ——P FeU/{d}
dependency function yp({d}) can be calculated by the following:

{d})=|POS p({d}) 1 _Zucukros,qapy (W @1

(
L 0| Ul

In fuzzy case, we use the fuzzy positive region POSc({d}) rather than |Ul as the

denominator of normalization, then

IPOS»({dD) | _ 3. yus (w)
({d)=1205 p(d}) I _ H pos , ((d)) (4.2)
i IPOS ¢ ({d}) | T ucu tros can (W)

An data set example from stock market [10] is given to illustrate the operation of
fuzzy RSAR, in which U={uy, u,, us, u4, us, us, Uy, Ug}, two real-valued attributes are
feature a (profit ratio of per stock) and feature b (harvest ratio of per capital), decision
2-valued attribute is d (representing invest or not), fuzzy equivalence class over U
are (H,, L, partitioned by attribute a and (H,, L;) partitioned by attribute b,

respectively.
Table 1. Stock Information Table
U |a:profit ratio| b: harvest ratio of per capital | d:investment
L, H, Ly H,
1 1 0 1 0 Y
2| 0.7] 03 0.2 0.8 N
3] 0.8] 0.2 0.9 0.1 Y
4, 09| 0.1 1 0 Y
5/ 0.1 09 0.2 0.8 N
6/ 08 02 1 0 Y
7| 0.1] 09 0.2 0.8 N
8| 0.8 0.2 0.2 0.8 Y
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Setting A={a}, B={b}, C={a, b} and Q={d}, then the following equivalence classes
are obtained from the above decision table.
U/Q={X, Y}={{uy, u3, uy, ug, ug}, {uy, us, us}}.
U/A= {L,=(1.0,0.7,0.8,0.9,0.1,0.8,0.1,0.8), H,= (0.0,0.3,0.2,0.1,0.9,0.2,0.9,0.2) },
U/B= {Ly=(1.0,0.2,0.9,1.0,0.2,1.0,0.2,0.2), H,= (0.0,0.8,0.1,0.0,0.8,0.0,0.8,0.8) },
u/C= {L,NLy, L,NHy, H,NLy, H,NH,}
={(1.0,0.2,0.8, 0.9, 0.1, 0.8, 0.1, 0.2), (0.0, 0.7, 0.1, 0.0, 0.1, 0.0, 0.1, 0.8),
(0.0,0.2,0.2,0.1,0.2, 0.2,0.2, 0.2), (0.0, 0.3, 0.1, 0.0, 0.8, 0.0, 0.8, 0.2) }.
The first step is to calculate the lower approximations of the sets A, B and C. For
simplicity, only A will be considered here. For object u; and decision equivalence class
X={uy, u3, uy, ug, ug} and Y={u,, us, us},

Uax (u)= max min (pg (), I?E%l max {1-pp(y), p x (y)})=0.3

Way (u)=max min (ug(u;), Min max{1-pp(y), px(y)})=0.0
FeU/A yeU

Hence, Lpos, ) ( u1) =0.3. For the other objects, Lpos, ) (U2)=0.3, Lpos, @) (u3)

=0.3, Wpos,@ (W) =0.3, Wpos, @ (us5)=0.8, Upos, @ (s)=0.2, Hpos,q (u7)=0.8,
pos, ) (Ug)=0.3. Then rA(Q)= Zueuulp%s @ (W) =3.3/8=0.4125. Calculating for B

and C gives rp(Q)=5/8=0.625, 1rc(Q)=5.4/8=0.675. Because there are only
two condition attributes in this example, so its core and reduction are set {a, b}. The
result is exactly in accordance with that of come from by the method of fuzzy cluster in
paper [10].

5 Conclusions

As a suitable mathematical model to handle partial knowledge in data set, traditional
RSAR encounters some critical problems when the noise and real-valued attributes
value is included in the information system. The fuzzy RSAR method can alleviate
these important problems and has been applied in more than one field with very
promising results. In this paper, we study the fuzzy RSAR methods used in fuzzy
information systems. We extend the rough set model to fuzzy case and present the
formal definition of the composed fuzzy rough set. We also illustrate the fuzzy RSAR
method and give a simple example to show its higher efficiency and accuracy.
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