
1 Introduction

1.1 Introduction

The objective of this book is to introduce Monte Carlo methods to find good
approximate solutions to fuzzy optimization problems. Many crisp (nonfuzzy)
optimization problems have algorithms to determine solutions. This is not true
for fuzzy optimization. There are other things to discuss in fuzzy optimization,
which we will do later on in the book, like ≤ and < between fuzzy numbers since
there will probably be fuzzy constraints, and how do we evaluate max/minZ
for Z the fuzzy value of the objective function.

This book is divided into four parts: (1) Part I is the Introduction containing
Chapters 1-5; (2) Part II, Chapters 6-16, has the applications of our Monte
Carlo method to obtain approximate solutions to fuzzy optimization problems;
(3) Part III, comprising Chapters 17-27, outlines our “unfinished business” which
are fuzzy optimization problems for which we have not yet applied our Monte
Carlo method to produce approximate solutions; and (4) Part IV is our summary,
conclusions and future research.

1.1.1 Part I

First we need to be familiar with fuzzy sets. All you need to know about fuzzy
sets for this book comprises Chapter 2. For a beginning introduction to fuzzy
sets and fuzzy logic see [2]. Three other items related to fuzzy sets, needed in
this book, are also in Chapter 2: (1) in Section 2.5 we discuss how we have dealt
in the past with determining max/min(Z) for Z a fuzzy set representing the
value of an objective function in a fuzzy optimization problem; (2) in Section 2.6
we present the three methods we will use in this book to determine which of the
following possibilities M < N , M > N or M ≈ N is true, for two fuzzy numbers
M , N ; and (3) in Section 2.7 we investigate dominated, and undominated, fuzzy
vectors.

Chapter 3 introduces the random number generators that we will be using
in the rest of the book. We will need sequences of crisp random vectors v =
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(x1, ..., xn) with xi ∈ [0, 1], n ≥ 3. If we use a pseudo-random number generator
to produce the v it is well known (see Chapter 3) that when we plot these points
in [0, 1]n we can get empty regions and clustering. We need a method of getting
sequences of v that will uniformly fill [0, 1]n. Such a method already exists.
They are called quasi-random number generators, introduced and discussed in
Chapter 3.

Next we need to randomly generate sequences of fuzzy numbers and sequences
of fuzzy vectors. We usually use triangular fuzzy numbers (TFNs) and quadratic
fuzzy numbers (Section 2.2.1). The quadratic fuzzy numbers we use are called
quadratic Bézier generated fuzzy numbers (QBGFNs) which are defined in Chap-
ter 4. We show in this chapter how we use the sequences v = (x1, ..., xn), from
a quasi-random number generator, to get sequences of TFNs/QBGFNs and se-
quences of vectors of TFNs/QBGFNs. We use these results to show that the
three methods of evaluating ≤ and < between fuzzy numbers given in Sections
2.6.1 - 2.6.3 quite often give the same results.

Chapter 5 is about testing our sequences of fuzzy numbers/vectors for ran-
domness. There are many tests for randomness for sequences of crisp numbers,
but most are not applicable to fuzzy numbers. However, the run test can be
extended to fuzzy numbers and our results are presented in this chapter. We
have one randomness test for sequences of fuzzy vectors. But we do argue that
our method of producing sequences of fuzzy vectors will uniformly fill the search
space in a fuzzy optimization problem. That is exactly what is needed for a
sequence of fuzzy vectors used to get an approximate solution to a fuzzy opti-
mization problem.

1.1.2 Part II

Part II contains our applications of Monte Carlo methods to generating approx-
imate solutions to fuzzy optimization problems. Fuzzy linear programming is in
Chapters 6-9. Getting solutions, or approximate solutions, to fuzzy equations is
the topic of Chapter 10. Applications to fuzzy regression is the theme for Chap-
ters 11-14. The last two applications are to fuzzy game theory (Chapter 15) and
to fuzzy queuing theory (Chapter 16).

1.1.3 Part III

The chapters here describe more fuzzy optimization problems that do not have
algorithms that give an exact fuzzy solution. Therefore they are candidates for an
approximate Monte Carlo solution. In each case we first outline the problem and
then discuss how we might use Monte Carlo to generate approximate solutions,
but we do not do it. We leave it for future research by the authors or interested
readers.

1.1.4 Part IV

This consists of one short chapter containing a summary, our suggestions for
future research and our conclusions.
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1.2 Notation

It is difficult, in a book with a lot of mathematics, to achieve a uniform notation
without having to introduce many new specialized symbols. Our basic notation
is presented in Chapter 2. What we have done is to have a uniform notation
within each chapter. What this means is that we may use the letters “a” and
“b” to represent a closed interval [a, b] in one chapter but they could stand for
something else in another chapter. We will have the following uniform notation
throughout the book: (1) we place a “bar” over a letter to denote a fuzzy set (A,
B, etc.), and all our fuzzy sets will be fuzzy subsets of the real numbers; and (2)
an α-cut of a fuzzy set (Chapter 2) is always denoted by “α”.

We use the abbreviations: FN for fuzzy number; TFN for triangular fuzzy
number; TrFN for trapezoidal fuzzy number, and QBGFN for quadratic Bézier
generated fuzzy number (defined in Chapter 4). All fuzzy arithmetic is per-
formed using α-cuts and interval arithmetic and not by using the extension
principle (Chapter 2).We also use TBC to mean “to be completed” in Part III.

The term “crisp” means not fuzzy. A crisp set is a regular set and a crisp
number is a real number. There is a potential problem with the symbol “≤”. It
sometimes means “fuzzy subset” as A ≤ B stands for A is a fuzzy subset of B
(defined in Chapter 2). However, also in Chapter 2, A ≤ B means that fuzzy set
A is less than or equal to fuzzy set B. The meaning of the symbol “≤” should
be clear from its use.

1.3 Previous Research

Mathematica has added random fuzzy numbers [11]. It can create “random”
trapezoidal, Gaussian and triangular fuzzy numbers. They are represented by
thin vertical bars similar to a histogram. We would need the functional expres-
sions for the sides of the fuzzy numbers and it is not clear how we could get that
information from Mathematica. The web site does not tell the user how these
“random” fuzzy numbers are generated.

Most authors ([1],[5],[6],[8]-[10]) have used the following method to define
random fuzzy numbers. Consider LR fuzzy numbers which we write as (a, b, c)LR.
Let m, l and r be three real-valued random variables with l > 0, r > 0. Then a
random LR-fuzzy number is (m, l, r)LR. The functions L and R are called the
left and right membership functions, m is where the membership value equals
one (vertex point) and l(r) ≥ 0 is the left (right) spread of the fuzzy number.
So, once you pick and fix L and R, the randomness is in the end points of the
α = 0 cut and the vertex point of the fuzzy number. We think the randomness
should also be in the shape of the fuzzy number. That is, we should also be able
to randomly change L and R.

Next, the paper [4] has another way to construct random fuzzy numbers.
Let Fi(x), i = 1, 2, 3, be probability distribution functions. Randomly choose
y ∈ [0, 1], then a random triangular fuzzy number has base [F−1

1 (y), F−1
3 (y)]

and vertex point at F−1
2 (y). We have assumed that F−1

1 (y) < F−1
2 (y) < F−1

3 (y)
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for y in [0, 1]. This just randomly produces a triangular fuzzy number but it
always has the same shape (a triangle). [12] uses Gaussian fuzzy numbers to
generate random fuzzy numbers but employs crisp Monte Carlo methods. The
book [3] has one very short section on fuzzy Monte Carlo simulation

Finally, [7] generates a random triangular fuzzy number as (m− 6/m/m + 2)
for m uniform on [1, 3] and a random trapezoidal fuzzy number as (m − 4/m−
2, m + 4/m + 6) for m a standard normal random variable. Again the shape is
always the same, straight line segments for the sides of the fuzzy number.

To complete a search for random fuzzy numbers/vectors we suggest putting
the following items into your search engine: fuzzy random numbers, random
fuzzy numbers, fuzzy Monte Carlo,... The authors believe that there are no other
publications that cover in our detail generating random fuzzy numbers/vectors
to give approximate solutions to fuzzy optimization problems. Our random fuzzy
numbers will have random base, random vertex point and also (limited) random
shape. We believe this gives a better picture of random fuzzy numbers for fuzzy
Monte Carlo methods.

Beginning in Chapter 6 many different topics are covered until Chapter 27.
Most chapters have a list of references at the end of the chapter. We give only
a few key references to the topic were the interested reader may find other
references. This book will not do a complete literature search on each area for
you, but we do hope that we have given you a good start.

1.4 MATLAB/C++ Programs

Computer programs were written in MATLAB or C++. Only one MATLAB
program is given in the book and it is at the end of Chapter 14. However, any
of these programs can be obtained from the authors.
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