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Abstract. We consider the family of all the Cellular Automata (CA)
sharing the same local rule but have different memory. This family con-
tains also all the CA with memory m < 0 (one-sided CA) which can act
both on A% and on AY. We study several set theoretical and topological
properties for these classes. In particular we investigate if the properties
of a given CA are preserved when we consider the CA obtained by chang-
ing the memory of the original one (shifting operation). Furthermore we
focus our attention to the one-sided CA acting on A% starting from the
one-sided CA acting on A" and having the same local rule (lifting op-
eration). As a particular consequence of these investigations, we prove
that the long-standing conjecture [Surjectivity = Density of the Peri-
odic Orbits (DPO)] is equivalent to the conjecture [Topological Mixing
= DPO].

Keywords: discrete time dynamical systems, cellular automata, topo-
logical dynamics, deterministic chaos.

1 Introduction and Motivations

Cellular automata (CA) are a simple formal model for complex systems. Their
are used in many scientific fields ranging from biology to chemistry or from
physics to computer science.

A CA is made of an infinite set of finite automata distributed over a regular
lattice £. All finite automata are identical. Each automaton assumes a state,
chosen from a finite set A, called the set of states or the alphabet. A configuration
is a snapshot of all states of the automata i.e. a function from £ to A. In the
present paper, L =7 or L = N.

* This work has been supported by the Interlink/MIUR project “Cellular Automata:
Topological Properties, Chaos and Associated Formal Languages”, by the ANR
Blanc “Projet Sycomore” and by the PRIN/MIUR project “Formal Languages and
Automata: Mathematical and Applicative Aspects”.

** Corresponding author.

S.B. Cooper, B. Léwe, and A. Sorbi (Eds.): CiE 2007, LNCS 4497, pp. 1-{I01 2007.
© Springer-Verlag Berlin Heidelberg 2007



2 L. Acerbi, A. Dennunzio, and E. Formenti

A local rule updates the state of an automaton on the basis of its current state
and the ones of a fixed set of neighboring automata which are individuated by
the neighborhood frame N = {—m,—m+1,...,—m + d}, where m € Z, d € N,
and r = max{m,d — m} are the memory, the diameter, and the radius of the
CA, respectively. Formally, the local rule is a function f: A4t! — A.

All the automata of the lattice are updated synchronously. In other words,
the local rule f induces a global rule F,, : AZ — A% describing the evolution of
the whole system from time ¢ to ¢ 4 1:

Vo e AL Vi e Z, Fo(x)i = f(@icmy -, Ticmtd) -

The shift map o is one among the simplest examples of CA and it is induced
by the rule f : A — A, defined as Va € A, f(a) = a, with m = -1, d = 0.
Remark that o can also be induced by the rule f : A2 — A defined as Va,b €
A, f(a,b) = b with m = 0, d = 1. We prefer to use the former representation
since it minimizes the neighborhood size.

For any CA on A%, the structure (A% F,,) is a (discrete time) dynamical
system. From now on, for the sake of simplicity, we identify a CA with the
dynamical system induced by itself or even with its global rule F,.

The local rule of a CA can be convenient represented by a look-up table. Any-
way, the look-up table does not uniquely define the CA. Indeed, for each value
of m we have a different CA. It is therefore natural to wonder what dynamical
properties are conserved by the CA obtained by changing the value of m but
keeping the same look-up table for the local rule. This paper tries to answer this
question.

Remark that the solution to the problem is absolutely not trivial. For in-
stance, a periodic Coven automaton is a CA defined by the following local rule
(A =1{0,1}, m = 0 and d € N): f(ag,a1,...,aq) = ap ® Hi:l(ak O wg & 1),
where & is the usual xor operation and w = wiws ... wy € {0, 1}d is a periodic
wordl. Despite of the fact that for aperiodic Coven automata almost everything
is known [2], very little is known about the periodic case even for the simplest
example i.e. when w = 11. Call A this last automaton and Fj its global rule. Tak-
ing the same look-up table as 4 but m = —1, we obtain the elementary CA rule
called EC'A120. Most of the dynamical properties of EC'A120 are well-known
(see [7], for instance). More formally, one can write that EC A120 = o o F. For
this reason we say that EC' A120 is a shifted version of Fy.

In [I3], Sablik studies the behavior of the shift operation over look-up tables
w.r.t. the equicontinuity property and gives precise bounds for conservation and
non-conservation. In this paper, we focus on the periodic behavior. We show
that the proof of an old-standing conjecture about denseness of periodic orbits
(DPO) can be reduced to the study of the class of topologically mixing CA i.e. a
very small class with very special dynamical behavior. Maybe this would simplify
the task of proving the conjecture. The result is obtained as a by-product of our

LA word w € {0, l}d is periodic if there exists 1 < p < d — 1 such that w; = w4, for
1<i<d-—p. A word is aperiodic if it is not periodic.
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results about the conservation of other interesting properties like surjectivity,
left (or right) closingness etc.

Any CA with memory m < 0 is well defined both on A” and on AN, In the A
we prefer to use the slightly different notation &,, in order to avoid confusion
with the A% case. The mapping @,, : AN — AN acts on any configuration = € AN
as follows

Vi € N, @m(ﬂj)z = f(a;i_m, L 7Ii—m+d) .

Along the same line of thoughts as before, one can wonder which properties are
conserved when passing from AN to A% using the same local rule (with memory
m < 0). The opposite case, i.e., when passing from A% to AN is trivial.

In [3], Blanchard and Maass show a deep combinatorial characterization of
expansive CA on AN. These results were successively extended by Boyle and
Fiebig [5]. Unfortunately, both the constructions are not of help for the AZ case.

In this paper we show that most of the interesting properties are conserved
when passing from AY to AZ. If the same holds for DPO is still an open question.

2 Topology and Dynamical Properties

In order to study the dynamical properties of CA, A% is usually equipped with
the Thychonoff metric d defined as follows

Va,y € A%, d(z,y) =27, wheren =min{i >0 : 2; Zy;orx_; #y_;} .

Then AZ is a compact, totally disconnected and perfect topological space. For
any pair i,j € Z, with ¢ < j, we denote by z|; ; the word @;---x; € AT~
i.e., the portion of the configuration x € A% inside the integer interval [i, j] =
{keZ:i<k<j}. A cylinder of block u € A* and position i € Z is the set
Ci(u) = {o € A% : 2}; ;141 = u}. Cylinders are clopen sets w.r.¢. the Thyconoff
metric.

Given a CA F},, a configuration x € A% is a periodic point of F}, if there exists
an integer p > 0 such that FP () = x. The minimum p for which F? (z) = x
holds is called period of x. If the set of all periodic points of F,, is dense in
A% we say that the CA has the denseness of periodic orbits (DPO). A CA F,,
has the joint denseness of periodic orbits (JDPO) if it has a dense set of points
which are periodic both for F,, and o.

The study of the chaotic behavior of CA (and more in general of discrete
dynamical systems) is interesting and it captured the attention of researchers
in the last twenty years. Although there is not a universally accepted definition
of chaos, the notion introduced by Devaney is the most popular one [9]. It is
characterized by three properties: sensitivity to the initial conditions, DPO and
transitivity.

Recall that a CA F,, is sensitive to the initial conditions (or simply sensi-
tive) if there exists a constant ¢ > 0 such that for any configuration » € A%
and any & > 0 there is a configuration y € A% such that d(y,r) < & and
d(F} (y), Fh(x)) > e for some n € N. A CA F,, is (topologically) transitive if for
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any pair of non-empty open sets U,V C AZ there exists an integer n € N such
that F2(U) NV # (). All the transitive CA are sensitive [§]. A CA is (topologi-
cally) mizing if for any pair of non-empty open sets U,V C A? there exists an
integer n € N such that for any ¢t > n we have F! (U) NV # (. Trivially, any
mixing CA is also transitive.

Let F,, be a CA. A configuration x € A% is an equicontinuous point for F,,
if Ve > 0 there exists & > 0 such that for all y € A%, d(y,z) < & implies that
vn € N, d(EF"(y), F*(x)) < e. A CA is said to be equicontinuous if the set E
of all its equicontinuous points is the whole A%, while it is said to be almost
equicontinuous if E' is residual (i.e., E can be obtained by a infinite intersection
of dense open subsets). In [T1], Kurka proved that a CA is almost equicontinuous
iff it is non-sensitive iff it admits a blocking wordd.

All the above definitions can be easily adapted to work on AN.

3 Shifting

Let (A% F,,) be a CA. For a fixed h € Z, we consider the CA (A%, Fip).
Since Fyqp, = 0" 0 Fyy,, we say that the CA (A%, F,,,,1,) is obtained by a shifting
operation which move the memory of the originally given CA from m to m + h.
In this section we study which properties are preserved by the shifting operation.
A CA <AZ, Fm> is surjective (resp., injective) if Fy, is surjective (resp., injec-
tive). It is right (resp., left) closing iff F,,(x) # F,(y) for any pair z,y € A?
of distinct left (resp., right) asymptotic configurations, i.e., T(_oo,n] = Y(—occ,n]
(resp., T[n,00) = Yjn,oc)) for some n € Z, where z(_ 5] (resp., 2[n,oc)) denotes the
portion of a configuration z inside the infinite integer interval (—oo,n] (resp.,
[n,00)). A CA is said to be closing if it is either left or right closing. Recall that
a closing CA has JDPO [6] and that a CA is open iff it is both left and right
closing [6].
Proposition 1. Let <AZ,Fm> be a CA. For any h € Z, <AZ,Fm+h> is surjective
(resp., injective, right-closing, left-closing, has JDPO) iff <AZ,Fm> 1s surjective
(resp., injective, right-closing, left-closing, has JDPO).

Proof. All the statements follow immediately from the definition of Fy,4+p. O

The following theorem establishes the behavior of the shift operation w.r.t. sensi-
tivity, equicontinuity and almost equicontinuity. Its proof is essentially contained
in [13].

Theorem 1. For any CA <AZ, Fm> one and only one of the following state-
ments holds:

So: the CA <AZ, Fm+h> is nilpotenE (and then equicontinuous) for any h € Z;

2 A word u € A* is s-blocking (s < k) for a CA F, if there exists an offset j € [0, k— s]
such that for any x,y € Co(u) and any n € N, Fin,(2)[j,j4+s—1] = Fm(Y)[j,j+s—1] -

3 A CA F,, is nilpotent if there is a symbol a € A and an integer n > 0 such that for
any configuration € A% we have Fj(z) = (a)* (infinite concatenation of a with
itself).
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Sy: there exists an integer h with h+m € [—d,d] such that the CA <AZ, Fm+h>
is equicontinuous for h = h and it is sensitive for any h # h;

Sa: there is a finite interval I C Z, with I +m C [—d,d], such that the CA
<AZ, Fm+h> is strictly almost equicontinuous but not equicontinuous iff h € I
(and then it is sensitive for any other h € Z\ I);

S3: the CA <AZ,Fm+h> is sensilive (ever-sensitivity) for any h € Z.

In the case of surjective CA, Theorem [I] can be restated as follows.

Theorem 2. For any surjective CA <AZ, Fm> one and only one of the following
statements holds:

Si: there exists an integer ', with k' +m € [—d, d], such that the CA Fy, 4}, is
equicontinuous for h = h' and it is mizing for h # h';

8L there exists an integer ', with h' +m € [—d, d], such that the CA Fy,yp is
strictly almost equicontinuous but not equicontinuous for h = h' and it is
miazing for h # h';

Sk there is at most a finite set I C Z, with I +m C [—d,d], such that if h € I
then the CA F, 4y, is sensitive but not mizing, while it is mizing if h € Z\1.

Proof. By Theorem[I] it is enough to prove that if a surjective CA F,, is almost
equicontinuous then for any h # 0 the CA F,4p is mixing. We give the proof
for h > 0, the other case is similar. Let u € A* and v € A9 be two arbitrary
blocks and let w € A® be a r-blocking word with offset j where r is the radius
of the CA. The word wvw is a I-blocking (I = s + ¢ + r) with offset j and
the configuration y = (wv)*° is periodic for F,, (see, for instance, the proof of
Theorem 5.24 in [I2]). Let p > 0 be the period of y. Then for any configuration
z € Co(wvw) and any n € N we have that F2(x); j1i-1) = Fpn () j41-1]» in
particular FP ()5 s4q—1] = T[s,s4q—1] = V. Let to > 0 be a multiple of p such
that hto — s > k and htg — s+ (p — 1)(h — ) > k. For any integer ¢t > tg, let
us consider a configuration z € Co(u) N Chy—sqq(h—r)(v") where a =t mod p
and v' € f~%(wow) is an a-preimage block of wvw. In this way we are sure that

F! ., (2) € Co(v) and thus the CA F,,;, is mixing. ]

We recall that a CA F,,, is positively expansive if there exists a constant € > 0
such that for any pair of distinct configurations x, y we have d(F}}: (y), Fit (z)) > &
for some n € N. The next proposition assures that (positively) expansive CA are
in class 8%, in particular they are ever-sensitive.

Proposition 2. If <AZ,Fm> is a positively expansive CA, then for any h € Z
the CA <AZ,Fm+h> is sensitive.

Proof. For h = 0 the thesis immediately follows by perfectness of AZ. We give
the proof for h > 0, the case h < 0 is similar. Let ¢ = max {r, h, s} +1, where r is
the radius of F;, and s € N is an integer such that 215 is less than the expansivity
constant of the given CA. We show that <AZ, Fm+h> is sensitive with sensitivity
constant € = zlq. Chosen an arbitrary k € N and a configuration 2 € A%, consider

a configuration y € A% such that Y(—oo,k] = T(—oo,k] With yri1 # 2py1. By the
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expansivity of F,, the sequence {j,}tney = min{i € Z: F"(y); # F(x);} is
well-defined and for any n € N we have j,11 — j, > —r. We now prove the
existence of an integer ¢ € N such that F!, (y)(_qntqint 7 F(T)[—grht,qrh]
(equivalent to d(F} ., (y), F}, . ,(x)) > €). By contradiction, assume that no
integer satisfies this condition. Thus, for any ¢ € N, we have j; ¢ [—q+ht, ¢+ ht].
If for all t € N, j; > g + ht we obtain a contradiction since the original CA is
positively expansive. Otherwise, there is an integer ¢t € N, such that j; < —qg+ ht
and ji—1 > g+ h(t—1). In this way, we have j; — j;—1 < —2¢+h < —r, obtaining
again a contradiction. a

The following is a long-standing conjecture in CA theory which dates back at
least to [4].

Conjecture 1. Any Surjective CA has DPO.

By Proposition [T, we have that the shift operation conserves surjectivity. There-
fore, Conjecture [M leads naturally to the following.

Congecture 2. For any CA <AZ,Fm> and any h € Z, <AZ,Fm+h> has DPO iff
<AZ,Fm> has DPO.

Recall that surjective almost equicontinuous CA have JDPO [] and that closing
CA have JDPO [6]. By Proposition [T, JDPO is preserved by the shifting opera-
tion, so all the CA in the classes S| and S} have JDPO. We conjecture that the
same holds for (non closing) CA in S5:

Congecture 3. A CA has DPO if it has JDPO.

We want show the equivalence between Conjectures [2 and [3 but before we need
the following notion. A CA (A%, F,,) is strictly right (vesp., strictly left) if m <0
(resp., d —m < 0).

Proposition 3. A surjective strictly right (or strictly left) CA is mixing.

Proof. We give the proof for a strictly right CA, the case of strictly left CA is
similar. Consider a strictly right CA with memory m and diameter d. For any
u,v € A* and 4,j € Z, consider the two cylinders C;(u) and C;(v). Fix t € N
such that i — (d — m)t + |u] < j. Let € C;(u). The value of z in [i,7 + |ul]
depends only on the value of F,,,*(z) in [i — mt,i — (d — m)t + |u| — 1]. Therefore
build y € A% such that Vk € Z,y, = vp_j+1 if j < k < j+ |v] and yp, = g,
otherwise. Then F}, (y) € C;(u) and y € C;(v). O

Proposition 4 (Theorem 3.2 in [7]). Let (A% F,,) be a strictly right CA.
Any periodic configuration for the CA is also periodic for o.

The following corollary is a trivial consequence of the previous proposition.

Corollary 1. Consider a strictly right CA. If it has DPO then it has JDPO
too.
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Proposition 5. The following statements are equivalent:

1. for any h € Z, (A%, Fyi,) has DPO iff (A% F,,) has DPO (Conjecture 2).
2. if (A%, F,,) has DPO, then it also has JDPO (Conjecture 3).

Proof. (1= 2). Let (A%, F,,,) be a CA with DPO. There exists an integer h such
that the <AZ7 Fm+h> is a strictly right CA. Then, by the hypothesis, it has DPO.
Corollary [l and Proposition [l assure that (A%, F,,) has JDPO. (2 = 1). By the
hypothesis, a CA <AZ7 Fm> has DPO iff it has JDPO. Proposition [ concludes
the proof. 0O

As a by-product of our investigations we have the following result.
Theorem 3. In the CA settings, the following statements are equivalent

1. surjectivity implies DPO;
2. surjectivity implies JDPO;
3. for strictly right CA, topological mixing implies DPO.

Proof. (1. & 3.) It is obvious that 1. implies 3. For the opposite implication
assume that 3 is true. Let <AZ, Fm> be a surjective CA. There exists an integer
h such that <AZ, Fm+h> is strictly right. By Propositions [Il and [3] <AZ, Fm+h>
is a surjective and topologically mixing CA. Then, by the hypothesis, it has
DPO. Corollary [l assures that it also has JDPO. Using Proposition [I] again we
conclude the proof. The proof for (1. < 2.) can be obtained in a similar way. O

Theorem [ tells that in order to prove Conjecture [l one can focus on mixing
strictly right CA. Remark that all known examples of topologically mixing CA
have DPO. We want to present a result which furthermore support the common
feeling that Conjecture [Ilis true. First, we need a technical lemma.

Lemma 1. Any configuration of a CA (on AN or A%) which is o-periodic of
period p has a CA image which is o-periodic with period p’ that divides p.

Proof. Consider a CA F,, on A%. Let = be a periodic configuration of ¢ with
period p. By the definition of CA, F,,, () is still a periodic configuration of period
q for o but, in general, ¢ < p. If ¢ = p then we are done. Otherwise, let m be
the largest integer such that mq < p. By the Hedlund’s theorem we have

F,o0P(x) =0P o Fp(x) . (1)

Compose both members of ([Il) with o~ "™%. The left-hand side gives 6~ ™%0 F},, o
oP(x) =0 ™o F,(x) = F,(c7™(z)) = F,u(x) since x (resp., F(x)) is periodic
of period p (resp., q) for o. The right-hand side gives simply o?~"%(F,,(x)).
And hence (l) can be rewritten as F(x) = oP~"™4(F,,(x)) which implies that
p —mgq = q since ¢ is the period of F(z) according to . We conclude that
p=(m+1)q. |

Proposition 6. Any surjective CA (both on AZ and on AN) has an infinite set
of points which are jointly periodic for the CA and o.
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Proof. Consider a CA F,,, on AZ. By Lemmal] given a o-periodic configuration z
of period p, F,,(x) is periodic for o with period p’ which divides p. Let IT,, be the
set of periodic points of ¢ of period n. Hence, if p is a prime number and = € II,
we have that F,,,(z) belongs either to II,, or to II;. By a result of Hedlund [10],
we know that for surjective CA, each configuration has a finite number of pre-
images. In particular, each I, has a finite number of pre-images by F,,,. Hence,
if p is a big enough prime number we have that F,,(II,)NII, # 0. This concludes
the proof since for any prime number p’ > p we must have F,,(II,) C II,. O

4 Lifting

For a fixed local rule f, consider the two one-sided CA (A%, F,,) and (A", &,,)
on A% and AN, respectively. They share the same local rule f and the same
memory m < 0. In this section we study the properties that are conserved when
passing from A% to AN and wvice-versa.

Consider the projection P : AZ? — AN defined as follows: Vo € A% Vi €
N, P(x); = ;. Then, P is a continuous, open, and surjective function. More-
over, @, 0 P = Po F,,. Therefore, the CA <AN7 ¢m> is a factor of <AZ7 Fm>. For
these reasons, we also say that the CA on A? is obtained by a lifting (up) opera-
tion from the CA on AN (having the same rule and memory). As an immediate
consequence of the fact that &,, o P = P o F,,, the CA on AY inherits from the
CA on A? several properties such as surjectivity, left closingness, openess, DPO,
transitivity, mixing.

The following proposition shows that the injectivity property is lifted down
only under special conditions. Proposition [§ proves that the opposite case (lift
up) is verified without further hypothesis.

Proposition 7. Let <AZ,Fm> be an injective one-sided CA. The CA <AZ,Q5m>
is injective if and only if m = 0 and the left Welch index L(f) = 1

Proof. If &,, is injective (and then also surjective) we necessarily have m = 0.
By contradiction, if L(f) > 2 there exist blocks u,w,w’, v, with w # w’, such
that f(wu) = f(w'u) = v. So Pg(x) = Po(y) for two suitable right-asymptotic
configurations x,y obtained by extending to the right the words wu and w'u,
respectively. Conversely let us assume that L(f) = 1 and m = 0. If, by contra-
diction, @ is not injective then there exist two distinct configurations z,y € AN
having the same image z € AY. By surjectivity, we have two cases to trait. In
the first one, x and y are right asymptotic. So there is a block with two distinct
right extensions which collapse by f in the same word, contrary to the fact that
L(f) = 1. In the second one, for any i large enough we have {; ;+q—1] # Y[ i+d—1]-
By a result in [T0], L(f) = 1 implies that f is leftmost permutived. Thus we

* The left Welch index L(f) is an un upper bound for the number of the left possible
extensions of a block u which collapse by f in the same word. For a formal definition,
see for instance [10]).

5 A rule f: AT — A is leftmost permutive iff for any v € A%, b € A there exists
a € A such that f(au) =b.
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are able to build two distinct configurations z’,y’ € A%, with + = P(2’) and
y = P(y'), such that Fy(a’) = Fo(y'), contrary to the hypothesis. O

Proposition 8. If<AN7d5m> is an injective (resp., surjective) CA, then the lifted
CcA <AZ,Fm> is injective (resp., surjective).

Proof. Assume that F}, is not injective. There exist two configurations x,y € A%,
with x; # y; for some ¢ > 0, such that F,,,(x) = F,,(y). Therefore 2/ = P(x) and
y' = P(y) are two different configurations in AN such that @,,(z") = @,,(y").
By a theorem of Hedlund [I0], we have that a CA is surjective (on AN or on
AZ) iff for any u € AT, |f 1 (u)| = AL 0

The following result can be obtained immediately from the definitions.
Proposition 9. Left-closingness is conserved by the lifting up operation.

The following results is obtained immediately from the fact that a word is block-
ing for a CA on AY iff it is blocking for its lifted CA.

Proposition 10. A CA <AN,¢m> is equicontinous (resp., almost equicontin-
uous) (resp., sensitive) iff the CA <AN, Fm> is equicontinous (resp., almost
equicontinous) (resp., sensitive).

Positive expansivity is not preserved by the lifting operation since, by Proposi-
tion [Tl there are no positively expansive one-sided CA on AZ.

Proposition 11. No one-sided CA <AZ7Fm> 1s positively expansive.

Proof. For the sake of argument let us assume that the CA (A% F,) be a
positively expansive one-sided CA with expansivity constant € > 0. Let k be an
integer such that 21,C < e and let 2,y € A% be two different configurations with
T[_k,00) = Y[—k,00)- We have that for any ¢t € N, d(F}, (z), F!, (y)) < e. ]

Proposition 12. If <AN,Q5m> is mizing (resp., transitive), then its lifted CA
<AZ,Fm> is mixing (resp., transitive).

Proof. We prove the thesis for a topologically mixing CA. By Proposition 3] it is
sufficient to consider the case m = 0. Let u € A?k*1 o € A2"*1! be two arbitrary
blocks. There exist a sequence of one-sided configurations z(™) € C)_j(u) and a
time to € N such that for any ¢t > to, &4 (2(*"%)) € C;_;,(v) where | = max{h, k}.

Let 2(") € A” be a sequence of two-sided configurations such that z[(fi 00) = z("),

We have that for any t > to, F¢(2(7%)) € C_y(v). ]

The lifting (up) of DPO remains an open problem even if on the basis of the
results of Section 3 we conjecture that it holds.

5 Conclusions and Future Works

In this paper we studied the behavior of two operations on the rule space of CA,
namely, the shifting and lifting operations. These investigations helped to shape
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out a new scenario for the old- standing conjecture about the equivalence between
surjectivity and DPO for CA: the study can be restricted to topologically mixing
strictly right CA. This enhances a former idea of Blanchard [I]. The work can be
continued along several directions: transitivity and stronger variants, languages
generated by the involved CA, and attractors. Moreover a generalization of the
obtained results and of the forthcoming studies can be considered in terms of
directional dynamics introduced in [I3]. The authors are currently investigating
these subjects.
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