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{digiacomo, liotta}@diei.unipg.it

Abstract. Let G be a planar graph with n vertices whose vertex set is
partitioned into subsets V0, . . . , Vk−1 for a positive integer 1 ≤ k ≤ n and
let S be a set of n distinct points in the plane partitioned into subsets
S0, . . . , Sk−1 with |Vi| = |Si| (0 ≤ i ≤ k − 1). This paper studies the
problem of computing a crossing-free drawing of G such that each vertex
of Vi is mapped to a distinct point of Si. Lower and upper bounds on the
number of bends per edge are proved for any 3 ≤ k ≤ n. As a special case,
we improve the upper and lower bounds presented in a paper by Pach
and Wenger for k = n [Graphs and Combinatorics (2001), 17:717–728].

1 Introduction and Overview

Let G be a planar graph with n vertices whose vertex set is partitioned into
subsets V0, . . . , Vk−1 for some positive integer 1 ≤ k ≤ n and let S be a set of n
distinct points in the plane partitioned into subsets S0, . . . , Sk−1 with |Vi| = |Si|
(0 ≤ i ≤ k − 1). Each index i is a color, G is a k-colored planar graph, and S
is a k-colored set of points compatible with G. This paper studies the problem of
computing a k-colored point-set embedding of G on S, i.e. a crossing-free drawing
of G such that each vertex of Vi is mapped to a distinct point of Si.

Computing k-colored point-set embeddings of k-colored planar graphs has
applications in graph drawing, where the semantic constraints for the vertices
of a graph G define the placement that these vertices must have in a readable
visualization of G (see, e.g., [7]). For example, in the context of data base systems
design some particularly relevant entities of an ER schema may be required to be
drawn in the center and/or along the boundary of the diagram (see, e.g., [18]);
in social network analysis, a typical technique to visualize and navigate large
networks is to group the vertices into clusters and to draw the vertices of the
same cluster close to each other and relatively far from those of other clusters
(see, e.g., [6]). A natural way of modelling these types of semantic constraints
is to color a (sub)set of the vertices of the input graph and to specify a set of
locations having the same color for their placement in the drawing.

The problem of computing k-colored point-set embeddings of k-colored pla-
nar graphs has therefore attracted considerable interest in the graph drawing
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and computational geometry communities, where particular attention has been
devoted to the curve complexity of the computed drawings, i.e. the maximum
number of bends along each edge. Namely, reducing the number of bends along
the edges is a fundamental optimization goal when computing aesthetically pleas-
ing drawings of graphs (see, e.g., [7]). Before presenting our results, we briefly
review the literature on the subject. Since there is not a unified terminology, we
slightly rephrase some of the known results; in what follows, n denotes both the
number of vertices of a k-colored planar graph and the number of points of a
k-colored set of points compatible with the graph.

Kaufmann and Wiese [16] study the “mono-chromatic version” of the problem,
that is they focus on 1-colored point-set embeddings. Given a 1-colored planar
graph G (i.e. a planar graph G) and a (1-colored) set S of points in the plane
they show how to compute a 1-colored point-set embedding of G on S such that
the curve complexity is at most two, which is proved to be worst case optimal.
Further studies on 1-chromatic point-set embeddings can be found in [4,5,11];
these papers are devoted to characterizing which 1-colored planar graphs with n
vertices admit 1-colored point-set embeddings of curve complexity zero on any
set of n points and to presenting efficient algorithms for the computation of such
drawings.

2-colored point-set embeddings are studied in [10] where it is proved that sub-
classes of outerplanar graphs, including paths, cycles, caterpillars, and wreaths
all admit a 2-colored point-set embedding on any 2-colored set of points such
that the resulting drawing has constant curve complexity. It is also shown in [10]
that there exists a 3-connected 2-colored planar graph G and a 2-colored set
of points S such that every 2-colored point-set embedding of G on S has at
least one edge requiring Ω(n) bends. These results are extended in [8], where an
O(n log n)-time algorithm is described to compute a 2-colored point-set embed-
ding with constant curve complexity for every 2-colored outerplanar graph and
it is proved that for any positive integer h there exists a 3-colored outerplanar
graph G and a 3-colored set of points such that any 3-colored point-set embed-
ding of G on S has at least one edge having more than h bends. Characterizations
of families of 2-colored planar graphs which admit a 2-colored point-set embed-
ding having curve complexity zero on any compatible 2-colored set of points can
be found in [1,2,13,14,15].

Key references for the “n-chromatic version” of the problem are the works
by Halton [12] and by Pach and Wenger [17]. Halton [12] proves that an n-
colored planar graph always admits an n-colored point-set embedding on any
n-colored set of points; however, he does not address the problem of optimizing
the curve complexity of the computed drawing. About ten years later, Pach
and Wenger [17] re-visit the question and show that an n-colored planar graph
G always has an n-colored point-set embedding on any n-colored set of points
such that each edge of the drawing has at most 120n bends; they also give a
probabilistic argument to prove that, asymptotically, the upper bound on the
curve complexity is tight for a linear number of edges. More precisely, let G be
an n-colored planar graph with m independent edges and let S be a set of n
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points in convex position such that each point is colored at random with one of
n distinct colors. Pach and Wenger prove that, almost surely, at least m

20 edges
of G have at least m

403 bends on any n-colored point-set embedding of G on S.
The present paper describes a unified approach to the problem of computing

k-colored point-set embeddings for 3 ≤ k ≤ n. The research is motivated by the
following observations: (i) The literature has either focused on very few colors
or on the n colors case; in spite of the practical relevance of the problem, little
seems to be known about how to draw graphs where the vertices are grouped
into 3 ≤ k ≤ n clusters and there are semantic constraints for the placement of
these vertices. (ii) The Ω(n) lower bound on the curve complexity for 2-colored
point-set embeddings described in [10] implies that for any 2 ≤ k ≤ n there can
be k-colored point-set embeddings which require a linear number of bends per
edge. This could lead to the conclusion that in order to compute k-colored point-
set embeddings that are optimal in terms of curve complexity one can arbitrarily
n-color the input graph, consistently color the input set of points, and then use
the drawing algorithm by Pach and Wenger [17]. However, the lower bound
of [10] shows Ω(n) curve complexity for a constant number of edges, whereas the
drawing technique of Pach and Wenger gives rise to a linear number of edges each
having a linear number of bends. Hence, the total number of bends in a drawing
obtained by the technique of [17] is O(n2) and it is not known whether there are
small values of k for which o(n2) bends would always be possible. (iii) There is a
large gap between the multiplicative constant factors that define the upper and
the lower bound of the curve complexity of n-colored point-set embeddings [17].
Since the readability of a drawing of a graph is strongly affected by the number
of bends along the edges, it is natural to study whether there exists an algorithm
that guarantees curve complexity less than 120n. Our main results are as follows.

– A lower bound on the curve complexity of k-colored point-set embeddings
is presented which establishes that Ω(n2) bends may be necessary even for
small values of k. Namely, it is shown that for any k such that 3 ≤ k ≤ n
there exists a k-colored planar graph G and a k-colored set of points S
compatible with G such that any k-colored point-set embedding of G on S
has at least n

6 − 1 edges each having at least n
6 − 1 bends. This lower bound

generalizes and improves the one in [17] for k = n.
– An O(n2 log n)-time algorithm is described that receives as input a k-colored

planar graph G (3 ≤ k ≤ n), a k-colored set of points S compatible with
G, and computes a k-colored point-set embedding of G on S with curve
complexity at most 3n+2. This reduces by about forty times the previously
known upper bound for k = n [17].

– Motivated by the previously described lower bound, special colorings of the
input graph are studied which can guarantee a curve complexity that does
not depend on n. Namely, it is shown that if the k-colored planar graph G
has k − 1 vertices each having a distinct color and n − k + 1 vertices of the
same color, it is always possible to compute a k-colored point-set embedding
whose curve complexity is at most 9k − 1.

For proofs omitted in this abstract refer to the full version of this paper [3].
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2 Preliminaries

A drawing of a graph G is a geometric representation of G such that each vertex
is a distinct point of the Euclidean plane and each edge is a simple Jordan curve
connecting the points which represent its end-vertices. A drawing is planar if
any two edges can only share the points that represent common end-vertices. A
graph is planar if it admits a planar drawing.

Let G = (V, E) be a graph. A k-coloring of G is a partition {V0, V1, . . . , Vk−1}
of V where the integers 0, 1, . . . , k−1 are called colors. In the rest of this section
the index i is 0 ≤ i ≤ k − 1 if not differently specified. For each vertex v ∈ Vi we
denote by col(v) the color i of v. A graph G with a k-coloring is called a k-colored
graph. Let S be a set of distinct points in the plane. We always assume that the
points of S have distinct x-coordinates (this condition can always be satisfied
by means of a suitable rotation of the plane). For any point p ∈ S we denote by
x(p) and y(p) the x- and y-coordinates of p, respectively. A k-coloring of S is a
partition {S0, S1, . . . , Sk−1} of S. A set S of distinct points in the plane with a
k-coloring is called a k-colored set of points. For each point p ∈ Si col(p) denotes
the color i of p. A k-colored set of points S is compatible with a k-colored graph
G if |Vi| = |Si| for every i; if G is planar, we say that G has a k-colored point-set
embedding on S if there exists a planar drawing of G such that: (i) every vertex
v is mapped to a distinct point p of S with col(p) = col(v), (ii) each edge e of G
is drawn as a polyline λ; a point shared by any two consecutive segments of λ is
called a bend of e. The curve complexity of a drawing is the maximum number
of bends per edge. Throughout the paper n denotes the number of vertices of
graph and m the number of its edges.

3 Lower Bound on the Curve Complexity

A diamond graph is a 3-colored planar graph as the one depicted in Figure 1(a).
More formally, let n ≥ 12, let n′′ = (n mod 12) and let n′ = n − n′′ =
12h for some h > 0; a diamond graph Gn = (V, E) is defined as follows:
V = V0 ∪ V1 ∪ V2; V0 = {vi | 0 ≤ i ≤ n′

3 + �n′′

2 �}; V1 = {ui | 0 ≤ i ≤
n′

3 + �n′′

2 	}; V2 = {wi | 0 ≤ i ≤ n′

3 }; E = E0 ∪ E1 ∪ E2 ∪ E3 ∪ E4; E0 =
{(vi, vi+1) | 0 ≤ i ≤ n′

3 + �n′′

2 � − 1}; E1 = {(ui, ui+1) | 0 ≤ i ≤ n′

3 + �n′′

2 	 − 1};
E2 = {(wi, wi+1), (wi+1, wi+2), (wi+2, wi+3), (wi+3, wi) | 0 ≤ i ≤ 4h − 1, i
mod 4 = 0}; E3 = {(wi+1, wi+4), (wi+3, wi+4), (wi+1, wi+6), (wi+3, wi+6) | 0 ≤
i ≤ 4h − 5, i mod 4 = 0}; E4 = {(w4h−1, vn′

3 +�n′′
2 �), (w4h−3, v0), (w0, u0),

(w2, u n′
3 +�n′′

2 �)}.
Let S′ = S0 ∪ S1 be a 2-colored set of points all belonging to a horizontal

straight line �; S′ is a bi-colored sequence if |S0| = |S1| or |S0| = |S1|+1 and given
two points p and q of S′ such that there is no point r with x(p) < x(r) < x(q),
then col(p) 
= col(q). A 3-colored set of points with an alternating bi-colored
sequence is a 3-colored set of points S = S0 ∪ S1 ∪ S2 such that S′ = S0 ∪ S1 is
an alternating bi-colored sequence and no point of S2 is on �. A 3-colored set of
points with an alternating bi-colored sequence is shown in Figure 1(b).
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Fig. 1. (a) A diamond graph for h = 3. (b) A 3-colored set of points with an alternating
bi-colored sequence.

Let Gn (n ≥ 12) be the diamond graph with n vertices and let S be a 3-colored
set of points with an alternating bi-colored sequence and compatible with Gn.
Let Γn be a 3-colored point-set embedding of Gn on S. Let p0, p1, . . . , p8h+n′′−1
be the points of the bi-colored sequence of S ordered according to their x-
coordinates. Denote with zi the vertex of Gn which is mapped to pi. Notice
that zi and zi+1 are not adjacent in Γn because one of them belongs to V0 and
the other one belongs to V1 in Gn. Connect in Γn zi and zi+1 with a straight-line
segment (i = 0, . . . , 8h+n′′−2); the obtained path is called bi-colored path on Γn.

Lemma 1. Let Gn (n ≥ 12) be a diamond graph and let S be a 3-colored set
of points with an alternating bi-colored sequence such that S is compatible with
Gn. Let Γn be a 3-colored point-set embedding of Gn on S, let e be an edge of
Γn, and let Π be the bi-colored path on Γn. If Π crosses e b times, then e has at
least b − 1 bends.

Lemma 2. Let Gn (n ≥ 12) be a diamond graph and let S be a 3-colored set of
points with an alternating bi-colored sequence such that S is compatible with Gn.
Let Γn be a 3-colored point-set embedding of Gn on S and let Π be the bi-colored
path on Γn. Π crosses at least n′

6 − 1 edges of Γn, where n′ = n − (n mod 12);
also, Π crosses each of these edges at least n′

6 times.

Proof. For a planar drawing of Gn and a cycle C ∈ Gn we say that C separates
a subset V ′ ⊂ V from a subset V ′′ ⊂ V if all vertices of V ′ lie in the interior of
the region bounded by C and all vertices of V ′′ are in the exterior of this region.
In every planar drawing of Gn each of the h cycles defined by the edges in the
set E2 separates all vertices in V0 from all vertices in V1. Thus, every edge of Π
must cross these h cycles. Analogously, in every planar drawing of Gn, each of
the h − 1 cycles defined by the edges in the set E3 separates all vertices in V0
from all vertices in V1. Therefore, every edge of Π must also cross these h − 1
cycles. The number of edges in Π is 2n′

3 +n′′−1, where n′′ = n−n′ = n mod 12,



Drawing Colored Graphs on Colored Points 107

and hence each cycle is crossed 2n′

3 + n′′ − 1 times. Since each cycle has four
edges, we have that at least 2h − 1 = n′

6 − 1 edges (one per cycle) are crossed at
least �n′

6 + n′′

4 − 1
4� ≥ � 12h

6 − 1
4� = �2h − 1

4� = 2h = n′

6 times. �


Theorem 1. For every n ≥ 12 and for every 3 ≤ k ≤ n there exists a k-colored
planar graph G with n vertices and a k-colored set of points S compatible with G
such that any k-colored point-set embedding of G on S has at least n′

6 − 1 edges
each having at least n′

6 − 1 bends, where n′ = n − (n mod 12).

We conclude this section comparing the result of Theorem 1 with the known
lower bound for k = n [17]. Let G be an n-colored graph with m independent
edges and let S be a set of n points in convex position such that each point is
colored at random with one of n distinct colors. In [17] it is proved that, almost
surely, at least m

20 edges of G have at least m
403 bends on any possible n-colored

point-set embedding of G on S. A comparison with the result in Theorem 1 can
be easily done by observing that the maximum number of independent edges in
a graph with n vertices is at most n/2.

4 Upper Bound on the Curve Complexity

Theorem 1 shows that in terms of curve complexity the problem of computing
a k-colored point-set embedding for any k ≥ 3 is as difficult as computing an
n-colored point-set embedding. Therefore, a drawing algorithm that is asymptot-
ically optimal in terms of curve complexity for all values of k such that 1 ≤ k ≤ n
could be designed as follows: (1) Randomly assign each vertex of color i of the
input graph to a distinct point of color i of the input set of points. (2) Apply
the drawing algorithm of Pach and Wenger [17], which constructs an n-colored
point-set embedding whose curve complexity is at most 120n. However, since
optimizing the number of bends per edge is an important requirement that guar-
antees the readability of a drawing of a graph [7], we present in this section a new
approach to the computation of n-colored point-set embeddings which reduces
the maximum number of bends per edge from at most 120n to at most 3n + 2.

The key idea is to translate the geometric problem into an equivalent topo-
logical problem, namely that of suitably augmenting a planar graph by adding
dummy edges that do not cross the real edges too many times. The main ingre-
dients for this approach are: (i) The notion of augmenting k-colored Hamiltonian
path for a k-colored planar graph G. (ii) A theorem that proves that the number
of crossings between the edges of an augmenting k-colored Hamiltonian path
and the edges of a k-colored planar graph give an upper bound on the curve
complexity of a k-colored point-set embedding of G. (iii) An augmentation algo-
rithm that, for any linear ordering of the vertices of G, computes an augmenting
k-colored Hamiltonian path which visits the vertices according to this ordering
and that crosses each edge of G at most 3n − 1 times.

A k-colored sequence σ is a linear sequence of (possibly repeated) colors c0, c1,
. . . , cn−1 such that 0 ≤ cj ≤ k − 1 (0 ≤ j ≤ n − 1). We say that σ is compatible
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with a k-colored graph G if, for every 0 ≤ i ≤ k − 1, color i occurs |Vi| times in
σ. Let S be a k-colored set of points and let p0, p1, . . . , pn−1 be the points of S
ordered according to their x-coordinates. We say that S induces the k-colored
sequence σ = col(p0), col(p1), . . . , col(pn−1).

A graph G has a Hamiltonian path if it has a simple path that contains all
the vertices of G. If G is a k-colored graph and σ = c0, c1, . . . , cn−1 is a k-colored
sequence compatible with G, a k-colored Hamiltonian path of G consistent with
σ is a Hamiltonian path v0, v1, . . . , vn−1 such that col(vi) = ci (0 ≤ i ≤ n − 1).
Suppose that G is a k-colored planar graph and that G does not have a k-colored
Hamiltonian path consistent with σ. One can augment G to a (not necessarily
planar) k-colored graph G′ by adding to G a suitable number of dummy edges
and such that G′ has a k-colored Hamiltonian path H′ consistent with σ and
that includes all dummy edges.

If G′ is not planar, we can apply a planarization algorithm (see, e.g., [7]) to
G′ with the constraint that only crossings between dummy edges and edges of
G − H′ are allowed. Such a planarization algorithm constructs an embedded
planar graph G′′ where each edge crossing is replaced with a dummy vertex,
called division vertex. By this procedure an edge e of H′ can be transformed into a
path whose internal vertices are division vertices. The subdivision of H′ obtained
this way is called an augmenting k-colored Hamiltonian path of G consistent with
σ and is denoted as H′′. If every edge e of G is crossed at most d times in G′ (i.e.
e is split by at most d division vertices in G′′), H′′ is said to be an augmenting k-
colored Hamiltonian path of G consistent with σ and inducing at most d division
vertices per edge. If G′ is planar, then H′′ coincides with H′. If both end-vertices
of H′′ are on the external face of the augmented Hamiltonian form of G, then
H′′ is said to be external.

Let vd be a division vertex for an edge e of G. Since a division vertex corre-
sponds to a crossing between e and an edge of H′, there are four edges incident
on vd in G′′; two of them are dummy edges that belong to H′′, the other two
are two “pieces” of edge e obtained by splitting e with vd. Let (u, vd) and (v, vd)
be the latter two edges. We say that vd is a flat division vertex if it is encoun-
tered after u and before v while walking along H′′; vd is a pointy division vertex
otherwise. The following theorem refines and improves a result presented in [8].

Theorem 2. Let G be a k-colored planar graph, let σ be a k-colored sequence
compatible with G, and let H be an augmenting k-colored Hamiltonian path of
G consistent with σ having at most df flat and dp pointy division vertices per
edge. If H is external then G admits a k-colored point-set embedding on any set
of points that induces σ such that the maximum number of bends along each edge
is df + 2dp + 1.

Based on Theorem 2, we show our upper bound by proving that for any n-
colored sequence σ an n-colored planar graph G always admits an augmenting
k-colored Hamiltonian path of G consistent with σ such that df ≤ 3n − 3 and
dp ≤ 2, which implies a curve complexity of 3n + 2. The algorithm to compute
an augmenting k-colored Hamiltonian path of G consistent with σ relies on a
morphing technique that starts with a special type of planar drawing where all
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vertices are aligned and transforms it into a drawing with aligned vertices that
respects the given linear ordering.

Let G = (V, E) be a planar graph. A topological book embedding of G is a
planar drawing such that all vertices of G are represented as points of a horizontal
straight line � called spine and each edge intersects the spine a finite number
of times. The straight line � defines two half-planes one above and one below �
which are called the top page and the bottom page, respectively. In a topological
book embedding each edge can be either completely contained in the top page,
or completely contained in the bottom page, or can cross the spine. A crossing
between an edge and the spine is called a spine crossing. In order to simplify
the description of our results, we assume that a topological book embedding is
such that every edge is a sequence of circular arcs; each circular arc of an edge
e is called an arc of e. It is also assumed that if an edge e crosses the spine at a
point p, the two arcs of e sharing p belong to opposite pages.

A monotone topological book embedding is a topological book embedding such
that each edge crosses the spine at most once. Also, let e = (u, v) be an edge
of a monotone topological book embedding that crosses the spine at a point p;
e is such that if u precedes v in the left-to-right order along the spine then p is
between u and v, the arc with endpoints u and p is in the bottom page, and the
arc with endpoints u and v is in the top page.

Theorem 3. [9] Every planar graph admits a monotone topological book em-
bedding. Also, a monotone topological book embedding can be computed in O(n)
time, where n is the number of the vertices in the graph.

Given a monotone topological book embedding Γ of a planar graph G, we trans-
form Γ into a new topological book embedding Γ ′ such that the linear ordering
of the vertices along the spine coincides with an arbitrary given linear ordering λ
of the vertices of G. Every vertex v of G has a source position s(v) defined by the
point representing v in Γ and a target position t(v) in Γ ′ defined by the point
representing v in Γ ′. The linear ordering of the target positions of the vertices of
G in Γ ′ coincides with λ. The transformation from Γ to Γ ′ moves each vertex of
G from its source to its target position by processing the vertices in Γ from left
to right. The trajectory of vertex v is the straight-line segment s(v)t(v). When
v is moved to its target position the shape of those edges that are incident to v
and of those edges that are intersected by the trajectory of v is changed in order
to guarantee the planarity of the drawing.

To better explain the various steps of this morphing technique from Γ to Γ ′,
we introduce the notion of 2-spine drawing of a planar graph G which generalizes
the definition of topological book embedding. A 2-spine drawing Γ ∗ of G is a
planar drawing such that each vertex is represented as a point of one among
two parallel horizontal lines called spines of Γ ∗. Each edge e = (u, v) of G can
have both end-vertices represented in Γ ∗ as points both in the same spine or in
different spines. If both u and v are in the same spine, edge e is drawn in Γ ∗ as
a sequence of arcs; if u is in the upper spine and v is in the lower spine, then
when going from u to v along e in Γ ∗ we find a (possibly empty) sequence of
arcs whose endpoints are in the upper spine, a straight-line segment between the
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two spines, and a (possibly empty) sequence of arcs whose endpoints are in the
lower spine. A sequence of arcs of an edge e whose endpoints are in the upper
(respectively, lower) spine is called an upper sequence of e (respectively, a lower
sequence of e). The straight-line segment of an edge e between the two spines
is called the inter-spine segment of e. Note that a 2-spine drawing such that all
vertices are points of one of the spines is a topological book embedding.

Lemma 3. Let G be a planar graph and let λ be a given linear ordering of the
vertices of G. G admits a topological book embedding such that the left-to-right
order of the vertices along the spine is λ.

Sketch of Proof. Based on Theorem 3, G has a monotone topological book em-
bedding that we call Γ . Let � be the spine of Γ and let v0, . . . , vn−1 be the
vertices of G in the left-to-right order they have along �. Let �′ be a horizontal
line below �. For each vertex v of G we define a target position on �′ such that
the left-to-right order of these target positions corresponds to λ.

We process each vertex of Γ in the left-to-right order along �. At each step
a vertex is moved to its target position on �′ and a 2-spine drawing with spines
� and �′ of G is computed. Indeed, in order to compute a topological book
embedding Γ ′ of G such that Γ ′ satisfies the statement, we compute a sequence
Γ0, . . . , Γn of 2-spine drawings with spines � and �′ such that Γ0 coincides with
Γ and Γn coincides with Γ ′. At Step i (0 ≤ i ≤ n − 1) the 2-spine drawing Γi is
transformed into Γi+1 by moving vi to its target position on �′ and by changing
the shape of the edges accordingly.

When vertex vi is moved to its target position, we maintain the planar em-
bedding and only change the shape of the edges incident on vi and the shape of
any edge that is intersected by the trajectory of vi. In the remainder, we assume
that the target positions along �′ are such that a trajectory of a vertex intersects
an arc with end-points p and q only if one of the end-points of the trajectory
is in the closed interval defined by p and q. (This assumption can be satisfied
by suitably choosing the radii of the arcs of the edges and the distance between
spines � and �′.)

Transformation of the shape of the edges intersected by the trajectory
of vi: The trajectory τ of vi can intersect both inter-spine segments of some
edges or arcs belonging to the the lower sequence of some edges. Notice that if τ
intersects both inter-spine segments and arcs, then the inter-spine segments are
encountered before the arcs when going from s(vi) to t(vi); see also Figure 2. Let
s0, s1, . . . , sh−1 be the segments crossed by τ in the order they are encountered
when going from s(vi) to t(vi) along τ ; denote by xj the endpoint of sj that
is on � and by x′

j the endpoint of sj that is on �′ (0 ≤ j ≤ h − 1). Two cases
are possible: Case a: x′

j is to the left of x′
j+1 along �′, and therefore xj is to

the left of xj+1 along � (see Figure 2(a)); Case b: x′
j is to the right of x′

j+1
along �′, and therefore xj is to the right of xj+1 along � (see Figure 2(b)). Let
c0, c1, . . . , cl−1 be the arcs crossed by τ in the order they are encountered going
from s(vi) to t(vi) along τ ; denote by yj and zj the endpoints of cj, with yj to
the left of zj (0 ≤ j ≤ l − 1). Notice that yj is to the left of yj+1 and zj is to the
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Fig. 2. Transformation of the shape of the edges intersected by the trajectory of vi

right of zj+1. Refer to Figures 2(c) and 2(d). Let t′ and t′′ be two points of �′

such that t′, t(vi) and t′′ appear in this left-to-right order along �′ and no vertex
or spine crossing is between t′ and t(vi) and between t(vi) and t′′ on �′. Choose
h + l points p0, p1, . . . , ph−1, ph, . . . , ph+l−1 such that each pj (0 ≤ j ≤ h + l − 1)
is between t′ and t(vi) on �′ and pj is to the right of pj+1 on �′. Choose h + l
points q0, q1, . . . , qh−1, qh, . . . , qh+l−1 such that each qj (0 ≤ j ≤ h + l − 1) is
between t(vi) and t′′ on �′ and qj is to the left of qj+1 on �′. If Case a holds
(see Figures 2(c)), replace each segment sj = xjx′

j (0 ≤ j ≤ h − 1) with: (i)
an arc with endpoints x′

j and pj ; (ii) an arc with endpoints pj and qj ; (iii) a
straight-line segment qjxj . If Case b holds (see Figures 2(d)), replace each
segment sj = xjx′

j (0 ≤ j ≤ h − 1) with: (i) an arc with endpoints x′
j and qj ;

(ii) an arc with endpoints qj and pj ; (iii) a straight-line segment pjxj . Replace
each arc cj (0 ≤ j ≤ l − 1) whose endpoints are yj and zj with: (i) an arc with
endpoints yj and ph+j ; (ii) an arc with endpoints ph+j and qh+j ; (ii) an arc with
endpoints qh+j and zj.
Transformation of the shape of the edges incident on vi: We partition
the edges incident on vi into four sets. The set Et,l (respectively, Eb,l) contains
the edges e = (vj , vi) such that j < i and the arc of e incident on vi is in the top
(respectively, bottom) page of Γ . Analogously we can define sets Et,r and Eb,r

for the edges (vi, vj) with i < j.
Let e = (vj , vi) be an edge of Et,l or Eb,l. When we move vi, vj has already

been moved to �′ (because j < i) and therefore when going from vj to vi along e
in Γi we find the (possibly empty) lower sequence σl of e, the inter-spine segment
se of e, and the (possibly empty) upper sequence σu of e. Let x′ be the endpoint
of se on �′. Replace se and σu with an arc whose endpoints are x′ and t(vi).
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Let e = (vi, vj) be an edge of Eb,r. Edge e is represented in Γi as an arc ce

with endpoints s(vi) and s(vj). Arc ce is replaced by the straight-line segment
t(vi)s(vj); see also Figure 3.

Let ej = (vi, vij ) (0 ≤ j ≤ h − 1) be the edges of Et,r with ij < ij+1
(0 ≤ j < h − 1). Let s′ be a point on � such that s′ is to the right of s(vi)
and no vertex or spine crossing is between s(vi) and s′ on �. Choose h points
p0, p1, . . . , ph−1 such that each pj (0 ≤ j ≤ h − 1) is between s(vi) and s′ on
� and pj is to the left of pj+1 along � (0 ≤ j < h − 1). Edge ej is represented
in Γi as an arc cej with endpoints s(vi) and s(vij )(0 ≤ j ≤ h − 1). Arc cej is
replaced by the segment t(vi)pj and the arc with endpoints pj and s(vij ); see
also Figure 3.

s(v )i
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vi vi2
vi1

0iv

(a)

vi

s(v )i vj

t(v )i

p1
p0

s’

vi2
vi1

0iv

(b)

Fig. 3. Transformation of the shape of the edges incident on vi

After n steps have been executed, and hence all vertices have been moved to
their target positions, we obtain a drawing Γn where all vertices are aligned and
have a left-to-right order coincident with λ. It can be proved that the drawing
Γi+1 obtained after the execution of Step i is a 2-spine drawing of G. It follows
that Γn is a 2-spine drawing (and hence a topological book embedding) of G.�
By means of Lemma 3 and Theorem 2 the following results can be proved.

Lemma 4. Let G be an n-colored planar graph with n vertices and let σ be
an n-colored sequence compatible with G. G admits an augmenting n-colored
Hamiltonian path consistent with σ and inducing at most 3n − 3 flat division
vertices and at most 2 pointy division vertices per edge.

Theorem 4. Let G be a k-colored planar graph with n vertices such that 1 ≤
k ≤ n and let S be a k-colored set of points compatible with G. There exists an
O(n2 log n)-time algorithm that computes a k-colored point-set embedding of G
on S having curve complexity at most 3n + 2.

Since by Theorem 1 k-colored point-set embeddings can have a linear number
of edges each requiring a linear number of bends, the upper bound on the curve
complexity expressed by Theorem 4 is asymptotically tight. However, as the next
theorem shows, there can be special colorings of the input graph which guarantee
a curve complexity that depends on k and does not depend on n.

Theorem 5. Let G be a k-colored planar graph with n vertices such that: (i)
1 ≤ k < n; (ii) |Vi| = 1 for every 0 ≤ i ≤ k − 2; (iii) |Vk−1| = n − k + 1. Let S
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be a k-colored set of points compatible with G. There exists an O(n2 log n)-time
algorithm that computes a k-colored point-set embedding of G on S having curve
complexity at most 9k − 1.
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