Chapter 13
On Potential Theory and HS of Harmonic
Functions

13.1 Outline of the Chapter

The Newton potential of the earth as well as its anomalous gravity potential are har-
monic functions outside the earth body B, therefore the interest of geodesy in spaces
of harmonic functions is quite justified. More precisely, from the mathematical point
of view we are interested in a situation in which B is an open, simply connected
bounded set, with a relatively smooth boundary S and B =0 (the complement of
the closure of B) is simply connected too. Let us note explicitly that this prevents B
from having holes in it or even single points removed.

We start in Sect. 13.2 building some Hilbert spaces of harmonic polynomials,
which, being embedded into polynomial spaces, are indeed finite dimensional.
In particular it is proved that these have their own reproducing kernels and, by
transforming Cartesian into spherical coordinates, a fundamental relation is found
between such reproducing kernels and the sequence P, (cos ¥.,). Each Legendre
polynomial multiplied by |x|" - |y|" turns out to be the reproducing kernel of
the subspace of harmonic polynomials homogeneous of degree n. By using the
properties of reproducing kernel Hilbert spaces, illustrated in Part III, Sect. 12.5,
then one finds the famous summation theroem.

The approach follows the idea in Krarup (2006), though departing form them in
some important steps. For other approaches one can consult (Nikiforov and Uvarov
1988).

In Sect. 13.3 all the machinery of Sect.13.2 is translated into properties of
spherical harmonics. When these are considered as a sequence in L?(o) (space
of functions square integrable on the unit sphere S;) they are proved not only to
be orthonormal but also complete. Thus they are an orthonormal basis in L2(S).
Going into the matter of more general spaces of harmonic functions, some classical
properties are proved like the maximum principle or the principle of identity of
harmonic functions.
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Fig. 13.1 A surface S e €,
satisfying the cone condition; P o
¢ = cos q
N (coso<c)
S

A fundamental result is then established, namely that the sequencies of internal
as well as that of external spherical harmonics, when restricted to any closed
bounded and smooth surface S form a complete basis of L?(S). This implies for
instance that any function f € L?(S) can be approximated as well as we like, by a
finite sum of (external) solid spherical harmonics, i.e. by a global model.

The proof that, when we approximate f € L?(S) with a sequence of functions
harmonicin §2, i.e. outside S, we also approximate a function «#, harmonic in £2, and
that this function, suitably restricted to S, becomes equal to f, is the main purpose
of Sect. 13.5. On related matters one can usefully read Fichera (1948).

To do that, the concept of Green’s function is introduced and some of its
properties are studied. In doing so we create a prototype Hilbert space of harmonic
functions, namely that in which potentials in £2 have boundary values in L>(S).

13.2 Harmonic Functions and Harmonic Polynomials

Recall that in this chapter B is a simply connected open set, as specified at the
beginning of Sect. 13.1.

We shall put in the sequel B = B U S, the closure of B and £2 = (B)¢. We shall
assume that S is relatively smooth meaning at least that Gauss’ theorem applies
to B, for instance that S satisfies a so-called cone condition, i.e. there is a positive
constant ¢ < 1 such that for any given point P € S there is a unit vector ep pointing
in £2 and a neighborhood A C S, such that for any other point Q € A itis |egp -
ep| < c with egp the unit vector in the direction from Q to P. Looking at Fig. 13.1,
one sees that if ¢ = cos ¥, with ¢ fixed for the whole surface S, the above means
that « > ¥ when Q € S belongs to a suitable neighborhood A4 of P.

As a matter of fact in the sequel of these notes we shall require a stronger
regularity of the boundary S. For instance we shall assume that the exterior normal
field np is everywhere defined on S and even that np is Lipschitz continuous, i.e.

P,Q€S; |np—ng|<c-PO;

this is basically the same as requiring that S has finite curvature at every point.
Under the above mentioned conditions we can apply an inverse radii transform,

sometimes also called Kelvin or Rayleigh transform, which is as follows: put the

origin O of R? in B and take a spherical coordinate system (r, %%, 1), then define
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Fig. 13.2 The geometry of
Rayleigh transform, with Q

B =R(R),5 =R(S) s
S

R2
s=—, % =9 1= (13.1)
r

where R is any radius of a sphere totally inside B. Under (13.1), denoting
§=(r0.2). § =(s.9.2). § =R, (13.2)
we obviously have that, putting
S"=R(S), B’ =R(£2), 2' = R(B), (13.3)

then S’ is totally inside the sphere r = s = R (see Fig. 13.2), B’ is inside S’ and
contains the origin, while §2’ is outside S’. In particular

R(0) = 0o, R(co) = 0. (13.4)

Definition 1. A function u is harmonic in classical sense in B, denoted u € H(B),
if it is continuous with its second derivatives in B, and if Au = 0 atany point P € B
(recall that B is open). A function u is harmonic and regular in £2, u € H(£2), if it
is continuous with its second derivatives in £2 and furthermore
lim u(P) = 0; (13.5)
P—0o0
(13.5) means that Ve > 0, AR,; |u(P)| < e whenrp > R,.

Proposition 1. Let B, S,$2 and B, S’, 2’ be as in (13.3). We can show that if
u € H(B) then, defining

(s, 9, A) = éu G 9, /\) = R(u) (13.6)

we have v € H(§2'). In other words if we put v = R(u), the Rayleigh transform
of u, we have R : H(B) — H(£2'). Similarly R : H(2) — H(B’). Moreover

R2(u) = R(v) = u (13.7)

forYu € H(B) oru € H(S2).
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The above statement basically means that, when useful, we can study properties
of spaces of harmonic functions on bounded domains, like B, and then derive the
corresponding properties for spaces of regular harmonic for functions in 2.

Among harmonic functions in B a special role play the polynomials which are
also harmonic in B. Having to work with polynomials, it is convenient to adopt a
multi-index notation already presented in Example 11 of Sect. 12.2.

Remember now that any polynomial Py (£) is defined everywhere in R* and
that two polynomials which coincide in a neighborhood of a point & coincide
everywhere, because then in &) they will have the same derivatives up to order N
(all higher order derivatives are zero); this is the principle of identity of polynomials.
The following conclusion can be drawn.

Proposition 2. Any polynomial harmonic in an open set B is harmonic in the whole
of R, but of course not regular at 0o, unless it is identically zero.

N
Proof. Let Py(§) = Z Z &%, & = (x,y,z), be harmonic in an open set B.

n=0 |a|=n

Then the polynomial of order N — 2

N
Py(§) = Z an(A&‘“) =0, £cB
n=0 |a|=n
and therefore Py_,(£) is zero everywhere in R3. O

Accordingly, we can study the space of harmonic polynomials in R*, without any
specific reference to B. We call it H%3,, when only polynomials up to degree N are
taken into account. As it is obvious

HP3 C Py,

the space of all polynomials, already studied in Examples 1 and 11 in Chap. 12.

Since SD?\, is a HS of finite dimension, H SD?\, will also be a finite dimensional HS,
under the same scalar product. In particular, to the orthogonal decomposition (see
Example 11)

Py =H; ® H ® H; ... H}, (13.8)

where H k3 are spaces of polynomials homogeneous in £ of degree k, there must
correspond an analogous decomposition

HPY = HH; ® HH} & ... ® HH}, (13.9)
where each HH ,f’ contains all the harmonic polynomials, homogeneous of degree k.

Note that the orthogonality of H HZ’ and H H]f’ A # k, is already guaranteed by
(13.8) and the obvious fact that
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HH} C H}. (13.10)

The structure of the reasoning followed here is based on Krarup (2006) and has
been used to develop explicit formulas for the traditional spherical harmonics.

Since this will be useful in our construction, we will simultaneously reason on
P HP3 and HH}.

Our first target will be to count the dimensions of HH, kz and HH, k3

Definition 2. In order to avoid confusion, let us agree on some notation. We put

x =,y
p=lxl
§=(x,y.29 =12

r=lgl= Vo +2.

In particular p = | x| used in this context should be not be confused with the symbol
p used sometimes in the text for mass density.

Proposition 3. We have, with obvious notation,
D} = dim HH} = 2 — 8o; (13.11)
foreach k # 0, the two homogeneous polynomials are given by the formulas
he(x) = Re(x +iy)*s hoy () = Im(x + i) (13.12)
furthermore hy, and h—_y are orthogonal in H k2

Proof. We note first of all that HH} = HO2 with iy = 1 being the unique linearly
independent element, homogenous of degree zero. All the other elements of H HO2
are just constant everywhere. Similarly Hle = le and all homogenous (and
harmonic) polynomials of degree 1 are obtained by combinationof 7, = x, h_; = y;
all that agrees with the statement of the proposition.

Now let i(y) € HHk2 with k > 2; then we can put x = pcosA,y = psin A and
we have

h(x) = p* fe(A). (13.13)

Let us impose to (13.13) to satisfy the Laplace equation in polar coordinates
(p,A)in R?, i.e.

? 19 1 92

ah00 = (5 + 5 30+ 5 37 ) B0 = P2 R AG) + /0] = 0.
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This implies that
Jr(X) = ar coskA + by sinkA, (13.14)
i.e. we have two independent solutions, in polar coordinates, namely
k>0, h(p.A) = pfcoskA , hy(p,A) = p*sinkA (13.15)
Now it is enough to observe that
k _ RN S _ N
pfcoskA = Re(x +iy)", p*sinkA = Im(x +iy)
to prove (13.12).
That &y and h_j are orthogonal to one another derives from the development
of (x 4 iy)* in a binomial formula; separating the real from the imaginary part
we see that they are linear combinations of monomials y* which can never be the

same. Since such monomials are reciprocally orthogonal (cf. Example 11), we have
proved what we wanted. O

Proposition 4. Let us split H k3 into two orthogonal complements
H} = HH} ® CH}; CH} = (HH})*, (13.16)
then we have
CHY = {P(§) = r*Pia(§). Pis € H{}: (13.17)
furthermore, adopting a notation similar to (13.11),
D} =dim HH} =2k + 1. (13.18)

Proof. First we immediately see that CH}? defined by (13.17) is orthogonal to HH}?;
in fact let hy (§) € HH | then (cf. (12.80))

VP € H 5. <r?Pea(®).hi(§) > = Peoa(@) A () |,y = 0. (13.19)

We note too, that CH}? is a closed subspace of H;}. Now we have to show that CH}?
covers the whole complement of HH}?; it is enough to show that the orthogonal
complement of CH}, defined by (13.17), is in fact HH}.

Since CH ]: isclosed, VP, € H ]: we can make the orthogonal decomposition

Pi(§) = r* Pe_a(§) + Ri(§) (13.20)

with Ry (§) LCH} i.e. Ry belongs to the orthogonal complement of CH}. But this
implies
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<1?Pig, Ry >= Pioa(9e) ARk |,y =< Pia(§), ARk(§) >= 0, (13.21)

VPi€ H]?_z. Equation (13.21) then implies ARy (§) = 0 because this is a poly-
nomial in Hk3_2. Equation (13.20) is, as a matter of fact, (13.16).
Now, since CH k3 is one to one with H ,{3_2, we have (cf. Exercise 1, Chap. 1)

k — 1k
dimCH} = dim H}_, = %;

(13.18) follows from
D; = dim H} — dim CH}}

_ (k+Dk+2) (k-Dk

=2k + 1. O
5 +

The Exercise 3 is preparatory for the next proposition; the reader is advised at
least to read it before continuing.

Proposition 5. The following decomposition formula holds

Py(&) =hy(E) +rPhy—o(&) + r*hy—a(§) + ... (13.22)

the summation of terms r**hy_o; (§) being extended up to k = [%] (the smallest
integer < N/2); as shown in Exercise 3 each hy_ (§) is a harmonic polynomial in
HH]?\’,_Zk; hy (&), which is the orthogonal projection of Py (§) onto HH?,, is given
by the inverse formula

hy(€) = Py(&) + qir* APy (§) + qar* APy () + ... (13.23)

where gy are suitable constants independent of the specific Py once N is fixed.
Equation 13.23 is also known as Pizzetti’s formula in mathematical literature
(Dunford and Schwarz 1958; Courant and Hilbert 1962).

Proof. We just re-write (13.20) in the form

Py (§) = hy(§) +r’ Py (&) (13.24)

where, as we have seen, sy is harmonic, i.e. hy € HH]{’,. By iterating (13.24) we
get (13.22). Notice that since the degree jumps 2 by 2 from N, we end up with P; (&)
or Py(&), depending whether N is odd or even. But P;(§) or Py(§) are already
harmonic by default.

Now we apply to (13.22) successively 72A,r*A% ... and we get, taking Exer-
cise 3 into account,
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rzAPN = A“rth_z + A12r4hN_4 + A13r6hN_6 + ...
r*A?Py = Apr*hy—g + Asr®hy_¢ + ... (13.25)
r6A3PN = A33r°hN_6 —+ ...

As we see (13.25) can be considered as a triangular system with (VZkhN—zk) as
unknowns and (7?* A* Py) as known terms. Since (cf. Exercise 3)

A =2k -2k —2)...2-2N =2k +1)- 2N —2k — 1)... (2N — 4k + 3)

are always positive (remember that k goes from 1 to [%]) the system is invertible.
So solving (13.25) and substituting back in (13.22) we get the expression (13.23).
We note that ¢x can be computed as we suggest in Exercise 4, however here it is
only important to strengthen that g are independent of Py, i.e. they are the same
VYPy € Hj,. O

At this point we are ready to derive the first important result of this chapter.
In fact we note that the elements of HH f\’,, being also elements of H3, enjoy the
reproducing property

hy(8) =< Kn(&,m), hy(n) >y (13.26)
with (cf. Example 13)
t \N
Ky(E.n) = % (13.27)

nevertheless Ky (£, 1) is not the reproducing kernel of HH 3, because for any fixed
7, K(&;7) does not belong to HH 3, namely it is not harmonic. The next Theorem
will provide us with the correct RK of HH},, which is nothing but the orthogonal
projection of Ky onto HHJ},. Hereafter we switch from N to n, to allow for the
distinction of the maximum degree of the polynomial, N, from the homogeneous
degree n.

Theorem 1. Each subspace of homogeneous harmonic polynomials HH} is
endowed with a RK, H, (&, n) given by

Hy(&.n) = Aprgry Pa(1) (13.28)
where
t
= s = , = = s
re = |&|, ry = |7 rer, cos Vg,
ik 13.29
"= 2n)! (13.29)

and P, (t) are exactly the Legendre polynomials of degree n, already seen in Part I,
Chap. 3.
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Proof. Take K, (&,n) and apply to it, considered as a function of 7, the formula
(13.23), so as to define

(5]
Hy(§.0) = Ku(§. 1) + D _qer) Ay Ko (&, m). (13.30)
k=1
By using the following, easy to prove, formula
ArE'm)" =nn—1)...(n—2k + Drg*(En"*
in (13.30) we receive
1 [5]
Hy(6.m) = — S E'm" + Y peryrd & m" ™ (13.31)
n! Py
where we have set

P =qin(n—1)...(n =2k +1). (13.32)

If we put in evidence in (13.31) rg, r,’;, and we agree that pp = 1, we can write

NI

rgr” ]
Hy(E.m) = =23 pit" ™ = 1r Qu(0). (13.33)

!
k=0

where 0, () is a polynomial in # = cos ¥, containing only even or odd powers,
according to the parity of n. We note that H, (&, ) = H,(y, &), that H,(£,7) is
harmonic in 7 by definition, and therefore H (£, 7) is harmonic in & too, and finally
that H, (&, n) has the reproducing property in HH,? because

< Hy(&,1m), hy(n) >

< Ky (&.m). hu(n) >

(51
+ ) perdt < rFE T b (8) >
k=1

< K, (&.m), ha(n) >= h,(§).

In fact all the terms multiplied by a power of rik are orthogonal to all harmonic
polynomials.

Observe that H, (&, ) has to be harmonic in 7, whatever is the vector &, since
neither the coefficients gx nor p; have to depend on the specific homogenous
polynomial (§"%)", once 7 is fixed.
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Then we can choose E = (0,0, 1), i.e. the unit vector along the z axis; then
t = cos ¥ and we must have that

H,(&,n) =1, Qu(1) (13.34)

is harmonic. On the other hand we already know that r" P, (¢) is harmonic when
P, (¢) is a Legendre polynomial and this means that we must have

0,(t) = A, P, (1). (13.35)

In fact, writing the Laplacian first in spherical coordinates (r, ¥, A) and then
changing ¢ into ¢ = cos ¥}, one gets
A—82+28+1 82+Ct198+ L&
T2 Trar T a2 T T it ax
¥ 29 1 [ d 19 }

(13.36)

_ - _2__ e
_3r2+r3r+ a Z) 28t+ — 12 0A2

We can use (13.36) on (13.34) to conclude that

"2[n(n+1)Q,,(z)+(1—t2) 0,(t) — 2t — Q(z)}zo. (13.37)

If Q,(¢) has to satisfy (13.37) and to be a polynomial with the same parity as n,
then Q, is fixed up to a constant (see the Exercise 5). Since P, (t) satisfies (13.37),
the relation (13.35) must be true, so we have only to find A,. We note that, (cf.
(13.33) and (13 34)) the coefficient of £ in Q,(7) is just -; L The coefficient of " in

Py () is 5 ,)2 (see Exercise 6). So we must have A, = 2”n'/(2n)' as it was to be
proved. O

Definition 3. For reasons that will become soon clear, we define
L,(&,n) = ré’r;’(Zn + 1) Py (cos Ygy) (13.38)

so that we have (see (13.35))

H,(&.n) = Ln(&.m). (13.39)

2+1

Remark 1. Let us remember that H, (€, n), considered as a family of functions of
n indexed by &, is total in H H,f (see Proposition 15, Example 13); the same then
must be true for L, (&, n).

On the other hand we know that HH,? has dimension 2n + 1 (cf. (13.17)),
therefore there must be (2n 4 1) points & # 0 such that {L,(&;,n)} is a basis
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of HH?. Furthermore, since L, (1;, ) = A"L,(&,,n), the point &, can be chosen
to belong to S, the sphere of radius 1.
This means that Vh, € HHn?’ we can put

2n+1

ha() =Y AiLn(§;.") (13.40)

i=1

and that this correspondence is one to one, so that 4, = 0 < {A} = 0. Therefore,
using (13.39) and the fact that H,(-) is a RK,

VA #0, | =

(Z”A—Jrl)z,,,-xiun(gi,gj) >0 (13.41)

n

and we see that {L,(§;, &)} is an invertible matrix.
On the other hand we know that (cf. Part I, (3.188)) L, (&, 5) has also a nice
reproducing property when &, € S; and we adopt an L(S)) scalar product; namely

1
E /a Ln(E’VI)Ln@/,’I)dC’n =< Ln(g")7Ln(§/v ) >12(s)= Ln(sag/)‘

Even more, we know that (cf. Part I, (3.182))

< L,(&,m), Lu(§'.) > 125,

= [ L mLaE o,

All that allows us to draw a number of conclusions that we state in the form of
three Lemmas.

Lemma 1. Let us introduce the trace operator I's, : P‘;’v — LZ(SI)
VPy € Py: I's Py(§) = Py(¥)|,_,:
then the image of HH? in L*(S)), i.e.
Iy, (HH;’) = Spanges ALn(§,m)} = Spangeg { Pu(cos Vg »)},  (13.43)

is isometric to HH?, up to a constant. Since by combining (13.40) and (13.41) we
see that

2n + 1
Vhy € HH: hallyy gy = =105 ()2, (13.44)

in particular this implies that any two vectors orthogonal in HH? with its original
scalar product are orthogonal in L*(S1) too and viceversa.
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Lemma 2. [fwe consider the decomposition
HPY = HH; @ HH;®, ..., ®HH,, (13.45)

which is orthogonal in the original topology in HH,?, we see that, thanks to (13.41),
the same decomposition for the image I's, (HP?,) is orthogonal in L*(S}) too, and

N 2n + 1)
VYPy € HP}; ||PN||§,¢>?V = ZA—n”FS‘ (P¥)17s,).  (13.46)
n=0

Equation 13.46 is a norm equivalence for any fixed N, but not when N — oco.

Basically this means that the geometry of H %3, with the original scalar product and
with the product of L?(S)) is the same.

Lemma 3. Any element Py € HP?V is uniquely determined by its trace on S1.

That this occurs for each component %, € HH; makes no surprise because
h,(A§) = A"h,(&), and then if we give h, on S; we fix it in the whole of R>.
But the Lemma claims that this is the same for all Py € H®P3,. The reason is that
the following representation holds

N N 2n+1
VPy € HPY: Py(E) =) ha(§) =D Y AuiLn(&,;.6):  (1347)
n=0 n=0 i=1
therefore
2m+1

< Py(E), L (€ ) >12s)= D Ln(E i Epp)hmis  (13.48)

i=1

m=0,1,....N, j=1,2,....2m+ 1.

Equation 13.48 is a set of N + 1 systems, one for each m, whose solutions exists
as a consequence of (13.39). Since the known terms of (13.48) depend only on
Py (&) on Sy, the Lemma is proved.

In a sense Lemma 3 is nothing but a theorem of existence of the solution of the
Dirichlet problem for Laplace equation in polynomial spaces. In fact if we go back
to (13.22) we see that V Py € P53, taking its trace on Sy, i.e. putting r = ||§] = 1,
we get the same function as the trace of the polynomial iy (§) + r’hy_o(&)+ ...
and such a trace, as we saw in Lemma 3, is sufficient to know each individual
component.

Then, as nicely stated in Krarup (2006): “given any polynomial Py (&) in B,
there is one and only one harmonic polynomial agreeing with it on S;.”

The above reasoning and Theorem 1 lead us to one of the main results of this
chapter, which we propose in the form of a Theorem.
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Theorem 2 (Summation theorem). Given in HH? any ON set of polynomials
{@un(&)}, that we shall call spherical harmonics of degree n and order m, we must
have

2n+1

Hy (.0 =) @un(E) @ (n): (13.49)

m=1

because of (13.38) and (13.39), by simply changing the normalization of ¢,,(€), i.e.

putting
A _
(€)= 5= Pun(®) (13.50)
we get
2n+1
LiE. M) =Y 0un(&)0,,(n): (13.51)
m=1

{@,m} are then normalized in L*(Sy), contrary to {@..} that are normalized
in H Hn3 .

Proof. Simply apply Theorem 3 on RKHS. O

13.3 Spherical Harmonics

We can observe that (13.51) holds whatever is the CON system {@,,,(§)}; however
there is a particular system of this kind, that we shall study in detail in the next
proposition, characterized by the fact that if we express € in polar coordinates
(r,¥,A) we obtain spherical harmonics in which the three variables separate, in
the sense that

G () = 1" Y (8, 1) = 1" fu(A) P o (9) (13.52)
fm(A) =cosmi, fo,,(A) =sinmA, m=0,1,2...n
Such functions are called, by antonomasia, inner solid spherical harmonics. The
adjective “inner” refers to the fact that one can apply to (13.52) the Rayleigh

transform (see Proposition 1) with respect to the unit sphere, R = 1, to obtain
the “outer” solid spherical harmonic

~ 1
Pun(§) = —=7Yum(D, 1) (13.53)
r

which are regular harmonic functions in the whole R?, including the infinity but
excluding the origin.
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We note that, since @,,,,(§) are normalized in L2(S;), we must have in fact

1
e / Yom(@. )Y 59, 1)dSq = 8,78 (13.54)
T

The function Y, (0, A) are called surface spherical harmonics: they are the
trace on S| of solid spherical harmonics. The indexes n and m of Y, are called
respectively the degree and the order of the spherical harmonics.

Now if we use (13.52)in (13.51) we get a very useful, and widely used, Corollary.

Corollary 1. We have

1

Pn (COS wgn) = m

Z Ynm(ﬂfs AE)Ynm(ﬂns A7])7 (1355)

where § = (g, O¢, Ag), n = (1, Uy, Ay) and Yy is the spherical angle between the
directions of & and 7).

Proposition 6. For every degree n we find 2n + 1 homogeneous harmonic polyno-
mials of the form (see Definition 2 and formula (13.52) for the notation)

Sum(p: 2.2 = " fin (V) Qi (0. 2) (13.56)
m=-n,-n—+1,...,n—1,n.

Note that these Q,_j;|(p, 2) should not be confused with the Legendre functions of
second kind, which by the way are functions of one variable only.

In (13.56) Q,—m|(p, 2) is a polynomial homogenous of degree n — |m| in (p, z),
with a form of the type

Qnim(py2) = 271 4 gy M=2p2 (13.57)
1
— quzn—|m|—2kp2k
k=0

where we have put for the sake of simplicity

_[n—1Im]
I—|: 3 i| (13.58)

and
qo = 1. (13.59)

The functions Suu(p, A, z) are called solid spherical harmonics and when we go
to spherical coordinates (r, 9, A) by putting p = rsint,z = r cos ¥ they get the
form

Sun(r, 9,4) = 1" fiu (W) Py (D) (13.60)
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where
P () = (sin )™ Qi (sin 9, cos 9) (13.61)

1
= (sin ﬁ)‘m‘qu (cos 9)" =2k (1 — cos® B)F.
k=0

ie. ?nm(ﬂ) is the product of (sin )| by a polynomial of degree n — |m| in cos 9.
Furthermore the functions Su,(r, 9, X) are L*>(S,) orthogonal, i.e.

1
— | Sum(LO ) S, (1.9, 1)dS; =0 m #m'. (13.62)
4 S

Finally we note that the polynomials Q,—|;|(p,2) in (13.56) and therefore the
functions P, ,,(¥) in (13.61) are defined up to a proportionality constant which
here is fixed by the normalization condition (13.59); we shall see in the sequel other
normalization conditions for such functions.

Proof. We basically must prove that there exist constants ¢o =1, ¢y, ..., g7, univo-
cally fixed by the condition that S, ,, (p, A, z), given by (13.56) and (13.57), satisfies
Laplace equation.

First of all we observe that if we putm = =£n (observe that we claimed Q,,_,| to
depend on |m| and not on m as it will be soon justified) in (13.56), we get Qo(p, 2)
which reduces to Q¢ = 1 and

which are harmonic in (x, y) (cf. (13.66)) and therefore also in (x, y, z).
Furthermore with m = +(n — 1), (13.56) yields

Sntti—1) = 120" fr—n(X) (13.64)

which is again straightforwardly harmonic in (x, y, z), because it is the first order in
z and harmonic in (x, ).

Now take S, ,, from (13.56) and impose to it to satisfy Laplace equation which
we choose to write in cylindrical coordinates, namely putting

2P 14 1P
A S AL A 13.65
02 92 o T mon (13.65)

Considering that one has

V) - Vo™ 0, (0,2) = 0
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because (p, A, 7) is an orthogonal coordinate system, one finds

A [fm (A)p‘m‘ Qn—lml(pv Z):I
= Alfa @0 Qi (p.2) + SR A [P Quii(p.2) | (13.66)
= fuW) =m0,y + Al 0]} =0

implying that the expression in parenthesis has to be zero. So, we are justified to
assume p""‘Qn_‘m‘ to depend on |m| as opposed to m. In other words, to both
fm(X) and f_, (X) we can associate the same p” Q,_,, with m > 0. Considering
the previous remark (see (13.63) and (13.64)) we can now assume that

m=0,1,...n—1. (13.67)
Substituting (13.57) into (13.66) and considering that

Azl1—m—2kpm+2k — (l’l —m— 2k)(l’l —m =2k — l)zl1—m—2k—2pm+2k
+ (m + 2k)2zn—m—2kpm+2k—2’

we find

1
Y (n—m = 2k)(n —m — 2k — 1)K iy, (13.68)
k=0
1
+ Z4k(m 4 k)Zn—m—2kpm+2k—2qk =0
k=0

We explicitly note that the last term of the first summation is always zero because
we have (remember (13.58))

m—m-=201)n—m-21—-1)=0,

while the first term of the second summation is also zero because of the factor
k. As a result the two sums in (13.68) contain exactly the same monomials and
equating the corresponding coefficients we get the recursive relation

m—m—=2k+2)(n—m-—2k +1)
B 4k(m + k)

qk = 1. (13.69)

The equation (13.69) fixes all g; when the normalization (13.59) is assumed.
The second claim of proposition is elementary in nature because

Sum (1, v, A) = fm(’x)’ﬁn—lml(ﬂ)
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and, for m’ # m,

< Snm(la 19’ A,), Snm’(L 197 A) >L2(Sl)

2
LT a8 sin 0B P @) [ fu3) fur (DA =0,
0

:47t

since the Fourier functions { f,,(1)} are well-known to be orthogonal in L? ([0, 27]).
O

Remark 2. As we have already recalled, there are other functions of ¢ which are
used in geodetic literature to form spherical harmonics, namely, with t = cos ¥ and
m=0,1,...n,

Pun(®9) = (1= 2% D}" P, (1) (13.70)
ko = 1|2 — o) 2 + 1y = (13.72)
T m)! '

The P,,(¥) are known as Legendre associated functions of the first kind. They
were found by studying Laplace equation in spherical coordinates, imposing that

A[r" fin(A) Py (9)] = 0. (13.73)

By using formula (13.36) we find for P,,, as functions of t = cos ¥, the equation

2
(1= 2P/ (1) — 2tP!, (1) + [n(n +1) - %} Punlt) =0 (13.74)

which is also known as Legendre equation.
It has to be underlined that if we put m = 0in (13.70) we get

Poo(t) = Py(t), (13.75)

i.e. the associated Legendre functions of order zero are simply the Legendre
polynomials. This agrees with the fact that if we put m = 0 into (13.74) we go
back to (13.37), i.e. the equation that is satisfied by P, (). One can prove that P,
as given by (13.70), do satisfy (13.74) and then (13.73) too.

On the other hand we see from (13.70) that P, (¢) is (sin ¥)™ multiplied by a
Rglynomlal of degree (n — m) in cos? = ¢, i.e. it has exactly the same form of

Py (D) (cf. (13.61)). Since by Proposition (13.6) it has been proved that an(ﬂ)
are unique, up to a multiplicative constant, we conclude that P are the same as
the Legendre functions with a different normalization, i.e.

Poum(®) = Ay P (9). (13.76)
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The constant A4,,, are easy to find by comparing the coefficients of maximum
degreeint in D" P, and in Q,—,,(sin ¥}, cos ), but they are really not needed here.
What is important is that (13.76) holds. Finally, a different normalization is in fact
used in all practical computations as well as in theoretical formulas, namely that of
the functions P, (1), also called normalized Legendre functions.

The normalization condition of P, (1) is derived from the request that the
surface spherical harmonics

Yo (D, 4) = fn (/\)an(ﬁ) (13.77)
have norm one in L2(S;), namely

1
—/Yfm(ﬁ,x)do = 1. (13.78)
41

If we use the relations (remember the definition (13.52) of f,,(1))

2

F2A)dA = (1 4 o)
into (13.78), i.e.

1 2 T o
—/ dxf,j(x)-/ dV sin ¥ P, (9)?
47{ 0 0

_ 1+8m0
T4

1
/ Pon(t)?dt =1,
—1

we see that the constants k,,, have to be computed from

1+ 6, !
#-kﬁm/ P2 ()dt =1, (13.79)
-1
ie.
1 -1/2
m#0 kyy,=2 {/ me(z)dz} (13.80)
-1
1 —1/2
m=0 ky = \/E{/ P,fo(z)dz} . (13.81)
-1

In particular we have

1 —
kno = ———, Puo(t) = ~2n + 1P,(1). 13.82
= v o(?) n ®) (13.82)
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We conclude that the spherical harmonics, { ¥, (3, A}, here precisely defined are
the same functions anticipated by the definition (13.52) and therefore they satisfy
the summation theorem (13.55).

Now that we have set up an explicit construction of a CON system in HH?,
namely {r" Y, (%, 1)}, when we endow this space with the L>(S;) product, we have
to find suitable numerical methods for an efficient computation of the spherical
harmonic functions {¥,,,(%, 1)} = P () fin (1), i.e. of the associated Legendre
functions P, (). This is done by establishing recursive relations, among which
two are relatively simple and widely used in practice.

Proposition 7. The following recursive relation on the degree n for P ,,(t), F;m (1)
(as functions of t = cos ) holds

| Prrrn @)y O Pan@ ] g Puoin @] 563
Pn+l,m([) 11 an(t) Pn—l,m
where
o [ 2n + 1)(2n + 3) }‘/2
i m+1—my(n+1+m)
P 2n + 3)(n + m)(n —m) v
ol -+ 1—m)n+1+m)
for every m # 0 such relations can start from
me(t) = kmm(l - t2)m/2 = Kpm(sin ﬂ)m
— ( (13.84)
P, () = —kpum(1— 2"/t
and
Pooim=0,P,_,, =0 (13.85)
for m = 0 we can start from
Foo =1, FIO = \/gl‘ (13.86)

Py =0, Pyy=+3.
Proof. Of the two relations (13.83) we need proving only the first one, as the second
is just the derivative with respect to ¢ of the first.

We take the recursive relation (cf. Part I, (3.24)) for P,(¢)

n+1D)P+1(t) =2n+ DHtP, —nP,—,
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and apply D™ to obtain

(n+1)D" Py
= @n + 1)tD" P, + (2n + )mD™ ' P, —nD" P,_;.  (13.87)

Then we remember that (see Part I, (3.37))

1
Py = o+ 1 [Pz;+1—P;;—1]

so that

p"lp, = [D" P,y 1 — D™ P,_1];

2n + 1

substituting back in (13.87) and re-ordering, we get
m+1—m)D"P,y1 = 2n+ HtD"P, —(n +m)D"P,—;. (13.88)
Now we multiply (13.88) by (1 — ¢2)”/? arriving at

2n+1 n+m

—_ i n.m_—Pn—lm. (1389)
n+1—m ' n+1—m ’

Pn-l—l,m =

We note here that during the step (13.87) whenever it happens that n <m we
can put

n<m, D"P,=0= P,,, =0, (13.90)

because P, is a polynomial of degree n in ¢; this already justifies (13.85).
Finally in (13.89) we can multiply and divide each P,, by k, (cf. (13.71) and
(13.72)), i.e. we can put

Py =k[,LPz,m, L=n+1,nn—-1

and simplify, to obtain the first of (13.83). The relation (13.84) is just the definition
of P, and its derivative; (13.85) is already justified.

For m = 0, we never have n <m, but we can initialize (13.84) with (13.86),
which are again just definitions. O

Proposition 8. The following recursive relations, on the order m, hold

2t
Pn,m+l = m

1 172
Cm = [(n—m)(n—m+l):| P

ananm - Canann,m—l (1391)
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Do = [(n +m)(n —m + 1D)]"? - /1 + 8,
F/ t —_ D, —

mPy, — mPn,m—l-

nm 1_t2

(13.92)

We note that, although we could indeed put (13.92) in a form where F;’mﬂ is

given as a combination ofﬁ;m and F;!m_l, such equation which can be computed
in sequence after (13.91), has a simpler form which we prefer.
We note also that (13.91) and (13.92) can be triggered by a previous computation

of P o, for all the degrees needed, and then

_ [ 2
Pnl = —(1_t2)l/2—an0
n(n+1) (13.93)

7o t 7 \/Zn(l’l-i-l)F
et e

Proof. We start from the notable relation, proved in Exercise 13.9,
(1 =P =2(m + )P D — (n —m)(m +m + 1)P™, (13.94)
where
P (t) = D™ P,(t).
We substitute (m — 1) to (m) and multiply it by (1 — ¢2)"/2, to get

2t
Pn,m-l—l = 1—[2man - (n + m)(n —m+ 1)Pn,m—l- (1395)

Substituting
Py =knjPuy, j=m+1mm—1 (13.96)
in (13.95) and simplifying, we get (13.91). Now we go back to the definition
Py = (1—1*"2D"P,
and differentiate, obtaining

t 1
Py P, .
1 —12 + ,—1 —t2 nm+1

Using (13.95) in (13.97) and normalizing with (12.96) we find (13.92).
Finally the first of (13.93) is just the definition of P,;, while the second is (13.92)
withm = 1. |

P! =-—m (13.97)
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Remark 3. Whatever recursive relations are used to compute

0

sin 19 @an(ﬂ)y

Pounl0), P, (1) = —
we can then easily compute the second derivative P”,,(t) by exploiting the

equation (13.74) suitably normalized, i.e.

— 2t — 1 m? —
Piy= 3Py = g [0+ D= T | P (13.98)

Remark 4. 1t is possible to see that for m # 0, an(t) — 0, when n — oo.
Therefore when Y, (9, A) are used with sums up to very high degree and order, for
instance several thousands, the relative error in the calculus of such harmonics can
increase significantly, and recursive relations on the degree n, starting from Pom (1),
are not any more providing reliable results, specially when P,,,, itself is already
very small.

So if one has to compute a function like

N n
SO =YY" funYam(®, 1) (13.99)

n=0m=—n

for N equal to several thousands, one has to use (13.91) and (13.92), which for low
orders give a good approximation and when they start giving bad results one can
truncate the summation, because the functions P, (¢) are in any case so small that
they contribute little to sums like (13.99).

Among others, this is also the reason why we start (13.91) at m = 0 instead of
m = n.

Alternatively one can still use the recursion on the degree 7, however one starts
from a P,,, = H,y, P, suitably re-normalized, and in the end one divides again
the result by H,,. This simple trick allows the accurate computation of P,,, for all
degrees and orders up to some thousands.

A longer number of interesting relations like those presented above are known in
literature, including different forms of the summation theorem (Martinec 1998).

13.4 Hilbert Spaces of Harmonic Functions and First
Theorems of Potential Theory

It is now time to abandon the use of simple harmonic polynomials, which implies
working only in finite dimensional spaces, and rather go to HS of harmonic
functions, namely to transform sums into series and to study limit properties when
the dimension of the space goes to infinity.
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The material of this section is covered by several books in geodesy, like
Moritz (1980), Krarup (2006), and Heiskanen and Moritz (1967). A recent simple
mathematical book on the subject is Axler et al. (2001).

The first result to be presented is so important that we state it in the form of a
Theorem.

Theorem 3. The sequence of normalized spherical harmonics
{Yim(LA);, Im| <n,n=0,1,2...} (13.100)
is a CON system in L>(S)) that is ¥ (9, ) € L?(S}) we have
S@0.4) = Som Yo (9, l)
nZ;) m;n (13.101)
fom = % '[Sl SO, Y (9, M)do

the series being convergent in L*(S1); furthermore

1 +o0 n
o = 35 [ £200de =3 3 £ 4302

n=0 m=-—n

Proof. That {Y,,,} is an orthonormal system in L2(S;) we already know; we have
to prove that it is complete.

We could just invoke Proposition 12 here, but to prepare further results (theorem
7) we prefer to prove directly that {Y,,,} is total in L?(S) and then use Proposition 9.
So we need to prove that

Vfe Cl(Sl); < fYum >125)=0,Yn,m = f =0. (13.103)
First note that (13.103) implies
Vn, VP €S < f(Q), Ph(¥rg) >125)= 0, (13.104)

because

n

< f(Q)’ Pn(WPQ) >LS)= Z (2” + 1)_1Ynm(P) < ﬁ Yum >L2(S)) - (13105)

m=—n
Now consider the single-layer potential

_ 1 11 f(Q)

”/51 \/1+r1%—2rpcospr

dog: (13.106)
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if we take rp < 1 or rp > 1 we have, respectively

1 +o0
rp <1, — =) rhPu(cosypo). (13.107)
ePQ n=0
1 =
rp>1, — = —— P, (cos . (13.108)
P ZPQ ;)r;l>+l I//PQ)

The two series (13.107) and (13.108) converge uniformly in ¥ po because

|Pacos y)| < 1. Yy

so that we can substitute them in (13.106) and exchange summation and integral
to find

+o00 1
rpe<1, V(P)= ) r5 %— f(Q)P,(cosypp)do } =0,
. > ro)dog

+o00

rp>1, V(P)= Zrin {%/f(Q)Pn(COS WPQ)dUQ} =0.

n=0"P

In other words, since the potential of an L? single layer admits almost everywhere
on S, radial limits, (cf. Miranda 1970), we find

V(P)=0 (13.109)

everywhere in R3.
On the other hand remember that the following jump relations for the normal
derivatives, taken across S, hold (cf. Part I, (1.54))

1 )% )%
f(P) = 1 % (8_v)+ — (3_1))_} (13.110)

so that we find, because of (13.109), that it is also
S(P) =0, (13.111)

as it was to be proved.
The relation (13.102) is just Parseval’s identity for this specific case. O

Example 1. The following is the Dirichlet problem for a ball By of radius R.
Let a function f(J, 1) be given on S, the boundary of By, and for the sake of
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definiteness we assume f € L?(Sg); we want to find a 2(r, 9%, 1) which is harmonic
in By and agrees, in a suitable sense, to be here defined, with f on Sy

u(R, 9, 1) = f(0,1). (13.112)
Let us state the convention that, at the level of notation, when we represent a series

of spherical harmonics without specifying the summation limits, we implicitly mean
that we add over all degrees and orders, namely

+oo n
anmYnm(ﬁv A) = Z Z Fom Yum (0, 1).
n.m n=0 m=—n

Because of Theorem 3 we know that we can put

P eSp. f(P) =) < f(Q).Yn(Q) > Yuu(P) =Y fumYun(P):

nm

since for each degree and order we know that

r\n
ﬁLmSnm(ra 19’ A') = fnm (ﬁ) Ynm(l?7 A’)’
is indeed harmonic and agrees with
Sum Yo (9, ) on Sk,

we guess that the sought solution is given by

‘oo n n
ur 90 =3 fum (%) Yom(9. 1). (13.113)

n=0 m=—n

The problem is whether the series is convergent and we are allowed to apply the
Laplace operator term-wise, so that from A [(%)n Yum(9,1)] = 0 we can deduce
Au(r,®, 1) = 0. Remember that if we put ¢ = ¢/,A = 1" in (13.55),i.e. £ =
and Ye, = 0, we have

1 n
— Y YR@A) =P(1) =1 (13.114)

2n

This implies that (see also Martinec 1998)

Y (3, V)] < /21 + 1. (13.115)
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Then, from (13.113), by using Schwarz inequality, we have
+o00

1/2
ur 22 = Y (%) {Zf,ﬁ,, : Znyﬂ}

n=0

+o00 rn
Lt e

4 +oo\/— ran

<A m+1(=) : 13.116
SN (%) (13.116)

the last step in (13.116) is justified because from (13.102) we know that
n

Z f.2,— 0, so that there must be a constant 4 such that

m=—n

The relation (13.116) shows that our series is absolutely and uniformly con-
vergent in every ball strictly contained in Bg and concentric with that. Since
the multiplication of (%)n by any (fixed) polynomial in n does not modify the
convergence of (13.116), we deduce that we can apply termwise such operators
as % + % % and r 2 A, and verify that in fact (13.113) is harmonic.

As for the Dirichlet boundary condition (13.112) contrary to intuition, it is not
enough to put r = R in (13.113) and then verify that we are left with the harmonic
development of f(P), because this series is not really convergent in a pointwise
sense but only in L2(S)), i.e. in a mean square sense over Sj.

The correct definition is as follows: we take the trace of u(r, 9, A) at any sphere
with r = R — § and we take the difference

R—-§

J0.0) ~ R =500 = 3 [1 _ (T) ] Yo (9. 2:

we evaluate the L2(S;) norm of such difference, namely
8 n2
1£9.2) = u(R =80 D)5, = 3 12, [1 -(1-4) ] RERTE)

Since each term of the positive series (13.114) is bounded above by f2,, because
indeed
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we can pass to the limit for § — 0 under the series and find

lim [ £(8.2) = u(R = 8.9. 1)}, = 0. (13.118)

Remark 5. This interpretation of the Dirichlet boundary condition has been intro-
duced by Cimmino (1952) and it has been taken up in geodesy in a number of works
on BVP (Cimmino 1955; Sanso and Venuti 1998). As a matter of fact, the theory
holds in general, with suitable changes, for smooth surfaces, S, and for functions
f(P) square integrable over S, as we shall soon see.

Example 2 (Poisson integral). In this example we continue Example 1, giving to the
solution of Dirichlet problem for the sphere (13.113) the form of a Poisson integral.
In fact, substituting

1
Jom = — / FS@& AN Y (', A )do’
41
into (13.113) and recalling the convergence result of such series, we can claim that

Vr <1, u(r,)A) = (13.119)
! "\ /17 /97 /

1

+o00 "
= {Z(%) (2n+1)Pn(cosw)§ F@.A)do',
n=0

Y being the spherical angle between the direction of P (1%, A) and P’(¢, A’) on the
unit sphere.

Now recall that

G@s,t) = ————— P,(t
(s.1) {1+s2 251172 ZS ®
and observe that
9 +o0
25—G(s.1) + G(s.1) = »_(2n + 1)s" P, (1). (13.120)
as =

Using (13.120) in (13.119), with s:% and ¢ = cosy, one receives, after
re-arranging,

ur90) = - / i (rop) £ ) do
ITgi(r,y) = R(RE—r%)

[R2 +7r2=2rR cos 1#] 3z

(13.121)
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The function I g;(r, ) is the so-called internal Poisson kernel for the ball
of radius R. We note that I1g; is a function of the point P = (r,%, 1) and
P’ = (R,?¥, 1) in the sense that

R(R> —|rp|?)
lrpr —rp|?

Il (P, P)= (13.122)

With the notation of (13.122) and observing that R>?do = dS, the area element
of the sphere of radius R, we can re-write (13.121) as

1

P)= —
uP) = R

/HRi(P, P")f(P)dSp:. (13.123)
s

With the aid of (13.123) it becomes quite evident that u(P), inside any sphere
of radius R’ < R, is in fact continuous with all its derivatives, i.e. u € C°(Bg),
because the Poisson kernel enjoys the same property.

We conclude with some properties of the Poisson kernel. Since, with f(P’) = 1
we are to find u(P) = 1 in (13.123), we see that

1
47 R?

/HR,'(P,P/)dSP/ = 1;
moreover [ [, (P, P') > 0 when r < R so that
/|HR1'(P, P")| dSp: < const,

in fact it is equal to 1; furthermore, taking once ¥ # 0 and then ¥ = 0in (13.121)
we find

Y #0  lim ITg(P.P)=0
rp—
v =0 lim [Tz (P, P') = +oc.

I‘P—>R

The above four properties are enough to guarantee that, Vo(P’) € C(Sg) and
Py e Sp

, 1
Jim W/IYRi(P, Po(P)dSp = o(Py). (13.124)

(rp—R)

Proposition 9 (Mean value property). Let u(P) be harmonic in a domain B and
let BR(Po) be a ball of centre Py and radius R such that Br(Py) C B; put
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1
My, pius = / u(Q)dB (13.125)
PoR %JTR?’ Bryr
1
Mg, ptu} = TR /SP . u(Q)ds; (13.126)
0

i.e. the mean value of u(P) over Bp g or over Sp,g respectively; then we have
M, plu} = M, p{u} = u(Po). (13.127)

Proof. u(P) has to be continuous on Sp,r because this surface is contained in B;
then u(P)|s,,, is also in L?(Sp,r) and we can apply (13.122) and (13.123) with
P = Py, |rp| =|rp| =0, [rpr —rp| = Rsothat [[4;(Po, P') = 1; the result is
the second equality of (13.127). Moreover if we multiply both members of (13.126)
by R?dR and integrate, we find

R R
/ R%dR - u(Py) = i/ / u(Q)dSdR = 1 u(Q)dB; (13.128)
0 4 0 SP()R 4

BP()?

noting that foﬁ R*dR = %§3 and dividing both members of (13.128) by such
quantity, we get the first equality of (13.127). O

Proposition 10. This is the inverse of Proposition 9; namely, let u(P) be defined
and continuous up to second derivatives in B; assume further that (13.127) holds
foru(P),V R such that Bp,r C B, then u(P) is harmonic in B

Au(P) =0 in B. (13.129)

Proof. Fix Py and let & be a vector of constant length R, such that Py + & C B; we
can write

W(Py + 8) = u(P) + & - Vu(Po) + 38 Du(Po)§ +0o6). (13130

where we have put

32
D*u(Py) = { ——u(Py + ’é)‘ } .
£=0

0&; 06k

Note that, by direct computation, one has

RZ
MSPOR{S} =0, MSPOR{g £} = ?I‘ (13.131)
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Take M, , of both members of (13.130) and use (13.127) to find

W(Py) = u(Po) + 3 TDu(Po) M, 18"} + 0(R),

i.e., using (13.131),
R2
?TrDzu(Po) +0,(R) = 0.

Dividing by R? and letting R — 0 we see then that
TrD?u(Py) = Au(Ppy) = 0. O

Theorem 4 (Maximum principle). Let {u(P)} be harmonic in B and continuous
up to the boundary, then, unless u(P) is constant everywhere in B,

VP € B, rQnElrsl u(Q) <u(P) < Iélgg(u(Q). (13.132)

Proof. Since it is a continuous function on the bounded closed set B = BUS, u(P)
attains a minimum and a maximum value in such set. Let P be a point of absolute
maximum; we prove that either P € S or u(P) is constant. In fact if P € B, then it
is also a relative maximum so that, taking a suitable ball By , one has to find

u(P) = Mg, {u(P)} < u(P):; (13.133)

equality in (13.133) can be achieved only if u(P) = u(P),VP € B g ie. ifu(P)
is constant in By 5. By the principle of identity of harmonic functions that will soon
be proved, we should then have u(P) = const everywhere in B. Otherwise (13.133)
becomes impossible, i.e P € S. The same reasoning holds for the minimum. O

Corollary 2. Also the derivatives of {u(P)} are controlled by their extreme values
on the boundary, on condition that we stay away from S with P. More precisely, let
K be any bounded closed set such that K C B and let § be the distance between
K and S

§ = min[rp —rol;
Q€K

then there is a constant A such that

max
PeK

ou
—(P)

Xi

-1
= A5 max|u(P)].
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Proof. First note that (13.127) implies
P)| < P)|.
max |u(P)| < max |u(P)|

Then, since 83;‘ is a harmonic function too, write the mean value property for any

Py € K. As, it is (denoting with e; the unit vector in the direction of the i-th axis)

du 1 ou 1
_(PO):—/ —dB = —— / e -nudSy ,
dx; %JTR?) Bryr dxi %JTR?) SPoR l

then

3
~ R 47R?

Py e K, ‘—( Py)| <

/ lu(Q)|dS < %IES?IM(P)I. (13.134)

Now we note that once K is fixed R can always be extended to became R = §,
so that (13.134) implies

max

<
max 367! max lu(P)|,

B_x,(PO)

as it was to be proved. O

Remark 6. 'We can observe that the argument on extremal values in B holds even if
u(P) is not continuous up to boundary. For instance if u(P) is only bounded on S,
we can establish (13.132) in the weaker form

sup |u(P)| < sup lu(P)|. (13.135)
PeB

We notice too that (13.135) guarantees that the Dirichlet problem for functions
harmonic in B and bounded in B has a unique solution. Furthermore if {u,(P)}
is harmonic in P and uniformly convergent to f(P) on S then {u,(P)} converges
uniformly to some function u(P) in B such that u(P)|g = f(P) and even more
u(P) is harmonic too. In fact, going to the limit in

nll>nolo un(Po) = u(Po) = nll>nolo MBPOR{MH} = MBPOR{M}’

we see that u(P) has to satisfy the mean value property and then it is harmonic by
dint of Proposition 10.

As a matter of fact, all that means that if we take a space of harmonic continuous
functions in B with norm lull ¢z and the corresponding space of continuous
functions on S which are traces on S of the former, f(P) = u(P)|g, then the two
spaces are in a one-to-one correspondence one to the other, and in addition this
correspondence is isometric, i.e.
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Iflles) = llulle)-
That such correspondence is onto, i.e. that
{f: f=ulg,Au=0in B, ue C(B)} = C(S),
when § is smooth, as we have assumed, is basically a theorem that is classical in
potential theory (cf. Kellog 1953; Miranda 1970).

We state it here, without proof, in a form that will be used in the sequel.

Theorem 5. When S is a closed smooth surface (for instance with a normal field
np such that lnp —ng| < c - PQ, i.e. it is Lipschitz continuous), the traces of
harmonic functions u(P) € C(B) cover the whole C(S), so that the problem of
Dirichlet

Au=0inB

uls = f givenon S

has one and only one solution, for every f € C(S).
In addition if f(P) has A-Holder continuous derivatives along the boundary,
i.e., with V,; denoting the tangential component of the gradient,

Vi f(P) =V f(Q)| < c-(PO), YPQ €S
then also u(P) has A-Hélder continuous derivatives in B, i.e.
IVu(P)| < ¢, [Vu(P) = Vu(Q)| < ¢"(PQ)*, VP, Q € B,

for suitable constants ¢’ and ¢”. In particular the normal derivative of u(P) on S is
continuous and therefore bounded.

Definition 4. Following (Krarup 2006), we define the radius of convergence of a
series of spherical harmonics, Zn!m " Y (U, A), as

nm

R, = sup {r; Zul, r*" < +oo}. (13.136)
We note that indeed if we take any R, such that,
R < R, (13.137)

then the series results to be convergent inside the ball with boundary Sg, i.e.
forr <R.
In fact

>ttt Yo (9. 1)

n,m

2 < ( uﬁmRZ") (Z (%)2" @n + 1))

n
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and the first series is convergent in force of definition (13.136) and condition
(13.137), while the second one is convergent Vr < R.

Proposition 11. Let u(P) be harmonic in B, take any Py and let § p, be its distance
from the boundary S; then u(P) can be developed into a series of spherical
harmonics with convergence radius

R, > ép,. (13.138)
Proof. Indeed let R < §p,; then we can write in Bp g

1

P)=——
ulP) = e

I Ri (P, P )u(P")dSp:

SPyR

=3 ttun(Po. R) (%) Yom(@p, Ap)

n,m

with

Z “nm(POa R)z =

n.m

1 2 /
PHdS
47 R? /SPOR w(P)

which is finite because on S(Py, R), u(P) is continuous.
Since this is true VR < §p, we have at least R, = §p,; i.e. (13.138) is proved.
O

Note that it can very well happen that R, > §p, and this means that u(P) can be
extended as a harmonic function to a region larger then B.

Theorem 6 (Principle of identity of harmonic functions). Remember that by
hypothesis B is a bounded simply (arcwise) connected set with “smooth” boundary.
Let u(P),v(P) be two functions harmonic in B and Py a point in B; if, for some
R() > 0,

u(P) =v(P), P € Bpygr,, (13.139)
i.e. the two functions coincide in a neighborhood of Py, then

u(P)=v(P), VP €B. (13.140)

Proof. Note that taking u — v instead of u and 0 instead of v, we have to prove that

{3Rp;u(P) =0, VP € Bpp,} = {u(P) =0, VP € B}.  (13.141)
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B(P:IR)

Fig. 13.3 Extension of u(P) from Bpg, to Bp, g,

First we show that if u(P) = 0 in Bp,g, and if we take any P, with PP} =
D < Ry and u(P) is harmonic in Bp g, with R; > Ry — D (see Fig. 13.3), then

u(P)=0, P € Bpp,. (13.142)

In fact under the above hypothesis we can put in Bp, g,, thanks to Proposition 11,
r n
u(P) = nzﬂ;un,m(Pl,Rl) (E) Yo (9. 2): (13.143)

On the other hand, since D < Rj, we have for a sufficiently small ¢ >0,
(cf. Fig. 13.3)

BP1€ - BP0R0'
But then we can write

&

V’ b nmP’R
e

" 1
- / Y (PYu(P")dSpr = 0,
dre? Js,

because u(P’) is identically zero in Bp,g,.

This implies u,,,(P1, R1) = 0, V(n,m), and then (13.141).

Note that if we take any two spheres By, B) partially overlapping, one can always
find a third sphere B’ which is in the same position as discussed above, with respect
to each of them (see Fig. 13.4). This implies that

u(P)=0in By = u(P) =0in B’ = u(P) = 0in B.

Now take any P € B; according to our hypothesis we have an arc of finite length
L p,p, joining Py to P such that

LP()F (S B;
let then
6 = dist (LP()?, S)
= PGIPi)ﬁ [rp —rg| > 0.

oes
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Fig. 13.4 Propagation of u(P) = 0 from By to B’ to B;. We may conclude then that if u(P) = 0
in By, then the same happens in B’ and also in B,

Fig. 13.5 Note that Bp, g C B by the choice of R

It is now obvious that we can join Py to P with a finite number of spheres Bp, s
with

P, € LPO?’ Bpkg C B
and each Bp, partially overlapping with Bp,_ s and Bp,_ s (cf. Fig. 13.5). By using

the above argument then we see that u(P) is necessarily zero in each Bp, s and then
alsoin P. O

We are now ready to prove one of the fundamental results of this chapter.

Theorem 7. Let us consider the traces of solid spherical harmonics S,,(P) =
Sum(r, 0, ) = 1" Y (9, L) on the boundary S, S,m(Q)|s. This system of functions
is complete in L*(S), i.e. if f € L*(S) and

/f(Q)r”QYnm(z‘/‘Q,AQ)dSQ =0, Vn,m (13.144)
S

then f =0a.e.onS.

Proof. We go for a direct proof, showing that (S, |s) is total in L?(S) and then
recall Proposition 9.
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Fig. 13.6 Note that
[ORS S,rQ <rp=R

o

Sr

Consider the single layer potential
V(P) = / @dSQ (13.145)
s Lpro

and note that V(P) is continuous everywhere in R*\S and harmonic in both B and
£2 (see Fig. 13.6). Now take R so that Sg C §2 and take Q € S, P € Sg; we have
then

1 B r&
@ = Zn: WPH(COSI//PQ)
= 10 Yun®p. Ap)Yun(0. Ao)
o R 2n + 1

and the series converges uniformly on Sg (Fig. 13.6). But then

Ynm(ﬂPs AP)

PESR, V(P)ZZW

n.m

/S (O Yun(P0.20)dS = .

The same reasoning indeed holds for any sphere outside Sg; in other words V(P)
is identically zero outside Sg, but then, by dint of Theorem 6, V(P) = 0 in £2.
Since V(P) has limits almost everywhere on S along the normal (see Miranda 1970,
Chap. II Sect. 14), it has to be too

V(P)=0, PeS. (13.1406)
On the other hand V(P) is continuous and harmonic in B too and therefore

(13.146), by the uniqueness of the solution of the Dirichlet problem (see Remark 6),
implies that V(P) is identically zero in B. Now it is enough to use the jump relations

(see (13.110))
1 14 v
2 :‘E{(W);(W)_}



13.5 Green’s Function and Krarup’s Theorem 627

to see that one has

f(@)=0,.0¢€S
as it was to be proved. O

1
Remark 7. 1t has to be clear that the systems {r" Ynm|5}{n—+lYnm|S} are complete
r

in L2(S) but not orthogonal in this space, unless S is itself a sphere. This means that
if one wants to approximate any f(Q) € L?(S) by means of a finite combination
of S,,»(P) (internal or external), then one cannot use a simple projection argument
by using orthogonality relations.

The orthogonal projection of f(P) on

Span{S,,,,n < N} =

N n
Z Z Anmr;ﬂ Ynm(ﬁPv AP)}

n=0 m=—n

has to be found by solving a Galerkin system (cf. Sect. 15.5), namely

N n

1 .

D I P R U T YR
4 S

n=0 m=—n
1 .
= —/ FPYr Y (Op, Ap)dSp, (13.147)
47{ S

providing the function of Span{S,,,,n < N} which is closest to f(Q) in the L(S)
norm. The system (13.147) can indeed become very large, having as many as
(N + 1)? unknowns and its “normal” matrix is fully populated when S has not
any particular symmetry. So its numerical solution can be sought more easily by
iterative methods rather than by exact methods, like Cholesky.

It is worth noting the strict analogy of (13.147) with the standard least squares
normal system, so widely used in Geodesy.

13.5 Green’s Function and Krarup’s Theorem

The reason why we are so interested in establishing the completeness of {S,,,} in
L?(S) is that we hope that while simple potentials like

N n
un(P) =" > tnSum(P)

n=0 m=-—n
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do approach a given L?(S) function f(P) on the boundary, on the same time
inside B they do converge to some harmonic function u(P) which then could be
considered as solution of the Dirichlet problem with f(P) as given boundary value,
at least in some suitable sense.

In order to get a result of this kind we need to introduce the classical concept of
Green’s function and its use in potential theory.

Proposition 12 (Green’s function). Given B with a smooth boundary S, as above
specified, there is a function G(P, Q) (called Green’s function of B) of two points
P, Q € B, such that, for fixed P € B,

AoG(P. Q) = —478(P. Q) (13.148)
G(P. Q)lges = 0. (13.149)

The Green function G(P, Q) of B enjoys the following properties:
(a) Put

1
W(P) = H/BG(P, 0)g(0)dBy. (13.150)

with g a measurable bounded function in B, then, at least in distribution sense,

Av(P) =—g(P) in B
(P)=—¢(P) (13.151)

V(P)|g = 0;

moreover v(P) results to be continuous with its first derivatives in B,
(b) Put
1
u(P) = _E/ Gy (P. Q) f(Q)dSo. (13.152)
s

where G, (P, Q) is the normal derivative of G(P, Q) at Q € S, f € C(S),
then

Au(P) =0 in B
(13.153)
u(P)|g = f(P),
(©)
G(P,0)>0, P,Q € B, (13.154)
—G,,(P.Q)>0,. Q€S (13.155)

(d) G(P, Q) is symmetric, i.e.
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G(Q.P)=G(P,Q)
Proof. Since

AQL = —4n8(P, Q).
Lpo

it is clear that if we define h(P, Q) for every P fixed in B, such that

Agh(P,Q) =0
h(P,Q): H(P.0)]ges = ﬁ (13.156)
and we put
1
G(P,Q) = g h(P,Q), (13.157)

we satisfy (13.148) and (13.149).

That h(P, Q) exists VP € B (remember that B is open), is a consequence of
Theorem 5. From the same theorem we derive that 2(P, Q), as well as G(P, Q),
has A-Holder continuous derivatives in B; in particular it will be

Q €S, —Guy(P.Q)=[Gyy(P.Q)| =C, (13.158)
as far as P is fixed in B, which implies that also ﬁ is continuous and with
Lipschitz continuous derivatives on the boundary S.

Property (a) is proved by using the definition of Laplacian in distribution sense,
namely by recalling that (remember that D(B) is the linear space of functions that

are C* in B and that are identically equal to zero outside a closed, bounded set
K C B)

Vo € D(B), /(p(P)Av(P)dBp = /A(p(P)v(P)dBp

and by interchanging the integration order when we use a v(P) as in (13.150). Then
(13.148), together with the symmetry of G(P, Q), (point d)), means exactly that

/A(p(P) (—%G(P, Q)) dBg = ¢(Q).

and we find, for every smooth ¢(P)
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/ o(P)Av(P)dBp = — / 0(0)5(0)dBy.

i.e. (13.151). That v(P)|g¢ =0, comes from symmetry of G(P, Q) and from
(13.149).

We don’t prove here that v(P) is continuous with its first derivatives in B.

To prove (b), start with the function u that is solution of (13.153) and assume it
is continuous with its first derivatives in B, i.e. u € C l(E), so that we can write
(cf. Part I, (1.61))

1 1 1
PeB, ulP)= E/S{MH(Q)E—M(Q)&,Q@ dSy. (13.159)

On the other hand, when Q € S, ﬁ = h(P, Q), so that using the identity

/ g (Q)(P, 0)dS g = [ u(Q)hy (P. Q)dSo.
S S

we receive from (13.159)

u(P)

1 1
el KON DR CX L

—L/ Gy (P, Q)u(Q)dSy:; (13.160)
4 S

since u(P) is continuous in B and u(Q)|y = f(Q), and (13.152) and (13.153) are
proved.

The restrictive condition u(P) € C'(B) is eliminated by taking a sequence
f.(P) € CY(S) such that f,(P) — f(P) uniformly on S; then by the maximum
principle u, (P) — u(P) inside B, and (13.159) holds for u(P) and f(P) because
G, (P, Q) is a bounded function when P € B.

Note that, since u(P) is continuous up to the boundary, (13.160) tells us that
(cf. Fig. 13.8)

1
Pye S, u(Py) = limu(Py —dn) :gi_%—E/SGn(Po—é’n, 0)u(0)dS,

meaning exactly that {—%GV(PO —4n, Q)dSQ} tends to a measure of mass one
concentrated in Py as a measure on S, when § — 0.

Point c) is a consequence of the maximum principle; in fact fix P in B and a
small sphere B.(P) around P all contained in B (cf. Fig. 13.7),

then
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Fig. 13.7 Animage of G(P, Q)

Fig. 13.8 The surface S and its internal translate at distance §. This exists for sufficiently small §
e <min{pg.
Q€S

On the other hand i (P, Q) for P fixed in B and Q variable, has extremes on S,
so that

1 1 1
0=<min— < h(P,Q) <max — < —.
0es Lpo oes Lpg €

But then on §;
1
Q€S GP,Q)= - —h(P,Q) >0.
Since G(P, Q) is harmonic between S, and S, where G(P, Q) is zero, and ¢ is

arbitrary, we find that (13.154) has to hold.
Moreover, if you put

V(8) = G(P,Qo—én), Qo€S,
you see that

—V() <0, V(0)=0
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so that you find

0
06

- —GnQ(P, QO) > 07
=0

ie. (13.155).
Finally, to prove point d) one needs to prove only that A(P, Q) is symmetric.
Write the identity (cf. (13.152), (13.157) and the second of (13.156))

h(P, Q) = —/h(P Q){ np (Q. Q) =y, QIQ }dSQ/ (13.161)

1
—dSy.

— _/h(P 0", (0, Q)dSQ’__/ Logr

EPQ’ nQ/
The first integral is symmetric because one can move 5 from 4(Q, Q') and

apply it to (P, Q'), as a consequence of the second Green 1dent1ty applied to two
harmonic functions (cf. Part I, (1.57)). As for the second term note that, for P # Q,

1 1 1 1 1

— 0y, — 0y, dSo

47 /S%EPQ’ "o oo ? ePQ/} e
1 1 1 1 1
T 4rm

A - dBo,
tror Loo oo EPQ'} ¢

—/{1 ’}dB—(l 1)—0-
Il o o lrog Llpo)

therefore also the second integral in (13.161) is symmetric, as it was to be proved.
O

We are now ready to prove a theorem which extends (13.152) and (13.153) to
any f € L%(S).

Theorem 8. Given any f € L>(S) we find a unique solution of the Dirichlet
problem, i.e. we can extend the Green operator (13.152) to L*(S) by continuity,
in the sense that we find a sequence of functions harmonic in B, {u'™)} such that
”(N)is =M™ with f™N) e C(S) and u™ (P) — u(P), uniformly in any closed
subset of B, and simultaneously f~ — f in L*(S); u(P) is related to f by
(13.152), for any P in B open, and therefore it is harmonic in B.

Proof. Assume we have proven a majorization of the type
/ uW?(P)dBp < C / u*(Q)dSo, (13.162)
B s

at least Vu € C(B).
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Then we can take any f V) € C(S) and such that || f ™) — f |25 = [o(f ™) —
£)?dS tends to zero and define the corresponding u') through (13.152); obviously
u™ satisfties (13.153). On the same time, due to (13.162), u¥) has an L?(B) limit
in B, i.e. there is u(P) € L*(B) such that

lu — u™|[ 25, — 0. (13.163)

Now, take any closed set K C B; then there is a § > 0 such that

Dist(P, Q) = § > 0. (13.164)

oes

Since u™)(P) are harmonic they satisfy the mean value property,i.e. VP € K,
taken the sphere Bs(P) one has Bs(P) < B and

uM(P) =

(N) .
4/3783 /Bg W Q) Be;

so, VP € K,

W NOPY — UM (P)|

1
[ (N+k) (V)
54/37[33/}35(,3)\“ (Q)—u™(Q)|dBy  (13.165)

[ 1
(N +k) (N)
< —||Uu —u )
= 4/3 §3 || ”LZ(BA(P))
[ 1
(N +k) (N)
< —llu —Uu .
= 4/3 53 || ||L2(B)

Since (13.165) holds uniformly in k and § is fixed we have that {u'™)(P)}
converges uniformly in K and u(P) is then continuous in every K C B, i.e. in the
whole B.

Furthermore

u(P) = lim —/SGn(P, 0)f™M(Q)dSo = —/SGn(P, 0)f(Q)dSo (13.166)

the limit being justified by the fact that the distance of P from S is positive and then
G, (P, Q) is continuous and bounded for Q € S. The relation (13.166) proves that
u(P) is harmonic in B. The same conclusion can be derived from the fact that u(P)
has to satisfy the mean value property too and then, on account of Proposition 10,
u(P) has to be harmonic.
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The inequality (13.162) is proved as follows: first assume u(P) to be continuous
with its gradient in B and apply the Green identity to #?>(Q) and G(P, Q), for any
fixed P in B. Recalling that G(P, Q) = 0, when Q € S, and that Au? = 2|Vu|?

/ 2|Vul*G(P, Q)dBg + 4mu?(P)

B
= [B {[Au*(0)] G(P. Q) — u*(Q)AG(P, Q)} dBy
= /S {[0:4%(Q)] G(P. Q) — *(Q)Gny (P, )} dSg

. / W(Q)Gry (P. 0)dSo.

Since G(P, Q) > 0, when P, Q € B, (13.167) implies

1
- /S Goy (P, Q)i*(0)dSg |

Integrating over B one gets

2 - b 2
/B (P)dBy < /S [ L /B Gop (P. Q)dBP] (0)dSo.

On the other hand
1
V@) =5 [ 6.0z
41 B

1
= /B G(Q. P)dBy

(13.167)

(13.168)

(13.169)

is a function of the type (13.150), which is then continuous up to the boundary with

its first derivatives. But then

| 9., V()] < C.

which inserted into (13.169) gives (13.162).

Corollary 3. The harmonic function

1
u(P)= - /S Gy (P. ) £(Q)dSo

(13.170)
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with f(Q) in L*(S) admits in fact f(Q) as trace on the boundary S in the sense
that, taken a sufficiently small § as in Fig. 13.8, one has

lim [u(Py — 8n) — f(Py))*dSp, = 0. (13.171)
—0Js

Proof. For the proof of (13.171) see Cimmino (1952, 1955) and Sanso and Venuti
(1998). Here we make only a small reasoning which satisfies our intuition that f(P)
has to be given by the values attained by u(P) on the boundary S. In fact consider
that the harmonic polynomials {r" P,,, (%, A)|s} do form a total system in L>(S);
therefore they can always be orthonormalized in L?(S) (see Remark 7) providing
so a basis of polynomials, that we shall call 4y (P), such that {5 (P)|s} isa CON
system in L?(S). We shall have

N n
hN (P) = Z Z anmrn Ynm(ﬁs A‘)v
n=0 m=-—n
so that /1y (P) are harmonic and certainly continuous in B. So if we put
N
SM(P) =Y fihi(P)
k=0

we get a sequence such that, for suitable fixed coefficients { f; },
i —_ £V 2 —
ie.
+o00
f(P)=>"fihi(P). Pe€S. (13.172)
k=0

On the other hand the functions f¥)(P) are well-defined and harmonic
throughout all B so that we can take

uM(P) = fN(P), P e B

furthermore the sums u#Y)(P) do converge uniformly to u(P) in every closed set
KCB

+o00
w(P) =" fihi(P). (13.173)

k=0
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Now if we simply take P € S in (13.173), we find that
u(P)= f(P), PeS,

such equality meaning that the series (13.173) is L?(S) convergentto f(P).

This rather heuristic proof can be made more rigorous, but cannot substitute
(13.171), which has to be proved by a further specific analysis. O
Proposition 13. The set of functions {u(P)} which are harmonic in B and such

that || u(P)|g || 12(s) is finite, is a Hilbert space with scalar product

<u,v>Lz(S)=/u(P)v(P)dSp; (13.174)
s

both, scalar products and norms, have to be understood as limits of similar
expressions from inside, for instance (13.174) means

<u,v >L2(S): ;E}I})/ Lt(P() — 8“)V(P() — 8n)dSp[); (13175)

we call this Hilbert space HL?(S).

Proof. That limits like (13.175) do exists is in fact consequence of the Corollary of
Theorem 8.
That H L*(S) is a Hilbert space descends from the fact that the correspondence

ue HL*(S) & f =ul; € L*(S)
is one-to-one thanks to Theorem 8, and isometric in the sense that

||u||HL2(S) = ||f||L2(S)-

So any convergent sequence in one space corresponds to a convergent sequence
in the other; moreover LZ(S) is a Hilbert space, i.e. it is complete and so the same
is true for HL?(S). O

We are able now to prove a very important theorem which is known in geodetic
literature with the name of Runge-Krarup theorem, sometimes also associated to the
name of Keldysh-Laurentiev (cf. Krarup 2006; Moritz 1980).

As a matter of fact this piece of theory, specially in the formulation of Krarup, is
very general, however we will provide here a version which is adapted to that part
of potential theory that is explored in these notes and, in particular, to the case of
potentials which are in HL?(S).

Theorem 9. Let B be an open domain as specified at the beginning of Sect. 2.2 and
By another open domain, satisfying similar hypotheses and such that
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Fig. 13.9 The two nested

domains B and By. Note that, Bo
due to condition (13.175), S

and Sy can never touch each

other

ByD B (13.176)

(see Fig. 13.9).

Denote with Sy, S the boundaries of By, B and with HL?*(Sy), HL*(S) two
Hilbert spaces of functions harmonic in By and B respectively. Define the restriction
operator Ry so that to any ug(P) € HL*(Sy) we associate the same function but
restricted to the domain B; it is clear that such a function will be harmonic in B
and even more it will be in HL*(S) because S is completely included in By and
uo(P) is then continuous on S; formally

Rp : HL*(So) — HL*(S); Rp(uo) = uo(P)| ,: (13.177)
then the set
Rp[HL*(S,)] = {u € HL*(S);u = Rguo,uo € HL*(Sy)}
is dense in HL?(S). This means that

Yue HL*(S), {uy} € HL*(So)

1/2
= =l = | [P =un(PIPass| —o.

Proof. The proofis straightforward. We just note that {S,,,,(r, %, 1)} € HL?*(By) and
on the other hand this sequence is total in HL?(S).
So we have simultaneously
Span{ S, (r, %, A)} C HL*(So); RpSpan{Su(r, 9, 1)} C HL*(S).
Then, by taking the closure of the second relation in H L?(S), one has
HL*(S) = RgSpan{S}; (13.178)

at the same time, by the first relation

RpSpan{ S} € Ry HL*(So) S HL*(S)
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which, closed in HL?(S), yields

HL?*(S) = RpSpan{S,,} € RgHL2(Sy) € HL?*(S). (13.179)

(13.178) and (13.179) together prove the theorem. O

Remark 8. Since By in the previous theorem is arbitrary, one can use as By a ball
and indeed instead of H L?(By) one can use any Hilbert space of functions harmonic
in By, such that all the S,,,,(r, ¥, 1) do belong to it.

For instance, take By to be a ball of radius R, such that By O B, and take the
Hilbert space HK with reproducing kernel (cf. Theorem 3)

Kr.0)= 3 (52)" (2)" Yun(Bo. 2p)Yan(P0. A0)

n.m=0

+o0
= > knSun(P)Sum(Q) (ky >0, Yn)  (13.180)

nm=0

That HK is a Hilbert space is easy to verify, that it contains all the solid spherical
harmonics is a consequence of (13.180) and in particular of the condition k, > 0;
in fact recalling Theorem 3, formula (13.180) tells us that {+/k, S, (P)} is a CON
system in HK.

That the functions in HK are harmonic in By is also clear from the shape of
K (P, Q) and the fact that by definition

f(P) =< K(P,Q). f(Q) >nk - (13.181)

Finally, in order that (13.180) be not a pure formal expression, one needs
to impose some convergence conditions to the coefficients {k,}. Observing that
(13.180) can be written as

+o00 n
K(P,0) =Y (n+ Dy (H2 ) Palcos ¥rro) (13.182)

R2
n=0

and recalling that | P, (¢)| < 1, one immediately sees that under the condition

+o00
> kn(2n + 1) < +o0, (13.183)
n=0

the series (13.180) is uniformly convergent up to the boundary, i.e. up to the sphere
of radius R.
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The Theorem 9 is so relevant to the understanding of physical geodesy, that we
restate it, in the form of a Corollary, in its outer version, which holds automatically
true by virtue of the inverse radii transformation (see Proposition 1).

Corollary 4. Let B, S be as in Theorem 9 and let 2 = (B), be the space exterior
to S; let now By, with boundary Sy, be such that

By C B (13.184)
and 2y = (EO)C, so that
20D 2: (13.185)

let H,L*(S) be the Hilbert space of functions harmonic in 2, regular at infinity
endowed with the norm

el 125) = /Suz(P)dSp, (13.186)

and let H,L*(So) be the similar space for §2y.

Note that we have added an index e to signify that here we are dealing with
functions harmonic in the external domains (52, $20) as opposed to the case
discussed in Theorem 9. Let us define Rg as the operator of restriction to §2, applied
to functions in H,L?(Sy); then we have

RelHeL>(So)] = HoL*(S): (13.187)

i.e.Yu € H,L*(S) there is a sequence {uy(P)} € H,L*(Sy), harmonic in £2¢ such
that

Jim /[u(P) —uy(P)?dS =0 (13.188)
—00 Jg

and that consequently uy (P) — u(P) pointwise in 2 and even uniformly in every
closed bounded set contained in §2.

Moreover if, in analogy with Remark 8, we consider the case that By is a ball of
radius R and Sy a so-called Bjerhammar sphere, and the Hilbert space of functions
harmonic in 29, HK,, endowed with the reproducing kernel

R n+1 R n+1
KE(P,Q)=an(;) (E) Yun(®p. Ap)Yum(Dg. Ag)

+o0 R2 n+1
= Z(Zn + Dk, ( ) P,(cos¥pg)  (k, >0, ¥n), (13.189)
0 rprQ
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we still have
Ro[HK,] = H,L*(S) (13.190)

and (13.188) holds with {un(P)} <€ HK,, i.e. harmonic in §2y, down to the
Bjerhammar sphere S.

13.6 Exercises

Exercise 1. Prove Proposition 1 by showing, with the use of spherical coordinates
and assuming R = 1, that

v 2 v 1
ASV(SJ},A) = @ =+ E g + S_ZAGV

1 1 1 1
- [u (_,m) +osu (_,m) + 52 Agu (—,19, x)}
S s S S
1
= —SA,u(r, %,A) =0,
S

where i/ (r, 9, ) = Lu(r, 9. 2).

Exercise 2. Compute h,,(x, y), h—,(x, y) directly for m = 2,m = 3 and prove
that they give the same result as those computed from (13.12), namely

hy =x*—y* hoy = xy

hy = x> —3xy%, h_y = y> —3x%y.

Exercise 3. Let /1y_y; be a harmonic polynomial in H H}%/—zk; prove the formula

A"y o = Apir* M hy o, m <k,
A = 2k(2k —2) ... 2k —2m +2) . (13.191)
2N =2k + 1)2N =2k —1)...(2N — 2k —2m + 3)

For this purpose first prove that
Ar¥hy o = 202N + 20 — 4k + D)r*hy o (13.192)

and then apply the Laplace operator m times to 7*hy_,, using iteratively such a
relation.
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(Hint: to prove the second of the above relations, use A(fg) = (Af)g +2V f -
Vg + fAg; note that Ar?t = 2024 + 1)r?*=2, Vr?t = 20r?'2¢ (with § = 5
and for any function f homogeneous of degree o we have

§-Vf(E)=af)).

Exercise 4. Since we already know that formula (13.23) holds true, one can
compute g just by imposing that it has to be Ahy = 0. Prove that

1 1

20N — 1) q2=2'4(2N—1)(2N—3)”’ (13.193)

q1 =

(Hint: prove, by using the same argument as in Exercise 3, that

A AR Py) = 2k(2QN — 2k 4+ 1)r* 2 A% Py
+ VZkAk+lPN,

then impose Ahy = 0, considering ¥ A¥*1 Py as independent variables).
Exercise 5. Prove that if
A" (" +ait" 4 at"t +..)] =0

then ay, a, are univocally determined.
(Hint: by using (13.36) prove that

Al = 22020 =20+ D" + (n =20 (n — 20 — 1",

Exercise 6. Prove that the coefficient ¢, of ¢ in P, (t) is

_(2nY
= o)

(13.194)

(Hint: recall that
(n+ 1) Ppgi(t) = 2n + DtPy(t) —nPy— (1)
and derive the recursive relation
(n + Depy1 = 2n + ey,

Observe that from the expression of ¢, forn = 0, n = 1, we correctly obtain
co = ¢; = 1 and then prove that ¢, satisfies the above recursive relation).
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Exercise 7. Compute the spherical harmonics 7"Y,, (%, A) for all orders and
degrees 2 and 3 and transform them back to polynomials in (x, y, z), verifying their
harmonicity.

Exercise 8. Verify the summation rule (13.55) for degree 2 and 4. (Warning: note
that for (13.55) to hold it is necessary to use fully-normalized spherical harmonics.)

Exercise 9. Prove that (13.74) is satisfied by the functions (13.70).
(Hint: first call L the Legendre operator

L-= D,(1—t*)D,-
and remember that (cf. (13.37))
LP,(t) = —n(n + 1) P, (1),
or
(1—t>D*P, =2tDP, —n(n + 1)P, (13.195)
Recalling also that P,,, = (1 — tz)’”/2 P,,(m), P,,(m) = D", prove that
LPu(t) = L[(1 —2"2P™] = mme> — (1 —)](1 =125 P +
—2t(m 4+ 1)(1 = H)"2PmHD 4 (1 — 25+ pint2), (13.196)

then from (13.195), by applying D™ to both members and recalling that

m m B
p"(fe) =Y () D“(H)- D" ).
k=0
derive
D™[(1 —t*)D?P,]
=1 —=HP"D 2mtP™Y —m(m — 1) P™
= 2tPn(m+l) + 2mPn(’") —n(n + l)Pn("’);
rearranging the last equality you get
(1 =3P =2t (m + )PV 4 [m(m + 1) — n(n + D]P™;

then substitute back in LP,,).
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Exercise 10. Derive the normalization constant
koo = ~2n +1

from the reproducing relation (cf. Part I, (3.188)).

1

- P (cosYpg) Pu(cosYpro)do = (2n + 1)"' P, (cos Yrppr)
T S

(Hint: put P = P’ at the North Pole).
Exercise 11. Compute P (), up to degree and order 4, using (13.83) and (13.91).

Exercise 12. Repeat the reasoning of Example 2 for the exterior Dirichlet problem
proving that, ¥ f(P) € L*(Sg),

n+1
U(P) = Y S (£) Yun(@p. Ap)
Sm = ﬁff(l?’,k’)Ynm(ﬂ’,k’)dcr’
and that, accordingly
1
o> R uP) = o [ TP P f(P)dor
b4

with [z, (P, P'), the external Poisson kernel,

R(r> - R?)
[r2 + R? —2rRcos y]3/2’

r>R, Mg (P, P)=

Exercise 13. Using a complementary argument to that of Theorem 7 and a
small sphere inside B, prove that the sequence of outer spherical harmonics

{ﬁYnm(ﬂ, )&} restricted to S forms again a complete system in L2(S).

Exercise 14. Prove that the Green function of the sphere with radius R is given by

1 1
G(r.0) = 2, 2 B 2 2 ;
\/rP Hrg = 2rprocosyrg \/R2 + FI;NZQ —2rprg cosyYpg
moreover verify that
0 1
ro ro=R

as it has to be in view of (13.123) and (13.152)
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(Hint: that G(P, Q)|rQ:R =0 is obvious. You need only to prove that
3 ~1/2
(R2 R2 —2rprg cos pr) = h(P, Q) is harmonic in Q € B; this is

. . 2 . . .
clear if one observes that, with r? = f—zr p, implying |r;| > R, one can write
P

12y
h(P,Q) = (rP +rd— 2ryro cosW) = —P|r}§. —ro|™")

Exercise 15. Prove that, when B is a ball of radius R, then the inequality (13.162)
can be put in the rather expressive form (with | B| = %]TR?’, |S| = 47 R?)

u*dB / u*ds.
IBI/ ISI

Similarly when we use a regular potential # which is harmonic in 2, the space
outside a sphere of radius R, one can write the inequality

/M—2d9<R/M2dO'
2 r o

(Hint: use just the two representations

+o0 n
uP) =33 thun (%) You(9.2), 1 <R

n=0 m=—n

+oo  n R\"T!
w(P)=>"">" ttmn (7) Y@ A), r>R

n=0 m=—n

and compute directly [ u?dS, [, u*dB in the first case and [, u>-5d 82 in the
second case. Remember that {Y,,,(}, 1)} is orthonormal with

1
- Ynm aA 2 =1).
4n/ (1) ’do = 1)
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