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Abstract. The proposition about generalization of the existence of the residuum for left con-
tinuous uninorm U on a commutative, residuated /-monoid, with a neutral element is proved.
The question raised previously was whether there are general operation groups which satisfy
the residuum-based approximate reasoning, but at the same time are easily comprehensible and
acceptable to application-oriented experts. The basic backgrounds of this research are the dis-
tance-based operators.
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1 Introduction

In the theory of approximate reasoning introduced by Zadeh in 1979 [15], the knowl-
edge of system behavior and system control can be stated in the form of if-then rules.
In Mamadani-based sources [7] it was suggested to represent an “if x is A then y is B”
rule simply as a connection (for example as a t-norm, 7(A,B) or as min) between the
so called rule premise: x is A and rule consequence: y is B.

Engineering applications based on Fuzzy Logic Systems (FLS) are mostly based
on minimum and maximum operators, but from a mathematical point of view it is in-
teresting to study the behavior of other operators in inference mechanism, which will
give new possibilities for further applications. This gives as the link with the theory of
pseudo-analysis, which serves also as a universal base for the system theory [6], [8].
Uninorm operator groups [17], researched in the past decade, have yielded exception-
ally good results.

Applying the uninorm operators with the changeable parameter e in fuzzy ap-
proximate reasoning systems is born in mind that the underlying notions of soft-
computing systems are flexibility and the human mind. The choice of the fuzzy envi-
ronment must support the efficiency of the system and it must comply to the real
world. This is more important than trying to fit the real world into the inflexible mod-
els. [1], [15], [16].

In recent years there have been numerous forms of research which analyze the ap-
plication and theoretical place of the uninorms. As there is a near-complete theoretical
basis for the t-norm based residuums, in a similarly detailed theoretical basis being
constructed for uninorms.[4], [5], [14]
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In the paper the basic definitions for uninorm, distance based operators and its re-
siduum are given. Having results from [3], we introduce the residuum-based inference
mechanism using uninorms, especially distance-based uninorms.

2 Uninorms and Distance Based Operators

Both the neutral element 1 of a t-norm and the neutral element O of a t-conorm are
boundary points of the unit interval. However, there are many important operations
whose neutral element is an interior point of the underlying set. The fact that the first
three axioms (commutativity, associativity, montonocity) coincide for t-norms and for
t-conorms, i.e., the only axiomatic difference lies in the location of the neutral ele-
ment, has led to the introduction of a new class of binary operations closely related to
t-norms and t-conorms.

A uninorm is a binary operation U on the unit interval, i.e., a function

U: [0,1]2 — [0,1] which satisfies the following properties for all x,y,z € [0,1]

U1 U(x, y)= U(y,x) , 1.e. the uninorm is commutative,
(U2)  UU(x,y)z)=U(xU(y,z)), i.e. the uninorm is associative,
(U3) xX<y= U(x, z) < U(y,z) , 1.e. the uninorm monotone,

(U4) U(e, x) = x, i.e., a neutral element exists, whichis e € [0,1].

On the one hand the practical motivations for the introduction of uninorms were
the applications from multicriteria decision making, where the aggregation is one of
the key issues. Some alternatives are evaluated from several points of view. Each
evaluation is a number from the unit interval. Let the level of satisfaction be e e ]01[
If all criteria are satisfied to at least e-extent then we would like to assign a high ag-
gregated value to this alternative. The opposite of that is if all evaluations are below e
then we would like to assign a low aggregated value to this alternative. But if there
are evaluations below and above e, an aggregated value ought to be assigned some-
where in between. Such situations can be modelled by uninorms, leading to the par-
ticular classes introduced by [13].

2.1 Distance Based Operators

The distance-based operators can be expressed by means of the min and max opera-
tors as follows:

the maximum distance minimum operator with respect to e € [0,1] is defined as
max(x, y), if y>2e—x

(x,y), if y<2e—x (1)
min(x,y), if y=2e-x
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the minimum distance minimum operator with respect to e € [0,1] is defined as

min(x, y), if y>2e—x
min

min, " = max(x,y), if y<2e-x 2)
min(x, y), if y=2e-x

the maximum distance maximum operator with respect to e € [0,1] is defined as

max(x,y), if y>2e—x
max

max, " = min(x,y), if y<2e—x 3)
max(x, y), if y=2e-x

the minimum distance maximum operator with respect to e € [0,1] is defined as

min(x, y), if y>2e—x
max

min, " = max(x,y), if y<2e—x 4)
max(x, y), if y=2e-x

The modified distance based operators described above are changed in the bound-
ary condition for neutral element e:

- the maximum distance minimum operator and the the maximum distance maximum
operator with respect to e ]01] ,

- the minimum distance minimum operator and the minimum distance maximum op-
erator with respect to e [0,1[.

More about distance based operators we can find in [9], [10].

min and maxmax

The distance-based operators have the following properties: max, g

max

are uninorms, the dual operator of the uninorm max;'”” is max;", ,

and the dual op-

min

erator of the uninorm max.'™ is max{", .

Based on results from [3] we conclude:

Operator max{2" is a conjunctive left-continuous idempotent uninorm with neutral
element ee€ ]01] with the super-involutive decreasing unary operator
g(x)zZe—x:Z-O.S—x: g(x)zl—x.
Operator ming's" is a disjunctive right-continuous idempotent uninorm with neutral
element ee€ ]01] with the sub-involutive decreasing unary operator
g(x)zZe—sz-().S—x: g(x)zl—x.

3 Lattice Ordered Monoids and Left Continuous Uninorms and
t-norms

Let L be a non-empty set. Lattice is a partially (totally) ordered set which for any two
elements x,y e L also contains their join xv y (i.e., the least upper bound of the set
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{x, y}), and their meet x Ay (i.e., the greatest lower bound of the set {x, y}), de-
noted by (L, j). Secondly, (LX) is a semi-group with the neutral element. Following
[2] let the following be introduced:

Definition 1.

Let (L,<) be a lattice and (L,*) a semi-group with the neutral element.[6]

The triple (L% <) is called a lattice-ordered monoid (or an Il-monoid) if for all

x,y,z€ L we have
(IMI)  x*(yvz)=(x*y)v(x*z) and
(LM2)  (xvy)sz=(x*z)v(y*z).

An (L <) I- monoid is said to be commutative if the semi-group (L,*) is commu-
tative.

A commutative (LV 5) [- monoid is said to be commutative, residuated I-monoid if

there exists a further binary operation —, on L, i.e., a function —.: > > L (the *

residuum), such that for all x,y,z € L we have
x* y=zif and only if xj(y — z) (5)

An [-monoid (L,*,<) is called an integral if there is a greatest element in the lattice
(L,j) (often called the universal upper bound) which coincides with the neutral ele-
ment of the semi-group (L,*).

Obviously, each /-monoid (L>< j) is a partially ordered semi-group, and in the

case of commutativity the axioms (LM1) and (LM?2) are equivalent.
In the following investigations the focus will be on the lattice ([0,1}<), we will

usually work with a complete lattice, i.e., for each subset A of L its join VA and its
AA exist and are contained in L. In this case, L always has a greatest element, also
called the universal upper bound.

Example 1. If we define *: [0,1]> = [0,1] by

' min(x,y) if x+y<lI 6
X = =
Y max(x, y) otherwise ©)

then ([O,l],*,S) is a commutative, residuated /-monoid, and the *-residuum is given
by

. yz{max(l—x,y) if x<y 7

min(l - X, y) otherwise
It is not an integral, since the neutral element is 0.5.

The operation * results in an uninorm, and special types of distance based opera-
tors (see [12] and [6]).
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The following result is on important characterization of left-continuous uninorms.

Theorem 1.

For each function U : [0,1]2 - [O,l] the following are equivalent:

(i) ([0,1],U ,S) is a commutative, residuated /-monoid, with a neutral element
(i) U is a left continuous uninorm.

In this case the U-residuum —, is given by
X=y y= sup{z € [O,I]U(x, z) < y} €]

Proof .
It is easy to see, that ([O,l], U, S) is a commutative, residuated /-monoid with a neutral
element if and only if U is a uninorm.

Therefore, in order to prove that (i)=(ii), assume that ([O,l],U ,S) is residuated, fix

in [O,l] and put x, =supx,.
neN

and arbitrary sequence (xn )ne N

Let y, € [0.1], and 20 =supU(x,,,yO).
neN
Obviously z, <U(x,,y,), and (8) implies (y,—>, zo)> x, forall n€ N, subse-
quently, (yo—=y 29)2 X
Applying again (8) in the opposite direction, we obtain U(x,,y, )< z, . Because
of the monotonicity of uninorm U , (U3), and based on Proposition 1.22. from [6], we
have U(xo, yo) =7y, 1.e., sup U(xn Yo ) = U(sup(xn ), yoj
neN neN
Conversely, if the uninorm U is left-continuous, define the operation —; by (8).
Then it is clear that for all x,y,ze [01], x< (y -y z) whenever U(x,y)< z. The
left-continuity of U then implies U (y =y 2 y) <z, which together with the

monotonicity (U3), ensures that —, is indeed the U-residuum. O

The work of De Baets, B. and Fodor, J. [3] presents general theoretical results related
to residual implicators of uninorms, based on residual implicators of t-norms and t-
conorms.

Residual operator Ry, considering the uninorm U , can be represented in the
following form:

Ry (x,y)= sup{z|z e [o1]aU(x,z)< y} )

Uninorms with the neutral elements e=0 and e=1 are t-norms and t-conorms,
respectively, and related residual operators are widely discussed, we also find suitable
definitions for uninorms with neutral elements e e ]01[

If we consider a uninorm U with the neutral element e e ]01[ then the binary op-
erator Ry is an implicator if and only if (Vze ]el[)(U (0,z)=0). Furthermore Ry is an
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implicator if U is a disjunctive right-continuous idempotent uninorm with unary op-
erator g satisfying (‘v’z € [O,l])(g(z) =0 z= 1).

The residual implicator Ry, of uninorm U can be denoted by Impy,.

Consider a uninorm U, then Ry, is an implicator in the following cases:

- Uis aconjunctive uninorm,
- Uis adisjunctive representable uninorm,

U is a disjunctive right-continuous idempotent uninorm with unary operator g satisfy-
ing (Vze[01])g(z)=0 = z=1).

Theorem 1. implies in a special case Proposition 2.47. from [6]:

Corollary 1
For each function T : [0,1]2 - [0,1] the following are equivalent:

(i) ([0,1], T, S) is a commutative, residuated integral /-monoid,
(i1) T is a left continuous t-norm.

In this case the 7-residuum —; is given by (ResT)

X =y y= sup{z € [O,I]T(x, z)S y}.

Because of its interpretation in [0,1]-valued logics, the 7T-residuum —; is also called
residual implication (or briefly R-implication). [12]

3.1 Residual Implicators of Distance Based Operators

According to Theorem 8. in [3] we introduce implicator of distance based operator

min

maxgys .

Consider the conjunctive left-continuous idempotent uninorm max(s with the
unary operator g(x) =1-x, then its residual implicator Imp .. is given by
0.5
max(l—x,y) if x<y
Imp .. =5 . (10)
maxos mm(l - X, y) elsewhere

3.2 Residuum-Based Approximate Reasoning with Distance Based Operator

In many sources it was suggested to represent an “if x is A then y is B” rule simply as
a connection (for example as a t-norm, 7(A,B) or any conjunctive operator) between
the so called rule premise: x is A and rule consequence: y is B. (Let x be from universe
X, y from universe Y, and let x and y be linguistic variables. Fuzzy set A on X R finite
universe is characterized by its membership function ©#A: x—[0,1], and fuzzy set B on
Y universe is characterized by its membership function u#B: y—[0,1]). If the rule out-
put B’ in a fuzzy rule base for one rule if A then B and the system input A’ is modeled
and calculated by the expression in the form
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B'(y) = sup(ConjunctiveOperator(A'(x), Imp(A(x), B(y)))) (11)

xeX

B'( y) = sup(ConjunctiveOperator(A'(x), Imp(A(x), B( y))))

xeX
Let we consider the uninom residuum-based approximate reasoning and inference
mechanism. Hence, and because of the results from above we can consider the general
rule consequence for i-th rule from a rule system as

B, (v)= suplmaxg (4" (x), Imp,, .. (4; (x). B, W) (12)

xeX

B, (v)= suplmaxy? (4 (0) bmp e (4,(2).B,().

xeX 05

or, using (10)

B,-'(y): sup

xeX

{ma F el -AWBL) §AWSBL)

maxy? (A (x),min(1- A/(x),B.(v))) elsewhere

maxy?(A'(x),min(1— A(x), B(v))) elsewhere

xeX i

5] p{m (A (masi-AWED) 7 AR BD)
Details see in [12].

4 Conclusion

In fact the uninorms offer new possibilities in fuzzy approximate reasoning, because
the low level of covering over of rule premise and rule input has measurable influence
on rule output as well. The modified, uninorm-based Mamdani’s approach, with simi-
larity measures between rule premises and rule input, does not rely on the composi-
tional rule inference any more, but still satisfies the basic conditions supposed for the
approximate reasoning for a fuzzy rule base system.[11]

Residuum-based approximate reasoning focused on distance based operators vio-
lates needed practical axioms for the rule outputs in a fuzzy logic control system. In
the cases when we have normal input A’ the output is contained in all consequences if
we have not “faired” rule. If A=A’, the rule output belongs not to the convex hull of
all rule outputs B, (i=1,n).
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