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Abstract. The efficient computation of the Tate pairing is a crucial
factor to realize cryptographic applications practically. To compute the
Tate pairing, two kinds of costs on the scalar multiplications and Miller’s
line functions of elliptic curves should be considered. In the present pa-
per, encapsulated scalar multiplications and line functions are discussed.
Some simplified formulas and improved algorithms to compute fsr, far,
for+p, for, far+p and farip etc., are presented from given points T
and P on the elliptic curve.

Keywords: Elliptic curve, scalar multiplication, line function, Tate
pairing, Miller’s path.

1 Introduction

With the discovery of the identity-based encryption scheme based on the Weil
pairing by Boneh and Franklin [4], cryptographic protocols based on the Weil
and Tate pairings on elliptic curves have attracted much attention in recent
years. Many cryptographic schemes based on the Weil or on the Tate pairing
have been introduced. The readers are referred to [II] for a survey. In most of
these pairing-based cryptographic schemes, the Tate pairing is the essential tool.
The pairing computations are often the bottleneck to realize the cryptographic
applications in practice. Therefore efficient computation of the Tate pairing is a
crucial factor to realize cryptographic applications practically.

Miller [20121] provided an algorithm to compute the Weil/Tate pairing. The
Miller’s algorithm itself consists of two parts: the Miller’s function f,.p and a
final exponentiation. The main part of the computation for the Tate pairing
is calculating f,p(Q). In the computation of the Miller’s function f(,,4.)p(Q),
one needs to perform a conditional scalar multiplication and compute the line
functions l;ypnp(Q) and l(4pn)p(Q) from points mP and nP on the elliptic
curve. The total cost of the computation of the Tate pairing is the sum of the cost
of scalar multiplications and that of the computation of line functions i, p,p(Q)
and l(;4n)p(Q). So a good algorithm must think over these two kinds of costs
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simultaneously. In the first, we need to find more efficient method to compute
the scalar multiplication, at the same time we need to modify the algorithm
so that it can be serviced to make the computation of line functions. Secondly,
we need other strategies to change and simplify the formula of f(,,1,)p so that
the good algorithm of scalar multiplications can be used to the computation of
f(m4n)p- In the computation of the Tate pairing, we often need to compute the
following Miller’s functions fyr, fsr, fir+p, forr, fse7, fer etc. In this paper,
efficient algorithms to compute some of these Miller’s functions are presented.
We propose a useful fact and use it to simplify f,,4,. The simplified formula
of fi4n and new point multiplication algorithms make our algorithms more
efficient.

This paper is organized as follows. Some essential concepts to discuss pairings
are reviewed in Section 2. In Section 3, some efficient algorithms to compute
different Miller’s paths are described. An example using those results is given in
Section 4. And finally conclusions are proposed in Section 5.

2 Preliminaries

In this section, the basic arithmetic of elliptic curves, the Tate pairing and
Miller’s algorithm are described briefly. The readers are referred to [I] and [25]
for more details. Throughout this paper, the base field K is always assumed to
be the finite field F,, where ¢ = p™ with p > 3, and K is the algebraic closure
of K.

An elliptic curve F over K is a curve that is given by an equation of the form

y? =2 +ar +0b, (1)

where a,b € K and 4a3+27b # 0. Let E(K) denote the set of points (x,y) € K?
which satisfy the equation (), along with a “point at infinity”, denoted by O.
For any positive integer k, F' = F » is an extension field of K. Then E(F)
denotes the set of (z,y) € F? that satisfy (), along with O. There is an abelian
group structure in F(K). The addition formulas for affine coordinates are the
followings. Let Py = (z1,y1) and Py = (22, y2) be two elements of F(K) that are
different from O. Then the addition Ps = P; + Py = (23,ys3) is defined by x3 =
/\%;1’132 —x1—x9 and y3 = Ap, p,(x1—x3)—y1, where Ap, p, = (y2—y1)/(x2—x1) is
the slope of the line through P; and Ps for Py # +Ps and Ap, p, = (373+a)/(2y1)
is the slope of the tangent line at P, for P, = P;.

Let ¢ be a positive integer and let E[¢] (resp. E(F,)[{]) be the set of points
P e E(F,) (resp. P € E(F,)) satistying /P = O. Let P be a point on E(F,)
of order r, the point P, or the cyclic subgroup (P), or the integer r is said to
have embedding degree k for some positive integer k if 7 | ¢¥ — 1 and 7 ¢* — 1
for any 0 < s < k. The group E(F,) is (isomorphic to) a subgroup of E(F ).
Let P € E(F,) be a point of order r such that P has embedding degree k. Then
E(F ) contains a point () of the same order 7 but linearly independent with P

(see [I).
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Definition 1. Let r be a positive integer coprime to q and let k be the embedding
degree to r. The Tate pairing 7,(-, ) is a map 7,.(-,-) : E(Fq)[r] x E(Fge)[r] — F,

defined by 7,.(P, Q) = frp(DQ)(qk_l)/r for any P € E(F,)[r] and Q € E(F,)[r],
where frp is a rational function satisfying (frp) = r(P) — r(O), and Dg ~
(Q) — (O) such that (fp) and Dg have disjoint supports.

From [2], we know that 7,.(P,Q) can be reduced to 7,.(P,Q) = frp(Q)(qkfl)/T
when r { (p—1), Q # O, and k > 1. Noting that in most cryptographic primitives,
7 is set to be a prime such that r | § E£(F,). Furthermore, in practice, r is at least
larger than 160 bits.

In order to compute the Tate pairing 7,.(P, @), we need to find the function
fp and then evaluate its value at Q. The algorithm, proposed by Miller [20], and
then called Miller’s algorithm, can be used to compute the Tate paring. Denoted
by ly,v the equation of the line through points U, V € E(F,). Naturally, if
U =V, then ly,y is the equation of the tangent line at U, and if either U or V' is
the point at infinity O, then [y represents the vertical line through the other
point. Furthermore, for simplicity, we write {;; instead of l;;, ;. For a point P on
elliptic curve F, define a Miller’s function with parameter n € N to be a rational
function f,p (or simply f,,) on E such that (f,) = n(P)— (nP) — (n—1)(0O).

Theorem 1 ([I] Miller’s formula). Let P € E(F,), n be an integer and let
fn be the function with divisor (f,) = n(P) — (nP) — (n —1)(O). Then for any

m,n € 7,
. lmP,nP(Q)
lim+n)p(Q)
We can use the Miller’s algorithm to compute f,, and then evaluate the Tate

pairing. The standard double-and-add method to compute the Tate pairing is
the following algorithm.

fm+n(Q) = fm(Q) ’ fn(Q)

Algorithm 1. Miller’s algorithm:

Input: t =logr, r = (ry = 1,1—1,...,70)2, P, Q.
Output: frp(Q)@ /7.

1:T=P, f=1

2: Fori=t—1 downto 0 do

3: f— 2 lr7r(Q) /lar(Q) and T « 2T}

4: ifri =1, then f — f-lr p(Q)/lr+p(Q) and T — T + P
5: Return f(qkfl)/r

Definition 2. Let P € E(F,) and Q € E(Fy), a Miller’s path about Q from
(n1P,naP,- -+ ,ngP) to (n1+nao+---+ns)P is an algorithm A which can output
(n1+n2+ - +n5)P and fi, 4notgn.)(Q) when input (nyP,naP,--- nsP)
and fny, frgs s fn.. When there is no confusion, this algorithm A is said to
be a Miller’s path to (n1P,naP, -+ ,nsP).
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The computational cost (timing) of scalar multiplications and Tate pairings on
elliptic curve operations depend on the cost of the arithmetic operations that
have to be performed in the underlying field. In general, among these arithmetics,
a field squaring, a field multiplication and a field inversion are more expensive
than other field arithmetics, such as a field addition and a field subtraction. So
we only take into account the cost of inversion, multiplication, and squaring in
the field 4, which we denote by I, M and S, respectively, while in the extension
field F x, those costs are denoted by [y, My and Sy, respectively. Generally
it is assumed that 15 = 0.8M, 1M, = k>M and 11, = k>M + I. Also the
multiplication between elements in Fy and ]sz costs kM.

3 Computation of Miller’s Paths

In the process of computing Tate pairings, we often need to compute (fm,p+nr,
mP+nT) from (fp, P) and (fr,T). A Miller’s path is to compute mP +nT and
fmp+nr at the same time. Different Miller’s paths have different computation
costs. A main problem is to find an optimized Miller’s path so that we can
quicken the computation of Tate pairings.

Throughout this section, we assume that P € E(F;) and Q € E(F ). More-
over, though we don’t use the denominators discarded method [I] in here, our
strategies can also be used in those algorithms there.

3.1 Miller’s Path to 4T

In this subsection, an improved method for obtaining (fsr,47") from (fp,T) is
given. Firstly, some facts about elliptic curves will be given from which one can
simplify the computation of fyrp.

Let P = (x1,y1) and Py = (x2,y2) be points on E, Set Py + P, = P35 =
(z3,y3). Let Ip.p, : ¥y — Ap,py(@ — 1) —y1 = 0 be the equation of the line
through P; and P and lp,+p, : © —x3 = 0 be the vertical line through the point
Py + P». If P, = P, then [p, is the tangent line at P;, and if P, + P> = O then
we take [pyp, = 1.

Lemma 1. For P,,P, € E(F,), let Py + P, = P3. Then we have lp, p, -
l_p,—p, =1lp, - lp, - lp,, i.e.,
(y=Ap, (@ —z1) —y1)(y+ Ap . p(x — 1) +y1) = (& — z1) (2 — 22) (T — 3).

Proof. The divisor of the function lp, p, is (Ip, p,) = (P1)+(P2)+(—P5)—3(0).
Since —P; = (x1,—y1), we have (y + Ap, p(x — 1) +11) = (—FP1) + () +
(P3) — 3(0). Thus
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From div(f) = 0 if and only if f is a constant function, we have that

(Y= Ap,p(x—21) —y1)(Y + Ap, Py (2 — 1) +91) = ¢ (. —21)(x — 22) (2 — x3)

for some constant ¢ € K. But since the coefficient of 2 is 1 in both sides we
have ¢ = 1. O

Im

@ P (@), Thus

Remark 1. From the lemma 1, we know f,,,—,(Q) = ;
—mP,nP

we have for,—1(Q) = f2(Q) - llinzpm:; @

We now describe an improved method for obtaining (f4r,47) from (fr,T). Note
that for any points 7" and S, we have I_7 _s(Q) = lr,s(—Q). By Lemma 1, we
have

lrr ? lar 21 T 7 loror lT T
f4T = (fT ) ' l - fT l2 ' l fT 1
AT 57 AT oT,—oT

Let T = (z1,y1), 2T = (x92,y2) and 4T = (x4,y4). Then zo = A%,T — 211,

Y2 = A (1 — 2) — Y15 T4 = Ajpop — 222 and ys = Aoror (22 — 24) — y2. Set
Q = (z,y). We have

7 f4 17.7(Q) 4 l—v = Arr(z—21))?

far (Q) fT 1 o, _oT l2T,2T(_Q) - fT ’ Y+ y2 + AQTVQT(I + .732) .

Furthermore, let A be defined as A = 327 + a. Then we have

1 (2y1)3

2y 20(3x1 - (291)2 — A2) — (2y1)*

Thus
(2y1)* ,
2122371 - (2y1)% — A%) — (2y1)*]
2M(3z1 - (2y1) — A?) — (2y1)*
2y1 [2)\(3%1 . (2y1)2 - )\2) - (2y1)4] ’

So we have the following algorithm to compute 47" and fy7 from T and fr.

In the above algorithm, we need I + 75 4+ 9M to compute A1, A2 and (x4, ya4).
It is cheaper than two doubling method which cost 27 + 4S5 + 4M for in the
general finite field I/M > 10. Also it is better than the algorithm in [6] where
the cost is I + 95 + 9M. Steps 7 and 8 cost I + 25, + 2M, + 2kM when
Q = (z,y), z, y € Fyr. For general algorithm, the cost is 213 + Si +2My +2kM
(see [21]). So this algorithm is better than known algorithms not only for 47", but
also for fyr.

)\2T)2T = (3%% + a) .

/\T,T = (31‘% + a) .
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Algorithm 2. (Path to AT algorithm):

InPUt T = (xlvyl)aQ = (1"7y)7 fT-
Output: far(Q), 2T, AT = (x4, ya).

t1—3$1 + a; t2—2y1,t3—(t2) t4=$1~t3,’

ts = 2t; - (3t4 -1 ) — 135

cle = (t2 t5) 5

)\ —tl t5 t6, 1‘2:)\%—2‘%1; ygz)\l(m1—$2)—y1,'

Ao = (3x3 +a) - t3 - te; x4 = A3 — 2x2; ya = Aa(22 — 24) — Yo;
ch=y—y—M@—mz); fo=y+y2+ Xz +22);
fair(Q) = (fr(Q)? - £1(Q))* - f2(Q)
: Return f47(Q), 2T, 4T = (x4, y4).

o)
~

3.2 Miller’s Path to 2T + P

In this subsection, we will describe the efficient Miller’s path to (farip, 27+ P)
and (fQT,p, 2T — P)

Miller’s Path to 2T + P. We first give an efficient Miller’s path to (far4p,
2T + P) from (fr,T) and (fp, P) when T # P.
First noting that

B fr-lvepr  fr-fp-lrp fr-lvepr  f7-fp lop-lospr
foryp = fT4pP = . = . )
laryp lr4p lor4+p lor4+p lr4p

Set T = (x1,vy1), P = (x2,92), T+ P = (x3,y3) and 2T + P = (x4,y4). From
[12] we can replace (Ir,p - lrypr)/lrsp by the following parabolas formula:

l -1
T’PZT T:P’T =(x—z)(z+z1+x3 + Ar,pArr4P) — (Arp + A o) (Y — U1).
+

Furthermore, Az 7 p can be expanded as follows:

Y3 — Y1 (1 —x3)Ar,p — 21

/\T7T+P - I3 — X1 - A’%,P — 2%1 — X2
C 2yi(w2 —71)® — (g2 — 1) [(w2 — 21)2 (201 + 32) — (Y2 — 11)?]
(x2 — 21) (T2 — 21)%(221 + 22) — (y2 — y1)?] '
Since
N = 2T (2 = y1) [(22 = 21)? (221 + 22) — (2 — 91)?]
P =

zy—x1 (w2 —m1) [(z2 — 21)2 (271 + 22) — (2 —11)?]
So we need only to compute one inversion {(zz — x1) [(z2 — 21)* (221 + 2)—

(y2 — y1)2] }71 in order to compute Ar p and Ap 74 p simultaneously. Thus we
have the following formulas.
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Arp = {(z2 — x1) [(z2 — 21)*(221 + 22) — (y2 — 11)? }_1
y2 — 1) [(w2 — 21)? 21 + 22) — (32 —91)? 5
Arrp = {(@2—21) [(x2—21)2 221+ 22) — (y2—11)?] } - 21 (z2—21)" = Ar.p;
x4 = (Ar,rep — Ar,p) (Ar, 4P + AT p) +22;
ya = (21 — 24) Aryr4P — Y1

Since x3 = )\% p — T1 — X2, the new parabolas formula is

l -
T’PZT T:P’P = (z—21) A p(Ar P+ AT THP)—T2+2) = (AT P+ AT T1P)(Y—Y1)-
+

This procedure is described by the following algorithm.

Algorithm 3. (Path to 2T + P algorithm):

Input: T = (x1,91), P = (w2,92), fr, fp and Q = (x,y)
Output: fory+p(Q) and 2T + P = (x4,y4)-

1: tl = (.732 - .731)2(21‘1 + 1‘2) - (yg - yl)z,tz = (.732 - .I‘l)tl,tg = t2_1;
2: M = (y2 — y1)tats, Ao = t3 - 2y1 (22 — 21)? (22 — 1) — Ai;

3wy = ()\2 — )\1)()\2 + )\1) +T9;

4:ys = (21 — w4) A2 — Y1;

2,
5: faryp(Q) = fj fe Jz—z) (A (A +X2) =20 +2) — (A1 +X2) (y —y1)|(Q)
6: return foryp(Q), 2T + P.

loryp

In Algorithm 2, we require 11 + 25 4 10M to compute 27 + P and xy + x5 +
A1, pAr,r4+p, while in [I2], 21 4+ 2S5 + 4M times are required to compute them.
We save 11 — 6M field computations.

Miller’s Path to 27" — P. Now we describe an efficient Miller’s path to
(far—p,2T — P) from (fr,T) and (fp, P) when T # P. We can use 2T + (—P)
to get for_p by Algorithm 3, but here we describe a direct path to for_p.

By Remark 1 in section 3.1 we know

frp(@ = 2@ 7 (@)

o7 p

Let P = (zp,yp),T = (x7,y7), 2T = (227, y21) and 2T — P = (x27_p,Yor—pP)-
Then xor = Af, p =227, Yor = A1, (1 — o) —YT; T2r—P = N30 _p—T2T — TP
and yor_p = /\2T,—P(1‘P — JJQT_p) +yp. Set Q = (x,y) We have

for—p(Q) = f7- llT’T Q) = f2(Q)- YV Arr(z — 2r)

—_or,P y—yp+ Xr—p(r—xp)
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Furthermore, let A be defined as A = 3z% + a. Then we have

o = B a) [N = (22 4+ 2p)(2y7)7]
o 2yr[\2 — (227 + 2p)(2yr)?]
(2y7)*(yar + ypr)

Xor._p = .
T 2yr (N2 — (207 + 2p) (2yr)?)

Therefore, when @ = (z,y) and 2 € Fyr, y € Fyr, to complete the Miller’s
path (for_p,2T — P) from (fr,T) and (fp, P) we need only 11 + 55 + (2k +
9)M + Ij, + Sg + 2Mj.. However, we need 11 + 25 + (k + 10)M + Ij, + Sk + 4 M,
when use the Algorithm 3 to compute (for_p, 27T — P).

3.3 Miller’s Path to 3T

In this subsection, a Miller’s path to (fsr,3T) from (fr,T') is given. By the
Miller’s formula we have

For = f3 lrr lT,QT.
lor 37

Let T = (x1,y1), 2T = (22,y2), and 3T = (x3,y3). Then

[ -
T)TZQTT)2T = (.ﬁ - xl)(l‘ + 1z + 22 + AT,TAT,QT) — (AT,T + >\T,2T)(y — yl)

By x2 = /\%’,T — 21, we have the following parabolas formula

lpp-l
T’TZ2TT’2T = (z—21) (@ + Ap — 21 + AnpArer) — Arr + Arer)(y — y1).

Noting that I3 = ()\T’QT — )\T’T)()\T)QT + >\T,T) + xr1, we need only )\T,T; )\T)QT
and 37 to compute (fs7,3T). From

\ Y=y A, (1 — (/\%,T —2m1)) = 251 B 291 Y
T w e (Mg — 271) — 21 T 3w -, T
— (2y1)° e
(2y1)?(3z1) — (321 + a)? ’
and

N — 3f+a® _ 3t +a® (2y1)°(371) — (327 + a)?
’ 2y, 20 (2y1)?(3x1) — (32% + @)

we have the follow algorithm:

In step 5 of Algorithm 4, I}, + Sk +4 M+ (k+1)M costs are needed to compute
f3r(Q). However the general double-add algorithm needs Iy + Sy + 7Mj + 2k M.
Our algorithm saves 3Mj, + (k — 1) M field computations.
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Algorithm 4. (Path to 3T algorithm):
Input: T = (x1,v1), fr, Q@ = (x,y).
Output: far(Q) and 3T = (z3,ys3).
1:t1 = (2y1)2, to = t%, t3 = 31‘% + a;
2:ty = 3wy -ty —t3, t5 = (2y1 - ta) "1, A = tatats, Ao = tats — Aq;
3 x3 = (/\2 — /\1)()\2 + )\1) +x1;

4:ys = (z1 — 23)A2 — y1;
_ _ Q) a a B ,
bifar(@) =0 (@ —21)(A (A1 + A2) — 21 +2) = (A + A2)(y — 1) [(Q);

6: Return f3r(Q), 3T.

3.4 Miller’s Path to 6T

In this subsection, the Miller’s path to ( fer, 67") from (fr,T) is considered. In the
first we see the Miller’s path [(fr,T) — (far,2T) and (f7,T) — (far,4T)] —
(forsar, 2T 4+ 4T). By Miller’s formula and the results in Section 3.1, we have

2
lor aT lT v lrr brar e o lrg - lopar - lur
for = far-for- = fr '

_le or,—or lor o7 l_or,—or  lor -lo7 - lar

So by Lemma 1,

3 3
f Urr lorar - lar 6 Up lar
6T = )

I =Jr- .
l_or,—oT l2T4T l_or, —ar l_or,—or l_or —ar

Let T' = (z1,y1), 2T = (22,y2), 4T = (24,y4) and Q = (z,y). Then

Jor(Q) = (f2lrr)? ir

l_or,—or - l_or,—at
(fRlrr)? - (x — 4)

[y + y2 + Aoror(z + 22)] - [y + Y2 + Aorar(z + x2)]

Secondly, there is another way to (fer,6T) from (fp,T) as (fr,T)
— (fs1,3T) — (fsrysr,6T). Similarly, we have

Jor(Q) = f2r - l”;jT @

6 —2) MMy 4+ Ar2r) — 21+ 2) — (Arr + Aror)(y — y)]> lsrsr
fT : 2 : (Q)
l3r leT
_ [(z — z2) Ar,r (A1 + Ar2or) — 22 + 2) — (A1 + Ar2r) (y — 32)]?
T .

l_37,—37(Q)

By comparing with their costs, the second way (fr,T) — (fsr,3T) — (fsrtsr,
67") is more efficient to compute (fer,67"). From this way, an algorithm to com-
pute fer and 67 can be gotten.
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3.5 Miller’s Path to <T £ P for ¢ = 3,4,6.

In this subsection, we think about the Miller’s path to iT 4 P from (fr,T) and
(fp, P), where i = 3, 4 and 6. Firstly, let us see an optimized one to (f3r4p,
3T + P).

There are following four ways to get the Miller’s path to 37+ P from (fp,T)
and (fp, P). The first is as (fr,T) — (fsr,3T) — (fsr+p, 3T + P). The second
isas [(fr,T) — (for,2T) and(fp, P) — (fp+r, P+T1)] = (for+(rsp), 2T+ (T+
P)) The third is as (fT, T) — (f2T+P, 2T+P) — (f(2T+P)+T7 (2T+P)+T)7 and
the fourth is as (fr,T) — (fr+p, T+P) — (for++p), 2T+(P+T). Comparing
with the costs of these four ways we know that the second way is more efficient
than the others. Therefore, we have fsr,p(Q) = f3 llT’T lr.p (Q). The details

—2T,—T—P
are omitted.

Similarly, for the Miller’s paths to 47 + P, We have the ways (fr,T) —
(far,AT) = (far4p, 4T + P) and (fr,T) — (for, 2T) — (f2@r)+p, 2(2T) + P).
Comparing with the costs of these 2 ways we know that the first way is more
efficient than the second. Similarly, for the Miller’s paths to 67 + P, the way
(fr.T) = (fs3r,3T) = (fas1)+Pr2(37)+p ) is more efficient. From these results,
algorithms to compute f3r4p, far+p and fer+p can be obtained.

The Miller’s path to i7" — P are used to the algorithms using addition-
subtraction chains. Under conditions, direct compute f;7_ p is more efficient. For

Iyl 1
example, for the path to 37 — P we have fsr_p(Q) = f3] T’? T’QT] (Q).
2T

l
For the path to 47 — P we have fir_p(Q) = fir(Q) - L;‘;P Q).

l_s7.p

4 Example

As an example we describe a new algorithm to compute the Tate pairing in this
section.

Algorithm 5. Signed-Radiz-2 Miller’s Algorithm
InPUt r= (Tt = lﬂoht_lurtfla e 70h07T0)27 P = (xPuyP)7 Q = ($,y)
Output: frp(Q)(qkfl)/T € ]FZ’“
1:T=P, f=1;

2: Fori=1t—1 downto 0 do
3: if h; is even, then use the Algorithm 2 to compute fyn,/2p and ghi/2T.
set T = 4M/2T then to compute frep(Q) if riy1 =1 or

fror@=1r, " (@ ¥rin =1,
T,P

4: if hy is odd, then use the Algorithm 2 to compute fyn;-1)/2p
and 4i=D/2T : set T = 4hi=D/2T then to compute foryp(Q)
ifrixi =1 or for_p(Q) ifriq1 = —1;
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5: EndFor .
6: Return fla —D/7,

For an integer r, consider the signed radix-2 representation of r. This repre-
sentation is advantaged for the non-zero digits is one-third of the length of the
representation on average. We write the radix-2 representation of r as r = (r; =
1,0M=1 7y q,--- 0" ry)e, where the r; is 1 or —1. The above algorithm is a
modified Miller’s algorithm with the signed radix-2 representation.

5 Conclusion

In this paper, several strategies to compute the Tate pairing efficiently are given.
The concept of Miller’s path which let us consider the scalar multiplications and
the computation of line functions in the same time is proposed. A useful fact
is stated in Lemma 1 and simple formulas to compute fi7, for—p and fer etc.
are presented. Similar idea as in [I2] is used to compute fzr to simplify the
computation. These algorithms are also used to compute f3rip, far+p and
fer+p. Furthermore, these methods can also be applied to other algorithms for
the computation of Tate pairings. In practical applications, the computation
of forp or faup are also needed. Certainly, iterative method can be used to
reduce some cost, but it only reduce the cost of scalar multiplications. So, how
to simplify the formula of Miller’s functions for and farp are still crucial open
problems.
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