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Abstract. The problem of merging multiple sources information is cen-
tral in several domains of computer science. In knowledge representa-
tion for artificial intelligence, several approaches have been proposed for
propositional bases fusion, however, most of them are defined at a se-
mantic level and are untractable. This paper proposes a new syntactic
approach of belief bases fusion, called Removed Sets Fusion (RSF). The
notion of removed-set, initially defined in the context of belief revision
is extended to fusion and most of the classical fusion operations are syn-
tactically captured by RSF. In order to efficiently implement RSF, the
paper shows how RSF can be encoded into a logic program with answer
set semantics, then presents an adaptation of the smodels system de-
voted to efficiently compute the removed sets in order to perform RSF.
Finally a preliminary experimental study shows that the answer set pro-
gramming approach seems promising for performing belief bases fusion
on real scale applications.

1 Introduction

Merging information coming from different sources is an important issue in var-
ious domains of computer science like knowledge representation for artificial in-
telligence, decision making or databases. The aim of fusion is to obtain a global
point of view, exploiting the complementarity between sources, solving different
existing conflicts, reducing the possible redundancies. Among the various ap-
proaches of multiple sources information merging, logical approaches gave rise
to increasing interest in the last decade [1,2,3,4,5]. Most of these approaches have
been defined within the framework of classical logic, more often propositional,
and have been semantically defined. Different postulates characterizing the ra-
tional behavior of fusion operators have been proposed [6] and various operators
have been defined according to whether explicit or implicit priorities are avail-
able [6], [7], [8], [9], [10], [11]. More recently, new approaches have been proposed
like semantic merging for propositional bases, stemming from the Hamming dis-
tance [12] or syntactic fusion in a possibilistic framework [13,14] which is a real
advantage at a computational point of view.
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This paper proposes a new approach for performing syntactic fusion of propo-
sitional belief bases. We show that the classical fusion operations Card, Σ, Max,
GMax, initially defined at the semantic level, can be expressed within our syn-
tactic framework. We then show that an efficient implementation of these oper-
ations, based on answer set programming, can be performed. In particular this
paper focuses on the following three issues:

– We extend the Removed Sets Revision to the fusion of propositional be-
lief bases, called Removed Sets Fusion (RSF). We show how the notion of
removed-set, roughly speaking, the subsets of clauses to remove to restore
consistency, initially defined in the context of belief bases revision [15,16]
is generalized to the case of belief bases fusion. We then show that classi-
cal fusion operations are captured within this framework since each fusion
strategy is encoded by a preference relation between subsets of clauses.

– In the last decade, answer set programming has been considered as a con-
venient tool to handle non-monotonic reasoning systems. Moreover, several
efficient systems have been developed [17], [18], [19], [20], [21]. We propose to
formalize the Removed Sets Fusion in terms of answer set programming and
to adapt the smodels system in order to compute preferred answer sets which
correspond to removed sets. Therefore, to propose an effective computational
fusion algorithm.

– The conducted preliminary experimental study illustrates the behaviour of
RSF for the Card, Σ strategies and seems promising for performing fusion
in real scale applications.

The rest of this paper is organized as follows. The next section fixes the
notations and gives a refresher on fusion, removed set revision and on answer
set programming. The paper then presents the Removed Set Fusion. It shows
how Removed Sets Fusion is encoded into logic programming with answer set
semantics and presents an adaptation of the Smodels system for computing
answer sets and performing Removed Sets Fusion. It then presents a preliminary
experimental study which illustrates the approach and shows that the answer
set programming implementation seems promising before concluding.

2 Background and Notations

We consider a propositional language L over a finite alphabet P of atoms. A
literal is an atom or the negation of an atom. The usual propositional connectives
are denoted by ¬, ∧, ∨ and Cn denotes the logical consequence. A belief base K
is a finite set of propositional formulae over a propositional language L.

2.1 Fusion

Let E = {K1, . . . , Kn} be a multi-set of n consistent belief bases to be merged, E
is called a belief profile. The n belief bases K1, . . . , Kn are not necessarily different
and the union of belief bases, taking repetitions into account, is denoted by �
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and their conjunction and disjunction are denoted by
∧

and
∨

respectively. For
the sake of simplicity, we denote by K the belief set consisting of the singleton
E = {K}.

We define a fusion operator Δ as a function which associates to each belief
profile a classical consistent belief base denoted by Δ(E). In the literature, there
are two different ways for defining Δ(E) : either using some implicit priority or
not. In the following implicit priority is not assumed.

There are two straighforward ways for defining Δ(E) depending if the sources
are conflicting or not, the classical conjunctive merging : Δ(E) =

∧
Ki∈E Ki

suitable when the sources are not conflicting and the classical disjunctive merg-
ing : Δ(E) =

∨
Ki∈E Ki appropriate in case of conflicting sources. These two

opposite cases are not satisfactory, then several methods have been proposed for
fusion according to whether the bases have the same importance or not.

In particular, the following classical fusion operators have been proposed. The
Cardinality operator, denoted by Card, [1] which takes the number of the belief
bases of E into account. The Sum operator, denoted by Σ, [22,2]which follows
the point of view of the majority of the belief bases of E.

The Max-based operator, denoted by Max [4], which tries to satisfy all the
belief bases of E. The Leximax-based operator, denoted by GMax, [6] which
tries to satisfy all the belief bases of E, taking the belief bases into account,
according to a lexicographic ordering over them.

Different postulates characterizing the rational behaviour of fusion operators
have been proposed [6]. Moreover, the various operators have been classified
according to two families: the majority and the arbitration ones.

2.2 Answer Sets

A normal logic program is a set of rules of the form c ← a1, ..., an, not b1, ..., not
bm where c, ai(1 ≤ i ≤ n), bj(1 ≤ j ≤ m) are propositional atoms and the
symbol not stands for negation as failure. For a rule r like above, we introduce
head(r) = c and body(r) = {a1, ..., an, b1, ..., bm }. Furthermore, let body+(r) =
{a1, ..., an} denotes the set of positive body atoms and body−(r) = {b1, ..., bm}
the set of negative body atoms, and body(r) = body+(r) ∪ body−(r).

Let r be a rule, r+ denotes the rule head(r) ← body+(r), obtained from r by
deleting all negative body atoms in the body of r.

A set of atoms X is closed under a basic program P iff for any rule r ∈ P ,
head(r) ∈ X whenever body(r) ⊆ X . The smallest set of atoms which is closed
under a basic program P is denoted by CN(P ).

The reduct or Gelfond-Lifschitz transformation [23], PX of a program P rela-
tively to a set X of atoms is defined by PX = {r+ | r ∈ P and body−(r)∩X = ∅}.

A set of atoms X is an answer set of P iff CN(PX) = X .

Definition 1. Let L be a set of literals and A be a set of atoms. L covers A iff
A ⊆ Atom(L).
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2.3 Smodels

Smodels is the first and simplest answer set solver [24]. It’s a Branch and Bound
algorithm (see Algorithm 1) that builds, as one goes along, a set of atoms A
representing a potential answer set. It uses the following functions: expand(A)
which computes the immediate consequences of A, conflict(A) which detects
the conflicts that may arise after the expansion and heuristic(A) which tries
to reduce the search space by maximizing the number of deduced atoms. The
function heuristic(A) amounts to reduce the number of next atoms to select and
makes the conflicts detection faster.

Algorithm 1. smodels(A)
A ← expand(A)
if conflict(A) then

return false
else if A covers atom(E) then

return true
else

x ← heuristic(A)
if smodels(A ∪ {x}) then

return true
else

return smodels(A ∪ {not x})
end if

end if

2.4 Removed Sets Revision

We briefly recall the Removed Sets Revision approach. The Removed Sets Re-
vision [16] deals with the revision of a set of propositional formulae by a set of
propositional formulae 1. Let K and A be finite sets of clauses. The Removed
Sets Revision focuses on the minimal subsets of clauses to remove from K, called
removed sets [15], in order to restore the consistency of K ∪ A. More formally:

Definition 2. Let K and A be two consistent sets of clauses such that K ∪ A
is inconsistent. R a subset of clauses of K, is a removed set of K ∪ A iff (i)
(K\R) ∪ A is consistent; (ii) ∀R′ ⊆ K, if (K\R′) ∪ A is consistent then | R |≤|
R′ |2.

Let denote by R(K ∪ A) the collection of removed sets of K ∪ A, the Removed
Sets Revision (RSR) is defined as follows:

Definition 3. Let K and A be two consistent sets of clauses. The removed sets
revision is defined by: K ◦RSR A =def

∨
R∈R(K∪A) Cn((K\R) ∪ A).

1 From now on, we consider propositional formulae in their equivalent conjunctive
normal form (CNF).

2 | R | denotes the number of clauses of R.
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3 Removed Sets Fusion

We propose a new syntactic fusion framework, Removed Set Fusion (RSF), which
aims at merging several consistent belief bases. The approach consists in remov-
ing subsets of clauses from the union of the belief bases, according to a given
strategy P in order to restore consistency. This framework captures the classical
fusion operators and can be efficiently implemented. It generalizes the previously
recalled RSR belief revision operation and requires a generalization of the notion
of removed set.

Let E = {K1, . . . , Kn} be a belief profile where Ki, 1 ≤ i ≤ n is a consistent
belief base and let X and X ′ be two subsets of K1 � . . . � Kn.

Definition 4. Let E = {K1, . . . , Kn} be a belief profile such that K1 � . . . � Kn

is inconsistent, X ⊆ K1 � . . .�Kn is a potential removed set of E iff (K1 � . . .�
Kn)\X is consistent.

The number of the potential removed sets is exponential with respect to the
number of clauses in E. Hence, only the most relevant potential removed sets,
according to a the chosen strategy, have to be selected. Therefore, a preference
relation according to any strategy P , denoted by ≤P , is defined and X ≤P X ′

means that X is preferred to X ′ according to P .

Definition 5. Let E = {K1, . . . , Kn} be a belief profile such that K1 � . . . � Kn

is inconsistent, X ⊆ K1 � . . . � Kn is a removed set of E according to P iff

1. X is a potential removed set of E;
2. There is no X ′ ⊆ K1 � . . . � Kn such that X ′ <P X.

We denote by FP R(E) the collection of removed sets 3 of E according to P , the
Removed Set Fusion (RSF) is defined as follows.

Definition 6. Let E = {K1, . . . , Kn} be a belief profile. The fusion operation
ΔP (E) is defined by:

ΔP (E) =
∨

X∈FPR(E){Cn((K1 � . . . � Kn)\X)}

Classical merging operators are easy to use in this context, by instanciating the
preceding definitions with the preference relations defined next.

3.1 Representing Classical Fusion Operations with RSF

We here define some of the classical merging operators (Card,Σ, Max, Gmax,...).
They can be encoded by preference relations over potential removed sets.

3 If K1 � . . . � Kn is consistent FP R(E) = ∅.
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Card operation. The Card operation is captured within our framework as
follows:

Definition 7. Let X and X ′ be two potential removed sets of E without repeti-
tion: X ≤Card X ′ iff |X | ≤ |X ′|.

The Card strategy minimizes the number of clauses to remove from E and does
not take repetitions into account. It is close to the Comb4 operator defined in
[1].

Σ operation. The Σ operation is captured within our framework as follows:

Definition 8. Let X and X ′ be two potential removed sets of E: X ≤Σ X ′ iff∑
1≤i≤n |X ∩ Ki| ≤

∑
1≤i≤n |X ′ ∩ Ki|.

The Σ strategy minimizes the number of clauses to remove from E taking repe-
titions into account. It corresponds to the intersection operator defined in [25].

Max operation. The Max operation is captured within our framework as
follows:

Definition 9. Let X and X ′ be two potential removed sets of E: X ≤max X ′

iff
max1≤i≤n |X ∩ Ki| ≤ max1≤i≤n |X ′ ∩ Ki| and X ⊆ X ′.

The Max strategy tries to spread the clauses to remove over the belief bases of
E and minimizes the number of clauses to remove from the belief base the most
involved in the inconsistency.

Gmax operation. The Gmax operation is captured within our framework as
follows:

Definition 10. For each potential removed sets X and each belief base Ki, we
define pi

X = |X ∩Ki|. Let LE
X be the sequence (p1

X , . . . , pn
X) given in a decreasing

order. Let X and X ′ be two potential removed sets of E: X ≤Gmax X ′ iff LE
X <lex

LE
X′

4.

The GMax strategy is a refinement of the Max strategy it removes clauses from
the belief bases according to a decreasing order on the number of clauses involved
in the inconsistency.

Example. We use the following example [2] to illustrate our framework. Con-
sider the following situation : a teacher asks to his students which among the
following languages SQL (denoted by s), O2 (denoted by o) and Datalog (de-
noted by d) they would like to learn. The first one wants to learn SQL or O2 but
not Datalog (K1 = {¬d, s ∨ o}). The second one wants to learn only Datalog
or O2but not both K2 = {¬s, d∨o, ¬o∨¬d}. The third one wants to learn all three

4 We denote by <lex the lexicographic order.
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K3 = {s, d, o}. Let E = {K1 � K2 � K3} be the corresponding belief profile. In
this case, the result of the fusion will be :

– FCardR(E) = {{¬s, d}, {s, d}} and ΔCard(E) = {{¬d, s ∨ o, d ∨ o, ¬o ∨
¬d, s, o}, {¬d, s ∨ o, ¬s, d ∨ o, ¬o ∨ ¬d, o}}

– FΣR(E) = FCardR(E) and ΔΣ(E) = ΔCard(E)
– FMaxR(E) = {{¬s, d}} and ΔMax(E) = {{¬d, s ∨ o, d ∨ o, ¬o ∨ ¬d, s, o}}
– FGMaxR(E) = FMaxR(E) and ΔGMax(E) = ΔMax(E)

We now present an implementation of RSF for the Card and Σ strategies.

4 Encoding RSF in Answer Sets Programming

We now show how we construct a logic program, denoted by PE , such that the
preferred answer sets of PE correspond to the removed sets of E.

We first show how to translate the Removed Set Fusion into a logic program,
in the spirit of Niemelä in [20], in order to obtain a one-to-one correspondence
between answer sets of PE and potential removed sets of E. The key idea of the
translation is to introduce for each clause, an atom which presence in the answer
set corresponds to the presence of the clause in a potential removed set. We then
define the notion of preferred answer set in order to perform RSF.

4.1 Translation into a Logic Program

Let E = {K1, . . . , Kn} be an belief profile. The set of all positive literals of PE is
denoted by V +. The set of all negative literals of PE is denoted by V −. The set
of all atoms representing clauses is defined by R+ = {ri

c | c ∈ Ki} and CL(ri
c)

denotes the clause of Ki corresponding to ri
c in PE , namely ∀ri

c ∈ R+, CL(ri
c) = c.

To each answer set S of PE , we associate the potential removed set CL(R+ ∩ S).

1. The first step introduces rules in order to build a one-to-one correspondence
between answer sets of PE and interpretations of V +. For each atom, a ∈ V +

we introduce two rules : a ← not a′ and a′ ← not a where a′ ∈ V − is the
negative atom corresponding to a.

2. The second step excludes answer sets S which correspond to interpretations
which are not models of (K1 � . . . � Kn)\Ci with Ci = {c|rc ∈ S}. For each
clause c of Kj such that c = ¬bo ∨ . . . ∨ ¬bn ∨ bn+1 ∨ . . . ∨ bm, we introduce
the following rule rj

c ← bo, . . . , bn, b′n+1, . . . , b
′
m

This translation differs from the one proposed in [26] for RSR since we only
consider the positive atoms R+ representing the clauses.

Example. The logic program PE corresponding to the previous example is:

s← not s′ s′ ← not s d← not d′

d′ ← not d o← not o′ o′ ← not o
r1

¬d ← d r1
s∨o ← s′, o′ r2

¬s ← s
r2

d∨o ← d′, o′ r2
¬d∨¬o ← d, o r3

s ← s′

r3
d ← d′ r3

o ← o′
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Let S be a set of atoms, we define IS such that IS = {a|a ∈ S} ∪ {¬a|a′ ∈ S}.
The following proposition establishes the correspondence between answer sets
and models of (K1 � . . . � Kn)\CL(R+ ∩ S).

Proposition 1. Let E = {K1, . . . , Kn} be an belief profile. Let S ⊆ V be a
set of atoms. S is an answer set of PE iff IS is an interpretation of V + which
satisfies (K1 � . . . � Kn)\CL(R+ ∩ S).

In order to compute the answer sets corresponding to the removed sets we in-
troduce the notion of preferred answer set according to a strategy P .

Definition 11. Let PE be a logic program and let S and S′ be two set of atoms
of PE . S is a preferred answer set of PE according to a strategy P iff

– S is an answer set of PE ;
– for every answer set S′ of PE, S′ is not preferred to S according to P .

The correspondence between preferred answer sets and removed sets is given by
the following proposition for the strategies Card and Σ.

Proposition 2. Let E = {K1, . . . , Kn} be an belief profile. X is a removed set
of E according to the strategy P iff there exists a preferred answer set S of PE

according to P such that CL(R+ ∩ S) = X.

Example. Let PE be the logic program of the previous example. The collection
of preferred answer sets of PE according to the strategies Card and Σ is : {S1 =
{s, d′, o, r2

¬s, r
3
d}, S2 = {s′, d′, o, r3

s , r3
d}}. Since R+ = {r1

¬d, r
1
s∨o, r

2
¬s, r

2
d∨o, r

2
¬d∨¬o,

r3
s , r3

d, r3
o}, the removed sets are CL(R+ ∩ S1) = {¬s, d} and CL(R+ ∩ S2) =

{s, d}.

4.2 Computing the Preferred Answer Sets : The RSF Algorithm

The RSF algorithm computes the preferred answer sets corresponding to the
removed sets. This algorithm is a modification of Smodels algorithm that selects
the preferred answer sets according to a chosen strategy P . It builds, step by
step, a collection of candidate answer sets. At the end of the computation, this
collection contains all the preferred answer sets corresponding to the removed
sets.

The selection of the preferred answer sets is achieved thanks to the function
ConditionP (A), where A is a set of atoms. This function compares the current
answer set candidate to the preferred answer sets previously computed. The
three possible behaviors of the function ConditionP (A) are:

1. A cannot lead to any preferred answer set. In this case, the computation is
stopped and the algorithm backtracks;

2. A is complete and is equally preferred to the previously computed best an-
swer sets. In this case, A is added to the collection of candidates answer
sets;
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3. A is complete and is preferred to the previously computed best answer sets.
In this case, the collection reduced to A replaces the collection of candidates
answer sets.

Another adaptation of Smodels concerns the initial heuristic of Smodels. If
an atom a is selected then the atom a′ cannot be deduced anymore. The only
atoms that can be deduced are atoms that represent the rules ri

c. The use of the
standard heuristic leads to maximize the number of deduced ri

c which contradicts
the objective of RSF. It doesn’t allow us to take advantage of the pruning of
the search tree. We modify the initial heuristic in order to select the atoms that
minimize the number of deduced atoms. Therefore, the first computed answer
sets have greater chances to be preferred according to the chosen strategy. The
new function is called mheuristic(A).

Algorithm 2. Algorithm rsf(A)
A← expand(A)
if conflict(A) then

return false
end if
if (1) ConditionP (A) = 1 then

return false
else if A is a subset of an already computed model then

return false
else if A covers atom(E) then

if (2) ConditionP (A) = 0 then
add A to the set of solutions
return true

else
(3){A} becomes the set of solutions
return true

end if
end if
x← mheuristic(A)
rsf(A ∪ {x})
rsf(A ∪ {not x})

The adaptations of the original Smodels algorithm consist in: (i) avoiding all
the subsets of R+ leading to answer sets which removes more clauses than the
removed sets; (ii) not computing several times the same subsets of literals of
R+; (iii) taking advantage of possible cuts in the search space.

5 Preliminary Experimental Study

We now present the results of a preliminary experimental study of the RSF
approach. The tests were conducted on a Centrino cadenced at 1.73GHz and
equipped with 1GB of RAM.

As far as we know, there is no other implementation of the fusion of propo-
sitional belief bases nor benchmarks for fusion. The following preliminary tests
are not exhaustive enough to conclude about the efficiency of RSF. Nevertheless,
they show the practicability of the approach. In order to be able to conclude on
the efficiency of RSF, we plan to develop a more complete set of tests.



Syntactic Propositional Belief Bases Fusion with Removed Sets 75

Table 1. Results for nb = 3, sc = 3 and d = 20%

nc nv Succes(%) T ime(s)
100 1000 100 2, 1
200 2000 100 7, 2
400 4000 100 37, 6

nc nv Succes(%) T ime(s)
600 6000 100 105, 2
800 8000 100 221, 4
1200 12000 0 −

Table 2. Results for nb = 3, sc = 3 and d = 20% according to nv/nc

nc nv Succes(%) T ime(s)
400 200 40 68, 7
400 400 20 13, 5
400 800 70 17, 5

nc nv Succes(%) T ime(s)
200 100 90 2, 2
200 200 90 11, 1
200 400 90 2, 1

Benchmarks are randomly generated according to several parameters: the
number of bases (nb), the number of clauses in the bases (nc), the number of
variables in the bases (nv), the size of clauses in the bases (sc) and a parameter
that measures how belief bases differ (d).

Test bases are constructed as follows. We randomly construct an interpretation
and then we randomly generate clauses that satisfy it. From one base to another,
we change this interpretation according to the parameter(d) which represents the
percentage of changed variables. For each set of parameters, we launched 10 dif-
ferent sets of the test bases. A test is considered successfull if it computes all the
removed sets in less than 300 seconds and we keep the average run time of the
successfull tests. The experimentation gives the percentage of successfull tests
and the run time, in seconds, for the computation of all removed sets.

Table 1 shows the result of the behaviour of RSF algorithm for 3 bases con-
sisting on ternary clauses. The RSF approach performs the fusion of 3 bases
with a reasonable run time until a total number of about 3000 clauses and 8000
variables. Making nv/nc vary, table 2 shows a peak of difficulty when nv/nc
approaches 1.

Analysing the running time we have observed that the heuristic for choosing
the atoms is time consuming and has to be improved.

6 Conclusion

This paper presents a new approach for performing syntactic fusion of propo-
sitional beliefs bases and shows that the classical fusion operations Card, Σ,
Max, GMax, initially defined at the semantic level, can be expressed within
this syntactic framework.

The paper shows that RSF can be successfully encoded into answer set pro-
gramming for the strategies Card and Σ and proposes an implementation stem-
ming from Smodels system. It presents a preliminary experimental study that
seems promising for performing belief bases fusion on real scale applications. A
future work will conduct the implementation of Max and GMax strategies.
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A more extensive experimentation has to be conducted on real scale applica-
tions in order to provide a more accurate evaluation of the performance of RSF.
This will be conducted in a future work in the framework of an european project
in the context of fusion of spatial information. Moreover, the development of a
benchmarking platform for fusion will be useful, not only for testing RSF, but
more globally for anyone willing to work on practical implementations of fusion
operations.

Removed Set Fusion (RSF) makes it possible to efficiently implement the
classical Card and Σ fusion operators, moreover it generalizes Removed Set
Revision (RSR) since belief bases revision can be considered as the prioritized
merging of two belief bases [27] and RSR amounts to the fusion of two sources
according to the Card strategy.

Our framework could be extended according to several directions. A first
extension for dealing with constraints that the merged belief base Δ(E) has to
satisfy. A second extension to prioritized belief bases fusion.

A future work will detail the semantic characterization of RSF. This charac-
terization is provided from the set of clauses of K1 � · · · � Kn falsified by an
interpretation.
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