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Abstract. Because clustering is an unsupervised procedure, clustering results
need be judged by external criteria called validity indices. These indices play an
important role in determining the number of clusters in a given dataset. A
general approach for determining this number is to select the optimal value of a
certain cluster validity index. Most existing indices give good results for data
sets with well separated clusters, but usually fail for complex data sets, for
example, data sets with overlapping clusters. In this paper, we propose a new
approach for clustering quality evaluation while combining fuzzy logic with
Formal Concept Analysis based on concept lattice. We define a formal quality
index including the separation degree and the overlapping rate.

Keywords: Clustering Quality, Overlapping Rate, Separation Degree, Validity
Index, Formal Concept Analyis, Fuzzy Concept Lattice.

1 Introduction

Fuzzy clustering allows objects of a data set to belong to several clusters
simultaneously, with different degrees of membership. The data set is thus partitioned
into a number of fuzzy partitions (clusters) [1].

Despite being a very effective technique, difficulties arise when evaluating the
quality of clusters.

So, evaluating the quality of the clustering results is an important issue in cluster
analysis. Because clustering is an unsupervised procedure, clustering results need be
judged by an external criterion.

For low dimensional data sets (1-, 2- or 3-dimensional), humans can also evaluate
the clustering results by visual observation. For high dimensional data sets (more then
3-dimentional), there is no objective criterion for evaluating the clustering results;
they are assessed using a cluster validity index.

Depending on the type of clustering approach (crisp or fuzzy), there are various
validity indices designed for evaluating the clustering results [2]. The general
principle of these indices consists on minimizing the compactness within a cluster and
maximizing the separation between clusters.
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These measures play an important role in determining the number of clusters. It is
expected that the optimal value of the cluster validity index should be obtained at the
true number of clusters. A general approach for determining the number of clusters is
to select the optimal value of a certain cluster validity index. Whether a cluster
validity index yields the true number of clusters is a criterion for the validity index.

Most existing indices give good results for data sets with well separated clusters,
but usually fail for complex data sets, for example, data sets with overlapping
clusters. One of the main reasons for this problem is that many fuzzy clustering
methods fail to distinguish between partially overlapped clusters [3].

Because they disregard lack of considering the theoretical characterization of the
overlapping phenomenon, they often yield questionable results for cases involving
overlapping clusters [4].

To cure this problem, we propose to use conceptual scaling theory [5] based on an
extension of Formal Concept Analysis (FCA) [6] which permits us to:

—Visualizing the clusters results will help us in interpreting and distinguishing
overlapping clusters, and hence,

—Evaluating the quality of clusters while calculating a separation degree and an
overlapping rate for a given clustering.

The rest of the paper is organized as follows. Section 2 discusses the backgrounds in
FCA based on concepts lattices and Conceptual scaling. Section 3 presents our quality
evaluation process. Section 4 concludes the paper and gives some future works.

2 Backgrounds

FCA provides a conceptual framework for structuring, analyzing and visualizing data,
in order to make them more understandable [6]. In FCA, application domains are
organized and structured according to concept lattices. In this section, we discuss
about concept lattices and conceptual scaling.

2.1 Concept Lattices

The reason for the introduction of FCA was to relate the mathematically oriented
theory of lattices and orders to practical problems [6,7].

In 1979, Wille [6] recognized that this description could be formalized by the
introduction of ‘formal concepts’ of a given data table, which consists of a set G of
object, a set M of attributes and a binary relation/ c GxM . Then the triple
K=(G,M.I) is called a formal context, representing just a set of statements of the
form ‘object g has attribute m1°, written ‘g 1 m .

The basic definition of a ‘formal concept’ of Kis based on two well-known
operations: For any subset x < G we are interested in the set x Tof all common
attributes of x , defined formally by x 7= {me M ‘vge X &1lm } and dually for any

Y < m we are interested in the set ¥ | of all common objects of Y , defined formally
by yl={seG Vmey &1m }. A formal concept of a formal context K is a pair (4 p)

whereAc G, Bcmand a7=p andBl=A. Ais called the extent, B the intent of (4,B)-
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The set of all formal concepts of Kis denoted by p(k). The conceptual hierarchy
among concepts is defined by set inclusion: For(4 ), (a,.B)cB(k) let
(A.B)<(A,.B,) = A c 4, (Which is equivalent to B, c B, .

An important role is played by the object concepts 4(g):= ({g}TJ,,{g}T) for
g € G and dually the attribute concepts ()= ({m}i,{m}i,T) forme M .

The pair (B(K),<) is an ordered set, i.e., < is reflexive, anti-symmetric, and
transitive on B( K).

2.2 Conceptual Scaling

An arbitrary ternary relation on a set G of ‘objects’ is a special case of a ternary
relation among three sets of objects. In formal descriptions of measurements by data
tables the following three sets play a fundamental role: Aset G of ‘objects’, a set
M of ‘measurements’ and a set W of values which are related by a ternary relation
whose elements (g,m,w)are interpreted as ‘object g has at measurement 72 the value

w’. That leads to the following definition of a many-valued context (G,pm,w,1) as a
quadruple of four sets, where the elements of G are called ‘objects’, the elements of
M ‘many-valued attributes’, the elements of W ‘values’, and [ is a ternary relation,
I < GxM xW , such that for any ¢c G, me M there is at most one value w satisfying
(g,m,w)e I . Therefore, a many-valued attribute 72 can be understood as a (partial)
function, and we write m(g)=w iff (g, m, w)e I - A many-valued attribute m is called
complete jff for any ge Gthere is (exactly one) we W such that u(g)=w.
(G,m,w,1) is called complete if each me M is complete [7].

The central process in conceptual scaling theory is the construction of a formal context
s, =w,,m,.1,) foreach me M such that y 5 G :={m( glge G}- Such formal contexts,

called conceptual scales, represent a contextual language about the set of values of m .
Usually one chooses W, as the set of all ‘possible’ values of m with respect to some

m?

purpose. Each attribute ne M, is called a scale attribute. The set n = {w ‘Wlm n} is the
extent of the attribute concept of 7 in the S, scale. Hence, the choice of a scale induces a
selection of subsets of W . The set of all intersections of these subsets constitutes just the

closure system of all extents of the concept lattice of .S .

The granularity of the language about the possible values of m induces in a natural
way a granularity on the set G of objects of the given many-valued context, since
each object g is mapped via m onto its value m(g) and m(g) is mapped via the object

concept mapping y, of 5 ONtO y (u(g): ¢ —m(g)—> 7, (m(c))-
Hence the set of all object concepts of S, plays the role of a frame within which

each object of G can be embedded. For two attributes 72, m e M each object g is

mapped onto the corresponding pair: PR (m(g),m‘(g)) N (7, (m(g)).7, (m-(g)))e B(S, ) 3(5,,,‘ )
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The standard scaling procedure, called plain scaling, constructs from a scaled
many-valued context ((G M,W,I),(Sm me M)), consisting of a many-valued context

(G,m,w,I) and a scale family (Sm ‘me M ) the derived context, denoted by

K= (G,{(m,n) Ime M,ne Mm},J), where gJ(m,n) iff m(g)lmn

(seGomeM,neM,).
The concept lattice B(K) can be (supremum-) embedded into the direct product of

the concept lattices of the scales [8]. That leads to a very useful visualization of
multidimensional data in so-called nested line diagrams [9]).

3 The Quality Evaluation Process

As we have mention in section 1, evaluating the quality of clusters is an important
issue in cluster analysis. It often based on a clustering validity index. The general
principle of these indices consists on minimizing the compactness within a cluster and
maximizing the separation between clusters. Most existing criteria give good results
for data sets with well separated clusters, but usually fail for complex data sets, for
example, data sets with overlapping clusters.

In this paper, we use conceptual representation of clustering results which permits
us to formally calculate the compactness and the separation degrees which permits us
to evaluate the quality of clusters. However, there are many situations in which
uncertainty information also occurs. For example, it is sometimes difficult to judge
whether an object belongs totally to an attribute or not. Traditional conceptual
representation is hardly able to represent such vague information. To tackle this
problem, we propose to combine fuzzy logic [10] with FCA as Fuzzy FCA (FFCA).
Once this structure is built, we calculate a certain similarity distance based on
membership degrees. This distance permits us to evaluate the compactness and the
separation of the clustering result.
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Fig. 1. The Quality Evaluation Process

The principle of our quality evaluation process determines three steps. The first
step consists of analysing the fuzzy clusters for a given dataset based on fuzzy
conceptual scaling. The second step consists of visualizing the results based on fuzzy
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Formal Concept Analysis. This allows deducing overlapping between clusters. The
third step consists of evaluating the quality of clustering results which includes the
separation between clusters and compactness within a cluster. Fig. 1 shows the
proposed approach.

3.1 Analyze

Fuzzy clustering methods allow objects to belong to several clusters simultaneously,
with different degrees of membership. A data, set X is thus partitioned into C
fuzzy partitions (clusters). In many applications training data relates individual
objects to attributes that take on several values. For the generation of fuzzy formal
context, we propose to relate objects with the clusters of each attribute that take on
several values. These values represent the membership degrees of each object in each
cluster. Fuzzy formal context incorporate fuzzy clustering, to represent vague
information.

Definition 1. A fuzzy conceptual scale for a set Y c M is a (single-valued) fuzzy
formal context s, =(G,,M,,I, = (G, xM,)) WithG, cx _w .

The idea is to allow objects G to belong to several clusters simultaneously. We
replace the attribute values in W = with different degrees of membership. Each

relation (g,m)e I, has a membership value ﬂ( g,m) in[0,1]. The sum of the values
of each fuzzy conceptual scale is equal to 1.

Definition 2. Given a fuzzy conceptual scale S, =(G,.M,.I, =¢(G, xM,)), We define
a—cui(S,)=(c(s,))" where C (S l.) is the number of clusters of scale §. .

Example: Table. 1 present the results of fuzzy clustering applied to price and surface
scales. For price scale, fuzzy clustering generate three clusters (C1,C2 and C3) for

surface attribute, two clusters (C4,C5). Table 1 shows the fuzzy conceptual scales for
price and surface attributes with ¢ — Cur . In this example, ¢ — cur (price )= 0.3 and

o — Cut (surafce )= 0.5 -

Table 1. Fuzzy Conceptual Scales with ¢ — Cur for price and surface attributes

Price Surface
c1 2 c3 c4 cs
Al 0.5 0.4 0.5 05
A2 03 0.6 ; ; 0.6
A3 0.7 ; ; 0.7
Ad 0.4 0.5 ; 08
AS 0.4 0.4 0.6

A6 0.5 03 ; 0.5 0.5
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3.2 Visualization

Traditional FCA is hardly able to represent fuzzy properties from uncertainly data. To
tackle this problem, we use a new technique that incorporates fuzzy logic into FCA as
Fuzzy Formal Concept Analysis (FFCA), in which uncertainty information is directly
represented by a real number of membership value in the range of [0,1]. So we give
some defined the so called Fuzzy Formal Context, the Fuzzy Formal Concept
Analysis and the similarity concept.

Definition 3. Given a fuzzy formal context K =(G,M,I) and an ¢ — cur , we define
X¢={me MVge X: fg,m)>a~Cu} forxccand  Yi={ge GWmeY: tgm>a~Cu} for
Y Cc M . A fuzzy formal concept (or fuzzy concept) of a fuzzy formal context
(G,m,1) with an o — Cur is a pair (X ;= o (X ),Y) whereXcG, YcM,
X*=Y andY*=X. Each object ge¢ ¢(x) has a membership W p defined

asy = r,r,,lel;l u(g,m)- Where 1(g,m) is the membership value between object g and

attribute i , which is defined in / . Note that if Y ={ } then &, =1 forevery g .

Generally, we can consider the attributes of a formal concept as the description of the
concept. Thus, the relationships between the object and the concept should be the
intersection of the relationships between the objects and the attributes of the concept.
Since each relationship between the object and an attribute is represented as a set of
membership values in fuzzy formal context, then the intersection of these membership
values should be the minimum of these membership values, according to fuzzy theory

[8].
Definition 4. Let (AI’BI) and (AZ,BZ) be two fuzzy concepts of a fuzzy formal
contextK = (G,M,I =p(GxM))-

(¢(A,). B,) is a the subconcept of (y(4,),B,) denoted as (p(4,),B,)<(¢p(4,),B,) if
and only if (A )c ¢(A,) (= B, <B,)-

Equivalently, (4,,B,) is the superconcept of (4,, B, ).

Definition 5. A fuzzy concept lattice of a fuzzy formal context K with an ¢ — Cut
is a set C of all fuzzy concepts of K with the partial order < with the ¢ — Cut value.
We noted as 3(C)

Definition 6. The similarity of a fuzzy formal concept C, =(¢p(A,),B,) and its
subconcept C, = ((p(A2 ), Bz) is defined as:

p(A) (A, )
(A )Le(A,)

Exemple: The corresponding fuzzy concept lattices of fuzzy context presented in table
1 are given by the following fuzzy lattices. These are illustrated in fig. 2.

s(c,c,)= (1)
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({A1(0.0),A2(0.0),A3(0.0),A4(0.0).A5(0.0,A6(0.0)},{ ¢ })

0.0 ({A1(0.0),A2(0.0),A3(0.0),A4(0.0),A5(0.0,A6(0.0)},{ ¢ })

0.0
0.0

({A1(0.5),A2(0.6),A4(0.4),A5(0.5),A6(0.5)},{C2})

{A2(0.3).A300. ({A1(0.5),A2(0.6),A4(0.8), A6 A1(0.5),A3(0.7),A5(0.6),A6(0.5)},{C4})
0.5
04),A4(0.5),A5(0.4)},{C2,C3})
({A2(0.3),A6(0.5)11
({A1(0.5,A6(0.5)},{C4,C5})

Fig. 2. The fuzzy concept lattices of the context in the Table 1

/\

({A1(0.0),A2(0.0).A3(0.0).A4(0.0).A5(0.0),A6(0.0)}.{ ¢ })

1(0.4),A4(0.5),A5(0.4)},{C2.C3})
A1(0.5),A2(0.6),A4(0.8),A6(0.5) AL(0.3).A30.1.A5(0.6).A6(0.5)

/ 0.0 0.0
e
0.6 \

A1(0.5),A2(0.6),A4(0.4),A5(0.5),A6(0.5)},{C2}
{A2(0.3),A3(0.7),A6(0.5)
O
~  (dnacs)y — C4
45(0.6),A6(0.5)

\
— —\
A1(0.5),A4(0.8) 0.69

/

b, A4(0.8),A6(0.5) LA3(0.7),A6(0.5)

A6(0.5) A1(0.5)

Fig. 3. A Fuzzy Nested Lattice

This very simple sorting procedure gives us for each many-valued attribute the
distribution of the objects in the line diagram of the chosen fuzzy scale. Usually, we
are interested in the interaction between two or more fuzzy many-valued attributes.
This interaction can be visualized using the so-called fuzzy nested line diagrams. It is
used for visualizing larger fuzzy concept lattices, and combining fuzzy conceptual
scales on-line. Fig. 3 shows the fuzzy nested lattice constructed from Fig.2.
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In this fuzzy nested line diagram, we are interested to see for each concepts of
diagram represented in Fig.2 how its students are distributed in the fuzzy scale
surface. We blow up each circle of fuzzy line diagram of Fig. 2 and insert the fuzzy
line diagram of the surface fuzzy scale. Hence, Fig. 3 represents all pairs (c,4) of

concepts ¢ from the first and concepts d from the second fuzzy lattice. This
structure is called the direct product of the two given fuzzy lattices.

From the fuzzy nested lattice, we can draw a nice usual fuzzy lattice of the same
fuzzy context. This illustrated in Fig. 4.

({A1(0.0).A2(0.0).A3(0.0).A4(0.0).A5(0.0.A6(0.0)}.{ ¢ })

{A2(0.3),A3(0.7),A6(0.5)},{C1

07),A6(0.5)},{C2})
0.68
({A1(0.5).AP(0.6).A adl (0.5),A5(0.5),A6(0.5), {C2,C4})
0 0.4)},{C2,C3})
(1A3(0.7)] 06
1(0.4),A5(0.4)}
({A2(0.3),A6(0.5)} ,{C1,
1,1C2,C4,05Y)

A1(0.4)} ,{C2,C3,C4.C51)

({ ¢ },{C1,C2,C3,C4,C5)})

Fig. 4. A Fuzzy Clusters Lattice: FCL

3.3 Quality Evaluation

In general, the evaluation is based on a clustering validity index. The general principle
of these indices consists on minimizing the compactness within a cluster and
maximizing the separation between clusters.

Because they disregard lack of considering the theoretical characterization of the
overlapping phenomenon, they often yield questionable results for cases involving
overlapping clusters.

To cure this problem, we propose a new process of quality clustering evaluation.
We give firstly an interpretation of the generated clusters and then study the quality. It
consists of selection of characteristics in a given data set.

From fig. 4, we can deduce the possible overlapping between the various clusters.

Let Vz{vj: j=1,...,C}c gr" a set of C clusters generated from the

dataset X =[x, :i=1,...,N}c R"
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We define a distance function D as follows:
D:V >|R"
(v i Vi ) —d

d is the weight of the arc connecting v; with v, in FCL. We note Vjcﬁvk if 3
d/Dv, v, )=d
The following properties are required:
-If ng{ Vi and ng{ vl_then ng{ v, -
-If v]_EK v, then y, and , overlapped.
We study the overlapping phenomenon in the case of deducing the overlapping
rate.
These properties enabled us to deduce the overlapping between different clusters.
They will be used in the quality evaluation process. So, we define the separation

degree and the overlapping rate. These measures form the quality index which will
judge if two clusters must be merged or not.

Let vy ={Vj i :l,...,C}c R" a set of Cclusters generated from the
dataset X = {xi ti= ],,_,,N}c R™, vjEKvk and vki){vl. having respectively
D(V;,Vk ):dfk and p(y,,v,)=q, as similarity between concepts S(Cj’Ck) and
S(Ck .C; ) We can deduce thatD(vl_,vl_ ): d,=d, +d, = s(c,.c,)-

The separation Sep is given by equation 1:

C
sep=Y.s(c,.c,) @)
j=lk#j
In general, when Sep is large, the j”and xclusters are well separated.
For example, D(v,,{v,.,v,})=0.86 and D({v,,v, hv,)=0.52
imply p(y,,v,)=0.86+0.52=1.38-
We can calculate the overlapping rate, noted Overl, as the ratio between the
number of extensions of sub-concepts, noted Extension(Sub—Concepts), and the

number of extensions of super-concepts, noted Extension(Super —Concepts). This
rate is given by equation 2.

Z Extension(Sub — Concepts)
Z Extension(Super — Concepts)

Overl =

3)

In general, a definition for the overlap rate implements the following principle: 1)
the overlap tends to decrease () as the two components become more separated, 2)

the overlap rate increases () as the two components become more strongly
overlapped.
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Once these requirements are met, we can evaluate the quality of clusters while
basing on separation degree and the overlapping rate. We noted juq_Qualiry s the

quality index for a given clustering.

_ Overl

Overl 4

Sep

The clusters to be merged into one cluster are those which must maximizing the

overlapping rate and minimizing the separation degree. So, a large value of
Ind _ Qualiry imply that the clusters must be merged into one.

4 Conclusion

Validity indices measure the goodness of the clustering result. A clustering is
considered good if it optimizes two conflicting criteria. One of these is related to
within-class scattering (the compactness), which needs to be minimized; the other to
between-class scattering (the separation), which needs to be maximized. Most
existing indices give good results for data sets with well separated clusters, but
usually fail for complex data sets, for example, data sets with overlapping clusters.

This motivated our search for a new quality evaluation process based on Fuzzy
FCA (FFCA). It consists of three steps. The first step consists of analyse the
clustering results. To do this, we have proposed the fuzzy conceptual scaling notion.
The second step consists of visualization. The FFCA has been proposed. It bases itself
on a Fuzzy Clusters Lattice (FCL) which includes the similarity distances between
different concepts in the FCL. The third step consists of evaluation the quality of
generated clusters. We have defined a formal separation degree and an overlapping
rate. We have defined a quality index while basing on the separation degree and the
overlapping rate. The large value if this index means that the clusters must be merged
into one cluster.

Future work will focus on the applicability of our quality evaluation process formal
to test clustering algorithms in a more controlled way.
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