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Preface

One of the sources of the classical differential calculus is the search for min-
imum or maximum points of a real-valued function. Similarly, nonsmooth
analysis originates in extremum problems with nondifferentiable data. By now,
a broad spectrum of refined concepts and methods modeled on the theory of
differentiation has been developed.

The idea underlying the presentation of the material in this book is to start
with simple problems treating them with simple methods, gradually passing
to more difficult problems which need more sophisticated methods. In this
sense, we pass from convex functionals via locally Lipschitz continuous func-
tionals to general lower semicontinuous functionals. The book does not aim
at being comprehensive but it presents a rather broad spectrum of important
and applicable results of nonsmooth analysis in normed vector spaces. Each
chapter ends with references to the literature and with various exercises.

The book grew out of a graduate course that I repeatedly held at the Tech-
nische Universitdt Dresden. Susanne Walther and Konrad Groh, participants
of one of the courses, pointed out misprints in an early script preceding the
book. I am particularly grateful to Heidrun Piihl and Hans-Peter Scheffler for
a time of prolific cooperation and to the latter also for permanent technical
support. The Institut fiir Analysis of the Technische Universitédt Dresden pro-
vided me with the facilities to write the book. I thank Quji J. Zhu for useful
discussions and two anonymous referees for valuable suggestions. I gratefully
acknowledge the kind cooperation of Springer, in particular the patient sup-
port by Stefanie Zoeller, as well as the careful work of Nandini Loganathan,
project manager of Spi (India).

My warmest thanks go to my wife for everything not mentioned above.

Dresden, December 2006 Winfried Schirotzek
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Introduction

Minimizing or maximizing a function subject to certain constraints is one of
the most important problems of real life and consequently of mathematics.
Among others, it was this problem that stimulated the development of
differential calculus.

Given a real-valued function f on a real normed vector space E and a
nonempty subset A of E, consider the following problem:

(Min) Minimize f(x) subject to x € A.

Let Z be a local solution of (Min). If Z is an interior point of A and f is
differentiable (in some sense) at T, then Z satisfies the famous Fermat rule

f'(x) =o,

which is thus a necessary optimality condition. If £ € A is not an interior
point of A but f goes on to be differentiable at z, then a necessary optimality
condition still holds as a variational inequality, which for A convex reads

(f'(z),z —z) >0 forany z € A. (0.1)

The assumption that f be differentiable at Z is not intrinsic to problem
(Min). Consider, for example, the classical problem of Chebyshev approxi-
mation, which is (Min) with E := Cla,b], the normed vector space of all
continuous functions z : [a,b] — R, and

£(@) = llo = 2loe i= muax [a(t) — 2(2),
where z € Cla, b]\ A is given. In this case the functional f fails to be (Gateaux)
differentiable at “most” points z € C|a,b] and so the above-mentioned app-
roach no longer works.

However, if f is a convezr functional, as is the functional in the Chebyshev
approximation problem, then a useful substitute for a nonexisting derivative
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is a subgradient. A subgradient of f at T is a continuous linear functional x*
on E satisfying

(@",y) < f(@+y) — f(z) forallye E.

Geometrically this means that the “parallel” affine functional a(x) := (z*,

x — ) + f(Z) satisfies a(x) < f(z) for any © € FE and a(Z) = f(T) (see
Fig. 0.1). Typically a function admits many subgradients (if any) at a point of
nondifferentiability. The set of all subgradients of f at Z is called subdifferential
of f at z and is denoted Of(Z).

Initiated by Rockafellar [177] and Moreau [148], a rich theory of convex sets
and functions including optimality conditions in terms of subdifferentials has
been developed. This theory is known as convezr analysis after Rockafellar’s
now classical book [180]. In the convex case the notion of the conjugate func-
tional is the basis for associating with a given optimization problem another
problem, called the dual problem. The study of the relationship between the
two problems gives significant insight into convex optimization.

Problems involving functionals that are neither differentiable nor convex
are more difficult to handle. During the last three decades, however, consid-
erable progress has been made also in this area. One starting point is the
observation that in the convex case a subgradient x* of f at Z can also be
characterized by the inequality

(@*,y) < fe(@,y) forally € E. (0.2)
Here, fo(Z,y) denotes the directional Gateaux derivative of f at Z in the

direction y, i.e.,
f(@+ry) - £(@)

) e 1
fa(z,y) lim - ;
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which is a convex functional of y. If f is not convex, then in general the
functional fg(Z,-) is not convex either and a calculus finally resulting in op-
timality conditions is not available. The idea now is to replace fg(Z,-) by
a functional that behaves better. Pshenichnyi [170] and Neustadt [150] con-
sidered upper convex approximations, i.e., convex functionals that majorize
certain directional derivatives such as fg(Z,-). A crucial step was Clarke’s
doctoral thesis [33], which gives an intrinsic (nonaxiomatic) construction of
a convex local approximation of f at Z. Another such construction is due,
among others, to Michel and Penot [129,130]. An effective calculus as well as
applicable optimality conditions in terms of these constructs can be developed
for the class of locally Lipschitz continuous functionals. This is elaborated
and applied to problems in the calculus of variations and optimal control
in the monograph [36] by Clarke, which also coined the notion nonsmooth
analysis.

For non-Lipschitz functionals, various derivative-like concepts have been
proposed as local approximations. For lower semicontinuous functionals, two
concepts are particularly promising: On the one hand smooth local approxi-
mations from below which led to the concept of viscosity subdifferentials and
in particular to prozimal subdifferentials and on the other hand suitable direc-
tional limits that led to Fréchet subdifferentials. Crucial progress was reached
when it turned out that in Fréchet smooth Banach spaces (Banach spaces
admitting an equivalent norm that is Fréchet differentiable at each nonzero
point) the two concepts coincide; this applies in particular to any reflexive
Banach space. Substantial contributions to this theory are due to Rockafellar,
Clarke, Borwein, Ioffe, and others.

We return to the problem (Min). Beside local approximations of the func-
tional f one also needs local approximations of the set A near the minimum
point z. For various classes of optimization problems, tangent cones are ade-
quate local approximations. If f,(Z,-) and T, (A, Z) are a directional derivative
of f at  and a tangent cone to A at Z, respectively, that “fit together,” then
the variational inequality

fo(@,y) >0 for any y € T.(A,T) (0.3)

is a necessary optimality condition generalizing (0.1). Another method of lo-
cally approximating the set A is via normal cones. A conventional way to
define a normal cone is as (negative) polar of a tangent cone, which always
yields a convex cone. Polar cones can also be defined as subdifferentials of suit-
able functionals, which was done, among others, by Clarke [36] and Ioffe [96].
A third way to define normal cones is stimulated by the observation that
x* € E* is a subgradient of the convex functional f at Z if and only if (z*, —1)
is a normal vector to the epigraph of f (see the vector n in Fig. 0.1). In the
nonconvex case Mordukhovich [132] first defined normal cones by set limiting
operations and then subdifferentials via normal cones to epigraphs.
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In terms of some normal cone N,(A,Z) and an associated subdifferential
0. f(Z), a necessary optimality condition corresponding to (0.3) reads

—x* € N.(A,Z) for some z* € 0. f(T).

This condition is the stronger the smaller N, (A4, Z) and 0, f(Z) are. Under this
aspect, it turns out that convex normal cones may be too large.

In general, Fréchet subdifferentials only admit an approzimate (or fuzzy)
calculus and consequently approximate optimality conditions. It turned out
that the limiting normal cones and subdifferentials studied by Mordukhovich,
Ioffe, and others admit a rich exact (nonapproximate) calculus at least in Asp-
lund spaces (a class of Banach spaces containing all Fréchet smooth Banach
spaces), provided the functionals and sets involved satisfy suitable compact-
ness assumptions in the infinite dimensional case.

At this point, we must turn to the basic tools necessary for the respective
theory. The principal tool for treating problems with convex and, to a great
extent, locally Lipschitz continuous functionals are separation theorems and
related results such as sandwich theorems. For general lower semicontinuous
functionals, variational principle take over the part of separation theorems.
A variational principle says, roughly speaking, that near a point that “almost”
minimizes a functional f, there exists a point z that actually minimizes a
slightly perturbed functional. In the first variational principle, discovered by
Ekeland [56], the perturbed functional is not differentiable at z. Borwein and
Preiss [19] were the first to establish a smooth variational principle. By now
various smooth variational principles have been derived. A third fundamental
tool are extremal principles discovered by Mordukhovich [132]. An extremal
principle provides a necessary condition for a point to be extremal (in a cer-
tain sense) with respect to a system of sets. Mordukhovich largely develops
his theory with the aid of extremal principles. They work especially well in
Asplund spaces and in fact, Asplund spaces can be characterized by an ext-
remal principle. Therefore Asplund spaces are the appropriate framework for
variational analysis.

The book first presents the theory of convex functionals (Chaps. 2-6). All
the following chapters are devoted to the analysis of nonconvex nondifferen-
tiable functionals and related objects such as normal cones. A subdifferential
of f, however it may be defined, associates with each Z € F a (possibly empty)
subset of the dual space E* and thus is a set-valued mapping or a multifunc-
tion. Therefore, nonsmooth analysis includes (parts of) multifunction theory;
this is contained in Chap. 10. Each chapter ends with references to the liter-
ature and exercises. The latter partly require to carry out proofs of results
given in the text, partly contain additional information and examples. Since
nonsmooth analysis is still a rapidly growing field of research, many aspects
had to be omitted. The Appendix indicates some of them.
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Preliminaries

1.1 Terminology

General Convention. Throughout these lectures, vector space always means
real vector space, and topological vector space always means Hausdorff topo-
logical vector space. Unless otherwise specified, F will denote a normed vector
space.

Let N, R, and R, denote the set of all positive integers, of all real num-
bers and of all nonnegative real numbers, respectively. Further set R :=
R U {—00, +00}. The operations in R are defined as usual; in addition, we set
0-(£o00) = (£00)-0 := 0, but we do not define (+00) — (+00). In Remark 1.3.5
below, we shall explain that it is reasonable to allow a functional to attain
values in R and not only in R.

The zero element of any vector space except R will be denoted o. If A and

B are nonempty subsets of a vector space F and if o, 8 € R, we write
aA+pB ={ax+Py|le e A ye B}, RyA:={ x| XeR,y, € A}

In particular we write A +y := A + {y}. If one of A, B is empty, we set
A+ B:=10.

A nonempty subset A of the vector space F is said to be convexif x,y € A
and A € (0,1) imply Az + (1 — A)y € A. The empty set is considered to be
convex also.

Let E be a topological vector space. A subset A of F is said to be circled
if A C A whenever a € R and |a| < 1. Recall that each topological vector
space admits a neighborhood base of zero, i, consisting of closed circled sets.
A neighborhood base of an arbitrary point z € E is then given by x + U,
where U € il.

The interior, the closure, and the boundary of a subset A of a topological
vector space are denoted int A, cl A and bd A, respectively. If A is convex, so
are int A and cl A.

A locally convex (vector) space is a topological vector space such that each
neighborhood of zero includes a convex neighborhood of zero. It follows that a
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locally convex space possesses a neighborhood base of zero consisting of open
convex sets, and also a neighborhood base of zero consisting of closed circled
convex sets.

If F is a topological vector space, E* denotes the topological dual of E, i.e.,
the vector space of all continuous linear functionals z* : £ — R. If z* € E*,
we write (x*,z) := 2*(z) for each x € E.

Now let E be a normed vector space with norm || - ||. If Z € F and € > 0,
we set

Be(Z,e):={x € E|||z —%|| <€}, Bg:=Bg(o,1),
Bp(z,e):={z e E||z—z| <e}, Bp:=Bglo,1).

If it is clear from the context, we simply write B(Z,¢€), B, E(f,e), and B,
respectively. A normed vector space is a locally convex space with respect to
the topology induced by the norm. The inner product of a Hilbert space will
be denoted as (x| y).

1.2 Convex Sets in Normed Vector Spaces

Let E be a normed vector space. A nonempty subset A of F is said to be
absorbing if for each y € FE there exists ag > 0 such that ay € A whenever
|a] < ag. The core of A, written cr A, is the set of all x € A such that A — x
is absorbing, i.e.,

ccA={rcA|Vye EJay >0Va € [—ap,ap]: z+ay € A}.

Each convex neighborhood of zero in E is an absorbing set. In a Banach
space, we have the following converse.

Proposition 1.2.1 If E is a Banach space, then each closed convex absorbing
subset A of E is a neighborhood of zero.

Proof. For each n € N let A, := nA. Each A, is closed, and since A is
absorbing, we have E = |J;—, A,. By the Baire category theorem it follows
that int(A,) is nonempty for at least one n and so the set int A is nonempty.
Hence there exist € A and p > 0 such that B(z, p) C A. Since A is absorbing,
there further exists a > 0 such that —az = a(—xz) € A. Define € := 32-. We
show that B(o,€) C A. Let y € B(o,€) and set z := -+ 1%y Then z € B(z, p)
and so z € A. Since A is convex, we obtain

1

= zeA. O
14+«

@
y (—ow) +
We strengthen the concept of a convex set. A nonempty subset A of E is
said to be cs-closed (for convex series closed) if A; > 0 (i € N), > %, \; =1,
z; € A (i €N)and x := > oo, \io; € F imply x € A. It is clear that each
cs-closed set is convex. Lemma 1.2.2 provides examples of cs-closed sets.
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Lemma 1.2.2 Closed convex sets and open convex sets in a normed vector
space are cs-closed.

Proof. See Exercise 1.8.1. ad

It is obvious that int A C cr A for each subset A of E. The following result
describes the relationship between core and interior more precisely.

Proposition 1.2.3 Let A be a nonempty subset of the normed vector space E.

(a) If A is convexr and int A is nonempty, then cr A = int A.
(b) If E is a Banach space and A is cs-closed, then cr A = int A = int(cl A).

Proof.
(a) We first show that for any « € [0, 1),
aclA+ (1 —«)int A C int A. (1.1)

Choose some x € int A. Then (1 —«)(int A—1x) is an open neighborhood
of o and so

aclA=cl(ad) CaAd+ (1 —a)(int A—x) CA—(1—a)xg.

Since this holds for any xo € int A, the left-hand side of (1.1), which is
obviously open, is contained in A. This verifies (1.1). To prove cr A = int A,
it suffices to show that cr A C int A. Let x € cr A. Then there exists A > 0
such that y := x + Mz — z¢) € A. By (1.1), it follows that

1 A it A
T = my+m$0€lnt .

(b) (I) First we verity, following Borwein and Zhu [24], that int A = int(cl A).
For this, it suffices to show that int(cl A) C int A under the additional
assumption that int(cl A) # (. Let yo € int(cl A). Then there exists
€ > 0 such that B(yo,€) C cl A and so B C 1(cl A—yp). Since together
with A, the set %(A —1yo) is also cs-closed, we may assume that yo = o
and BCclAC A+ %B. From this inclusion we obtain for i = 1,2, ...,

1 1

1 1 1 1 1 1

Thus, if y € %B, there exist x1,...,x; € A such that

1 1 1 1

y € §$1+2*2$2+"'+§$i+2iﬁ
It follows that y = > .2 x;/2" and so y € A as A is cs-closed. Hence
%B C A and therefore yg = o € int A.

(IT) In order to verify cr A = int A, it suffices to show cr A C int A under
the additional assumption that cr A # . Let zg € cr A C cr(cl A).
Since cl A — zq is closed and absorbing, the Baire category theorem
implies that int(cl A) # @ (cf. the proof of Proposition 1.2.1), and step
(I) shows that int A is nonempty. As the set A is cs-closed, it is also
convex. Therefore the assertion follows from (a). O

B.
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1.3 Convex Functionals: Definitions and Examples

Convention. In this section, unless otherwise specified, E denotes a vector
space and M denotes a nonempty subset of E.

Definition 1.3.1 If f : M — R, then we call

dom f:={z e M| f(x) <+o0}  effective domain of f,
epi f :={(x,t) € M xR| f(x) <t} epigraph of f.

Further, f is said to be proper (in German: eigentlich) if dom f # @ and
f(z) > —oo for each x € M.

Definition 1.3.2 is crucial for these lectures.

Definition 1.3.2 Let M C E be nonempty and convex. The functional f :
M — R is called conver if

Fa+ (1 =Ny) <Af(x) + (1= f(y) (1.2)

holds for all z,y € M and all A € (0,1) for which the right-hand side is
defined, i.e., is not of the form (+00) 4 (—00) or (—o0) + (400). If (1.2) holds
with < instead of < whenever x # y, then f is called strictly convex.

Lemma 1.3.3 Let M C E be nonempty and convez and let f : M — R:

(a) f is convex if and only if epi f is a convex set.
(b) If f is convex, then for each A € R, the set {x € M | f(x) < A} is conver.

Proof. See Exercise 1.8.2. a

Lemma 1.3.4 Let E be a topological vector space and let f : E — R be
convex. If f(xg) > —oo for some xy € intdom f, then f(x) > —oo for each
rzekFE.

Proof. Assume there exists z; € E satisfying f(x1) = —oo. Since zp €
int dom f, we have x5 := x¢ + A(xg — x1) € dom f for each sufficiently small
A€ (0,1). Since ¢ = 1%\3:1 + 14%\332 and f is convex, we obtain

—o0 < f(20) < — (1) + H%f(m,

1+ A
which is contradictory. ]

Remark 1.3.5 According to Lemma 1.3.4, it is quite pathological for a con-
vex functional on a topological vector space to attain the value —oo. The fol-
lowing construction shows that this is not so with the value +oco. Let M C E
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be nonempty and convex, and let g : M — R be convex. Then the functional
f+ E — R defined by

Jgx) ifxe M,
f@y_{+m ifze BE\M

is proper and convex. Conversely, if f : E — R is proper and convex, then
M := dom f is nonempty and convex and the restriction of f to M is finite
and convex. Therefore, we may assume that a convex functional is of the form

f:E—R.
We consider important classes of convex functionals.

Example 1.3.6 Let M C E be nonempty. The functional §,; : £ — R

defined by
0 ifxeM
6 = !
m(2) {+m if € B\ M

is called indicator functional of M. Obviously, d,s is proper and convex if and
only if M is nonempty and convex.

Example 1.3.7 Let E be a topological vector space and A a nonempty subset
of E*. Then the support functional o4 : E — R of A defined by

oa(z) = 51161?4@*,;10), x ek,
o

is proper and convex. An analogous remark applies to the support functional
oy E* — R of a nonempty subset M of E.

Example 1.3.8 Let v : E — R be linear and ¢ € R. The functional
f:E — R defined by f(x) := u(z) + ¢ for x € E, which is called affine,
is convex.

Example 1.3.9 The functional f : E — R is said to be sublinear if f is
proper, nonnegatively homogeneous (i.e., f(Az) = Af(z) for any = € E and
any A > 0), and subadditive (i.e., f(z +y) < f(x) + f(y) for all z,y € E).
If f is sublinear, then f is also convex, and in particular f(0) = 0 (recall that
0 (4+00) := 0). The norm functional of a normed vector space is sublinear
and so convex.

Example 1.3.10 Let E be a Hilbert space, let T': F — E be linear and self
adjoint, let zo € E, and let ¢ € R. Consider the quadratic functional

f(x) = %(Tx\x) —(xo|lz)+¢, xz€E.
Then

f is convex <= T is positively semidefinite (i.e. (Tz|z) > 0Vzx € E).
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We indicate the proof of this statement.
= This follows immediately from

r(57) < 3@+ 350

<=: Since & — —(x¢|x) + ¢, © € E, is affine and so convex, it remains to
show that g(z) := (Tx|x), v € E, is convex. Let x,y € E and 0 < )\ < 1.
Then

g(/\:r+ (1- )\)y)
=N (T(@—y)|z—y) +AXT(@—y) |y) + ATy |z —y) + (Ty|y)-

Since A\? < X and, by assumption, (T(x — ) | T — y) > 0, we have

N(T(z—y)|z—y) <ANT(z—y) ‘x—y)
Using this and the self adjointness of T', we immediately obtain

gz + (1= N)y) < Ag(z) + (1 — N)g(y).

Example 1.3.11 Let E be a normed vector space. If M C FE, then the dis-
tance functional x +— dps(x) is defined by

dy(z) :=d(M,z) :=d(z, M) := ylél{/[ |z -y, z € E.

Recall that inf () := +oc0. If M is nonempty and convex, then d,; is easily seen
to be proper and convex.

Example 1.3.12 Let E be a topological vector space, let M C E be non-
empty and set

py(z) :=inf{\ > 0|z € AM}, z € E.
The functional py; : E — R is called Minkowski functional or gauge.

Lemma 1.3.13 summarizes important properties of pys.

Lemma 1.3.13 Let E be a topological vector space. If M C E is nonempty
and convex and o € int M, then:

(a) 0 <py(x) <400 forallz € E.

(b) panr is sublinear and continuous.

(¢)intM={xeE|lpy(z) <1} CMC{xeFElpy(z) <1} =clM.

(d) If, in addition, M is symmetric (i.e., v € M = —x € M ) and bounded,
then ppr is a norm on E that generates the topology of E.

Proof. See, for instance, Aliprantis and Border [2]. O
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1.4 Continuity of Convex Functionals

In this section, we study continuity properties of convex functionals.

Recall that if F is a normed vector space, then the proper functional
f: E — R is said to be locally Lipschitz continuous, or briefly locally L-
continuous, around Z € domf if there exist € > 0 and A > 0 such that

[f(@) = fW)l < Alz =yl Va,y € B(Z, ).

Moreover, f is called locally L-continuous on the open subset D of E if f is
locally L-continuous around each = € D.

Theorem 1.4.1 Let E be a topological vector space and let f : E — R be
proper, convex and bounded above on some nonempty open subset G of E.
Then f is continuous on intdom f. If, in particular, E is a normed vector
space, then f is locally L-continuous on int dom f.

Proof.

(I) By assumption, there exists a > 0 such that f(y) < a for each y € G. In
particular, G C int domf. We first show that f is continuous on G.
(Ia) To prepare the proof, we show the following: If Z € dom f, z € E,
T+zedomf,Z—z¢€domf, and A € [0, 1], then

[f(Z+A2) = f(Z)] < Amax{f(T +2) = f(Z), f(T—2) - f(@)}. (1.3)

Verification of (1.3): Since T+ Az = (1 — A\)T + AT + 2) € dom f, we
have f(Z + Az) < (1 = X\)f(Z) + Af(Z + z), hence

f@+A2) = f(2) < Mf (@ +2) - f(2)). (1.4)
Analogously, with z replaced by —z, we obtain

f(@=22) = f(2) S Mf(@ —2) - f(2)). (1.5)
From Z = 1(Z + Az) + $(Z — Az) we conclude that f(Z) < 3 f(Z+Xz) +

1f(@—Xz) and so f(Z) — f(Z+ Az) < f(Z — Az) — f(Z), which together
with (1.5) gives f(Z) — f(Z + Xz) < A(f(Z — 2) — f(Z)). From this and
(1.4) we obtain (1.3).

(Ib) Now let Z € G and let € > 0. Then there exists a circled neighborhood U
of zero such that 24+ U C G. Let A € (0,1] be such that A(a — f(Z)) < e.
Then (1.3) implies | f(y) — f(Z)| < € for all y in the neighborhood Z+ AU
of . Hence f is continuous at Z.

(IT) We show that f is continuous at § € intdom f. Let Z and U be as in
step (Ib). Then there exists ¢ > 0 such that z :== §+ 6(§g — z) € dom f
(see Fig.1.1). Set A:=3/(1+9). If y e U, then g+ Ay = AT+ (1 — M)z
and so

F@+My) M@ +y) + (1= A)f(2) <Aa+ (1= A)f(2).
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D

7+ AU

Fig. 1.1

Since f(z) < 400, we see that f is bounded above on the neighborhood
4+ AU of § and so on the open set int(g + A\U) that also contains 7. By
step (I), f is continuous at g.

(III) Now let E be a normed vector space and let g € int dom f. By step (II)
there exist ¢, p > 0 satisfying

|f(z)] < e VaeB(y,2p). (1.6)

Assume, to the contrary, that f is not locally L-continuous around j.
Then there exist z,y € B(g, p) such that

f@) = fly) > %z —yl|.

_Q

Set o 1= m and & := x + a(x — y). Then we have z = H%aiJr Ty

which implies f(z) < H%af(i) + 195 f(y) and so

f(@) = f(x) > a(f(z) = fy)) > 2¢.

But this contradicts (1.6) as & € B(y, 2p). O

Convex functions on a finite-dimensional normed vector space have a
remarkable continuity behavior.

Corollary 1.4.2 If f : R® — R is proper and convex and intdom f is non-
empty, then f is locally L-continuous on int dom f.

Proof. We shall show that f is bounded above on a nonempty open subset G
of R™; the assertion then follows from Theorem 1.4.1. Let Z = (Z1,...,%,) €
int dom f. Then there exists @ > 0 such that intdom f contains the closed
cube C' with center = and edge length «. Let

Gi={(z1,...,a0) €R" T <y <7 + 5}

Then G is nonempty, open, and contained in C' (Fig. 1.2). Let (e(l), cee e("))
denote the standard basis of R™. If x € (G, then we have
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and so

fla) < 5 22t (a4 ac) + (1 - 3 222) f(o)
< max{f(z + ae),..., (& +ac™), f(@}. D

.
Il
_

By Corollary 1.4.2, each R-valued convex function on R" is locally L-
continuous. Notice that, in contrast to this, on each infinite-dimensional
normed vector space there always exist even linear functionals that are dis-
continuous.

1.5 Sandwich and Separation Theorems

In this and in Sect. 1.6 we repeat, in a form appropriate to our purposes, some
facts from Functional Analysis that will be frequently needed in the sequel.
A nonempty subset P of a vector space F is called coneif z € P and A > 0
imply Ax € P. Moreover, P is called convex cone if P is a cone and a convex
set. Obviously, P is a convex cone if and only if =,y € P and A, x > 0 imply
Ar 4+ py € P. By definition, the empty set is also a cone.
If P is a nonempty convex cone in F, then

r<py &= y—zxz€eP

defines a relation <p on E that is transitive and compatible with the vector
space structure of F, i.e., for all z,y,z € E and A € R we have

r<pyandy<pz = z<pz,
r<py = x+zZpy+tz,
r<pyand A >0 = Iz <pAy.
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Moreover, we have
P={ze€FE|o<puz}

Notice that the zero element o need not belong to P and so the relation <p
need not be reflexive. We call <p the preorder generated by P.

Proposition 1.5.1 (Extension Theorem) Let M be a linear subspace of
the vector space E and P a nonempty convex cone in E satisfying P C M — P.
Suppose further that v : M — R is linear and satisfies u(z) > 0 for any
x € M N P. Then there exists a linear functional v : E — R such that
v(x) = u(z) for every x € M and v(z) > 0 for every x € P.

Proof. Set Ey :=span(M UP) =M + P — P and
p(x) :=inf{u(y) |y e M,y —xz € P}, =xz¢€ E;.

Since P C M — P, the functional p is easily seen to be finite on F;. Further
p is sublinear and satisfies u(x) < p(x) for any x € M. By the Hahn-Banach
theorem, there exists a linear functional vy : 1 — R such that vy (z) = u(x)
for any © € M and vy(z) < p(x) for any x € E;. Setting v(z) := v1(z) for
every x € Fy and v(x) := 0 for every z in the algebraic complement of F; in
E completes the proof. a

The following result will be a useful tool in the analysis of convex func-
tionals.

Theorem 1.5.2 (Sandwich Theorem) Let E be a topological vector space
and let p,q : E — R be proper, conver and such that —q(x) < p(x) for all
x € E. Suppose further that

(A1) (int domp) Ndomq # @ and p is continuous at some point of int dom p
or

(A2) domp N (intdom q) # O and q is continuous at some point of int dom q.
Then there exist v € E* and ¢ € R such that

—q(z) < {(v,z) +c<p(r) VrxeFE (seeFig.1.3 for £ =R).
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Proof. (I) We set

F:=ExRxR, M:={o}x{0}xR,
u(0,0,p) :=—p Vp€eR,
P:.= {ﬂ(y,l,t)—oz(x,l,s)’a,ﬁZO; s, t € R;
z € domp; y € domg; p(x) <53 —q(y) =t}

Then we have:

(a) u is a linear functional on the linear subspace M of F satisfying
u(z) > 0 for any z € M N P.

(b) P is a convex cone in F.

(c) PCM—P.

It is easy to verify (a) and (b). We prove (c). Let z € P, thus z =

By, 1,t) — a(z, 1, s). Suppose assumption (A1) holds. Then there exists

2o € (int dom p) Ndomq. For § > 0 define

25 = 2o +5(ﬂyfomf (B - a)zo).

It follows that z5 € dom p if § is sufficiently small. Hence, with ¢ and p
appropriately chosen, we obtain

z=%(25,1,p(25)) — (3 — B+ @) (20,1, —q(20)) + (0,0,p) € =P + M.

(IT) By Proposition 1.5.1 there exists a linear functional w : F' — R satisfying
w(z) = u(z) for all z € M and w(z) > 0 for all z € P. In particular, we
have w(o0,0,1) = —1. Define

v(z) :=w(x,0,0) Ve eE, c:=w(o,1,0).

Then v : E — R is linear and w(x, s,t) = v(x)+cs—t for all (z,s,t) € F.
If x € domp, then z := —(x, 1,p(x)) € P. It follows that

0 <w(z) =—v(z) — c+p(z) and so v(z) + ¢ < p(z). (1.7)

Analogously we obtain —g(z) < wv(z) + ¢. Since p is continuous at
some point of int dom p, the second inequality in (1.7) implies that v is
bounded above on a nonempty open set and so, by Theorem 1.4.1, is
continuous.

(III) A similar argument applies under the assumption (A2). O

The sandwich theorem describes the separation of a concave functional —gq
and a convex functional p by a continuous affine functional. Now we consider
the separation of convex sets by a hyperplane.

Recall that a hyperplane in the topological vector space E is a set of the
form

[z* =a] :={x € E|(z",z) = a}, (1.8)
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Fig. 1.4

CIf

Fig. 1.5

where 2* € E*, z* # o, and a € R. The hyperplane [x* = «] separates the
space F into the half-spaces [x* < a] and [¢* > «], where the notation is
analogous to (1.8).

The subsets A and B of E are said to be separated if there exists a hyper-
plane [z* = a] such that (see Fig.1.4)

AC[z*<a] and BCz*>al (1.9)

Further we say that the subsets A and B of E are strongly separated if there
exist a hyperplane [z* = a] and € > 0 such that (see Fig.1.5)

ACz*<a—¢ and BC[z*>a+¢€. (1.10)

Theorem 1.5.3 (Weak Separation Theorem) Let A and B be nonempty
convex subsets of the topological vector space E and assume that int A # 0.
Then the following statements are equivalent:

(a) A and B are separated.
(b) (int A) N B = 0.

Proof. (a) = (b): Assume that there exists a nonzero z* € E* such that (1.9)
holds. Suppose, to the contrary, that there exists z € (int A) N B. Let y € E
be given. Then for p > 0 sufficiently small, we have yy :=Z +p(y —Z) € A
and so

o> (@ ys) = (&, 8) £ pla”,y - 7).
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Since (z*, Z) = « it follows that +(a*,y — Z) < 0 and so (z*,y) = (z*, T).

Since y € FE is arbitrary and z* is linear, we conclude that z* = o: a contra-
diction.
(b) = (a): Let z¢p € int A and let p denote the Minkowski functional of
A — zo. Further define ¢ : E — R by g(x) := —1 for all x € B — ¢ and
q(z) := +oo for all z € E\ (B — x). Applying Lemma 1.3.13, it is easy to
see that the assumptions of Theorem 1.5.2 are satisfied. Hence there exist
z* € E* and ¢ € R such that

(" x)+c<plx)VereFE and (z",2)+c>1Vx e B—ux.

It follows that x* # o (consider z = o) and that the hyperplane [z* = ¢,
where a ;= (x*,x9) + 1 — ¢, separates A and B. O

Corollary 1.5.4 Let A be a convex cone in E, B a nonempty convex subset
of E, and assume that int A # () but (int A) N B = (. Then there exists
x* € E*, x* # o, such that

(", z) <O0Vz e A and (z*,y)>0VyeB.
Proof. See Exercise 1.8.3. O

Let A C F and € A. The hyperplane [z* = o] is said to be a supporting
hyperplane of A at x if

Tez"=a] and
AC[z"<a] or AC[z">a] (Fig. 1.6).

A point T € A admitting a supporting hyperplane of A is said to be a support
point of A. There is an obvious relationship to the support functional o4
of A. If Z is a support point of A and [z* = o] is a supporting hyperplane
such that A C [z* < a], then o4 (z*) = (z*,Z). An immediate consequence of
Theorem 1.5.3 is:

Corollary 1.5.5 Let A be closed convex subset of the topological vector space
E and assume that int A is nonempty. Then any boundary point of A is a
support point of A.

Fig. 1.6
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We supplement the preceding results by two statements presented without
proof that refer to the case int A = (.

Theorem 1.5.6 (Bishop—Phelps Theorem) If A is a closed convex subset
of the Banach space E, then the set of support points of A is dense in the
boundary of A.

Proof. See, for instance, Phelps [165]. O

Proposition 1.5.7 Let E be a finite-dimensional normed vector space, and
let A and B be nonempty convex subsets of E. Then the following statements
are equivalent:

(a) A and B are separated.
(b) AN B = .

Proof. See, for instance, Holmes [92]. O

Notice that the condition (b) of Theorem 1.5.3 is equivalent to o ¢
(int A) — B. Strengthening this condition, we obtain a result on strong sepa-
ration, provided we restrict ourselves to locally convex spaces.

Theorem 1.5.8 (Strong Separation Theorem 1) Assume that E is a lo-
cally convex space and that A and B are nonempty convex subsets of E. Then
the following statements are equivalent:

(a) A and B are strongly separated.
(b)o ¢ cl (A — B).

Proof. (a) = (b): Exercise 1.8.4.

(b) = (a): By virtue of (b) there exists an open convex neighborhood U

of zero such that AN (B + U) = (. Moreover, B + U is open. Hence, by

Theorem 1.5.3, there exists a closed hyperplane [z* = o/] such that A C [z* <

o/l and B+U C [z* > o]. Choose some zg € —U such that (x*, zp) > 0, which
1

exists since x* # o. Set o 1= sup,4(z*,z) + 3(z*, 20) and € := L(2*, ).

It follows that A C [z* < a—¢€] and B C [z* > a+ €. O
The following is a frequently used special case of Theorem 1.5.8.

Theorem 1.5.9 (Strong Separation Theorem 2) Assume that A and B
are nonempty convex subsets of the locally convex space E such that A is
closed, B is compact, and AN B = 0. Then A and B are strongly separated.

Proof. See Exercise 1.8.5. a

Simple examples, already with E = R?, show that Theorem 1.5.9 may fail
if “compact” is replaced by “closed.”
In analogy to Corollary 1.5.4 we now have:
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Corollary 1.5.10 Let A be a closed convex cone in E, B a nonempty compact
convex subset of E, and assume that AN B = (). Then there exists v*€ E*,
x* # o, and € > 0 such that

(z*,2) <0 Vaxe A and (z",y)>€e VyeB.

Proof. See Exercise 1.8.6. O

1.6 Dual Pairs of Vector Spaces

For results in this section stated without proof, see the references at the end
of the chapter. The following notion will be the basis for the duality theory
of convex optimization.

Definition 1.6.1 Let F and F' be vector spaces.

(a) A functional a : E x F — R is said to be bilinear if a(-,u) is linear on E
for each fixed v € F and a(x,-) is linear on F for each fixed z € E.
(b)Let a: E x F — R be a bilinear functional with the following properties:

If a(x,u) = 0 for each x € E, then u = o, (1.11)
if a(x,u) =0 for each v € F, then z = o. )

Then (E, F) is called dual pair of vector spaces with respect to a.

Example 1.6.2 Let E be a locally convex space. Then (E, E*) is a dual pair
with respect to the bilinear functional

a(z,z*):=(z",x) YexeFE VYz*e€FE".

We verify (1.11). It is clear by definition that (x*,z) = 0 for each 2 € E implies
z* = 0. Now let (z*,z) = 0 for each z* € E*. Assume that  # o. Then
there exist a closed convex (circled) neighborhood U of zero not containing
z. By Theorem 1.5.9, the closed set U and the compact set {«} are strongly
separated. Hence there exist z* € E* \ {0}, @ € R and € > 0 such that

(" y) <a—€ VYVyeU and (z",2)>a+te.

Considering y = o, we see that « —e > 0, and it follows that (z*,2) > a+¢€ >
o — € > 0: a contradiction.

We shall now show that this example provides the prototype of a dual
pair. Let (E, F') be a dual pair with respect to the bilinear functional a. The
weak topology o(E, F) on E is by definition the weakest topology on E such
that each linear functional z +— a(x,u) is continuous; here u varies over F'.
In other words, each u € F' defines an element z, of £* via
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(), z) = a(z,u) VzeE. (1.12)

By (1.11), if u # v, then x¥, # . Hence we can identify x¥ with u, so that
we obtain F' C E*. Proposition 1.6.3 states, among others, that each z* € E*
is of the form x, for some u € F. If we want to indicate the topology, say T,
of a topological vector space F, we write F[7] instead of E. Similarly, we use
ET[ - [I]-

Proposition 1.6.3 If (E,F) is a dual pair of vector spaces with respect to
the bilinear functional a, then:

(a) The weak topology o(E, F) is a locally convex topology on E, a neighbor-
hood base of zero being formed by the sets

Ulu, ..., um) :={z € E|la(z,u;)| <1 fori=1,...,m},

where m € N and uy,...,uy, € F.

(b) For each x* € E* there exists precisely one u € F such that z* = z¥ (see
(1.12)). The dual E* of the locally convexr space Elo(E,F)] can thus be
identified with F.

Of course, the same holds true with the roles of E and F' exchanged, i.e.,
one defines analogously the weak topology o(F, E) on F. Then the dual F*
of Flo(F,E)] can be identified with E.

Let (E,F) be a dual pair with respect to some bilinear functional.
A locally convex topology 7 on E is said to be compatible with the dual pair
(E,F) if E[rg|* = F in the sense described above, analogously for a locally
convex topology on F. If (E,F) is a dual pair of vector spaces and if 7,
TF are compatible topologies on E and F, respectively, then (E[rg], F[7F])
is called dual pair of locally convex spaces. A complete characterization of
compatible topologies (not needed in this book) is given by the Mackey—Arens
theorem.

Remark 1.6.4

(a) Let E[r] be a locally convex space. Since (E, E*) is a dual pair of vector
spaces (see Example 1.6.2), we can consider the weak topology o(E, E*)
on E., which is weaker than 7. On E*, we have to distinguish between
the topologies o(E*, E**) and o(E*, F). The latter is called weak star
topology or weak™ topology. Among others, we have the following dual
pairs of locally convex spaces:

(E[r], E*[c(E*,E)]) and (E[0(E,E")], E*[c(E*, E)]).

If A is a subset of E*, we denote by cl*A the o(E*, F)-closure of A and
by ¢o* A the o(E*, E)-closed convex hull of A. A sequence (xy) in F that
is o(F, E*)-convergent to x € E is said to be weakly convergent to x,
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written xy — x as k — oo; this means that limy, . (z*, 1) = (z*, 2) for
any z* € E*. Analogously, a sequence (z}) in E* is weak* convergent to
x* € E*, written

W
xp — " ask — oo,

if and only if limg_, oo (x}, ) = (¥, x) for any « € E.

In view of Proposition 1.6.3, we usually denote any dual pair of vector
spaces by (E, E*). Moreover, when there is no need to specify the topology,
we shall use (E, E*) also to denote a dual pair of locally convex spaces,
tacitly assuming that F¥ and E* are equipped with topologies compatible
with the dual pair.

Now let E[ ||-|| ] be a normed vector space and let ||| denote the associated
norm on E*. The weak topology o(E, E*) is weaker than the topology
generated by the norm || - ||; the two topologies coincide if and only if E is
finite dimensional. In general, the topology generated by the norm || - ||«
on E* is not compatible with the dual pair (E, E*). However, if E is a
reflexive Banach space, then

(E0F- 10, £ 11])

is a dual pair of locally convex spaces.

If E is an infinite-dimensional normed vector space, then the weak topol-
ogy o(E, E*) does not admit a countable base of neighborhoods of zero.
Hence properties referring to the weak topology can in general, not be
characterized by sequences. For instance, each weakly closed subset of
is weakly sequentially closed but not conversely. In this connection, a sub-
set A of E is said to be weakly sequentially closed if each limit point of a
weakly convergent sequence in A is an element of A.

It turns out that certain topological properties important in the following

depend on the dual pair only.

Proposition 1.6.5 Let (E, E*) be a dual pair of vector spaces, and let 1
and 7o be locally convex topologies on E compatible with the dual pair. Fur-
ther let A be a convex subset of E. Then: A is 1 -closed if and only if A is
To-closed.

Corollary 1.6.6 In a normed vector space, any convex closed subset is weakly
sequentially closed.

We conclude this section with two important results.

Theorem 1.6.7 (Eberlein-Smulian Theorem) In a reflexive Banach
space, any bounded weakly sequentially closed subset (in particular, any con-
vex bounded closed subset) is weakly sequentially compact.



22 1 Preliminaries

Theorem 1.6.8 (Krein—Smulian Theorem) If E is a Banach space, then
a convex subset M of E* is weak™ closed if and only if M N pBp« is weak*
closed for any p > 0.

1.7 Lower Semicontinuous Functionals

Lower semicontinuous functionals will play an important part in these lectures.
We first repeat the definition.

Definition 1.7.1 Let E be a topological vector space, M a nonempty subset
of E,and f: M — R:

(a) The functional f is called lower semicontinuous (l.s.c.) at T € M if either
f(Z) = —oo or for every k < f(Z) there exists a neighborhood U of Z such

that
k< f(z) YVeeMnU (cf Fig.1.7).

f is said to be lower semicontinuous on M if f is l.s.c. at each z € M.
Moreover, f is called upper semicontinuous at T if —f is l.s.c. at Z.

(b) The functional f is said to be sequentially lower semicontinuous at & € M
if for each sequence (z,) in M satisfying x,, — T as n — oo one has
f(@) = liminf,  f(z,).

Lemma 1.7.2 characterizes these properties by properties of appropriate
sets.

Lemma 1.7.2 Let E be a topological vector space, M a nonempty subset of E,
and f: M — R. Then the following statements are equivalent:

(a) f is L.s.c. on M.
(b) For each A € R, the set My := {x € M| f(x) < A} is closed relative to M.
(c) epi f is closed relative to M x R.

f@) 1
e

)
7

(!
T
U 7T

Fig. 1.7
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Proof. We only verify (a) = (c), leaving the proof of the remaining assertions
as Exercise 1.8.7. Thus let (a) hold. We show that (M x R) \ epi f is open.
Let (z,t) € (M x R) \ epi f be given. Then f(z) > f. Set 6 := 2(f(z) —?).
Then f(Z) > t + d. By (a) there exists a neighborhood U of Z in E such
that f(z) >t+6 foreach z € MNU. Then V := (M NU) x (t — 6, + 9)
is a neighborhood of (z,%) relative to M x R. For any (z,t) € V we have
f(z) >t+6>tandso (z,t) ¢ epif. 0

Proposition 1.7.3 Assume that E is a normed vector space, M C E is
nonempty conver and closed, and f : E — R is proper and convex. Then the
following assertions are equivalent:

(a) f is l.s.c. on M.
(b) f is weakly l.s.c. on M.
(c) f is weakly sequentially l.s.c. on M.

Proof. We only verify (a) = (c), leaving the verification of the remaining
assertions as Exercise 1.8.8. Thus let (a) hold. Suppose, to the contrary, that
f is not weakly sequentially l.s.c. at some Z € M. Then there exists a sequence
(z,) in M satisfying x, — Z and f(Z) > lim, .o f(z,). Choose A\ € R and
ng € N such that f(z) > A > f(z,) for all n > ng. Since M is closed and M)
is closed relative to M (Lemma 1.7.2), the latter set is closed. In addition, M)
is convex (Lemma 1.3.3). By Corollary 1.6.6, M) is weakly sequentially closed.
Hence ,, — 7 implies & € My, which is a contradiction to f(z) > . 0

Proposition 1.7.4 Let E be a Banach space. If f : E — R is proper convex
l.s.c. and intdom f is nonempty, then f is continuous on int dom f.

Proof. We may assume that o € int dom f. Choose a number A > f(o) and
set A:={z € E| f(x) < A}. Then A is convex and closed. We show that A is
also absorbing. Let € E, x # o, be given. By Corollary 1.4.2 the restriction
of f to the one-dimensional subspace {rz | 7 € R} is continuous at zero. This
and f(o) < A imply that there exists ap > 0 such that f(az) < A and so
ax € A whenever |a| < ag. By Proposition 1.2.1 the set A is a neighborhood
of zero. Now Theorem 1.4.1 completes the proof. O

Let A be a nonempty subset of E. A set M C A is called extremal subset
of A if the following holds:

VYAe(0,1) Vz,yeA: dx+(1-ANyeM = zyeM.

Further, T € A is called extreme point of A if {Z} is an extremal subset of A.
If A is convex, then T € A is an extreme point of A if and only if the set
A\ {z} is also convex. We write ep A for the set of all extreme points of A.

Example 1.7.5 In R", the set ep(B(0, 1)) consists of the boundary of B(o, 1)
for the Euclidean norm and of finitely many points (which?) for the I norm.
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Lemma 1.7.6 If M is an extremal subset of A, then ep(M) = M Nep(A).
Proof. See Exercise 1.8.9. a

We recall an important result of Functional Analysis. In this connection,
o B denotes the closed convex hull of the set B C F, i.e., the intersection of
all closed convex sets containing B.

Theorem 1.7.7 (Krein—Milman Theorem) Let E be a locally convex
space and A a nonempty subset of E:

(a) If A is compact, then ep A # ().
(b) If A C E is compact and convez, then A =co(ep A).

Proposition 1.7.8 (Bauer’s Maximum Theorem) Let E be a locally
convex space, A a nonempty compact convex subset of E, and g : A — R an
upper semicontinuous convex functional. Then there exists T € ep A such that

9(%) = maxgea g(x).

Proof. Let
M:={zeAlgx) = Ineajcg(x)}.

We have to prove that M N ep A # 0. Let m := max,c g(x). We first
show that M is an extremal subset of A. In fact, if A € (0,1); z,y € A and
Az + (1 =Ny € M, then

m=gAz+(1-Ny) <Aglz) + (1= Ngly) < Am+ (1 - XN)m=m

and so Ag(z) + (1 — X\)g(y) = m. Consequently, z,y € M. Hence M is an
extremal subset of A, and Lemma 1.7.6 implies that M NepA = ep M.
The hypotheses on A and g entail that M is nonempty and compact. By
Theorem 1.7.7(a), we have ep M # (). o

1.8 Bibliographical Notes and Exercises

Concerning separation theorems and dual pairs, we refer to standard
textbooks on Functional Analysis, for example Aliprantis and Border [2],
Holmes [92], Werner [215], or Yosida [218]. A good introductory presentation
of convex functionals give Roberts and Varberg [174]. For cs-closed sets see
Jameson [103]. The present form of the sandwich theorem (Theorem 1.5.2) is
due to Landsberg and Schirotzek [116]. Ernst et al. [61] establish results on
the strict separation of disjoint closed sets in reflexive Banach spaces.

Exercise 1.8.1 Prove Lemma 1.2.2.
Exercise 1.8.2 Verify Lemma 1.3.3.

Exercise 1.8.3 Prove Corollary 1.5.4.
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Exercise 1.8.4 Verify the implication (a) => (b) in Theorem 1.5.8.
Exercise 1.8.5 Prove Theorem 1.5.9.

Exercise 1.8.6 Verify Corollary 1.5.10.

Exercise 1.8.7 Prove the remaining assertions of Lemma 1.7.2
Exercise 1.8.8 Verify the remaining assertions of Proposition 1.7.3.
Exercise 1.8.9 Prove Lemma 1.7.6.

Exercise 1.8.10 Show that the norm functional on the normed vector space
E is weakly l.s.c. and the norm functional on E* is weak* l.s.c.

Exercise 1.8.11 Let E be a normed vector space, let f : £ — ﬁke a proper
functional, and define the lower semicontinuous closure f: E — R of f by

f(z) :=liminf f(y), z€E.

y—T

Show that f is the largest l.s.c. functional dominated by f.



2

The Conjugate of Convex Functionals

2.1 The Gamma Regularization

Convention. Throughout this chapter unless otherwise specified, (E, E*)
denotes any dual pair of locally convex spaces (cf. Remark 1.6.4 and
Proposition 1.6.5).

In this section, we show that a l.s.c. convex functional is the upper envelope
of continuous affine functionals.

Definition 2.1.1 For f: E — R let
A(f):={a: E — R | ais continuous and affine, a < f}.
The functional f7 : E — R defined by
fI'(x) ;== sup{a(z) | a € A(f)}, x€E,
is called Gamma regularization of f. Recall that sup ) := —oc.

Figure 2.1 suggests the following result.
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Proposition 2.1.2 If f : E — R is proper, then the following statements are
equivalent:

(@) f=r"

(b) f isl.s.c. and convex.

Proof.

(a) = (b): See Exercise 2.5.2.

(b)=> (a): It is clear that fI' < f. Assume now that, for some zy € F
and some k € R, we had f!(z¢) < k < f(z0). We shall show that there
exists a € A(f) satisfying k < a(zg) (cf. Fig.2.2), which would imply the
contradiction f1'(zg) > k.

Since f is Ls.c., epi f is closed (Lemma 1.7.2). Furthermore, epi f is con-
vex (Lemma 1.3.3) and (zg,k) ¢ epi f. By the strong separation theorem 2
(Theorem 1.5.9) applied with A := epif and B := {(xg,k)}, there exist
w € (F x R)* and a € R such that

w(z,t) <aV(z,t) cepif and w(zg, k) > . (2.1)
We have
w(x,t) = (x*,z) + ct, where (z*,z) := w(z,0), ¢ :=w(o,1). (2.2)

It is obvious that z* € E*. Further, since (z,t) € epi f entails (z,t') € epi f
for each t' > t, we obtain

c< oz @) V' > max{0,t}

= 4

and so, letting ¢’ — 400, ¢ < 0. Now we distinguish two cases.

Case 1. Assume that f(xg) < +00. Then (2.1) with ¢ := f(z0) and (2.2) imply

(x*,m0) + cf (xg) < a < (x*,30) + ck.

epi f

f(z0)

Zo

Fig. 2.2
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Since k < f(xo), it follows that ¢ < 0. The functional a : E — R defined by
a(z) =2 —1(z* 1), z€E,
is continuous and affine. If x € dom f, we have by (2.1),
a(@) = L(a — w(z, f(2))) + f(2) < f(2).
If x ¢ dom f, then a(z) < 400 = f(x). Hence a € A(f). Moreover, we have
a(zo) = L(a— (@*,20)) > k.

Case 2. Assume that f(xzg) = 4+o00. If ¢ < 0, then define a as in Case 1. Now
suppose that ¢ = 0. Since f is proper, there exists yg € dom f. According to
Case 1, with yo instead of xg, there exists ag € A(f). Define a : E — R by

[k — ao(@o)|

1.
(x*,20) — @ *

a(z) :==ao(z) + p((z*,2) — @), where p:=

Then a is continuous and affine. Further we have a(x) < ag(z) < f(x) for each
x € dom f and so a € A(f). Finally, noting that ag(zo) + |k — ao(zo)| > k and
(x*,x0) > a, we obtain

a(wo) = ao(zo) + |k — ao(xo)| + (%, 20) —a >k,

and the proof is complete. ]

2.2 Conjugate Functionals

The concept of the conjugate functional, which has its roots in the Legendre
transform of the calculus of variations, will be crucial for the duality theory
in convex optimization to be developed later.

Definition 2.2.1 Let f: E — R. The functional f* : E* — R defined by

fra*) = sup((x*,m) — f(x)), ¥ e E*,
el

is called the Fenchel conjugate (or briefly, the conjugate) of f.
If f is proper, the definition immediately implies the Young inequality

(z*,2) < f(x) + f*(z*) Ve eEVa" € E". (2.3)
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Geometric Interpretation
Let * € E* be such that f*(z*) € R. Then the function a : F — R defined by
a(a:) = <£L'*,(£> - f*(x*)v T e E,

belongs to A(f). For each € > 0 there exists z. € F satisfying (z*, z.)— f(z¢) >
f*(x*) — e and so a(x¢) > f(x.) — €. Hence, for F = R, a may be interpreted
as a tangent to f, and we have a(o) = —f*(z*) (Fig. 2.3).

Fig. 2.3

|]®

Example 2.2.2 Let p € (1,400) be given. Define f : R — R by f(z) := o
We compute f*. For E = R we have E* = R. With 2* € R fixed, set p(z) :=
z*xz — f(x). The function ¢ : R — R is concave (i.e., —¢ is convex) and
differentiable. Hence ¢ has a unique maximizer xy which satisfies ¢’(z¢) = 0,
i.e., 2* —sgn(xg)|xo[P~ = 0. It follows that

[H (@) = p(rg) = M, where — + — = 1.
q p 4q

Thus in this case the Young inequality (2.3) is just the classical Young in-
equality for real numbers:

=[P =7
< .
q
Proposition 2.2.3 If f : E — R, then the following holds:

¥z

(a) f* is convex and Ls.c.
(b) If dom f # 0, then f*(x*) > —oo for every x* € E*.
(c¢) If f is proper, convez, and l.s.c., then f* is proper, convex, and l.s.c.

Proof.

(a) It is easy to see that f* is convex. To prove the second assertion, notice
that for each x € E, the functional ¢, (z*) := (z*,2) — f(x), z* € E*, is
continuous and so f* = sup,cg ¢ is Ls.c.
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Fig. 2.4

(b) is obvious.

(c) Since f is proper, we have A(f) # 0 (see the proof of Proposition 2.1.2).
Hence there exist 2* € E* and ¢ € R such that (z*,z) +c¢ < f(z) for each
x € E. It follows that

f5(@*) = sup((z*,z) — f(z)) < —c < +o00 and so z* € dom f*. O
rek

For g : E* — R, the conjugate ¢* : E — R is defined analogously by

g"(z) = sup ((z*,2) —g(z*)), z€kE.
z*cE*

In this connection, we make use of the fact that, since (£, £*) is a dual pair,
the dual of E* can be identified with E. Now let f : E' — R be given. Applying
the above to g := f*, we obtain the biconjugate f** : E — R of f:

7 (x) = sup ((x*,x)—f*(x*)), re k.
B Eh

x

Geometrically, Theorem 2.2.4 says that f** can be interpreted as a con-
vezification of f from below (Fig.2.4).

Theorem 2.2.4 (Biconjugation Theorem) Let f: E — R.

(a) One always has f** = fI' < f.
(b) If f is proper, then f** = f if and only if f is convex and Ls.c.

Proof.

(a) It is clear that fI' < f. We show that f** = f". For #* € E* and ¢ € R,
we have

(¥, xy+c< flx)Ve e E <= [f*(a¥) = zgg((x*,m) - f(a:)) < -—c

and so

fr(x) = sup{{z*,z) +c|z* € E*, c€R, c < —f*(z")}. (2.4)
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If f*(z*) > —oo for all z* € E*, then
(=) " sup{(z*,z) — f*(z")|2* € E*} = f*"(x) Vz€E.

If f*(x*) = —oo for some * € E*, then fI'(z) = 400 = f**(x) for all
z e b
(b) This follows from (a) and Proposition 2.1.2. O

Example 2.2.5 For the indicator functional § 4 of a nonempty subset A of F,
we have

0a(z*) =oa(x*) Va* e E",
where 04 : E* — R denotes the support functional of A. If, in particular, F
is a normed vector space and A = Bg (the closed unit ball in F), then

S (2°) = 0ms(a") = swp (o) =[] V' €
z||<1

Example 2.2.6 Let again E be a normed vector space and f(z) =
|z]l, « € E. Consider the dual pair (E[|| - ||], E*[c(E*, E)]). We want to
determine f*:

(I) Let z* € E*, ||l2*|| < 1. Then (z*,z) < ||z*|| ||| < ||z| for all z € E and
(x*,0) = 0= ||o||. Hence

f*(z*) = sup ((z*, z) — [|z[|) = 0.
el

(IT) Let 2* € E*, ||z*|| > 1. Then there exists g € E such that a :=
(x*, 20) — ||zo|| > 0. For each p > 0 we have (z*, pzo) — ||pzo|| = ap. Let-
ting p — 400, we see that f*(z*) = +00. We conclude that f* = dp,,..
Therefore we obtain

o]l = f(z) = f7(2) = 0p,. (x) = sup (z%,z) Vzek,

lz=<1

here, the second equation follows from Theorem 2.2.4 and the last follows
by applying Example 2.2.5 to E* instead of E. As a consequence of the
Hahn—Banach theorem the supremum is attained, i.e.,

|lz|| = Hmﬁx (x*,z) VzekE.
z*[| <1

The following operation is a useful device for calculating the conjugate of
a sum.

Definition 2.2.7 Let fo,f1 : £ — R be proper. The functional fy & fi :
E — R defined by

fo® fi(z) == ying(fo(x -y +fily)) VeeE

is called infimal convolution of fy and fi.
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Theorem 2.2.8 (Sum Theorem) Let fy, fi : E — R be proper.

(a) One always has

fo+fi=f®h) and (fo+f) <fofi.

(b) Suppose, in addition, that fo and fi are convex and that there exists T €
dom fy Nint dom f1 such that fi is continuous at T. Then one has

(fo +f1)* =fo @ f1.

Moreover, for each x* € dom (fo +f1)* there exist x} € dom f; fori=0,1
such that

v =ap+ai and (fo+ f) @) = fi@p) + f@D),(29)
i.e., the infimum in (f§ ® f)(x*) is attained.
Proof.

(a) See Exercise 2.5.3.

(b) Let 2* € E* and o = (fo + fl)*(x*) If @« = 400, then (a) implies
(fg @ fl*)(m*) = +o00 and so we have equality. Now suppose that a <
+00. We have to show that (f§ @ fi)(z*) < a. Since z € dom(fo + f1),
we have o > —oo (Proposition 2.2.3) and so o € R. Set p := fy and
q:=fi—a*+a If z € dom foNdom f1, then a > (a*,z) — (fo + f1)(x),
which implies p(z) > —q(z) for each x € E. Moreover, ¢ is continuous
at . By the sandwich theorem (Theorem 1.5.2) there exist x(, € E* and
¢ € R satisfying

(g, z)+c < fo(zr) and c+(z(,z) > (", 2)— fi(z)—a Vz e E. (2.6)

From the first inequality in (2.6) we obtain fi(z() < —c and so zf, €
dom f§. For z} := x* — x{, the second inequality of (2.6) implies f;(z}) —
¢ < a. It follows that ) € dom f; and

fo (o) + fi(2h) < o (2.7)

We have z* = x(, + 2} and so

(s o)) = nf (@ —y)+ W) <o
This finally yields

(fo+ f1) @) =a=(f5& fi) ") o fo(at) + f(@1). O

As a first simple application of conjugate functionals we derive a duality
formula of approximation theory. Recall that if A C E, we write da(x) :=

infyea [z =yl
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Proposition 2.2.9 If A C F is nonempty and convezx, then

da(z) = |\$ﬁ}§(1(<x*7x> - 21612@*,34)) Vo e E.

Proof. Setting fo(z) := ||z|| and fi1(z) := da(x), we have

(fo® f1)(a) = inf (llo =yl + 6a(y) = daa):

We further set B := Bg~. Since the distance function z — da(z) is proper,
convex and continuous on F, we obtain

da(z) = (fo® 1) (@) = (f5 + f1) ()
= sup ((m*,x) — (6p(z*) + sup(z*,y))
c*eE* yeA
= sup ((z*,x) — sup(a*,y)).
z*€EB yeA

Since, with respect to o(E*, F), the set B is compact (Alaoglu Theorem)
and the functional x* — (2*,z) — sup, ¢ 4(z*,y) is upper semicontinuous, the
supremum over B is attained and so is a maximum. ]

2.3 A Theorem of Hormander and the Bipolar Theorem

The following result states, roughly speaking, that convex closed subsets of E*
can be described by sublinear l.s.c. functionals on E and vice versa. In this
connection, recall the convention at the beginning of this chapter. Also recall
that the support functional oy of the set M C E* is defined by

om(z) = sg:/{(x*,x), x € FE.
o

Theorem 2.3.1 (Hormander Theorem)

(a) Let M be a nonempty, convez, closed subset of E*. Then the support
functional oy is proper, sublinear, and l.s.c., and one has

M={z*ec E* | (z",z) <opy(x)Vz € E} (2.8)
(b) Letp: E — R be proper, sublinear, and l.s.c. Then the set
M, :={z" € E* | (z",z) <p(x)Vz € E}

is nonempty, convex, and closed, and one has oy, = p.
(¢) If M1 and My are nonempty, convex, closed subsets of E*, then

M, C M, < op(z)<om(x) Vze€eE.
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Proof.

(a) It is easy to see that o, is proper, sublinear, and l.s.c. We show that (2.8)
holds. By Theorem 2.2.4 and Example 2.2.5 (with E* in place of E) we
obtain

(: ) _UM7

oy (a*) = sup ((z*, z) — onr(2 ) )Va* € E*, where p:=oy.

zeE
Hence 6ps = dps, and so M = M,,.
(b) (I) M, # 0: Since p is L.s.c. and p(o) = 0, there exists a neighborhood U
of zero in F such that —1 < p(z) for each x € U. Define ¢ : E — R by
q(z) :=1for x € U and ¢(x) := +oo for x € E\ U. By the sandwich
theorem (Theorem 1.5.2) there exist * € E* and ¢ € R satisfying

(" z) +c<plx)VeeE and —-1<(z",z)+cVaxel.

Since p is sublinear, it follows that (z*,z) < p(z) for each z € E and
so x* € My,

(IT) M, is closed: For each z € E, let ¢, (z*) := (z*,z), 2* € E*. Then
z is continuous. Hence the set

M, = {z* € B*| (2", 2) < p(x)} = @5 ' (—00, p(x)]

is closed and so is M, = N
(IIT) oar, = p: We have

aceE
p*(a*) = sup((z*, ) — p(x)) = o,
el
and so, using Theorem 2.2.4 and Example 2.2.5,
p=p~ = 5}*\420 =0uM,-

(¢) The implication = holds by definition, and <= is a consequence of (2.8).
O

We shall now derive a well-known result of Functional Analysis, the bipolar
theorem, which in turn will yield statements on inequality systems.

If A C FE is nonempty, then
A :={z" e E"|(z",z) <0Vz € A}

is a convex cone, the (negative) polar cone of A. Furthermore, the bipolar cone
of Ais
A :={z e E|{(z",z) <0OVa* € A°}.

We denote by ¢ A the intersection of all closed convex cones containing A,
analogously for nonempty subsets of E*.
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Lemma 2.3.2

(a) If A C E is nonempty, then (ﬁA)O = A°.

(b) If A C E is nonempty and convex, then ¢ A = cl (U)\ZO )\A>.

Proof. See Exercise 2.5.4. a

Proposition 2.3.3 (Bipolar Theorem) If A C FE is nonempty, then
A°° =ccA.

Proof. Let C := tc A. By Theorem 2.3.1(a) with the roles of E and E*
exchanged, we have

C={zxe€eE|{z*z) <oc(z")Va" € E*}.

Since C' is a cone containing o, a direct calculation gives o = d¢o. Hence
C = C°°, and Lemma 2.3.2(a) shows that C°° = A°°. O

2.4 The Generalized Farkas Lemma

In this section, we characterize solutions of systems of equations and inequal-
ities. We make the following hypotheses:

(H) (E, E*) and (F, F*) are dual pairs of locally convex spaces.
P C E and Q C F are closed convex cones.
T : FE — F is a continuous linear mapping.

Recall that the adjoint T : F* — E* of T is defined by
(T*y*,zy = (y*,Tx) VYxeE Vy €F".
Lemma 2.4.1 There always holds cl(P° +T*(Q°)) = (PNT~1(Q))°.
Proof. For any x € E we have
z e (P°+T7(Q%))°
— (y,x)+ (2" Tx) <0 V(y,2*)e P°xQ°
= (z,Tx) e (P°xQ°)°.
Since (P° x Q°)° = P°° x Q°° = P x @ (the latter by the bipolar theorem),
we see that
(P°+T*(Q%)° = PNT(Q)

and another application of the bipolar theorem proves the assertion. ]
An immediate consequence of this lemma is:

Proposition 2.4.2 (Generalized Farkas Lemma) If P° + T*(Q°) is
closed, then for each x* € E* the following statements are equivalent:
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(a) 3z*€Q°: o* —T*2* € P°.
(b)y VeeP: Tre Q@ = (z*,z) <0.

Frequently the result is formulated in terms of the negation of (b) which is:

(b) 3z € P: Tz € Q and (z*,z) > 0.

Proposition 2.4.2 then states that either (a) or (b) holds. In this formulation,
the result is called theorem of the alternative.

If, in particular, P = E and so P° = {o}, then Proposition 2.4.2 gives a
necessary and sufficient condition for the linear operator equation T%*z* = x*
to have a solution z* in the cone Q°.

In view of Proposition 2.4.2, it is of interest to have sufficient conditions
for P°+T*(Q°) to be closed.

Proposition 2.4.3 If E and F are Banach spaces and T(E) — Q = F, then
P°4+T*(Q°) is o(E*, E)-closed.

Proof. In the following, topological notions in E* and F* refer to the weak*
topology. We show that for any p > 0 the set

K= (P°+T%(Q%) NBg-(0,p)

is closed in Bg- (o0, p); the assertion then follows by the Krein-Smulian theorem
(Theorem 1.6.8). Thus let (z%) be a net (generalized sequence) in K converging
to some z* € Bg- (0, p). Then there exist nets (z%) in P° and (y},) in Q° such
that 2} = a} +T*y/, for any o. Now let z € F be given. Since T'(P) - Q = F,
there exist x € P and y € @) satisfying z = Tx — y. Hence for any o we have

(Yo 2) = Wor TT) = Yoo ¥) 2 (T Y, ) = (25, 7) — (23, 2) = (2, x) = —plla].

Analogously there exists £ € P such that (y.,, —z) > —p||Z|| for any «. Hence
the net (y.,) is pointwise bounded and so, by the Banach—Steinhaus theorem,
norm bounded in F*. The Alaoglu theorem now implies that some subnet
(yl,) of (y,,) has a limit 4. Since Q° is closed, we have y’ € Q°. Since z}, =
zt, —T*y., and 2z}, — z*, it follows that (x,) converges to z* —T*y’, and so
z* —T*y € P°. We conclude that z* € K. O

We supplement Proposition 2.4.3 by a sufficient condition for T(P)—Q=F.
Lemma 2.4.4 If T(P)NintQ # 0, then T(P) —Q = F.
Proof. By assumption, there exist zg € P such that Txy € int Q. Let V be a
neighborhood of zero in F' such that Txzo +V C Q. Now let y € F be given.

Then p(—y) € V for some p > 0 and so z := Tz — py € Q. It follows that
Y= T(%xo) - %z eT(P)—-Q. O
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Concerning the finite-dimensional case, let
E=P=R" F=R", Q=-R}.

Further let A be the matrix representation of 7' : R™ — R™ with respect to the
standard bases. Then T*Q° = AT]RQL_ is a polyhedral cone (as the nonnegative
hull of the column vectors of A) and so is closed (see, for example, Bazaraa
and Shetty [12] or Elster et al. [59]). Hence Proposition 2.4.2 implies

Corollary 2.4.5 (Classical Farkas Lemma) Let A be an (n,m)-matriz.
Then for each x* € R™, the following statements are equivalent:

(a) 32" € R : ATz* =2~
(b) Ve e R™: Az € —R} = (z*,2) <0.

2.5 Bibliographical Notes and Exercises

Concerning conjugate functionals we refer to the Bibliographical Notes at
the end of Chap.4. For theorems of the alternative in finite-dimensional
spaces, see Borwein and Lewis [18], Elster et al. [59], and the references
therein. Concerning related results in infinite-dimensional spaces, for linear
and nonlinear mappings, we refer to Craven [43, 44], Craven et al. [45],
Ferrero [68], Giannessi [70], Glover et al. [75], Jeyakumar [104], Lasserre [117],
and Schirotzek [193,195]. Proposition 2.4.3 is due to Penot [160]; for further
closedness conditions of this kind, see Schirotzek [196, p. 220 ff]. We shall
come back to this subject in Sect. 10.2.

Exercise 2.5.1 Calculate the conjugate of the following functions f : R — R:
(a) f(z):=¢e", xR

(b) f(x) :=lnzxifx >0, f(z):=+c0 if z <0.

(c)

400 ifx < -2,

—x if —2<x<0,
f(z) = .

x2—z) f0<z<2

2x if x> 2.

Exercise 2.5.2 Verify the implication (¢) = (b) in Proposition 2.1.2.
Exercise 2.5.3 Prove assertion (a) of Theorem 2.2.8.

Exercise 2.5.4 Prove Lemma 2.3.2.



3

Classical Derivatives

3.1 Directional Derivatives

Convention. Throughout this chapter, unless otherwise specified, we assume
that F and F' are normed vector spaces, D C F is nonempty and open, & € D,
and f: D — F.

We will recall some classical concepts and facts. To start with, we consider
directional derivatives. We write

Af(@y)=f@+y) - f(&) VyeD-z

We use the following abbreviations: G-derivative for Gdteauz derivative,
H-derivative for Hadamard derivative, F-derivative for Fréchet derivative.

Definition 3.1.1 Let y € E. We call

fo(@,y) = liﬁ)l LAf(z,7y) directional G-derivative,

f&(z,y) = hH)l LAf(z,7y) strict directional G-derivative,
fu(z,y) = 1}{101 %Af(:f,Tz) directional H-derivative,

z—y
fi(Z,y) == lim LAf(x,7z) strict directional H-derivative

710

of f at Z in the direction y, provided the respective limit exists.
Lemma 3.1.2

(a) If fu(z,y) exists, then fa(Z,y) also exists and both directional derivatives
coincide.

(b) If f is locally L-continuous around T, then fr(Z,y) exists if and only if
fa(Z,y) exists.
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Proof. (a) is obvious. We verify (b). Assume that fg(Z,y) exists. Let € > 0
be given. Then there exists §; > 0 such that

|1LAf(z, my) — fa(Z,y)|| < & whenever 0 < T < 4.

Since f is locally L-continuous around Z, there further exist A > 0 and d3 > 0
such that

1f (1) = fle2)l| < Allwr — @l Vay, 20 € B(Z, 2).

Now set

€ . 02
65:= — and &4 := S, —=2—— 4.
STy MM mm{163+||y}

If z € B(y,d3) and 0 < 7 < d4, then we obtain ||7y|| < d2 and

Izl <7z = yll + lyll) < 7(d3 + llyll) < b2

and so
|74f(@,72) - fa(@,y)]|
< H[f@+72) = f@+ry)|| + A 1Y) - fo(@,y)||
<Az =yl + 5 <e.

We conclude that fg(Z,y) exists and equals fg(Z,y). O

Lemma 3.1.3 If the directional H-derivative fg (Z,-) exists in a neighborhood
of yo € E, then it is continuous at yq.

Proof. Let pg > 0 be such that fy(Z,y) exists for each y € B(yo, po). Let
€ > 0 be given. Then there exists p € (0, pg) such that

H%Af(a’c,Ty) — fH(i,yO)H < e whenever 0 < 7 < pand y € B(yo, p)-

Letting 7 | 0, we obtain

1fa(Z,y) — fu(@,y0)ll < e Vy € B(yo,p)

By Lemma 3.1.2 we have fg(Z,y) = fu(Z,y) for each y € B(yo, po), and the
assertion follows. a

Now we consider a proper function f : E — R. If D := intdom f is
nonempty, then of course the above applies to f|D. In addition, we define the
following directional derivatives:

fo(Z,y) = limsup %Af(:i, TY) upper directional G-derivative,
710

fG (z,y) = limlionf %Af(:f, Ty) lower directional G-derivative,

- T

f(Z,y) = limsup %Af(i, Tz) upper directional H-derivative,
710
oy

fy(@y) = liml%nf LAf(2,72) lower directional H-derivative.

z—y
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Notice that these directional derivatives generalize the Dini derivates of a
function f: I — R (I C R an interval) which are defined at Z € int I by

f(@+h)— f(z) N f@+R) - f(@)
no  h Dy f(z) = hglll})nff7

Crmy T f@+h) - f(@) N f(@R) - f(@)
D™ f(z) := lulesOup B A— D_f(z) = luilﬁ)nf —

DY f(z) := limsup

If € I is the left boundary point of I, then DT f(Z) and D f(z) still make
sense; an analogous remark applies to the right boundary point of I. Notice
that, among others, D* f(z) = f5(Z,1). If D¥f(Z) = D, f(%), then this
common value is called the right derivative of f at T and is denoted f/ (Z).
The left derivative f' (T) is defined analogously.

3.2 First-Order Derivatives

Our aim in this section is to recall various kinds of derivatives. For this, the
following notion will be helpful.

Definition 3.2.1 A nonempty collection 3 of subsets of E is called bornology
if the following holds:

each S € (§ is bounded and U S=F,

Sep
Sep = -=-Se€p,

Sefand A >0 = IS e€g,
S1,5 €ep — dSep:5USCS.
In particular:

— The G-bornology B is the collection of all finite sets.
— The H-bornology B is the collection of all compact sets.
— The F-bornology Br is the collection of all bounded sets.

We set
L(E,F) := vector space of all continuous linear mappings T : E — F.

Definition 3.2.2 Let 3 be a bornology on E.

(a) The mapping f : D — F is said to be -differentiable at T if there exists
T € L(E, F), the 8-derivative of f at Z, such that

lim Slé]g”%(f(i’ +7y)— f(@) - T(y)|| =0 VvSep (3.1)

T—0 y
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(b) The mapping f : D — F is said to be strictly 5-differentiable at T if there
exists T € L(E, F), the strict 3-derivative of f at T, such that

lim0 sug”%(f(x + 1Y) — f(x)) — T(y)” =0 VSeg (3.2)

=0 e

z—T

(¢) In particular, f is said to be G-differentiable or strictly G-differentiable
if (3.1) or (3.2), respectively, holds with 8 = [g. In this case, T is
called (strict) G-derivative of f at Z. Analogously we use (strictly) H-
differentiable if B = By and (strictly) F-differentiable if 8 = Bp. In the
respective case, T is called (strict) H-derivative or (strict) F-derivative
of f at z.

Remark 3.2.3

(a) If the O-derivative T of f at T exists for some bornology 53, then

T(y) = lim Z(f(z + 1y) - f(2)) = fa(z,y) VyeE.
Hence if two of the above derivatives exist, then they coincide. This jus-
tifies denoting them by the same symbol; we choose

f(z):=T.
Condition (3.1) means that we have

lin%)H%(f(:E—I—Ty)—f(a_:))—f’(f)yH =0 uniformly in y € S for each S € S.

An analogous remark applies to (3.2). Here and in the following we write
f/(®)y instead of f'(z)(y). If f: D — R, then f'(z) € E* and as usual we
also write (f'(Z),y) instead of f'(Z)(y).

(b) Now let E be a (real) Hilbert space with inner product (z|y) and f: E —
R a functional. If f is G-differentiable at z € FE, then the G-derivative
/() is an element of the dual space E*. By the Riesz representation
theorem, there is exactly one z € E such that (f'(Z),y) = (z|y) for all
y € E. This element z is called gradient of f at Z and is denoted V f(Z) .
In other words, we have

(f'(®),y) = (Vf(@)|y) YyeckE.

Proposition 3.2.4 says that f is G-differentiable at = if and only if the
directional G-derivative y — fa(Z,y) exists and is linear and continuous
on E. An analogous remark applies to strict G-differentiability as well as
(strict) H-differentiability. Recall that if g : E — F', then

9(x)

g(x) =o(||z]]), £ — 0 means lim ==+ =o
z—o ||z
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Proposition 3.2.4

(1) f is G-differentiable at T if and only if there exists f'(Z) € L(E, F) such
that f'(Z)y = fa(T,y) for ally € E.

(i) f is H-differentiable at T if and only if there exists f'(z) € L(E, F) such
that f'(Z)y = fu(Z,y) for ally € E.

(iii) The following assertions are equivalent:
(a) f is strictly H-differentiable at .
(b) There exists f'(Z) € L(E, F) such that f'(Z)y = f§(Z,y) fory € E.
(¢) f is locally L-continuous around T and strictly G-differentiable at Z.

(iv) f is F-differentiable at T if and only if there exists f'(Z) € L(E, F) such
that

(f(@ +2) - @) - @)z = olll2]), = — o

(v) f is strictly F-differentiable at T if and only if there exists f'(Z) € L(E, F)

such that

(Fl@+2) - f(@)) = F/@)z=o(|lzll), = — o0, & — z.

Proof. We only verify (iii), leaving the proof of the remaining assertions as
Exercise 3.8.4.
(a) = (c): Let (a) hold. We only have to show that f is locally L-continuous
around Z. Assume this is not the case. Then there exist sequences (x,) and
(z7,) in B(Z, 2) such that
1f(zn) = f(@)]| > nllzn — 20[l Vo eN. (3.3)
/

Setting 7, := v/nllz, — =, | and y, := %n(xn — &), we obtain as n — oo,

2
0< 7 <Vn(llon — 2] + 12 —2,]) < == — 0 and

1
ull = —= — 0.
By (3.3) we have
||%Af(xna7_nyn)” > % n”TnynH = \/ﬁ Vn €N,

and the continuity of f/(Z) implies that, with some ng € N, we obtain || f'(Z)||-
lyn|l < % for each n > ny. It follows that

H%Af(xnﬂ-nyn) - f/(:f)yn)H
> L Af @ mg)l| = 1@ - Tl > Vi — 5 V> o,

which contradicts (3.2) for the compact set S := {o} U {yn |n > no}.
(¢) = (b): Let y € E and € > 0 be given. Since f is strictly G-differentiable
at T, there exists d; > 0 such that

|LAf(z,7y) — f'(Z)y|]| < e whenever 0 < |r| <41, ||z — 2| <& (3.4)
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Since f is locally L-continuous around Z, there further exist A > 0 and 65 > 0
such that

||f($1) — f({EQ)” < )\||x1 — .’EQ” VZL'l,(EQ S B(.’f,ég) (35)
Setting z1 := x + 7z and 9 := x + Ty, we have the estimates
lzr =2 < llz =2 +|7[(lz —yll + llyl) and [lz2 — 2| < ||z —z[| + [7[|ly]l

which show that x1,z2 € B(Z,d2) provided |7|, ||z — y||, and |z — Z| are
sufficiently small. Under this condition, (3.4) and (3.5) imply that

[z Af (@, 72) = f'(@)y

< Hlli@+72) — fa )| + | EAf@ ) — F @] < Alz—yll e
This verifies (b).
(b) = (a): Let (b) hold and assume that (a) does not hold. Let T' € L(E, F)
be given. Then for some compact subset S of E, the relation (3.2) does not
hold. Hence there exist ¢y > 0 as well as sequences 7,, | 0, y,, € S, and x,, — &

such that
|LAf(zn, Tayn) — T(yn)| > €0 VneN.

Since S is compact, a subsequence of (y,), again denoted (y, ), converges to
some y € S. It follows that for any n > ng we have

> |[FAS @ i) = T | = | Z1- 1o — ] > 5 (3.6)
> € < 60/2

in this connection, we exploited that T is linear and continuous. However, the
relation (3.6) contradicts (b). O

Proposition 3.2.5 If f : D — F is H-differentiable at T, then [ is continu-
ous at T.

Proof. See Exercise 3.8.5. O

3.3 Mean Value Theorems

We recall a variant of the classical mean value theorem (see, for instance,
Walter [212]).

Proposition 3.3.1 (Mean Value Theorem in Terms of Dini Derivates)
Let I and J be intervals in R and let A C I be a countable set. Further let
f: I — R be continuous, let D € {DT,D,,D~,D_}, and assume that

Df(x)eJ Vxzel\A.
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Then
f(b) — f(a)

eJ Va,bel, a#hb.
b—a

If f: [a,b] — R is continuous on [a,b] and differentiable on (a,b), then
by the intermediate value theorem for derivatives the set J := {f'(z)|z €
(a,b)} is an interval and so the usual mean value theorem follows from
Proposition 3.3.1.

Now we return to the setting described by the convention at the beginning
of the chapter. If x, z € E, we write

[z, 2] :={ Az 4+ (1=X)z|]0 <A< 1}

If f: D — F is G-differentiable on D (i.e., G-differentiable at any = € D),
then we may consider the mapping f': 2 +— f'(z) of D to L(E, F).

Definition 3.3.2 Let f be G-differentiable on D. The mapping f’ is said to
be radially continuous if for all z,y € F such that [z, 2 +y] C D, the function
7+ f'(z + Ty)y is continuous on [0, 1].

Proposition 3.3.3 (Mean Value Theorem in Integral Form) Let f
D — R be G-differentiable and let f’ be radially continuous. Then for all
x,y € D such that [z,z +y] C D one has

o +y) - fla) = /O (' + 79), ) dr. (3.7)

Proof. For 7 € [0,1] let ¢(7) := f(z + 7y). By assumption ¢ is continuously
differentiable and ¢'(7) = (f'(x + 7y), y). The main theorem of calculus gives

1
o(1) — (0) = / o (r)dr,

which is (3.7). O

The above result is formulated for functionals only, in which case it will be
used later. In Proposition 4.3.8 below we shall describe an important class of
functionals to which the mean value formula (3.7) applies. We mention that,
by an appropriate definition of the Riemann integral, the formula extends to
a mapping f : D — F provided F is a Banach space.

If 8 is a bornology of E, we denote by Lg(E, F) the vector space L(E, F')
equipped with the topology of uniform convergence on the sets S € f.
In particular, Lg, (E, F) denotes L(E, F') equipped with the topology gen-
erated by the norm ||T']| := sup{||Tz| | = € Bg}. In particular we write
Ef = Lg(E,R).
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Proposition 3.3.4 (Mean Value Theorem in Inequality Form) Let
y € E be such that [Z, T +y] C D and f is G-differentiable on [T, T + y].
Further let T € L, (E,F). Then one has

1(f(@+y) = f(@) =Tyl < llyll sup [If' (& +7y)—T|.
0<r<1

Proof. Set g(z) := f(z) — T(x — Z), € E. By the Hahn-Banach theorem,
there exists v € F* satisfying [v|| = 1 and (v, Ag(z,y)) = [|Ag(Z,y)|. Now
define (1) := (v, g(Z+7y)), T € [0,1]. It is easy to see that ¢ is differentiable,
and one has

@' (1) = (v, g (@ + Ty)y) = (v, f' (@ + Ty)y — Ty). (3.8)

By the classical mean value theorem, there exists 7 € (0, 1) such that ¢'(7) =
(1) — ¢(0). This together with (3.8) and

(v, f/(& + 1y)y — Ty)| < ol f (@ + 7y)y — Tyl < | (@ +7y) = Tyl

completes the proof. a

3.4 Relationship between Differentiability Properties

In this section we will study the interrelations between the various differen-
tiability properties. First we introduce some terminology.

Definition 3.4.1

(a) The mapping f : D — F'is said to be S-smooth at T if f is S-differentiable
for any « in an open neighborhood U of Z and the mapping [’ : . — f/(x)
of U to Lg(E, F) is continuous on U.

(b) The mapping f : D — F is said to be continuously differentiable at T if
f is G-differentiable for any « in an open neighborhood U of Z and the
mapping f': x+— f'(z) of U to Lg, (E, F) is continuous at Z.

(¢) If f: D — F is continuously differentiable at every point of D, then f is
said to be a C'-mapping on D, written f € CY(D, F).

We shall make use of the following abbreviations:

(G): f is G-differentiable at Z,

(SG): f is strictly G-differentiable at Z,
(CD): f is continuously differentiable at Z.
)

In analogy to (G), (SG) we use (H), (SH), (F), and (SF).
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Proposition 3.4.2 The following implications hold true:

(CD) = (SF) _ (SH) __ (5G)
Y I I
(F) — @) (G

In this connection, «+— means implication provided E is finite dimensional,
and <— — means implication provided f is locally L-continuous around Zz.

Proof. In view of the foregoing, it only remains to verify the implication (CD)
= (SF). Thus let (CD) hold. Then there exists p > 0 such that f is G-
differentiable on B(Z,2p). If z € B(z,p) and y € B(o, p), then [z,z + y] C
B(z,2p). By Proposition 3.3.4 with T':= f/(z), we obtain

1f (@ +y) = flz) = f @yl <yl S If @ +ry) = f@I. (3.9)

Now let € > 0 be given. Since f’ is continuous at Z, there exists § > 0 such
that

sup ||f'(z+7y)— f(Z)]| <e VzeB(Z,46) VyeB(od).

0<r<1
This together with (3.9) implies (SF). O

Remark 3.4.3 By Proposition 3.4.2 it is clear that if f is continuously dif-
ferentiable on an open neighborhood U of Z, then f is S-smooth at any £ € U
for any bornology 8 C (p. In particular, f is F-differentiable at any & € U
and the F-derivative f’ is continuous from U to Lg, (E, F).

Beside F and F' let G be another normed vector space. Beside f: D — F
let ¢ : V — G be another mapping, where V is an open neighborhood of
z:= f(z) in F. Assume that f(D) C V. Then the composition go f : D — G
is defined.

Proposition 3.4.4 (Chain Rule) Assume that f and g are H-differentiable
at T and z, respectively. Then go f is H-differentiable at T, and there holds

(go f)(@) =g'(2)0 f'(2).

An analogous statement holds true if H-differentiable is replaced by F-differen-
tiable.

The proof is the same as in multivariate calculus. An analogous chain rule
for G-differentiable mappings does not hold (see Exercise 3.8.3).
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3.5 Higher-Order Derivatives

We again use the notation introduced at the beginning of the chapter. Ass-
ume that f € CY(D, F). If the (continuous) mapping f’ : D — Lg.(E,F)
is continuously differentiable on D, then f is said to be a twice continuously
differentiable mapping on D, or a C2-mapping on D, with second-order deriv-
ative f"” := (f"). The set of all twice continuously differentiable mappings
f:D — Fis denoted C*(D, F).

Notice that f” maps D into H := Lg, (E,Lg, (E, F)). Parallel to H we
consider the vector space B(E,F) of all continuous bilinear mappings b :
E x E — F', which is normed by

161l == sup{[|bCy, 2)[| | lyll <1, [|z[] <1} (3.10)

If h € H, then
bh(y,Z) = h(y)Z V(y,z) €eExE

defines an element by, € B(E, F'). Conversely, given b € B(E, F), set
h(y) :==b(y,-) VYye€E.

Then h € H and by, = b. Evidently the mapping h +— by, is an isomorphism of
H onto B(E, F). Therefore H can be identified with B(E, F). In this sense,
we interpret f”(Z) as an element of B(F, F') and write f”(Z)(y, z) instead of
(f"(z)y)z. If, in particular, f € C*(D,R), then f”(Z) is a continuous bilinear
form on E x E.

Proposition 3.5.1 (Taylor Expansion) Assume that D is open and f €
C?(D,R). Then for allZ € D, y € D — T one has

F@+9) = @)+ (7/@)) + 5@ )+ 1), where fim £ — o

In particular, there exist 0 > 0 and € > 0 such that
f@+y) > f(@) + (f'(@),9) —olyll> VyeBloe). (3.11)

Proof. The first assertion follows readily from the classical Taylor expansion
of the function ¢(7) := f(Z + 7y), 7 € [0,1]. From the first result we obtain
(3.11) since in view of (3.10) we have

13" @) )l < 57 @ ylP Yy € E,

and the limit property of r entails the existence of ¥ > 0 such that |r(y)| <
k||ly||? if |Jy|| is sufficiently small. O

We only mention that in an analogous manner, derivatives of arbitrary
order n, where n € N can be defined using n-linear mappings, which leads to
higher-order Taylor expansions.
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3.6 Some Examples

For illustration and later purposes we collect some examples. Further examples
are contained in the exercises.

Example 3.6.1 Let F be a normed vector space and a : Ex E — R a bilinear
functional. Recall that a is said to be symmetric if a(z,y) = a(y,z) for all
z,y € F, and a is said to be bounded if there exists k > 0 such that

la(z,y)| < slz| llyl Va,yeE.
Consider the quadratic functional f : E — R defined by
flx) = %a(x,x), reE,

where a is bilinear, symmetric, and bounded. It is left as Exercise 3.8.6 to show
that f is continuously differentiable on E and to calculate the derivative.
In particular, if E is a Hilbert space with inner product (x|y), then the

functional 1 !
g(a) = 3llzl = 5(@|w), weF,

is continuously differentiable on F with (¢'(z),y) = (z|y) for all z,y € E.
Hence Vg(z) = x for any = € E. Finally, concerning the norm functional
w(zx) = ||z|| = v/2¢(x), the chain rule gives Vw(z) = Ty for any z # o.

Example 3.6.2 Let again E denote a Hilbert space with inner product (x | y)
and define g : £ — R by

g(z) == (62 +20(u|x — ) — ]z — z)) "%,

where the positive constant § and the element u € E are fixed. Choose € > 0
such that the term (- ) is positive for each € B(Z, €). Define ¢ : (0, +o0) —
R by (2) := 2'/? and ¢ : B(Z,¢) — R by

ox) =062 +26(u|z—2)— ||z —z|*
Then we have g = 1) o , and the chain rule implies

(¢(@)y) = ouly) VeeBE.o Vyek.

y) =
(62 +26(u |z — 7) — ||]z — z|2)"/*

In particular, (¢'(z)|y) = (ul|y) for all y € E, which means Vg(z) = u.
Moreover, it is easy to see that g is a C2-mapping on B(Z, €). This example
will be used later in connection with proximal subdifferentials.

In view of Example 3.6.3, recall that an absolutely continuous function
x : [a,b] — R is differentiable almost everywhere, i.e., outside a Lebesgue null
set N C [a,b]. Setting @(t) := 0 for each ¢ € N, which we tacitly assume
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from now on, the function i : [a,b] — R belongs to L£![a,b] and one has
f[a,b] #(t)dt = z(b) — xz(a). In this connection, also recall that £P[a, ], where
p € [1,+00), denotes the vector space of all Lebesgue measurable functions g :
[a,b] — R such that |g|? is Lebesgue integrable over [a, b]. In addition, £>[a, b]
denotes the vector space of all Lebesgue measurable functions g : [a,b] — R
such that esssup,e, 4/9(7)| < +00. We denote by AC™[a, b] the vector space
of all absolutely continuous functions z : [a,b] — R such that @ € £L>][a,b].
Notice that AC™[a, ] is a Banach space with respect to the norm

[]]1,00 := max{[|z([o, [|#]]oc }-

Example 3.6.3 Let E := AC™Ja,b], where a < b, and consider the varia-
tional functional

b

@) ::/ ot 2(t), #(0) dt Vo € AC®[a,b].
If £ € AC®[a,b] is fixed, we write B(t) := o(t,Z(t), Z(t)) for any ¢t € [a, b].
Assume that the function (¢, z,v) — ¢(t, 2, v) is continuous on [a,b] x R x R
and has continuous first-order partial derivatives with respect to x and v
there. We shall show that the functional f is continuously differentiable at
any T € AC*[a, b] and that

b
<f’(5€),y>:/ (@) y(t) + B, () - 9(t)) dt Yy € AC™[a,b].  (3.12)

Proof.
(I) The directional G-derivative fc(Z,y) exists for all T,y € AC™[a,b]. In
fact, we have

dt

=0

fa(@.y) = o= (@ + 1)

= [ [@=(t)y(t) + & ()y(t)] dt.

a

T=

= /ab a% [w(t, T(t) + Ty(t), T(t) + Tz)(t))}

Notice that the assumptions on ¢ and Z imply that the integrand in
the last term is bounded, which allows differentiating under the integral
sign.

(IT) Tt is easy to verify that the functional y — fo(Z,y) is linear and contin-
uous. Hence the G-derivative is given by (3.12).

(III) f is continuously differentiable at any & € AC™[a,b]. For arbitrary
x, T,y € AC™[a,b] we have

[f' () = £ (@)]y

b b
:/ [‘Pz(tvx’i‘)_@w<t7i’7f)]ydt+/[‘Pv(taxvi‘)_@v(tvj’i)}ydt
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and so

If' (@) = f@I = sup [[f'(2) = f(@)y]

llyll1,c0 <1

b b
S/W%wa@—%w:MM+/N%wa@—%wamw7

< € if || — Z||1,00 is sufficiently small.

Justification of the last line: According to hypothesis, ¢, and ¢, are
continuous on [a, b] X R x R, hence uniformly continuous on the compact
set

{(t,&,Q) e Rt eab], [¢ —2(t)] < 1, [¢ —2(t)] < 1.
Thus, for each € > 0 there exists ¢ € (0,1) such that

[os(t.2(0).2(0)) = (830, 3O)] < 37

whenever ¢ € [a,b], |z(t) — z(t)] < J, and |&(t) — z(t)| < §. An analogous
estimate holds for ¢, . O

3.7 Implicit Function Theorems and Related Results

Now we make the following assumptions:

(A) E, F, and G are normed vector spaces.
U and V are open neighborhoods of Z € E and § € F, respectively.
f:UxV -G

Define g1 : U — G by g1(x) := f(z,7), x € U. We denote the derivative
(in the sense of Gateaux, Hadamard, or Fréchet) of g1 at Z, whenever it exists,
by fi11(Z,g) or by D f(Z,y) and call it partial derivative of f, with respect
to the first variable, at (Z, ). Notice that fj1(Z,y) is an element of L(E, G).
If fi1(z,y) exists, say, for all (z,y) € U x V, then

fll:(xay)’_).ﬁl(m?y)a (l‘,y)EUX‘/,
defines the mapping f|; : U x V — L(FE,G). An analogous remark applies to
fi2(z,y) and Dy f(Z, 7).
As in classical multivariate calculus, we have the following relationship.

Proposition 3.7.1 Let the assumptions (A) be satisfied.

(a) If f is G-differentiable at (Z,7y), then the partial G-derivatives fi1(Z,7)
and f|2(Z,y) exist and one has

(@, 9)(u,v) = fi1(Z,9)u+ fiz(Z,5)v V(u,v) € E X F. (3.13)

An analogous statement holds for H- and F-derivatives.
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(b) Assume that the partial G-derivatives f11 and fo exist on U X V and are
continuous at (T,y). Then f is F-differentiable at (Z,y) and (3.13) holds
true.

Now we establish two implicit function theorems: one under standard
hypotheses and one under relaxed differentiability hypotheses but with G
finite dimensional.

Theorem 3.7.2 (Classical Implicit Function Theorem) In addition to
(A), let the following hold:

(a) E, F, and G are Banach spaces.

(b) f is continuous at (Z,y) and f(Z,y) = 0.

(¢) The partial F-derivative fio exists on U x V and is continuous at (Z, ).
(d) The (continuous linear) mapping fi2(z,y) : F — G is bijective.

Then:

(i) There exist neighborhoods U' C U and V! CV of T and ¥, respectively,
such that for each x € U’ there is precisely one p(x) € V' satisfying

f(z.o(@) =0 Vael.

(il) If f is continuous in a neighborhood of (Z,%), then the function ¢ : x +—
p(x) is continuous in a neighborhood of Z.

(iii) If f is continuously differentiable in a neighborhood of (Z,7y), then ¢ is
continuously differentiable in a neighborhood of T and there holds

(@) = —fia (@, 0(2)) " o fir (2, (). (3.14)

Concerning the proof of the theorem, which is based on the Banach fixed point
theorem, see for instance Dieudonné [53], Schirotzek [196], or Zeidler [222].

Observe that the assumptions on f|o guarantee that f|2(x, cp(x))fl exists as
an element of L(G, F) provided ||« — Z|| is sufficiently small.

Now we relax the differentiability assumptions on fs.

Proposition 3.7.3 In addition to (A), let the following hold:

(a) G is finite dimensional.
(b) f is continuous in a neighborhood of (Z,y) and f(Z,y) = 0.
(c) The partial F-derivative f|o(Z,7) exists and is surjective.

Then, for each neighborhood V' C V of i there exist a neighborhood U' C U
of T and a function @ : U' — V' such that the following holds:

(i) f(z. o) =0 Yz elU', o) =y
(il) ¢ is continuous at T.
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Proof.

(I) Without loss of generality we may assume that § = o. Further we
set T := f12(Z,0). By assumption, T is a continuous linear map-
ping of F' onto the finite-dimensional space G. Hence there exists a
finite-dimensional linear subspace F of F such that the linear mapping
T-': G — F satisfying TT~!(z) = z for any z € G is a linear iso-
morphism. In order to verify the assertions (i) and (ii), we may replace
f: Ex F — G by its restriction to E x F. But F can be identified
with G and so we may assume that F' = G. Then T is a bijective linear
mapping of G onto G.

(ITa) Let € > 0 be such that Bp(o,€) C V and f is continuous on the neigh-
borhood Bg(Z,€) x Br(o,€) of (Z,0). Let o € (0, €) be such that

|f(z,y) = T(y)| < ST Vy € Br(o,a). (3.15)

Since f is continuous and Bg(o, ) is compact, there further exists 8 €
(0, €) such that

7@9) = J@y)| < g Yo €Be(@f) Yy € Brlo,0). (3.16)

(IIb) For any = € Bg(Z,3) define h, : Bp(o,a) — F by hy(y) := y —
T~ f(x,y). Notice that h, is continuous.

(IIc) We now show that h, maps Br(o,«) into itself. Let any y € Bp(o, @)
be given. We have

Iha()ll < lly = T (@) + 1T (@) = Fla )] (3.17)

Furthermore, we obtain

ly =77 £ )l = 177 (T() = f(z.0)]
<P ITE) - fE )l < S (319)
(3.15)
as well as
(a4 o _a

Hence (3.17) shows that h, maps Bp(o, ) into itself.

(IId) In view of (IIb) and (IIc) the Brouwer fixed-point theorem applies, ensu-
ring that h, has a fixed point ¥ (z) in Br (o, ). This defines a mapping
Yz — Y(x) of Bp(Z, ) into V satistying

P(@) = T~ (2,9(@)) = ho ((2)) = ¥(x)
and so f(z,¢(x)) = o for any z € Bg(z, ).
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(IIT) Let a neighborhood V' C V of o be given. Choose v € N such that
Br(o,+) C V' and set V; := Bp(o, V%H) fori=1,2,... By step (II) we
know that for each ¢ there exist a neighborhood U; of  and a function
¥; + Uy — V; satisfying f(x,¢i(x)) = o for any x € U;. Without loss
of generality we may assume that U,;; is a proper subset of U; for
i = 1,2,... and that (2, U; = {z}. Now let U’ := U; and define
p:U — V' by

(@) :=0=7, ¢(x):=1;(x) whenever z € U; \ U;y;.

Then (i) holds by definition of . We verify (ii). Thus let n > 0 be given.
Then we have V; C Br(o,n) for some ¢ and v; : U; — V;. It follows that

lo(x) — ol = [[i(x) — ol <n whenever x € U; \ Ujy1.

By the construction of U; and V;, we conclude that ¢(U;) C Bp(o7 17).
O

Theorem 3.7.4 (Halkin’s Implicit Function Theorem) In addition to
(A), let the following hold:

(a) G is finite dimensional.

(b) f is continuous in a neighborhood of (Z,y) and f(Z,y) = 0.

c) [ is F-differentiable at (Z,y) and the partial F-derivative f|2(Z,q) is sur-
jective.

Then there exist a neighborhood U’ of T and a function @ : U' — V satisfying:

(i) f(z.0(2)) =0 Vzel', )=y
(i) ¢ is F-differentiable at T and there holds

fn(@,9) + fi2(2,9) 0 ¢'(2) = 0. (3.19)
Proof.

(I) With the same argument as in step (I) of the proof of Proposition 3.7.3 we
may assume without loss of generality that F' = G. We may also assume
that & = o and § = 0. We set S := fj1(0,0) and T := f|2(0,0). Notice
that T is a bijective linear mapping of G onto G.

(ITI) By Proposition 3.7.3, there exist a neighborhood U’ of Z = o0 and a
function ¢ : U’ — V such that (i) holds and ¢ is continuous at 0. We verify

(ii). Since f is F-differentiable at o, there exists a function r : U’ — F
such that

f(0,0)(z,0(z)) +r(z,0(x)) =0 Vel (3.20)

lim _rl@y) =o. (3.21)
lzll+lyll—o [lz]| + |yl
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By Proposition 3.7.1, (3.20) passes into

S(z) +T(p(2)) +r(z,0(x)) =0 Vzel,

ie.,
p(x) = -T7'S(z) =T 'r(z,p(z)) VzelU. (3.22)
(ITI) We estimate ||¢(x)]||. Let o > 0 be such that Bg(o,0) C U’ and
|7 (z,y)|| < W whenever |z]| < o, |y| < 0. (3.23)

Since ¢ is continuous at o, there further exists o € (0,0) such that
lp(x)]| < o for all z € Br(o, ). It follows that

le@)Il < TS| -l + 1T - [Ir (2, .0(@) |
(3.22)

_ 1 1
< (IT7'S)+ 5) - llzll + s lle(@) | Ve € Bg(o, )
(3:23) 2 2

and so
le@)[| < @IT S|+ 1) - [lz| V& € Bg(o,a). (3.24)

We also have
1T 7 (2, () || < NT |- I (2, ()|

The latter inequality, (3.21) and (3.24) show that |7 'r(z, ¢(z))|/|lz||
is arbitrarily small for all x in a sufficiently small neighborhood of
Z = o. In view of (3.22), we conclude that ¢ is F-differentiable at o,
with derivative ¢’(0) = —T~1S. O

To prepare the next result, recall (once more) that if the mapping
f + E — G is F-differentiable at z € E, then with some neighborhood
U of Z, one has

fl@)=f@)+ f(@)(x—2)+r(x) Vel
r(z)

where lim ——~*— =o
e—3 ||z — Z|

Our aim now is to replace the correction term r(x) for the function values
on the right-hand side by a correction term p(z) for the argument on the
left-hand side:

[+ p@) = /@) + f @)@ —7) VYaeU,
where lim plz) . (3.25)

w3 o —al

Theorem 3.7.5 says that this is possible under appropriate hypotheses.
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Theorem 3.7.5 (Halkin’s Correction Theorem) Let E and G be
normed vector spaces with G finite dimensional. Further let f : E — G
and T € E. Assume the following:

(a) f is continuous in a neighborhood of Z.
(b) The F-derivative f'(Z) exists and is surjective.

Then there exist a neighborhood U of T and a function p : U — E such that
(3.25) holds. The function p satisfies p(T) = o and is F-differentiable at T with

0 (Z) = o.

Proof. Let F' be the finite-dimensional linear subspace of £/ which f'(Z) maps
onto G. Define f : E x F — G by

flay) = fle+y) = f'(@)(z - &) - f(2).
Notice that f is F-differentiable at (Z,0) and that
fn(@.0) =0, fiaz0) = f'(@). (3.26)

Hence Theorem 3.7.4 applies to f at (z,0). Thus there exist a neighborhood
U of Z and a function ¢ : U — F that is F-differentiable at Z and is such that

flz,o(@) =0 VzeU, o) =
F11(Z,0) + fi2(%,0) 0 ¢/ (Z) = 0.

Setting p := ¢, the definition of f gives
flz+p(@)=f@)+ f(@)(z—z) Yzel.

Moreover, by (3.26) we have f'(Z)op'(Z) = o. Since f'(Z) : F — G is bijective,
it follows that p'(Z) = o. From this and p(Z) = o we finally deduce that
pl@)/||x — Z|| — o as x — Z. O

Theorem 3.7.5 will be a key tool for deriving a multiplier rule for a non-
smooth optimization problem in Sect. 12.3.

Theorem 3.7.6 (Halkin’s Inverse Function Theorem) Let E be a
finite-dimensional normed vector space. Further let f : E — E and * € E.
Assume the following:

(a) f is continuous in a neighborhood of T.
(b) The F-derivative f'(Z) exists and is surjective.

Then there exist a neighborhood U of T and a function ¢ : U — E such that
the following holds:

(i) f(sﬁ(x))—x Vo eU, gp( ) Z.
(ii) ¢ is F-differentiable at f(Z), with o' (f(z)) = f'(z)~".
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Proof. Define f : Ex E — E by f(u,v);=u— f(v) and set @ := f(z),v:=12.
Then f is F-differentiable at (@), with fi1(4,7) = idg and fio(,0) =
—f(z). By Theorem 3.7.4 applied to f at (u,7), there exist a neighborhood
U of @ and a function ¢ : U — E such that f(u, cp(u)) = o for any u € U and

() = v. Moreover, ¢ is F-differentiable at 4 and satisfies
fin(@,0) + fia(a, 0) 0 ¢ (@) = o.

It is obvious that ¢ meets the assertions of the theorem. O

3.8 Bibliographical Notes and Exercises

The subject of this chapter is standard. We refer to Dieudonné [53],
Schirotzek [196], Schwartz [197], and Zeidler [222] for differential calculus
in Banach spaces and to Zeidler [221,224] for differentiability properties of
integral functionals on Sobolev spaces. The results from Proposition 3.7.3 to
the end of Sect. 3.7 are due to Halkin [82]. See also the Bibliographical Notes
to Chap. 4.

Exercise 3.8.1 Define g : R? — R by

2
=L if 29 #0,

T1,Tg) 1= { *2

gl@, o) {0 if 2 = 0.

Show that g is G-differentiable but not H-differentiable at Z = (0, 0).

Exercise 3.8.2 Show that the function
f(z):=2?sin(1/x) if t € R\ {0}, f(z):=0ifx=0
is F-differentiable but not continuously differentiable at & = 0.

In Sect. 4.6 we shall show that the maximum norm on Cla, b], where a < b,
is H-differentiable at certain points but nowhere F-differentiable; compare this
and the preceding two examples with Proposition 3.4.2.

Exercise 3.8.3 Define f : R? — R? by f(x1,22) = (v1,23) and let
g : R? — R be the function of Exercise 3.8.1. Then f is F-differentiable
(and so G-differentiable) on R? and g is G-differentiable at Z = (0,0). Is the
composite function g o f G-differentiable at 7

Exercise 3.8.4 Carry out the omitted proofs for Proposition 3.2.4.

Exercise 3.8.5 Prove Proposition 3.2.5.
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Exercise 3.8.6 Show that the functional f(z) := fa(,z), * € E, where a :
E x E — R is bilinear, symmetric, and bounded, is continuously differentiable
on E and calculate its derivative (cf. Example 3.6.1).

Exercise 3.8.7 Assume that ¢ : [a,b] x R x R — R is continuous and
possesses continuous partial derivatives with respect to the second and the
third variable. Modeling the proof in Example 3.6.3, show that the functional
f:Clla,b] x [a,b] x [a,b] defined by

flx,o,7) = /T go(t,x(t),j:(t)) dt, x¢€Ca,b], o,7€ (a,b),

is continuously differentiable and calculate its derivative. (Functionals of this
kind appear in variable-endpoint problems in the classical calculus of varia-
tions.)
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The Subdifferential of Convex Functionals

4.1 Definition and First Properties

For convex functionals, the following notion provides an appropriate substitute
for a nonexisting derivative.

Definition 4.1.1 Let f : E — R be proper and convex, and let Z € dom f.
The set

Of(z) = {a* € B*|(a",x — %) < f(z) — f(z) Yz € E}

is called subdifferential of f at T (in the sense of convex analysis). Each
x* € 0f(x) is called subgradient of f at T.

A geometric interpretation is given in Fig.0.1 in the Introduction.

Remark 4.1.2 The main purpose of the subdifferential is to detect minimum
points. We first consider free minimization. If f : F — R is convex and & €
dom f, then we obtain

f(f)zgrg}rﬂlf(m) — 0< f(x)— f(x)Ve e E <= o0¢€df(T).

Hence the condition o € Jf(Z) is a substitute for the optimality condition
f'(Z) = o in the differentiable case. Concerning constrained minimization, for
A C FE nonempty and convex, we have

f(@) = min f(z) <= (f+04)(2) = min(f +04)(z) < o€ d(f+da)(@).

For further exploitation, we need at least a sum rule of the form

Afr + f2)(x) € 0/1(Z) + 0fa().

This, among others, will be derived below.



60 4 The Subdifferential of Convex Functionals

The subdifferential of a convex functional f can also be characterized by
the directional G-derivative of f. This relationship will later be the starting
point for defining subdifferentials for certain classes of nonconvex functionals.

Theorem 4.1.3 Let f : E — R be proper and convex.
(a) Ifz € domf andy € E, the function T — L(f(z+71y)— f(Z)) is monotone
increasing on R\ {0}; hence the limit f(Z,y) exists in R and one has

f(@) — f(z—vy) < fa(z,y) = inf f@+7y) - f(&)

>0 T

< f@+y) - (@)
(4.1)
(b) If # € domf, the functional fo(Z,-) of E to R is sublinear.
(¢c) If T €intdom f and y € E, then fa(Z,y) € R.
(d) If z € intdom f and f is continuous at T, then fy(Z,-) exists, is contin-
uous on E, and equals fa(Z,").

Proof.

(a) Since f is proper and convex, so is ¢(7) := f(Z + 7y),7 € R. Let 1 <
T2 < 73 and Ty = 7 — 7 for i,k = 1,2,3. Since 7, = 27 + 27y, it
follows that

T T
o(12) < —2p(m1) + —=p(13)
T31 T31
and so
¢(72) — (1) < ©(13) — (1) < () — p(72) (4.2)
T9 — T1 T3 — T1 T3 — T2

From this, by appropriate choices of 7;, we obtain the monotonicity of the
function

r L (elr) — 9l0) = (@ + ) - £(2)

as well as the relation (4.1).
(b) For y,z € E, the convexity of f implies

f@+7(y+2)) = f(A(@+27y) + L(2+272)) < $f(@+27y) + L f(Z+272)

and so
fG'(j’y + Z) < fG(j:7y) + fG(j’Z)'
It is evident that fo(Z,-) is positively homogeneous.
(c) Since T € int dom f, there exists € > 0 such that Z+ey € dom f. Applying
(4.1) with ey instead of y, we see that € fo(Z,y) (= fa(Z, ey)) is finite.
(d) There exists an open neighborhood U of zero in E such that

f@+y)—f@ <1 Vyel.

This and (4.1) imply that the convex functional f&(Z,-) is bounded above
on U and so, by Theorem 1.4.1, is continuous on int dom fg(Z, ) which is
equal to E. Likewise by Theorem 1.4.1, f is locally L-continuous. Hence
by Lemma 3.1.2, fi(Z,-) exists and equals fo(Z, ). O
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P
Py

T1 T2 73

Fig. 4.1

Remark 4.1.4 For a proper convex function ¢ : R — R, the inequalities
(4.2) have a simple geometric meaning. With the notation of Fig.4.1, the
inequalities say that

slope(Py Py) < slope(P; P3) < slope(P2P3).

If ¢ is a function defined on R, then obviously ¢q(7, 1) = ¢/, (1), where ¢/, (7)
denotes the right derivative of ¢ at 7 (cf. Sect.3.1). Hence Theorem 4.1.3
immediately leads to:

Corollary 4.1.5 Let ¢ : R — R be proper and convex. For any 19 € dom ¢,
the right derivative ¢, (19) exists in R and satisfies

. T0 +7) — ©(T
90'+(To)=ig%<p(° T) 2(m)

In particular, if 7o € intdom e, then ¢’ (10) € R. If 79 € dom is the left
boundary point of dom ¢, then ¢', (19) € RU {—o0}.

The subdifferential can be characterized by the directional G-derivative
and vice versa.

Proposition 4.1.6 Let f : E — R be proper and convex.
(a) If z € dom f, then
of (z) = {z* € E* | {a*,y) < fa(z,y) Yy € E}. (4.3)

(b) If z € intdom f and f is continuous at T, then Of(T) is nonempty convex
and o(E*, E)-compact, and one has

fu(Z,y) = fo(Z,y) = max{(z",y) |2" € Of(2)} VyeE.  (44)
Proof.

(a) Let z* € 0f(x). For each 7 > 0, we have

(2% y) = @7+ 1y) — (@7, 7) < f(Z+ 1Y) - f(2)
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and so (z*,y) < fa(Z,y). Conversely, if 2* belongs to the right-hand side
of (4.3), then it follows from (4.1) that

(%7 +y) — (2, 7) = (&%, y) < f(@+y) - f(2)

and so z* € 0f(Z).

(b) By Theorem 4.1.3, the functional p(y) := fq(Z,y), y € E, is finite, sub-
linear, and continuous. By (a), we have 0f(Z) = M,p; here we use the
notation introduced in the Hérmander theorem (Theorem 2.3.1). Accord-
ing to this result, M, is nonempty, convex, and o(E*, E)-closed, and we
have oy, = p, iee.,

sup{(z",y) | 2" € 0f(2)} = fa(2,y) Vy€eE. (4.5)

We show that 0f(Z) is o(E*, E)-compact. Since f is continuous at Z, the

set
U={yeE[f(x+y) - f(z) <1}
is a neighborhood of zero in E. Setting U® := {a* € E*| (a*,y) < 1Vy €
U}, we have 0f(z) C U°. By the Alaoglu theorem, U® is o(E*, E)-
compact and so is 0f(Z) as a o(E*, E)-closed subset. For fixed y € E,
the functional z* — (z*,y), z* € E*, is o(E*, E)-continuous and so
the supremum in (4.5) is attained. Finally, by Theorem 4.1.3(d) we may
replace fg by fu. ad
The representation formula (4.4) can be refined using the concept of ext-
reme point.

Proposition 4.1.7 If f : E — R is proper, convex, and continuous at T €
int dom f, then

fH(f7y) = fG(jay) = max{(z*,y> |£E* € ep(@f(a‘c))} vy €EE.

Proof. By virtue of Proposition 4.1.6(b), we may apply Proposition 1.7.8 to
E*[o] instead of E, A := 9f(z), and g(z*) := (z*,y), * € E. O

Now we characterize G-differentiability of convex functionals.

Proposition 4.1.8 (Differentiability Criterion) Let f : E — R be proper
and convex, and let & € dom f.

(a) If f is G-differentiable at T, then Of(Z) = {f'(Z)}.
(b) If f is continuous at T and Of(Z) consists of exactly one element x* € E*,
then f is H-differentiable (and so G-differentiable) at T and f'(T) = x*.

Proof.

(a) On the one hand, we have

(f'(@), 2+y)—(f'(x),7) = (f'(2),y) = fo(T,y) < f(T+y)—f(Z) VyeE
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and so f'(Z) € Jf(Z). On the other hand, if 2* € 9f(Z), then by
Proposition 4.1.6 we obtain

(x*,y) < fa(,y) = (f'(Z),y) VyeckE.

This implies, by the linearity of z* and f'(Z), that * = f'(Z).

(b) By Proposition 4.1.6, we conclude that fo(z,y) = (z*,y) Vy € E. Hence
the functional f¢(Z,-) is linear and continuous. Thus f is G-differentiable
at T, and we have f'(Z) = z*. Moreover, f is locally L-continuous around
Z (Theorem 1.4.1) and so H-differentiable at Z (Proposition 3.4.2). O

Proposition 4.1.9 (Semicontinuity Criterion) Let f : E — R be proper,
convez, and G-differentiable at . Then f is lower semicontinuous at .

Proof. Let k > 0 be given. Since f'(Z) is continuous at y = o in particular,
there exists a neighborhood U of o in E such that

k—f@) <{f'(@),y) < fl@+y) - f@) VyeU 0O

4.2 Multifunctions: First Properties

The subdifferential of a convex function f : E — R associates with each
x € FE a (possibly empty) subset df(x) of E*. The study of this and related
objects will be the prominent purpose in the sequel. We now introduce some
appropriate concepts.

Definition 4.2.1 Let E and F be vector spaces. A mapping & : E — 2F,
which associates to € F a (possibly empty) subset ®@(x) of F, is called a
multifunction or set-valued mapping and is denoted ¢ : £ =3 F. The graph
and the domain of @ are defined, respectively, by

graph® := {(z,y) e EX F |z € E, y € &(z)},
Dom® := {x € E | &(x) # 0}.

Observe that the notation distinguishes the domain of a multifunction
from the effective domain dom f of a functional f : E — R. If A is a subset
of E, we write P(A) := Uycad(x).

Remark 4.2.2 A mapping T : E — F can be identified with the (single-
valued) multifunction 7 : E = F defined by T(z) := {Tz}, = € E. Concepts
defined below for multifunctions will be applied to a mapping T : £ — F
according to this identification.

As indicated above, the prototype of a multifunction is the subdifferential
mapping Of : E = E* of a convex functional f : E — R, which associates to
each z € dom f the subdifferential df(x) and to each x ¢ dom f the empty
set.
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Definition 4.2.3 Let & : E = F be a multifunction between locally convex
spaces F and F.

(a) @ is said to be upper semicontinuous at & € Dom @ if for each open set V
in F containing @(z) there exists an open neighborhood U of Z such that
oU)CV.

(b) @ is said to be lower semicontinuous at T € Dom @ if for each open set V'
in F such that V N &(Z) # 0, there exists an open neighborhood U of Z
such that V N@(x) # O for any = € U.

(¢) @ is said to be upper [lower| semicontinuous if @ is upper [lower| semicon-
tinuous at any point Z € Dom @ (cf. Exercise 4.8.1).

(d) @ is said to be locally bounded at T € E if there exists a neighborhood U
of Z such that ¢(U) is a bounded subset of F.

(e) A mapping ¢ : E — F is said to be a selection of the multifunction @ if
o(z) € P(x) for each x € Dom &.

Recall that if ¢ : R — R is differentiable, then

1 is convex <= 1’ is monotone increasing
= Wy -¢'(@) (y-—2)>0 Vz,yekR.

If we want to generalize this relationship to a G-differentiable functional f :
E — R, we must first define a suitable monotonicity concept for the mapping
f'+ E — E*. In view of the nondifferentiable case and the subdifferential
mapping, we at once consider multifunctions.

(4.6)

Definition 4.2.4 The multifunction @ : E = E* is said to be

monotone if (y*—a*,y—x) >0,
strictly monotone  if (y* —a*,y —x) >0,
uniformly monotone if (y* —ax*,y —x) > c- ||y — z||7;

the respective inequality is assumed to hold for all z,y € Dom®, = # y,
x* € P(x) and y* € &(y). In the last inequality, ¢ > 0 and v > 1 are constants.
If @ is uniformly monotone with v = 2, then @ is called strongly monotone.

According to Remark 4.2.2, a mapping T : E — E* is monotone if and
only if
(T(y) =T(x),y—=x) 20 Va,ye k.

An analogous remark applies to strict and to uniform monotonicity.

4.3 Subdifferentials, Fréchet Derivatives,
and Asplund Spaces

In this section we study the subdifferential mapping 0f : £ = E*. This will
eventually lead to remarkable results on the F-differentiability of continuous
convex functionals and, in this connection, to Asplund spaces.
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Recall again that, unless otherwise specified, E is a normed vector space
and the dual E* is equipped with the norm topology.

Proposition 4.3.1 Let f : E — R be proper and convex. If f is continuous
at T € intdomf, then the subdifferential mapping Of is locally bounded at T.

Proof. Since f is locally L-continuous at & (Theorem 1.4.1), there exist € > 0
and A > 0 such that [f(z) — f(y)| < A||lz — y|| for all z,y € B(Z,¢). Thus
if x € B(Z,¢) and z* € 0f(x), then (z*,y —x) < f(y) — f(z) < Al|z — y].
It follows that

lz*| <X Va* €df(z) Ve B(Z,e), (4.7)

which completes the proof. ]

Proposition 4.3.2 Let f : E — R be proper and convex, and continuous on
the nonempty set int domf.

(a) The subdifferential mapping 0f : E = E* is norm-to-weak™ upper semi-
continuous on int domf.

(b) If f is F-differentiable at T € intdomf, then Of is norm-to-norm upper
semicontinuous at .

Proof.

(a) Assume that z € intdomf and V is a weak* open subset of E* containing
Of (x). It suffices to show that for any sequence (z,) in intdomjf with
T, — x as n — oo, we have df(x,) C V for all sufficiently large n.
Suppose this would not hold. Then for some subsequence of (x,), again
denoted (z,,), we could find =} € df(z,)\ V. Since Jf is locally bounded
at x, there exists ¢ > 0 such that 0f(z,) C Bpg-(o,¢) for all suffi-
ciently large n (compare (4.7)). Since Bg+ (o, ¢) is weak* compact (Alaoglu
theorem), the sequence (x)) admits a weak* cluster point z*. From
xk € Of(xy) \ V we can easily conclude that z* € 9f(x) \ V which is
a contradiction to df(z) C V.

(b) Let V be an open neighborhood of f/(z) € E*. Assume that for any
neighborhood U of %, we would have 9f(U) \ V' # (. Then there exist
e > 0, a sequence (z,,) in intdomf, and x¥ € df(z,) such that x,, — Z
as n — oo but ||z — f'(Z)|| > 2e. The latter implies that there exists a
sequence (z,,) in E satisfying ||z, || = 1 and (2}, — f/(Z), z,) > 2¢ for all n.
On the other hand, by F-differentiability we have for some ¢ > 0,

f@+y) = (@) = (f'(@),y) < elyll
whenever y € E and ||y|| < §. For these y we further obtain
<I:w (i' +y> - ITL> < f(f + y) - f(xn) and so

(o, y) < [(@+y) = f(@) + (25, 20 = 2) + f(Z) = f(2n).
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Setting y,, := 0z, the choice of z, implies ||y, || = J and so
2e0 < (x} — f(Z),yn

)
< (f(‘CE + yn) - f(i') - <f/(j)ayn>) + <x;k17xn - f> + f(i') - f(xn)

4.8

*

Since f is locally bounded at Z, the sequence () is bounded and so
(xk,xy, —Z) — 0 as n — oo. Moreover, since f is continuous at Z, we
also have f(Z) — f(x,) — 0 as n — oo. Hence the right-hand side of (4.8)
tends to €0 as n — oo which contradicts the left-hand side. O

Proposition 4.3.3 Let f : E — R be proper and convex, and continuous
on the nonempty set intdomf. Then f is F-differentiable |G-differentiable] at
Z € intdomf if and only if there exists a selection ¢ : E — E* of Of which is
norm-to-norm continuous [norm-to-weak* continuous| at Z.

Proof. We verify the statement concerning F-differentiability, leaving the case
in brackets as Exercise 4.8.2.

(I) Necessity. If f is F-differentiable at Z, then 0f(Z) is a singleton, and by
Proposition 4.3.2 the subdifferential mapping df is upper semicontinuous
at Z. Hence any selection of df is continuous at Z.

(IT) Sufficiency. Let ¢ be a selection of Jf that is continuous at z. Since
intdomf C Domdf, we have p(Z) € df(Z) and p(y) € df(y) for each
y € intdomf. For these y it follows that

(p(@),y —7) < fly) — f(x) and (p(y),Z —y) < f(T) - f(y).

Combining these inequalities, we obtain, again for all y € int domf,

0 < f(Y)—F(@)={p(7),y=7) < (p(y)=¢(2),y=7) < p(y)—p(@)|-[ly—z]|

Since ¢ is continuous at Z, we have ||p(y) — o(Z)|| < 1 for all y in a neigh-
borhood of Z. Hence the above inequality shows that f is F-differentiable
at T, with derivative p(T). O

Corollary 4.3.4 If f : E — R is proper and convez, and F-differentiable
on the nonempty set intdomf, then f is continuously F-differentiable on
int domf.

Applying the statement in brackets in Proposition 4.3.3, we obtain an
analogous result concerning the norm-to-weak™ continuity of the G-derivative.
In this connection, the functional f has to be assumed to be continuous on
the nonempty set int dom f. Below we shall establish a related result under
relaxed assumptions (see Proposition 4.3.8).



4.3 Subdifferentials, Fréchet Derivatives, and Asplund Spaces 67

Proposition 4.3.5 (Convexity Criterion) Iff : E — RisG-differentiable,
then the following statements are equivalent:

(a) f is [strictly] convex.
(b) f is [strictly] monotone.

Proof. See Exercise 4.8.3. O
Example 4.3.6 Consider the functional
f(z):= ja(z,x), z€E,

where a : F x E — R is bilinear, symmetric, and bounded. By Example 3.6.1,
f is continuously differentiable and the derivative satisfies (f'(z),y) = a(z,y)
for all z,y € E. Assume now that, in addition, a is strongly positive, i.e., there
exists a constant ¢ > 0 such that a(x,z) > c|z|? for any x € E. Then we
obtain

(f'y)—f@)y—2)=aly—z,y—=z) > clly—z||> Va,yekE

and so f’ is strongly monotone. In particular, f’ is strictly monotone and so
f is strictly convex.

If f is convex but not G-differentiable, we still have the following result.
Proposition 4.3.7 If f : E — R is proper and convex, then Of is monotone.

Proof. See Exercise 4.8.4. O

Now we establish the continuity result on the derivative announced after
Corollary 4.3.4.

Proposition 4.3.8 If f : E — R is proper and convez, and G-differentiable
on the nonempty set int domf, then f’ is radially continuous on int domf.

Proof. For fixed z,y € D, define 1, , : [0,1] — R by ¢, (1) := f(z+7(y—2))
for any 7 € [0, 1]. Then we have

’ll)/m,y(,r) = <f/(fE + T(y - Z)),y - .’E>
and it remains to show that 1, , is continuous on [0, 1].
(I) First we show that ¢; , is continuous at any 7 € (0,1). Since ¢, ,, is
convex, Theorem 4.1.3 applies ensuring that for any p, o satisfying p > o
we have

wi’cyy(T + U) S [77[}3%2/((7- + U) + (p - U)) - 1/}x,y(7- + 0')] .

1
p—o0
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Since 1,4 is continuous on (0, 1) (Corollary 1.4.2), we obtain letting o | 0
and then p | 0,

. 1 .
ln, (+0) < [y (T40) iy ()] and Tim oyl (r40) <, (7).

On the other hand, since 7/’;,3, is monotone (increasing), we have
limg o 95, (7 + o) > ¢, (7). Hence ¢, is right continuous at 7.
Analogously it is shown that zp;,y is left continuous at 7.

(IT) To see that ¢/} , is continuous on the closed interval [0, 1], notice that
since D is open, z and y may be replaced in the above argument by
xz —6(y — ) and y + d(y — x), respectively, where § > 0 is sufficiently
small. O

Proposition 4.3.9 If f : E — R is G-differentiable and [’ is uniformly
monotone with constants ¢ > 0 and v > 1, then f is strictly conver and

f(y)—f(w)Z<f’(w)7y—x>+§lly—x|l” Va,y e E. (4.9)

Proof. By assumption, f’ is strictly monotone and so f is strictly convex.
Furthermore, by Proposition 4.3.8 the mean value formula (3.7) applies to f.
Hence for any x,y € F we have

F0) = @) = (F @)y =)+ [ (7 (@t rly =) = £l =)
/ ' Yy — 2 vdl
> (@ =o)+ [ ool T
and (4.9) follows. O

Remark 4.3.10 The above result will later be used to ensure that f has a
(unique) global minimum point Z. This point satisfies f/(Z) = o. Hence if (x,,)
is a sequence of approximate solutions of f/(Z) = o, then we obtain from (4.9)
the error estimate

§||xn — 2|7 < f(wn) - f(@).

The next result says that F-differentiability of a continuous convex func-
tional can be characterized without referring to a potential derivative. It will
serve us to characterize the set of points where a continuous convex functional
is F-differentiable.

Lemma 4.3.11 Let f : E — R be proper, convex, and continuous on the
nonempty set intdom f. Then f is F-differentiable at T € intdom f if and
only if for each € > 0 there exists § > 0 such that

f@+T1y)+ f(T—1y) —2f(T) < Te (4.10)

whenever y € E, |ly] =1 and 0 < 7 < 4.
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Proof.

(I) Necessity. See Exercise 4.8.5.

(IT) Sufficiency. Assume that the above condition is satisfied and choose some
x* € 0f(Z) (which exists by Proposition 4.1.6). Let y € E satisfying
[lyll = 1 be given. For all 7 > 0 sufficiently small such that  + 7y € D
we have

(2%, my) = (@, (T +7y) — 7) < f(T + 7y) = f(7), (4.11)
—(@%my) = (2%, (T —7y) —7) < f(z - 7y) - f(7), (4.12)

Now let € > 0 be given and choose 6 > 0 such that (4.10)—(4.12) hold
whenever |yl = 1 and 0 < 7 < . Adding the inequalities (4.11) and
(4.12), we obtain for these y and 7,

0< f(@+7y) — f(T) — (a",1y) < Te.
Hence f is F-differentiable at z. O

Recall that a subset of E' is said to be a Gy set if it is the intersection of
a countable number of open sets.

Proposition 4.3.12 Let f : E — R be proper, convex, and continuous on
the nonempty set D := intdom f. Then the set A of all x € D, where f is
F-differentiable, is a (possibly empty) Gs set.

Proof. For each n € N let G,, denote the set of all x € D for which there
exists § > 0 such that

sup flz+oy) + fle—0y) —2f(x) _ 1
lyll=1 0 n

By Theorem 4.1.3, for fixed x and y the functions
_ fa () - @)

T

are decreasing as 7 | 0. Thus Lemma 4.3.11 shows that A = NS G,.
It remains to verify that each G, is open. Let =z € G, be given. Since f
is locally L-continuous (Theorem 1.4.1), there exist é; > 0 and A > 0 such
that |f(u) — f(v)| < AJu — v|| for all u,v € B(z,d1), where B(x,d;) C D.
Moreover, since z € G, there are § > 0 and r» > 0 such that for all y € F
satisfying ||y|| = 1 we have = + dy € D and

fa+0y) +J =8y =2f@) _ 1
0 n
Now take d2 € (0,61) so small that B(z,d2) C D and r + 4Ad2/d < 1/n. We

are going to show that B(x,d2) C G,. Thus let z € B(z,d2). Then for any
y € F satisfying ||y|| = 1 it follows that
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f(z+0y) + f(z —dy) — 2f(2)

)
o e+ 0y) + fz = dy) — 2/(x) 4 2|f(2) — f(2)|
- ) )
n |f(2+5y)gf(x+5y)| n If(z—5y)gf(x—5y)\
<rs 4|z — z|] <T+4)\52 - 1
- 0 - 0
and so z € G,,. O

Definition 4.3.13 A Banach space F is said to be an Asplund space if every
continuous convex functional defined on a nonempty open convex subset D of
F is F-differentiable on a dense subset of D.

Usually a Banach space F is said to be an Asplund space if every contin-
uous convex functional is generically F-differentiable, i.e., F-differentiable on
a dense Gy subset of D. Proposition 4.3.12 shows that this is equivalent to
the above definition.

Recall that the (infinite dimensional) normed vector space F is said to be
separable if some countable subset is dense in E. Our aim is to verify that a
Banach space with a separable dual is an Asplund space. For this, we need a
geometric concept.

Definition 4.3.14
(a) Let z* € E*, 2* # 0, and 0 < o < 1. The set

K", a) :=={z € E| afz|| [« < (z*,2)},

which is a closed convex cone, is called Bishop—Phelps cone associated
with * and a.

(b) The set A C F is said to be a-cone meager, where 0 < a < 1, if for every
x € A and € > 0 there exist z € B(z,¢) and z* € E*, z* # o, such that

AN (z+int K(z*, ) = 0.

(c) The set A C E is said to be angle-small if for every o € (0,1), A can be
expressed as the union of a countable number of a-cone meager sets.

Example 4.3.15 Consider R” with inner product (z*|z) and identify (R™)*
with R™. Let z* € R", 2* # o, and « € (0,1) be given. For any = # o we have

e K(x*a) < OéS(

i.e., the projection of the unit vector z/||z|| in the direction of z* is at least a.
The “ice cream cone” in R? is thus a typical example of a Bishop—Phelps cone.
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— ¢+ K(z%,a)

— z+ K(z%,0)

B(z,¢)

Fig. 4.2

Example 4.3.16 Let A C R? consist of a circle and its center ¢. Then A is
not a-cone meager for any a € (0,1) but it is the union of two a-cone meager
sets and so is angle-small (Fig.4.2).

Recall that a set A C F is said to be nowhere dense if cl A has empty
interior or, equivalently, if £\ cl A is dense in E. Further, A is said to be of
first category (or to be meager) if A is the union of a countable number of
nowhere dense sets.

Lemma 4.3.17 If A C E is a-cone meager for some a € (0,1), then A is
nowhere dense. Hence any angle-small subset of E is of first category.

Proof. See Exercise 4.8.6. O

The converse of Lemma 4.3.17 does not hold. In fact, an a-cone meager
subset of R contains at most two elements. Hence a subset of R is angle-small
if and only if it is countable. On the other hand, the Cantor set is an example
of an uncountable set of first category.

Now we can establish a remarkable result on monotone multifunctions.

Theorem 4.3.18 Let E¥ be a Banach space with a separable dual. If ® : E =
E* is a monotone multifunction, then there exists an angle-small set A C
Dom @ such that @ is single-valued and upper semicontinuous on (Dom @)\ A.

Proof. Set
A:={x € Dom? | %i?(}diamé(B(:v,é)) > 0}.

(I) It is left as an exercise to show that if x € (Dom @) \ A, then &(z) is a
singleton and ¢ is upper semicontinuous at x.
(IT) It remains to show that A is angle-small. We have A = U2 ; 4,,, where

A, :={x € Dom@ | %iﬁ)ldiamgp(B(x,é)) > 1/n}.
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Let (z}) be a dense sequence in E*, let a € (0,1) and set
Ap={z € A, | d(z}, P(x)) < a/(4n)}.

Then obviously A, = U2, A,k for all n. Hence it suffices to show that each
A, i is a-cone meager. Let x € A,, , and € > 0 be given. Since x € A,,, there
exist 0 € (0,¢) as well as elements z; € B(z,90) and 2] € &(z;) for i = 1,2
such that ||z — z3|| > 1/n. Hence if * € &(z), then ||z — 2*|| > 1/(2n) or
llz5 — z*|| > 1/(2n). Choose z* € &(x) such that ||z} — z*| < a/(4n) (which
is possible since x € A, ). According to what we said about z;,z}, where
i =1,2, we can find points z € B(x,€) and z* € &(z) satisfying

127 =il > |27 = 2%|| = e}, — 27| > 1/(2n) — /(4n) > 1/(4n).
We are going to show that A, , N (z + int K(z* — z}),a) =0, i.e.,
Anpg Wy € E| (2" —ap, y—2) > allz" —ai| - [ly — 2]} = 0.

Suppose y € Dom @ is such that (z* —x%, y — 2) > af|z* —z}| - |ly — || and
let y* € &(y). Then

W =g y—2) =" =2 y—2)+ (" —ap,y—2)
> (2" =y, y—2) > allz" =zl ly — 2|l = ally — 2[|/(4n).

It follows that ||y* — zf|| > «/(4n) and so y ¢ A, k. O

With the aid of Theorem 4.3.18 we can now easily establish a sufficient
condition for a Banach space to be an Asplund space.

Theorem 4.3.19 If the dual of the Banach space E is separable, then E is
an Asplund space.

Proof. Let f : E — R be proper and convex, and continuous on the
nonempty set D:=int dom f. Then 9f is monotone (Proposition 4.3.7). By
Theorem 4.3.18, there exists an angle-small set A such that df is single-valued
and upper semicontinuous on D \ A and so any selection of df is continuous
on D\ A. By Proposition 4.3.3, f is F-differentiable on D \ A. Since A is of
first category (Lemma 4.3.17), the set D\ A is dense in D (and a Gs set). O

Remark 4.3.20

(a) Notice that we actually showed somewhat more than stated, namely that
any proper convex continuous functional f is F-differentiable outside an
angle-small subset of int dom f.

(b) According to Theorem 4.3.19, the following spaces are Asplund spaces:
the sequence spaces ¢y and [P as well as the function spaces L?[a, b], where
1 < p < oo, furthermore any separable reflexive Banach space. It can
be shown that any reflexive Banach space is an Asplund space (see Deville
et al. [50] or Phelps [165]). Notice that ¢y is an example of a nonreflexive
Asplund space while I' and {> are Banach spaces that are not Asplund
spaces.
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Recall that for any normed vector space the closed unit ball of the dual
space is weak® compact (Alaoglu theorem). It turns out that Asplund spaces
have an important additional property.

Theorem 4.3.21 If FE is an Asplund space, then Bg« is weak* sequentially
compact.

Concerning the proof we refer to Stegall [200] and Yost [219]. For a larger
class of Banach spaces having the above property see Diestel [52].

4.4 Subdifferentials and Conjugate Functionals

Convention. The dual pair underlying the conjugation will be
(&l -1}, B*[o(E", B)])

unless we have to refer to the norm on E* in which case we explicitly assume
that E is a reflexive Banach space (cf. Remark 1.6.4).

Recall that the definition of subdifferential and conjugate functional of
f: E — R is given by

Of(x) ={a" € E*[(z",y —x) < f(y) — f(x) Vy € E}, x€domf,
[(@*) == sup,ep((z*,2) — f(z)), a*€E".

Proposition 4.4.1 Let f : E — R be proper and convez, let x € dom fand
x* € E*. Then there holds

(x*,z) < f(z)+ f*(z*) (Young inequality), (4.13)
(", 2y = f(z) + f"(z¥) <= 2" e€df(z). (4.14)
Proof. See Exercise 4.8.7. O

Remark 4.4.2 If f and z are as in Proposition 4.4.1, we have

f@)=minf(y) <= o0€df(x) < flx)=-"(0),

yeE (4.14)
i.e., the global minimum of f is —f*(0).

If the functional f is G-differentiable on E, then we know that 9f(-) =
{f'(\)}. In this case, there is a close relationship between the Gateaux deriv-
ative and the conjugate functional.
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Proposition 4.4.3 Let E be a reflexive Banach space, furtherlet f : E — R
be G-differentiable with f': E — E* uniformly monotone. Then (f')~' exists
on E* and is continuous as well as strictly monotone. Moreover, the following

holds:

()= (4.15)
f(x) = f(o) +/0 (f'(ra),x)dr Vaze€E, (4.16)
f*(z*) :f*(o)+/0 (z*,(f)""(rz*))dr Vaz* € E*, (4.17)
f*(0) = —=f((f")"(0)). (4.18)

Proof.

(I) We postpone the verification of the existence of (f')~! : E* — E to
Sect. 5.4 (see Theorem 5.4.7 and Remark 5.4.8).

(IT) Since f’ is uniformly monotone, there exist constants ¢ > 0 and v > 1
such that

clly—zlI” <(f'(y) = f'(@),y—x) < If' () = f' @) lly — 2] Va,y€E.
Setting 2* = f'(x) and y* = f'(y), we have
cll(F)7Hy") = ()@ < ly™ —2*|| Vatyt e BT
(' =2 ()7 ) = () 7HE) = (f'ly) — f@)y—2) >0z #y.
These two relations show that (f’)~! is continuous and strictly monotone.
(III) Now we verify (4.15)—(4.18). First notice that the integrals exist in the
Riemann sense since f’ is radially continuous by Proposition 4.3.8 and
f'~ 1 is continuous by step (II).
Ad (4.15). Let =,y € E, a* = f'(x), yv* = f'(y). Since f is G-
differentiable, we have 0f(z) = {z*} and so Proposition 4.4.1 yields
@)+ fz) = (2", 2). (4.19)
This and an analogous formula with y and y* leads to
Fy) = @) = fl@) = fly) = (f'@)rx—y) + (f'v) = f(z),2)
(4.20)
>0+ (f'(y) = f'(@), ) = (y" —a* (f) " (2")); (4.21)

here, the inequality sign follows from Theorem 4.1.3(a). Interchanging
x* and y*, we eventually obtain

=t ()@ < 1 - £ < =t () ),
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This yields for each z* € E*,

(@), = lim - (F (a4 727) = ()

= (" ()7 @) g = () (@), 2) s

here, we exploited the continuity of the function 7 — ((f')~*(z* +
T2%),2*) at T = 0.
Ad (4.18). By (4.19), we have

F(f'(@) + flx) = (f'(z),2) VeekE

which, with x := (f')7*(0), implies (4.18).

Ad (4.16). This is the mean value formula established in Proposition 3.3.3.
Ad (4.17). The monotonicity of (f')~! and (4.15) entail that (f*) is
monotone. Therefore (4.17) holds in analogy to (4.16). O

The formulas (4.17) and (4.18) will turn out to be crucial for calculating
the conjugate in connection with boundary value problems.

Equation (4.15) means that for all x € E(= E**) and all 2* € E* we have
vt =fl2) = =)0 = z=()E" (4.22)

The simpler one of these equivalences, namely z* = f/(z) < = = (f*)'(z*),
will now be generalized to nondifferentiable convex functionals.

Proposition 4.4.4 Let f : E — R be proper and convex.
(i) There always holds

x €dom f, ¥ € 0f(x) = z* €dom f*, € Idf*(z").
(i) If, in addition, E is reflexive and f is Ls.c., then
x€domf, ¥ € df(x) <= z*edomf*, xe€df(z).

Proof.

(i) If x € dom f and 2* € Of(x), then Proposition 4.4.1 gives f*(z*) =
(x*,2) — f(z). Hence z* € dom f*. For each y* € E*, we obtain using
(4.13),

(y* =" 2) < (f(@) + () = (fl=) + [ (@) = [ (") = [ (=)

and so z € 9f*(z*).

(ii) «<=: By Proposition 2.2.3 and since z* € dom f*, we may apply (4.14)
with f* instead of f which gives (x*,z) = f*(2*) + f**(z) and so z €
dom f**. By Theorem 2.2.4 we have f** = f. Hence applying (4.14) again,
we obtain x* € 9f(x). O
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4.5 Further Calculus Rules

In this section, we establish computation rules for the subdifferential. The
following sum rule will be crucial for deriving optimality conditions (cf.
Remark 4.1.2).

Proposition 4.5.1 (Sum Rule) Let fo, f1,...,fn : E — R be proper and
convex. Assume there exists T € (dom fy) N (intdom f1) N --- N (int dom f,,)
such that f; is continuous at T fori=1,...,n. Then for each x € (dom fo) N
(dom f1) N---N(dom fy,), there holds

Ofo+ fi+ -+ fu)x) =0fo(z)+ 0fi(z) + - + Ofn(x).

Proof. It is easy to see that (even without the continuity assumption) the
inclusion O holds. We now verify the inclusion C for n = 1; for an arbitrary
n € N the assertion then follows by induction.

Let z* € d(fo + f1)(z) be given. Set p := fo and define ¢ : E — R by

)@t ey + fily) = fi(z) = fo(z) ify € dom f1,
q(y) == .
+o0 otherwise.

Then all assumptions of the sandwich theorem (Theorem 1.5.2) are fulfilled
and this theorem guarantees the existence of y; € E* and ¢ € R such that

—q(y) < s, y) +c<ply) Vyeck.

Since —q(z) = p(z), we have ¢ = p(z) — (y§,x) and so yi € Ofo(x). For
Yy = a* — y§ we analogously obtain yi € 9f1(z). Therefore x* = yi + yi €

dfo(x) + 0f1(x). O
Finally we characterize the subdifferential of a functional of the form
flz) = max fs(x), xze€kE. (4.23)

We denote the directional G-derivative of f, at Z by fs.c(Z,-). We set
S(@) :={s e S| [f:(x) = f(@)}.

Notice that if each fs is convex, then so is f. Recall that ¢o*M denotes the
o(E*, E)-closed convex hull of M C E*.

Proposition 4.5.2 (Maximum Rule) Let S be a compact Hausdorff space.
For any s € S, let fs : E — R be convex on E and continuous at T € E.
Assume further that there exists a neighborhood U of T such that for every
z € U, the functional s — fs(z) is upper semicontinuous on S. Then the
functional f : E — R defined by (4.23) satisfies

fa(z,y)= sup foc(z,y) VyeE, (4.24)

seS(x)

8f(:z):@*( U afs(@)). (4.25)
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Proof.

(D
(Ia)

(Ic)
(Id)

(Te)

We verify (4.24). Thus let y € E be given.
If s € S(Z), then

%(fs(j + Ty) - fs(i‘» < %(f(j + Ty) - f(j))

and so fs.q(Z,y) < fa(Z,y) for each s € S(T).

In view of step (Ia), (4.24) is verified as soon as we showed that for each

€ > 0 there exists s € S(Z) such that
(z

fG x,y )_€<fSG(:E7y)
Since f is convex, we have f¢(Z,y) = inf,~0 £ (f(Z + 7y) — f(Z)) and so
fa(@y)—e<i(fz+7y)— f(2)) V7>0.

Now let 7 > 0 be fixed. Then €, := 2(f(Z+7y) — f(Z)) — fa(Z,y) +€is
positive. By the definition of f, there exists s € S such that

(4.26)

1 1
—f(Z+71y) —er < —fs(T+ TY).
T T

Therefore

fa(@,y) — e < 2(fs(T + 1Y) = f(2)). (4.27)
In other words, the set S, of all s € S satisfying (4.27) is nonempty.

Let 79 > 0 be such that Z + 7y € U for each 7 € (0,79). Since s +—
fs(Z+7y) is upper semicontinuous, the set S; is closed for each 7 € (0, 7p).
We show that 0 < ¢ < 7 implies S, C S;. Thus let s € S, be given.
Then

fa(@,y) — e < 2 (fs(@ + 0y) — f(Z)).
Since T 4 oy = (1 — ;) + ;(JE + Ty) and fg is convex, we obtain
fa@y) —e< L[(1=2)f(@) + 2 fo(@ + TYy) — f(2)]
< 2[fs@+1y) - f@)];
here, the second inequality follows from fs(Z) < f(Z). Therefore, s € S;.
In view of the above, the Cantor intersection theorem shows that the

intersection of all S, where 7 € (0, 79), is nonempty. If s is any element
of this intersection, then

T(fG('i"y)_Q st(-f"i_Ty)_f(‘f) VT e (07TO)~ (428)

Recalling that fs is continuous at z and letting 7 | 0, we deduce 0 <
fs(Z) — f(z) and so s € S(Z). Hence (4.28) holds with f(Z) replaced by
fs(Z) and from this we obtain (4.26) on dividing by 7 and letting 7 | 0.
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(IT) We verify (4.25).
(ITa) It is easy to see that Ofs(Z) C 9f(Z) for each s € S(Z). Since Of(Z) is
convex and o(E*, E)-closed, we conclude that

Q=" ( |J of@)cor@.

seS(x)

(ITb) Suppose there exists x* € df(Z) \ Q. By the strong separation theorem
(Theorem 1.5.9) applied to E*[c(E*, E)| there exists z € E such that

(x*,z) > sup (y*, 2). (4.29)
yreQ
We further have
Z,z) = max (2%,2)> (2% 2),
fol@2) = max (.22 (o,2)

sup (y*,z) > sup sup (2%, 2) = sup fsq(Z,2).
y*eEQ s€S(Z) 2*€dfs(T) seS(z)

In view of (4.29) we conclude that fG(Z,z) > sup,cg(z) fs,¢(, 2) which
contradicts (4.24). Therefore 0f(Z) = Q. O

Remark 4.5.3 If,in particular, the set S is finite, then it is a compact Hausdorff
space with respect to the discrete topology. For this topology, the function
s+ fs(2) is continuous on S for any f, and every z € E.

4.6 The Subdifferential of the Norm

With z € E fixed we consider the functional w, : £ — R defined by
wy(x):=|lz—2| YzekE. (4.30)
We simply write w for w,, i.e., we set
w(z):=|z| YzekE.

The results to be derived will reveal interesting properties of the norm func-
tional. In addition, they will later be applied to the problem of best approxi-
mation. Given A C F and z € E'\ A, find Z € A satisfying

w,(Z) = ;relng(m)

For this purpose, we now deduce suitable representations of the subdiffer-
ential 0w, () and the directional H-derivative w, g (Z,) of w,. Notice that w,
is continuous and convex. Define

S(z) = {a" € B" | l2"| < 1, (2", 2) = ||z]|}, = € E.
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Remark 4.6.1 The Hahn-Banach theorem implies that S(x) # 0 for each
x € E. Further, it is easy to see that

S(w) = {{x* € B | e =1, o2y = llell} it w0

Bg- ifz=o.
Proposition 4.6.2 The functional w, defined by (4.30) satisfies
ow,(z)=5(x—2) VzeE, (4.31)
we g (Z,y) = max{(z*,y) | 2* € S(z —2)NepS(0)} VZyecE. (4.32)

Proof. We only consider the case T # z which is important for the approxi-

mation problem; the verification in the case T = z is left as an exercise.
Ad (4.31):

(Ia) Let * € Ow,(Z). Then we obtain
(", 2—7) < ||lz—=z||—||Z—2| Yz € E, in particular (z*,2—Z) < —||z—=z||.
Further we have
(€7~ 2) = (&*, 28 — 2) — (&",7) < (27 — 2) — 2l| - ||F — 2] = |7 2|1

It follows that (z*,Z — 2) = || — 2||.
(Ib) Now we show that ||z*|| = 1. Since

(%, 1) = (@%,x +2) = (0", 7) < |[(x +2) = z[| = |z — 2| < [|l=]| Yz ek,

= i
Then (Ia) implies (z*, z2) = 1. Further we have ||z2|| = 1 and so ||z*| =
(IT) If z* € S(Z — %), then we immediately obtain

we conclude that ||z*|| < 1. Recalling that & # z, we set x5 :=

(2% 0 — 1) = (2% 0 = 2) = (¢, 7 — 2) <z — z|| = ||z — 2|
and so * € Jw,(Z).
Ad (4.32):
By Proposition 4.1.7 we have
w21 (Z,y) = max{(z*,y) | 2* €epS(z — 2)} V&,y€E.

We show that S(Z — z) is an extremal subset of S(0); then Lemma 1.7.6
implies that ep S(Z — z) = S(Z — z) Nep S(0) and the assertion follows. Thus,
let z*,y* € S(0), A € (0,1), and A\z* + (1 — N\)y* € S(Z — z). Then

A", 7 —2) + (1 =Ny, 7 — 2) = ||z — 2]|.

Since (x*,z — z) < ||z*|| - ||z — 2| < || — 2| and analogously for y*, we
deduce that (z*,Z — z) = ||z — z|| and analogously for y*. Therefore we have
x*,y* e S(T —2). O
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Remark 4.6.3 We indicate the relationship to the duality mapping of F,
which is the multifunction J : E = E* defined by

J(z) = 9j(x), where j(z) = %||x||2, z€E.

Similarly to the proof of (4.31), it can be shown that J(x) = ||z|| S(z) for any
x € E (see Exercise 4.8.8). This is also an immediate consequence of (4.31)
and a chain rule to be established below (Corollary 7.4.6).

Application: The Maximum Norm
Now we want to apply Proposition 4.6.2 to

E :=C(T), with norm ||| := ma72(|x(t)|,
te
where T is a compact Hausdorff space.

Recall that C(T") denotes the vector space of all continuous functions x :
T — R. Also recall that the dual space (C(T))* is norm isomorphic to, and
so can be identified with, the vector space M(T') of all finite regular signed
Borel measures p on T, with norm ||u|| := |p|(T) := u*(T) + u=(T) (see, for
instance, Elstrodt [60]). Here, u* and p~ denote the positive and the negative
variation of u, respectively. The isomorphism between z* € (C(T))* and the
associated p € M(T) is given by

(2*,7) = / 2(t)du(t) Yz e C(T).
T
The signed measure g € M(T) is said to be concentrated on the Borel set
B CTif |u|(T\ B)=0. Now let z € C(T') be fixed. For z € C(T), we set
THz) ={teT|z(t)—2(t) = |7 — 2]},
T=(@) :={teT|a(t) — 2(t) = —[I7 — 2]},
T(z) =T (x)uT (7).

As announced, we consider the functional
wy(z) == ||z — 2]|0, ® € C(T). (4.33)
Proposition 4.6.4 The functional w, defined by (4.33) satisfies

Ow.(z) = {p € M(T) | ||ull =1, u* resp. p~ is concentrated

on T*(Z) resp. on T~(z)} Vi € C(T), (4.34)

w21 (Z,y) = trer;?g) (sgn(a’;(t) — 2(t)) y(t)) Vz,y e C(T). (4.35)
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Proof. Ad (4.34). In view of Proposition 4.6.2 it will do to show that S(z — z)
equals the right-hand side of (4.34).

(I) Let u be an element of the latter. Then it follows that

| @ ==y ane) = [ yanrw - [ )anw

T
:/ () dpt) - () dum(®)
T+(z) T-(2)

= ”'f - Z||OO(U+(T) +H_(T)) = Hj - z”oo

We also have ||u|| = 1. Therefore p € S(T — 2).
(IT) Now let € S(Z — z). Then ||u]| =1 and

12 — 2lloe = /; (2(t) — 2(8)) dyet (8) /; (2(t) — =(8)) dp™ (1)

<z = 2l (1™ (T) + 17 (T) = |7 — 2[los

which implies
/T (2(t) — 2(8)) A () = |17 — 2loo s (T), (4.36)

| @0 ==0) = (0) =~z = 2l =T

Assume there exists a Borel set B C T satisfying BN T+ (z) = 0 and
ut(B) > 0. Then it follows that

Z(t) — 2 dut(t) = ) det o) det
Leo—mato= [ cowros [t

T+ (z)

<l = 2l [ P\ TH@) + 7 (7))
(4.37)

here the sign < holds since ™ (T\T*(Z)) > p*(B) > 0. But the relations
(4.36) and (4.37) are contradictory. Hence T is concentrated on T ().
The argument for p~ is analogous.

Ad (4.35). For ¢t € T let €; denote the Dirac measure on T, i.e., for each Borel

set B C T we have
1 ifte B,
€t(B) = .
0 ifteT\B.

It is well known (see, for instance, Kéthe [115]) that

epS(0) = {e |t € T} U {—¢ |t € T}
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This together with (4.31) and (4.34) gives
S —2)NepS(o)={e|teTT (@)} U{—el|teT (z)}

Applying (4.32), we finally obtain

o (2.9) = s { /| YA, - / RO det<s>}

= max({y(t) |t € T* (@)} U{~y(1) |t € T~ (0)}),

and the latter is equal to the right-hand side of (4.35). O

We now consider the special case E := CJa, b], where a < b. A function Z €
Cla,b] is called peaking function if there exists t* € [a,b] such that |Z(t*)] >
|Z(¢t)| for each t # t*. In this case, t* is called peak point of T.

Proposition 4.6.5 Letw be the mazimum norm on Cla,b], where a < b, and
let z € Cla,b]. Then:

(a) w is H-differentiable at T if and only if T is a peaking function. If t* is the
peak point of T, then one has

(W'(Z),y) = sgn(z(t*))y(t*) Yy e Cla,b). (4.38)
(b) w is nowhere F-differentiable on Cla,b].
Proof. (a) We shall utilize the derivative of the function £ — [¢] at £ € R\ {0}:

tim B e ve 2o,

(I) Let w be H-differentiable at Z. Take t* € [a,b] with w(Z) = |Z(¢t*)].
Now let y € Cla,b] and 7 # 0. Then

w(T +7y) —w(T) = [2(t7) + 7yt — [2(t7)].
Dividing by 7, this implies, respectively,

(W' (@), y) = sgn(@(t*)) y(t*) (letting 7 | 0),

(W'(Z),y) < sgn(z(t*))y(t*) (letting 7 10).

Hence (4.38) holds. It remains to show that t* is unique. Assume,
to the contrary, that with some ¢, # t* we also had w(Z) = |Z(t.)].
According to what has already been shown, it follows that

(W'(Z),y) = sgn(z(t.)) y(t.) Vy € Cla,b]. (4.39)



4.7 Differentiable Norms 83

Choose y € Cla,b] such that y(t.) = 0 and y(¢*) = Z(t*). Then (4.38)
and (4.39) are contradictory. Hence T is a peaking function.

(IT) Now let Z be a peaking function with peak point ¢*. Then T'(Z) = {t*}
and so (4.35) passes into

wi (Z,y) = sgn(z(t")) y(t").

Hence the functional wg(Z,-) is linear and continuous and so is a
H-derivative, i.e., (4.38) holds.
(b) Assume, to the contrary, that w is F-differentiable at some z € Cla, b].
Then w is also H-differentiable at Z (Proposition 3.4.2). According to (a),
Z is a peaking function with a peak point ¢*, and (4.38) holds true. Let
(t,) be a sequence in [a,b] such that ¢, # t* for each n and ¢, — t* as
n — oo. Since t* is a peak point of Z and so Z(t*) # 0, we may assume
that Z(t,) # 0 for each n. Let ¢, : [a,b] — [0,1] be a continuous function
satisfying ¢, (t,) = 1 and ¢, (t) = 0 for each ¢ in a neighborhood of ¢*
(depending on n). Further let

Yn(t) == 25gn(Z(tn)) |2(tn) — Z(t*)| on(t) Vit € [a,b].
Then
[Ynlloo = lyn(tn)l = 2|2(tn) — 2(t7)|. (4.40)
It follows that
_ _ _ _ ok _ 1
12+ ynlloo 2 [2(ta) +yn(ta)l = [Z]loc + |2(tn) = 2(¢")] = 2l + 5 [Ynllc
and so
w(Z+yn) —w(@) _ 1
[yl oo 2

On the other hand, from (4.38) and y, (t*) = 0 we obtain {(w'(Z), y,) = 0.
Since w'(Z) is assumed to be an F-derivative and ||y, |lcc — 0 as n — oo
(see (4.40)), we must have

> Vn. (4.41)

lim W(:Ij + yn) B w(i‘) -0

n—00 1Ynloo

=0.

But this contradicts (4.41). O

4.7 Differentiable Norms

Let again E be a normed vector space and z € E. Notice that, except for
the trivial case E = {o}, the functional w, : ¢ — ||z — z||, € E, cannot be
G-differentiable at z since 7 +— |7|, 7 € R, is not differentiable at 7 = 0. For
points different from z, Proposition 4.1.8 and (4.31) immediately yield
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Proposition 4.7.1 For each T # z the following statements are equivalent:

(a) w, is G-differentiable at T.
(b) w, is H-differentiable at Z.
(¢) S(z — 2) consists of exactly one element.

If one, and so each, of these statements holds true, then S(T — z) = {w,(Z)},
hence
lwl(@)l =1, (W.(2),Z—2) =z -z (4.42)

z

Geometrical Interpretation

Let £ € E, T # o. By Corollary 1.5.5, the point Z is a support point of the
ball B(o, ||Z]|), i.e., it admits a supporting hyperplane.

Lemma 4.7.2 Let T € E, T # o.

(1) If H is a supporting hyperplane of B(o, ||Z||) at Z, then there exists z* €
E* such that H = [z* = ||z]|].
(ii) If z* € E*, x* # o, then the following statements are equivalent:
(a) [z* =||Z||] is a supporting hyperplane of B(o, ||Z||) at Z.
(b) [z* = 1] is a supporting hyperplane of B(o,1) at ﬁ
(¢) z* € S(T).

Proof. (i) Let H = [y* = f], where y* € E*, y* # o, and 8 € R. We may
assume that (y*,y) < g for each y € B(o, ||Z]|) (if (y*,y) > 3, we replace
y* and 8 with —y* and — g, respectively). If we had 8 < 0, then (y*,y) <0
for each y € F and so y* = o, which is not the case. Therefore 5 > 0. Set

.. Lzl
’ B8

T y*. Then we have

yeH — (yy=8 <+ yecl”=|z|.

(ii) We only verify (a) = (c), the remaining implications are immediately
clear. So assume that (a) holds. Then {(x*,Z) = ||Z|| and (z*,y) < ||Z|| for
each y € B(o, ||Z]]). (Choose y := o to see that we cannot have (z*,y) >
|Z]| for each y € B(o, ||Z||).) It follows that

1Z]] = sup{(z™, v) [y € Blo, [z} = [l |-

Here the second equation holds according to the definition of ||z*||. We
thus obtain ||z*|| = 1. Hence z* € S(Z). O

Roughly speaking, the lemma says that S(Z) contains “as many” elements
as there are supporting hyperplanes of B(o,1) at ﬁ This gives rise to Defi-
nition 4.7.3.

Definition 4.7.3 The normed vector space E is said to be smooth if B(o,1)
possesses exactly one supporting hyperplane at each boundary point (in other
words, if S(x) consists of exactly one element for each x # o).



4.7 Differentiable Norms 85

Fig. 4.4

Proposition 4.7.1 (with z = 0) and Lemma 4.7.2 immediately yield:
Proposition 4.7.4 The following assertions are equivalent:

(a) ||| is G-differentiable at each nonzero point.
(b) || - || is H-differentiable at each nonzero point.
(¢) E is smooth.

Example 4.7.5 Figure 4.3 shows B(o, 1) in R? for the Euclidean norm and for
the maximum norm. The Euclidean norm is G-differentiable at each nonzero
point of R? while the maximum norm is not G-differentiable at the corner
points of B(o, 1). The same holds true in R™ for n > 2.

We now refine the investigation.

Definition 4.7.6 The normed vector space F is said to be locally uniformly
conver if the following holds (Fig.4.4):

Vee (0,2] VeeE,|z||=1 Fé(e,z) >0 VyekE:

Iyl =1, lz—yl>e = lz@+yl<1-6(2).

If 5(e, z) can be chosen to be independent of x, then E is said to be uniformly
conver.

It is clear that with respect to the maximum norm, R™ for n > 2 is not
locally uniformly convex. However, we have the following positive results.
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Example 4.7.7 If E is a Hilbert space, then F is uniformly convex with
respect to the norm generated by the inner product. In fact, the parallelogram
identity reads

I3+l =3 (= + 1o]*) - 3l - o]”

Hence, given € > 0, we obtain for all =,y € E satisfying ||z — y|| > ¢,

2
lferwl’ <1-g<(1-5)

i.e., we may choose (¢, z) := % which is independent of . In particular, R"
is uniformly convex with respect to the Euclidean norm.

Example 4.7.8 For any measure space (X,%, 1) and each p € (1,400), the
Lebesgue space LP(X, 2, 1) is uniformly convex (Theorem of Clarkson). We
verify this for p > 2; for 1 < p < 2 see, for instance, Cioranescu [32].

(I) We first show that for arbitrary a,b € R and p > 2 we have
la+ b +a—bP <227 (|af” + [bP). (4.43)

Leta > 0,8 > 0,and set ¢ := \/042—1—62.Then0<%<1and0<%<1,

hence )
a\P B\? a\ 2 Jé]
hnd ) < (= Z) =
(c) +(c> _(c> +(c) L
and 5o a? 4 37 < c? = (a? + ($%)P/2. We deduce that
la+ b7+ a—blP < (la+b]> +a—b2)"? = 20/2(|a]? + [b])"/*. (4.44)

Since % + % = 1, the Hélder inequality (applied to § and ﬁ) yields

2/ _ _
a1+ 162 1] < ()" + (%)) LD = (Jaf +[pr) 25

This together with (4.44) gives (4.43).
(II) Now we show that LP(X,2, u) is uniformly convex. For all f,g €
LP(X, 2, 1) the inequality (4.43) implies

1507+ 9ll; < 3G+ llglly) = 25117 = gl

Now we can argue as in Example 4.7.7.

Locally uniformly convex spaces have a nice convergence property. To de-
scribe it, we introduce the following concept. The norm || - || of a Banach space
E is said to be a Kadec norm if x,, — = and ||z, || — ||z|| as n — oo implies
Ty, — T 88 N — 00.
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Lemma 4.7.9 The norm of a locally uniformly convex Banach space is a
Kadec norm.

Proof. Let x,, — 2 and ||2,,|| — ||z||. The conclusion is obvious if z = 0. So
let © # 0 and set y := ﬁ, Yp 1= H;—ZH which makes sense for all n sufficiently

large. Tt follows that %, +y ~ 2y. Hence (y, + y) considered as a sequence
in E** is bounded (Banach—Steinhaus theorem). More precisely, we have

2 = |[2y[| <liminf ||y, +y|| <limsup [ly, +yl| < lim [[y.| + [[y] =2
n—oo n—o00 n—oo

and so lim, o ||yn +y|| = 2. Since E is locally uniformly convex, we conclude
that lim, oo |lyn — y|| = 0 and so (since ||x,|| — ||z|) we finally obtain
|z — || — 0. O

Proposition 4.7.10 Let E be reflexive and E* locally uniformly convex.
Then the norm functional w is continuously differentiable on E\ {o}.

Proof. (I) Let x € E, x # o. We show that S(z) contains exactly one
element. Assume that «7, 25 € S(z), i.e., ||z}]| =1 and (z}, z) = ||z|| for
i =1,2. We then have

X
2 = lat]? + a2 = <x*f ”3’||x||> < e + 3] 1

and so ||3(z} 4+ 23)|| > 1. Since E* is locally uniformly convex, we
conclude that = = x5 (otherwise we could choose (e, z) > 0 for € :=
27 — @3]]).

(IT) By step (I) and Proposition 4.7.1 we know that w is G-differentiable
at each nonzero point. Now we show that x,, — x implies w'(z,) —
w'(x) as n — oo. Thus let z,, — z. Since S(z,) = {w'(z,)}, we have
lw' ()] = 1 for each n. Since £ is reflexive, some subsequence (w'(zy, ))
of (w'(xy)) is weakly convergent to some y* € E* as j — oo. For each
y € E we thus obtain

(" y) = lim (W' (2n,),y) < lim [ (2] -yl = [ly]
J—0o0 J—00
and so ||y*|] < 1. Moreover, we have

* )= lim (W' (2,.), 20,y = lim ||z, | = |z|.
') = Jim (oo, n,) =) Tim [, = o]
Therefore y* € S(x) and step (I) tells us that y* = w'(z). Since each
weakly convergent subsequence of (w'(z,,)) has the same limit w’'(x), we

conclude that
W (2n) = W (). (4.45)
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(III) Now let z,, — x. We then have
W' (@)l = [lznll = Nzl = o' (2)]].
This together with (4.45) gives w'(x,,) — w'(x) by Lemma 4.7.9. O

Example 4.7.11 The space L? := LP(X, 2, ), where 1 < p < 400, is reflex-
ive and the dual space can be identified with LY, where * + 1 = 1. Moreover,
by Example 4.7.8, L is uniformly convex. Proposition 4.7.10 therefore im-
plies that the norm w := | - ||, is continuously differentiable away from zero.
Explicitly we have

W(x) = sgn(w) |z[P~t Yz e 1P\ {o}.

1
[l

This is easily verified by showing that the right-hand side is an element of
S(x).

Example 4.7.5 showed that the differentiability properties of the norm may
change by passing to an equivalent norm. In this connection, the following deep
result is of great importance; concerning its proof we refer to Cioranescu [32],
Deville et al. [50], or Diestel [51].

Theorem 4.7.12 (Renorming Theorem) If E is a reflexive Banach
space, then there exists an equivalent norm on E such that E and E* are both
locally uniformly convex.

Definition 4.7.13 The Banach space FE is said to be Fréchet smooth if it
admits an equivalent norm that is F-differentiable on F \ {o}.

Recall that by Corollary 4.3.4 the norm functional is F-differentiable if and
only if it is continuously differentiable. Hence Theorem 4.7.12 together with
Proposition 4.7.10 leads to:

Proposition 4.7.14 If E is a reflexive Banach space, then there exists an
equivalent norm on E that is continuously differentiable on E \ {0}, and the
same holds true for the associated norm on E*. In particular, every reflexive
Banach space is Fréchet smooth.

For later use we present the following result; for a proof we refer to Deville
et al. [50] and Phelps [165].

Proposition 4.7.15 Every Fréchet smooth Banach space is an Asplund
space.
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4.8 Bibliographical Notes and Exercises

The theory of the subdifferential and the conjugate of convex functionals
as well as its various applications originated in the work of Moreau and
Rockafellar in the early 1960s (see Moreau [148] and Rockafellar [177]). The
now classic text on the subject in finite-dimensional spaces is Rockafellar [180].
Concerning finite-dimensional spaces, see also Bazaraa et al. [11], Borwein
and Lewis [18], Elster et al. [59], Hiriart-Urruty and Lemaréchal [88,89], and
Rockafellar and Wets [189] (comprehensive monograph).

In the infinite-dimensional case, we recommend Aubin [6] (application to
mathematical economics), Barbu and Precupanu [9] (application to control
problems), Ekeland and Temam [58] (application to variational problems
involving partial differential equations), Ioffe and Tikhomirov [101] (ap-
plication to the calculus of variations and control problems), Pallaschke
and Rolewicz [156] (abstract approach with many concrete applications),
Pshenichnyi [170] (application to control problems), Schirotzek [196] (ap-
plication to the calculus of variations), and Zeidler [221] (comprehensive
monograph with many applications). For applications of the conjugation to
density functionals in quantum physics see Eschrig [62].

The results on Asplund spaces in Sect.4.3 are mainly taken from
Phelps [165]. Theorem 4.3.18 is essentially due to Preiss and Zajicek [167],
our presentation follows Phelps [165]. Theorem 4.3.19 was established by
Asplund [3]. The famous renorming result of Theorem 4.7.12 is due to
Kadec [108] and Troyanski [208]. Concerning differentiability properties of
convex functionals, especially of the norm functional, see also Beauzamy [13],
Cioranescu [32], Deville et al. [50], Diestel [51], Sundaresan [205], and Ya-
mamuro [216]. For applications to approximation theory see Braess [27],
Krabs [112], and Laurent [118].

Exercise 4.8.1 Let & : F = F be a multifunction between Banach spaces F
and F'. Verify the following:

(a) @ is upper semicontinuous if and only if for any open set V' C F the set
{zr € E|®P(x) CV} is open.

(b) @ is lower semicontinuous if and only if for any open set V' C F' the set
{zr € E|P(x) NV # 0} is open.

Exercise 4.8.2 Let f : E — R be proper and convex, and continuous on the
nonempty set int domf. Show that f is G-differentiable at Z € intdomf if
and only if there exists a selection ¢ : E — E* of f which is norm-to-weak™*
continuous at & (cf. Proposition 4.3.3).

Exercise 4.8.3 Prove Proposition 4.3.5.
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Exercise 4.8.4 Verify Proposition 4.3.7.

Exercise 4.8.5 Verify the necessity part of Lemma 4.3.11.
Exercise 4.8.6 Prove Lemma 4.3.17.

Exercise 4.8.7 Prove Proposition 4.4.1.

Exercise 4.8.8 Show that the duality mapping J : E = E* satisfies J(z) =
|z]| S(x) for any « € E (cf. Remark 4.6.3).

Exercise 4.8.9 Let E be a Banach space and assume that the duality map-
ping J : E = E* is linear, ie., * € J(x), y* € J(y), and A € R imply
¥ +y* € J(z +y) and Az* € J(Ax). Show the following:

(a) F is a Hilbert space.

(b) J is single-valued and satisfies (J(z),y) = (y| ) for all z,y € E, i.e., J is
the norm isomorphism of F onto E* according to the Riesz representation
theorem.

Exercise 4.8.10 Let L be a linear subspace of the normed vector space F,
let f : E — R be proper and convex, and let Z € LNdom f. Denote by dr f(%)
the subdifferential of f|L (the restriction of f to L) at . Verify the following
assertions (cf. Singer [199]):

(a) For any z* € ep(0 f(Z)) there exists y* € ep(9f(Z)) such that y*|L = x*.
(b) If dim L = n, then for any z* € ep(dr f(z)) there exist yf,...,y5 1 €
ep(0f(z)) and A1,..., Apt1 > 0 such that

n+1 n+1
Z)\i:]_ and Z)\Zyl*(x):m*(m) Vae L.
i=1 i=1

Hint: By a Theorem of Carathéodory, any point of a compact convex
subset C' of R™ is the convex combination of at most n+ 1 extreme points

of C.
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Optimality Conditions for Convex Problems

5.1 Basic Optimality Conditions

We consider the following basic convex optimization problem:
(P1) Minimize f(x) subject to z € M,

which we also formally write f(z) — min, x € M. We assume that

f:E — R is a proper convex functional,

M is a nonempty convex subset of dom f.

Theorem 4.1.3 shows that under this assumption, fg(Z, -) exists as an R-valued
functional.

The point T € M is called a global minimizer of f on M, or briefly a global
solution of (P1), if f(z) < f(z) for any x € M. Moreover, Z € M is called a
local minimizer of f on M, or briefly a local solution of (P1), if there exists a
neighborhood U of Z in E such that f(z) < f(z) forany z € M NU.

Proposition 5.1.1 The following statements are equivalent:

(a) T is a global solution of (P1).
(b) Z is a local solution of (P1).
(¢c) fa(@,x —x) >0 for allx € M.

Proof. (a) = (b) is clear.
(b) = (c): If (b) holds, then for some neighborhood U of Z, we have f(y) —
f(@) >0 for each y € MNU. Now let € M. Since M is convex, we see that

y=Z+7(x-)=1me+(1-71)zeM Vre(01).
Further, if 7 € (0, 1) is sufficiently small, we also have y € U and so

7@+ )~ 1@) 2 0.

T
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Letting 7 | 0, the assertion follows.
(¢) = (a): Theorem 4.1.3 shows that fg(Z,x — %) < f(z) — f(Z) for any
x € M. Hence (c) implies (a). O

Condition (c) is called variational inequality (as x varies over M). Some-
times a variational inequality passes into a wvariational equation.

Corollary 5.1.2 Assume that T € int M and f : M — R is G-differentiable
at T. Then the following conditions are equivalent:

(a) f(Z) = mingepn f(z)  (minimum problem).
(b) (f'(z),y) =0 Yy € E (variational equation).
() f'(z) =0 (operator equation).

Proof. By Proposition 5.1.1, (a) is equivalent to
(f(z),x—z)>0 YzeM. (5.1)

Since the implications (b) = (5.1) and (b) <= (c) are obvious, it remains
to show that (5.1) implies (b). Thus let y € E be given. Since Z is an interior
point of M, we have x := Z + 7y € M whenever 7 € R is such that |7]| is
sufficiently small. Hence for these 7 we deduce from (5.1) that 7(f'(z),y) > 0.
Therefore (b) holds. O

5.2 Optimality Under Functional Constraints

We consider the following convex optimization problem:

(P2) Minimize f(x)
subject to g;(z) <0 (i=1,...,m), = € A,

which of course means
minimize f(z) on M :={x € E| g;(x) <0 (i=1,...,m), x € A}.

In this connection, the assumptions are:

(A) f,g91,...,9m : E — R are proper convex functionals,
A is a nonempty convex subset of D := dom f Ndomg; N---Ndom g,,.

Our aim is to characterize points £ € M that minimize f under the func-
tional constraints g;(x) <0 (i =1,...,m) and the residual constraint x € A.
We therefore consider the statement

(Min 2) z € M is a global solution of (P2).

We define functionals L : D x RT"H —Rand L: D xR} — R by
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Lz A pas o pim) = Af( +ngz

Lz pn, oy pin) o= f) + Z.Uigi(x)

The functionals L and L are called Lagrange functionals associated with (P2).
Furthermore, the point (Z,f1) € A x R, where fi := (fi1,...,[im), is called
saddle point of L with respect to A x R if

L(z,p) < L(z,p1) < L(z, 1) V(x,p) € AxRY.

We consider the following statements:

(L) I Jix, - fim) € RTH\ {0} -
LN, fins - - i) :gleigf(x;i\,ﬂl,...,ﬂm),
gigi(@)=0 (i=1,...,m).

(L) 3(a,- .. ) €RY
L(z;pia, ..o im) = IwnEiEL<x;ﬂla---7ﬂm)7
gigi(Z)=0 (i=1,...,m).

(SP) I e R : (z, 1) is a saddle point of L with respect to A x R'.
Finally we consider the Slater condition
dzg € A: gi(zg) <O0for i=1,...,m. (5.2)

Theorem 5.2.1 (Global Kuhn—Tucker Theorem) Let the assumptions
(A) be satisfied.

(a) There always holds

~

(SP) = (L) = (Min2) = (D).

(b) If the Slater condition (5.2) is satisfied, then there holds

~

(SP) <= (L) <= Min2) <= (L)

Proof. (a) (SP) <— (L) = (Min2): Exercise 5.6.1.
(Min2) = (L): Define

K = {7(]0(1')*f(j)vgl(x)a"'agm ) |517€A}
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Since the functions f, g1, ..., gm are convex, K is a convex subset of R™*1,
Furthermore, (Min 2) implies K Nint RT+1 = (). By Corollary 1.5.4, there
exists ji := (A, i1, ..., fim) € R™T! satisfying

p#o, (hly) <0VyeK, (ilz)> OVzE]RT“.
The assertion now follows immediately.

(b) It suffices to show that (L) implies (L). Assume that (L) holds with A = 0.
Then we have (fi1,...,[Am) # o and so, by (5.2), f; gi(xo) < 0 for at
least one i € {1,...,m}. On the other hand, the minimum property of (L)
entails

0= figi(z) <> figi(z) Yz €A,
i=1 =1

which is contradictory. Hence A # 0 and we may (replacing fi; by fi; / A if
necessary) assume that A = 1. Therefore, (L) holds. O

Remark 5.2.2 (a) Roughly speaking, Theorem 5.2.1 states that the mini-
mization of f under functional and residual side conditions can be replaced
by the minimization of the Lagrange functional L or L under the residual
side condition x € A alone, the functional side conditions being integrated
into the Lagrange functional.

(b)If A = 0, then the functional f to be minimized does not appear in the
optimality conditions. In this case, the conditions are not well suited for
detecting possible minimizers. A condition ensuring that A # 0, and so
(L) <= (L), is called regularity condition. Theorem 5.2.1(b) shows that
the Slater condition is a regularity condition. A more thorough study of
regularity conditions shows that these are generally conditions on the con-
straint functionals (as is the Slater condition). Therefore regularity condi-
tions are also called constraint qualifications.

We now establish local optimality conditions for (Min 2) by using subdif-
ferentials. Consider the following statements.

(1) 3N i, im) € RPN {0}
0 € NOf(Z) + [11091(T) + - + fimOgm (Z) + 05.4(Z),
g gi(Z)=0 (i=1,...,m).
(KKT)
3(fi1, .-, fim) ERT
0 € 0f(Z) + 11091(Z) + -+ + [l Ogm (T) + 00.4(Z),
gigi()=0 (i=1,...,m).

The conditions (J) and (KKT) are the (Fritz) John conditions and the
Karush—Kuhn—Tucker conditions, respectively.
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Theorem 5.2.3 (Local John—Karush—-Kuhn—Tucker Theorem) In
addition to the assumptions (A), let the functionals f,g1,...,9m be con-
tinuous at some point of ANint D.

(a) There always holds (KKT) = (Min 2) = (J).

(b) If the Slater condition (5.2) is satisfied, then there holds (KKT) <=
(Min 2) <= (J).

Proof. See Exercise 5.6.2.

Remark 5.2.4 (a) Since —064(Z) = {z* € E*|(z*,Z) = ngll(x*,a:}}, the
John condition (J) is equivalent to

IO Fi1, - im) €ERTTIN\ {0} 32* € df(7) Tyf €0gi(7) (i=1,...,m):

(;x*+ﬁ1y;+...+ﬂmy;)(@):ng‘l(Xz*+ﬂ1yi‘+---+ﬁmyfn>(w),

ﬁzgz(a_c) =0 (’L = 1,...,m).
(b)If f is continuous at a point of A Nintdom f, then

f(@) —;nelillf(x) — 3Ja*e€of(x): (z",7) = ;I{l:_lill<x LX),
This follows from Theorem 5.2.3(b) by choosing m = 1, g1(x) := —1 if
z €D, g1(x):=4ccifx e E\D.
(c) If f is continuous at a point of A Nintdom f and G-differentiable at Z,
then
f(@)=min f(z) < (f'(z),2—%)>0Vze A
TEA

If, in addition, Z € int A (in particular, if A = E), then

f(z) = Hgﬂf(x) — (f'(z),y)=0VyeE < [f(z)=o.
This follows from (b) above noting that now df(z) = {f'(Z)} by Proposi-
tion 4.1.8.

Remark 5.2.4(b) and Proposition 5.1.1 give the following result.

Proposition 5.2.5 Let f : E — R be a continuous convex functional, let A be
a nonempty conver subset of E, and let T € A. Then the following statements
are equivalent:

(a) f(Z) = mingea f(2).
(b)yJz* € 0f(Z) : (2%, %) = mingea(z*, x).
(c)Vx e A: fa(Z,x—1T) > 0.
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5.3 Application to Approximation Theory

Let A be a nonempty subset of £ and z € E. Recall that an element T € A
is said to be a best approzximation of z with respect to A, or a projection of z
onto A, if
& — 2] = min 2 — 2|1
z€A

We write proj 4(z) for the set (possibly empty) of all projections of z onto A,
i.e., we put
proja(z) :={z € A ||z - z| = da(2)},

where d 4 denotes the distance function. This defines the multifunction proj 4 :
E = FE, called the projector associated with the set A. It is clear that z € A
implies proj,(z) = {z}. We now assume that

A C F is nonempty and convex, and z € E \ A.

Our aim is to characterize proj,(z). This can be done by applying the pre-
ceding results to the functional

f(@):=|z—z||, =ze€kE. (5.3)

Best Approximation in a Hilbert Space

Proposition 5.3.1 Let E be a Hilbert space with inner product (z|y). Then
one has
Zeprojulz) <= (z—Z|lxz—7)<0 VzeA

Proof. See Exercise 5.6.3. a
Remark 5.3.2 Recall that, by the Cauchy—Schwarz inequality, the formula

(z—Z|z—1T)
oSy 1= —————————
el -z

defines an angle «, for any © € A, x # z. Proposition 5.3.1 thus says that
Z is a projection of z onto A if and only if a, is obtuse (see Fig.5.1, where
E =R?).

If A is a linear subspace of F, then
At ={ye FE|(ylz)=0 Vzc A}

denotes the orthogonal complement of A. As an immediate consequence of
Proposition 5.3.1 we have:

Corollary 5.3.3 Let E be a Hilbert space and A a linear subspace of E. Then
T € proj4(2) if and only if z — & € AL (see Fig. 5.2, where E = R3?).
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Best Approximation in a Normed Vector Space

We want to characterize best approximations in an arbitrary normed vector
space. From Propositions 4.6.2 and 5.2.5 we immediately obtain:

Proposition 5.3.4 (Characterization of Best Approximations) If FE
is a normed vector space, the following statements are equivalent:

(a) T € proj4(2).
(b)yJaz* € S(z—2): (z*, &) = min(z*, x).

€A
(c)Va e A: max{(y*,x —z) |y* € S(z —2)NepS(0)} > 0.

Best Approximation in C(T)
Now we apply the above results to

E = T ith =
C(T), with norm |||/« rgl&g{|x(t)|,

where T is a compact Hausdorfl space. We consider the functional
wy(z) = ||z — 2]|e0, ® € C(T). (5.4)

Concerning the terminology, we refer to Sect. 4.6.

Combining Propositions 4.6.4 and 5.3.4(a)<(c), we obtain the follow-
ing characterization of best approximations in C(7'). Notice that in the
Kolmogorov condition the signum operation can now be omitted.
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Proposition 5.3.5 Let A be a nonempty convex subset of C(T), let z €
C(T)\ A, and let T € A. Then the following statements are equivalent:

(a) T € proj4(z).
(b)Vz f A+ maxger(r) (Z(t) — 2(t)) (x(t) — z(t)) >0  (Kolmogorov condi-
tion).

We leave it to the reader to formulate the corresponding characterization
following from Proposition 5.2.5(a)<(b).

As a special case, we now choose T' = [a,b]. Recall that each (positive)
Borel measure v on [a, b] is regular and can be represented by a nondecreasing
right continuous function ¢ : [a,b] — R such that

/ z(t)dv(t) = / z(t)dy(t) Vo e Cla,b,
[a,b] [a,b]

the integral on the right-hand side being a Riemann—Stieltjes integral. In this
connection, we have

Y(x) = V(<aa (ﬂ]) Va € (a,b], ¢(a)=0.

Moreover, for each Borel set B C [a,b] we have

v(B) = inf {i(ﬂ@) - 1#(%‘)) ‘B c @(%bi]} : (5.5)

i=1

It follows that the Borel measure v is concentrated on the Borel set B C [a, b]
if and only if the associated function ¢ is constant except for jumps at the
points t € B.

Let p € Mla,b] be given. Applying what has just been said about v to
uT and p~, we obtain nondecreasing right continuous functions ¢t and ¢~
on [a,b]. Then the function ¢ := ¢ — ¢~ is right continuous and of bounded
variation on [a, b], and we have

/ 2(t) du(t) = / 2(t)de(t) ¥z € Cla,b.
[a,b] [a,b]

Recall that T'(z) :={t € T | |Z(t) — 2(¢)| = ||Z — 2||c }- Now we can establish
the following;:

Proposition 5.3.6 (Classical Chebyshev Approximation) Let A de-
note the set of (the restrictions to [a,b] of) all polynomials of degree at most
n, where n € N. Further let z € Cla,b] \ A. If & € A is a best approxzimation
of z with respect to A, then the set T(Z) contains at least n + 2 points.

Proof. According to Propositions 4.6.4 and 5.2.5, and by what has been said
above, there exists a right continuous function ¢ of bounded variation on [a, b]
that is constant except for jumps on T(Z) (Fig. 5.3) and satisfies
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17 = 2l[o -

=z -zl -

Fig. 5.3

/ z(t)dp(t) =0 Vze A (5.6)
[a,b]

The latter result follows from the fact that (x*,Z) = mingeca(z*, z) is
equivalent to (x*,Z) = 0 since in the present case A is a linear subspace of
Cla,b]. Now suppose that T'(Z) contains only m elements t1,...,%,,, where
m < n + 2. We may assume that a < t; < to < --- < t,, < b. For k €
{1,...,m} define

m

(t) = [t - t:), t € [a,0].
ik
Then z is (the restriction to [a, b] of) a polynomial of degree m — 1 and so
belongs to A. In view of (5.6), we obtain

0= /[ ) z(t) dp(t) = Zx(ti)(@(ti) —(t; — 0)) = z(t) (p(tr) — p(tx — 0)).

As x(ty) # 0, it follows that ¢ is continuous at tj, which is a contradiction. O

5.4 Existence of Minimum Points and the Ritz Method

In this section and in Sect. 5.5 we digress from the main road of these lectures,
briefly discussing the ezistence of minimizers of

f: M —R,

where M is a nonempty subset of a normed vector space E. We start with a
definition.

Definition 5.4.1 A sequence (z,,) in M is said to be a minimizing sequence
for f if limy, oo f(2n) = infrenr f(2).
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It is clear that a minimizing sequence for f always exists but it need not be
convergent. If it happens to be convergent, the limit may fail to be a minimizer
of f. The starting point for existence results is a generalization of a well-known
Weierstrass theorem.

Proposition 5.4.2 Let M C FE be (weakly) sequentially compact and f :
M — R (weakly) sequentially lower semicontinuous. Then:

(a) There exists T € M satisfying f(T) = mingenr f(2).
(b) Every minimizing sequence for f contains a subsequence that (weakly) con-
verges to a minimizer of f on M.

Proof. Let (z,) be a minimizing sequence for f. Since M is (weakly) sequen-
tially compact, some subsequence () of (x,) is (weakly) convergent to some
Z € M. Since f is (weakly) sequentially l.s.c., it follows that

f(z) <liminf f(x,;) = lim f(z,)= inf f(z). O
j—o0 n— 00 zeM

Concerning the assumptions of Proposition 5.4.2, observe that sequential
compactness of M is too restrictive for most applications. In general, even
weak sequential compactness is not appropriate. We tackle this problem in
the following way:

1. We assume that E is a reflerive Banach space. Then by the Eberlein—
Smulian Theorem (Theorem 1.6.7), each bounded, sequentially closed sub-
set M is weakly sequentially compact.

2. In order to get rid of boundedness which is still too restrictive, we replace
this hypothesis on M by an hypothesis on f to be defined now.

Definition 5.4.3 The functional f : M — R is said to be coercive
if for any sequence (z,) in M satisfying lim, . ||Zn]| = 400 one has
limsup,, o f(xn) = +0o0.

We consider the following assumptions:

(Al) FE is a reflexive Banach space,
M is a nonempty, weakly sequentially closed subset of F,
f: M — R is weakly sequentially l.s.c.,
either M is bounded or f is coercive.

Theorem 5.4.4 Under the assumptions (Al), the following holds:

(a) There exists T € M such that f(Z) = mingeps f(x).
(b) Each minimizing sequence for f contains a subsequence that weakly con-
verges to a minimizer of f on M.

Proof. (I) As discussed above, if M is bounded, the assertion is a consequence
of Proposition 5.4.2 and the Eberlein-Smulian Theorem.
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(IT) Assume now that M is unbounded and f is coercive. Choose some 2o € M
and set My := {x € M| f(z) < f(x0)}. Notice that

it (@) = nf f(a). (57)
Since M is weakly sequentially closed and f is weakly sequentially 1.s.c. on
M, the set My is weakly sequentially closed. Moreover, since f is coercive,
My is bounded. By Proposition 5.4.2(a), f has a minimizer on M, which
by (5.7) is also a minimizer of f on M. This proves (a). Concerning (b),
notice that each minimizing sequence for f in M is eventually in My so
that Proposition 5.4.2(b) applies with M replaced by M. O

The example f(z) = e”, € R, shows that a minimizer may fail to exist
if M is unbounded and f is not coercive.

Corollary 5.4.5 Let E be a finite-dimensional Banach space and M a non-
empty closed subset of E. Then proj,,(z) is nonempty for any z € E.

Proof. This follows immediately by applying Theorem 5.4.4 to f(x) := ||z—z||,
r e k. O

Now we pass from (A1) to assumptions that are easier to verify:

(A2) E is a reflexive Banach space,
M is a nonempty, convex, and closed subset of F,
f: D — R (where D C E is open and contains M) is strictly convex
and G-differentiable on M,
either M is bounded or f is coercive on M.

Theorem 5.4.6 Under the assumptions (A2), the functional f has precisely
one minimizer T on M, and each minimizing sequence for f on M is weakly
convergent to T.

Proof. (I) First we show that the strict convexity of f entails that f has at
most one minimizer on M. Suppose, to the contrary, that z; and x5 are
minimizers of f on M with z1 # x4 and f(z1) = f(z2) =: a. Then

f (%iﬂl + %xz) < %f(ﬂﬂl) + %f(xz) =a,

which is a contradiction.

(IT) By Corollary 1.6.6, M is weakly sequentially closed. By Propositions 1.7.3
and 4.1.9, f is weakly sequentially l.s.c. Hence the assumptions (A1) are
satisfied so that Theorem 5.4.4 applies. By statement (b) of that theorem,
all weakly convergent subsequences of a minimizing sequence (z,) for f
have the same limit Z; hence the entire sequence (z,,) is weakly convergent
to . O
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With a given b* € E*, we now consider the following statements:

f@) — (", z) = Hgg(f(x) — (b*,z)) (minimum problem), (5.8)
(f'(z)-b",y)=0 VyekE (variational equation), (5.9)
f(z)=0b" (operator equation). (5.10)

We specify the assumptions:

(A3) E is a reflexive Banach space, f : E — R is G-differentiable,
f’ is uniformly monotone (with constants ¢ > 0 and vy > 1).

Theorem 5.4.7 If (A3) is satisfied, then for each b* € E* the following
holds:

(a) The problems (5.8)—(5.10) are mutually equivalent and have precisely one
solution T € F.

(b) Each minimizing sequence (x,,) for f —b* is convergent to T, and one has
the error estimate

sllxn —zl|" < (f = b)) = (F = 7)(2). (5.11)

Proof. (a)Set g := f — b*. Then g is G-differentiable with ¢’(z) = f’'(x) — b*
for any x € F and so ¢’ is also uniformly monotone with constants ¢ and ~.
(I) The equivalence of (5.8) and (5.9) follows from Corollary 5.1.2. The
equivalence of (5.9) and (5.10) is obvious.
(IT) Ezistence and uniqueness. By Proposition 4.3.9, g is strictly convex
and

c
9(y) —g(x) > (¢'(x),y — =) + ;Hy —zl]Y Va,yeE. (5.12)
We deduce that

9(y) — g(0) = llyll (=lg'(=)]| + %Hyll”_l)

The term in parentheses is positive if |ly|| is large enough, hence g is
coercive. By Theorem 5.4.6, g has precisely one minimizer € E.
(b) We have ¢'(Z) = o. If (z,,) is any minimizing sequence for g, then (5.12)
with z := x gives

Zflan = 2| < g@a) — 9(2) =0 asn—o0. O

Y
Remark 5.4.8 Theorem 5.4.7, in particular, shows that under the assump-
tions (A3) the G-derivative f’ is a bijective mapping of E onto E*. This
observation closes the gap in the proof of Proposition 4.4.3.
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The Ritz Method

We now describe a method for constructing a minimizing sequence and so for
approximately calculating a minimizer. The basic idea is to replace the original
problem, which is placed in an infinite-dimensional space, by a sequence of
finite-dimensional problems.

Suppose that E is an infinite-dimensional normed vector space. A count-
able subset {zj | k € N} of E is called basis of E if finitely many zj, are always
linearly independent and one has

E=cl U E,, where E, :=span{zi,...,2,}.
neN
Using transfinite induction, it is easy to prove:
Lemma 5.4.9 If E is separable, then E possesses a basis.

The Ritz method consists in replacing, for each n € N, the problems (5.8)
and (5.9) by the following n-dimensional problems:

f(@,) = (b",2,) = min (f(z,) — (b*,2,))  (Ritz minimum problem),

zn€Ey,
(5.8a)
(f'(zp)—b"2zk) =0 Vk=1,...,n (Ritz equations).
(5.9a)

For a given basis {z; |k € N} of E, each %, € E, is representable as
Ty = Z?:1 &;zj, where &; € R. Hence, (5.9a) is a system of n equations (in
general nonlinear) for (£1,...,&,) € R™ and so can be solved by numerical
methods. This yields a numerical approximation of z,,. We shall not pursue
the numerical aspect. Rather we assume that the exact z,, is known and ask
how it is related to a solution Z of the original problems (5.8) and (5.9).
We shall give a convergence proof for the special case that f is a quadratic
functional of the form

f(z):=1a(z,z), z€E. (5.13)
In this connection, we make the following assumptions:

(A4) E is an infinite-dimensional separable reflexive Banach space with basis
{z|k € N}, a : E x E — R is bilinear, symmetric, bounded, and
strongly positive, b* € E*.

Recall that a is said to be bounded if with some constant x > 0,

la(z,y)| < kllzll |yl Vz,y€E, (5.14)
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and a is said to be strongly positive if with some constant ¢ > 0,
a(z,r) > clz||*> Ve FE. (5.15)

If (A4) holds, then by Example 4.3.6 the functional f defined by (5.13) is
continuously differentiable, the derivative is given by (f'(x),y) = a(x,y) for
all z,y € E, and f’ is strongly monotone with constant ¢. The problems (5.8)
and (5.9) now pass, respectively, into

La(z,z) - (b*,2) = ;nelg(% a(z,z) — (b*, ), (5.16)
a(Z,y) — (b*,yy =0 VyeE. (5.17)

The associated Ritz problems are

La(@n, T,) — (b, Zn) = Hlég (5 a(@n, xn) — (b", 2)), (5.16a)
a(Zp,2i) — (0", 2) =0 VEk=1,...,n. (5.17a)

Notice that the minimum problems (5.16) and (5.16a) are quadratic, the
variational equations (5.17) and (5.17a) are linear-

Theorem 5.4.10 If (A4) holds, then:

(a) The problems (5.16) and (5.17) are equivalent and possess precisely one
solution T € E.
(b) For each n € N, (5.16a) and (5.17a) are equivalent and possess precisely
one solution =,, € F,,.
(¢) The sequence () is minimizing for f —b*, converges to T as n — oo, and
satisfies
|1Zn —2|| < £d(z, E,) VneN.

Here, f, k, and ¢ are as in (5.13), (5.14), and (5.15), respectively.

Proof. (I) Example 4.3.6 shows that, with f according to (5.13), the
assumptions (A3) are satisfied. Therefore assertion (a) is a consequence
of Theorem 5.4.7. Analogously, applying Theorem 5.4.7 with E replaced
by E, yields (b).

(IT) Convergence. From (5.17) with y = y,, and (5.17a) we see that

a(T — Tp,yn) =0 Yy, € E, (5.18)
and, in particular, a(Z — T, Z,) = 0. This and (5.18) yield
(T — Tp, T —Tp) = a(T —Tp, T —Yn) Vyn € Ep,.

Since a is strongly positive and bounded, we deduce

cllz - j7z||2 S KT = Zall |17 —yull Vyn € En
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and so

o=@l <5 it [z~ yul = 5 (@, En).
Since E,, C Ey,11 for all n and J,, Ey, is dense in E, we have d(z, E,,) — 0
as n — oo. Hence Z,, — & as n — oo. This also shows that the sequence
(Z,,) is minimizing for f — b* as the latter functional is continuous. O

5.5 Application to Boundary Value Problems

Our aim in this section is to apply Theorems 5.4.7 and 5.4.10 to a boundary
value problem. We start by introducing some notation. Let G be a bounded
region in RV, with boundary G and closure G = GUAJG. Recall that a region
is a nonempty open connected set. We set
CF(G) := set of all continuous functions u : G — R with continuous
partial derivatives up to and including order k on G such that
the partial derivatives can be continuously extended to G.
C2°(G) := set of all continuous functions v : G — R having continuous
partial derivatives of arbitrary order on GG and vanishing
outside a compact subset of G (that depends on w).

In particular, C(G) := C°(G) denotes the set of all continuous functions
on G. We write z = (x1,...,zy) for the independent variable ranging over G
and we denote by D, differentiation with respect to the ith coordinate, where
i=1,...,N.Let p € (1,+00) be fixed. We consider the Lebesgue space L?(G)

with norm
1/p
full = ([ fupao)
G

WP (G) := {u € LP(G) | Dju exists in LP(G) for i = 1,..., N},
WP (G) := closure of C°(G) in WHP(G).

and the Sobolev spaces

In this connection, D;u now denotes the generalized derivative of u with
respect to the ith coordinate. By definition, D;u is an element of L?(G) that
satisfies the integration-by-parts formula

/ (Diju) vdz = —/ u (D) dz Vo e CX(G). (5.19)
el G

The norm in WHP(G) is given by

N 1/p
[ull1,p = </G<U|p + ; |Diu|p> da:) .
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On W{™(G), the following norm || - [|1,,.0 is equivalent to || - ||1.,:

N 1/p
el = ( / ZIDiul”dw> -
Gi=1

WLP(G) and W(l)’p (@) are separable reflexive Banach spaces. In particular,
WH2(G) and Wé’Z(G) are Hilbert spaces with respect to the inner product

N
(w]v)1,2 = /G(uv + i_ZlDiuDiv)dx.

~We start with the following classical boundary value problem. Given g €
C(G), find u € C?(G) satisfying

N
— ZDi(|DiU|p_2DiU) =gonG, u=0 ondG. (5.20)
i=1

For p = 2 this is the famous Dirichlet problem or the first boundary value
problem for the Poisson equation. Observe that for p > 2 the problem is
nonlinear. Since the problem may fail to have a solution unless the function
g and the boundary OG are sufficiently smooth, we pass to a generalized
problem. This is obtained heuristically by multiplying the differential equation
in (5.20) by v € C2°(G) and applying the integration-by-parts formula (5.19):

N
/ Z|Diu|p72Diqudx :/ guvdz Vv e CXr(G). (5.21)
¢ e

Conversely, if u € C%(G) satisfies (5.21) and u = 0 on 9G, then u is also a
solution of (5.20).

The generalized boundary value problem associated with (5.20) now reads
as follows. Given g € L9(G), where % + % =1, find u € Wy”(G) such that

N
/ Z |D;u|P2D;uDsvde = / gvdz Yve WyP(G). (5.22)
= e

In this connection, recall that C°(G) is dense in W{?(G) and that the
elements of Wé’p (G) have vanishing generalized boundary values. In view of
the above discussion, it is reasonable to say that a solution of (5.22) is a
generalized solution of (5.20).

Parallel to (5.22) we also consider the variational problem
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N
/G <1 Z |D;julP — gu) dz — min, ue WP(G). (5.23)

P

The following result ensures, in particular, that under weak assumptions
problem (5.20) has a generalized solution.

Proposition 5.5.1 Let G be a bounded region in RN and let p € [2,+00).
Then for any g € LI(G), where %Jr% =1, the problems (5.22) and (5.23) are

equivalent and have precisely one solution u € Wé’p(G).
Before verifying this result, we establish two inequalities.

Lemma 5.5.2 Let N e N, p > 2, and r > 0 be given.
(a) There exists c1 > 0 (depending on N and r) such that

N " N
<Z|xl|> < clz|xi|r V(zy,...,zy) € RN, (5.24)
i=1 i=1
(b) There exists ca > 0 (depending on p) such that
(lafP72a — |8P72B)(a = B) = c2la = B Va,B € R. (5.25)

Proof. (a) First let » > 1. Then ||z||, := (Ziil |aci|r)1/r defines a norm on
RY. Since all norms on RN are equivalent, there exists ¢; > 0 such that

|z|ly < /" ||z||, for each z € RN . This proves (5.24) if r > 1. If0 < r < 1,
then argue similarly with || - ||s, where s := 1/r.

(b) First assume that 0 < 5 < «. Then

p—1__pp—1 _ (o ap p—2 _ ap P—2 34— ()P~ 1
a1t — (p 1)/ (4872 dt > (p 1)/ 172 dt = (a—B)",
0 0

which implies (5.25) in this case. Now let § < 0 < a. Then (5.24) shows
that a?~14|8|P~1 > c(a+|B])P~! and again (5.25) follows. The remaining
cases can be reduced to the two considered. O

Proof of Proposition 5.5.1. Our aim is to show that Theorem 5.4.7 applies to

E = WyP(@Q),

| X
flu ::/— D;ulP dz, ©b* u)::/gudx, u € F.
= [ 3> pal W=

(I) First observe that the Sobolev space E is a reflexive Banach space.
(IT) Tt is clear that the integral defining f(u) exists for any u € E.
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(IIT) We show that f is G-differentiable on E. Recall that

folu,v) = %f(u + T0)

7=0

We show that partial differentiation by 7 and integration over G can be
exchanged. For fixed u,v € E, consider the function

N
1
Y(z,T) == Z D;u+7Dw?, ze€G, 1e€(-1,1).
P4
Notice that
0 1
a’Y(zv T) = 5 ; ‘Dlu + TDﬂ)|p72(Diu + TDZ”U) . Di’U

and so

i) 1 & -
‘EW’T)‘ < ;Zmi“”Di”‘ Dol
=t (5.26)

N
< D;ulP~! + Dw|P~Y) - |D;vl.
5 2 D+ D) - D

Under the last sum sign, the first factor is in LY(G) (notice that (p—1)q =
p) and the second factor is in L?(G). Hence the Holder inequality shows
that the right-hand side of (5.26) is integrable over G and so is the
left-hand side. Therefore, measure theory tells us that we may write

9 N
= [ = = [ ) |IDwu[’"’Dju-Dwdr. (5.2
fo(u,v) 4877(x,7)‘720d$ /G |Djul su-Dyode. (5.27)

i=1

The function v — fg(u,v) is linear, and the following estimate using
the Holder inequality shows that it is also continuous

N 1/q 1/p
[fa(u,v) < (/ |Diu|(”1)qu) : (/ |Div|pdm) < c|lvg;
i=1 /G G

here, ¢ is independent of v. Hence f is G-differentiable on E, the G-
derivative being given by (5.27).

(IV) We show that f’ is uniformly monotone. Let u,u € E be given. Then

(f'(u) = f'(@),u — ) =

N
/ > (ID;u[P"?D;u — [D;a["~D;@l) (Dyu — D) da
G =1

N
> C/GZ Diu— D de = cllu— a7, 0 > &llu—all?,.
i=1
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In this connection, the first inequality holds by Lemma 5.5.2(b) and the
second follows from the equivalence of the two norms on FE.

(V) In view of the above, the generalized boundary value problem (5.22) is
equivalent to the variational equation (f'(u) — b*,v) =0 for all v € E.
Hence the assertion is a consequence of Theorem 5.4.7. O

In the special case p = 2 we now apply the Ritz method to the problems
(5.22) and (5.23). In other words, setting

N
E:=Wy*(@), a(u,v) ::/ ZDiuDivdm, (b*,v) ::/gvdx, (5.28)
G G

i=1

we consider the problems (cf. (5.16) and (5.17))

sa(a,u) — (b*, u) = {Lnelg(% a(u,u) — (b*,u)), (5.29)
a(a,v) — (b*,v) =0 VveE, (5.30)

as well as the associated Ritz problems corresponding to a basis {zj | k € N}
of E (cf. (5.16a) and (5.17a)),

%a(ﬂnvﬂn) — (b, tn) = uinelgn(% a(un, un) — (b, Un>), (5.29a)
a(Up,2zk) — (b, 2y =0 Vk=1,...,n. (5.30a)

For all u,v € E we have the following estimates:

N N
la(u,v)| < Z/ IDiuDiv|da <Y [Diullz - [Div]lz < Nul1z2 - v,
i=17G i=1

(0%, o) < llgll2 - [[oll2 < [lgll2 - l[ol1.2,

a(u,u) = |lullf 50 > cllullf -

In the first two lines, we applied the Holder (or Cauchy—Schwarz) inequality.
The inequality in the third line is the Poincaré—Friedrichs inequality (which
leads to the equivalence of the norms || - ||1,2,0 and || - ||1,2 on E). The above
estimates show that the assumptions (A4) of Sect. 5.4 are satisfied. As a con-
sequence of Theorem 5.4.10 we therefore obtain:

Proposition 5.5.3 With the notation of (5.28), the following holds:

(a) The problems (5.29) and (5.30) are equivalent and possess precisely one
solution u € E.

(b) For each n € N, (5.29a) and (5.30a) are equivalent and possess precisely
one solution u,, € F,,.

(¢) The sequence (u,,) satisfies

@y —all12 < X d(a, E,) VYneN.

In particular, (4,) converges to @ as n — oo.
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5.6 Bibliographical Notes and Exercises

Concerning the subject of this chapter, we refer to the Bibliographical Notes
at the end of Chap. 4. The optimality conditions for convex optimization prob-
lems are due to John [105], and Kuhn and Tucker [114], with Karush [109] as
an early (rather late perceived) predecessor.

The presentation in Sect. 5.5 was strongly influenced by Zeidler [221]. More
results on the approximation problem in function spaces offer, among others,
Braess [27], Holmes [91], Krabs [112], and Laurent [118].

A result analogous to Theorem 5.4.10 holds under the more general as-
sumptions (A3) (if, in addition, F is infinite dimensional and separable); see,
for instance, Zeidler [221] or Schirotzek [196]. The theory of monotone oper-
ators provides an important generalization concerning both the solvability of
variational equations (or inequalities) and the convergence of an approxima-
tion method, the Galerkin method. For this and many substantial applications
we recommend the comprehensive monograph by Zeidler [223,224]. Concern-
ing the numerical analysis of the Ritz and Galerkin methods we refer to
Atkinson and Han [4], and Grofmann and Roos [81].

Standard references on the theory of Sobolev spaces are Adams [1] and
Ziemer [228].

Exercise 5.6.1 Prove the implications (SP) <= (L) = (Min2) of Theo-
rem 5.2.1(a).

Exercise 5.6.2 Verify Theorem 5.2.3. B
Hint: To see that (Min 2) implies (J), consider the functional p : E — R
defined by

“+o0 ifee E\D
Exercise 5.6.3 Prove Proposition 5.3.1.

E W7 cte 777L .f D
p(a:)::{ (Ao fim) 04l A e D,

Exercise 5.6.4 UsingProposition5.2.5(a)<(b), formulate and verify a charac-
terization of best approximation in C(7T'), where T is a compact Hausdorff space.

Exercise 5.6.5 Let E be a Hilbert space and T : E — E be a continuous
linear self-adjoint operator. Define f(z) := %(Tz|z) for all z € E. Show
that any local maximizer or minimizer Z of f over {x € E||jz| = 1} is an
eigenvector of T' with associated eigenvalue \ = 2f(Z).

Exercise 5.6.6 Let A be a convex subset of an n-dimensional subspace of E
and let f : E — R be continuous at * € A. Show that T minimizes f over
A if and only if for any ¢ = 1,...,n + 1 there exist 2f € 9f(z) and \; > 0
satisfying

n+1 n+1 n+1

=1 (¥ T = mi (z* 1)

Z; i and Z; iz, T) min ; izl )

Hint: Recall Exercise 4.8.10.
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Duality of Convex Problems

The idea of duality in convex optimization theory is, roughly speaking, the
following. With a given optimization problem, called primal problem in this
context, one associates another problem, called dual problem, in such a way
that there is a close relationship between the two problems. The motivation
is that the dual problem may be easier to solve than the primal one (which is
sometimes really the case) or that at least the dual problem furnishes addi-
tional information about the primal one.

6.1 Duality in Terms of a Lagrange Function

Assume that

A C E is a nonempty convex set,
fr91,---59m : A — R are convex functionals,
M:={zeAlgx)<0(=1,...,m)}, T€ M.

We continue studying the minimization of f on M (cf. Sect.5.2). We set

o= Jclél]a f(z). (6.1)

Further we define the Lagrange functional L : A x R} — R by

=1
We then have

sup L(z,q) =
qE]RT

f(z) ifxeM,
+oo ifxe A\M
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and so we obtain

a = inf sup L(zx,q). (6.3)
z€A qGRT

Parallel to (6.3) we now consider

8 := sup inf L(z,q). (6.4)
qERT z€A

The original minimization problem, which is described by (6.1) and so by
(6.3), is called primal problem. The associated problem described by (6.4) is
called dual problem. We say that T € A is a solution of the primal problem
(6.3) if z € M and f(Z) = «, thus if

sup L(Z,q) = inf sup L(z,q).
qEeRT z€A qeRY

Analogously, ¢ € R is said to be a solution of the dual problem (6.4) if

inf L(x,q) = sup inf L(z,q).
z€A q€RT z€A
Theorem 6.1.1 establishes relationships between the two problems. In this
connection, we again need the Slater condition (cf. (5.2))

Jag€e A: gi(xg) <Ofor i=1,...,m. (6.5)

Theorem 6.1.1 (Lagrange Duality) Assume that the space E is reflexive,
the subset A is nonempty, closed, and convex, and the functionals f, g1, ..., 9m

are l.s.c. and convex. Assume further that the Slater condition (6.5) is satis-
fied. Then:

(i) One has o = B3, and the dual problem (6.4) has a solution ¢ € RT".
(ii) For T € M, the following statements are equivalent:
(a) T is a solution of the primal problem (6.3).
(b) The Lagrange function L has a saddle point (Z,q) with respect to
A xR
(iii) If (b) holds, then q is a solution of the dual problem (6.4), and one has
Gi9:(Z) =0 fori=1,...,m.

Theorem 6.1.1 will follow from Theorem 6.1.3 below.
Remark 6.1.2

(a) Comparing Theorem 6.1.1 with Theorem 5.2.1, we see that the “dual vari-
able” ¢ is nothing else than the Lagrange multiplier vector, i.e., we have
¢ = fori=1,...,m.

(b) If the Slater condition is not satisfied, a duality gap may occur which
means that we have o > . A trivial example is E = R, A = [—1, +00),
f(z) = —z, g(x) = 1, where we have & = 400 and = —oc0. An example
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with finite and different optimal values will be given below in a somewhat
different context (Example 6.1.7).

Now we replace the Lagrange functional L of (6.2) by an arbitrary func-
tional L : A X B — R and consider

a := inf sup L(z,q) (primal problem), (6.6)
r€AqeEB

B :=sup inf L(z,q) (dual problem). (6.7)
qeEB z€A

Theorem 6.1.3 (General Duality Theorem) Assume that E, F are ref-
lexive Banach spaces, that A C E and B C F are nonempty, closed, and
convex, and that L : A x B — R satisfies

x+— L(z,q) is l.s.c. and convex on A for each q € B,

q+— —L(x,q) is L.s.c. and convex on B for each x € A.
Then:

(i) One has a > § (weak duality).

(ii) For (%,q) € A x B, the following statements are equivalent:

(a) T is a solution of (6.6), q is a solution of (6.7), and one has o = 3
(strong duality).
(b) (z,q) is a saddle point of L with respect to A X B.

(iii) Assume, in addition, that either A is bounded or L(x,qp) — +oo as
lz]| — +o0, z € A, for some qo € B. Assume further that o < 4o0.
Then the primal problem (6.6) has a solution T € A and one has o = [5.

(iv) Assume, in addition, that either B is bounded or —L(xg,q) — +00 as
llgll = 400, g € B, for some xog € A. Assume further that 3 > —oo.
Then the dual problem (6.7) has a solution § € B and one has a = 3.

Remarks on the Proof of Theorem 6.1.3. The proof consists of two main
steps. First, the result is verified under the additional assumption that A and
B are bounded. In this case, Neumann’s minimax theorem can be applied,
which in turn is proved with the aid of Brouwer’s fixed point theorem. Sec-
ond, the general case is reduced to the first one. If, say, A is unbounded, then
replace A by A, :={z € Al ||z < n} and L by L,(z,q) := L(z,q) + = | z|.
The proof can be found, e.g., in Zeidler [221]. O

Proof of Theorem 6.1.1. Set I := R™, B := R, and notice that the Slater
condition (6.5) implies

L(z0,q) = f(z0)+ Y 4i gi(wo) — —o00 as |ql| — +oo, g € R 0
i=1

In view of Theorem 6.1.3, we can set up a general dualization principle.
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General Dualization Principle

Given the minimum problem f(x) — min, x € M, find sets A, B and a func-
tion L : A x B — R such that

inf f(x) = inf sup L(x,
nf, f(@) = i sup Lz q)

and consider the following dual problem:

sup inf L(z,q).
qeB xceA

Special Case
Here, we apply the dualization principle to problems of the form
:= inf h(Tz —a)). 6.8
o= inf (f(2) + h(Tz - a)) (6.8)
Below we shall see that the problem of linear optimization is of this form.
In connection with problem (6.8) we make the following assumptions:

(A) E and F are reflexive Banach spaces,
f:E—Randh:F — R are proper, convex, and l.s.c.,
T : E — F is linear and continuous, a € F.

We set
A:=dom f, B :=domh",
L(z,q) = f(x) + (¢, Tz —a) —h*(q) Yz € AVqEeE B. (6.9)
It will turn out that

a = inf sup L(z, q). (6.10)
r€AqeB

By the general dualization principle, the dual to (6.10) and so to (6.8) is

0 :=sup inf L(x,q). (6.11)
qgeB zeA

This will be shown to coincide with

B = sgg(—f*(—T*q) —h*(q) — (g,a)). (6.12)

Notice that h* denotes the conjugate of the functional A while T denotes the
adjoint of the operator T'.

Proposition 6.1.4 Under the assumptions (A), the problem dual to (6.8) is
(6.12). Hence all statements of Theorem 6.1.3 hold for (6.8) and (6.12).
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Proof.
(I) By Theorem 2.2.4, we have h = h** and so

Tz —a)=h* Tz —a) = qseulg*«q,T!E —a) —h*(q)),

which entails

a = inf sup (f(x) +{q,Tx —a) — h*(q)) = inf sup(. ..),
zEE qeF* r€A qeB

and the latter term equals (6.10).
(II) We obtain

inf L(z,q) = —sup(~(T"q,2) = f(2) + h*(q) + (¢, )
e z€A

=—["(=T"q) = h*(q) = (g, a),
which shows that (6.11) coincides with (6.12). O

Example 6.1.5 We now apply Proposition 6.1.4 to the problem of linear
optimization which is

a:=inf{(c,z) |z € Pg, Tx —a € Pp}. (6.13)
We make the following assumptions:

(A) E and F are reflexive Banach spaces,
P and Pr are closed convex cones in E¥ and F, respectively,
T :FE — F is linear and continuous, c € E*, a € F.

Setting

, if ¢ € Pg, 0 if b € Pp,
flay = {8 TEE P ) Lo (6.14)
400 otherwise, 400 otherwise,

we see that problem (6.13) is of the form (6.8). Hence the dual problem is
(6.12), with f and h according to (6.14). In Exercise 6.5.1 it is shown that
this dual problem is equivalent to

B =sup{(q,a) | g€ —Pp, c=T"q € —Pg}. (6.15)

Recall that Pg denotes the negative polar cone to Pgr. By Proposition 6.1.4
we have the following result.

Corollary 6.1.6 Under the assumptions (A), all assertions of Theorem 6.1.3
apply to the problems (6.13) and (6.15).
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Example 6.1.7 We show that, in the situation of Corollary 6.1.6, a duality
gap with finite optimal values may occur (cf. Remark 6.1.2). Let E = F := R3,
Tx := (0,23,71)" for x = (w1,22,23)" € R? ¢ := (0,0,1)7, and a :=
(0,—1,0)". Equip R? with the Euclidean norm || - ||2. Further let Py = Pp :=
K, where

K = {(xl,xg,xg)T ER® |21 >0, 20 >0, 22129 > 23},
It is easy to see that with zg := (1,1,0) T, we have
K ={zeR® |z x> |zll2 |2 cos(m/4)}.

Hence K consists of all vectors © whose angle with the vector zg is not greater
than 7/4. Observe that K is a closed convex cone (“ice cream cone”) and that
K° = — K. Further we have T*q = (¢3,0,¢2) " for ¢ = (¢q1,q2,q3)" € R3. Thus
the problems (6.13) and (6.15) read, respectively,

a=inf{zs |z € K, (0,23 — 1,21)" € K},
B=sup{—¢2|q €K, (—43,0,1 —q2)" € K}.

It follows that o = 0 and 8 = —1. Notice that the primal problem and the
dual problem have infinitely many solutions.

Exercise 6.5.5 presents an example where the optimal values of the primal
and the dual problem coincide but the primal problem has no solution.

6.2 Lagrange Duality and Gateaux Differentiable

Functionals
Let w € E*. With f(z) := —(w,z), x € E, and a := o, the primal problem
(6.8) and the dual problem (6.12), respectively, read as follows:
= irelg(h(Tx) —(w,z)), (6.16)
B = sup(—f*(=T"q) — h"(q)).
qEB
We have

[T 0) = sup((=T"4,) + (w, 7)) =

0 if w="T*q,
+o00  otherwise.

The assumptions in Proposition 6.2.1 will entail that B := domh* = F*.

Setting
K:={qe F"|w=T"}, (6.17)
we thus see that the problem dual to (6.16) is

B = sup (fh*(q)) (6.18)

qeEK
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Proposition 6.2.1 Assume that:

FE and F are reflexive Banach spaces, h : F — R is G-differentiable,
h' : F — F* is uniformly monotone with constants ¢ > 0 and v > 1,
T : E — F is linear and isometric (i.e., | Tz| = ||z|| Vo € E).

Then:

(a) Problem (6.16) has precisely one solution T € E, problem (6.18) has pre-
cisely one solution q € K, and one has a = 3.
(b) & =z is also the unique solution of

(W (Tz),Ty) = (w,y) Vy€E, (6.19)
and ¢ = q s also the unique solution of
(W) Yq),p—q) >0 VpeK. (6.20)

(¢) One has q=h(TZ).
(d) The following error estimates hold for a and Z:
—h*(q) <a<h(Tz) —{(w,z) Ve EVqgeK, (6.21)
snx — | < h(Tz) — (w,z) + h*(q) YaeEVqeK. (6.22)

Proof.
(I) Setting g(z) := h(Tx), x € E, we obtain ¢'(x) = T*h'(Tz), x € E, and

(g'(y) —g'(x),y —x) = (W (Ty) — W (Tx), Ty — Tx)

6.23
> o Ty - Te|[” = clly — 2. (6.23)

Hence by Theorem 5.4.7, the problem g(z) — (w, ) — min, = € E, and
50 (6.16) has precisely one solution Z € E; this is also the unique solution
of (¢/(Z) —w,y) =0 for any y € E and so of (6.19).

(IT) We show that g := h/(T'Z) is the unique solution of (6.18). By (6.19), we
obtain (g, Ty) = (w,y) for all y € E and so T*¢§ = w which means that
q € K. The Young inequality implies

h(Tx) +h*(q) > (¢, Tx) = (T"q,x) = (w,z) V(v,q) € Ex K,

and it follows that o > . Since {q} = Oh(TZ), we further obtain by
Proposition 4.4.1,

hMTz)+ h*(q) = (q,Tx) = (w, T).

We thus conclude that oo = 5 and ¢ is a solution of (6.18).
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(IIT) The element ¢ is the only solution of (6.18) because K is a convex set
and h* is a strictly convex functional (cf. Theorem 5.4.6). Concerning
the latter, recall that (h*)" = (h/)~! by Proposition 4.4.3, notice that
(h')~! is strictly monotone and apply Proposition 4.3.5 to h*.

(IV) By Remark 5.2.4(c) (cf. also Proposition 5.2.5), ¢ € K is a solution of
(6.18) if and only if ((h*)'(q),p—q) > 0 for all p € K which is equivalent
to (6.20).

(V) It is left as Exercise 6.5.2 to verify (d). O

6.3 Duality of Boundary Value Problems

We adopt the notation introduced at the beginning of Sect. 5.5. Consider the
classical boundary value problem

Au(z) =g(z) Ve € G, u(z)=0Vz € 0G, (6.24)

where A denotes the linear second-order differential operator defined by

N

Au(x) := — Z D; (a;(x) Dju(x)).

i,7=1

Recall that A is said to be strongly elliptic if there exists a constant ¢ > 0
such that

N N
Z a;j(x) yiy; > cny VYeeG V(yi,...,yn) € RY.
ij=1 i=1
Set
E:=W,3(G).

Then the generalized problem associated with (6.24) reads as follows. Find
u € F satisfying

N
/G Z a;j(z)Dju(x) Dyv(x) de = / g(x)v(r)dx VYveE. (6.25)

Q=1 G
Heuristically, this is obtained from the classical problem by multiplying the
differential equation of (6.24) by v € C(G) and partial integration (cf.
Sect. 5.5). Parallel to (6.25) we consider the following minimum problem:

N

o= Jrele ; ;Zg_:l a;j(z)Dsu(z) Dju(z) — g(x) u(z) | da. (6.26)
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Our aim is to apply Proposition 6.2.1. In this connection, notice that we now
denote the “primal variable” by w instead of x, while we go on denoting the
“dual variable” by g. The assumptions in Proposition 6.3.1 will ensure that
(6.26) is a convex problem of the form f(u) — min, u € F, and (6.25) is the
equivalent variational equation (f’(u),v) = 0 for all v € E (Corollary 5.1.2).
Moreover, below we shall show that the problem dual to (6.26) is

= sup / Z a( 1) x)q;(z)de | . (6.27)

g€k 3,j=1

Here, (agj_l)(x)) denotes the inverse of the matrix (a;;(x)). Further, we set

F:=1%(G) :=1%G) x --- x L}(@Q),

N-times

lall (Z/m o)’ Vo= (@ aw) € P
/qu )Dv(x dx*/ g(z)v(z)de VUGE},

) ,DNu(a:)) Vee GVueE,

(w,u) = /Gg(:v)u(:c) dz VYuekF,

/Za” vi(z)vj(r)de VoveF.

3,7=1

Proposition 6.3.1 Assumethat,for i,5=1, ..., N, thefunctions a;; : G — R
are continuous, bounded, and symmetric (i.e., a;; = aj;). Further assume
that the differential operator A is strongly elliptic, with the constant ¢ > 0.
Let g € L%(GQ) be given. Then:

(a) The problem (6.26) has precisely one solution u € E, the problem (6.27)
has precisely one solution ¢ € K, and one has a = f3.

(b) The problems (6.25) and (6.26) are equivalent and so @ is also the unique
solution of (6.25).

(c) Fori=1,...,N, one has ¢; = Zfil a;; Di.

(d) The following error estimates hold for a and u:

—h*(q) < a < h(Tu) — (w,u) Vue EVqeK,

f||u—u||120 h(Tu) — (w,u) + h*(q) Yue EVqe K.
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Proof. We show that Proposition 6.2.1 applies.

(I) Notice that T : E — F' is linear and isometric. The Hélder inequality
shows that w € E*. Moreover, we obtain

P N
(W (v),r) = gh(v +T7")|T:O = /G Z ai;jvirjde Vu,reF, (6.28)
ij=1

which implies that h’ is strongly monotone (as A is strongly elliptic).
(IT) By Proposition 4.4.3 we have

1
h*(q) = h* (o) Jr/o <q, (h/)fl(Tq)> dr Vgqe F*, (6.29)

h*(0) = —h((h)"(0)).

Since h'(0) = o, it follows that h*(0) = —h(o) = 0. Let 7 € [0,1] and
q € F* be given. By the bijectivity of h’' there exists v € F satisfying
v=(h)"Y(7q). In view of (6.28), we conclude that

N
7q;(z) = (tq)(z) = Zaij(m) vi(x) for almost all z € G
i=1
and so
N
vi(x) = Zagfl)(x)r ¢j(x) for almostallz € Gandi=1,...,N.
j=1
Inserting this for the ith coordinate of (h')~!(7q) into (6.29), we obtain
1 N 1 N
* -1 —
h(Q):/ / Zqiagj )qudac dT:/§Za§j1)qiqjdx.
0 G =1 G2 =1
(6.30)
Finally we have
K ={g€F*|{g,Tv)r = (w,0)p Vv € B} = {g € F* | T"q = w}.
The assertions now follow from Proposition 6.2.1. a

Remark 6.3.2 [Smooth Data] If the boundary 0G as well as the functions

a;j and g are sufficiently smooth, then the solution u of (6.25) and (6.26) is

an element of C?(G) and so is also a classical solution of (6.24). Set
R:={ue€ Cz(é) ‘u = o on 0GY},
S:={veC*G)|Av=gon G}.
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Since R C E and @ € R, we have a = infyer [(--+) dz (cf. (6.26)) and so

a= Jg%(h(Tu) — (w,u)). (6.31)

Define
N
Q= {(ql,...,qN) € F* | qi:Zaiijv fori=1,...,N, UGS}.
j=1
If g € Q, then

N
— Z Dig=Av=yg (6.32)
=1

and so ¢ € K; the latter follows by multiplying (6.32) by © € C*(G) and
partial integration. Moreover, we have

N
lj = h/(T’l_L) = Z CLZ‘jDﬂ_L c Q,

7,j=1

here, the second equality follows by Proposition 6.3.1(c). In view of (6.27), we
thus obtain 8 = sup(fh*(q)). From (6.30) we deduce that for ¢ € @ we have
q€Q

h*(q) = h(Tv) with some v € S so that we finally obtain

8= ilelg(fh(Tv)) = - 5I€1£ h(Tv). (6.33)

Hence for smooth data, the statements of Proposition 6.3.1 hold with o and
B according to (6.31) and (6.33), respectively. In this connection, we have the
error estimates

—h(Tv) <a < h(Tu) — (w,u) Yue RVveS, (6.34)

gHu —lf? 50 < h(Tu) — (w,u) + h(Tv) Yue RYveS. (6.35)

By applying the Ritz method to (6.33), a sequence (v(™)) in S is obtained
which can be used in (6.34) to successively improve the lower bound for o
according to a > —h(Tv(")). This is the Trefftz method. Notice that the

elements u € R and v € S only need to satisfy the boundary condition or the
differential equation.

Example 6.3.3 Consider the differential operator A = —A = — vazl D;D;.
Then for u € C?(G), we have the boundary value problem

—Au=g on G, wu=o0 on0G

According to (6.31), the associated minimum problem is
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1< 2
a = inf / (fZ(Dzu) —gu) dx ’ u=o0 on 0G
a 2D

and according to (6.34), the dual problem is

N
ﬁ:sup{—/ %Z(Div)de‘ —Av=yg onG}.
Gz

6.4 Duality in Terms of Conjugate Functions

In this section we present another approach to duality, which we first explain
in a special case.

Example 6.4.1 Asin Example 6.1.5 and with the same notation, we consider
the problem of linear optimization

a:=inf{{(c,z) |z € Pg, Tx —a € Pp}.

We now perturb the constraint 7z — a € Pr by a linear parameter b, i.e., we
pass to the perturbed problem

S() :=inf{{(c,z) |z € P, Tx —a—0be€ Pr}.

The original problem is o = S(0). Again we formalize the above procedure.
Setting

= Jlex) ifwe Pg,
f(x)_{—i—oo ifxe E\ Pg,
. Jo  ifbePp,
h(b)'_{+oo ifbe F\ Py,
f(x) = f(z) + h(Tz —a), z€kE,
M(z,b) := f(z) + h(Tx —a—b) YeeEVbeF,

we have
S(b)z;géM(m,b) VbeF,
fl@)=M(z,0) VzeE,
a=5(o) = inf f(z).

The functional M : E x F — R can be interpreted as a perturbation of f.
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Now we consider a more general setting. Let the following problem be
given

o= ;relgf(x), (6.36)

where f : E _LR Choose another normed vector space F' and a functional
M : E x F — R such that f(x) = M(x,0) for each € E and consider the
following problems:

S(b) = 11612 M(z,b),beF (perturbed problem),  (6.37)

—S(v) := sup (—~M*(v,q)), ve E*  (problem dual to (6.37)), (6.38)
qeF*

B :=—S5(0) = sup (~M*(0,q))  (problem dual to (6.36)).  (6.39)

qEF™

Definition 6.4.2 The functional S : F — R defined by (6.37) is called value
functional or marginal functional. The problems (6.36) and (6.39) are said to
be stable if 3S(0) # 0 and 9S(0) # 0, respectively.

We make the following assumptions:

(A1) E and F are normed vector spaces, f : E — R is proper, convex, and
ls.c., M : E x F — R is proper, convex, and lLs.c., M(z,0) = f(x) V
ek,
there exist xg € E and qo € F* satisfying f(xo) < +o00 and M*(0,qg) <
+00.

It turns out that, under the above assumptions, the duality between the
problems (6.36) and (6.39) can be completely characterized by means of the
value functional S and the perturbation M. Theorem 6.4.3 is one of the central
results of duality theory.

Theorem 6.4.3 Under the assumptions (Al), the following holds:

(i) One has —c0 < f < a < +00.
(ii) The following statements are equivalent:
(a) Problem (6.36) has a solution and o = (3.
(b) Problem (6.39) is stable.
(iii) The following statements are equivalent:
(a") Problem (6.39) has a solution and a = (3.
(b") Problem (6.36) is stable.
(iv) If a = 3, then
d5(0) = solution set of (6.36), 9S(0) = solution set of (6.39).
(v) The following statements are equivalent:
(") x € E is a solution of (6.36), ¢ € F* is a solution of (6.39), and
a=p.
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(b") M(z,0) + M*(0,q) = 0.
(") (0,q) € OM(x,0).

Proof.

(I) First recall that (E x F)* can and will be identified with E* x F* ac-
cording to

((v,9), (z,b)) = (v,2) +(q.b) V(2,b) € Ex FV(v,q) € E* x F*.
Using this, we have

M*(v,q) = sup((v,x) + (g,b) — M(z,b)). (6.40)

zeE
beF

Furthermore, we obtain

S*(q) = ggg(@v b) — S(b)) = sup sup ((q, ) — M(2,b))

* 6.41
= sup (4.8} — M(2,b)) = M"(0,0) (041
ber
and so
5**(0) = sup (0 — 5*(q)) = sup (—M*(0,q)) = 3. (6.42)
qeEF™ geEF™

(IT) From (6.39) and (6.38) we see that
8= q]enPf* M*(o,q), (6.43)
S(w) = inf M*(v,q), veE". (6.44)

qeF*

Recalling that the dual of F*[o(F*, F)] and E*[c(E*, E)] can be identi-
fied with F' and F, respectively, and comparing the relationship between
(6.37) and (6.38), we conclude that the problem dual to (6.44) is

—g(b) := sup (—M**(z,b)) = sup(—=M(z,b)), beF.
z€E zeE
Therefore, the problem dual to (6.40) and so to (6.39) is
—S(0) = sup (—M = inf M =
(0) = sup (=M(z,0)) = inf M(z,0) = a,

which is the primal problem.

(III) It is left as an exercise to show that S is convex.

(IV) Ad (i). The hypotheses imply that o« < 400 and 8 > —oo. Applying the
Young inequality to M, we obtain

M(m>0)+M*(07q) > <0,9L‘>+(q,o> =0
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which, by passing to the infimum over all (x, q) € Ex F*, yields a—f3> 0.
Ad (v). This follows by applying Proposition 4.4.1 to M.
Ad (iv). Assume that o = 3. Then it follows that

~M*(0,q) = B=a=S(0)

- lution of (6.39) <= —S* =
¢ is a solution of (6.39) (a) (6.41) (6.39)

<= q € 95(o);

here, the last equivalence holds by Proposition 4.4.1. According to
step (II), the problem dual to (6.39) is just the original problem (6.36).
Therefore, in analogy to the above, we have

x is a solution of (6.36) <= = € 85(o).

Ad (iii). (a') = (b'): By (iv), (a’) implies that 8S(0) # § and so (6.36)
is stable.
(b") = (a/): Let v € 85(0). It follows from Proposition 4.4.1 that

S(0) = (v,0) — S*(v) < 8**(0).

On the other hand, we have S** < S. Hence a = S(0) = S**(0) = §; here
the last equation is a consequence of (6.42). Moreover, v is a solution of
(6.39) by (iv).

Ad (ii). This follows from (iii) and step (II). O

Theorem 6.4.3 reveals the importance of the stability concept. Lemma 6.4.4
provides a sufficient condition for stability.

Lemma 6.4.4 Let the assumptions (Al) be fulfilled.

(a) If b — M(x1,b) is continuous at b = o for some x1 € E, then the primal
problem (6.36) is stable.

(b) If v M*(v,q1) is continuous at v = o for some q1 € F*, then the dual
problem (6.39) is stable.

Proof.

(a) By assumption, there exist a number & > 0 and a neighborhood U of o in
F' such that

S(b) = iggM(x,b) < M(z,b) <k VbeUl.

Since the functional S is also convex (cf. the remark in step (III) of the
proof of Theorem 6.4.3), it is continuous at o by Theorem 1.4.1, therefore
95(0) # 0 by Proposition 4.1.6.

(b) This is proved analogously. a
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Special Case

Now we make the following assumptions:

(A2) f: E—Rand h: F — R are proper, convex, and l.s.c.,
T : E — F is linear and continuous, a € F,
there exist g € F and gy € F* such that f(zg), h(Tzo — a), f*(T*qo),
and h*(—qo) are all < +oo.

As in (6.8) we consider the problem

= ;Ielg<f($) + h(Tz — a)). (6.45)

We set (cf. Example 6.4.1 with f instead of f)
M(z,b) := f(z) + h(Tx —a—10) (6.46)

to obtain o = inf,ep M (x,0). This gives the following associated problems:

S(b) :== lIele M(z,b) (perturbed problem),  (6.47)
—S(v) := sup (—=M*(v,q)) (problem dual to (6.47)), (6.48)
qeEF'*
B:=—5(0) = sup (—=M*(0,q))  (problem dual to (6.45)).  (6.49)
IS

A simple calculation shows that
—M*(v,q) = (g,a) = f*(T"q+v) = h"(—q)
and so

B= sup, ({g.a) — f*(T*q) — h*(—q)). (6.50)

We associate with (6.45) the Lagrange functional
Ll(x?Q) = f(‘r)_<q7Tx_a'>_h‘*(_Q)7 .I‘EA, quv
where

A:=dom f, B:={q€ F*|h"(—q) < +o0}.

Notice that Li(x,q) = L(x, —q), where L denotes the corresponding Lagrange
functional in (6.9).

Theorem 6.4.5 Let the assumptions (A2) be fulfilled:

(i) With (6.36) replaced by (6.45), with (6.39) replaced by (6.50) and with M
according to (6.46), the statements (1)—(iv) of Theorem 6.4.3 hold.
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(ii) [Modification of Theorem 6.4.3(v)| The following statements are equiva-
lent:
(@) x € E is a solution of (6.45), ¢ € F* is a solution of (6.50), and

a=[.
(b"") (x,q) is a saddle point of Ly with respect to A x B.
(") T*q € Of(x) and —q € Oh(Tx — a).

Proof. See Exercise 6.5.3. a

Lemma 6.4.4 immediately implies the following result.

Lemma 6.4.6 Let the assumptions (A2) be fulfilled:

(a) If h is continuous at Txg — a, then the problem (6.45) is stable.
(b) If f* is continuous at T*qo, then the problem (6.50) is stable.

Corollary 6.4.7 Let the assumptions (A2) be fulfilled. In addition, assume
that h is continuous at Txg — a. Then one has

inf (f(@) + h(Tx = a)) = max((g,a) = f(T") =h*(=q)).  (651)

Proof. By Lemma 6.4.6, the problem (6.45) is stable. Hence the assertion
follows from Theorem 6.4.5 (cf. Theorem 6.4.3(iii)). O

We further specialize the setting. Let A be a nonempty convex subset
of E.Set f := 04 and so f*(q) = sup,c (g, x). Moreover, let F :=F, T :=idg,
and a := 0. Applying Corollary 6.4.7 to these data, we obtain:

Corollary 6.4.8 Assume that A is a nonempty convex subset of E, h is
proper, convex, l.s.c., and continuous at a point of A. Then one has

inf h(x) = max(inf (g, 2) — h*(q))- (6.52)

Application

Let E be a Hilbert space with scalar product (v|u). We identify E* with E.
Moreover, let S : E — R™ be linear and continuous, and let ¢ € R™. We
consider the problem

h(u) := Lju|® > min, uweE, Su=ec. (6.53)

Assume that the set
A:={ueFE|Su=c}

is nonempty. By Corollary 6.4.8 we have

: 1 2 . R
inf 4 ull? = max( inf (v]u) - h*(v)). (6.54)
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We evaluate the dual problem, i.e., the right-hand side of (6.54):
Ad inf,eca(v|u). For Q := {0} C R™ we have Q° = R", and S*(R"), as a finite-
dimensional linear subspace of E(= E*), is o(E*, E)-closed. By Lemma 2.4.1
we therefore obtain

S*(R") = (571{0})0 ={veF|(vlu)y=0Vu € ker S} =: (kerS)l. (6.55)

(I) Ifv & (ker S)J'7 then there exists ug € E such that Sup=o0 and (v|ug)=1.
Let u; € A. Since S is linear, we have u := aug +u; € A for each « € R.
It follows that

(vlu) =a+ (vjuy) — —o0 as a — —c0

and so inf,e4(v|u) = —oc.
(II) If v € (ker S)L, then by (6.55), there exists a € R™ satisfying S*a = v,
and we obtain

inf (v|u) = (S*alu) = (a]Su) = (ale), (6.56)

inf inf
u€A ucA u€A
and this holds for each a € R".

Ad h*(v). We immediately obtain

h*(v) = igg((vlw = 5(ulu)) = 3(vfv) = 3llv]1*

concerning the second equality, notice that
0<i(v—ulv—u)=1(v]v) = (v|u) + $(ulu) Yu,veE.

With the above, (6.54) passes into

. 2 * 2
inf 4 ul? = max((al) - 3]15"a|?). (6.57)
=:p(a)

Since ¢ : R™ — R is concave and differentiable, we have
plag) = maxp(a) <= ¢'(ao) =0
< (hle) = (h|SS™ap) =0 VheR"® <« SS'q=c

Hence we have deduced the following result: If ag € R™ is a solution of
SS8*ag = ¢ (which is a linear equation in R™), then vy := S*ag is a solution
of the right-hand side of (6.54).

We leave it as Exercise 6.5.6 to show that ug := v is a solution of the primal
problem inf,c4 1| lul/?.
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Example 6.4.9 Consider a dynamical system described by
x(t) = Fa(t) + bu(t), te]0,1]. (6.58)

In this connection, z : [0,1] — R™ is the phase function and u : [0,1] — R is
the control function. The (n, n)-matrix F' and the vector b € R™ are given. We
search a control function u that moves the system from z(0) = o to z(1) = ¢
(where ¢ € R™ is given) under minimal consumption of energy. We assume
that the energy needed for any control function w is

We solve the problem in the Hilbert space E := L2[0,1] so that we have
h(u) = %|ju||?. Each solution z € L2[0,1] of (6.58) satisfying z(0) = o is
representable as

x(t):/o ot — Tbu(r)dr, te 0,1

here, ¢ denotes the fundamental matrix associated with (6.58). The operator
S : L2[0,1] — R™ defined by

Su = /0 ¢(1 — 7)bu(t)dr,

is linear and continuous, and the end condition z(1) = c¢ is equivalent to
Su = c. Hence, according to what has been said above, the solution of the
problem is ug = S*ag, where ag € R™ is the solution of SS*ag = c.

6.5 Bibliographical Notes and Exercises

Principal contributions to duality theory were obtained by Fenchel [65],
Moreau [147], Brgndsted [28], and Rockafellar [178, 180]. In particular,
Theorem 6.4.3 is due to Fenchel [66] and Rockafellar [179]. Example 6.1.7 is
adapted from Ky Fan [64]. The presentation in Sect. 6.3 essentially follows
Zeidler [221]. The application at the end of Sect.6.4 is taken from Luen-
berger [127]. In addition to the references in the Bibliographical Notes at the
end of Chap.4, we recommend Stoer and Witzgall [201] (finite-dimensional
spaces) and Gopfert [76] (applications in locally convex spaces).

Exercise 6.5.1 Show that, with the notation and the assumptions of
Example 6.1.5, the problem dual to (6.8) can be written as (6.15).

Exercise 6.5.2 Verify assertion (d) of Proposition 6.2.1.
Exercise 6.5.3 Prove Theorem 6.4.5.
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Exercise 6.5.4 Consider Problem (6.13) with E = Pg := R™ and F :=
Cla, b] with the maximum norm. Further let Pr be the cone of nonnegative
functions in Cla, b]. Then (6.13) is a linear semi-infinite optimization problem.
It is placed in a finite-dimensional space but has infinitely many side conditions
of the form Tx(t) > a(t) for all ¢t € [a,b]. In this case, E is reflexive but F
is not. Check which assertions of the theory developed above still hold (cf.
Krabs [112]).

Exercise 6.5.5 Consider the following linear semi-infinite problem (cf.
Exercise 6.5.4):

Minimize f(z1,22) := 22
subject to (x1,29) € R?, 2z + a9 >t Vit e[0,1].

Show that the values of the primal problem and the dual problem coincide,
the dual problem has a solution, but the primal problem has no solution.

Exercise 6.5.6 Verify that ug := vg = S*ag, where ay € R" solves SS*ag=c,
is a solution of the primal problem (6.53).
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Derivatives and Subdifferentials of Lipschitz
Functionals

7.1 Preview: Derivatives and Approximating Cones

The aim of this section is to give, in an informal discussion, the motivation
for the following sections.

Let f : E — R be proper, let A C E, and let z € A. We consider the
following statement:

(Min) Z is a local minimizer of f on A.

There are two basic approaches to necessary conditions for (Min), which
we call method of tangent directions and method of penalty functions.

Method of Tangent Directions

(I) Suppose that f and A are convex. Then (Min) can be characterized by a
variational inequality (see Proposition 5.1.1):

(Min) <= fq(@,y)>0 Vye A-Z. (7.1)

(IT) Suppose now that f and/or A is not convex. In order to be able to argue
similarly as in the convex case, we have to identify “admissible” directions,
i.e., directions y € F that appropriately approximate the set A locally at Z.
The set

T,(A,z):={ye E|3dm, |0OVkeN: T+ 1y € A},

which turns out to be a cone, is called cone of radial directions to A at T
(Fig.7.1). If (Min) holds and if y € T\(A, Z), then for some sequence 7 | 0,
we have

L(f(z+my) — f(@) 20 VkeN.

Tk
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T

T+ TRy

[—

ye T (A )
Fig. 7.1

We therefore consider the upper directional G-derivative

fo(@,y) = limlsoup%(f(i" +71y) — f(Z)).

Using this, we conclude that
(Min) = fq(z,y) >0 Vye T, (M, z). (7.2)

In other words, as a necessary optimality condition we again obtain a varia-
tional inequality. This condition is useful as long as T, (A4, Z) contains “enough”
elements. However, if for example M is the kernel of a mapping h : D — F,
i.e., if

A:=kerh:={x € D|h(x) = o}, (7.3)

then in general we will have T,(A,zZ) = {o}. Since there always holds
fc(Z,0) = 0, the optimality condition in (7.2) is trivially satisfied for each
Z € A and so is not suitable for identifying possible solutions of (Min). There-
fore we look for finer local approximations of A at Z.

Let again A be an arbitrary subset of £ and Z € A. The set

T(A,Z):={ye E|I7 | 0Jyp > yVk eN: T+ 7y, € A},

which is also a cone, is called contingent cone to A at & (Fig.7.2). In analogy
to (7.2), we obtain

(Min) = fu(z,y) >0 VYyeT(A,z), (7.4)
where now the upper directional H-derivative

fu(,y) = limsup 2 (f(z + 72) — f(2))

710, 2>y

is the adequate local approximation of f at z. Since T,(A,z) C T(A, Z), the
optimality condition in (7.4) is stronger than that in (7.2).
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y € T(A4,z)

Fig. 7.2

So far, we have not imposed any differentiability hypotheses on the functional
f. From (7.2) and (7.4) we immediately deduce the following conditions:
(a) If f is G-differentiable at z, then

(Min) = (f'(z),y) >0 VyeT.(Az). (7.5)
If, in addition, A is convex, then A —z C T,(A4,Z) and we obtain (cf. (7.1))
(Min) = (f'(z),y) >0 Vye A-r. (7.6)
(b) If f is H-differentiable at Z, then
(Min) = (f'(z),y) >0 VyeT(A,z). (7.7)

The above shows that necessary conditions for (Min) can be obtained by
choosing local approximations of the functional f by a (directional) deriva-
tive and of the set A by a cone provided these approximations “fit together.”

(III) Let A be as in (7.3), with a mapping h : D — F. Our aim now is to
derive a necessary condition for (Min) in terms of h. If h is F-differentiable
in a neighborhood of Z, i/ is continuous at Z, and h'(Z) is surjective, then a
well-known theorem of Lyusternik says that

T(ker h, Z) = ker h/(Z), (7.8)

ie, y € T(kerh,z) if and only if h'(Z)y = o (see Fig.7.3, where E = R").
This will follow below from a more general result (see Theorem 11.4.2).

If, in addition, the functional f is H-differentiable at Z, then we obtain
from (7.7) and (7.8) the following condition:

(Min) = [Vy EE: N(@y=0 = (—f(z),y) < 0.}

Applying the generalized Farkas lemma of Proposition 2.4.2 to [---], where
T:=h(Z),u:=—f"(Z),and Q := {0}, we see that (Min) implies the existence
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Fig. 7.3

of v € F* satisfying T*v = u, i.e., (v,h/(Z)y) = (—f(z),y) for all y € E
and so
(@) +voh/(z)=o0. (7.9)

Hence as a necessary condition for (Min), we obtain a Lagrange multiplier
rule, the Lagrange “multiplier” being the functional v € F'*.

(IV) We again consider (Min), where now A is of the form
A={ze€F|g(z)<0,i=1,...,m} (7.10)

with certain functionals g1, ..., gn,. In this case we want to obtain optimality
conditions in terms of f and these functionals. Therefore, in view of say (7.4),
we want to characterize (a sufficiently large subset of) T(A,Z) in terms of
J1s- - gm. Similarly to (III) this will be achieved under appropriate differ-
entiability assumptions. A multiplier rule is then obtained with the aid of a
suitable nonlinear substitute for the generalized Farkas lemma.

Method of Penalty Functions
The idea of this method is to replace the constrained minimum problem
f(z) = min, =z € A,
by a free minimum problem
f(x)+p(x) - min, z€E,

where the penalty function p is such that p(z) > 0if x € E\ A4, i.e., leaving
the set A is “penalized.”

(I) Let A be a convex set and f a convex functional that is continuous at
some point of A. Then the indicator functional d 4 is an appropriate penalty
function. In fact, we have

(Min) <= (f +6)(@) = min(f +64)(2) <= o€ (S +6)(@),



7.2 Upper Convex Approximations and Locally Convex Functionals 135

and the sum rule (Proposition 4.5.1) implies
(Min) <= 0€9f(Z)+064(T) < o0€df(z)+ (A—-17T)°.

The cone N(A,z) := T(A,Z)° is called normal cone to A at Z. Since A is
convex, we have T(A,z) = Ry (A — ) and so N(A4,z) = (A — z)°. Thus the
above equivalence can be written as

(Min) < 0€09f(z) +N(A, 7). (7.11)
Assume now that A is given by (7.10). Then for a further exploitation of

(7.11) we need a representation of N(A, Z) in terms of g;.

(IT) In a theory involving locally L-continuous (nonconvex) functionals, the
indicator functional is not suitable as a penalty function. In this case, the L-
continuous functional p := Ad 4, where A > 0 is sufficiently large, will turn out
to serve this purpose. Here, as in the convex case, a possible subdifferential
mapping J, f : E = E* should at least have the following properties:

If Z is a local minimizer of f on E, then o € 9, f(Z),
Ou(f +9)(7) € 0.f(Z) + 029(T).
Then it follows that
(Min) = 0 € 0,f(Z) + 0.(\da)(Z) C 0. f(Z) + N.(A, 7),
where N, (A, Z) denotes the o(E™, E)-closure of |, 9:(Ada)(2).

(III) If A is given by (7.10), then we wish to describe N, (A4, Z) in terms of
the functionals g1,..., gm.

(IV) Finally, analogous investigations are to be done for nonconvex non-
Lipschitz functionals.

7.2 Upper Convex Approximations and Locally
Convex Functionals
We start carrying out the program indicated in Sect.7.1.

Definition 7.2.1 Let f: E — R be proper and let Z € dom f.

(a) The functional ¢ : E — R is called radial upper convexr approzimation of
f at T if o is proper, sublinear, and satisfies

fo®@,y) <¢ly) VyekE.

(b) The functional ¢ : E — R is called upper convex approzimation of f at T
if o is proper, sublinear, and satisfies

fu(@y) <ely) VyeE\{o}.
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We write

UC,(f, ) := set of all radial upper convex approximations of f at z,

UC(f,Z) :=set of all upper convex approximations of f at .

Since fo(7,-) < fy(Z,-), we always have UC(f,z) C UC,(f,Z) (notice
that f5(7,0) = 0 = ¢(0)).

Proposition 7.2.2 If f : £ — R is proper and locally L-continuous at T €
dom f, then f 5 (z,y) = fo(Z,y) for anyy € E and so UC(f,z) = UC,(f,Z).

Proof. See Exercise 7.5.1. O

Remark 7.2.3 There is a close relationship to quasidifferentiable functionals.
The proper functional f : E — R is said to be quasidifferentiable at Z € dom f
if fo(Z,-) exists on E and there exist nonempty convex o(E*, E)-compact
subsets 0f(Z) and 9f(z) of E* such that

fo(Z,y) = min (u,y) + max (v,y) VyekFE.
uedf(z) vedf(z)

Now let f : E — R be quasidifferentiable at # € dom f and set

ou(y) = max{(u+v,y) |v e If(Z)} VyE€EE,
Yy(y) == max{{u —v,y) |u € -0f(x)} VyekE.

Then obviously
0y € UC(f,Z) Yu€df(z) and 1, € UC,(—f,Z) Vv edf(z).

Definition 7.2.4 describes a special class of functionals admitting (radial)
upper convex approximations.

Definition 7.2.4 Let f : E — R be proper and let Z € dom f. The functional
f is said to be

— locally convex at T if fa(z,-) exists and is sublinear as a mapping of F to
R,

— regularly locally conver at T if fi (Z,-) exists and is sublinear as a mapping
of E to R.

See Exercise 7.5.2 for an example of a functional that is locally convex but
not regularly locally convex.

Proposition 7.2.5 Let fi, fo : E — R be proper and set f := f1+ fo. Further
let T € (intdomfy) N (int domfa) and assume that fi is continuous at T and
convex:

(a) If fo is G-differentiable at T, then f is locally convex at T and fa(Z, ) =
fru(,-) + f5(%) € UC(f, ).
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(b) If fo is H-differentiable at T, then f is regqularly locally conver at T and
.fH(jv ) = fl,H(j:a ) + fé(j) € UC(.f)j)

Proof. By Theorem 4.1.3 we have f1 y(Z,-) € UC(f1, %), and by Remark 3.2.3
it follows that f3(z) € UC,(f2,Z) or fi(z) € UC(f2,Z), respectively. This
verifies the assertions. O

Remark 7.2.6 By Proposition 7.2.5, each functional that is G-differentiable
at T is locally convex there. Moreover, each continuous convex functional
as well as each functional that is H-differentiable at Z is regularly locally
convex. Notice that the proposition also describes regularly locally convex
functionals that are neither convex nor G-differentiable; consider, e.g., f(x) :=
|z| + 2%, 2 € R, at 7 = 0.

We want to derive a maximum rule for the directional G-derivative. For
i=1,...,mlet f; : E — R and set

f(z):= max fi(z), =z€E. (7.12)

i=1.....m

Let z e E, I:={1,...,m},and I(Z) :={i € I| f;(Z) = f(T)}.

Proposition 7.2.7 (Maximum Rule) Assume that ¥ € (), int(dom f;),
that f; is continuous at T for each i € I, and that f; o(Z,-) exists for each
i € I(Z). Then, with f as in (7.12), the directional G-derivative fg(Z,-) exists
and one has

fa(z,y) = Jnax fic(®,y), yekE. (7.13)

An analogous result holds with fa, fi.c replaced by fu, fi m, respectively.

Proof.

(I) First we show that the directional G-derivative fg(Z,:), whenever it
exists, depends on the functions f; for ¢« € I(z) only. Let y € E be
given. If ¢ € I'\ I(z), then the continuity of f; and f imply that there
exists 7; > 0 such that f;(Z 4+ Ty) < f(Z + 7y) for each 7 € [0, 7;]. Let
7o :=min{7; | i € I \ I(Z)}. For any 7 € (0,7) we have

o _ (7.14)
= max 7 (fi@ + )  £(@).

Hence we may assume that [(z) = I.
(IT) For each i € I(= I(Z)) we obtain

lim inf T (f(@+Ty) - f(7) > 171?017—1 (filz+7y) = fi(®)) = (fi)a(,y).
(7.15)
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‘We now show that

lim sup 7'71<f(i' + 1Y) — f(i)) <max f; ¢(Z,y).
710 i€l

This and (7.15) verify (7.13). Assume that

lim sup Tﬁl(f(i' + 1Y) — f(f)) > max f; ¢(Z,y).
710 i€l

Then we find € > 0 and a sequence 73 | 0 such that

7 (F@ +7y) - f(2) 2 max fia(T,y) +€ VEEN.

For a subsequence (7,) of (1) we have f(z + 1, vy) = f;(Z + 73, y) with
a fixed index j. It follows that

fj,G(jvy) = Vh_{go Tl;l (fj(j + Tk!/y) - f](‘%)) 2 r?ea'lei,G(jvy) + e,

which is a contradiction.
(ITI) For fg(z,-) see Exercise 7.5.3. O

Proposition 7.2.8 Assume that T € (), int(dom f;), each f; is continuous
at &, and f; is (regularly) locally convexr at T for each i € I(Z). Then the
functional f defined by (7.12) is (regularly) locally convex at Z.

Proof. This follows immediately from Proposition 7.2.7. O

Proposition 7.2.8 applies, in particular, to the maximum of a finite number of
continuous Gateaux differentiable (resp. Hadamard differentiable) functionals.
Notice that such a maximum functional in general is not Gateaux differen-
tiable (resp. Hadamard differentiable).

Proposition 4.1.6 stimulates us to define a subdifferential for locally convex
functionals.

Definition 7.2.9 If f : E — R is locally convex at Z € dom f, then
0.f(@) :={a" € E* | (2", y) < fa(Z,y) Vy € E}
is called locally convex subdifferential of f at T.

If f is convex, then by Proposition 4.1.6 we have 0. f(Z) = df(z). Notice
that if fo(Z,y) = —oo for some y € E, then 0, f(Z) is empty.

Proposition 7.2.10 If f : E — R is locally convex at = € dom f, then the
following assertions are equivalent:

(a) 0.f(Z) is nonempty.
(b) fa(z,-) is lower semicontinuous at y = o.
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Proof.

(a) = (b): Let a* € 0,f(Z). Further let k¥ < fg(Z,0) = 0. Since z* is
continuous, there exists a neighborhood W of zero in F such that k < (z*,y) <
fa(z,y) for each y € W.
(b) = (a): By assumption there exists a neighborhood V' of zero in E such
that —1 < fg(Z,y) for each y € V. Now let z € E be given. Then nz € V
for some n > 0. Since p := f¢(Z,-) is positively homogeneous, it follows that
—00 < —% < fa(Z, z) = p(2). Hence p is proper and sublinear. Moreover, let
q(y) :=1for y € V and ¢(y) := o0 for y € E\ V. Then q is proper, convex,
and continuous at zero. We further have —¢(y) < p(y) for each y € E. The
sandwich theorem (Theorem 1.5.2) thus implies that there exists z* € 0, f(Z).
O
The locally convex subdifferential is an appropriate tool for detecting min-
imizers as is the convex subdifferential (cf. Remark 4.1.2). The following result
is an immediate consequence of the definitions.

Proposition 7.2.11 If f : E — R is locally convezx at T € dom f and Z is a
local minimizer of f, then o € 0, f(Z).

7.3 The Subdifferentials of Clarke and Michel-Penot

Convention. Throughout this section, we assume that D C E is open, T € D
and f: D — R.

Here, we present two intrinsic constructions for upper convex approxima-
tions. For comparison, recall that

Fu(@,y) = lim sup L(f@+72) - f(2)).

z—y

Definition 7.3.1 If y € F, then
folz,y) = limf:)up % (f(x +71Yy) — f(x)) (7.16)

is called Clarke directional derivative of f at T in the direction y and

f9(Z,y) := sup limsup Lf@+ry+72)— f@+72)) (7.17)
zeE T1]0

is called Michel-Penot directional derivative of f at Z in the direction y.

Theorem 7.3.2 Let f be locally L-continuous around T with constant A > 0.
Then:

(a) f°(z,-) and fO(z,-) are sublinear and (globally) L-continuous with con-
stant A on E and satisfy

fu@y) < fO@,y) < f(z.y) <Myl YyekE. (7.18)

In particular, f°(Z,-) and f©(z,-) are finite upper convex approzimations

of fatT.
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(b) For anyy € E one has

@ —y) = (=N)°@y), @ -y =Ny,
Proof.

(a)(Ia) The third inequality of (7.18) holds. Let y € E be fixed. By assump-
tion, we have

T(f@+ry) = f(@) < 2Mmyll = Alyll

whenever ||z — Z|| and 7 > 0 are small. Hence f°(Z,y) < Ally||.

(Ib) The second inequality of (7.18) holds. Fix y € E. Further let ¢ > 0
be given. For each z € E there exists d(z) > 0 such that (consider
r:=T+7z2)

%(f(f+7’y+7'z) 7f(f+7’z)> < f°(z,y)+e V7e(0,0(2)).

This implies

hmsup%(f(i‘ +1y+712)— f(T+ TZ) < f°(z,y) +e

710
which holds for each z € E. We conclude that f°(z,y) < f°(z,y) +e.
Letting € | 0, the assertion follows.

(Ic) The first inequality of (7.18) holds. Let y € E be fixed. Further let
€ > 0 be given. For all sufficiently small 7 > 0 and all z € E such that
lly — z|| is sufficiently small, we have

%(f(f+7'z) —f(@)
— %(f(:quTerT(Z*y)) *f(jJrT(Z*y)))
P (fE+ ) - 1)

-
1 _ _
<-(f@+ry+7G—y) - f@+7G-y)) + Mz -yl
< fO@y) +et Az =yl
Letting 7 | 0, z — y, and finally € | 0, the first inequality follows.
(ITa) f°(z,-) is sublinear. It is obvious that f°(Z,-) is positively homoge-
neous. We show that it is subadditive. Let y;,y2 € E. We have
@+ 7 +y2)) — f(2)]

= (@ +7y2) +7o1) = flz+7y2)] + 1 [f (& + 7y2) — f(2)].
—— ——

=:F—T T—T

Passing on both sides to the limit superior for 7 | 0 and x — T, we
obtain

Fo@y +y2) < f2(2,01) + £2(7, y2)-
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(Ib) f<(z,-) is sublinear. Again we can restrict ourselves to showing sub-
additivity. Let y1,y2 € E. Let € > 0 be given. For all 7 > sufficiently
small we obtain

L7 @+t +72) — F@E 7l +2))

<f@y)+5 VzeE,

%(f(:i‘-f—TyQ-i-TZ) —f(:i—i-Tz))) Sfo(:i,yg)—i—g VzeE.

Adding these inequalities, we get

L(H(@trtnp)+re) = (5472)) < 10 @u)+I0 @ pe) e Ve € B,

T

and finally f¢(z,y1 + y2) < fO(Z,51) + (T, y2).
(IlTa) f°(&,-) is L-continuous. Let y1,y2 € E. If 7 > 0 is small and x is close
to Z, we obtain

fx+71y) = f(@) = [f(e +7y2) — f(2)] + [f(& +T51) — f(2 + Tyo)]
< [flx+7y2) — F(@)] + 7Allyr — w2l
and so

fo(i‘vyl) < fo(jayQ) + )‘”yl - yQ”

By an analogous estimate with y; and y- interchanged, we see that
2@, 91) — (T, y2)] < Allyn — 2]l.
(ITIb) Analogously, the L-continuity of f¢(z,-) is verified.
(b)(IVa) We immediately obtain

f°(@, —y) = limsup Lifx—71y) — f(2)]

= lim sup =N+ 1Y) = (=H@)] = (=H)°(@,v);

in this connection, & stands for x — 7.

(IVb) For any z € E we have
limsup £ [f(Z — Ty + 72) — f(Z + 72)]
710

= tmeup[(~)(F +7y+7(: =) = (@ + 7~y

Taking the supremum over z and z — y, respectively, gives the second
statement of (b). O
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Example 7.3.3 Let £ :=R, f(z) := |z| —|sinz|, and Z := 7. Then we have

0 ify<0,

— 2y if y <0,
2y ify > 0.

fH(,/Tay): 0 lfyZO, fo(way)_fo(ﬂ—vy)_{

We see that of the three directional derivatives, the functional f(m,) is the
best local approximation of f at m but it is not convex (Fig.7.4).

Recall (see Proposition 4.1.6) that if f is convex, then

of(z) ={z" € E* | (™, y) < fa(ZT,y) Vy € E}.

In the nonconvex case, we now give the following:
Definition 7.3.4 If f is locally L-continuous around Z, then
9o f () :={a" € E*[(z",y) < f°(Z,y) Vy € E}
is called Clarke subdifferential, or Clarke generalized gradient, of f at T and
0o f(x) = {a" € B*|(¢",y) < [®(z,y) Vy € E}
is called Michel-Penot subdifferential of f at Z.

Proposition 7.3.5 If f is locally L-continuous around T, then for any o € R
one has

Oo(af)(x) = 00:f(7) and Do (0 f)(Z) = 0o f ().
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Proof. We consider 0, f; for O¢ f the proof is analogous. If o > 0, the formula
follows immediately from (o f)°(Z,-) = o f°(Z,-). Thus it remains to verify it
for 0 = —1. We have

Oo(=f)(Z) ={z" € E* | (z",y) < (=f)°(Z,y) Vy € E}
={z* € E* | (z*,—2) < f°(Z,2)Vz € E}
= -0 f(Z).

Here the second equation holds by Theorem 7.3.2(b) and with z:=—y. O
The importance of the subdifferentials introduced above reveals:

Proposition 7.3.6 If f is locally L-continuous around T and T is a local
minimizer or a local mazimizer of f, then o € 0. f(Z) and o € O¢ f(Z).

Proof. If T is a local minimizer of f, then for any y € E we obtain

0 < Tim inf % (f@+7y) — f(2))

< limlsoupj_(f(;f +71Yy) — f(;i)) < f°(z,y).

(7.19)

The definition of d, f(Z) now shows that o € 0, f(z). If Z is a local maximizer
of f, then Z is a local minimizer of —f and so 0 € 0,(—f)(Z) = —0. f(Z) (the
latter by Proposition 7.3.5). The proof for d¢ f is analogous. a

We establish further properties of the subdifferentials.

Proposition 7.3.7 Let f belocally L-continuous around T with constant A > 0.
Then:

(a) The subdifferentials Oof(Z) and O¢f(Z) are nonempty, conver, and
o(E*, E)-compact, and satisfy

0o f(Z) C 0o f(Z) C Bp=(0,\).
(b) One has
fo(2,y) = max{(z",y) | 2" € Do f(2)} Vy€eE,
FO(@.y) = max{(a®,y) |2" € o f()} Vye E.

Proof. Taking Theorem 7.3.2(a) into consideration, the assertions follow as
those of Proposition 4.1.6(b). O

Observe that, beside the lower semicontinuity, it is the sublinearity of
fo(z,-) and f®(x,-) that ensures the nonemptyness of the respective subdif-
ferential. If we choose, say, f(Z,-) instead, we obtain for the function f of
Example 7.3.3,

{z" € E* | (z*,y) < fu(my) YyeE}=0.
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Proposition 7.3.8 If f : E — R is locally L-continuous on E, then:

(a) The functional (x,y) — f°(x,y) is upper semicontinuous on E X E.

(b) Let (z1) and (x}) be sequences in E and E*, respectively, such that x} €
Oof(z1) for all k € N. Assume that (xy) converges to T € E as k — o0
and that ©* € E* is a o(E*, E)-cluster point of (x}). Then one has x* €
Oof(Z). (That is, graph(dof) is a norm—weak* closed subset of E x E*.)

(¢) The subdifferential mapping O, f : E = E* is norm-to-weak™ upper semi-
continuous.

Proof.

(a) Let (x) and (yx) be sequences converging to & € E and § € E, respec-
tively. By definition of f°, for each k there exist z; € E and 7 > 0 such
that ||z — x|l + 7% < 7 and

1 _ [+ 7eye) — f(zr)
k Tk

f(ee + y) — f(21) N fQzk + Tiyr) — f(2e + T8Y)
Th T

[z +7y) — f(2r)
Tk

<

+ Mgk — 9ll;

in the last term, A > 0 denotes a Lipschitz constant of f near T. By letting
k — oo, the definition of the upper limit gives limsupy,_, . f°(zk, yr) <
f°(z,7). Hence f° is u.s.c. at (Z, 7).

(b) Lety € E be given. Some subsequence of ((z},y)), again denoted ((z}, y)),
satisfies (z},y) — (2*,y) as k — oo. By the definition of d,f we have
(xr,y) < fo(zk,y) for all k. Letting k — oo, we conclude from (a) that
(x*,y) < f°(z,y). Since y € E was arbitrary, we obtain z* € 0, f(Z).

(¢) The proof is analogous to that of Proposition 4.3.2(a). (Notice that by
Proposition 7.3.7(a), the multifunction O, f is locally bounded at any
ze E) O

Statement (b) of Proposition 7.3.8 will be crucial for deriving a chain rule
in Sect.7.4 as well as a multiplier rule in Sect.12.4. Now we establish rela-
tionships between the various notions. Recall the convention at the beginning
of this section.

Proposition 7.3.9

(a) If fo(Z,-) exists and is sublinear on E, then f(Z,y) = fq(Z,y) for each
y € E. In particular, if f is G-differentiable at T, then Oo f(T) = {f(Z)}.

(b) If f is locally L-continuous around T and G-differentiable at T, then
f'(x) € 05 f(2).
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(c) If f is strictly H-differentiable at T, then f is locally L-continuous around T
and f°(z,y) = (f'(Z),y) for each y € E and 04 f(z) = 0o f(x) = {f'(Z)}.

(d) If D is convex and f is convex and locally L-continuous around T, then
fo@,y) = f°(@,y) = fu(Z,y) for each y € E and O f(T) = 0of(Z) =
Of(T).

Proof.

(a) Tt is clear that fg(Z,-) < f®(Z,:). We show the reverse inequality. For
each y € E we have

£e(@,y)

< sup (limsup l(f(a_: + 7y +72) — f(Z))+limsup l(f(f) — f(z+ 7'2')))
zelR o0 T 710 T

= sup(fa(@,y +2) — f6(@,2)) < fo(@,y);
zelR

here, the last inequality holds because fg(Z,-) is subadditive. The second
statement follows immediately from the definition of d¢ f(Z).
(b) If y € E, then

(@), y) = lim L[f(@+ry)—f(2)] < lim sup Lf(@+ry)—f(x)] =f°(z,y)
and so f/(Z) € 0. f(Z).
(¢) By Proposition 3.2.4, f is locally L-continuous around Z and strictly G-
differentiable at z. We therefore have
(f'(@),y) = lim +[f(z+71y) — f(2)] = f°(z,y) VyecE

T—0
T—T

and 50 0, f(7) = {f/(2)} = 00 /(7).
(d) Let 6 > 0. Then

fo@y)= inf sup L[f(z+Ty) - f()]
e€(0,e0) rg((o,e;)
x € x,0€

(7.20)

= dnf sup  c[f(z+ey) - f(2)];
€€(0,€0) z€B(Z,d¢)

here the first equation is a consequence of the definition of the limit su-
perior, and the second holds by Theorem 4.1.3(a) because f is convex.
Denoting the Lipschitz constant of f around Z by A, we further obtain

@ +ey) = f(@)] = [f(@ +ey) - f(@)]]

<L(f@+ey) — f@+ey)| +|f(2) - f@)]) < 20),
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provided ||z —Z|| < de and e is sufficiently small. With this estimate, (7.20)
passes into

fr@y) s dof Lf@+ey) — f(@)] +201

= fa(Z,y) + 20\ = fu(Z,y) + 20X

here the second equation holds by Proposition 4.1.8. Since § > 0 was
arbitrary, it follows that f°(Z,y) < fu(Z,y). Since the reverse inequality
always holds, we obtain f°(Z,y) = fu(Z,y) and so 0. f(Z) = df(Z). The
assertion concerning f¢(z,-) and O f(Z) follows from this and (a) since
by Theorem 4.1.3(d), fu(Z,-) and so fg(Z,-) exists and is sublinear. O

Remark 7.3.10

(a) Proposition 7.3.9 shows that the Michel-Penot subdifferential is a gener-
alization of the G-derivative while the Clarke subdifferential generalizes
the strict H-derivative.

(b) Since we always have 0o f(Z) C Jof(Z) (Proposition 7.3.7) and the in-
clusion may be proper (see Example 7.3.11), the necessary optimality
condition o € d¢ f(Z) (Proposition 7.3.6) is in general stronger than the
condition o € d, f(Z).

Example 7.3.11 Let E := R and f(z) := x?sinl for  # 0, f(0) := 0.
Then f is locally L-continuous and differentiable at 0, with f/(0) = 0. By
Proposition 7.3.9 we have f¢(0,y) = 0 for each y € R and d¢, f(0) = {0}. On
the other hand, we obtain f°(0,y) = |y| for each y € R and so 9, f(0) = [—1,1].
Notice that f is not strictly differentiable at 0.

Recall that a locally L-continuous function f : R™ — R is differentiable
almost everywhere, i.e., outside a set 2 of n-dimensional Lebesgue measure
zero (Theorem of Rademacher, see, for instance, Evans and Gariepy [63]).

Theorem 7.3.12 If f : R"™ — R is locally L-continuous around T and S C R"
has n-dimensional Lebesgue measure zero, then one has

O f(z) = co{klir{:o f'(@e) | o — &, @ ¢ 27 USY.

For a proof of Theorem 7.3.12 we refer to Clarke [36].

7.4 Subdifferential Calculus

The following notion will serve to refine certain computation rules for the
subdifferentials.

Definition 7.4.1 The functional f : D — R is called regular (in the sense of
Clarke) at Z if fo(Z,) and f°(Z,-) both exist and coincide.
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Remark 7.4.2

(a) If f is regular at Z, then together with f°(Z,-) the functional fg(Z,-)
is sublinear and so the two functionals also coincide with f¢(z,-)
(Proposition 7.3.9).

(b) Let the functional f : D — R be locally L-continuous around Z. Then it
is regular at 7 if it is strictly H-differentiable or if D and f are convex
(Proposition 7.3.9).

Concerning the following computation rules, compare Proposition 4.5.1.

Proposition 7.4.3 (Sum Rule) Let fo, f1,...,fn : D — R be locally L-
continuous around T:

(a) One has

0o(Y£:)@ €Y 0ufi(@) and 06 (Y £) @) €D 0 fil).
i=0 i=0 i=0 i=0
(7.21)
(b) If f1,..., fn are strictly H-differentiable at T, then (7.21) holds with equal-
ity in both cases.
n
() If fo,f1,---, fn are regular at T, then . f; is regqular at T and (7.21)

=0
holds with equality in both cases.

Proof.

(a) We verify the statement for the Clarke subdifferential, leaving the veri-
fication for the Michel-Penot subdifferential as Exercise 7.5.4. Moreover,
we confine ourselves to the case n = 1; the general case then follows by
induction. Since by Proposition 7.3.7, we have f?(Z,y) = max{(v,y)|v €
0o fi(Z)} for i = 0,1, we conclude that:

— The support functional of . (fo + f1)(Z) is (fo + f1)°(Z, ).
— The support functional of Js fo(Z) + 05 f1(Z) is f§(Z,-) + fY(Z,-).
From the definition of the Clarke directional derivative we easily obtain

(fo+ [1)°(Z,y) < f5(Z,y) + [T(T,y) VyeE. (7.22)

Hence the assertion follows by the Hormander theorem (Theorem 2.3.1(c)).

(b) The assumption implies that the functional f; + --- + f,, is also strictly
H-differentiable. Therefore it suffices to consider the case n = 1. It is easy
to show that

(fo+ f1)°(@,y) = fo(@,9) + (fi(@),9) = f5(Z,9) + [{(Z,y) Vy€EE.

This together with (a) yields the assertion for the Clarke subdifferential.
Again the proof is analogous for the Michel-Penot subdifferential.
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(¢) By assumption we obtain

(fO + fl)G(‘fay)

= fO,G(i'vy) + fl,G("E,y) = fg(iay) + ff(jvy) (7222) (fO + fl)o(iay)'

On the other hand, we always have (fo + f1)°(Z,y) > (fo + fi1)a(Z,v).
Therefore fo + fi1 is regular at z. Moreover, by what has just been shown
we see that

(fo+ f1)°(z,y) = fo(z,y) + f{(z,y) Vyck.

From this, the assertion again follows by the Hormander theorem since
the left-hand side is the support functional of 9, (fo+ f1)(Z) and the right-
hand side is the support functional of 9, fo(Z) + 0o f1(Z). Remark 7.4.2(a)
completes the proof. a

Next we establish a mean value theorem. If x,y € F and A C E*, we write

[z,y] ={(1—7T)xz+7y| T €[0,1]},
(z,y) ={1—-7)z+71y| 7€ (0,1},
(Ayz)y .= {(z",z) | 2" € A}.

Theorem 7.4.4 (Mean Value Theorem) Assume that f : D — R is loc-
ally L-continuous and [x,y] C D. Then there exists z € (x,y) satisfying

fy) — f(2) € (0. f(2), y — x). (7.23)
Proof.
(I) For A € [0,1] let ) := 2 + A(y — x). Define ¢, : [0,1] — R by
e(A) =N+ A(f(2) = f(v),  ©(N) = fzn).

Since ¢(0) = (1) = f(x), the continuous function ¢ attains a local
minimum or a local maximum at some \g € (0, 1). Therefore 0 € d5(Ag)
(Proposition 7.3.6). By Propositions 7.3.5 and 7.4.3 we obtain

0 € Botp(No) + (f(2) — f(y)). (7.24)
(IT) We show that
OoP(N) C (0o f(zr),y —x) VAe(0,1). (7.25)

Observe that 1 is L-continuous on (0, 1) so that 0,1 makes sense. Also
notice that the two sets in (7.25) are closed convex subsets of R and so
are intervals. Hence it suffices to prove that

max (ado())) < max(a(dof(zr),y —x)) fora=+1.
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This is verified as follows:

max(adot(N)) = ¢°(X, a) = limsup l(1/)()\' +7a) —yp(\))

710 T
— linrllsoup % [flz+ N +7a)(y—2)) — flz+7(@y—2))]
< 1in71Lsoup % [f(z + 1a(y — m)) — f(z)]

= [?(zx, aly — x)) = max(0, f (1), a(y — ).
In view of (7.24) and (7.25) the proof is complete on setting z := x,. O

Finally we establish a chain rule. We consider the composite function
goh: E — R, where

h:E—R" g¢:R"—=R, (goh)(z):=g(h(z)), z€ck. (7.26)

We identify (R")* with R™, put h = (hy,...,hy,) with h; : E — R, and define
for any a € R",
ha(z) == {(a,h(z))gn, =z € E. (7.27)

Recall that ¢6* A denotes the o(E*, E)-closed convex hull of the set A C E*.

Theorem 7.4.5 (Chain Rule) Let g and h be as in (7.26). Assume that h
is locally L-continuous around T € E and g is locally L-continuous around
h(z). Then:

(a) The composite function g o h is locally L-continuous around T, and there
holds
do(g o h)(Z) C 0" {0oha(T) | a € Oog(h(Z))}. (7.28)

(b) If, in addition, g is reqular at h(Z), any h; is reqular at T, and any a €
ﬁog(h(a_s)) has nonnegative components, then (7.28) holds as equality and
g o h is reqular at x.

Proof.

(I) Set f:=goh. It is easy to see that f is locally L-continuous around Z.

(IT) Denote the set on the right-hand side of the inclusion (7.28) by M.
The sets 0, f(Z) and M are nonempty, convex, and o(E*.FE)-compact.
Therefore (7.28) holds if and only if the associated support functions
satisfy op, () < on. By Proposition 7.3.7, we have og_fz) = f°(Z,-).
Hence the theorem is verified if we can show that

f°@y) <om(y) VyckE. (7.29)
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To verify (7.29), let y € E be given. We shall construct elements a €
9o9(h(z)) and y* € Doha(T) satisfying

fo(@,y) < (" y). (7.30)

Choose sequences 7 | 0 and z; — Z such that

o1 o/
Jim a(f(wk +7ky) — f(xk)) = /(@)
By the mean value theorem (Theorem 7.4.4) there exist zp € [h(zk),
h(xr + 7y)] and ax € 0-9(zx) satisfying

= (ot ) = Fa) = = [ollan + ) - g(hlan)|

. (7.31)
= (a, —(h —h > .
<ak Tk( (zk + TrY) — h(zy)) o
Let A be a local Lipschitz constant of g at h(Z). Since z; — h(Z) as
k — oo, we conclude that for k sufficiently large, A is also a Lipschitz
constant of g at zx and so [lax|| < A (Proposition 7.3.7(a)). A subse-
quence of the sequence (ay), again denoted (ay), is thus convergent to
some a € R™. Proposition 7.3.7(c) shows that a € dog(h(z)).
Again by the mean value theorem there exist yi € [zk,zr + Ty] and
Yi € Ooha(yx) such that

<a, Tik(h(a:k + TRy) — h(mk))>Rn = (Y5, ). (7.32)

As above it follows that the sequences (y}) and ((yj,y)) are bounded
in E* and R, respectively. Let again denote ((y;,y)) a convergent sub-
sequence and let y* € E* be a o(E*, E)-cluster point of (y;). Then
(Wi, y) — (y*,y) as k — oo and y* € 9,h,(Z) by Proposition 7.3.7(c).
Combining (7.31) and (7.32) we obtain

%(f(l’k + Tey) — f(zk))
= (e —a, = (s +7p) — hor) )+ (i),

Since h is locally L-continuous around z and z — Z, the term
ot (h(xr +7ry) — h(zk)) is bounded. Moreover, we have a — a. There-
fore we obtain

£o@y) = lim = (fan + ) — F@n) = "),

k—o0 Ty

which proves (a). The verification of (b) is left as Exercise 7.5.5. O
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We consider the special case that g is strictly H-differentiable at h(Z).
Recall that D;g, where i = 1,...,n, denotes the partial derivative of g with
respect to the ith variable.

Corollary 7.4.6 Let g and h be as in (7.26). Assume that h is locally L-
continuous around T € E and g is strictly H-differentiable at h(Z). Then the
composite function g o h is locally L-continuous around T, and there holds

do(g o h)(T) C Z D;g(h(%))dohy (7). (7.33)

In particular, if n =1, then
Du(g 0 h)(@) = ¢ (h(2)) Duh(z). (7.34)
Proof.

(I) By Proposition 7.3.9(c) we have d.g(h(z)) = {¢'(h(Z))} and so, with
a=g'(h(z)),

ho(z) = ZDig(h(f)) hi(z), z€E.

The inclusion (7.33) now follows by applying Theorem 7.4.5 and
Propositions 7.3.5 and 7.4.3. The ¢o* operation is superfluous here
since with each 0.h;(Z) the set on the right-hand side of (7.33) is
o(E*, E)-compact and convex.

(IT) Now let n = 1. Define v : F — R by

Y(y) := max{g' (h(z))(z*,y) | +* € Doh(T)}.

For any y € E we have

1) = 9/ (@) (@) = Tisup ~g'(h(a)) (h(z + 7y) = h(a)

T—T

. 1 0/n
= timsup _[g(h(z + 79)) — g(h(@))] = (g0 h)°(z.).
Here, the first equation holds by Proposition 7.3.7(b) and the third
is a consequence of the strict H-differentiability of g. The assertion
(7.34) follows because 7 is the support function of ¢'(h(Z))0-h(Z) and
(goh)°(z,-) is the support function of 9,(g o h)(Z). O

Given a finite family of functionals f; : D — R, i € I, we consider the
maximum functional f: D — R defined by

f(z) :=max{fi(z)|ie I}, ze€D. (7.35)
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Let £ € D. As in Sect. 7.2 we set

I(z) :={iel] fi(z) = f(7)}.

Proposition 7.4.7 (Maximum Rule) Let I be a finite set and for alli € T
let f; : D — R be locally L-continuous around T. Then the functional f defined
by (7.35) satisfies

Oof(Z) Cco{dofi(Z) |i € I(T)} and Oof(Z) C co{ds fi(T) | i€ I(Z)}.
(7.36)
If, in addition, f; is reqular at T for any i € I(Z), then the first inclusion in
(7.36) holds with equality and f is reqular at T.

Proof. We verify (7.36) for the Michel-Penot subdifferential, leaving the proof
for the Clarke subdifferential as Exercise 7.5.6.

(I) As in the proof of Proposition 7.2.7 it can be shown that for i € I\ I(Z)
the functional f; does not contribute to f<(z, -).
(IT) Let y € E be given. Choose sequences (zy,) in E and (7,,) in (0, +00) such
that 7, | 0 and
1, _ o
—(f(a: + Ty + Tnzn) — f(T+ T,LG)) — fY(z,y) asn — oo.
Without loss of generality we may assume that for suitable subsequences,
again denoted (z,) and (7,), we have for some i € I(Z),

F(@+ 1y + Tnzn) = fi(@ 4 Toy + Tazn)-

It follows that

(@, y) = Tmsup — (fi(@ + Ty + Tuzn) — fi(@ + Tzn))

n—oo Tn

> limsupi(f(i-i-Tny-i-Tnzn) - f(f'f‘TnZn)) = fo(jvy)

n—oo Tn

and so fO(z,)) < f2(z,-) < maxX;cy(z) f2(z,-). Since f(z,-) is the
support functional of O¢f(Z) (Proposition 7.3.7) and so equals 05, f(2)
(Example 2.2.5), we conclude that, setting M := co{0¢fi(Z) | i € I(Z)},
we have

000(z) < I3 0, 1,() = Oh
here the equality sign is easily verified. By Proposition 7.3.7 the set M is
nonempty, convex, and o(E*, F)-compact and so s is proper, convex, and

l.s.c. Hence Theorem 2.2.4 gives dpy = 037 < 58<>f(f)) = da, f(z), and we
conclude that d¢ f(Z) C M. O
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7.5 Bibliographical Notes and Exercises

(Radial) upper convex approximations were introduced and studied by
Neustadt [150] and Pshenichnyi [168] (see also Scheffler [190] and Scheffler
and Schirotzek [192]). (Regularly) locally convex functionals are considered
by Ioffe and Tikhomirov [101]. Demyanov and Rubinov [47,48] studied qua-
sidifferentiable functionals in detail (see also Luderer et al. [126] and the
literature cited therein).

Clarke’s doctoral thesis [33] marks a breakthrough in that it gives, for
Lipschitz functions on R™, the first intrinsic (nonaxiomatic) approach to
generalized directional derivatives. The characterization of J,f(Z) given in
Theorem 7.3.12 is Clarke’s original definition in the finite-dimensional case.
A remarkable generalization of this characterization to Banach spaces with a
[B-smooth norm is due to Preiss [166].

Clarke [36] systematically elaborated his concept in normed vector spaces.
The mean value theorem (Theorem 7.4.4) is due to Lebourg [119]. For further
results of this kind see Hiriart-Urruty [86], Penot [163], and Studniarski [202,
203]. A mean value theorem in terms of radial upper convex approximations
that encompasses Lebourg’s mean value theorem is due to Scheffler [191]. For
applications of Clarke’s directional derivative and subdifferential to various
problems we refer to Clarke [36], Clarke et al. [39], Loewen [123], Mékeld and
Neittaanméaki [149], Panagiotopoulos [157], Papageorgiou and Gasinski [158],
and the references in these books. The Michel-Penot directional derivative
and subdifferential (see [129,130]) are considered, among others, by Borwein
and Lewis [18] and Ioffe [99].

Exercise 7.5.1 Prove Proposition 7.2.2.
Hint: Compare the proof of Lemma 3.1.2.

Exercise 7.5.2 Define f : R?> — R by f(z1,22) = 0 if 2y > 0 and
f(z1,22) := 1 otherwise. Show that f is locally convex but not regularly
locally convex at Z := (0,0).

Exercise 7.5.3 Prove Proposition 7.2.7 for the directional H-derivative.
Exercise 7.5.4 Verify Proposition 7.4.3 for the Michel-Penot subdifferential.
Exercise 7.5.5 Verify assertion (b) of Theorem 7.4.5.

Exercise 7.5.6 Prove Proposition 7.4.7 for the Clarke subdifferential.
Hint: Define g : R® - R and h: E — R™ by

g(zlw”vzn) = max{zl,...,zn}, h($) = (fl(x)77fn($))

Observe that f = g o h and apply Theorem 7.4.5.
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Variational Principles

8.1 Introduction

Convention. In this chapter, unless otherwise specified, assume that E is a
Banach space and f : E — R is proper, l.s.c., and bounded below.

The theory of generalized directional derivatives and subdifferentials con-
sidered so far for both convex and nonconvex functionals is essentially based on
separation and so on convexity arguments; consider, e.g., the proofs of the sum
rules (Propositions 4.5.1 and 7.4.3) and the maximum rule (Proposition 7.4.7),
where the crucial tool is the sandwich theorem, the Hormander theorem, and
the biconjugation theorem, respectively. These tools were applicable since the
derivative-like objects constructed are convex. It turns out that a correspond-
ing theory not enforcing convexity and working beyond the Lipschitz case
requires quite different tools. In the following we establish variational prin-
ciples as well as extremal principles, which have proved to be adequate for
treating lower semicontinuous functionals. (To be precise, Clarke’s multiplier
rule for Lipschitz functionals to be derived in Sect. 12.4 also hinges on a vari-
ational principle.)

First we explain the idea of variational principles. It is clear that a func-
tional f as above may fail to have a global minimizer. However, since f is
bounded below, there are points that “almost” minimize f, i.e., for each € > 0
there exists ¢ € E satisfying

f(@) < inf f(x) +e

Ekeland [56] showed that for each such Z and each A > 0 there exists a

point z € F that actually minimizes the slightly perturbed functional

ey) = fly)+5xllz—vl, yeE,

and is such that ||z — Z|| < A\. This first variational principle has remarkable
applications in quite different areas of nonlinear analysis (see the references
at the end of this chapter).
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A drawback of Ekeland’s variational principle is that the perturbed func-
tional ¢ is not differentiable at y = z even if the original functional f
is differentiable on all of E. The first to overcome this drawback were
Borwein and Preiss [19] who established a smooth variational principle. Mean-
while several smooth variational principles have been derived. We present
below a smooth variational principle due to Loewen and Wang [125] from
which the mentioned variational principles will then be deduced in a uni-
fied way.

8.2 The Loewen—Wang Variational Principle

We write infg f for inf,cg f(x). Recall the notion of a minimizing sequence.

Definition 8.2.1

(a) A point Z € FE is said to be a strict minimizer of f if f(z) < f(z) for
each z € F,x # .

(b) A point Z € E is said to be a strong minimizer of f if f(Z) = infg f and
each minimizing sequence for f is convergent to Z.

It is clear that each strong minimizer of f is also a strict minimizer. But
the converse is false. For example, the point £ = 0 is a strict but not a strong
minimizer of the function f(z) := 2%~ on R; notice that each sequence (z,,)
tending to +oco as n — oo is a minimizing sequence for f.

Recall that diam(A) := sup{|lz — y|| |,y € A} denotes the diameter of
the set A C E.

Remark 8.2.2 For ¢ > 0 let
Y(f)={z € E|f(z) < i%ff—ke}.

It is left as Exercise 8.5.1 to show that the functional f has a strong minimizer
on F if and only if
inf {diam (X(f)) | € > 0} = 0.

Now we construct a perturbation ps, of f. The data involved will be spec-
ified in Theorem 8.2.3. Let p : E — [0, +00) be such that

p(o) =0, n:=sup{|z||z€E, p(z) <1} < +oco (8.1)

and set

Poo () = Z Hn p((n +1)(x — Zn)) (82)

n=0
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Theorem 8.2.3 (Loewen—Wang) Let ¢ > 0 and let T € E be such that
f(Z) < infg f + e. Assume further that p : E — [0,400) is a continuous
function satisfying (8.1) and that (uy,) is a decreasing sequence in (0,1) with
oo o n < +00. Then there exists a sequence (z,) in E converging to some
z € E such that, with ps according to (8.2), the following holds:

(a) p(z —2) <1.
(b§ f(2) + epoo(z) < f(2).

(c is a strong minimizer of f + €ps on E. In particular,
f(2) + €poo(2) < f(z) + €poc(x) Vz e EN\{z}. (8.3)
Proof.

(I) Set zg :=Z, fo := f. By induction, z,41 can be chosen (see below) and
fn+1, Dp, can be defined for n = 0,1,... in the following way:

fosi(@) 1= ful@) + e p((n+ D@ = 22)), € B, (8.4)
frt (o) < FELfu(on) + (1= 22 inf fos < fulz), (85)
Do = {2 € B| fus1(®) < far1(znsr) + Fo- ). (8.6)

We show that z,4; can be chosen according to (8.5). Note that
infg fnr1 < far1(zn) = fo(zn). If this inequality is strict, then by
the definition of the infimum there exists 2,11 € F such that

. Hn41 .
fn-i-l(zn-i-l) < 1%f Srnt1 + 9 (fn(zn) - lrElf fn-i-l) .

If equality holds, then choose z,41 := z,. In either case, (8.5) is satis-
fied.

(IT) Since fy41 is l.s.c., the set D,, is closed. Moreover D,, is nonempty as
Zn+1 € Dy,. Since p,, € (0,1) and f,41 > fn, (8.5) implies

fn—i—l(zn+1) - Héf fn-i—l < ﬂn2+1 (fn(zn) - HEl'f fn—i—l) < fn(zn) - l%f fn-
(8.7)
(IIT) We have D,, € D,,_1 forn =1,2... Infact, if x € D,,, then p,—1 > py
and (8.5) yield

Hn—1€

Ful@) € Fasr (@) < Frrr (zns) + 225 < Fulzn) + >

2

and sox € D, _1.
(IV) We show that diam(D,,) — 0 as n — oco. Since fr,—1 < fn, (8.5) with
n replaced by n — 1 implies

fn(zn) - iIEl,ffn < % (fn—l(zn—l) - I%f fn)

Hn . HUn€
< B — Ladiaey
=9 (fn—l(zn—l) I%ffn—1> < 2

(8.8)
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(VII)

8 Variational Principles

The last < follows from (8.7) and fo(z0) —infg fo = f(Z) —infg f < e.
Now let © € D,,. By the definitions of D,, and f,4+1 we obtain

pnep((n+1)(x — 2,))

n€ . n€
S fn+1(zn+1) - fn(x) + MT S fnJrl(ZnJrl) - l%ffn + L

5
This inequality together with fp,11(2n41) < fn(2n) (see (8.5)) and (8.8)
shows that
p((n+1)(x—2,)) <1 Vn=0,1,... (8.9)
The hypothesis (8.1) therefore implies
(n+ Dz —zull <7 (8.10)

and so diam(D,,) < nz—J:’l — 0 asn — oo.

In view of (III) and (IV), Cantor’s intersection theorem applies to (D,,)
ensuring that ﬂflozo D,, contains exactly one point, say z. For each n
we have z,11 € D, and z € D,,. Hence ||zp41 — z|| — 0 as n — oo.
Moreover, setting z = z and n = 0 in (8.9), we see that p(z — Z) < 1.
This verifies (a).

Next we show that f(z) 4+ €poo(2) < fn(z,) for each n. Let

Dy :={z € E| fui1(z) < fap1(znp1)} forn=1,2,...

Since fn41 > fn but fri1(znt1) < fu(zn) (see (8.5)), we have D, C
Dn_l.l\/loreover, each D,, is a nonempty closed subset of D,,. Therefore
No, D,, = {z}. This together with f,11(zn41) < fu(2,) implies

Tk(2) < fr(zk) < fu(zn) < fo(z0) = f(Z) Yk >n.

From (8.4) we get

k—1

fe(@) = f@) +e>_ pip((G+1)(x—2)), z€E. (8.11)

j=0
Recalling (8.2), we conclude that
f(2) +epoc(z) = lim fi(2) < fulzn) < f(2). (8.12)

This was claimed above and this also verifies (b).
Let f:= f + €poo. We show that X, ./5(f) € D, for each n. Thus let

r € X, co(f). Then

~ ~ n€ n€
fori(@) < F@) < F@)+55 < funilee) + 525
(811) 2 (812) 2

and so indeed z € D,,.
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(VIII) Since the sequence (i) is decreasing, the sequence of the closed sets
Xines2(f) is decreasing with respect to inclusion and so (V) and (VII)
give (o, Zune/g(f) = {z}. Hence z is a minimizer of f. By (IV) and
(VII) we have

lim diam (ZME/Q(J;)> =0.

n—oo

Hence Remark 8.2.2 finally tells us that z is even a strong minimizer
of f. a

As a first corollary to Theorem 8.2.3 we derive a Banach space variant of
Ekeland’s variational principle, with the additional property that the mini-
mizer of the perturbed functional is strong.

Theorem 8.2.4 (Ekeland) Let € > 0 and let T € E be such that f(Z) <
infg f + €. Then for any X\ > 0 there exists z € E such that:

(a) ||z —z|| < A
(b) 2z is a strong minimizer of the functional v — f(zx) + ||z — 2| on E.
In particular,

F(2) < f(z) + %Hx — 2| VzeB\{z. (8.13)

Proof. Set
] . 1

Ple)i= 30 M= ey

By Theorem 8.2.3 there exist a sequence (z,) and a point z in E such that,
in particular, (8.3) holds true, i.e., for each = # z we have

f(2) < (@) + €(poo(@) — poc(2))

|
=I@+ 32 g (e =zl =z =) (8.14)

N | €
< f($)+XZW||x—Z|| :f($)+X||x—Z||~
n=0

This verifies (8.13). Now let (z,,) be a minimizing sequence for ¢(z) := f(z)+
Sl = 2], ie., @(zn) — infpp = f(2) as n — oo. Then (8.14) shows that
(2,,) is a minimizing sequence for f 4 €po.. By Theorem 8.2.3(c) we conclude
that x,, — z. Hence z is a strong minimizer of ¢. O

Corollary 8.2.5 Let ¢ > 0 and let T € E be such that f(Z) < infg f + €.
Assume that f is G-differentiable. Then there exists z € B(Z,/€) satisfying

) <inffte and |f()] < Ve

Proof. See Exercise 8.5.2. O
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The corollary states that near an “almost minimum” point of f we can find
an “almost critical” point. In particular, there exists a minimizing sequence
(xr) of f such that the sequence (f'(zx)) converges to zero.

Corollary 8.2.6 Let A be a closed subset of E, let f : A — R be l.s.c. and
bounded below. Let € > 0 and let T € A be such that f(z) < infa f +e. Then
for any A > 0 there exists z € A such that:

(a) ||z —z|| < A
(b) z is a strong minimizer of the functional x — f(x) + S|z — z| on A.
In particular,

() < f@)+ Sllw— 2] Vo eA\{z). (8.15)
Proof. See Exercise 8.5.3. ad

Here, we give a geometric application of Ekeland’s variational principle.
In view of this, recall that by Corollary 1.5.5, every boundary point of a closed
convex set M C FE is a support point provided M has interior points. Without
the latter condition, the existence of support points cannot be guaranteed.
However, the following result due to Bishop and Phelps [15] ensures that M
contains support points with respect to certain Bishop—Phelps cones. In this
connection, M is not assumed to be convex or to have interior points. In
Fig. 8.1, the point y is a support point of M C R? with respect to the Bishop—
Phelps cone K (x*,a) while z is not.

Proposition 8.2.7 Let E be a Banach space and M be a closed subset of E.
Suppose that z* € E* \ {o} is bounded on M. Then for every o > 0 there
exists y € M such that

M0 (y+ Kz, a)) = {y}-
Proof. See Exercise 8.5.4. ad

— y+ K@@' a)

z+ K(z*, )

Fig. 8.1
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8.3 The Borwein—Preiss Variational Principle

Now we deduce the smooth variational principle of Borwein and Preiss, again
with a strong minimizer.

Theorem 8.3.1 (Borwein—Preiss) Let € > 0 and let T € E be such that
f(Z) < infg f + €. Further let A > 0 and p > 1. Then there exist a sequence
(v) in (0,1) with Y7 v, =1 and a sequence (z,) in E converging to some
z € E such that the following holds:

(@) lz—z| < A.
(b) f(z) <infg f +e.
(¢) z is a strong minimizer of f + €ps on E, where

oo

1
poo() = 5 z%ynnx — 2z, ||P. (8.16)
Proof. We set
=l _ 1 N~ (1t
p(l‘) = )\p 5 Mn = m, Where g = Z W (817)

n=0

Then there exists a sequence (z,) converging to some z as in Theorem 8.2.3.
The perturbation functional according to (8.2) here is given by (8.16), where

 (n41)pt
YT o,
It is left as Exercise 8.5.5 to show that these data meet the assertions. O

Remark 8.3.2 If, under the assumptions of Theorem 8.3.1 and with p > 1,
the norm functional w(z) := ||z||, z € E, is p-differentiable on E \ {o} for
some bornology (3, then the perturbation functional p., defined by (8.16) is
(-differentiable on all of E and satisfies

e’} _ —1
P (n+ 1P |z — 2z, ||
Poo() = E":O ont1 3 W(x—2,) VT #2z,, neN,
poo(zn) =0 VneN,
o0
+Hr Tt 1 p
Lol Ly - L vser.
I (@)l < = 2o i T e ze

The estimation follows with the aid of (8.10), where by (8.17) we have n = A
and ||w'(z — zp)|| = 1 (Proposition 4.7.1).

If E is a Hilbert space, the perturbation functional p,, in Theorem 8.3.1
can be simplified.
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Theorem 8.3.3 Assume that E is a Hilbert space. Let € > 0 and let T € E
be such that f(Z) < infg f 4+ €. Then for any X\ > 0 there exist y,z € E such
that the following holds:

(@) lz—=z[ <A, flz—yll <A
(b) f(2) <infg f +e.
(¢) z is a strong minimizer of the functional x — f(z) + z|lz — y||* on E.
Proof. We set

L A S

: )\2 ’ n - 2n+1(n+ 1)2'

Then there exists a sequence (z,) converging to some z as in Theorem 8.2.3.
The perturbation functional is

l|lz — ZnH
OO )\2 Z on+1 :
Now define
e [EA 5
V= g e Z o — Iyl
n=0

A direct calculation using the inner product shows that for each x € F,

Z 2] = 2(z | 2n) + |12n]?
oo >\2 on+1

1 2 EA 1 2 ¢
= 5 (Il —2<x|y>+ng0 ) = 3zl =yl + 5

Noting that c¢/\? is constant, the assertions follow from Theorem 8.2.3, except
for the estimate ||z — y|| < A. The latter is obtained as follows (observe that
¢ is positive). Since

)+ 53 lz =yl < £(2) + €poa(2) < (@) <inf £+,

we have ¢
_oll? < _ <
iz —ull” <inff = f(z) +e<e

which completes the proof. ]

8.4 The Deville-Godefroy—Zizler Variational Principle

We prepare the next result. If g : £ — R is bounded, we write

[9lloo == sup{lg(2)| | © € E}.

A functional b : E — R is said to be a bump functional if b is bounded and
the set supp(b) := {z € E | b(x) # 0} is nonempty and bounded.
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Lemma 8.4.1 Let E be a Fréchet smooth Banach space and || -|| be an equiv-
alent norm on E that is F-differentiable on E \ {o}. Then E admits a bump
functional b : E — R that is L-continuous, continuously differentiable, and
such that

b(E) C[0,1], blx)=014f|z|| >1, blo)=1. (8.18)

Proof. Let ¢ : R — R be a continuously differentiable function satisfying
e(R) C[0,1], ot)=0ift<landift>3, ¢(2)=1.
Choose zy € E such that ||xo| = 2 and set
b(z) .= o(||5x + xz0l|), =z € E.

Together with ¢ and | - ||, the functional b is L-continuous. Moreover, by
Corollary 4.3.4 the norm functional is continuously differentiable on E \ {o}
and so b is continuously differentiable on E; in this connection notice that
in a neighborhood of the critical point x = —(1/5)xo the function ¢ is zero.
Obviously (8.18) holds. 0

We make the following assumptions:

(Al) FE is a Banach space, Y is a Banach space (with norm || - ||y ) of bounded
continuous real-valued functions on F.

(A2) lgllec < llglly for any g €Y.

(A3) For any g € Y and z € E, the function g, : E — R defined by ¢.(z) :=
g(w + 2) satisfies g. € Y and [|g:[ly = [lglly-

(A4) For any g € Y and « € R, the function = — g(ax) is an element of Y.

(A5) E admits a bump functional b € Y.

Theorem 8.4.2 (Deville-Godefroy—Zizler [49]) If the assumptions
(A1)—(AD) are satisfied, then the set G of all g € Y such that f + g attains a
strong minimum on E is a dense Gs subset of Y.

Proof. Given g € Y, define

S(g,a) = {x € E;| g(x) <infg +a},

1
Uy:={g9geY|Ta>0: diamS(f+g,a) < E}

We will show that each Uy, is open and dense in Y and that N2, U, = G:

(I) We show that each Uy is open. Let g € Uy be given and let a be an
associated positive number. Then for any h € Y satisfying ||g — hlly <
a/3 we have ||g — hlloo < a/3. If z € S(f + h,/3), then

(f +h)(@) < inf(f +h) + %
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(1)
(ITa)

(ITb)

(I1c)
(I11)

8 Variational Principles
It follows that
. «Q
(f +9)(@) < (f +h)(@) +llg = hllee <inf(f +h) + o +lg = hlls

[0

<
,lrblf(f-l-g)-l- 3

+2]lg = hlloo < f(f +9) +

Hence S(f + h,a/3) C S(f + g, «) and so h € U.

Next we show that each Uy is dense in Y.

Let ¢ € Y and € > 0 be given. It suffices to find h € Y such that
Ihlly < € and diam S(f + g + h,a) < 1/k for some oo > 0. We may
assume that the functional b of (A5) satisfies ||b]|y < €. By (A3) we may
further assume that (o) > 0 and by (A4) that supp(b) C B(o,1/(2k)).
Set a := b(0)/2, choose T € F such that

b(o)

(f +9)(@) <inf(f +9) + =

and define h : E — R by h(z) := —b(z — Z). Then (A3) implies that
heY and ||h|y = ||b]ly <e.
We show that
S(f +g-+h,a) C B(z, 1/(2K). (8.19)
-

Let || — Z|| > 1/(2k). Since supp(h) C B(z,1/(2k)), we have h(z) = 0.
It follows that

(f +g+h)(@) = (f+9)(z) 2 nf(f +9) > (f +9)(T) —a
= (f+9+N1)(T)+b0) =bl0)/2 > mf(f +g+h) +a

and so z ¢ S(f + g + h,«). This verifies (8.19). By what has been said
in step (ITa) we can now conclude that Uy is dense in Y.

The Baire category theorem now implies that N2, Uy is dense in Y.
Finally we show that N2 ,U, = G. It is left as Exercise 8.5.6 to verify
that G C NP2, Ug. Now let g € N2, Uy be given. We will show that f+g
attains a strong minimum on E. Given k € N choose o > 0 such that
diam S(f+g,ax) < 1/k. Since each set S(f+g, o) is closed, the Cantor
intersection theorem shows that N2, S(f + g,ax) consists of exactly
one point Z, which obviously is a minimizer of f + g. Now let (z,) be a
sequence in E satisfying lim,, o (f+9)(2,) = infg(f+g). Forany k € N
there exists ko such that k > kg implies (f + g)(z,) < infg(f +9) + ax
and so z, € S(f + g, o). We conclude that

Vn Z ko.

el

l2n — 2| < diam S(f + g, %) <
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Hence x,, — & as n — oo. Therefore, Z is a strong minimizer of f + g
and so g € G. ad

As a consequence of Theorem 8.4.2 we derive:

Theorem 8.4.3 Let E be a Banach space admitting a continuously differ-
entiable bump functional b such that ||b]|eo and ||V'||s are finite. Further let
f: E — R be proper, l.s.c., and bounded below. Then there exits a constant
a > 0 (depending only on E) such that for all € € (0,1) and for any xo € E
satisfying

fzo) < i%ff + ae?, (8.20)

there exist a continuously differentiable function g : E — R and yg € E such
that:

(a) yo is a strong minimizer of f + g.
(b) max{|lglloo, [l9'[loc} < €.
(€) llyo — ol <e.

Proof. Let Y be the vector space of all continuously differentiable functions
g : E — R such that ||g|lcc and ||¢’|| are finite. Equipped with the norm
llglly := max{||g|loo; |glloc}, ¥ is a Banach space. A construction analogous
to that in the proof of Lemma 8.4.1 allows us to assume that b satisfies (8.18),
in particular ||b||oc = 1. Define

1
T Tmax{ [V, 1}

and h(x):= f(z) — 20D (a: — xO) ,x € E.
€

By Theorem 8.4.2 there exist k¥ € Y and yy € F such that h + k attains a
strong minimum at gy and

[klloo < a€®/2, ||K]|co < ae®/2 < €/2. (8.21)
We have

h(xo) = f(x0) — 2ae€® < i%ff — e,

h(y) > inf f - whenever [y — ol > e.
If (c) would not hold, the above estimate would give

inf f + k(yo) < (h+k)(yo) < (h + k)(z0) < inf f — ae® + k(o)

and so k(yo) < k(zg) — ae?, which is a contradiction to (8.21). Hence (c) is
verified. Finally set

g(2) == k(z) — 2aeb (M) , z€ekE.

€

It is easy to see that (a) and (b) also hold. O
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8.5 Bibliographical Notes and Exercises

Some references have already been given in the text. For various applications
of Ekeland’s variational principle we refer to Ekeland [57], Figueiredo [69],
Pallaschke [155], and Penot [162]. Vector-valued variants of Ekeland’s vari-
ational principle have been obtained by Gopfert et al. [78]. Concerning the
smooth variational principle of Deville, Godefroy, and Zizler see also Deville
et al. [50]. The proof given here follows Borwein and Zhu [24]. This book
also contains further variational principles, many applications, and additional
references.

Borwein and Preiss [19] show that a result analogous to Theorem 8.3.3
holds in any reflexive Banach space with a Kadec norm and with po(2) =
e — y||P for any given p > 1. Recall that on each reflexive Banach
space there exists an equivalent norm that is locally uniformly convex
(Theorem 4.7.12), and each locally uniformly convex norm is a Kadec norm
(Lemma 4.7.9). In particular, on each Hilbert space the norm generated by
the inner product is (locally) uniformly convex (Example 4.7.7) and so is the
initial norm on LP for 1 < p < 400 (Example 4.7.11).

Exercise 8.5.1 Verify Remark 8.2.2.
Exercise 8.5.2 Prove Corollary 8.2.5.
Exercise 8.5.3 Verify Corollary 8.2.6.

Exercise 8.5.4 Verify Proposition 8.2.7.
Hint: Apply Ekeland’s variational principle to the functional f := —Hi—*u +dn
and with appropriate choices of € and .

Exercise 8.5.5 Elaborate the details of the proof of Theorem 8.3.1.

Exercise 8.5.6 Show that, with the assumptions and the notation of
Theorem 8.4.2, one has G C N2, Uj.
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Subdifferentials of Lower Semicontinuous
Functionals

9.1 Fréchet Subdifferentials: First Properties

In this section we study another kind of derivative-like concepts.

Definition 9.1.1 Assume that E is a Banach space, f : E — R is proper
and l.s.c., and Z € dom f.

(a)

The functional f is said to be Fréchet subdifferentiable (F-subdifferenti-
able) at T if there exists z* € E*, the F-subderivative of f at Z, such that
i L6400 = )

y—o Y

>0, (9.1)

The functional f is said to be wviscosity subdifferentiable at T if there
exist x* € E*, the viscosity subderivative of f at Z, and a C!-function
g : E — R such that ¢'(Z) = 2* and f — g attains a local minimum at Z.
If, in particular,

9(z) = 2",z — ) — o]z — z||?
with some positive constant ¢, then z* is called prozimal subgradient of
f at . The sets

Or f(Z) := set of all F-subderivatives of f at Z,
Ov f(Z) := set of all viscosity subderivatives of f at Z,

Op f(Z) := set of all proximal subgradients of f at &

are called Fréchet subdifferential (F-subdifferential), viscosity subdifferen-
tial, and proximal subdifferential of f at I, respectively.

Remark 9.1.2 Observe that the function g in Definition 9.1.1(b) can always
be chosen such that (f —g)(Z) =0 (cf. Fig.9.1).

We study the relationship between the different notions.
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A

Fig. 9.1

Proposition 9.1.3 Assume that E is a Banach space, f : E — R is proper
and l.s.c., and T € dom f. Then Ov f(z) C Op f(Z).

Proof. See Exercise 9.8.1. O

Remark 9.1.4 Notice that Op f(Z) and Jy f(Z) can be defined as above for
any proper, not necessarily ls.c. functional f. However, if Op f(Z) (in parti-
cular, Oy f(Z)) is nonempty, then in fact f is Ls.c. at T (see Exercise 9.8.2).

The next result is an immediate consequence of the definition of the vis-
cosity F-subdifferential and Proposition 9.1.3.

Proposition 9.1.5 (Generalized Fermat Rule) If the proper l.s.c. func-
tional f : E — R attains a local minimum at T, then o € Oy f(T) and in
particular o € O f(T).

We shall now show that we even have Oy f(Z) = Or f(Z) provided E is a
Fréchet smooth Banach space. We start with an auxiliary result.

Lemma 9.1.6 Let E be a Fréchet smooth Banach space and ||- || be an equiva-
lent norm on E that is F-differentiable on E\{o}. Then there exist a functional
d: E— Ry and a number a > 1 such that:

(a) d is bounded, L-continuous on E and continuously differentiable on E\{o}.
(b) llzll < d(z) < allz]| if |z| < 1 and d(z) =2 if ||| > 1.

Proof. Let b: E — R be the bump functional of Lemma 8.4.1. Define d : £ —
Ry by d(o) := 0 and

o0

d(z) = 2 where s(z) := Z b(nz) for x # o.

s(z)’ —
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We show that d has the stated properties:
Ad (b). First notice that the series defining s is locally a finite sum. In fact,
if T # o, then we have

b(nz) =0 VzeB(Z,|z|/2) Yn>2|Z|. (9.2)
Moreover, s(x) > b(o) = 1 for any = # o. Hence d is well defined. We have
d(E) C[0,2] and d(x)=2 whenever |z| > 1.
Further it is clear that
[x #o0and b(nz) #0] = n<1/|x| (9.3)

and so, since 0 < b < 1, we conclude that s(z) < 1+ 1/||z||. Hence d(z) >
2||z||/(1+]|z||), which shows that d(x) > ||z|| whenever ||z|| < 1. Since b(o) =1
and b is continuous at o, there exists n > 0 such that b(x) > 1/2 whenever
|z]] < n. Let @ € E and m > 1 be such that n/(m + 1) < ||z < n/m.
It follows that

- m+1 n
> b > —_—
s(z) > E (nz) > 5 > 3]

n=1
and so d(z) < (4/n)| x| whenever ||z|| < 7. This and the boundedness of d
imply that d(z)/||z|| is bounded on E \ {o}. This verifies (b).
Ad (a). Since by (9.2) the sum defining s is locally finite, the functional d is
continuously differentiable on E'\ {o}. For any x # o we have

d'(z) = -2 (Z nb’(nm)) <Z b(nw)) = —@ Z nb' (nx).

Since b is L-continuous, A := sup{||t’(x)|| | x € E'} is finite and we obtain for
any x # o,

oo 1[E2 (i 2
1

E nb (nz)|| < A g n§A(1+M> :

n=0 n=0

here the first inequality holds by (9.3). This estimate together with (b) yields
' ()| < A max{a, 2}?(|z]| +1)?,

showing that d’ is bounded on B(o,1) \ {o}. Since d’' is zero outside B(o,1),
it follows that d’ is bounded on E \ {0o}. Hence d is L-continuous on E. This
verifies (a). O

Now we can supplement Proposition 9.1.3.

Theorem 9.1.7 Let E be a Fréchet smooth Banach space, f : E — R be a
proper l.s.c. functional, and & € dom f. Then v f(Z) = Or f(T).
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Proof. In view of Proposition 9.1.3 it remains to show that Or f(7) C dv f(Z).
Thus let z* € Op f(Z). Replacing f with the functional f : E — R defined by

fly) = sw{f(@+y) - f(2) — (a",9), -1}, y€E,

we have o € 9 f(0). We show that o € dy f(0). Notice that f(z) =0 and f is
bounded below. By (9.1) we obtain
lim inf F) > 0. (9.4)
v=o |yl
Define p : Ry — R by p(t) := inf{f(y) | ||ly|| < t}. Then p is nonincreasing,
p(0) =0 and p < 0. This and (9.4) give
i P

Define p; and ps on (0,400) by

pit) = | T4y oty = / Ty,

S S

Since p is nonincreasing, we have

pi(et) = / TP g s ety / ) §d5=p(e2t). (9.6)

t S et
Since p; is also nonincreasing, we obtain analogously p;(et) < pa(t) < 0. This
and (9.5) yield
4 t 4
tim 220 iy 228 20 (9.7)
tlo t tlo t tlo ¢t
Now define g : E — R by g(z) := p2(d(z)) for © # o and (o) := 0, where d
denotes the functional in Lemma 9.1.6. Recall that d(z) # 0 whenever z # o.
Since p; is continuous on (0,400) and so py is continuously differentiable on
(0, +00), the chain rule implies that § is continuously differentiable on E\ {o}
with derivative

pr(ed(x)) = pa (d(2))
d(x)

g (x) = -d'(z), w=#o.

The properties of d and (9.7) further imply that lim,_., ||§’'(z)|| = 0. There-
fore it follows as a consequence of the mean value theorem that g is also
F-differentiable at o with §'(0) = o, and ¢’ is continuous at o. Since p is non-
increasing, we have p2(t) < p1(t) < p(t); here, the second inequality follows
analogously as (9.6) and the first is a consequence of the second. Let ||z| < 1.
Then ||z|| < d(z), and since ps is nonincreasing (as p; is nonincreasing), we
obtain
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(f = 9)(@) = f(2) = pa(d(2)) > f(2) = pa(llll) = F(x) = p(llz]}) > 0.

Since 0 = (f — §)(0), we see that f — § attains a local minimum at o. Hence
0 € dy f(o) and so z* € dy f(Z). O

Remark 9.1.8 Let E, f, and T be as in Theorem 9.1.7. Further let z* €
Ov f(Z), which by Theorem 9.1.7 is equivalent to 2* € 9p f(Z). Then there
exists a concave C! function g : E — R such that ¢/(Z) = 2* and f — g attains
a local minimum at Z (cf. Fig.9.1); see Exercise 9.8.4.

In order to have both the limit definition and the viscosity definition of
F-subderivatives at our disposal, we shall in view of Theorem 9.1.7 assume
that E is a Fréchet smooth Banach space and we denote the common F-
subdifferential of f at & by Op f(Z).

The relationship to classical concepts is established in Proposition 9.1.9.
In this connection recall that

opf(z) C Orf(2). (9.8)

Proposition 9.1.9 Assume that E is a Fréchet smooth Banach space and
f: E — R is proper and l.s.c.

(a) If the directional G-derivative f(Z,-) of f at T € dom f exists on E, then
for any x* € Op f(Z) (provided there exists one),

(z*,y) < fa(T,y) Yy€eEE.
If, in particular, f is G-differentiable at & € dom f, then Opf(Z) C

(@)}

(b) If f € CY(U), where U C E is nonempty and open, then Or f(z) = {f'(x)}
for any x € U.

(c) If f € C*(U), where U C E is nonempty and open, then Opf(x) =
Orf(x)={f(z)} for anyx € U.

(d) If f is convex, then Op f(x) = Op f(x) = Of (x) for any x € dom f.

(e) If f is locally L-continuous on E, then Op f(x) C 0, f(x) for any x € E.

Proof.

(a) Let x* € Op f(Z) be given. Then there exist a C! function g and a number
€ > 0 such that ¢'(Z) = 2* and for each z € B(Z, ¢) we have

(f —9)(x) = (f —9)(F) VaeB(T,e). (9.9)

Now let y € E. Then for each 7 > 0 sufficiently small we have T + 7y €
B(Z,¢) and so

(f@+1y) = f(@) = 2 (9(2 + 1Y) — 9(2)).
Letting 7 | 0 it follows that fo(Z,y) > (¢'(z),y) = (z*,y). If f is

G-differentiable at Z, then by linearity the latter inequality passes into
7@ ="
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(b) It is obvious that f'(z) € Opf(z) for each x € U. This and (a) imply
Orf(x) ={f'(x)} for each z € U.

(c) By Proposition 3.5.1 we have f'(x) € Opf(x), which together with (a)
and (9.8) verifies the assertion.

(d) It is evident that 0f(z) C dpf(Z) C Orf(Z) for each T € dom f. Now
let * € Op f(Z) be given. As in the proof of (a) let g and € be such that
(9.9) holds. Further let € E. If 7 € (0,1) is sufficiently small, then
(1 —7)z + 7o € B(Z,€) and we obtain using the convexity of f,

1-7)f(Z)+7f(x) > f((l—T):fc—i-Tx) (9%) f(f)—f—g((l—r)i‘—f—Tx)—g(f).

It follows that

Letting 7 | 0, we see that f(z) — f(Z) > (¢'(Z),2 —T) = (z*, 2 — T). Since
x € E was arbitrary, we conclude that z* € 9f(Z).

(e) See Exercise 9.8.5.
O

In Sect. 9.5 we shall establish the relationship between the Fréchet subdif-
ferential and the Clarke subdifferential.

9.2 Approximate Sum and Chain Rules

Convention. Throughout this section, we assume that E is a Fréchet smooth

Banach space, and || - || is a norm on E that is F-differentiable on E \ {o}.
Recall that we write wz(z) := ||z — Z||, and in particular w(z) := ||z,
zec E.

One way to develop subdifferential analysis for l.s.c. functionals is to
start with sum rules. It is an easy consequence of the definition of the
F-subdifferential that we have

Or [1(Z) + Or f2(Z) C Or(f1 + f2)(Z).

But the reverse inclusion

Or(f1 + f2)(Z) C Or f1(Z) + OF f2(7) (9.10)

does not hold in general.
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Example 9.2.1 Let fi(z) := |z| and fa(z) := —|z| for £ € R. Then dp(f1 +
f2)(0) = {0} but since I f2(0) = @ (see Exercise 9.8.3), we have dp f1(0) +
Ir f2(0) = 0.

Yet what we usually need is just (9.10). For instance, if Z is a local mini-
mizer of the proper l.s.c. function f on the closed subset M of F, then 7 is a
local minimizer of f + dps on all of E, which implies

0 € dp(f + 611)(2). (9.11)

Now we would like to conclude that o € Op f(Z)+0rdas (Z) which (9.10) would
ensure. In a special case we do obtain an exact sum rule.

Proposition 9.2.2 Let fi,f> : E — R be proper and l.s.c. If f1 is F-
differentiable at T, then

Or(fi + f2)(@) = f1(Z) + OF f2(2).
Proof. See Exercise 9.8.6. a

In the general case we at least obtain, among others, an approrimate, or
fuzzy, sum rule of the following form. If z* € dr(f1 + f2)(Z), then for each
o(E*, E)-neighborhood V of zero in E* there exist z; and x2 close to Z such
that f;(z;) is close to f;(Z) for i = 1,2 and

x* € Op f1(x1) + Op fa(x2) + V.

We establish several approximate sum rules, which are then applied to
derive a general mean value theorem as well as multiplier rules for constrained
optimization problems involving lower semicontinuous data. The first result
is nonlocal, meaning that there is no reference point Z.

Theorem 9.2.3 (Nonlocal Approximate Sum Rule) Let fi,...,f,: E—
R be proper, l.s.c., bounded below, and such that

lgflginf{; filyi) | diam{y1, ... yn} < p} < +00.

Then for any € > 0 there exist v; € E and z} € Opfi(x;), i = 1,...,n,
satisfying

diam{zy,..., 2, } - max{1, ||z7],.. ., [lz5]l} < € (9.12)

Zfz(xz) < E{%inf{z filys) | diam{y,,...,yn} < p} +e, (9.13)
i=1 i=1

n
*
1>
i=1

<e (9.14)
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Proof.

(D

For each positive real number & let

@H(ylv‘“»yn) :Zfz(yi)—i_ﬁ Z ||yz_yj||2 and Q1= IEI}ISDN
i=1 ij=1

We show that
a, < fB:= liminf{Zfi(yi) | diam{y1,...,yn} < p} VK > 0.
pl0 P
Assume, to the contrary, that for some x we had

ﬂ<an§2fz(yz)+ﬂzHylny”z v(ylv"'ayn)eEln~
i=1

i,j=1
By the definition of 3, for each sufficiently large v € N we find
(21,...,2n) € E™ satisfying

n

Zfi(zi) <o, and diam{zi,...,z,} <

=1

1
v
and so

i = d kn(n —1)
Zfi(zi) + K Z lzi = 2% < Zfi(zi) t
i=1 i,j=1 i=1
If v is large enough, the right-hand side, and so the left-hand side, of
the last inequality is smaller than «,, but this contradicts the definition
of a,. Thus we have shown that the generalized sequence (ay)x>o is
bounded (above). Since it is also increasing, the limit o := lim,_, o0
exists.

Observe that E™ with the Euclidean product norm is also a Fréchet
smooth Banach space. By the Borwein—Preiss variational principle
(Theorem 8.3.1 and Remark 8.3.2) applied to ¢, for k =1,...,n (with
p =2 and A > 0 sufficiently large), there exist a C!-function v, and a
point (21, -, 2n,,) € E™ such that ¢, + ¢, attains a local minimum
at (#1,x, .-, 2n,x) and that

€

le(zl,m Tt Zn,K)H < g’

Pr 21Ky -5 20,k <.nf@n <a .
et ) B K K
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For each x > 0 define v, : E — R by

n
Ve(Wrs - Un) = —VuW, ) — 6 Y i =yl
i,j=1
Then v, is a C!'-function satisfying

n

D L) = s yn) = 0xrs oY) F Us(yrs o yn). (9.16)
i=1

Since for each i = 1,...,n the function

Y= @K(Zl,ma sy Zi—1,ky Yy il ke 7Zn,m)

+ wn(zl,fw ey Zi—1,ky Yy RBidl, ke Zn,m)
attains a local minimum at y = z; ,,, we conclude from (9.16) that

zf . =Dive(#1 ks - 2nk) €O filzie) fori=1,... n.

Summing over ¢ and recalling the definition of ~, gives

n

szn = - ZDi Vi (Z1my ooy Znm) — 2K Z (W2)I(Zz‘,n — 2.
i=1

i=1 ij=1

For symmetry reasons the double sum over 4, j vanishes. Moreover, by
(9.15) we have || — >0 D ¥u(21,05 - - - 2n,)|| < € It follows that

n
ES
=1

(III) By the definition of «,, and ¢, we conclude that

| <e (9.17)

Ay /2 < @N/Z(Zl,m ceey Zn,m)
n
K
= QOK(ZLH’ ey Z’mﬂ) - 5 Z ||Zi7"i — %k ‘2
i=1 (9.18)
R~ 9
<t ——o Y s =zl
(9.15) k2 Py
Rearranging we obtain
n
K> N2ie = 2ikl® < 2 — npp + 1)
ij=1
and so lim, ook D) ) lzin — 2sl> = 0. Hence lim,_.diam

{#1,ks- -+ 2Znx} = 0 and, recalling (9.17), we conclude that

Kli_)rrolo diam{21 s, ..., 20w} - maX{fo’m el ||x,*lyﬁ||} =0.
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(IV) We now obtain

n
a<p< liminfz fi(ziw) =lUminf o (21 6,y 2nk) < a.
K—00 = K—00 (9.15)

Therefore we have a = (. In view of (9.15), the assertion follows by

setting x; = 2;, and x] = 7, for i = 1,...,n, with £ sufficiently

large. |

As an immediate application of Theorem 9.2.3 we obtain a remarkable
density result.

Proposition 9.2.4 Let f : E — R be proper and l.s.c. Then Dom(9rf) is
dense in dom f.

Proof. Let € dom f and i > 0 be given. Since f is l.s.c. at T, there exists
e > 0 such that f(x) > f(Z) — 1 for all z € B(Z,e). We may assume that
€ < 1. The functionals f1, fo defined by

| flx) ifxeB(z,¢), _J0 ife ==z,
h@) = {—l—oo otherwise, fa(e) = 400 otherwise

satisfy the hypotheses of Theorem 9.2.3. Hence for ¢ = 1,2 there exist z; € E
and zF € Op fi(x;) such that

|1 — 2] <€, o€ax]+a5+Bg-(o€),

fi(z1) + fa(z2) < f1(Z) + fo(Z) + €= f(Z) + e

The last inequality shows that xo = Z. Hence x; € l%(f,e), and since
f1 coincides with f on B(Z,€), we obtain Op fi(z1) = Opf(x1). Moreover,
Or f2(Z) = {o}. Therefore 27 € Op f(x1) and we have ||z1 — Z|| < 7. O

Now we turn to local approximate sum rules. In this connection, we shall
assume that, for some n > 0, the reference point T has the following property:

1=1 =1

(9.19)
We first give a sufficient condition for (9.19).

Lemma 9.2.5 Let f; : E — R be proper and l.s.c. Assume that T €
N dom f; is a local minimizer of Y .-, f; and that one of the following con-
ditions (a) and (b) is satisfied:

(a) All but one of f; are uniformly continuous in a neighborhood of .
(b) The restriction of at least one f; to a neighborhood of T has compact level

sets.
Then (9.19) holds.

Proof. See Exercise 9.8.7 a
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Theorem 9.2.6 (Strong Local Approximate Sum Rule) Assume that
fis--y fn o E — R are proper and ls.c., let # € NP_,dom f;, and assume
that there exists 7 > 0 such that (9.19) holds. Then for any ¢ > 0 there exist
x; € B(Z,€) and xf € Op fi(z:), i = 1,...,n, satisfying

\fl(a:,) —f,(.i‘)| <e 1=1,...,n, (9.20)

diam{z1,...,z,} - max{||z]|,..., |z} <e, (9.21)

n

*

[
i=1

Proof. Obviously we may assume that 7 < min{e, 1}. Since each f; is Ls.c.,
we may further assume that

<e (9.22)

fi(x) > fi(z) —¢/n Yz eB(z,mn),i=1,...,n. (9.23)

In view of (9.19), for €; := 7?/(32n?) there exists p € (0,7) such that

> @) < inf{z fi(Wi)+08@m Wo) | lyi—yill <pVi,j=01,... 7n}+€1-
1=1 =1

(9.24)
Fori=1,...,nlet

filw) = fi(2) + llz — 2> + Op(e (@), z € E.

Then fl is L.s.c., bounded below, and satisfies

n

ri= E%inf{; fi(yi) ‘ diam{y1,...,yn} < p} < Zfl(i‘) < +o00.

i=1

Applying Theorem 9.2.3 to f; and ey € (0, min{p, €1}), we obtain x; and
yr € Opfi(x;),i=1,...,n, such that

> filawi) <r+e, (9.25)
i=1
diam{zy, ..., zn} - {llyill, - lynll} < e (9.26)

< €9. (927)

n
2w
i=1

Observe that (9.25) implies z; € B(Z,n). Moreover, from (9.24) and (9.26) we
deduce that
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n

S (@) +llzi—zlP) —en <) film) <r+e

i=1 =1
S Zﬂ(i‘) + €y = Zfz(d_?) + €2
i=1 i=1

and so

n
Z ||l‘z — i‘HQ < €1+ €3 < 2€. (928)

=1

Define x} := y} — (w2)'(;). It follows that

x

v} € Op f(x:) — Opwi(w:) C Or (f — w2) (w:)
= O (fi + OB(z.m) (x:1) = Op fi(w:);

here the latter equation holds because by (9.28) the point z; is in the interior
of B(z,n). From (9.25), (9.27), and ||(w2)'(z;)|| < €/(2n) we obtain (9.21) and
(9.22). Finally, the estimate

filzs) (9%5) fi(z) + ;(fj(f) — fi(x;)) + €

(n—1)

£(7) + ‘e < fi(7)+e

< Ji
(9.23)
together with (9.23) verifies (9.20). 0

Theorem 9.2.6 in conjunction with Lemma 9.2.5 is a necessary optimality
condition. It can also be interpreted as a strong approximate sum rule in that
it relates a local minimizer of Z;;l fi to F-subderivatives z} of f; whose sum
is close to zero in the norm topology of E*. The following weak rule relates
an F-subderivative 2* of Y " | f; to F-subderivatives x} of f; whose sum is
close to z* in the weak™ topology of E*. Notice that in this result, condition
(9.19) can be omitted.

Theorem 9.2.7 (Weak Local Approximate Sum Rule) Assume that
fisooyfn 0 E — R are proper and ls.c., let T € N"_,dom f;, and let
x* € Op (Z:;l fl)(:i) Then for any € > 0 and any o(E*, E)-neighborhood
V' of zero in E* there exist x; € B(Z,¢) and zf € Opfi(x;), i = 1,...,n,
satisfying

\filws) — fi(@)| <6, i=1,...,n,
diam{z1, ..., 2z, } - max{||z]|,..., |z |I} <e,

n
¥ e Zx? +V.
i=1
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Proof. Let € and V' be given. Then there exist y1,..., ¥y, € E such that

{z* € E* | [(x* ye)| <1, k=1,...,m} CV.

- ~1
Let L := span{Z,y1,...,ym} and p := (2max{||y1[l,... lym[}) . Then we
have
Lt +B(0,2p) C V.

For z* there exists a C'-function g such that ¢/(z) = z* and (3, fi) —g
attains a local minimum at Z. Choose ¢ > 0 such that

le—z] < = |g'(=)—d @I <p (9.29)

We may assume that ¢ < min{e, p}. The functional (3], fi) —g+d. attains
a local minimum at  and d; has locally compact lower level sets. Hence by
Lemma 9.2.5 the (n + 2)-tuple (f1,..., fn, —9g,0r) satisfies condition (9.19).
By Theorem 9.2.6 there exist x; € B(Z,€¢') for ¢ = 1,...,n 4+ 2 and z} €
Orfi(x) fori=1,...,naswellas x}, . | := —¢'(zp41) and z}, 5 € OpdL(Tni2)
satisfying

|fl(xl)_fl(i)|<€/’ izla"'any
01 (2nt2) —0L(2)| < €,

diam{z1, ..., Zpqo} - max{||lz]|, ..., |} oll} <€,
n
IS 21 = g @) + wipe < ¢
i=1

The inequality involving dr, shows that z},,, € L. Moreover, it is easy to see
that Opdr (z,42) = L. Since ||z,41 — 7| < €, (9.29) gives ||¢' (znr1)—2*] <p.
We conclude that

n
[+ wia) =]
=1

n
<Ny @nsr) = "+ || D00k g @) + @ha| < o+ € < 2p,
=1

which implies

x*Gfo+LL+B(o,2p)CZx’{+V. O

i=1 =1

Finally we establish an approximate chain rule. For this, we need the
following concepts.
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Definition 9.2.8 Let T : E — F be a mapping between Banach spaces F
and F'.

(a) T is said to be locally compact at T € E if there is a neighborhood U of &
such that T'(C) is compact for any closed set C C U.
(b) For any y* € F*, the scalarization (y*,T) : E — R of T is defined by

(", T)(x) := (y*,T(x)), =z¢€E.

Recall that if g : F — Rand T : E — F, then goT : E — R denotes the
composition of g and T.

Theorem 9.2.9 (Approximate Chain Rule) Assume that E and F are
Fréchet smooth Banach spaces, g : F — R is proper and l.s.c., and T : E — F
is locally L-continuous and locally compact at T € dom f. Suppose that z* €
Or(goT)(z). Then for any € > 0 there exist v € Bg(Z,¢), y € Bp(T(7),€),
y* € Org(y), 2* € Bp«(y*,€), and T* € Op(2*,T)(z) such that

l9(y) — 9(T'(2))] <,
ly — T ()| max{[|Z*[], [[y*]l, 12"]I} <, (9.30)

lz* — &% < e.

Proof. Let h : E — R be a C! function such that h'(Z) = 2* and go T — h

attains a local minimum at z. Define

fl(ua y) = g(y> - h(u)7 f2(u7y) = 6graphT(u7y) V(u7y) EEXF (9‘31)

and put f := f1+ fo. Then f attains a local minimum at (z,7(z)). Moreover,
since T is locally compact, condition (b) of Lemma 9.2.5 also holds. By that
lemma the hypothesis (9.19) of the approximate sum rule of Theorem 9.2.6
is satisfied. Applying the latter theorem, we find x,u € Bg(Z,€) such that
[ (u) — z*|| < €/2 as well as y € Bp(T(Z),¢) with |f(y) — f(T(Z))| < e,
y* € Opg(y) and

(T*,—2") € Opdgraph T (2, T'(2)) (9.32)

satisfying (9.30) and
I(=h'(u), y™) + (&7, —2")|| < /2. (9-33)

From (9.32) we conclude that there is a C' function h: E x F — R such that
W(z,T(z)) = (Z*,—2z*) and h attains a local minimum 0 at (z,7'(x)). The
latter means that for any u in a neighborhood of x we have

0> h(u,T(u)) = h(z,T(x)) = (&*,u — ) = (=", T(u) = T(2)) + o(||u — z]).
This shows that * € dp(z*, T)(x). Applying (9.33) we obtain
[l = 2| < [l = R (u)]| + |7/ (u) — 27| <e,

which completes the proof. ]
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9.3 Application to Hamilton—Jacobi Equations
Convention. Throughout this section, assume that E' is a Hilbert space.

An equation of the form
f@)+H(z, f'(z)) =0 VzekE, (9.34)

where H : F x E* — R is given, is called Hamilton—Jacobi equation for f.
Equations of this (and a more general) type play a fundamental role in the
calculus of variations and in optimal control theory. In this context, (9.34) may
fail to have a classical, i.e., continuously differentiable, solution f : £ — R.
It turns out that F-subdifferentials can be used to introduce an adequate
concept of generalized solutions. First, parallel to the F-subdifferential 0 (Z),
we now consider the F-superdifferential of f at & defined by

9"f(z) = —0p(~f)(@).
Definition 9.3.1
(a) A function f: E — R is said to be a viscosity supersolution of (9.34) if f
is lower semicontinuous and for any = € F and any a* € dp f(x) one has

f(z) + H(z,2") = 0

(b) A function f : E — R is said to be a viscosity subsolution of (9.34) if f is
upper semicontinuous and for any z € E and any x* € 9¥f(x) one has

f(@)+ H(z,2") <0

(¢) If f: E — R is both a viscosity supersolution and a viscosity subsolution
of (9.34), then f is said to be a wviscosity solution of (9.34).

If f: E — R is continuously differentiable, then drf(x) = 97f(z) =
{f'(x)} for every € E (Proposition 9.1.9). Hence any classical solution of
(9.34) is also a viscosity solution, and any viscosity solution of (9.34) that is
continuously differentiable is also a classical solution.

We consider the following condition on the function H:
[H(y,y") —H(z,2")| < p(y—z,y" — ") +c max{[|z" |, [ly"[|} [ly —z[]. (9.35)

Theorem 9.3.2 (Comparison Theorem) Let H : E X E* — R be such
that, with some constant ¢ > 0 and some continuous function ¢ : Ex E* — R
satisfying ¢(o0,0) = 0, the condition (9.35) holds for any z,y € E and any
a*,y* € E*. If f is a viscosity subsolution of (9.34) and bounded above and
g is a viscosity supersolution of (9.34) and bounded below, then f < g.
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Proof. Let € > 0 be given. By Theorem 9.2.3 applied to f; := g and f3 := —f,
there exist z,y € E and x* € Org(x), y* € OFf(y) satisfying

lz =yl <e Nz -yl <e Ny lllz -yl <e
9(z) = fly) <inf(g = f) +e lz" -yl <e

From the properties of f and g we deduce
g(x) + H(z,2") 20, f(y)+ H(y,y") <0.
Combining the above inequalities as well as (9.35), we obtain
inf(g — f) > g(z) = fy) — e = (H(y,y") — H(z,27)) — €
> —(ply —@,y" — ") + cmax{|lz"|,y"[I} Iy — 2[l) — e

By the assumptions on ¢, the right-hand side of the last inequality converges
to 0 as € — 0. Therefore infg(g — f) > 0. O

As an immediate consequence of Theorem 9.3.2 we have:

Corollary 9.3.3 Under the assumptions of Theorem 9.5.2, (9.34) has at most
one continuous bounded viscosity solution.

9.4 An Approximate Mean Value Theorem

Convention. Throughout this section, assume that E is a Fréchet smooth
Banach space.

Theorem 9.4.1 (Approximate Mean Value Theorem) Let f : E — R
be proper and l.s.c. Further let a,b € E and p € R be such that a # b,
fla) e R, and p < f(b) — f(a). Then there exist a point ¢ € [a,b) as well as

sequences (x,,) in E and (x) in E* satisfying

(Ivu f(xn)) - (C, f(C)) as n — oo, CL‘Z S aFf(xn) Vn € N7

liminf (), ¢ — x,) >0, (9.36)
liminf (x),b—a) > p, (9.37)
f(e) < fla) +1pl. (9-38)

Proof.
(I) Let z* € E* be such that (z*,a —b) = p and set
g(x) == f(x) + (", 2) + 0pqp)(v), =€ FE.

Then ¢ attains its minimum on the compact set [a,b] at some ¢, and
we may assume that ¢ € [a,b) because g(b) > g(a). By the strong local
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approximate sum rule (Theorem 9.2.6) there exist sequences (x,,), (yn),
(xF), and (y;) satisfying

(Tn, f(zn)) — (¢, f(c)) asn — oo,

Yn € [a,b] Vn, y,—c asn— oo,

xy, € Opf(%n)s Yy € OF0(ap)(Yn) Y,

all - llzn —ynll < 1/n, lypll - llen —yull <1/n Vn,
|2y, +2*+ypll <1/n Vn.

|l

Since y, — ¢, we have y,, € [a,b) if n is sufficiently large which we now
assume. Since d[q 5] is convex, Proposition 9.1.9 gives

aF(;[a,b] (yn) = aé[a,b] (yn) = {y* €L | <y*71' - yn> <0 Vze [aab]}
(9.39)

Since y;; € Opdjap)(yn) and ¢ € [a,b), we see that limsup,, . (v [c—
yn) < 0. Using this, we obtain
liminf (2}, | ¢ — z,) = liminf (2] + u|c — zy,)
n—oo n—oo
= liminf (—y; |¢ = yn) = —limsup (y;, [¢ = yn) > 0,

n n—oo

which verifies (9.36).

) We turn to (9.37). As y, € [a,b) for all sufficiently large n, we have for
these n,
16— all
b—a=M(b—1yn), where )\, = -—.
16— yall

It follows that

liminf (2} + 2*,b— a) = liminf [\, (z}, + 2, b — yn)]

_ b -]l
liminf(—y’,b—y,) >0,
b=l oo (9.39)

which immediately implies (9.37).

~—

To verify (9.38), notice that g(c) < g(a) and so f(c) < f(a) + (u|a —c).
With some A € (0,1] we have ¢ = Aa + (1 — A\)b and it follows that

fe) < fla)+ (A =A)(ula—1b) < fa) + |p|. O

As an application we show:

Proposition 9.4.2 Let f : E — R be proper and l.s.c., let U be an open
convex subset of E such that UNdom f # 0. Then for any X > 0 the following
assertions are equivalent:
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(a) f is L-continuous on U with Lipschitz constant \.
(b) sup{||z*| | z* € Opf(x)} < A for any x € U.

Proof. (a) = (b): This is straightforward.

(b) = (a): Let a,b € U and p € R be such that a € dom f, a # b, and
p < f(b) — f(a). Further let ¢ > 0 be given. By Theorem 9.4.1 there exist
x € U and z* € dp f(x) such that (see (9.37))

p<(z*b—a)+e<A|b—a] +e

Since p < f(b) — f(a) and € > 0 are arbitrary, it follows that f(b) — f(a) <
Al|b — a|| and so, in particular, f(b) < 4+o00. Exchanging the roles of a and b,
we thus obtain |f(b) — f(a)| < Aljb— al|. O

9.5 Fréchet Subdifferential vs. Clarke Subdifferential

For a locally L-continuous functional we now deduce a representation of the
Clarke subdifferential in terms of Fréchet subdifferentials.

Proposition 9.5.1 Let E be a Fréchet smooth Banach space and let f : B —

R be locally L-continuous on E. Then for any T € E one has

Oof(z) =co" {a* € E* | Juy, € EJa}, € Opf(zy) 1 xp — T, j, ¥, "}
(9.40)

Proof. For convenience we write x* =*limy_.o z} if xj, X, z*. In view of
Theorem 2.3.1, it suffices to show that the support functionals of the two sets
in (9.40) coincide, i.e.,

1@ y) = sup{ (@, y) | a* =" lim &}, aj € Op f(ea), 25 — 7} Vy € F.

Since 9r f(xx) C 05 f(xx) by Proposition 9.1.9(e) and 9, f is norm-to-weak*
u.s.c. by Proposition 7.3.8(c), we have

7o(@,) 2 sup{(e”,y) | 2 = lim 2, o} € Opf(an), ax — T} Vye .
It remains to verify that

fo(@,y) <sup{{z*,y) | =" :*klim xy, xy € Opf(xy), xp, — T} Yy € E.
(9.41)
Let y € E be fixed. Choose sequences zp — & and 73 | 0 satisfying

£o(5,y) = lim LCEETY) = FGr).

k—o0 Tk

Now let € > 0. By Theorem 9.4.1, for each k there exist Zj € [2x, 2k + TkY),
x € B(Zk, emi), and z}, € Op f(z1) such that
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<$Z7y> > f(zk + Tky) - f(zk) — e (942)

Tk

If A > 0 denotes a Lipschitz constant of f around Z, then z} € Bg-« (o, A) for
each k (Proposition 7.3.7). Since B~ (0, A) is weak* compact, we may assume
that (x}) is weak™® convergent to some z* € Bg- (0, A). By letting k — oo, we
conclude from (9.42) that

5up{<x*vy> ‘ z* :*khrgo mz:a xz € aFf('rk)7 T — 'f} > fo(jay) — €

Since € > 0 and y € E are arbitrary, (9.41) follows. O

Remark 9.5.2 Proposition 9.5.1 may be considered as an infinite-dimensional
analogue of Clarke’s Theorem 7.3.12. It shows that the Clarke subdifferential
is the convexification of weak™ limits of Fréchet subdifferentials. In many ins-
tances, convexity is a very convenient property as it allows to use techniques of
convex analysis (cf. the remarks at the beginning of this chapter). However, as
already observed above, the Clarke subdifferential may be too coarse to detect
minimizers and so may be the smaller Michel-Penot subdifferential (cf. Re-
mark 7.3.10, Example 7.3.11, and Exercise 9.8.3). The Fréchet subdifferential
is qualified as an appropriate derivative-like object not only by its “smallness,”
but also, in particular, by the rich calculus it admits. This will also allow to
derive multiplier rules in terms of Fréchet subdifferentials in Chap. 12. But we
already know that the results are of an approximate nature. In Chap. 13 we
shall study derivative-like objects that admit exact results.

9.6 Multidirectional Mean Value Theorems

Convention. Throughout this section, E denotes a Fréchet smooth Banach
space.

Let f : E — R be a G-differentiable L.s.c. functional. As a special case of
the mean value inequality of Proposition 3.3.4 we obtain that for any z,y € F
there exists z € (x,y) such that

fly) = f(x) <{f'(2),y —x).

Given a compact convex set S C E, we pass to the inequality

Igneigf@) —f@) < (f'(2),y—x) Vyes (9.43)

We first establish a multidirectional version of this inequality by showing that
for fixed x the same element z can be chosen in (9.43) while the direction y
varies over S, provided E is finite dimensional.

If x € E and S C E, we write [z,5] :==co({z} U S).
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Proposition 9.6.1 Assume that S is a nonempty, bounded, closed, convex
subset of RV, 2 € RN, and f : RN — R is Ls.c. on RY and G-differentiable
on a neighborhood of [x,S]. Then there exists z € [z, S] satisfying (9.43).

Proof. Let U be an open neighborhood of [z, S] on which f is G-differentiable.
Set

r = min f(7) — f(x)
and define g : U x [0,1] — R by
9(y,7) = fle+7(y —x)) —rr.

Since g is Ls.c. and [z, S] is compact, ¢ attains its infimum on S x [0,1] at
some (§,7) € S x [0,1]. We show that (9.43) holds with

z+7(@G—x) if7€[0,1),
z:=
x if 7 =1.
Now we distinguish three cases:

(I) Assume first that 7 € (0,1). Then the function 7 — g¢(§,7) attains its
infimum on the interval [0, 1] at the interior point 7. It follows that

o .
0= gg(yﬁ)

=(f'(2),5—x) —r. (9.44)

T="7

Analogously, the function y — g(y,7) attains its infimum over the set
S at g. Since the function is G-differentiable, the necessary optimality
condition (7.6) in Sect. 7.1 implies that

0< <§yg(y,%)‘y_g7y - y> =(7f'(2),y—9) VYyeS
and so
(f'(),y—9)>0 Vyes. (9.45)
Combining (9.44) and (9.45), we obtain
r<(f'(2), 9 — )+ (f'(2)y =) = (f'(2),y — )

here y € S is arbitrary. Hence (9.43) is verified in case 7 € (0,1).
(IT) Now assume that 7 = 0 so that (¢,0) is a minimizer of g on S x [0, 1].
It follows directly that

f(x)=9(9,0) <g(y,7) = flx+7(y —2)) —r7 V(y,7) €5 x(0,1]
and so

which is equivalent to (9.43).
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(IIT) Finally assume that 7 = 1. Then, in particular, we have ¢(g,1) <
9(4,0) = f(x) and on the other hand,

9(9,1) = (@) —r = f(®) —gleirslf@) + f(@) = f(z).

Therefore, f(x) = g(§,1) which means that f(z) is the minimum of g
on S x [0,1]. Since f(x) = g(y,0) for any y € S, we see that any (y,0) is
also a minimizer of g. Hence we can replace 7 = 1 with 7 = 0 and refer
to case (II). O

Now we establish a multidirectional mean value theorem in terms of F-
subdifferentials in arbitrary Fréchet smooth Banach spaces.

Theorem 9.6.2 (Multidirectional Mean Value Theorem) Assume that
E is a Fréchet smooth Banach space, S is a nonempty closed convexr subset
of E, f: E — R is a ls.c. functional, and x € dom f. Suppose that for some
p >0, f is bounded below on [z, S] + B(o,p). Let r be such that

r < liﬁ)linf{f(y) |y € S+B(o,n)} — flx). (9.46)
7
Then for any € > 0 there exist z € [x,S] 4+ B(o,€) and z* € Op f(z) such that
flz) <lminf{f(y) |y € [z, 5]+ Blo,n)} + Irl +e, (9.47)
"
r<(zy—z)+el|y—z| Vyebs. (9.48)

Proof.

(I) First we assume that (9.46) holds for r = 0 and we consider the case
r = 0. The functional f := f + dz s4B(0,p) 15 bounded below on all
of E. By (9.46) there exists n € (0, p/2) such that

f(z) <inf{f(y) |y € 5+ B(o,2n)}.
Without loss of generality we may assume that e satisfies
0<e<inf{f(y) |yeS+B(o,2n)} — f(x) ande<n. (9.49)

By the nonlocal approximate sum rule (Theorem 9.2.3), applied to
J1:=f and fo := 0[5 g}, there exist z € dom f N ([z,S] 4 B(o,p)) and
u € [z, S] such that

|z —u| <e 2" €0rfi(z) =0rf(2)
as well as u* € Jpd|,, s)(u) satisfying
max{||z*[|, lu[[} - |2 — ull <e, (9.50)
flo) <lminf{f(y) |y € [,5] + Blo,n)} + e < f(z) +e, (951)
7

2% + || < e. (9.52)
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Since [z, 5] is a convex set, we have
u* € Opdg,g)(u) = Np([z, S],u) = N([z, S], u)

and so
(u',w—u)y <0 Ywée [z,5]. (9.53)

From (9.52) and (9.53) we obtain

(55w —wu) ="+ u",w—u) — (L, w—u)
> (2" ut,w—u) > —¢lw—ul| Ywe[z,S], w#u.
(9.54)

We show that d(S,u) > n. If we had d(S,u) < 7, it would follow that
l§ — ul|| < n for some § € S, thus

15—zl <[§—ull+llu—=z] < n+e<2n
(9.50)

and so d(S, z) < 2n. But then

1(z) 2 nt{f(y) |y € S+ Blo,2m} > f(z) +e
which contradicts (9.51). Hence d(S,u) > n. Let u := x + 7(§ — =) with
some 7 € [0,1] and § € S. Then
O<n<|g—ul=@-")g—=|

and so 7 < 1. Consider any y € S and set w := y 4+ 7(§ — y). Then
w # u, otherwise it would follow that y = x which is contradictory
because = ¢ S (see (9.46)). Inserting this w into (9.54), we finally obtain
(9.48) with 7 = 0.

Now we consider the general case (9.46). Equip F X R with the Euclidean
product norm. Choose € € (0,¢/2) such that

r+e < lniﬁ)linf{f(y) ly € S+B(o,n)} — f(z).

Define F: ExR — R by F(y,7) := f(y) — (r +€)7. Then F is l.s.c. on
E xR and bounded below on [(z,0), S x {1}] +Bgxr(0, p). Furthermore
we have

0 <liminf{f(y) |y € S+Blo,n)} — (r+¢) - f(z)

= lminf{F(y,1) | (.1) € (5  {1}) + Ba(o.n)} = F(z,0).

Hence the special case (I) applies with f, x, and S replaced by F,
(x,0), and S x {1}, respectively. Consequently there exist (z,7) € [(z,0),
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S x {1}] + Bexr(o,€) and (2*,7*) € OpF(2,7) C Opf(z) x {—(r +€)}
such that

f(z) = F(z,m) + (r+)r

<lminf(F(y, ) | (7)€ [(,0),8 x {1)]+Bu(o,m)} +¢+(r+ €)r

< %inf{f@) |y € [z,5] +Blo,n)} + |r| +¢,

and for any (y,1) € S x {1} we have

0< <(Z*’T*)v (y51> - (SL’,O)> +€,H(y —x,1)||
<@hy-—a) - (r+)+e(ly—al+1)
=(z"y—a)—r+ely—a] <(zNy—z) —r+elly— 2.

The proof is thus complete. O

Notice that the set S in Theorem 9.6.2 is not assumed to be bounded
(in this context, see Exercise 9.8.8).

To prepare the next result, consider a G-differentiable functional
f:E — R such that f'(Z) # o for some T € E. Then T is not a local
minimizer of f. Hence for some r > 0 we have

inf ) < f(Z).
ntf@) < f@
Theorem 9.6.3 generalizes this fact to the nondifferentiable case and at the
same time quantifies the inequality.

Theorem 9.6.3 (Decrease Principle) Assume that f : E — R is Ls.c.
and bounded below, and T € E. Assume further that for some r > 0 and
o >0, one has

[z € B(z,r) and 2* € Opf(z)] = [|z*| > 0. (9.55)
Then
inf f(z) < f(z) —ro. (9.56)
z€B(Z,r)

Proof. Obviously we may suppose that z € dom f. Let v/ € (0,7). Observe
that

inf r) <lim inf . 9.57

meB(m)f( ) <lim inf f@) (9.57)

Let € € (0,7 — ') and set

7:=lim inf — f(7) —e.
7 ﬁfr&yeg(lm)f(y) f(Z)—e
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Applying Theorem 9.6.2 with S := B(Z,r’) and z,r replaced by Z,7, res-
pectively, we conclude that there exist z € B(Z,r’) + B(o,¢) C B(Z,r) and
z* € Op f(z) such that
F<("y—1T) +ely—z| VyeB(T,). (9.58)

By hypothesis (9.55) we have ||z*|| > o. Hence there exists zg € E satisfying
lz0]l = 1 and (z*, zp) > o. Inserting y := —1'2¢ + T into (9.58) yields

F<—r'(z* z0) +r'e< —1'oc+ e
Recalling (9.57) and the definition of 7, we further obtain

Bi(r}f : fx) < f(@)—r'o+ (" +1)e

Letting 7/ 7 r and so € | 0 gives (9.56). O

Corollary 9.6.4 is a counterpart of Corollary 8.2.5 for a nondifferentiable
functional f.

Corollary 9.6.4 Let f : E — R be Ls.c. and bounded below. Assume that
Z € E and € > 0 are such that f(Z) < infg f + €. Then for any X\ > 0 there
exist z € B(Z,\) and z* € Op f(2) satisfying

€

3

Proof. See Exercise 9.8.9. O

f(z)<i%ff—|—e and ||2%|| <

9.7 The Fréchet Subdifferential of Marginal Functions

We now establish representations of the F-subdifferential of a marginal func-
tional of the form

f(z) = inf p(x,y), =z€E. (9.59)

yeFr
The first result will be crucial for deriving an implicit multifunction
theorem in Sect.13.10. Recall that f(x) := liminf, ., f(y) denotes the

lower semicontinuous closure of f (see Exercise 1.8.11). Notice that

O f(x) C pf(x).

Proposition 9.7.1 Assume that E and F are Fréchet smooth Banach spaces,
¢: ExF — Risls.c., and f is defined by (9.59). Let x € E and x* € Op f(x).
Then for any sufficiently small € > 0 there exist (z,y.) € ExXF and (z¥,y¥) €
Orpo(xe,ye) such that

lz =z <e |f(z) = flze)| <, (9.60)
90(90572/6) < i(xe) te< f(xe) +e (961)

e =™ <e el <e (9.62)
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Proof. Let g : E — R be a C! function such that ¢’(x) = z* and for some
€ (0,1) one has
(f=9)(w) = (f—g)(x) =0 VueB(zp)

Let € € (0,p) and let @ > 0 be the constant associated with F in the
smooth variational principle of Theorem 8.4.3. Choose a positive number n <

min{e/5, \/€/(5a) such that the following holds:

flu) > f(z) —€/5 VueB(z,n),
lg(u) — g(@)| < €/5 whenever ||u— 4l < n,
lg'(u) = g'(@)ll < €/2 YueB(x,n).

Now choose u € B(x,7/2) close enough to x so that f(u) — g(u) < f(z) —
g(x) + an?/8. Then there exists v € F satisfying
p(a,0) — g(a) < f() - g(a) + an’/8 < f(z) — g(x) + ar® /4
< inf (p(u,v) — g(uw)) + an?/4.

Applying Theorem 8.4.3 to the functional (u,v) — ¢(u,v) — g(u), we find

(7e,ve) € B((a,),n/2) € B((x,9),n) and a C! function h: E x F — R such
that max{||h||co, || ||cc} < 7 and the functional

(u,0) = p(u,v) = g(u) + hu,v),  (u,v) € EXF,
attains its minimum at (z.,ye). It follows that

(g/(mf) - h|1(xeaye)a —h|2(x5,y€)) € 3F<P(l“e,ye)~

Setting z¥ := ¢'(z.) — hj1(ze,ye) and y* := —hj2(x¢, ), we see that (9.62)
holds. We further have

(@,9) + (9(ze) — (@) + h(@, v) — h(we, ye)

(x) + an® + |g(ze) — g(@)] + 2]kl

(ze) +¢/5+ an® + |g(we) — g(@)| + 2[|hll

() +€ < flwe) + e

o(xe,ye) < o(u

<f
/
f

IN A

which verifies (9.61). This inequality together with f(zc) < f(ze) < @(2c, ye)
shows that (9.60) also holds. O

The following result strengthens Proposition 9.7.1; it states that each z* €
Or f(z) (in particular, each z* € 9 f(x)) can be approximated by some u* €
Or1p(u,y), where u is close to z, for all y such that ¢(x,y) is close to f(z).
Here, 0 1¢0(u,y) denotes the F-subdifferential of u +— ¢ (u,y).



192 9 Subdifferentials of Lower Semicontinuous Functionals

Proposition 9.7.2 Assume that E is a Fréchet smooth Banach space and F
is an arbitrary nonempty set. For eachy € F let u — p(u,y), u € E, be proper
and l.s.c. Let f : E — R be defined by (9.59), let x € E, and x* € Opf(x).
Then there exist a monnegative continuous function v : [0,4+00) — R with
v(0) = 0 and a constant ¢ > 0 such that for any sufficiently small € > 0,
any y € F, and any & € B(x,¢€) satisfying p(&,y) < f(x) + €, there exist
u € Bz, cv/€) and u* € Op1p(u,y) such that B

o(u,y) < f(z) +ev/e and fu™ — 27| < 7(e).

Proof. Since #* € O f(x), there exist 6 € (0,1) and a C* functional g : E — R
such that ¢’(x) = 2* and one has

0= (-9 <(f-9)(u) YueB(z,20). (9.63)

Moreover we may assume that 4 is so small that g is L-continuous on B(z, 26)
with Lipschitz constant A > 0 (cf. Propositions 3.2.4 and 3.4.2). Now let
€ € (0,0%) be given. Further let 2 be as in the theorem. It follows that

p(@,y) — 9(@) = (p(@,y) — f(2) + (f(x) — 9(2)) < e+ (9(z) — g(2))
<e+ Az —z|| < (1+ Ne.

For any u € B(z, 2v/€) we have p(u,y) —g(u) > 0 (which follows from (9.63)).
This and the foregoing estimate imply

(p(u,y) — g(u)) = (p(&,y) — g(&)) = —(1+ Ne Vu e B(x,2Ve).

Applying Theorem 9.6.2 with S, x, and f replaced by B(z,/€), &, and
u +— o(u,y) — g(u), respectively, we conclude that there exist u € B(z, /€) +
B(o, v/€) C B(z,2/¢€) and u* € dp1¢(u,y) such that

p(uy) < @(2,y) + (9(u) — 9(2)) + € < f(2) + A|u— 2] + 2
<f(@) + Mllu— || + [lz — &])) + 2¢ < f(z) + B+ 2)e

and
(w* —g¢'(u),v—2) > —(1+ Ne Vv eB(&Ve); (9.64)

in this connection notice that 91 (¢(u, y) —g(u)) = dp19(u,y) —{¢'(u)} and
employ Exercise 9.8.8. From (9.64) we conclude that ||u*—¢'(u)|| < (1+X)y/e
and so

[u =2 < "= g' (W[ +]lg'(w) —g' ()| < A+ M)Ve+]g'(w) —g'(@)]| < (o),

where

7€) = (1+ \ve +sup{lg'(u) — ¢/ @) | u € B(z,2V/0)} Ve > 0.

Obviously, v has the required properties. It remains to set ¢ := 3\ + 2. ]
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9.8 Bibliographical Notes and Exercises

The concept of the Fréchet subdifferential can be traced back to Bazaraa and
Goode [10]. It was developed by Kruger and Mordukhovich [113], Borwein
and Strojwas [20], Schirotzek [194], and others. Crucial progress in the study
of the Fréchet subdifferential was possible after Deville et al. [50] had shown
that it coincides with the viscosity subdifferential in any Fréchet smooth
Banach space and so in particular with the proximal subdifferential (see
Lemma 9.1.6 and Theorem 9.1.7). The concept of proximal subgradients is
due to Rockafellar [185].

The presentation of Chap.9 owes much to Borwein and Zhu [23,
24]. As these authors, we took the nonlocal approximate sum rule
(Theorem 9.2.3), which is due to Zhu [225], as starting point for the theory
of the F-subdifferential. Local approximate sum rules go back to Ioffe [95].
Generalizations were obtained among others by Borwein and Ioffe [17] and
Borwein and Zhu [22].

The approximate mean value inequality is originally due to Zagrodny [220],
its version in terms of F-subdifferentials was established by Loewen [124].
The simple proof of Theorem 9.4.1 via the nonlocal approximate sum rule is
adapted from Borwein and Zhu [23]. Zagrodny [220] also shows that Lebourg’s
mean value theorem (Theorem 7.4.4) can be derived from Theorem 9.4.1.

The multidirectional mean value theorem is due to Clarke and Ledyaev [38§].
It is a cornerstone in the subdifferential theory of Clarke et al. [39]. The
F-subdifferential version of Theorem 9.6.2 appeared in Zhu’s paper [225],
the finite-dimensional version of Proposition 9.6.1 was taken from Clarke
et al. [39]. For further substantial results and applications in this direction
we also recommend [39] (infinite-dimensional spaces) and Rockafellar and
Wets [189] (finite-dimensional spaces).

Proposition 9.7.1 is due to Ledyaev and Zhu [120, 121], while
Proposition 9.7.2 is taken from Borwein and Zhu [24] who attribute it to
Ledyaev and Treiman.

Crandall and Lions [42] introduced the concept of a viscosity solution of the
Hamilton—-Jacobi equation. Viscosity subsolutions and viscosity supersolutions
were first studied by Crandall et al. [41]. Theorem 9.3.2 and its proof are due
to Borwein and Zhu [22]. For related comparison results as well as existence
theorems in terms of viscosity solutions see also Clarke et al. [39], Deville et
al. [50], and Subbotin [204].

Exercise 9.8.1 Verify Proposition 9.1.3.
Exercise 9.8.2 Verify Remark 9.1.4.
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Exercise 9.8.3

(a) Let f(z) := —|z|, z € R. Show that dr f(0) = 0 but d¢s f(0) = 0o f(0) =
[—1,1].

(b) Let f(z) := —|z|*/?, 2 € R. Show that dpf(0) = 0 but dxf(0) = {f'(0)}.
(Hence the inclusion in (9.8) can be proper.)

Exercise 9.8.4 Verify Remark 9.1.8.

Hint (cf. Borwein and Zhu [23]): Let (t) := —pa(at) for t > 0 and n(0) := 0;
here a is as in Lemma 9.1.6 and p, is as in the proof of Theorem 9.1.7. Notice
that n is differentiable and put

y(t) = /Otﬂ(s) ds, t >0, where 3(s):= sup 71'(c), s >0.

0<o<s
Show that the function g : E — R defined by
g(x) = f(Z) + ("2 —2) —y(lz — Z|), z€kFE,
meets the requirement.
Exercise 9.8.5 Prove statement (e) of Proposition 9.1.9.
Exercise 9.8.6 Prove Proposition 9.2.2.
Exercise 9.8.7 Verify Lemma 9.2.5.

Exercise 9.8.8 We refer to Theorem 9.6.2:

(a) Show that in (9.48) the term €|y — || can be omitted if the set S is
bounded.

(b) Consider the example £ = S := R and f(y) := e? to see that in general
the conclusion of Theorem 9.6.2 is false if the term €|ly — x|| is omitted
from (9.48).

Exercise 9.8.9 Verify Corollary 9.6.4.
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Multifunctions

10.1 The Generalized Open Mapping Theorem

In this section, let £ and F' be Banach spaces.
Given a multifunction @ : E =3 F (cf. Sect. 4.3), we write

Dom®:= {z € E|P(x) # 0}, domain of P,
kerd ={zxe€ E|oed(x)}, kernel of &,
range &:= | J ., P(z), range of &,
graph@= {(z,y) € Ex F|z € E, y € &(x)}, graph of &,
o~ l(y)={r e Elyed(x)}, yeF inverse of ®.

The multifunction & is said to be closed or convex if graph® is closed or
convex, respectively. We call @ closed-valued or bounded-valued if ®(x) is,
respectively, a closed or a bounded subset of F' for any = € E. Notice that a
closed multifunction is closed-valued but the converse is not true.

Our aim in this section is to generalize the open mapping theorem from
continuous linear mappings to multifunctions. We prepare this with an aux-
iliary result. Let pg : E X F — E denote the projection onto E defined by
pe(z,y) ;= z for each (x,y) € E x F. Analogously define pp : E X F — F.

Lemma 10.1.1 If C is a closed convex subset of E X F such that pg(C) is
bounded, then
int cl(pp(C)) = int(pp(C)).

Proof. We may assume that C' is nonempty. The assertion is verified when we
have shown that int cl(pr(C)) C pr(C). Thus let y € int cl(pp(C)) be given.
We shall show that there exists € C satisfying (z,y) € C. Let € > 0 be
such that B(y,2¢) C cl(pp(C)). Choose (zo,y0) € C and define a sequence
((xk, yk)) in C recursively in the following way. Assume that (zx, yx) is already
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defined. If y,, = v, then set 1 := xf and yx41 := yi. In this case, the element
Z := xj meets the requirement. If y, # y, then set

€

ap = —, 2z =Y+ oy —yr).
lyr =yl

Then z, € B(y,e) C cl(pp(C)). Hence there exists (z,7) € C satisfying
15 = 2l < 3llye — yl. Now let

o o
(Tht1, Yt1) i= 1+ ar (Th, yr) + 1+ on (@, 7).

Since C' is convex, we have (zx41,yx+1) € C. It follows that

diam pg(C)

% — k|

— — < — 10.1

ke = aell = 2 < ===l — ol (10.1)
17—zl _ 1

— =< = — . 102

[yk+1 =yl T Ta, = 51Yk = yll (10.2)

From (10.2) we conclude that ||yx — y| < 27%|jyo — y||. Hence yx — y as
k — oo. This together with (10.1) shows that (xj) is a Cauchy sequence and
so is convergent to some z € E. Since C is closed, we have (z,y) € C. ]

Now we can establish the announced result.

Theorem 10.1.2 (Generalized Open Mapping Theorem) Let E and F'
be Banach spaces and & : E = F be a closed convexr multifunction. If
y € intrange(®), then y € int &(B(z, p)) for each x € D~ (y) and each p > 0.

Remark 10.1.3 Recall that a mapping T : E — F is said to be open if it
maps open subsets of £ onto open subsets of F'. The classical open mapping
theorem of Banach states that if T" is continuous, linear, and surjective, then
T is open. We show that this follows from Theorem 10.1.2. Since 7' is contin-
uous and linear, the multifunction 7' defined by T'(z) := {T'(x)}, = € E, has
a closed and convex graph. Moreover, the surjectivity of 7" is equivalent to
o € int T(FE) and so to o € intrangeT. Hence applying Theorem 10.1.2 with
2 = oand y = o, we conclude that o € int T(Bg) which is equivalent to T
being open. (Recall that By denotes the open unit ball of E)

Proof of Theorem 10.1.2. We may and do assume that z = o, y = o (replace
¢ with  — &(z — &) — y if necessary) and that p = 1. Set M := cl@(%]i%E).
Then M is nonempty closed and convex. Let z € F. Since by assumption
range @ is a neighborhood of zero, we have Az € range ® for some A > 0 and
so Az € §(a') for some z’ € E. Furthermore, for each « € (0, 1) we obtain

adz =alz+ (1 —a)o
€ ad(z') + (1 — a)P(o) C P(az’ + (1 — a)o) = d(az’);
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here the inclusion C holds since graph @ is convex. We conclude that aAz €
®(3Bg) for sufficiently small o > 0. Since this holds for each z € F, it

follows that @(%BE), and so M, is absorbing. Thus by Proposition 1.2.1, M

is a neighborhood of zero. Therefore, p]§ r Cint M for some p > 0. Now let
C := graph(®)N (4Bg x F). Then C is closed and convex and pg(C) C 1Bg.
Hence Lemma 10.1.1 implies that intclpp(C) = int pr(C'). Noting this and
pr(C) = @(3Bg), we finally obtain

pBp Cint M C int clP(1Bg) = intpp(C) = int &(3BE) C int &(Bp). O

10.2 Systems of Convex Inequalities

Let G be a normed vector space and P be a convex cone in G. Recall that we
denote by <p the preorder generated by P, i.e., for all u,v € G we set (see
Sect. 1.5)

u<pv <= wveu+P.

Now let E be another normed vector space, let K be a convex subset of F,
and let S : K — G. Generalizing the notion of a convex functional, we say
that the mapping S is P-convez if for all 2,y € K and all A € (0,1) we have

Sz + (1= Ny) <p AS(z) + (1 —N)S(y),
in other words, if we have
AS(z) + (1 =X)S(y) € S(Az+ (1= N)y) + P.
Consider the following assumptions:

(A) E, G, and H are normed vector spaces, K C F is nonempty and convex.
P C G is a convex cone with int(P) # 0, @ C H is a closed convex cone.
S: K — (G is P-convex, T : K — H is J-convex.

Furthermore let
C:={(y,z)eGxH|JxeK: y—SrxecintP, z—Tx € Q}.
We shall utilize the condition
dgeG: (g,0) €intC. (10.3)

We establish a theorem of the alternative for convex mappings.

Proposition 10.2.1 If (A) and (10.3) are satisfied, then precisely one of the
following statements is true:

(a) Iz e K: Sxe—intP, Tox € —Q.

(b) Jue P°\{o} FveQ® VzeK: (u,Sz)+ (v,Tz)<0.
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Proof. Tt is obvious that (a) and (b) cannot hold simultaneously. Assuming
now that (a) is not satisfied, we have to show that (b) holds. It is easy to see
that the set C is convex. Moreover, (10.3) implies int C' # ), and since (a)
does not hold, we have (0,0) ¢ C. Hence (0,0) and C can be separated by a
closed hyperplane, i.e., there exists (u,v) € G* x H* such that (u,v) # o and

(u,y) + (v,2) <0 V(y,2) € C. (10.4)

Now let x € K, p € int P, g € Q, o > 0, and 8 > 0. It follows that (Sz +
ap,Tx + q) € C and so by (10.4),

(u, Sz) + afu,p) + (v, Tx) + (v, q) < 0. (10.5)

Letting « | 0 and 8 | 0, we obtain (u, Sz) + (v, Tz) < 0. Moreover, letting
a — +oo and f — 400 in (10.5), we get (u,p) < 0 and (v, ¢) < 0, respectively.
Since this holds for all p € int P and all ¢ € Q, it follows that u € (int P)° = P°
and v € Q°. Assume that u = o. Then (10.4) implies (v,z) < 0 for each
(y,z) € C. By virtue of (10.3), there exists a neighborhood W of zero in F
such that {g} x W C C. Hence we obtain (v,z) < 0 for each z € W and so
v = o. This is a contradiction to (u,v) # o. O

To make Proposition 10.2.1 applicable, we need conditions sufficient for (10.3).
A simple condition is available if int @ is nonempty.

Lemma 10.2.2 Let (A) be satisfied. If Txg € —int Q for some xo € K, then
(10.3) holds.

Proof. Choose pg € int P and set § := Szg+pg. By assumption there exist zero
neighborhoods V in G and W in H such that pp+V Cint P and —Tzqg+W C
Q. For each y € V' and each z € W we thus obtain

(J+y) —Szo=po+yecintP and z-Tzxg € Q.
We conclude that (g 4+ V) x W C C and so (g,0) € int C. O

Now we drop the assumption that @ has interior points. With a subset A
of K we formulate the following conditions:

Jzg€ A: S is continuous at zg and Tzg € —Q Nint(T(A) + Q). (10.3a)

Jxg €int A: S is continuous at xg and Tzg € —Q Nint (T(E) + Q)
(10.3b)

Proposition 10.2.3 Let (A) be satisfied. Further let E and H be Banach
spaces and A be a closed convex subset of E such that A C K.

(a) If T : K — H is continuous on A and Q-convez, then (10.3a) implies
(10.3).
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(b) IfT is defined, continuous, and Q-convex on all of E, then (10.3b) implies

(10.3a) and so (10.3).

Proof.

(a)

Choose pg € int P and a neighborhood V' of zero in G such that po+V +
V C int P. Further set § := Szg + po. Since S is continuous at xg, there
exists a neighborhood U of zero in E such that Szg — Sz € V for each
x € KN(xg+U). Define & : E = H by
B(z) = {Tx +Q fwed (10.6)
0 ifxre E\ A

It is easy to see that graph @ is closed and convex. Hence Theorem 10.1.2
applies to @. Therefore, since Tzg € int @(A) = intrange P, we obtain
Txz € int(T(B(z, p)) + Q) for each x € E satisfying Tz — Tzg € —Q and
any p > 0. Hence there exists a neighborhood W of zero in H satisfying

Txog+W C T (B(x,1)) + Q. (10.7)
We show that
(+V)x W CC. (10.8)

Thus let y € V and z € W be given. By (10.7) there exists z € B(zo, 1)
such that Txg+z € Tx+Q andso z —Tx € —Tzg+Q C Q +Q = Q.
Moreover, we also have

(+y)— Sz =po+ (Sxog— Sx)+yepo+V +V CintP.

This shows that (§+y, 2) € C. Hence (10.8) is verified and it follows that
(g,0) € int C.

Let U be a neighborhood of zero in E with 294+ U C A. The multifunction
& defined by (10.6) again satisfies the assumptions of Theorem 10.1.2.
Hence there exists a neighborhood W of zero in H such that Tzqg+ W C
T(xo+U)+ Q. Since 29 + U C A, we obtain Tz € int(T(A) + Q). ad

For later use we want to reformulate the special case @ = {0} of Propo-

sition 10.2.1, incorporating Proposition 10.2.3(a) with A := K. We therefore
consider the following assumptions:

(A) E, G, and H are normed vector spaces, with £/ and H complete.

K C FE is nonempty, convex, and closed, P C G is a convex cone with
int(P) # 0.
S : K — G is P-convex and continuous, T : £ — H is linear and
continuous.
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Proposition 10.2.4 Let (A) be satisfied and assume that T(RyK) = H.
Then precisely one of the following statements is true:
(a) Jx e K: Sre—intP, Tz =o.
(b) Jue P°\{o} Jve H* VzxeK: (u,Sx)+ (v,Tz)<O0.
Notice that in the case considered in Proposition 10.2.4, the hypothesis

T(R1K) = H implies (and in fact is equivalent to) the second condition of
(10.3a).

10.3 Metric Regularity and Linear Openness

Convention. Throughout this section, let E and F' denote Banach spaces.

In order to motivate the following, we consider a generalized equation of

the form
hz) €Q, z€kFE, (10.9)

where the mapping A : E — F and the nonempty subset Q of F' are given.
We seek x € E that satisfies (10.9). It turns out that much information on
the solvability and the solutions of (10.9) can be obtained by studying the
perturbed generalized equation

hMz)eQ+y, z€kFE (10.10)

that depends on the parameter y € F'. This leads us to considering the mul-
tifunction &y, : E = F defined by

Dy () :=h(z)—Q, z€E. (10.11)

Notice that (10.10) is equivalent to y € @ (z). In other words, for a given
y € F the solution set of (10.10) is &, ' (y).

The idea of stability is the following. Given (z,y) € E x F, the distance
d(z,®;, " (y)) should be small whenever the distance d(y, ®,(z)) is small. For
an arbitrary multifunction @, not necessarily of the form (10.11), the following
definition quantifies this idea.

Definition 10.3.1 The multifunction ¢ : £ = F is said to be metrically
regular around (Z,7) € graph(®) if there exist a neighborhood W of (z,y)
and a constant k > 0 such that

d(z, 971 (y)) < rd(y,d(x)) V(z,y) € W. (10.12)
The constant k is called constant of metric reqularity.

Parallel to metric regularity we consider the following concept.
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Definition 10.3.2 The multifunction ¢ : E = F is said to be open at a
linear rate around (T, y) € graph(®) if there exist a neighborhood W of (z,¥)
and constants p > 0 and 7y > 0 such that

y+prBr CP(x+7Bg) V(x,y) € graph(®)NW V7 e [0,70]. (10.13)

The constant p is called linear rate of openness.

To elucidate this concept we consider a mapping T : E — F'. Observe that
T is an open mapping if and only if for any = € E and any 7 > 0 there exists
o(z,7) > 0 such that

T(x)+o(x,7)Br CT(x+ 7Bg).

In contrast to this, 7' is open at a linear rate around (z,7'(z)) if for any
(x,T(z)) € W and any 7 € [0, o], we have

T(x) 4+ pBp CT(z+ 7BEg).

The latter means that in a neighborhood of (Z, T(z)) and for 7 > 0 sufficiently
small, o(x,7) can be chosen to be of the form pr, i.e., independent of z and
linear in 7. Instead of “openness at a linear rate” we shall sometimes briefly
speak of “linear openness.”

Our strategy is as follows. We show that metric regularity and linear open-
ness are equivalent (Theorem 10.3.3). If @ is convex, linear openness can be
characterized, using the generalized open mapping theorem, by the condition

y € intrange @, (10.14)

see Theorem 10.3.5. We then proceed to show that metric regularity is stable
under Lipschitz continuous perturbations (Theorem 10.3.6). The latter result
will be applied below to characterize tangential approximations of sets of the
form h~1(Q), which in turn will be crucial for deriving multiplier rules.

Theorem 10.3.3 If & : E = F is a multifunction and (Z,y) € graph(®),
then the following assertions are equivalent:

(a) @ is metrically regqular around (Z,y) with constant r > 0.
1

(b) @ is open around (Z,y) at the linear rate p = K™ *.
Proof. First observe that @ is metrically regular around (Z,§) with constant
k if and only if the multifunction ¥ : E = F defined by ¥(z) := #(x + ) — §
is metrically regular around (o,0) with the same constant x. An analogous
remark applies to linear openness. Therefore we may and do assume that

(#,9) = (0,0).
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(a) = (b): Let (z,y) € graph @ be sufficiently close to (0,0) and let 7 > 0 be
sufficiently small. Then for each y' € F satisfying ||y’ — y|| < x~!7 we obtain
by (a) that

d(z,71(y)) < kd(y, 8(x)) < sy —yll <.

Hence there exists 2’ € &~ 1(y’) such that ||z — 2’| < 7. This implies y’ €
@(2') C &(x + 7Bg). Since y' € y + k17 Br was arbitrary, we see that (b)
holds.
(b) = (a): We may assume that W, p, and 79 in Definition 10.3.2 are such
that

W:5EBE X5FBF, Topg %5}7‘7 (1015)

where dg and dp are positive constants. Further let eg and er be positive
constants satisfying
eg <0g, peg+ep < Top- (10.16)

We show now that (a) holds with x = p~!. Let € egBg and y € erBr be
given. Applying (10.13) with (0, 0) instead of (z,y) and with 7 := p~1||y||, we
conclude that there exists 2’ € ®~1(y) such that ||2|| < p~!||y|. It follows
that

A, 871(y)) < llz - 2')| < ol + 5yl < em + pler

Hence, if d(y, (7)) > p(eg+p~ter) = peg +er, then the assertion is verified.
Assume now that d(y, ®(z)) < p(eg+p~ter). Then for each sufficiently small
a > 0 there exists y, € P(x) satisfying

[y = yall < d(y, P(2)) + o < peg + e (wéw) Top- (10.17)

It follows that

lYall < lya —yll +lyll <T0p+er < T0p+70p < OF (10.18)
(10.16) (10.15)

and so (z,y,) € graph(®) N W. In view of (b) there exists ' € #~*(y) such
that ||x — 2’| < p7 ||y — yal|. We thus obtain

d(z, @ ' (y)) < [lz = 2| < p™ |y — vall (wém ptd(y, @(x)) + p o

Letting a | 0 we see that (a) holds with x = p~1. O

Under additional assumptions on the multifunction we obtain refined
results.

Convex Multifunctions

Proposition 10.3.4 If the multifunction @ : E = F is convex, then for each
(Z,7) € graph @ the following assertions are equivalent:
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(a) @ is open at a linear rate around (T, 7).
(b) There exist constants 1 > 0 and v > 0 such that

g+ vBr CP(Z+ 1Bg). (10.19)

More precisely, if (b) holds, then (10.13) holds with the following data:

W =puBg x vBp, p= ﬁ, o = 2. (10.20)
Proof.
(a) = (b): Set u = 79 and v = p7p.
(b) = (a): We may assume that Z = o and § = o. Define W as in (10.20).
Now let (x,y) € graph(®) N W. For each 7 € [0, 1] we obtain

(
C (1 - 7)B(x) + 78(uBp) (by (10.19))
Co((1—7)z+p7iBg) (since @ is convex)

Hence setting 7 := 2u7 we see that with p and 79 as in (10.20), condi-
tion (10.13) is satisfied. O

Now we can establish an important result in the theory of generalized
equations.

Theorem 10.3.5 (Stability Theorem) If & : E = F is a closed convex
multifunction, then for each (Z,y) € graph® the following assertions are
equivalent:

(a) @ is metrically regular around (T,y).

(b) @ is open at a linear rate around (T,7).

(¢) There exist constants 1 > 0 and v > 0 such that j+vBr C &(T+ puBg).
(d) y € intrange P.

In particular, assume that (c) holds and that (x,y) € E X F satisfies

o
2 )

14

| <
o 7] .

ly — gl < (10.21)
Then one has

d(z, & (y)) < 4pr~ ' d(y, &(z)). (10.22)

Proof. Concerning (a) <= (b) and (b) <= (c), see Theorem 10.3.3 and
Proposition 10.3.4, respectively.

(¢) = (d): This is obvious.

(d) = (c): This follows from Theorem 10.1.2.
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Now assume that (c¢) and (10.21) hold. By Proposition 10.3.4, the multifunc-
tion @ is open at a linear rate, the data according to (10.13) being

W:5EBE><6FBF, 5E' = u, 6F = 1I/, p:L, 7'0:2/L.
2 4u
Passing from 79 = 2 to 79 = 1, we obtain 7op = v/4 = 0r/2 and so (10.15)
holds. Moreover, setting €g := p/2 and ep = v/8, we see that (10.16) is
also satisfied. The proof of Theorem 10.3.3 therefore shows that we have
d(z, 7 (y)) < kd(y,P(x)), where k = p~! = 4~ o

Multifunctions of the Form x — h(xz) — Q

Recall that given a mapping h : E — F and a nonempty subset @ of F', we de-
note by @, : F = F the multifunction defined by @, (x) := h(z)—Q, =z € E.
For multifunctions of this type, we now show that metric regularity is stable
under small locally Lipschitz continuous perturbations. More precisely, we
pass from @, to &, where the Lipschitz constant of h— h is sufficiently small.

Theorem 10.3.6 (Perturbation Theorem) Assume that

h,ﬁ : E — F are continuous, Q C F' is closed and convex,

&y, is metrically regular around (Z,y) € graph @y, with constant k > 0,

h — h is locally L-continuous around Z with Lipschitz constant A < k1.
Then the multifunction D is metrically regular around (z,y — h(2) —|—E(E))
with constant K(\) := k(1 — KA) L.

Proof.

(I) Define g(z) := h(z) — h(z) for any z € E. By assumption on &, and g
there exist positive constants g and dr such that

d(:c,@}jl(y)) < kd(y,Pr(x)) whenever x € B(Z,dg), y € B(g,0r),
(10.23)

llg(z) — g(2')|| < |z — 2’| whenever z,2" € B(Z, ). (10.24)

We shall show that there exist positive constants ez and ez such that

—1
d(z, 2="(y)) < K(A) d(y, D5 (2)) (10.25)
whenever
|z -zl <em, lly—(G—9@)| <ep. (10.26)
(IT) Without loss of generality we may assume that g(Z) = o. Choose 5,¢ > 0
such that

KA B<], (I+err<p (10.27)
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and eg, ep > 0 such that
€g <0, €p—+ Xeg <Ip. (10.28)

Now let (z,y) € E x F satisfy (10.26). We construct recursively a seq-
uence (x) in E with the following properties:

Ty =2, w1 €0, (y+g(wr), k=1,2,..., (10.29)

|zr1 — 2kl < (L4 €) d(2k, @) (y + g(zx))), k=1,2,... (10.30)
We have

le—zl < dp. lyta@ gl <ly—gl+lo@) < o (1031)

(10.24),(10.28)
and so (10.23) gives
d(z, 2, (y + 9(x))) < kd(h(z) —y — g(z),P) = md(y,@z};(ac)).
Hence there exists z2 € @, (y + g()) satisfying

lzg — 21| < 1+ e)rd(y, Pp(x) < A'Bd(y,P:(x).  (10.32)
(10.27)

For p > 0 let a(p) denote the modulus of continuity of h at Z, i.e.,
a(p) := sup{|[h(z) — h(z)|| | z € B(Z, p)}.
It follows that

d(y, P;(z)) = d(h(z) —y — g(2), Q) < [[(h(z) —y — g(2)) — (h(z) - 7)|
< [h(z) = R@) I+ ly — 7l + lg(2) || < alep) + €r + Ak
(10.33)

Concerning the first inequality, notice that (Z,7) € graph(®y) and so
hZ) — 7 € Q. In view of (10.33), the estimate (10.32) gives

w2 — z1]| < A7'B(a(er) + Aep + €r). (10.34)
Hence, if €5 and e (beside satisfying (10.28)) are small enough, then

w2 = Z[| < [lwz — 21| + [lz — Z[| < I,

o+ o6e2)) =51 < 1 (u-+ 9(a)) 31 + lo(e) — g(a)] < i 02

here the last inequality follows from (10.24) and (10.31).
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(IIT) We now show by induction that ex and ep can be made so small that

for each k € N we have

ok =zl < 0e, Iy +9(zx) =7l < or. (10.36)

By (10.26) and (10.35) we know that (10.36) holds for k < kg if kg = 3.
Suppose now that (10.36) holds for all k£ < kg, where ko > 3. We have
to show that it also holds for kq. For each k € {2,...,ko — 1} we have

lZrs1 — il 1o kTIATIBd (g, D (y + g(an)). (10.37)

We further obtain

d(2k, @5, (y + 9(zx))) < £d(y + g(xk), Prlzr))

10.38
<kKl(y+g(@r) — (v + g(zr—1)) | < wMlag — zp_all; ( )

here the second inequality holds since 2, € @} ' (y+g(zx—1)) (see (10.29))
and so y+g(xx_1) € Pp(zy). Inserting (10.38) into (10.37) yields ||xg+1—
x|l < Bllxk — zx—1| and so

|zxt1 — axll < B Hlzg — 24 (10.39)
From this we get
1
ok, = 1]l < e, = amyal ++ oz =] < ez =l
< P ayew),
(10.32) A(1 =)
(10.40)

which implies

_ _ p
12k, = Z|| < llzg — @1l + [lz — 2| < md(y@;(w)) +en.
(10.41)
Moreover, we have
+glzr,) — 9l < lly — 9l + llg(zr,) — g(z
ly + g9(zie) — 9l < ly = 7ll + l9(zr,) — 9(@) || (10.42)

< lly = gll + Mlzk, — zl| < e + Aep + B(1 = )~ d(y, Py ().

The inequalities (10.41) and (10.42) together with (10.33) show that
there exists 6 > 0, independent of k, such that (cf. (10.36))

z, € B(Z,0), y+g(zp) €B(y,6) fork=1,2,... (10.43)
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(IV) From (10.39) and 0 < 3 < 1 we conclude that (x) is a Cauchy sequence
and so, since E is complete, is convergent to some 2z’ € B(Z,d). Since g
is continuous, we have g(z) — g(z’) as k — oo. This, (10.29), and the
closedness of graph @, imply (2',y + g(2')) € graph®;,. Since ;" (y +
g(z')) = @/}El(y)7 it follows that 2’ € @il(y). We thus obtain

d(z, 81 () < o — o < ATI(1— B Bd(y, Ba(a)).
h (10.40)
Letting 3 | kA (notice (10.27)), we finally see that (10.25) holds for all
x € B(Z,9) and all y € B(y — ¢g(%),9). O
Now assume that, in addition,
h: E — F is continuously differentiable at z € h™(Q).

Then h is F-differentiable on a nonempty open subset U of E containing Z. Let
p > 0 be such that B(Z, p) C U. Moreover, let h : E — F be the linearization
of h at z, i.e., R

h(z) :=h(z)+ 1 (z)(x — ), z€E.

Parallel to

Py () :=h(z)—Q, zxz€E, (10.44)
we consider the linearized multifunction
o— N . = !/ = —
Po(z) == h(z) —Q =Nh(z) + M (T)(z — %) —Q, z€E. (10.45)

Since the function A is continuous and affine, the linearized multifunction @2
is closed and convex. Hence by Theorem 10.3.5, ¢ is metrically regular at
(Z,0) if and only if o € int range &, which is equivalent to

o € int(h(Z) + 1 (2)(E) — Q). (10.46)

By the mean value theorem (Proposition 3.3.4), we have

I(h(z) — h(z)) — (h(a") = h(z"))]| = | (h(z) — h(z')) — B (z)(z — 2")]|

<Az —z| forall z,2" € B(z,p),

where
A= max{|[l'(z) — ' (2)|| | = € B(z,p)}.

Hence the function h — h is locally Lipschitz continuous at %, where the
Lipschitz constant can be made sufficiently small by making p small enough.
Therefore Theorem 10.3.6 shows that @}, is also metrically regular. Conversely,
if @, is metrically regular at (Z, o), then by Theorem 10.3.6 the perturbed mul-
tifunction @~ is also metrically regular at (Z,0), which in turn is equivalent
to (10.46) by Theorem 10.3.5. Thus we have proved the following,.
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Proposition 10.3.7 Let Q C F be closed and convex, assume thath : E — F
is continuous on E and continuously differentiable at & € h=(Q). Then the
following assertions are equivalent:

(a) Py, (see (10.44)) is metrically regular at (Z,0).
(b) @4 (see (10.45)) is metrically regular at (Z,0).
(¢) The condition (10.46) holds.

We want to establish conditions that are at least sufficient for (10.46) or,
in view of later applications, for a slightly more general condition. Recall that
cr M denotes the core of the set M C F.

Let A be a nonempty subset of E. We consider the Robinson condition
(see [176])
o€ int(h(z)+H (Z)(A-Z) - Q), (10.47)

the core condition
occr(h(z)+H(Z)(A-T)-Q), (10.48)
and the Zowe-Kurcyusz condition (see [229))
W(Z)(Ri(A—2) —Ry(Q—h(z)) = F. (10.49)

Proposition 10.3.8 Assume that h, QQ, and T are as in Proposition 10.3.7.
Assume further that A is a nonempty closed convexr subset of E. Then
the Robinson condition (10.47), the core condition (10.48), and the Zowe—
Kurcyusz condition (10.49) are mutually equivalent.

Proof. The implication (10.47) = (10.48) is obvious and the implica-
tion (10.48) = (10.49) is immediately verified.
(10.49) = (10.47): Define ¥ : Ex R xR = F by

(@) (o(z—2)) —7(Q—h(z)) ifoc>0,7>0,z€A,
0 otherwise.

U(x,0,7):= {

Then the multifunction ¥ is closed and convex and
range¥ = 1/ (Z) (R4 (A — 7)) — R (Q — h(x)).

The condition (10.49), therefore, implies o € int range¥. By the generalized
open mapping theorem (Theorem 10.1.2) we see that o € int ¥ ((Ry.(A —z)N
Bg) x [0,1] x [0,1]) and so (10.47) is satisfied. O
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10.4 Openness Bounds of Multifunctions

The following concept will turn out to be a suitable tool for the further study
of multifunctions.

Definition 10.4.1 Let the multifunction @ : E = F be open at a linear rate
around (Z,y) € graph ®@. Then

ope(P)(Z,y) := supremum of all linear rates of openness of ¢ around (Z, y)
is called openness bound of ¢ around (Z, 7).

We shall consider two classes of multifunctions for which the openness
bound can easily be computed.

Processes

A multifunction @ : E =2 F is called (convez) process if graph(®) is a (convex)
cone. Notice that if @ is a process, so is 1. A process is said to be bounded
if it maps bounded sets into bounded sets. If @ is a bounded convex process,
then the (finite) expression

@[] :=  sup inf [y (10.50)
z€BNDom @ yed(x)

is called norm of ®.

Proposition 10.4.2 Let ® : E = F be a bounded convex process. If & is
open at a linear rate around (0,0), then 0 < ||#71| < +oo and

1

ope(®P)(o,0) = =k

(10.51)

Proof.

(I) We verify ||| < +oc. Let p > 0 and 7 be openness parameters of
@ around (0,0). Then it follows that p7Bp C &(7Bg) for all 7 € [0, 0]
Since @ is a process, we have ¢(7Bg) = 7@(Bg). Therefore

We conclude that ||[¢71]| < 1/p.

(II) Next we show that ||@~1|| > 0. Assume ||~} = 0. Choose some yo €
Br N Dom(®~ 1) such that yo # o (which exists by (10.52)). For each
n € N there exists z, € & '(yo) such that ||z,| < 1/n. It follows
that nx,, € Bg and nyg € ¢(nx,). Hence &(Bg) is not bounded, which
contradicts the hypothesis on @.

(ITI) Now we verify (10.51). As shown in step (I), if p is a linear rate of
openness, then (10.52) holds. Conversely, if (10.52) holds with some
p > 0, then

y+ prBr C &(z) + P(7Bg) C &(x +7Bg) V(x,y) € graph® V7 > 0.
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Hence we obtain
ope(P)(0,0) =sup{p > 0| pBr C &(Bg)}. (10.53)

It is evident that (10.52) is equivalent to inf g1y [|2]| < % for any y € Bp.
From this and (10.53) we deduce (10.51). O

Single-Valued Multifunctions

Recall that a functional f : £ — R is identified with the single-valued mul-
tifunction f : E = R defined by f(z) := {f(z)}, z € E. In the following we
shall say that f is open at a linear rate around (z, f(z)) if f has this property,
and we write ope(f)(Z) instead of ope(f)(Z, f(Z)).

Proposition 10.4.3 Let f : E — R be locally L-continuous around z € E
and assume that o ¢ o f(Z). Then f is open at a linear rate around (Z, f(Z))
and

ope(f)(z) = — ngnlil fo(z,y). (10.54)
Proof.
(I) First notice that p := —inf}, = f°(Z,y) is a positive real number.

In fact, since o ¢ 0, f(Z), we have f°(Z,yo) < 0 for some yy € E, where
we may assume that ||yo|| = 1. Hence p > 0. Since f°(Z,-) is globally
L-continuous (Theorem 7.3.2), we have in particular f°(Z,y) > —A|y||
for each y € E, where A > 0 is a local Lipschitz constant of f at Z.
Therefore p < \ < 4oc.

(IT) We show that ope(f)(Z) > p. Let € € (0,p/4] be given. Then there
exists y. € E such that [y]| = 1 and f°(Z,y.) < —p + §. Moreover,
by the definition of f°(Z,y.), there exists 71 € (0, 1] such that for all
x € Z+7Bg and all 7 € (0,7],

f(x+7ye> — f($)

T

S_p+65

and so f(z +7y.) < f(z) — 7(p — €) < f(x). Applying the intermediate
value theorem to the restriction of f to x + 7By, we obtain

[f(z) = 7(p—e), f(z)] C f(z + TBEg). (10.55)

Recall that (—f)°(Z, —y.) = f°(Z,ye) (Theorem 7.3.2). Therefore, a sim-
ilar argument with f and y. replaced by — f and —y., respectively, shows
that there exists 7o € (0,1] such that for all x € Z + Bg and all
T E (077'2],

[f(@), f(z)+7(p—€)] C f(z+ 7BEg). (10.56)

Set 79 := min{7y, 72 }. Combining (10.55) and (10.56), we obtain
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f@)+(p—¢€) - 7Bg C f(x+7Bg) VaxeZ+71Bg V7 e€(0,7],

which shows that p— e is an openness rate of f around (z, f(z)). Letting
e | 0, we conclude that ope(f)(Z) > p. In particular, we see that f is
open with a linear rate around (Z, f(Z)).

(ITI) Now we show that ope(f)(Z) < p. This together with step (II) verifies
(10.54). Let p > 0 be a linear rate of openness of f around (Z, f(Z)).
Then there exist a neighborhood W of (z, f(Z)) and 79 > 0 such that

f@)+pme flx+7Bg) V(z, f(x)eW Vrel0,r] Vnel[-1,1].
In particular, there exists y; € Bg such that
f@)—pr = fle+7y1) V(z, f(x)) e W Vrel0,7).

It is clear that y; # o. By adjusting 7 if necessary, we may assume that
[ly1]] = 1. It follows that —p = f°(Z,y1) > —p and so ope(f)(Z) < p. O

10.5 Weak Metric Regularity and Pseudo-Lipschitz
Continuity

We introduce and study two concepts that are closely related to metric regu-
larity and linear openness.

Definition 10.5.1

(a) The multifunction @ : E = F' is said to be weakly metrically regular
around (Z,y) € graph®, if there exist a neighborhood U of Z, a neigh-
borhood V of g, and a constant x > 0 such that for all z € U with
®(x)NV # () and all y € V one has

d(z, 7 (y)) < kd(y, d(x)). (10.57)

(b) The multifunction ¥ : F = FE is said to be pseudo-Lipschitz (or to have
the Aubin property) around (g, Z) € graph ¥, if there exist a neighborhood
U of Z, a neighborhood V' of g, and a (Lipschitz) constant A > 0 such that

(y)NU#0 YyeV and (10.58)
Ty)nUC¥)+Aly—y|Be Vyy eV. (10.59)
It is obvious that a metrically regular multifunction is weakly metrically

regular. A mapping T : F — E which is pseudo-Lipschitz around (g, T(7)),
where U can be chosen to be FE, is locally Lipschitz continuous around .

Theorem 10.5.2 If & : E = F is a closed-valued multifunction and (Z,y) €
graph @, then the following assertions are equivalent:
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(a) @ is weakly metrically regular around (Z, 7).
(b) @' is pseudo-Lipschitz around (¥, ).

Proof. (a) = (b): Let the condition of Definition 10.5.1(a) be satisfied, where
we may assume that U := Z+¢;Bg and V := g+e3Bp with g > 0 and €5 > 0.
Since z € U and § € () NV, we have by (10.57) that

d(z,87'(y) < wd(y, () <sly -5l VyeV.  (10.60)

Choose a positive number é; < €5 so small that xéy < €. Set U:=Z+kesBg
and V := § 4 &Bp. If y € V, then y € V and (10.60) gives d(z,971(y)) <
K€y < K€2 Hence there exists 2 € 97! (y) such that || — Z|| < rez. This shows
that ¢~ (y) NU # 0 for any y € V. Now let y,y' € V be given. For any
x € &7 1(y)NU it follows from (10.57) that

d(z, 971 (y")) < kd(y', &(2)).
If A > £, we thus find some z’ € ¢~1(y') N U satistying
lz — 2’| < Ad(y', P(z)) < Ally" —yl|.

In this connection notice that if d(y’, @(x)) = 0, then y' € &(x) (as P(x) is
closed) and so we may take z’ := x. We have thus shown that (b) holds.

(b) = (a): Let € > 0 be such that U := Z 4+ eBg and V := § + By satisty
the condition of Definition 10.5.1(b). Set V := g + (6/3)BF By (10.58) there
exists a neighborhood U of Z such that U C U and &~ '(y) N U # 0 for all
Yy e V. We also have

d(y,d(z)) =d(y,®(z)NV) VeeclU VyeV. (10.61)
To verify this equation, let 3 € &(x) \ V be given. Then

€ 2

d(y,y) 2 d(y',5) — d(@,y) > e - 3 = ze.

On the other hand, for any z € ®(z) NV we obtain
d(y,z) < d(y, g +d(y,2) <

Now let 2 € U be such that &(z) NV # @ and let y € V. By (10.59) we have
d(z, 7' (y)) < Ad(y, @ () NU) < Ny — 2| Vzed(z)nV

and so

d(z, 7' (y)) < Ad(y, P(z) N V) oo Ad(y, d(x)),

which completes the proof. (]
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10.6 Linear Semiopenness and Related Properties

We modify the concepts introduced in the preceding sections. Assume again
that E and F are Banach spaces, ¢ : F = F is a multifunction and (z,3) €
graph &.

Definition 10.6.1

(a) The multifunction @ is said to be linearly semiopen around (Z, ) if there
exist numbers p > 0 and 79 > 0 such that for all (z,y) € graph @ satisfy-
ingx €+ 7Bg and y € § 4+ 70BF and all 7 € [0, 7] one has

y+ p7|lx — Z|Br C &(x + 7]jz — Z||Bg). (10.62)

(b) The multifunction @ is said to be metrically semiregular around (z,y) if
there exist numbers £ > 0 and 71 > 0 such that for all (z,y) € E x F
satisfying € T + 1 Bpg, y € ¥+ 11 Br, and d(y,P(z)) < 71||x — Z|| one
has

A, 87 (y)) < 5 d(y, B()). (10.63)

(¢) The multifunction @ is said to be semi-pseudo-Lipschitz around (z,y) if
there exist numbers A > 0 and 75 > 0 such that for all (z,y) € graph @
satisfying € T + Bg and y € § + m2Bp there is a neighborhood V(y)
of y such that

P(x)NV(y) CP(2') + AN|z —2'|Br V' €+ nlly—y|Be. (10.64)

The numbers p > 0 and 79 > 0 in Definition 10.6.1(a) will be referred to
as semiopenness parameters. An analogous terminology will be applied for
the numbers associated with metric semiregularity and semi-pseudo-Lipschitz
continuity.

Remark 10.6.2 It is obvious that linear openness implies linear semiopen-
ness. In fact, if @ is open around (Z, i) with the linear rate p’ and the parameter
74, then @ is linearly semiopen around (Z, §) with the semiopenness parameters
p = p' and 79 = min{7, \/7{}. The norm functional on E, interpreted as a
multifunction from E to R, is not open at a linear rate around (0, 0) (it is not
even an open mapping) but is linearly semiopen around (0, 0). Observe that,
in contrast to openness at a linear rate, linear semiopenness does not impose
a condition on the multifunction at the reference point (z, ) € graph &.

Theorem 10.6.3 If®: E = F is a closed-valued multifunction and (Z,y) €
graph @, then the following assertions are mutually equivalent:

(a) @ is linearly semiopen around (T,7q).
(b) @ is metrically semiregular around (Z,7).
(c) &~ is semi-pseudo-Lipschitz around (¥, T).
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Proof. As in the proof of Theorem 10.3.3 we may assume that (Z,3) = (0, 0).
The parameters used in the following refer to the respective definition.
(a) = (b): Choose 71 > 0 so small that

< mi 70
T min , PTO ¢ -
1 1+ p7o PTo

Let (x,y) € 1 Bg X 71 Bp be such that d(y, ?(x)) < 71||z||. We distinguish two
cases:

Case 1. First assume that d(y,®(x)) > 0. Then x # o. Define 7 by
d(y,@(x)) = prl|z||. Then for any ¢ > 0 there exists y’ € P(z) such that
ly = 'l < p(r +6) [[«]| and so

1yl < Myl + lly = 'l < 71+ pl7 + 0)71.

Since pr < 71 the choice of 71 shows that 7 < 79. Hence we find 6 = 6(7) > 0
such that 7+ §(7) < 79. We thus obtain

z€1Br, ¥ €1Br, yey +prolz|Br.

Since (a) holds, we conclude from (10.62), with y replaced by g’, that there
exists &' €  + (7 + 6(7))||z||Bg such that y € &#(a’). Consequently,

T+ 0(7)

d(@, 27 () < llz — 2’| < (7 + 3(0) = < d(y, &(x)).

Since this holds for all sufficiently small §(7), we conclude that any x > p~!

satisfies (10.63).

Case 2. Assume now that d(y,®(z)) = 0. Then y € &(x) as P(x) is closed.
Therefore we have d(z,®~!(y) = 0 < kd(y, ®(x)) with the same x as above.

(b) = (c¢): Choose 75 > 0 such that 75 + 75 < 71/2 and take any \ > .
Fix any (y,z) € graph(®~!) with # € Bg and y € Bp. Further let ¢’ €
y + 72||z||BF be given. We are going to show that with some neighborhood
U(z) of z, we have

' (y)NU) S (y) + My —v'|Bs. (10.65)

If  # o, define U(z) := z + 1||2|Bg. Now let 2’ € &~ 1(y) N U(x) be given.
Then we have the estimates

3
12l < llzll + flo = '] < 72+ 372 < g7 <70,

1yl < Nyl + rellzll < A1+ 72)m2 <,

Ay, 2(2") < ly' = yll < meflzll < 2mel2’|| < 7 l2]].
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Since (b) holds, we can apply (10.57) with z replaced by 2’ to deduce
d(2', @7 1(y") < rd(y', o(z")).
Since A > &, there exists 2" € ®~1(y/) satisfying
&' — 2" < Xd(y', 2(2) < Ally —y/|.

It follows that 2’ € @~1(y') + A ||y —¢/||Bg. If z = o, then y+72||z||Br = {y},
and (10.65) holds with U(z) := E.

(¢) = (a): Set p := 1/X and 79 := mA. Fix any (x,y) € graph® with
x € ToBg and y € 1oBp. If = o, there is nothing to prove. Assume now that
x # o. It suffices to show that for any 7 € (0, 79 the implication

ly" =yl = prllzll = ¥ € P(z + 7]lz|Bg)

holds true. From ||y’ — y|| = p7l|z|| we conclude ' € y + 72||z||Br. Now (c)
gives
z €@ (y)NU(x) SO (Y) + Ay — ¥/l Be-

Hence there exists ' € @7 1(y') such that z € 2’ + \||ly — ¥/||Bg and so
' €x+ Ay —¢||Bg. It follows that
y € P(x+\|ly—v'||Br) = ¢(z+7|z|Bg). O

Next we show that linear semiopenness is stable under local Lipschitz
perturbations (cf. Theorem 10.3.6).

Theorem 10.6.4 Assume that ® : E = F is closed and linearly semiopen
around (Z,y) € graph® with semiopenness rate p > 0 and that ¥ : E — F
is locally L-continuous around T with constant A < p. Then @ + ¥ is linearly
semiopen around (Z, § + ¥ (Z)) with semiopenness rate p — .

Proof. Without loss of generality we can again assume that (z,g) = (0, 0) and
that ¥(0) = o. Beside p let 7y be a semiopenness parameter of @. Then for all
(x,y) € graph ® with « € 70Bg, y € 0B and all 7 € (0, 7] we have

y+ p7lz[Br € &(x + 7(|z[|BEg). (10.66)

Choose 1 > 0 such that

< . 27’0 1 E 1
=M ST 2 27200 -0

and that ¥ is Lipschitz continuous on 7 Bg with Lipschitz constant A. Now
let (zo,y0) € graph(® + ¥) with z¢p € 1B and yo € 71Br be given. We shall
show that for any 7 € (0,71] we have

Yo + (p — )\)THI‘()HBF - (@ + lI’)(LL'() + TH.’E()HBE) (1067)
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This is clear if = o. Now let x # o. Take any 7 € (0,7] and any ¢’ € F
satisfying
ly" = woll = (p — M7 llo]-

We are going to show the existence of ' € E such that
2 € xo+7||z0||BE and ¢ € (@ + ¥)(z)). (10.68)
By assumption on (zg,yo) we have
(20,40 — ¥(x0)) € graph®, |20l < 71 < 70,
llyo — @ (zo)ll < llwoll + ¥ (@o)ll < 71+ Allzoll < (1 + A)71 < 70,
I(y" = #(x0)) — (o — ¥(0)) |l < (p — Mtllzoll < prolaoll-
The last line shows that
y' = ¥(x0) € (yo — (o)) + (p— N)7|z0|BF.

Hence by (10.66) with y := yo — ¥(x0), there exists x; € E satisfying

y = W(wo) € B(z1), a1 — ol < F="raoll
Now we proceed by induction. Suppose that for ¢ = 1,...,n we have obtained
x; € E such that
p—\ (A i—1
V- W) € 2w, o= wial <222 (3) rlal. (1069

It follows that

n P*)\ n )\ 7—1
n — 2ol < 3 i — 21l < 22 rlleo| 3 (p)
=1

=1 P

(10.70)

p—A 2 /AN 1
< P72 o) () — rllaoll < fleoll
7l 2 (5 2

On the one hand, this implies ||z, ]| < [|zo|| < 9. On the other hand, using

lznll = llzoll = ll&n — xo|| we also obtain ||z,| > %||x0|| and so z,, # o.
Furthermore we have

ly" = @(@n-D)ll < ly" = ol + @ (zn-1)ll + 130l

3 1 3
< (o= Nllll + JAlaoll + Il <7 (33 + 3+ 1) <7
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and also

| (y/ - l—p(xn)) - (yl - w(xnfl)) [ < )‘Hxnl_ Tp-1|
<(p-N) (2) o]l < (p— ) (2) 2zl < prollzal]

Hence we can apply (10.66) with = := x,, and y := ¢y — ¥(z,—1) to find
Zny1 € E such that ¢y — ¥ (z,) € &(z,41) and

[Enss — 2al < %n (v~ W(@n)) — (o — P(wnr))]

A “A /A
< Mw —wn] < 222 () o]l
p p\p

Since these estimates correspond to (10.69), we conclude that a sequence (z,,)
exists in F satisfying (10.71) for all n € N. Since (z,) is a Cauchy sequence
in the Banach space F, it is convergent to some z’ € E. The continuity of ¥
gives lim,, o ¥(x,) = ¥(z'). Since (x, 11,y — ¥ (z,)) € graph @ for all n and
graph @ is closed, we see that (z/,y' —¥(z)) € graph @ and so y’ € (P+¥)(z').
Finally, ||z, — zol| < 7||zo|| for any n implies ||z’ — x| < 7l|zo||, which
completes the proof. O

(10.71)

10.7 Linearly Semiopen Processes

For processes there is a close relationship between linear openness and linear
semiopenness. This will be elaborated in this section. We assume that

FE and F' are Banach spaces and @ : E = F' is a process.

The following notions will be helpful.
Definition 10.7.1

(a) Aset SC E X F is said to be generating for the process @ if graph @ =
R, S, i.e., graph @ is the cone generated by S.

(b) A set S C E x F is said to be bounded in E by r (where r > 0) if ||z| < r
whenever (z,y) € S.

Example 10.7.2 Let & be such that #(0) = {o}. Then the set
S:={(z,y) € graph @ | [|z[| = 1}
is generating for ¢ and is bounded in F by r = 1.

Lemma 10.7.3 Let S be generating for @ and bounded in E by r > 0. Assume
that @ is open at a linear rate around each (x,y) € S with the openness
parameters p and Ty being independent of (x,y). Then @ is linearly semiopen
around (0, 0) with the openness parameters p and Ty := min{7y, 79/7}.



218 10 Multifunctions

Proof. Let (x,y) € graph®, (z,y) # (0,0), where & € 7)Bg and y € 7)Bp.
Then (Az,Ay) € S for some A > 0. By assumption we have Ay + p7Bp C
&(Ax + 7Bg) for any 7 € (0, 79]. Since || Az|| < r, it follows that

Ay + p7A||z||BF C &(A\x 4+ 7A||z||Bg) V7 € (0, 7]
and so since @ is a process,
Ay + p7l|z|BF) CAP(z + 7l|z|BE) V7 € (0,7).
Dividing by A results in the assertion. O

Lemma 10.7.4 Let § be open at a linear rate around (Z, ) € graph ®. Then
there are neighborhoods U of T and V' of § as well as positive numbers p and
To such that @ is open at a linear rate around each (xz,y) € graph(®)N(U x V)
with the openness parameters p and 7.

Proof. Let p and 7y be openness parameters of @ around (%, ). Then
y' + prBr C &(z' + 7BE) (10.72)

whenever (z/,y’) € graph®, 2/ € T+ 7Bg, v € § + 70Br, and 7 € (0, 7).
Define

p:=p, T0:=70/2, U:=Z+71Bg, V:i=§+71Br.

Now let any (z,y) € graph(®) N (U x V) be given. Choose (z’,y') € graph @
such that 2/ € = + 79Bg and v’ € y + 10Br. Then 2/ € T + 7oBg and
Yy € §+ToBp. In view of (10.72) we obtain y' + p7Br C &(2' + 7Bg) for any
7 € (0, 70], and the proof is complete. O

Proposition 10.7.5 Let S C E x F be a generating set for & and assume
that one of the following conditions is satisfied:

(a) S is compact.
(b) E is finite dimensional, ® : E — F is single-valued and locally L-
continuous around o, and S = {(z,P(x)) | ||z|| = 1}.

If & is open at a linear rate around each point of S, then @ is linearly semiopen
around (0, 0).

Proof.

(I) First notice that in either case, S is bounded in E.

(IT) By Lemma 10.7.4 we can assign to each (z,y) € S an open neighbor-
hood U(z) x V(y) as well as positive numbers p(z,y) and 7(z,y) such
that & is open at a linear rate around each (z',y') € U(x) x V(y) with
the openness parameters p(z,y) and 7o(z,y).
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(Ila) If condition (a) is satisfied, then the open covering (U(z) x V (y)) (2.)eS

of S contains a finite subcovering (U(z;) x V (y;)) ,,- Define

i=1,..
pi=min{p(x;,y;) |i=1,...,n}, 7o:=min{m(z;,y)|i=1,...,n}

and apply Lemma 10.7.3 to see that the assertion is true.

(ITIb) Now let condition (b) be satisfied. Since & is positively homoge-
neous and locally L-continuous around o in particular, ¢ is (glob-
ally) L-continuous. Hence for each x € F satisfying ||z|| = 1 we can
find an open neighborhood U’(xz) C U(x) such that 2’ € U'(z) im-
plies &(z') € V(P(x)). Thus P is open at a linear rate around each
(«',P(x")), where 2’ € U’(x), with openness parameters p(z) and 7o(z).

The open covering (U/@C))Hm”:l of the compact set {x € E | ||z| = 1}

contains a finite subcovering (U’(z;)) . Setting

i=1,...,n
p:=min{p(x;) |i=1,...,n}, 70:=min{rg(z;)|i=1,...,n}

and applying Lemma 10.7.3 concludes the proof. O

10.8 Maximal Monotone Multifunctions

The aim of this section is to establish conditions ensuring that a multifunction
@ : E = E* satisfies range® = E*, which means that for any z* € E* the
generalized equation x* € ®(x) has a solution x € E. In this connection, the
following concept is crucial.

Definition 10.8.1 The multifunction & : E = E* is said to be mazimal
monotone if @ is monotone and graph® is not properly contained in the
graph of any other monotone multifunction.

Maximal monotone multifunctions play a prominent role in treating para-
bolic differential equations as evolution equations in Sobolev spaces of Banach
space-valued functions. For instance, the generalized time derivative in the
time-periodic quasilinear parabolic problem turns out to be a (single-valued)
maximal monotone multifunction. A technical remark will be useful.

Remark 10.8.2 The monotone multifunction ¢ : E = FE* is maximal
monotone if and only if the following holds:
[(y,y") € Ex E* and (y* —a*,y —2) >0 V(x,2%) € graph @
= (y,y") € graph ®.
We show the maximal monotonicity of the subdifferential mapping g f.

Theorem 10.8.3 Let E be a Fréchet smooth Banach space, let f : E — R be
proper and l.s.c. If the multifunction Opf : E = E* is monotone, then it is
mazimal monotone.
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Proof. Let (b,b*) € ExE* be such that b* ¢ 9 f(b). In view of Remark 10.8.2,
we have to show that there exist x € E and z* € Opf(z) satisfying (b* —
x*,b—x) < 0. Since o ¢ Ip(f — b*)(b), the point b is not a minimizer of
f — b*. Hence there exists a € E such that (f —b*)(a) < (f —0*)(b) := p. By
Zagrodny’s approximate mean value theorem (Theorem 9.4.1), there exist a
point ¢ € [a,b) as well as sequences (z,,) in E and (z) in E* such that

lim x, =¢, yr:=a;, —b"€dp(f—0")(xn) VYn,

n—oo

liminf (y;, ¢ — x,) > 0, linmior.}f (yn,b—a) > 0.

n—oo

Noting that b — ¢ = A(b — a) with some A € (0, 1], we conclude that

liminf(z), — b*,b — x,) > liminf(y},b — ¢) + liminf(y), c — x,)

n—0oo n—oo n—0o0

b—
> ||||b S lim inf (ys, b — a) + liminf (s, ¢ — 2,) > 0.
—a n—oo n—oo

Since we obviously have z} € Op f(x,,) for any n, it suffices to set z := z,, and

x* =z} for n sufficiently large. O

Corollary 10.8.4 Let E be a Fréchet smooth Banach space. If f : E — R
is proper, convezx, and l.s.c., then the subdifferential mapping Of (of convex
analysis) is mazimal monotone.

Proof. The subdifferential mapping df is monotone (Proposition 4.3.7) and
coincides with dpf (Proposition 9.1.9). Hence the assertion follows from
Theorem 10.8.3. O

To describe a class of single-valued maximal monotone multifunctions, we
need the following notion. The mapping T : E — E* is said to be hemicon-
tinuous if for all z,y, z € F the real function 7 — (T'(x + 7y), 2) is continuous
on [0,1]. Notice that each hemicontinuous mapping is radially continuous.

Proposition 10.8.5 If T : E — E* is monotone and hemicontinuous, then
T is maximal monotone.

Proof. See Exercise 10.10.3. ad

Before we can establish the announced surjectivity statement, we derive
an auxiliary result that is a distinguished relative of the sandwich theorem.

Lemma 10.8.6 Let E and F be Banach spaces, let f : E —- R andg: F — R
be convex functionals and let A : E — F be a continuous linear mapping.
Assume further that:

(C1) f and g are l.s.c. and o € cr (dom g — A(dom f) or
(C2) g is continuous at some point of A(dom f).
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Then there exists y* € F* such that for any x € E and y € F, one has

Inf (f(2) + g(Az)) < (f(z) = (y7, Az)) + (9(y) + (", 1)) (10.73)

Proof.

@

(ITa)

(ITb)

We define the value functional h : I — R by
h(u) := 122(f(x) +g(Az +u)), ueF

The functional h is convex and satisfies dom h = dom g — A(dom f). We
now show that o € int dom h.
First we assume that condition (C1) is satisfied. Passing to suitable
translations of f and g if necessary, we may assume that f(0) = g(0) = 0.
Let
M:= |J{ueF|f(x)+g(Az+u) <1}

z€BR
Obviously M is convex.
We show that M is absorbing. Let y € F be given. By (C1) there
exists 79 > 0 such that 7y € domg — A(dom f) whenever |7| < 7.
For each such 7 let x € dom f be such that Az + 7y € domg. Then
f(z) + g(Az + 1y) =: r < +00. Let s > max{||z|, |r|,1}. Since f and g
are convex and f(o) = g(0) = 0, we deduce that

fex) +g<A<i:z:> + ;y> <1

and so (7/s)y € M. Hence M is absorbing, i.e., o € cr M.
Next we show that M is cs-closed. Assume that \; > 0, Z;’il A =1,
Y; € M and y := Zfil Aiy; € F. Then for each i there is an z; € Bg
satisfying

flzi) + g(Azi +y;) < 1. (10.74)
Let € > 0 be given. Then there exists i such that Y-~ \; < e whenever
n > m > ig. It follows that

n n
HZ /\1xl|| < Z Aillzi]] < € whenever n > m > i.
=m =m
Hence Y ;2 | A\;z; is convergent to some x in the Banach space E. The se-
quence (x;) is contained in the ball Bg which is cs-closed (Lemma 1.2.2),
therefore z € Bpg. Since f and g are convex and l.s.c. and A is linear
and continuous, we deduce from (10.74) that

f(@) + g(Az +y) = f(i Niai) + g(i N(Azi + 1))

<Y Nif(@) + Y Nig(Axs +yi) < 1
i=1 i=1

and so y € M. Thus M is cs-closed.
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(IIc) Now Proposition 1.2.3 shows that cr M = int M. This together with
step (ITa) yields o € int M.

(IId) Since h is convex and bounded above on M and o € int M, the functional
h is continuous at o.

(III) Now we assume that condition (C2) is satisfied. Let § € A(dom f) be
such that g is continuous at 3. Then there exists r > 0 such that g(g +
u) < g(y+ 1 for any u € Bp(o,7). Let T € dom f be such that § = Az.
Then we obtain

h(u) < f(Z) + 9(AZ +u) < f(Z) + 9(§) + 1 Vu € Br(o,7).

As in step (IId) it follows that h is continuous at o.
(IV) Since h is convex and continuous at o, Proposition 4.1.6 implies that
there exists —y* € dh(0). We thus have

inf ((2) + 9(A2)) = h(o) < ) + {y" )
(10.75)
< f(z)+g(Az+u)+ (y*,u) Veze EVueF.

Now, if z € F and y € F are given, then inserting v := y — Ax in
(10.75), we obtain (10.73). O

Recall that the duality mapping J : E = E* is defined by J = 0j, where
j(z) == %||z||>. By Remark 4.6.3, J can be written as

J(2) ={z" € B | |"] = |l2ll, (z",2) = ||2II*}, =€ E. (10.76)

If E is reflexive, then on identifying E** with E, the duality mapping
J : E* 3 F is defined analogously.

Theorem 10.8.7 Let E be a reflexive Banach space. If ® : E = E* is mazx-
imal monotone, then range (P + \J) = E* for any A > 0.

Proof.

(I) Suppose for the moment we had already verified the existence of z € E
satisfying o € (@ + J)(z). Now let A > 0 and z* € E* be given. Since
A71(® — z*) inherits the maximal monotonicity from @, we can conclude
that there exists z € F satisfying o € (\"1(® — 2*) + J)(2). It follows
that z* € (@ + A\J)(z). Hence it remains to show that the generalized
equation o € (P + J)(z) has a solution.

(IT) Define f3 : E x E* — R by

fo(z,x™) =

sup ((y*, z) + (2, 9) — (y",y) = (", 2) + sup (¢* —y*,y—2).
y*€D(y) y*€P(y)
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The function fg is proper, convex, and ls.c. Since @ is maximal
monotone, it follows that

fo(z,z™) > (z*, z), (10.77)

and by Remark 10.8.2 equality holds if and only if z* € @(x).
(III) For any x € E and z* € E* we have

* * 1 * *
0 < 5 (I2l” + ll1%) = llll - ll[ < 5 (Il + 2" [*) + 2", 2) (10.78)

DN | =

and so (10.77) passes into
* 1 *
0< fo(z,z*) + §(||ac||2 + [lz*|?). (10.79)

Lemma 10.8.6 (with E and F replaced by F x E*) now ensures the existence
of (z,2*) € E x E* such that for all (y,y*) € E x E*,

0 < fo(e, ") = (2% 2) — (2%, 2) + %(II?/H2 Iy I) + ) + 7 2).

Choose y* € —J(z) and apply (10.76), analogously choose y € —J(z*). Then
(10.79) gives

foz,a*) = (=% 2) — (@*,2) = (11> + [|=*]*). (10.80)

|~

Let 2* € &(x). Then fg(zr,z*) = (z*,x) (cf. step (II)). Hence (10.80) can be
written as

(@ = 2% —z) > S (1217 + 127]7) + (27, 2) > 0, (10.81)

DN | =

where the last inequality follows from (10.78). Since (10.81) holds for any
x,x* satisfying 2* € @(x) and @ is maximal monotone, we can conclude that
z* € &(z). Setting z := z and * := z* in (10.81), we obtain 3 (||z[|2+|z*||?) +
(z*, z) = 0, which by (10.76) implies —z* € J(z) and so 0 € (& + J)(z). O

With the aid of Theorem 10.8.7 we shall establish a result on the surjec-
tivity of &@. For this, we need the following notion.

The multifunction @ : E = E* is said to be coercive if Dom @ is bounded,
or Dom @ is unbounded and
inf{(z*,z) | z* € &(z)}

Il — +00 as x € Dom®, ||z| — +oo.
T

Theorem 10.8.8 (Surjectivity Theorem) Let E be a reflexive Banach
space. If & : E = E* is maximal monotone and coercive, then range® = E*.
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Proof.

(D

(IT)

(I11)

By Proposition 4.7.14, E admits an equivalent norm that is F-
differentiable on F \ {0} and so the duality mapping J with respect to
this norm is single-valued. Notice that @ is also coercive with respect to
the equivalent norm.

Let z* € E* be given. Choose a sequence ()\;) of positive numbers
tending to zero. By Theorem 10.8.7, for each k there exists z € Dom @
such that z* € (& + A\ J)(x) and so there exists z} € @(xy) satisfying

¥ =z + Aed (2k). (10.82)

If Dom @ is bounded, then the sequence (xj) is also bounded. Assume
now that Dom @ is unbounded. Since @ is coercive, there exists p > 0
such that

(z*, )

]

For these © we obtain

> ||z*|| whenever x € Dom®, ||z|| > p, z* € &(z).

(2" — 23 = (@' @) — (=%, a) > o] - )" — (=", @) = 0.
On the other hand, in view of (10.76) and (10.82) we have
(= 2%, ) = =X (J (zr), 2r) = =gl <0
Therefore we must conclude that ||| < p for any k. This further implies
ey, = 2°[ = Akl (@) | = Akller]l < Awp — 0 as k — oo

Since F is reflexive, the bounded sequence (x) contains a subsequence
(z1;) that is weakly convergent to some z € E. We show that z sat-
isfies z* € P(z). Since P is monotone, we obtain for any y € Dom @
and y* € O(y) that (2} —y*, 2z —y) > 0 for any k. In this context, (z})
denotes the corresponding subsequence of (z} ). Since by step (III) the se-
quence (z;) is norm convergent to z*, the last inequality implies (z* —y*,
z—1y) > 0 (Exercise 10.10.1). Since & is maximal monotone, we conclude
that z € Dom® and z* € &(z). O

As an immediate consequence of Theorem 10.8.8 and Proposition 10.8.5
we obtain:

Corollary 10.8.9 If E is a reflexive Banach space and T : E — E* is
monotone, hemicontinuous, and coercive, then rangeT = E*.
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10.9 Convergence of Sets

Convention. Throughout this section, unless otherwise specified, E is a
normed vector space and F' is a locally convex (not necessarily normed)
vector space.

Here we consider this more general setting because we will later apply the
following concepts to multifunctions of the form ¢ : F =% E*, where E* is
equipped with the weak* topology o(E*, E).

Definition 10.9.1 Let (S, )aca, where A is a directed set, be a generalized
sequence of subsets of F.

(a) The Painlevé-Kuratowski upper limit Limsup,¢c 4 Sa is the set of cluster
points of generalized sequences (v4)aca, Where v, € S, for any o € A.

(b) The Painlevé—Kuratowski lower limit Liminf,c 4 Sy is the set of limits of
generalized sequences (vy)aca, where v, € S, for any a € A.

The definition applies in particular to a sequence (Sg)gen in F, in which
case we write Limsupy,_, ., Sk and Liminfy_,, Sk, respectively.

Now let @ : E =% F be a multifunction and £ € Dom @. We consider @ as
a generalized sequence (®(x))zecp in F, where E is directed by the preorder
y = x if and only if ||y — Z|| < ||z — Z||. The resulting Painlevé-Kuratowski
upper (lower) limit is then written

Limsup®(xz) and Liminf ®(z),

T—T =T
respectively. Lemma 10.9.2 gives the explicit characterization of these limits.

Lemma 10.9.2 If & : E = F is a multifunction and T € Dom @, then:

(a) Limsup,_,; P(x) is the set of cluster points of generalized sequences
(Va)aca, where vy € (x4) for any « in the directed set A and (Tq)aca
is convergent in E to .

(b) Liminf, .z ®(x) is the set of limits of generalized sequences (Vo)aca,
where vy, € P(xy) for any o € A and (2o)aca i convergent in E to T.

Proof. See Exercise 10.10.4. O
The following result is also easily verified.

Lemma 10.9.3 One always has

Liminf @&(z) C cl®(z) C Lim sup &(z).

r—x T—T

Proof. See Exercise 10.10.5. a
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If, in addition, F' is a normed vector space, we have a simple characteriza-
tion of these concepts. We write ¢ —% z if £ € Dom ® and = — Z.

Lemma 10.9.4 If E and F are normed vector spaces and & : E = F is a
multifunction, then

Limsup®(z) = {v € F | liminf d(®(x), v) = 0},

Liminf &(z) = {v e F | lim d(®(z),v) = 0},
and these limits are closed sets.
Proof. See Exercise 10.10.6. ad

We shall also make use of a sequential variant of the above concepts.

Definition 10.9.5 Let E be a normed vector space, ® : F = E* be a mul-
tifunction, and z € Dom ®. The sequential Painlevé—Kuratowski upper limit
sLimsup,_,;®(z) of @ is defined to be the set of all * € E* for which there
exist a sequence (zy) in Dom @ that is norm convergent to Z and a sequence
(%) in E* that is o(E*, E) convergent to z* such that z} € @(xy) for all
keN.

Lemma 10.9.6 is an immediate consequence of the definitions.

Lemma 10.9.6 Let E be a normed vector space and equip E* with the topol-
ogy o(E*, E). Further let ® : E = E*. Then

sLimsup @(x) C Lim sup §(x).

T—T r—T

Now we introduce a convergence concept for a generalized sequence of
functions.

Definition 10.9.7 Let (¢4)aca be a generalized sequence of functions ¢, :
F = R:

(a) The upper epi-limit of (¢a)aca is the function eLimsup,c, 4o whose
epigraph is the Painlevé-Kuratowski lower limit of epi¢:

epi(eLimsup ¢, ) := Liminf(epi ¢, ). (10.83)
a€cA acA

(b) The lower epi-limit of (Ya)aca is the function eLim inf,e 49, whose epi-
graph is the Painlevé—Kuratowski upper limit of epip,:

epi(eLim inf ¢, ) := Limsup(epi ¢q). (10.84)
acA acA

(c) If the upper and the lower epi-limit of (¢4 )aea coincide, then this function
is called epi-limit of (pa)aca and is denoted eLim,eapq-
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It is left as Exercise 10.10.7 to show that the right-hand sides of (10.83)
and (10.84) in fact are the epigraphs of functions. If, in particular, (¢) is a
sequence of functions, then the corresponding epi-limit functions are defined,
respectively, by

epi(eLim sup gpk) = Llicm inf(epi pg),
— 00

k—oo

epi(eI;Cim inf @) := Limsup(epi ¢y),
— 00

k—oo

epi(%[_;}g gok) = epi(eLim sup ka) = epi(e[;giinoinf gpk).

k—o0
In a normed vector space we have a simple characterization of the epi-limit.

Lemma 10.9.8 Let F be a normed vector space and ¢, : F — R for all
k€ N. Then ¢ = %Lim wr if and only if for each x € F one has

p(z) < likm inf pg(zr) for any sequence x — x  and
— 00

o(z) > limsup g () for some sequence xy — .

k—o0

Proof. See Exercise 10.10.8. a

10.10 Bibliographical Notes and Exercises

The presentation of Sects.10.1-10.5 was strongly influenced by Bonnans
and Shapiro [16]. Lemma 10.1.1 is due to Robinson [176]. The general-
ized open mapping theorem (Theorem 10.1.2) is due, independently, to
Robinson [176] and Ursescu [211]. Proposition 10.2.1 is a result of Tuy [210],
Proposition 10.2.3 appears in this context in [196].

The concept of openness at a linear rate is inherent in Lyusternik’s orig-
inal proof (of 1934) of the tangent space theorem (see Theorem 11.4.2). The
concept was developed for single-valued mappings, under different names, by
Dmitruk et al. [54], Dolecki [55], Warga [214], and others.

Toffe [94] obtained Theorem 10.3.3, the proof given here follows Bonnans
and Shapiro [16]. The stability theorem (Theorem 10.3.5) is due, indepen-
dently, to Robinson [175] and Ursescu [211]. The perturbation theorem
(Theorem 10.3.6) can be traced back to Lyusternik [128] and Graves [79]. For
the estimate in the theorem see Ioffe [93].

Proposition 10.4.3 is a result of Piihl [172]. Jourani and Thibault [107]
have established a corresponding sufficient condition for linear openness of
certain classes of multifunctions but without a representation of the openness
bound. Piihl [171] gives a nice geometric proof for the fact that a continu-
ous convex functional f is open at a linear rate around Z if and only if Z
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is not a minimizer of f. This paper also contains sufficient conditions for
cone-convex mappings to be open at a linear rate. Theorem 10.5.2 and its
proof are taken from Borwein and Zhuang [25]. Penot [164] showed that the
assumption that @ be closed-valued can be dropped; see also Mordukhovich
and Shao [139].

Concerning the results of Sects. 10.6 and 10.7 we refer to Piihl and Schi-
rotzek [173], see also the doctoral thesis of Heidrun Piihl [172].

The elegant proof of Theorem 10.8.3 is taken from Borwein and Zhu [24].
In this connection, we had to assume that E be a Fréchet smooth Banach space
so that we could apply Theorem 10.8.3 which in turn was deduced with the aid
of Theorem 9.4.1. By a quite different proof, Rockafellar [181] showed that the
conclusion of Corollary 10.8.4 holds in any Banach space E. A substantially
simpler proof of Rockafellar’s result is due to Simons [198] (cf. Phelps [165]).
Groh [80] considers monotone operators via certain scalarizations called forms.
Also see Exercise 10.10.2.

Theorem 10.8.7 is due to Rockafellar [182]. Lemma 10.8.6 and the astound-
ingly easy proof of Theorem 10.8.7 are taken from Borwein and Zhu [24].
In this context, the function fg is called Fitzpatrick function by Borwein and
Zhu. Theorem 10.8.8 together with results on the maximal monotonicity of the
sum of two multifunctions admits various important applications. For read-
ers interested in this subject, we recommend the comprehensive two-volume
monograph by Zeidler [223,224].

As standard references to multifunction theory we recommend Aubin and
Frankowska [8] (infinite-dimensional spaces) and Rockafellar and Wets [189]
(finite-dimensional spaces).

Exercise 10.10.1 Assume that E is a Banach space, () is a sequence in F
and (z}) is a sequence in E*. Show that limy_.(z}, zx) = (z*, z) if

(a) (xk) is norm convergent to x and (z}) is weak™ convergent to z* or
(b) (xk) is weakly convergent to = and (x}) is norm convergent to z*.

Exercise 10.10.2 Prove the following assertion:

If F is a Banach space and f : E — R is convex and continuous, then Of :
E = E* is maximal monotone.

Hint: Follow the proof of Theorem 10.8.3 but apply the mean value theorem
of Proposition 3.3.1 instead of Theorem 9.4.1 (cf. Phelps [165]).

Exercise 10.10.3 Verify Proposition 10.8.5.
Exercise 10.10.4 Prove Lemma 10.9.2.
Exercise 10.10.5 Verify Lemma 10.9.3.
Exercise 10.10.6 Prove Lemma 10.9.4.
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Exercise 10.10.7 Prove that the right-hand sides of (10.83) and (10.84) in
fact are the epigraphs of functions.

Hint: Show that a set S C F x R is the epigraph of a function ¢ : F — R if
and only if it has the following two properties:

(a) (z,t) € S and ¢’ > ¢ imply (z,t') € S and
(b) z € F and t* := inf{t € R|(z,t) € S} imply (z,t*) € S.

Exercise 10.10.8 Prove Lemma 10.9.8.
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Tangent and Normal Cones

11.1 Tangent Cones: First Properties

In this section, unless otherwise specified, we assume that F is a normed vector
space, A is a nonempty subset of E, and Z € A. Resuming the discussion
started in Sect. 7.1, we define various tangent cones as local approximations
of A near . By © — 4  we mean that z € A and z — Z.

Definition 11.1.1 One defines

T,(A,z)={ye E |3 |OVE: T+ 7y € A},
cone of radial directions to A at T,
T(A,Z):={yeE|Im | 03yr > yVEk: T+ myr € A},
contingent cone to A at T,
Tc(A,z):={y€e E|Var 242 ZV7 |03y —yVk: zr+ 1yr € A},
Clarke tangent cone to A at T,
L(Az):={yeE|3e>0VT e (0,¢): T+71y € A},
cone of radial inner directions, or
cone of feasible directions, to A at T,
[(A,2) ={y € E|Je>0VT € (0,6) Vz € By,e): T+72€ A},
cone of inner directions to A at Z,
HA,z):={y€ E|Var a4z V7 | OVyr —yVk: zp+ 1y € A},
cone of hypertangents to A at Z.

Proposition 11.1.2
(a) One has
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Each of the sets is a cone, I(A,Z) and H(A,Z) may be empty, the other
cones contain the zero element.

(b) T(A,Z) and Tc(A,Z) are closed, Tc(A

(¢) If U is a neighborhood of T, then T(A,
the other cones considered in (a).

(d) If A is conver, then

) is also conver.

|7
) = T(ANU, ), analogously for

Ir(A“f) = TF(AVf) = RJr(A - ‘i’)a
T(A,Z) = (R4 (A — 7)),
I(A,z) ={plx —Z) | p>0, x €int A}.

Proof.

(I) We show that T(A,Z) is closed. Let (z,) be a sequence in T(A,Z) con-
verging to some y € E. For each n € N there exist sequences (T,gn)) in

(0,400) and (y,(fn)) in E satisfying

T,gn) 10, y,(cn) —zpask —o00 and T —&—T,gn)y,(cn) € AVEkeN.

Hence for each n € N there exists k(n) such that

T,in) <1 and ||y,(€n) —z|l < £ Vk 2> k(n).

Setting 7, := 7',52) and yp = Z/;(;(l)

n

n — oo as well as T + 7,,y, € A for each n. Therefore y € T(A, Z).
(II) We now verify that Tc(A,Z) is convex. Let y1,y2 € Tc(A4,Z). Since

Tc (A, z) is a cone, we only have to show that y1 +y2 € Tc(A, Z). Assume

that 7, | 0 and zp — 4 T as k — o0o. Then there exists (ylgl)) in E such

that ylgl) — 11 as k — oo and ac](cl) = xp + Tky,(cl) € A for each k. Since

xg) — T, there also exists (yl(cz)) in F satisfying

) we obtain 7,, | 0 and y, — vy as

y — g and a4 (yl(cl) + yl(f)) =z + 7y €A VEeN

Since we also have y,(:) + y,(f)
Tc(A, Cf)

The verification of the remaining assertions is left as Exercise 11.7.1. O

— y1 + Y2, we conclude that y; + yo €

Statement (c¢) of the proposition means that the approximating cones depend
on the local properties of A near Z only.
Figure 11.1 supplements the figures in Sect. 7.1.

Proposition 11.1.3 I[f A, BC FE and T € AN B, then

T,(A,z)N1(B,z) C T.(AN B, z), (11.1)
T(A,z)N1(B,z) C T(AN B, z). (11.2)
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Tc(A,Z) 4+ T

Fig. 11.1

Proof. We verify (11.2), leaving (11.1) as Exercise 11.7.2. Let y € T(A,Z) N
I(B, z). Then there exist sequences 7 | 0 and y, — y such that T + 7y, € A
for any k € N. Further there exists e > 0 such that Z + 7B(y,€) € B for any
7 € (0,¢). For all sufficiently large k we therefore obtain T + mxyr € AN B.
Hence y € T(AN B, 7). O

The following example shows that in the above formulas, I(B,Z) cannot
be replaced by T(B, Z).

Example 11.1.4 In E := R? consider the sets A := {(z,y) € R?|y > 2%}
and B := {(x,y) € R? |y < —2?}. Then with 7 := (0,0) we have

T(A,z)NT(B,z) =R x {0} but T(ANB,z)={(0,0)}.
Proposition 11.1.5 There always holds
T(A,z)={y € E | hmlionffldA(:z + 7y) = 0},

Te(A,z)={yc E| 1imi£nf7'*1d,4(x + 7y) = 0}.

T AT
Proof. See Exercise 11.7.3. a

Now we establish a representation of the Clarke tangent cone in terms of
the Clarke directional derivative. It is easy to see that

|da(@) —da@)| <z -yl Vo.yeE, (11.3)

i.e., the distance functional d4(-) is (globally) L-continuous and so d%(z,y)
exists for all z,y € E.

Proposition 11.1.6 One has

TC(A?j> = {y S ‘ dil(‘fﬁy) = O}
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Proof.

(I) Let y € E satisfy d5 (&, y) = 0. Further let sequences 7 | 0 and z, —4 Z
be given. Then

0 =limsup £ (da(z 4+ 7y) — da(a)) >limsup %(dA(a:k + 7ey) — da(zk)).
710 k—o0 ~——

On the other hand, we have liminfj_, %dA (xx + T1y) > 0 and so
kli_{lolo 2-da(zy + 7ry) = 0.
By the definition of d 4, for each k € N there exists z;, € A satisfying
ll2r = (2 + Tey)[| < dalar + Ty) + 5

Setting yx := = (2 — x), we obtain

1
Tk
lyx = yll = llzk — (@x + )|l < 7-dales +7y) + 3 — 0 as k — oo.

Further we have zy + m,yr, = 21 € A for each k. Hence y € T¢(A4, ).
(IT) Now let y € Tc(A,z). By the definition of d, there exist 7, | 0 and
x) — T satisfying

a5 (@,y) = lim L (da(ef + y) — da(at)). (11.4)

Notice that the sequence (z},) need not belong to A. But since there does
exist a sequence (z) in A converging to Z (set, for example, xj, := Z for
each k), we have

d%(z,y) > limsup % (dA(xk + TYy) — dA(a:k)> > 0.

k—oo

Therefore it suffices to show that the right-hand side of (11.4) is not
greater than zero. Let z; € A be such that

2k — @l < dala) + . (11.5)
Since ), — T as k — 00, it follows that
Iz = Z|| < Iz — 2|l + |2 — Z]| < dal@) + 5 + [z, — 2] — 0

and so zx — Z. Since y € T (A4, ), there exists y, — y satisfying zx +
Tkyr € A for each k € N. Moreover, since d4 is L-continuous with L-
constant 1 (see (11.3)), we obtain

da(zy + 7y) < dalze + 7eyr) + 26 — 23]l + e llur — yll

< dalzh) + (% + llye — yll).
(11.5)

Hence the right-hand side of (11.4) is in fact at most equal to zero. O
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Corollary 11.1.7 If A is convez, then Tc(A,Z) = T(A,Z) = clRy (A — 7).

Proof. By Proposition 11.1.2(d) we know that the second equation holds true.
We now show that T¢(A,Z) = clR (A —Z). Since A is convex, the functional
d4 is convex, and it is also L-continuous. Hence d 4 is regular (Remark 7.4.2)
and so d%(Z,-) = da.¢(Z, -). By Proposition 11.1.6, u € T¢(A, %) is equivalent
toda,g(Z,u) = 0and so to lim, o 7~ 'd4(Z+7u) = 0. The latter relation holds
if and only if for each k € N there exist 7 € (0, %) and zp € A such that

U 1= —(a‘:Jeruka) — 0 ask — oo.
Tk
Noting that u = % (alc;.c — i) + uy completes the proof. O

The following “ball characterizations” of the Clarke tangent cone and the
hypertangent cone will be useful in the sequel.

Lemma 11.1.8

(a) One hasy € Tc(A,Z) if and only if for any € > 0 there exists 6 > 0 such
that
ANB(z,0)+7y C A+ 7B(o,e) V71 €(0,9).

(b) One hasy € H(A, Z) if and only if there exists € > 0 such that
u+7v €A whenever u € ANB(Z,¢), v € B(y,¢€), 7 € (0,¢).
Proof. See Exercise 11.7.4. ad
The next result will be applied in Sect. 12.3 to derive a multiplier rule.

Proposition 11.1.9 H(A,Z) is always open. If H(A,Z) is nonempty, then
int Tc(A,z) = H(A, 7).

Proof.

(I) Tt follows easily from Lemma 11.1.8 that the cone H(A, Z) is open. Since
it is a subset of Tc (4, T), we always have H(A,Z) C int Tc (4, 7).
(ITa) Assuming now that H(A, Z) is nonempty, we have to show that

int To(A,z) CH(A, ). (11.6)
This will be done when we have verified the relation
H(A,z) + Tc(A,z) C H(A, 7). (11.7)

In fact, let y € int Tc(A,Z) be given. Choose z € H(A,Z). Then y —
nz € Tc(A,z) for some sufficiently small n > 0. Since we also have
nz € H(A, Z), we see that

y=nz+(y—nz) € H(AZ2).
(11.7)
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(ITb) Thus it remains to verify (11.7). Let y; € H(A,Z) and y2 € Tc(A4, Z) be
given. We have to show that for some € > 0,

ANB(Z,e) + 7B(y1 + y2,6) T A V7 €(0,¢). (11.8)
Since y; € H(A, Z), there exists ¢ > 0 such that
ANB(Z,e1) +7B(y1,e1) CA V7 €(0,€1). (11.9)

Furthermore, ys € T (A4, Z) implies that for some €2 > 0 we have
ANB(Z,e) +Tyo QA—FB(O,T%) V7 e (0,e). (11.10)

Now let € be such that

. €1 €1
0 < e < min 62,,}.
{ 2 1T+e + |yl

Let y be an element of the left-hand side of (11.7). It follows that y =
24+ 7(y1+y2 +€2’), where z € ANB(Z,¢€) and 2’ € B(o,1). Since € < eg,
by (11.10) we see that for some 2" € B(o,1) we have z+71y, — 752" € A.
Moreover, we obtain

2= G+ o= 752 < o= 2l + 7lle = 327

€
<ete(ly=ll+3) <e
and so z + Tyo — 752" € ANB(Z, €1). In view of (11.9), it follows that

24 Tys — T%lz" +7B(y1,€e1) C A (11.11)

Notice that
y=z 7l D) b+ (e + D),

where |le2’ + 9 2”|| < e+ S < e1. Hence (11.11) implies y € A. We have
thus verified (11 7) and so (11.6). O

In view of Proposition 11.1.9 we give the following:

Definition 11.1.10 The set A is said to be epi-Lipschitzian at T if H(A, T)
is nonempty. If H(A, z) is nonempty for all x € A, then A is said to be epi-
Lipschitzian.

Remark 11.1.11 Rockafellar [184] showed that if E is finite dimensional,
then A is epi-Lipschitzian at Z if and only if int T (A4, Z) is nonempty. He also
gave an example of a convex subset A of an infinite-dimensional normed vector
space such that int T¢(A, Z) is nonempty but A is not epi-Lipschitzian.
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The following result provides an important class of epi-Lipschitzian sets.

Proposition 11.1.12 If A is conver and int A is nonempty, then A is epi-
Lipschitzian.

Proof.

(I) Let 2’ € int A and choose € > 0 such that B(z',2¢) C A. Now let Z be
any element of A. We show that y := 2’ — z € H(A, Z). First notice that

Z + B(y, 2¢) C A. (11.12)
In fact, if v € B(y, 2¢) and v’ := Z + v, then ||[v/ — 2'|| = ||v — y|| < 2¢ and
so v’ € B(z/,2¢) C A.
(IT) Now let u € ANB(Z,¢) and v € B(y, €) be given. We then have
[0 +u—2) =yl <llv—yl +[lu—Z| < 2

and so (by (11.12)) u4+v =z + (v+u — Z) € A. Since A is convex, we
obtain u+7v = 7(u+v)+(1—7)u € A for any 7 € [0,1]. By Lemma 11.1.8
we conclude that y € H(A, T). O

In analogy to Proposition 11.1.3 we have the following intersection result.

Proposition 11.1.13 If A,BC E and T € AN B, then
Tc(A,z) NH(B,z) C Tc(AN B, ).
Proof. See Exercise 11.7.5. O

We formulate without proof a stronger intersection result due to
Rockafellar [183].

Proposition 11.1.14 Let A,B C E, let T € AN B, and assume that
Tc(A,z) NH(B, ) is nonempty. Then

TC(Aa 'f) N TC(Ba'f) c TC(A n Bvi‘)

11.2 Normal Cones: First Properties

Let again A be a nonempty subset of the normed vector space E and let
T € A. We now define several normal cones to A at T.

Definition 11.2.1 If A is convex, then
NA,Z)=(A-Z)°={veE" | {(v,z—T)<0 Vze A}

is called normal cone to A at T in the sense of convex analysis.
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Lemma 11.2.2 If A is convez, then
N(A4,2) =T(A,z2)° and N(A,Z)=0964(T).

Proof. The first equation follows by Proposition 11.1.2(d) and the second is
an immediate consequence of the definition of N(A, Z). O

In the nonconvex case, the definition of normal cone is modeled on one or
the other of the preceding equations.

Definition 11.2.3 The cone N¢(A4,Z) := Tc(A,Z)° is called Clarke normal
cone to A at .

Recall that cI*M denotes the o(E*, E)-closure of M C E*.
Proposition 11.2.4 One has N¢(A,z) = cI* (R4 8.da(T)).

Proof. By Proposition 7.3.7, we have d5(Z,y) = max{(v,y) |v € 0,da(Z)}.
Using this and Proposition 11.1.6, we obtain

y € Tc(A, ) <= d%(Z,y) =0 < (v,y) < 0Vv € 0od4(T)
= y € (0.da(x))’,

which implies Ng(A4,2) = (0.da(z))°. The bipolar theorem
(Proposition 2.3.3) finally yields the assertion. In this connection, recall
that the Clarke subdifferential is convex. a

Definition 11.2.5 Let A be a nonempty subset of F and Z € A. Then we
call

Np(A,Z) := 0pda(Z) Fréchet normal cone to A at Z,

Ny (A,Z) := dvda(Z) wiscosity normal cone to A at T,

Np(A,Z) := 0pda(Z) proximal normal cone to A at Z.

Each u € Np(4, Z) is said to be a Fréchet normal to A at Z, analogously we
use viscosity normal and prozimal normal.

We first give a simple but useful characterization of Fréchet normal cones.

Proposition 11.2.6 Let A be a nonempty subset of E and * € A. Then for
any x* € E*, the following assertions are mutually equivalent:

(a) 2* € Np(A,T).
(b) For every € > 0 there exists § > 0 such that

(¥, —7) <e€llr—Z|| Vee ANB(z,J).

(¢) There exists a function ¢ : E — R that is F-differentiable at T with
¢ (Z) = =* and attains a mazimum over A at T.
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Proof.

(a) = (b): This follows immediately from the definition of Np (A, Z).
(b) = (c): It is easy to check that the function ¢ : E — R defined by

min{0, (z*,x — T ifx € A,
pla) i= O e =) e £
(z*,x — T) otherwise

has the required properties.
(¢) = (a): According to (c) we have

o(x) =)+ (=", 2 — ) +r(x) where r(z)/||lxr—Z| -0 asz— Z.
Since p(x) < ¢(Z) for any = € A, statement (a) follows. O

In a Hilbert space, proximal normals can be characterized in various ways.

Proposition 11.2.7 Let A be a nonempty subset of the Hilbert space E and
let T € A. Then for any u € E, the following assertions are mutually equiva-
lent:

(a) u € Np(A, ).

(b) Fither u = o or there exist A > 0 and z € E'\ A such that u = \(z — )
and T € proj 4(z).

(c) There exists p > 0 such that (u|z — &) < p|lz — Z||* for any z € A.

(d) There exist o > 0 and € > 0 such that (u|x — z) < ol|lz — zZ||? for any
x € ANB(Z,e€).

(e) There exists T > 0 such that da(Z + Tu) = 7ul|.

Proof. We prepare the proof with two observations. First, we have

T eproju(z) <= |z—z| <||z—z|Vze A
— @@-zlzr—z)<(z—z|z—x)VzeA

Simplifying the inner products in the last inequality leads to
Feproju(z) > (r—F|z—3)< %Hx _E? Vred  (1L13)
Second, for any 7 > 0 we have
lz — (Z +7uw)|? = ||z — z||*> = 2r(u|z — Z) + 72||u| (11.14)

(a) = (b): This is obvious for u = 0. If u € Opda(Z) and u # o, then there
exists o > 0 satisfying

(u|z—7)—ollz—z|* <0 VzeA

By (11.13) we obtain Z € proj,(z), where z := & + 5-u. Observe that z ¢ A
and u = 20(z — ).
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(b) = (c): Let u be as in (b). In view of (11.13) it follows that (u |z — Z) <
2z — z||? for each z € A.

(¢) = (d) is obvious.

(d) = (e): Assume that (d) holds and choose any 7 > 0. Using (11.14), we
obtain

lz — (Z 4+ 7u)||> > (1 — 270)||z — Z||* + 72||ul|> Vzc ANB(Z,¢).

Since for z := & we have ||z — (Z + 7u)||* = 72||u||?, we conclude that da(Z +

Tu) = 7||ul.
(e) = (a): The condition (e) implies

|z — (& +7u)|2 > P2|ul]> V€ A, (11.15)

which by (11.14) entails
1
da(z) —64(T) 2(u\x—a?)—2—||x—£||2 Ve eFE (11.16)
T
and so u € Np(A,7). O

Geometric Interpretation

The equivalence of (a) and (b) means that Np(A,Z) collects all points u on
rays emanating from  and meeting some point z € E \ A for which Z is the
best approximation with respect to A (Fig.11.2).

It is clear that generally we have Np(A4,Z) C Np(A, Z).

Proposition 11.2.8 Assume that E is a Fréchet smooth Banach space, A is
convex and closed, and & € A. Then

Np(A,7) = Np(4,7) = No(4,7) = N(4, 7).

Proof. See Exercise 11.7.6. ad

Fig. 11.2
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Observe that the closedness of A is assumed only to ensure that d 4 is Ls.c.
which enters the definition of the proximal subdifferential. If A is convex (and
closed), then u € Np(A, z) if and only if (b) of Proposition 11.2.7 holds, which
is geometrically interpreted in Remark 5.3.2 and Fig. 5.1.

11.3 Tangent and Normal Cones to Epigraphs

Let f : E — R be proper and let Z € dom f. Our aim now is to give repre-
sentations of approximating cones to epi f at Z. Recall the lower directional
H-derivative

iH(i:,y) = lirg%nf%(f(i‘ +72)— f(a?:)), yeE.
Proposition 11.3.1 Let f: E — R be proper and Z € dom f.
(a) There always holds

T(epi £, (&, (7)) = epi £, (7 -)-

(b) If f is locally L-continuous around T, then

TC‘ (epl f? (j7 f('i‘))) = epl fo(j”7 )
Proof.
(a) (I) Let (y,p) € T(epif, (z, f(Z))) be given. Then there exist sequences
(1) in (0,400) and (zg, pr) in E x R satisfying 7, | 0, zi. — y, and

pr — p as k — oo such that (Z, f(Z)) + 7(2k, pr) € epif for any
k € N. It follows that

1
;k(f(i‘ +1ezr) — f(2) <pr VkeEN
and so i};(f,y) < p which means (y, p) € epi i;(f, ).
(IT) Now let (y,p) € epi iz(f, -) be given. We then have
inf L(f(z+72)— f(@)) <p Ve>0.

0<T<e
llz—yll<e

Hence for any k € N there exists 75, € (0, +) and 2z; € B(y, 1) such that

%(f(f-i-Tka)—f(f)) <p+% Vke€N.

We thus see that 75, | 0, (zk,er ) = (y,p), and (Z, f(Z))+7k(2k, p+ ) €

epi f. Hence (y, p) GT(eplf, 1) )-
(b) This is verified analogously. O
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Corollary 11.3.2 If f : E — R is locally L-continuous around & € dom f,
then for any x* € E* one has

¥ €0.f(z) <= (a%,—1) € Ne(epif, (z, f(2))).

Proof. By Proposition 7.3.7 we have z* € 0, f(Z) if and only if f°(z,y) >
(x*,y) for any y € E. Hence using Proposition 11.3.1 and the definition of the
Clarke normal cone, we obtain

" € 0.f(7) <= (y,p)€epif’(z,r) VyeE Vp>[f°(z,y)
= (", -1),(y,p) = (=" y) —p <0 V(y,p) €epif°(z,-)
— (2%,-1) € Tc(epif. (7., f(2)))" = Nc(epi f, (7, f(2))). O

If f is strictly H-differentiable at Z, then by Proposition 7.3.9 the assertion
of the corollary reduces to (f'(z),—1) € N¢/(epi f, (Z, f(Z))). In the language
of differential geometry in the plane this means that (f/(Z), —1) is a normal
vector to graph f at the point (Z, f(Z)).

Remark 11.3.3 By Proposition 11.3.1 we have

Iy (@ y) =if{peR| (y,p) € T(epi f, (z, f(2)} Vy€E,

fo(@,y) =if{p e R | (y,p) € Tc(epi f, (7, f(2))} VyekE.
This shows that directional derivatives can also be defined with the aid of
approximating cones. Furthermore, Corollary 11.3.2 and Proposition 11.3.4

(which is the proximal subdifferential analogue to Corollary 11.3.2) indicate
that subdifferentials can be defined via normal cones.

Proposition 11.3.4 Let E be a Hilbert space, let f : E — R be proper and
l.s.c., and let T € dom f. Then for each x* € E one has

z* €0pf(z) <= (2%, —1) € Np(epif, (7, f(2))).

Proof. =>: Let z* € Opf(z) be given. By the definition of the proximal
subdifferential there exist ¢ > 0 and ¢ > 0 such that for all x € B(z, ) and
all @ > f(x) we have

a—f@ +olz -2+ (a—f(2)°] > (" |z — 2). (11.17)
In other words, if € B(Z,0) and (x, «) € epif, then
(@ =1) | (z,0) = (7, f(2))) = (@, —1) | (@ = Z,a = f(2)))
= (" |z —7)—a+ f(2)

< oll(w,a) = (z, f(2)]*
(11.17)
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By Proposition 11.2.7 we conclude that (z*,—1) € Np(epi f, (z, f(z))).
<—=: Assume now that (z*,—1) € Np (epif, (z, f(g’c))) By Proposition 11.2.7
there exists n > 0 such that for all (z,«) € epi f we have

(n*, =D [ (x = 7,0 = f(2))) < 5ll(z — 7,0 = f(@))I,
which in view of (11.13) implies that
(%, f(Z)) € projepif(p), where p:= (z, f(Z)) + n(z", —1). (11.18)

The definition of the projection now shows (cf. Fig.11.3, where ¢’ :=
[n(z*, =1)) that

In(z*, =D[* < |p = (z,0)* ¥ (z,a) €epif.
In particular, choosing o = f(x) we obtain

82|12 + 62 < |17 — y + 627 |2 (F(@) — f(x) — )™,

Evaluating || - || via the inner product, the latter inequality passes into

0%+ 25 (2" |z — ) — ||z — 2] < (f(z) — f(z) +6)°. (11.19)

Now choose ¢ > 0 so small that for each z € B(Z,¢) the left-hand side of
(11.19) is positive and at the same time f(x) > f(Z) — J (the latter being
possible since f is l.s.c. at Z). For each such x we obtain from (11.19) that
f(x) > g(z), where

9(@) = (@) 5+ (B + 25 (2" | = —7) — |}z — 2|?) /*.

epi f

B(p,d")

Fig. 11.3
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By Example 3.6.2 the function g is twice continuously differentiable on B(Z, ¢)
(upon diminishing € if necessary) and ¢'(Z) = z*. Now Proposition 3.5.1
implies that with some o > 0 we have

g() > g(z) + (¢ |z — 7) —ollz — z[|* V€ B(z,¢).
This together with f(z) > g(z) and f(Z) = g(Z) gives
f(x) > f(@) + (2% |z — %) — oz —7||* VB¢
and so z* € Op f(T). O

Now we derive a result analogous to Proposition 11.3.4 for the viscosity
(Fréchet) subdifferential and the viscosity (Fréchet) normal cone.

Proposition 11.3.5 Let f : E — R be proper and ls.c., and let T € dom f.
Then for each x* € E one has

€ dyf(x) <= (z",—1) € Ny(epif, (z, f(2))). (11.20)
If, in addition, E is a Fréchet smooth Banach space, then
¥ €dpf(z) <= (2%,—1) € Np(epif, (7, f(2))). (11.21)

Proof.

(I) Let z* € dy f(Z) be given. By definition there exists a C! function g
such that ¢'(Z) = z* and f — g attains a local minimum at Z. Define
h(y,r) := g(y) — r for y near Z and r € R. Then h is a C! function
satisfying h'(Z, f(z)) = (z*,—1) and

6epif(ya’r) - h(yu'r) > 5epif(jﬂf(£)) - h(i’,f(f))

It follows that (z*,—1) € v depi 1 (Z, f(Z)) = Nv (epi f, (Z, f(Z))).

(II) Now let (z*,—1) € Ny (epif, (z, f(Z))). Then there exists a C' func-
tion h : E x R — R such that A'(z, f(Z)) = (z*,—1) and h(z,t) <
h(Z, f(Z)) = 0 for any (z,t) € epi f that is sufficiently close to (Z, f(Z)).
Concerning the equation h(Z, f(Z)) = 0, notice that h can be chosen
in this way. Now the implicit function theorem (Theorem 3.7.2) ensures
the existence of a C! function g : E — R satisfying h(z, g(x)) = 0 for
any x near T as well as g(Z) = f(Z) and

g'(x) = —hi2(z,9()) 7" 0 hin(7,9(2)) = ™.

Since h is continuously differentiable and h2(Z, g(Z)) = —1, there exists
e > 0 such that

h(z,t) < h(z,s) whenever z € B(Z,¢)and f(Z)—e<s<t< f(T)+e
(11.22)
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Since g is continuous at Z and f is 1.s.c. at Z, there exists ¢ € (0, €) such
that

f(@)—e<g(x)<f(Z)+e and f(z)> f(T)—€ VzeB(Z,0).

Now let = € B(z,9). If f(z) > f(Z) + ¢, then we immediately have
f(z) —g(x) > 0 = f(Z) — g(Z). But the latter inequality also holds if
f(z) < f(Z) + € because in this case h(z, f(z)) < 0 = h(x,g(z)) by
(11.22). Thus, we have shown that z* € dy f(Z).

(ITII) The additional assertion follows from the above by virtue of
Theorem 9.1.7 and the definition of the Fréchet normal cone. In this
connection notice that if E is Fréchet smooth, so is F x R. ]

Remark 11.3.6 Here we obtained the characterization (11.21) as a by-
product of (11.20). In a more general setting we shall later see that (11.21)
holds without the hypothesis that F be Fréchet smooth.

11.4 Representation of Tangent Cones

Our aim in this section is to characterize (subsets of) approximating cones of
sets given by inequalities and/or equations.

Approximating h=1(Q)

We make the following assumptions:

(A) E and F are Banach spaces, ) is a nonempty closed convex subset of
F, h: E — F is continuous on E and continuously differentiable at

7 e h HQ).
Theorem 11.4.1 Let the assumptions (A) and the Robinson condition

0 € int(h(z) + 1 (7)(E) — Q)

be satisfied. Then

T(h'(Q),z) = h'(z)"" (T(Q, h(z))). (11.23)
Proof.
(I) We show
K@) (T(Q. h(®)) € T(h(Q), 7). (11.24)
Let y € #'(z)"'(T(Q,h(z))). By Proposition 11.1.5 there exists 7, | 0
such that

Jim 7. d(Q, h(Z) + Tk (Z)y) = 0. (11.25)
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Since h is continuously differentiable at Z, we further have
h(z +7y) = h(Z) + Th'(Z)y + o(7), 7 10. (11.26)

Hence 7;,'d(Q, h(Z + 73,y)) — 0 as k — oco. By Proposition 10.3.7 there
exists k > 0 such that d(h=1(Q), 7 + 7y) < kd(Q, h(Z + Ty)). It follows
that

Jim. 7t d(hH(Q), 4 Thy) = 0 (11.27)
and so y € T(h~4(Q), 7).

(II) Now we show the reverse inclusion to (11.24). So let y € T(h=1(Q), z) be
given. Then there exists 73 | 0 such that (11.27) holds. Since the mapping
h is continuously differentiable at Z, it is locally Lipschitz continuous
there. Hence there exists A > 0 such that d(Q, h(z)) < Ad(h™1(Q), )
for any x near #. This and (11.27) imply that 7, 'd(h(Z + 7xy), Q) — 0
as k — oo. Using (11.26) again, we see that (11.25) holds and so h/(Z)y €
T(Q, h(z)). 0

Notice that we verified the reverse inclusion to (11.24) without making
use of the Robinson condition. However, the crucial inclusion for deriving
multiplier rules in Chap. 12 will be (11.24), and this inclusion has been verified
with the aid of Proposition 10.3.7 which is bound to the Robinson condition
or one of the equivalent conditions (see Proposition 10.3.8).

As a special case, Theorem 11.4.1 contains the following classical result
(cf. Fig. 7.3).

Theorem 11.4.2 (Tangent Space Theorem) Let the assumptions (A)
with Q = {o} be satisfied. If W' () is surjective, then

T(ker h, z) = ker I (). (11.28)

Example 11.4.3 Let E = F :=R2, 7 := (1,0), and h = (hy, ha), where
hl(xl,xg) = —I2, hg(xh 332) = To + (xl — 1)3.

Then T(ker h,Z) = {(0,0)} but ker #'(Z) = R x {0}, i.e., (11.28) is not valid.
Notice that in this case, #'(Z)(R?) = {a(—1,1)|a € R} and so h'(Z) is not
surjective.
Approximating A N h~1(Q)
Now we consider sets of the form

Anh Y Q)={zc E|xzc A, hz)c Q).
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Theorem 11.4.4 In addition to the assumptions (A), let now A be a non-
empty closed convex subset of E and assume that the Robinson condition

o€ int(h(z)+h (Z)(A-T)—Q) (11.29)
is satisfied. Then one has
T(ANKh 1 (Q),z) = T(A,z2)NK' ()" (T(Q, Mz))). (11.30)
Proof. Setting
F:=ExF, Q:=AxQ, h(z):=(zh), zckE,

we have

WHQ) = ANKTHQ), W(@)y = (y, W (2)y) for ally € B,
T(Q.h(z)) = T(4,7) x T(Q, h(7)).

Hence the assertion follows from Theorem 11.4.1 as soon as we have shown
that the Robinson condition

(0,0) € int(h(z) + 1/ (z)(E) — Q) (11.31)
is satisfied. According to (11.29) there exists € > 0 such that
eBr Ch(z)+ 1 (z)(A-2)—Q. (11.32)

Choose § > 0 such that ||z—h'(Z)z1]| < € whenever |z1|| < § and ||z|| < 6. Now
let (y,2) € § Brxr be given. Set z1 := y. By (11.32) there exists 22 € A — %
such that

z— W (Z)z € h(Z) + W (T)xs — Q.
Defining x := @1 + 22, we have (y, z) € h(z)+h/(z)x — Q. This verifies (11.31),

and the proof is complete. ]

Approximating Sublevel Sets
Now we want to approximate the set
M:={zecFE|zecA, g(x) <0(i=1,...,m), h(z) = o}, (11.33)

where
g1y--s9m  E—-R, h:E— F.

Of course, M can be written as AN h ~1(Q) by setting

~

hi=(g1,-  gm:h): E—=R"xF, Q:=—RT x{o}.
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However, if we want to apply Theorem 11.4.4, we have to assume that beside
the mapping h, the functions g1, ..., g, are also continuously differentiable
at . By a somewhat different approach we shall now show that we can do
with weaker differentiability hypotheses on the functions g;. Therefore we first
consider the set

My ={z€E|zecA g(x) <0(i=1,...,m)}. (11.34)

We define

I={1,....m}, I(z):={iel]gl(x) =0}
The set I(z) is the index set of the constraint functions that are active or
binding at the point Z. In Fig. 11.4 we have 1 € I(Z) and 2 ¢ I(Z). It will turn
out that for ¢ ¢ I(Z), the constraint g;(z) < 0 is not critical provided the
function g; is upper semicontinuous at .

Figure 11.5 indicates what we can expect in R™ if ¢ € I(Z) and g¢; is
differentiable at . An “admissible” direction y satisfies § < o < 7 and so
(Vg;(Z),y) < 0.If g; is not differentiable at Z, then we use a (radial) upper
convex approximation ;. We set

Y= ('Yz‘)iel(i),
L=(7,2) :={y € E|7i(y) <0Vie I(z)},
L=(vy,z) :={y € E|v(y) <0Viec I(z)}.

The sets L<(v, Z) and L=(v, ), which are obviously cones, are called lineariz-
ing cones of v at T.

gi(z) =0

Fig. 11.5
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Proposition 11.4.5 Let E be a normed vector space, A be a nonempty subset
of E, and g; : E — R for i € 1. Assume that fori € I\ I(Z) the function g;
is upper semicontinuous at T. Let My be defined by (11.34).

(a) If v; € UC.(g;,Z) fori € I(Z), then

L<(v,Z) C1(My, ), (11.35)
T (A, Z2) NL<(v,2) C T.(AN My, 7). (11.36)

If, in addition, K, C T,(A,Z) is a convex cone satisfying

K, NL<(y,z) # 0, (11.37)
then
K, NLS(y,%) C T, (AN My, ). (11.38)
(b) If v; € UC(gi,T) fori € I(Z), then
L=(v,z) CI(My, ), (11.39)
T(A,z) NL<(v,z) C T(AN M, 7). (11.40)

If, in addition, K C T(A,Z) is a convex cone satisfying

KNL<(y,z) #0, (11.41)
then

KNLS(y,%) € T(AN My, 7). (11.42)

Proof. Ad (11.39). Let y € L<(y, ). Then we have (¢;)5(Z,y) < vi(y) <0
for any ¢ € I(Z). Hence for any such i there exists €; € (0,1) such that

%[gz(sfz +72)—g:(T)| <0 V7€(0,6)Vz€EB(y,e). (11.43)
=0

Now let ¢ € I'\ I(Z). Then ¢;(Z) < 0 and g¢; is upper semicontinuous at Z.
Hence there exists §; > 0 such that

gi(z) <0 VzeB(z,d). (11.44)
Set

¢ = minfe; [ € [(2)}, 6 := min{s; |i € [\ 1(2)}, := min{F, +6||y}

Ifnow 7 € (0,€) and z € B(y, €), then it follows from (11.43) that g;(Z+72) < 0
for each i € I(Z). Furthermore we obtain

1@ +72) =2 = 7llzl < 7(llz =yl + [lyl}) < e(e+[lyl}) <o
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which, by (11.44), implies g;(z + 72) < 0 for each i € I\ I(z). Thus we
conclude that y € I(My, Z).

Ad (11.40). This follows from (11.39) and Lemma 11.1.3.

Ad (11.42). Let yo € K NL<(v,7) and y € K NL=(,z). For X € (0,1), set
Yx := Ayo + (1 — A)y. Then we have y, € K C T(A4,z) and

Yi(yr) < Milyo) + (1 = A)viy) <0 Vie I(7)

and so yx € L<(yZ). In view of (11.39) and Proposition 11.1.3, we conclude
that
yx € T(A, ) N1I(My,z) C T(AN My, T)

and so y = limyjoyn € T(A N M;,Z) because the latter set is closed
(Proposition 11.1.2). Tt is left as Exercise 11.7.9 to verify the assertions (11.35),
(11.36), and (11.38). O

Remark 11.4.6

(a) The assumption that g;, for each ¢ € I(Z), admits a (radial) upper convex
approximation ; at T may be interpreted as a “differentiability” require-
ment. If g; is locally L-continuous around Z, then by Theorem 7.3.2; the
Clarke directional derivative g7 (Z,-) as well as the Michel-Penot direc-
tional derivative g? (z,-) are possible choices for v; € UC(g;, ).

(b) The above proof shows that for (11.35) and (11.39) the convexity of 7;, i €
I(z), is dispensable. Hence these statements also hold with ~; replaced by
the upper directional G-derivative (or H-derivative) of g; at Z.

(¢) The conditions (11.37) and (11.41) are called regularity conditions or
constraint qualifications. Notice that the set L<(y,Z) may be empty. In
Proposition 11.4.5, the set A is not assumed to be convex. However, if
A happens to be convex, then T,(4,Z) and T(A,Z) are convex cones
(Proposition 11.1.2) and so we can choose K, := T, (A,Z), K := T,(4, )
or K :=T(4,7).

In the preceding results we used the contingent cone for the local approx-
imation of sublevel sets. Now we choose the Clarke tangent cone. We start
with a definition.

Definition 11.4.7 The subset M of E is said to be tangentially regular at
zeMif Tc(M,z) =T(M,Z).

Now we consider the sublevel set
M:={zeFE|g(x) <g(x)} (11.45)

Theorem 11.4.8 Let g : E — R be locally L-continuous around & € E and
assume that o ¢ 0og(Z). Then, with M according to (11.45), one has

{y € E|g°(x,y) <0} C Ta(M,T). (11.46)

If g is regular at T, then (11.46) holds with equality and M is tangentially
reqular at T.
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Proof.

(I) By the definition of 0,g(Z) and since o ¢ Jog(Z), there exists yo € F
such that ¢°(Z,yo) < 0. Now let § be any element of the left-hand side
of (11.46). Since ¢g°(Z,-) is sublinear, it follows that ¢°(Z, 7 + eyo) < 0
for each € > 0. In step (II) we shall show that every y € E satisfying
9°(Z,y) < 0belongs to Tc(M, Z). It then follows that §+eyg € Tc(M, T)
for each ¢ > 0, and since T (M, Z) is closed (Proposition 11.1.2), we
conclude letting € | 0 that § € Tc(M, Z). This verifies (11.46).

(IT) Let y € E be such that ¢g°(Z,y) < 0. By the definition of ¢°(Z,y) there
exist € > 0 and 0 > 0 such that

gz +71y) —g(x) < =61 VzeB(z,e) V7e(0e¢). (11.47)

Now let (z)) be a sequence in M converging to T and 74 | 0. In view of
(11.47) we obtain for all sufficiently large k,

g(wx + 1ry) < g(x)) — 071 < 9(T) — 07

and so g + 7y € M. This shows that y € Tc(M, ).

(III) We verify the regularity statement. Assume that g is regular at . Since
(11.46) is already verified and T (M,z) C T(M,Z) always holds, it
suffices to show that T(M, Z) is a subset of the left-hand side of (11.46).
Thus let y € T(M,Z) be given. Then Proposition 11.1.5 shows that
liminf, o 77 da (Z + 7y) = 0. Hence for each € > 0 we find a sequence
T | 0 such that for all sufficiently large k& we have dy (T + 1y) < eTg.
Thus there exists z, € M satisfying ||(Z + 7xy) — x| < 2e7. Let A
denote a local Lipschitz constant of g around Z. Then we obtain, again
for k sufficiently large,

9(& + 1y) — g(zx) <A@ + 7wy) — x| < 2empA

and so

% (g(:f +7y) — g(ﬂ‘c)) < % (g(xk) - g(f)) + 26\ < 2.

Letting & — oo and then € | 0, we conclude that ¢°(Z,y) = g¢(Z,y) < 0.
O

Approximating Level-Sublevel Sets
We return to the contingent cone, now considering the set

ANM, where
M:={zxeFE|gi(z)<0(i=1,...,m), h(z) =0}, T€ANM.
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We again set I := {1,...,m} and I(Z) := {i € I|g;(Z) = 0}. We make the
following hypotheses:

(H) E and F are Banach spaces, A C E is nonempty closed and convex,
gi: E—Rforiel, v € UC(g;,) for i € 1(z),
gi 1s upper semicontinuous at z for i € I\ I(Z),
h: E — F is continuous on E and continuously differentiable at Z.

Theorem 11.4.9 Assume that the hypotheses (H) hold and that
W(zZ)(Ri(A—1z)) =F. (11.48)

Then:
(a) There always holds

Ry (A—Z)NL<(y,z) Nker h'(z) C T(AN M, 7).

(b) If
Ry (A—2)NLS(y,7) Nker b (z) # 0, (11.49)
then
R, (A —z)NL=S(y,z) Nker ' (z) € T(AN M, ).
Proof.

(a) Let y € R4 (A —Z) NL<(y,Z) Nker ' (Z). By Theorem 11.4.4 (with Q =
{0}) we obtain y € T(A N kerh,Z), and Proposition 11.4.5(b) implies
y € I(My, Z). Thus the assertion follows with the aid of Proposition 11.1.3.
(b) This is verified in analogy to formula (11.42) in Proposition 11.4.5. O

11.5 Contingent Derivatives and a Lyusternik Type
Theorem

We introduce a derivative-like concept for multifunctions. In Sect.13.2 we
shall study an alternative construction.

Definition 11.5.1 Let ¢ : E = F be a multifunction and (Z, ) € graph @.
The multifunction D®(z,y) : E = F defined by

1
D®(z,y)(u) := Limsup —(®(z + 7u/) —3), w€EE,

w' —u, 7|0 T

is called contingent derivative of @ at (T,7).
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The definition implies
graph(D@(f, 37)) = T(graph b, (z, g)), (11.50)

where the right-hand side is the contingent cone to graph® at (Z, ). This
is why D®(z,y) is called contingent derivative. If & : E — F is Hadamard
differentiable at Z, then

D& (z,P(7))(u) = {P'(2)u} VYué€EFE,
i.e., DP(Z,P(T)) can be identified with the Hadamard derivative ¢'(Z).

The contingent derivative turns out to be an appropriate tool to estab-
lish a tangential approximation of ker @, where @ is a multifunction (cf. the
tangential approximations derived in Sect. 11.4).

Theorem 11.5.2 Let E and F be Banach spaces. If the multifunction @ :
E = F is linearly semiopen around (Z,0) € graph @, then

T(ker @, z) = ker(DP(zZ, 0)). (11.51)

Proof.

(I) First let u € T(ker &, %) be given. Then there exist sequences u; — u and
7 | 0 such that o € &(z + Tuy) for any k € N. It follows that

1
o € limsup —P(Z + 1ug) C DP(Z, 0)(u).
k—oo Tk

Hence u € ker(D®(z,0)).

(II) Now let u € ker(D®(Z,0)) be given. If u = o, then u € T(ker @,z). Thus
assume that u # o. Denote the semiopenness parameters of ¢ around
(Z, 0) by p and 79. By definition of D@(Z, 0) there exist sequences uy — u,
7 1 0, and v € @(T + Tug) such that limy_, o, vi /7% = 0. For sufficiently
large k, we have T+71pur € T+70Bg and vy € 79Bp. Again for sufficiently
large k, we further have [lux|| > 1||u| and so

5 pmellunll T pllull

gl 2 el L

Define zj := T + 1xur. Then we obtain
0 € vg + ||vk||Br = vk + o712k — Z||Br C @(2k + T4||2k — Z||Br);

here the latter inclusion is a consequence of the linear semiopenness of @.
Hence there exists z;, € ker(®) satisfying ||z, — z|| < 77| uk||. Define
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Y = i(zi —Z). Then Z + 1 yy, € ker @. It remains to show that yr — u

as k —? koo. This follows from

1
i — il = ——llzi = 2l < Tllue]] — 0 as k — 0o

and so
e — ull < [lyx — ukll + [lug —ul| =0 ask —oo. O

Remark 11.5.3 We show that the classical tangent space theorem
(Theorem 11.4.2) can be regained from Theorem 11.5.2. We use the assump-
tions and the notation of Theorem 11.4.2. Since the continuous linear mapping
K (Z) is surjective, it is open by the Banach open mapping theorem. Hence
x +— h(Z)(x — Z) is open at a linear rate, say p, around Z. Furthermore,
since h is continuously differentiable at T € ker(h), there exists a mapping
r: E — F such that

h(z) = 1()(x — 7) + r(z), where lim r(z)/|z] = o, (11.52)
and we have
T () = r(a)
B m {(h(xl) — h(z2)) — W (Z)(x1 —x2)| — 0 as zy,xp — T

Here the limit relation holds by Proposition 3.2.4(v) because h is strictly
differentiable (Proposition 3.4.2). Hence for any € > 0 there exists ¢ > 0 such
that

Ir(z1) — r(z2)|| < €llxr — x2|| V21,22 € BE(Z,0). (11.53)

In particular, we can take € € (0,p). Then Theorem 10.3.6 shows that the
mapping h is linearly semiopen around Z. Therefore Theorem 11.5.2 implies

T(ker h, ) = ker(Dh(z)) = ker 1 (Z). (11.54)

The above argument suggests how to slightly weaken the hypotheses of
the Lyusternik theorem. In this connection, we consider the multifunction
h'(z)~!: F = E which is defined as usual by

W@ \y) = {zr € E|W(@)(2) =y}, yeF.

Notice that h/(Z)~! is a process and ||h/(Z) | denotes its norm according to
(10.50).

Proposition 11.5.4 Assume that h : E — F is F-differentiable at T €
ker(h), that h'(Z) is surjective, and that the mapping r in (11.52) is locally
Lipschitz continuous at T with a Lipschitz constant X < 1/||W/(z)71||. Then
(11.54) holds.
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Proof. The mapping ¢ : 2 — h'(Z)(z), interpreted as a multifunction, is open
at a linear rate around (o0,0) (cf. Remark 11.5.3) and is a bounded process.
By Proposition 10.4.2, the openness bound of @ around (o, 0) is ope(®)(0, 0) =
1/||h'(z)~Y||. Since h'(Z) is linear, the mapping = + h'(x — ¥) is open at a
linear rate around (Z, o) with the same openness bound 1/||4/(z)~!||. Now the
assertion follows by Theorems 10.3.6 and 11.5.2. O

Example 11.5.5 Define h : R? — R defined by

ari + bxro + x120 if 1 > 0,

h(.’thl'g) = {

ary + bxry — v if 1 <0,

where |a| + |b] > 2. The function h satisfies the above assumptions at (0, 0)
while & is not differentiable at (0, z2) if 3 # 0 and so the classical Lyusternik
theorem does not apply.

11.6 Representation of Normal Cones

In this section we characterize normal cones of a set M C E which is defined
by an inequality or an equation.

The Clarke Normal Cone to Sublevel Sets
We start with the set
M:={zeFE| f(x) < f(z)}. (11.55)

Theorem 11.6.1 Let f : E — R be proper and locally L-continuous
around T. Assume that o ¢ 0o f(Z). Then, with M as in (11.55), one has

No (M, z) C Ry0. f(T). (11.56)
If, in addition, f is reqular at T, then (11.56) holds as an equation.
Proof. Taking polars in (11.46) (see Theorem 11.4.8), we obtain
No(M,7) C {y € E| f*(,y) < 0}° = (9. f(2))"" (11.57)

Here the equation follows by Proposition 7.3.7(b). Applying the bipolar the-
orem to the right-hand side and recalling that 9, f(Z) is weak* compact not
containing o, the assertion follows. If f is regular at Z, then by Theorem 11.4.8
the inclusion in (11.57) is an equation and so is the inclusion in (11.56). O

Now let M be defined by

M:={zecFE|fi(x)<0, i=1,...,n}. (11.58)
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Corollary 11.6.2 Fori=1,...,n, let f; : E — R be strictly H-differentiable
at T, where f1(Z) = -+ = fu(Z) = 0. If the functionals f1(Z),..., fI (Z) are
positively linearly independent, then the set M in (11.58) is regular at T and
one has

NC(M,E):{iAif{(i)MiZO, z:ln} (11.59)
1=1

Proof. Define f := max{f1,..., fn}. By Proposition 7.3.9(c), each f; is locally
L-continuous around Z and so is f. Moreover, by Proposition 7.4.7, f is also
regular at Z. Since M = {z € E | f(z) < 0}, Theorem 11.6.1 implies that
(11.56) holds with equality. Finally, the maximum rule of Proposition 7.4.7
yields (11.59). O

The Proximal Normal Cone to Sublevel Sets

Next we give the complete, geometrically appealing proof for the represen-
tation of Np(M,Z) in a Hilbert space and then indicate the more technical
proof for Np(M, Z) in a Fréchet smooth Banach space. We consider the set

M:={zxe FE| f(z) <0}. (11.60)

Theorem 11.6.3 Let E be a Hilbert space and let M be given by (11.60),
where f : E — R is proper and l.s.c. Let T € M and w € Np(M,Z). Then
either

(C1) for any e >0 and n > 0 there exists x € E such that
le =z <n, [f(x) = f@)I<n, Opf(z)NBg(o,€) #0

or
(C2) for any € > 0 there exist x € E, v € dpf(x), and X\ > 0 such that

le =zl <e [flx) = f(@)] <€ [Aw—ull <e
Proof. Assuming that (C1) does not hold, we shall show that (C2) is valid.
Obviously we may suppose that u # o.

(I) Since w € Np(M,z), Proposition 11.2.7 implies that there exist p > 0
and o > 0 such that

0> (ulx—2)—olz—z|*> Yoe MnB(Z,p|ul). (11.61)

Since f is Ls.c., there exists m > 0 such that, on diminishing p if
necessary, f(z) > —m for all z € B(Z,p|ul|). The functional z —
(u|z—z)—c||z—z||* attains a positive value at = Z+2nu if n € (0, 55).

By continuity, for n > 0 sufficiently small we have
(u|z—7) —ollz—2|* >0 Vze K :=B(@+2nu, 2n|ul)\ {7}
Hence if z € K, then z ¢ M and so f(x) > 0.
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(IT) For any positive o« < min{n,1/m} let
_ _ 2
ha(@) = o™t (max{0, |z — & — nul| = nllul})",
pa(z) = f(Z) + ha(z) =+ 5}3(@,”””)(2’)

Since (C1) does not hold, o is not a proximal subderivative of f at Z and
so infg p, < 0. By Theorem 8.3.3 applied to p, with

A= /2€eq/a, €:=¢€q:=min{a/2, fi%fpa/Q}
there exist y,, w, € F such that
[ya = wall <A, palya) <mfpa + e <0,
and the functional
2 Pa(2) + 5 |12 = wall? (11.62)

attains a global minimum at z = y,. Moreover, since p,(y,) < 0, we
have y, € B(Z, pllu||). We further obtain the following estimate:

(6%
ha(ya) < ha(ya) + §Hya - woz”2
< ho(Ya) + €0 (because ||yo — wa| < A)
= Pa(Ya) + €0 — f(Ya) < i%fpa +2¢0 — [(Ya)

< —f(ya) <m (because 2¢, < — i%fpa).
The definition of h, shows that

1Yo — & = nul| < Vma+n|ul, (11.63)
ie.,
Ya € Ko :=B(Z + nu, vma +nlul).
On the other hand, p,(y) < 0 implies f(y) < 0 and so y, ¢ K (cf.

Fig. 11.6), i.e.,
lya —  — 2null > 2n]lul. (11.64)

Fig. 11.6
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Applying the parallelogram identity to y, — T — nu and nu, we obtain
ya = Z1* + Yo = 2 = 20ul|* = 2llya — T — nul|* + 2% |[u]*.
The estimates (11.63) and (11.64) now give
lya = 2II* < 2(nllull + v/ma)? + 202 ||ull® — 4 |Jul® = 4n|ullv/ma + ma,

showing that lim, .oy, = T.
(III) We further have

f(ya) < pa(ya) < i%fpa +éa < pa(f) +€a = f(i') + €a

and so limy—0 f(ya) = f(Z) (recall that f is Ls.c. and e, — 0 as o — 0).
(IV) Since y, is a global minimizer of the functional in (11.62) and y, is in

o

B(Z, p||lu||) for « sufficiently small, the functional
f=gas where ga(2) i= —ha(2) = 5]lz = walP
attains a local minimum at y,. We have
9a(Wa) = =1 (Ya) = a(ya — wa) = k(@)(Z + Nt = ya) + (wa = ya),

where

2y — & — | — mllul))
— if ho(ya) >0,

k) =1 alye—2 (¥e)
0 if ho(ye) = 0.

Observe that the F-derivative of h, is locally L-continuous and that in
particular h/ (z) = o whenever h,(z) = 0. Hence for each « sufficiently
small, g/, (y,) is a proximal subgradient of f at Z.

(V) Assume that liminf,_ o k(a) = 0. Then for some sequence a; — 0 we
had ¢'(ya;) — 0 as i — oo and so (C1) would hold: a contradiction.
Therefore the liminf is positive. We have ¢/, (y) = nk(a)(u + o(1)) as
a — 0. It follows that for o small enough,

oo =3l <. 1f0e) = 1@ < e[|l = < e

Hence assertion (C2) holds with = := y,, A := 1/nk(@), and v := ¢’ (ya).
O

The Proximal Normal Cone to Level Sets

Now we consider the set

M:={zxe FE| f(z) =0}. (11.65)
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Theorem 11.6.4 Let E be a Hilbert space and let M be given by (11.65),
where f: E — R is continuous. Let T € M and w € Np(M,Z). Then either

(D1) for any e >0 and n > 0 there exists x € E such that

lz =2z <n, [f(x) = f@)]<mn,
(0pf(z) Udp(—f)(z)) NBg-(0,€) # 0

or
(D2) for any € > 0 there exist x € E, v € Opf(x) Udp(—f)(x), and X > 0
such that

le -2l <e |f@)—f@l<e ro—ul<e

Sketch of the Proof. As in the proof of Theorem 11.6.3 we may suppose that
u # o. Define p, K, and h, as above, and m as upper bound of |f|. Then
f(x) £ 0 for all z € K and so (since K is convex and f is continuous), f does
not change sign on K. Define

. [+ ha +0B@,pu) if f is positive on K,
Peci= —f 4 ha+ 0B p|u if f is negative on K.

The argument is now analogous to that in the preceding proof. ]

The Fréchet Normal Cone to Sublevel Sets

Now we pass to the Fréchet normal cone. In this connection, we shall make
use of the following condition:

liminf d (o, Or f(x)) > 0; (11.66)

here, + —¢ Z means that + — & and f(z) — f(z). Condition 11.66 will serve
to exclude a case analogous to (C1) in Theorem 11.6.3.

Theorem 11.6.5 Let E be a Fréchet smooth Banach space and let M :=
{x € E| f(z) <0}, where f : E — R is proper and l.s.c. Assume that (11.66)
holds. Let T € M and uw € Np(M,Z). Then for any € > 0 there exist x € E,
v € Opf(x), and A > 0 such that

loe—zl <e |f@) —f@|<e [o—ul<e

Sketch of the Proof. Let ¢ be such that 0 < ¢ < liminfgcﬂfg;d(o7 apf(x)).
It is shown that 7,6 € (0, €) can be chosen such that

(z+ K(u,n)) N M NB(z,6) = {z},
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where K (u,n) denotes the Bishop—Phelps cone. Define A := Z + K (u, 2n) and
gi(x) := f(x) + ida(x) for any x € E. We distinguish two cases:

I 1t Bi(r’lf(;) g; < 0, then Ekeland’s variational principle of Corollary 8.2.6

ensures the existence of some y; € B(Z,d) that minimizes the functional

1
hi(x) = gi(z) + ;||$ — vill

over B(Z, ) and is such that g;(y;) < 0. It can be shown that

_n

2n+1||yi—f|\§dA(yi)—>0 as i — 0o

and so y; — T as 1 — oo. Therefore, y; € B(j, 9) for i sufficiently large.

(I1) It Bi(r}fé) g; = 0, then set y; := Z for any 1.

Hence in both cases, y; is a local minimizer of h; for any sufficiently large 7.
By the approximate sum rule of Theorem 9.2.6, for these ¢ there exist z;,z; €
B(z,9), zf € O f(x;), and 27 € Opda(z;) such that |f(z;) — f(Z)| < 6 and

lef + iz} <n+1/i. (11.67)
By using the separation theorem it can be shown that

Irda(zi) € {a(-u+ 2nllu|Be-

Therefore, z; = a;(—u + 2n||ul|b* for some «; > 0 and some b* € Bg«. Now
it follows from (11.67) that ||z} — douu| < 2ic;||lulln + n + 1/i. We must
conclude that ic; > ¢/(2|lu]|(1 + 27n)) because otherwise we had ||zf] < ¢
which contradicts the choice of ¢. Letting A; := 1/(ic;), we obtain

2n||u[|(1 + 2n) n 2(|ul|(1 + 2n)
c i '

[Aiai = ull < 2nljull +
c

Thus, if ¢ > 4|ju||(1 + 2n)/ce, then setting A := X\;, x := z;, and v := z}, we
have ||Av —u|| < e. 0

The Fréchet Normal Cone to Level Sets
Now we consider the condition

liminf d(o, Or f(z) Udp(—f)(z)) > 0. (11.68)
Theorem 11.6.6 Let E be a Fréchet smooth Banach space and let M :=
{z € E|f(z) = 0}, where f : E — R is continuous. Assume that (11.68)
holds. Let T € M and uw € Np(M,Z). Then for any € > 0 there exist x € E,
v € Ipf(x)Udp(—f)(x), and A > 0 such that

e —zll <e [flx) = f(@)] <€ [M—ul <e
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Sketch of the Proof. Let ¢ be such that

0 < ¢ < liminfd(o,Op f(x) U dp(—f)(z)).

r—x

Again it is shown that 7, € (0,€) can be chosen such that
(z 4+ K(u,n)) N M NB(z,6) = {z}.

Since f is continuous, it follows that:

(a) f(z)>0forall z € (z+ K(u,n)) NB(z,0) or
(b) f(z) <0 for all z € (Z+ K(u,n)) NB(Z,9).

Define A := Z + K (u,27) and for each ¢,

) f+ida  incase (a),
= —f+4+idys in case (b).

The remainder of the proof is analogous to that of Theorem 11.6.5. O

11.7 Bibliographical Notes and Exercises

Normal cones to convex sets can be traced back to Minkowski [131] and
were studied systematically by Fenchel [66]. The contingent cone goes back to
Bouligand [26]. Clarke [34] introduced (in finite-dimensional spaces) the cone
Tc(A, T) according to the formula in Proposition 11.1.6. The sequential char-
acterization of T (A, Z), taken here as definition, is due to Hiriart-Urruty [85].
Proposition 11.1.9 was established by Rockafellar [184].

Proximal normals already appear, under the name perpendicular vectors,
with Clarke [33]. The results on proximal normals presented above are essen-
tially taken from Clarke et al. [39]. Theorem 11.4.8 is due to Rockafellar [183]
(cf. Clarke [36]).

Theorem 11.4.1 was established by Robinson [175] and Zowe and Kur-
cyusz [228], while Theorem 11.4.2 is a classical result of Lyusternik [128]
(see also Graves [79]). The concept of contingent cone was introduced by
Aubin [5]. Theorem 11.5.2 is due to Piihl and Schirotzek [173] (see also
Piihl [172]). Proposition 11.5.4 and its proof are taken from Piihl [172]. In
a different way, Ledzevicz and Walczak [122] deduced the result under the ad-
ditional hypothesis that ker A'(Z) has a topological complement in E. These
authors also constructed Example 11.5.5. Lyusternik type results related to
Theorem 11.5.2 were established, among others, by Cominetti [40], Klatte and
Kummer [110], and Penot [161].

Theorems 11.6.3-11.6.6 are taken from Borwein et al. [21] (see also Borwein
and Zhu [24]).

For more results on tangents and normals, we refer to Aubin and
Frankowska [8] and Clarke et al. [39]. By now, a lot of further tangent
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and normal sets, not all of them cones and most of them not convex, have
been introduced in the literature (see the detailed discussion in Rockafellar
and Wets [189]).

Exercise 11.7.1 Fill the gaps in the proof of Proposition 11.1.2.
Exercise 11.7.2 Prove the inclusion (11.1) in Proposition 11.1.3.
Exercise 11.7.3 Verify Proposition 11.1.5.

Exercise 11.7.4 Prove Lemma 11.1.8.

Exercise 11.7.5 Prove Proposition 11.1.13.

Exercise 11.7.6 Prove Proposition 11.2.8.

Exercise 11.7.7 Let A C FE be closed and z € A. Show that Np(A4,Z) is
closed and convex.

Exercise 11.7.8 Let A be a closed subset of a Fréchet smooth Banach space
and T € A. Formulate and verify a representation of N¢o(A,Z) in terms of
F-normals to A at Z. Hint: Recall Proposition 9.5.1.

Exercise 11.7.9 Verify the assertions (11.35), (11.36), and (11.38) of
Proposition 11.4.5.

Exercise 11.7.10 Define for any (xq,15) € R?,

g1(w1,22) 1= $2—$§’, g2(r1,T2) = —T2, §1= g1, G2 = g2, G3(x1,72) := —71.
Show that
M = {(w1,22) € R? | gi(w1,22) <0 (i =1,2)}
={(21,22) € R? | Gr(w1,22) <0 (k=1,2,3)}

but for z := (0, 0) one has L=((v1,72), Z) # L=((51, 72, 73), Z). Also calculate
T(M,Zz) (cf. Elster et al. [59]).

Exercise 11.7.11 The aim of this exercise is to generalize Theorem 11.4.9
(cf. Schirotzek [196]). Assume that E and H are Banach spaces, G is a normed
vector space, A C FE is nonempty closed and convex, P C G is a convex cone
with nonempty interior, and Q C H is a closed convex cone. Further let
g:E— Gand h: E — H be given, define

M:={z € E|g(x)e —P, h(z) € —Q}

and let Z € AN M. Assume that the directional H-derivative dgg(Z, -) exists
and is P-convex on F, and that h is continuous on F and continuously
differentiable at z. Finally define
Lz(g’j) = {y el | dH(_vy) € 71H‘EP+RQ(Q_S)}7
L(h,z):={ye E| W (T)y € —Q + Rh(Z)}.
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(a) Modeling the proof of Theorem 11.4.9(b), prove the following:
Theorem 11.7.12 Assume that
Ry (A—z)NL¥(g,z)NL(h,z) #0 and
W(#) (R (A - 7)) + . (Q + h(#)) = H.
Then one has
Ry (A—-Z)NL(g,z) NL(h,z) C T(ANM,Z).

(b) Formulate and verify a corresponding result that is analogous to
Theorem 11.4.9(a).
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Optimality Conditions for Nonconvex Problems

12.1 Basic Optimality Conditions

Let f : E — R be proper, let A C E, and let # € AN dom f. As shown in
Sect. 7.1, the method of tangent directions leads to the following result.

Proposition 12.1.1 Let T be a local minimizer of f on A.

(a) One has fo(z,y) > 0 for any y € T.(A,Z) and fy(Z,y) > 0 for any
y € T(A,Z).

(b) If f is G-differentiable at T, then (f'(Z),y) >0 for anyy € T,(A, ).

(¢) If f is H-differentiable at T, then (f'(Z),y) > 0 for any y € T(A, ).

We apply the method of penalization (cf. Sect. 7.1). In the case of a locally
L-continuous functional, a penalty term of the form A\d 4 is adequate.

Proposition 12.1.2 Let f be locally L-continuous with L-constant A on an
open set U containing A. If T is a minimizer of f on A, then for all A > X\, T
is a minimizer of f + Mda on U (hence a local minimizer of f + Ada on E).

Proof. By assumption we have

F@) =My =2 <f@) < f2)+ Ay —zll Vy,z€U, [f(@) < fly) YyeA

Let 2 € U and € > 0. Then there exists y € A such that ||y — z|| < da(z) +e.
It follows that

F(@) +2da(@) = f(@) < [(y) < F(2) + Ay = 2l < F(2) + Ada(2) + Ae.
Letting € | 0 proves the assertion. ]

Now we can supplement the optimality criteria in Proposition 12.1.1.
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Proposition 12.1.3 Let f be locally L-continuous on an open set contain-
ing A. If T is a local minimizer of f on A, then

f°(@y) >0 VyeTc(A,z) and o€ d5f(Z)+ Ne(A, T).

Proof.
(I) Let n > 0 be such that Z minimizes f on A, := ANB(Z,7n). Then

0<(f+Ada,)(z,y) < f°(z,y) + Ady (T,y) Vy€ E; (12.1)

the inequalities are a consequence of Proposition 12.1.2 and the defini-
tion of Clarke’s directional derivative. By Proposition 11.1.6 we obtain
fe(z,y) > 0 for all y € Tc(Ay, T). By Proposition 11.1.2(c), Tc(A4,, Z) is
equal to T¢(A4, 7).

(IT) From (12.1) we deduce o € Jo(f + Ada,)(Z). The sum rule (Proposi-
tion 7.4.3) and Proposition 11.2.4 show that o € 0,f(Z) + Nc(A,, ).
As in step (I) we have N¢(4,,z) = N¢(4, z). O

Next we assume that f is l.s.c. only. Again we apply the method of penal-
ization, now with the penalty term 4. Recall that if Z is a local minimizer of
fon A then Z is a local minimizer of f +d4 on E. The generalized Fermat
rule of Proposition 9.1.5 thus yields

0 € Ir(f +04)(Z). (12.2)

It remains to apply a sum rule. However, in general we only have approzimate
sum rules for F-subdifferentials unless f is F-differentiable at Z. Accordingly
we obtain approximate optimality conditions only. In particular, applying the
weak approximate sum rule of Theorem 9.2.7 to (12.2), we obtain:

Proposition 12.1.4 Assume that E is a Fréchet smooth Banach space, f :
E — R is proper and l.s.c., and A is a closed subset of E. Let & € A be a local
manimizer of f on A. Then for any € > 0 and any weak* neighborhood V' of
zero in E*, there exist xo,x1 € B(Z,€) such that x1 € A, |f(zo) — f(z1)] <€,
and

0 € dpf(xo) + Np(A,z1) + V.

Proof. See Exercise 12.6.1. a

In Sect. 13.7 we shall derive, in Fréchet smooth Banach spaces, exact nec-
essary optimality conditions in terms of another subdifferential.

To conclude, recall that OFf(z) := —0r(—f)(Z) denotes the F-
superdifferential of f at Z. For certain classes of nondifferentiable functionals
this is an adequate derivative-like object, e.g., for concave continuous func-
tionals. In this case, we have a quite strong optimality condition.
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Proposition 12.1.5 Assume that E is a Fréchet smooth Banach space and
f: E— R is proper and l.s.c. If T is a local minimizer of f on A, then
—0"f(z) C Np(4, 7).

Proof. There is nothing to prove if 97f(z) is empty. Now let z* € —9Ff(z)
be given. Then there exists a function g : £ — R that is F-differentiable at x
with ¢'(Z) = z* and

0=(—f—9)(@) <(—f—g)(x) for any x near 7.

By assumption on z we further have f(z) < f(x) for any € A near .
It follows that Z is a local minimizer of —g on A. From Proposition 9.2.2 we
obtain that

z* = —(—9)(z) € Opda(z) = Nr(4A,7),

which completes the proof. ]

12.2 Application to the Calculus of Variations

We consider the classical fixed end point problem in the calculus of variations:

b
Minimize f(x) ::/ o(t, x(t),4(t)) dt, x € A,

where
A={zr e E|z(a) =a, z(b) =0}, FE:=AC®|a,b].

(12.3)

Recall that E is a Banach space with respect to the norm ||z||1,0c (see
Example 3.6.3). The following results hold analogously for absolutely con-
tinuous functions on [a, b] with values in R™.

The Smooth Case
First we repeat a classical result, making the following assumptions:

(A) The real-valued function (¢, z,v) — ¢(t, z,v) is continuous on [a, b] x RxR
and has continuous first-order partial derivatives with respect to z and
v there; a, b, a, f are given real numbers with a < b.

If £ € E, we write

B(t) = p(t,2(t),2(1)), t€ la,b].
As shown in Example 3.6.3, the functional f is G-differentiable (even contin-
uously differentiable) at each z € E and
b

(@) ) = / (@lt) - 4(t) + 5o (0) - 9(0) dt, y € B,

a
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It is immediate that

T(A,z) =T,(A,7) = {x € E| z(a) = z(b) = 0} =: Ey. (12.4)
Assume now that € A is alocal minimizer of f on A. Then Proposition 12.1.1
gives

b
/ (@alt) - u(t) +3,(t) - §(1) dt =0 Vy € Fy; (12.5)

notice that we have equality here since Ej is a linear subspace of E. Let

t
q(t) ::/ P,.(s)ds, t€a,b].
Then ¢ is absolutely continuous and
G(t) =g,(t) for almost all ¢ € [a, b]. (12.6)

Using this and applying partial integration to the first term on the left-hand
side of (12.5), we obtain

b
| @0 -aw) -5 dt =0 vye ko (12.7)

Now we need the following fundamental lemma of the calculus of variations.

Lemma 12.2.1 (Du Bois—Reymond) Assume that g,h € L[a,b] and

b
/ (h(t) - y(t) + g(t) - (1)) dE =0 Yy € E.

Then the function g is absolutely continuous and satisfies g(t) = h(t) for
almost all t € [a,b].

The proof of this lemma or one of its various modifications can be found in
any standard book on the calculus of variations (see, for instance, Cesari [30]
or Giaquinta and Hildebrandt [71], see also Loewen [123]).

Applying Lemma 12.2.1 with h = o to (12.7), we obtain the following
result.

Proposition 12.2.2 Let the assumptions (A) be satisfied. If T is a local
solution of (12.3), then there exists an absolutely continuous function p :
[a,b] — R such that

(58) = (Z:g;) for almost all t € |a, b]. (12.8)

Eliminating the function p, we see that under the assumptions of Propo-

sition 12.2.2 the function ¢t — @, (t) is absolutely continuous on [a,b] and

satisfies d
a@)(t) =p,(t) for almost all ¢ € [a,b]. (12.9)

This is the Euler—Lagrange equation for Problem (12.3).
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The Nonsmooth Case

Our purpose now is to weaken the differentiability hypotheses of (A).
Denote by £; the o-algebra of all Lebesgue measurable subsets of [a, b], by

B, the o-algebra of all Borel subsets of R™, and by £1 x5, the corresponding

product o-algebra. Let € M be given. We make the following assumptions:

(A) The function ¢ : [a,b] x Rx R — RU{+o0} is £1 X By-measurable. There
exist € > 0 and a positive function g € £![a,b] such that for almost all
t € [a,b] the function (x,v) — @(t,x,v) is real-valued and Lipschitz
continuous on (Z(t), Z(t)) + eB with Lipschitz constant g(t).

We establish a generalization of Proposition 12.2.2.

Theorem 12.2.3 Let the assumptions (A) be satisfied. If T is a local solution
of (12.3), then there exists an absolutely continuous function p : [a,b] — R
such that

(p(t)> € Dop(t, z(t), z(t)) for almost all t € [a,b]. (12.10)

Here, Oo0(t,Z(t),Z(t)) denotes the Clarke subdifferential of the function
(x,v) — o(t,z,v) at the point ((x(t), (t)).

Notice that under the assumptions (A), Proposition 7.3.9 implies

PR ? (t)>
Ooo(t, Z(t), z(t)) = ( *
ot 2(0,(0) = ()
so that (12.10) passes into (12.8).
To prepare the proof of Theorem 12.2.3, we quote two propositions. The
first is a measurable selection statement which we take from Loewen [123].

Proposition 12.2.4 Let g : [a,b] x R = RU {+o0} be £1 X B1-measurable
and let p € [1,+00). Assume that:

— For each t € [a,b] the function v — g(t,v) is lower semicontinuous and
real-valued at some point of R.

— There ezists 4 € LP[a,b] such that the function t — g(t,u(t)) is integrable
over [a, b].

Then the integral of the function t — inf,ecr g(t,v) over [a,b] is defined (per-
haps equal to —o0), and one has

vER u€LP[a,b]

/b inf g(¢t,v)dt = inf /b g(t,u(t)) dt.

The next result is Aubin’s nonsymmetric minimax theorem (see Aubin [6] or
Aubin and Ekeland [7]).
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Proposition 12.2.5 Let K be a compact convex subset of a topological vector
space, let U be a conver subset of a vector space, and let h : K x U — R be a
function such that:

— For each u € U, the function x — h(z,u) is convex and l.s.c.
— For each © € K, the function v — —h(z,u) is conve.

Then there exists & € K such that

sup h(Z,u) = sup inf h(x,u).
uelU uelU zeK

In particular,

inf sup h(z,u) = sup inf h(z,u).
zeK uelU uelU zeK

Proof of Theorem 12.2.3. By Proposition 12.1.1 and (12.4) we have for each
ye EO)

0< ?G(j’y)

b
= limsup / 7! ((p(t, B(t) + Ty(t), 2(t) + () — o (t, Z(t), i(t))) dt.

By assumption (A), the integrand on the right-hand side is a measurable
function of ¢ and, for almost all ¢ € [a,b], is majorized by the integrable
function g(t)||(y(¢),5(t))||. Hence by a variant of the Fatou lemma, we have

lim sup f: e < f: limsup - - -, and it follows that

b
og/"wa@a»ﬂmyMy@»w; (12.11)

here ¢°(- - - ) denotes the Clarke directional derivative of the function (x,v)
o(t,x,v) at the point (Z(t),Z(t)) in the direction (y(t),4(t)). The relation
(12.11) holds for any y € Ey, in particular for y = o. Therefore we have

b
0= it [ (2(0). 30 p(e), (1)
yEEy Ja
Applying Proposition 7.3.7 we further obtain
b
0= lenEf / sup{ ((u(), p(t)), (y(1),9(1))) | (u(t), p(t)) € Doip(t, (1), &(t))} dt,
Yy 0oJa
which by Proposition 12.2.4 passes into
b
0= inf sup / (u(®) y(t) + p(t) y(t)) dt, (12.12)
yEEy (u,p)eK Ja
where

K :={(u,p) € L' x " ’ (u(t),p(t)) € dop(t,Z(t), z(t)), t € [a,b] (a.e.)};
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here, £! stands for £![a,b]. The set K is convex and weakly compact and the
integral in (12.12) depends bilinearly on w, p. Hence by Proposition 12.2.5, the
infimum and the supremum in (12.12) can be interchanged and the supremum
is attained at some (u,p) € K, i.e., we have

b
0= yienEfO /a (u(t) y(t) + p(t) y(t)) dt.

Since the integral depends linearly on ¥, we can conclude that

b
0= / (u(®) y(t) + p(t) 9()) dt Yy € Eo.

Applying Lemma 12.2.1, we see that p is absolutely continuous and p(t) = u(t)
for almost all ¢ € [a, b]. In view of the definition of K, the proof is complete.
O

Finally we indicate how to extend the class of problems that can be treated
using the tools of nonsmooth analysis. Recall that E := AC*®][a, b]. Consider
the so-called Bolza problem

b
f(@) :=~(z(a), (b)) —|—/ o(t,z(t),4(t)) dt — min, z € E.  (12.13)

This is a classical problem if the function ¢ satisfies the assumptions (A) and
the function (£, 7) — (£, 1) mapping R? into R is differentiable at (Z(a), Z(b)).
Here T € F denotes a local minimum point of f on E. In this case, necessary
conditions are (12.8) together with the natural boundary conditions

p(a) = ¢(%(a),z(b)), p(b) = —y,(Z(a),z(b)).

However, within the framework of nonsmooth analysis the functions ¢ and ~
are allowed to attain the value +o0o. For instance, let

0 if¢ =aandn=27,

+00 otherwise.

Y& m) == {

Then (12.13) passes into the fixed end point problem (12.3). Now we consider
a more interesting class of problems. Let the function v : R? — R U {+oc0}
and the multifunction F : R? = R be given. Consider the problem

v(z(a),z(b)) — min, x € E, @(t) € F(t,z(t)), t € [a,b] (a.e.). (12.14)
Setting

0 if F(t
Sp(t,x7’[)) ::{ 1Lve ()$)7

400 otherwise,
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we have

b op e
/ ol 2(8). (1)) df — {o if i(t) € F(t, (1)), t € [a,b] (ae.),

400 otherwise.
Hence problem (12.14) is of the form (12.13). Of course, the assumptions (A)
are not satisfied for the function ¢ in this case. Nevertheless, it is possible to
reduce problem (12.14) in such a way that Theorem 12.2.3 applies. However,
this requires facts on differentiable inclusions that lie beyond the scope of this
book (we refer to Clarke [36], Clarke et al. [39], and Loewen [123]).

12.3 Multiplier Rules Involving Upper Convex
Approximations

Our aim in this section is to establish necessary optimality conditions for the
problem
f(z) = min, ze€ MnNA,

under the assumption that M is described by scalar inequalities and/or an
operator equation. First we consider the problem:

(P1) Minimize f(x)
subject to g;(z) <0(i=1,...,m), =€ A

We set
I={1,...,m}, I(Z):={iel]|g(z)=0} (12.15)

and make the following assumptions:

(Al) FE is a normed vector space,
A C F is nonempty and convex, D C F is nonempty and open,
f,9i:D—Rfori=1,...,m,
there exist ¢ € UC,(f,Z) and ¢; € UC,(g;, ) for i € I(z),
g; is upper semicontinuous at Z for i € I \ I(Z).

Theorem 12.3.1 Let (A1) be satisfied and assume that T is a local solution
of (P1).

(a) One has:
IXNeER; T eRy (1€ I(T)) : not all equal to zero,
Ap()+ Y mvi(y) >0 VyeA—=z. (12.16)
i€l(z)

(b) Let the following condition be satisfied:

JyeA—2Z VZEI(@) ¥ (yo) < 0. (1217)
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Then (a) holds with A = 1.
Proof.

(a) Let y € A —Z and ¥;(y) < 0 for each ¢ € I(Z). Then it follows from
Proposition 11.4.5(a) that y € T,(M; N A, Z), where

My:={zxeD|gi(zx)<0(i=1,...,m)}.

In this connection, notice that A — z C T,(A,Z) because A is convex.
Since Z is a local solution of f on M; N A, Proposition 12.1.1(a) implies
that ¢(y) > 0. Consequently, the system

yeA—1Z, p(y) <0, ¢(y) <0Vie ()

has no solution. The assertion now follows by Proposition 10.2.1 with
H := {o}. (Notice that to verify (10.3), we need only set g; := 9;(z¢) + 1
for each i € I(Z), with some 2o € A — Z.)

(b) This is an immediate consequence of (a). O

Remark 12.3.2

(a) In terms of radial upper convex approximations, the conditions in (a)
and (b) above are generalized John conditions and generalized Karush—
Kuhn—Tucker conditions, respectively (cf. Sect.5.2). Likewise, (12.17) is
a generalized Slater condition.

(b) Concerning the existence of (radial) upper convex approximations ¢ and
;, we refer to Theorem 7.3.2 (cf. Remark 11.4.6(a)).

Now we consider the problem:
(P2) Minimize f(x)
subject to g;(z) <0 (i=1,...,m), h(z)=o0, z€A.
Recall the notation (12.15). We agree on the following assumptions:
(A2) F and F are Banach spaces,
A C F is nonempty, convex, and closed, D C E is nonempty and open,
f,9i:D—Rfori=1,...,m,
there exist ¢ € UC(f,Z) and 9; € UC(g;, ) for i € I(T),
g; is upper semicontinuous at Z for i € I\ I(Z),

h : D — F is F-differentiable on a neighborhood of Z, i’ is continuous
at .

Theorem 12.3.3 Let (A2) be satisfied and assume that T is a local solution
of (P2):

(a) If W' (z)[Ry(A — )] is closed or F is finite dimensional, then
INeERy p; €Ry (i €I(Z)) FJveF : A p,v not all zero,

Aoy)+ Y pithily) + ol (@),y) >0 Vye A—z. (12.18)
i€l(x)
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(b) Let ¢ and ¢, i € I(T), be continuous on E and let the following condition
be satisfied:

W (z)[Ri(A—z)] =F. (12.19)

Then (12.18) holds with A, u;, i € I(Z), not all zero.
(c) Let (12.19) and the following condition be satisfied:

Jyo € A—Z: i(yo) <0VieI(z), W (Z)y = o. (12.20)
Then (12.18) holds with X\ = 1.

Proof.

(a) In view of (b), we may assume that /(z) [R4 (A—Z)] # F. Then by a sep-
aration theorem (Theorem 1.5.9 in the general case, or Proposition 1.5.7
if F is finite dimensional), there exists v € F* satisfying v # o and
(v,z) > 0 for each z € h/(Z)[R4(A — z)]. Hence the assertion holds with
A =0 and p; =0 for each ¢ € I(Z).

(b) Let y € A — =z, ¥;(y) < 0 for each i € I(z), and h'(Z)y = o. Then it
follows from Theorem 11.4.9 that y € T(My N A, Z), where My is defined
by the functional constraints. Since Z is a local solution of f on Ms N A,
Proposition 12.1.1(b) says that ¢(y) > 0. Consequently, the system

yEA—T, p(y) <0, tily) <OVie I(z), W(@)y=o

has no solution. The assertion now follows by Proposition 10.2.4.
(¢) This is an immediate consequence of (b). O

Remark 12.3.4

(a) The optimality condition (12.18) is again a generalized John condition or,
if A =1, a generalized Karush—Kuhn—Tucker condition, with the Lagrange
multipliers p; and v.

(b) If, in particular, f is H-differentiable at Z, we set ¢ := f'(Z), analogously
for g;, i € I(z). If, in addition, A = E, then (12.18) reduces to

+ Y wigi(a) Fuok(z) =

i€I(x)

Moreover, if F' := R" and so h = (hq,...,h;), where hy : D — R for
k=1,...,r, then (12.18), (12.19), and (12.20) pass, respectively, into

INeR;, FIweRy(iel(z)), FvjeR(j=1,...,r): not all zero,

+ ) mgi(® + Y vihi(@) =o, (12.21)
i€l(x) j=1
Ry (Z),...,h.(Z) are linearly independent elements of E*, (12.22)

Iy € B ((5:) 0) <OVieI(®), (W (),90) =0Vj=1, .r
(12.23)
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The conditions (12.22) and (12.23) together are the Mangasarian—
Fromowitz reqularity condition.

(c) If, in (P2), the inequalities g;(x) < 0, ¢ € I, are absent, then the corre-
sponding data in Theorem 12.3.3 have to be omitted. This is verified by
applying Theorem 11.4.1 instead of Theorem 11.4.9.

For finite-dimensional F', we now relax the differentiability hypothesis on
the mapping h. We assume that h is F-differentiable at the point Z only. Also
we now choose concrete upper convex approximations for the functionals g;.
More precisely, we consider the following nonsmooth optimization problem:

(P3) Minimize f(x)

subject to g;(z) <0, i=1,...,p,
g]($>§07 .7:17 -4,
hp(z) =0, k=1,...,r,
reA

We want to establish a necessary condition for a point T € E to be a local
solution of (P3). We set

I:={1,...,p}, I(@) :={iel|g(x) =0}
J:={1,...,q}, J(@):={jeJ]|gj(x®) =0}

The assumptions are:

(A3) F is a Banach space, A C FE is closed and epi-Lipschitz at Z,
f+ EF— R is H-differentiable at Z or locally L-continuous around Z,
gi : E — R is H-differentiable at z for ¢ € I1(Z),
gi : E — R is continuous at z for ¢ € I\ I(),
g; : E — R is locally L-continuous around z for j € J(Z),
gj : E — R is continuous at z for j € J\ J(Z),
hi : E — R is F-differentiable at £ and continuous in a neighborhood
ofzfork=1,....r

Further we need certain constraint qualifications:

hi(Z),...,h.(x) are linearly independent elements of E*. (12.24)
ElyO € TC(A,E) : <g;(f),y0> <0Vie I(i)v g_?(fvy()) <0 V] € J(i')a
(hy(Z),y0) =0Vk=1,...,r7 (12.25)

Theorem 12.3.5 Let the assumptions (A3) be satisfied and let T be a local
solution of (P3):

(a) There exist scalars A > 0, p; > 0 fori € I(Z), yi; > 0 for j € J(Z), and
v for k=1,...,r that are not all zero, such that for any y € Tc(A,T),

AT, y) + Z 12 (g; (2 Z uggj z,y) +ch hi (7

iel(z) Jj€J(Z)
(12.26)
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(b) If (12.24) is satisfied, then (a) holds, where X, p; (i € I(z)), and fi; (j €
J(Z)) are not all zero.
(¢) If (12.24) and (12.25) are satisfied, then (a) holds with A = 1.

Proof.

(D

(1)

(I11)

Define h : E — R" by h := (hy,...,h). If (12.24) is not satisfied,
then h/(Z)(E) is a proper linear subspace of R". Hence there exists
(v1,...,vp) € R™\ {0} such that > _, vk (h}(Z),y) = 0 for any y € E.
Setting A = p; = fi; = 0, we see that (12.26) holds.

Assume now that (12.24) is satisfied. We show that (b) holds, which
also verifies (a) in this case. Since the F-derivative h'(Z) is surjective,
Halkin’s correction theorem (Theorem 3.7.5) ensures that there exist a
neighborhood U of  and a mapping p : U — FE that is F-differentiable
at = and satisfies

p(T) =0, p'(Z)=o, (12.27)
hi(z+ p(z)) = (h(Z), 2 — ) YeeU Vk=1,...,r (12.28)

We claim that the following system has no solution:
y € int Te(4, ), (12.29)
@,y <0 (12.30)
(g;(z),y) <0, i€el(z), (12.31)
30(x,y) <0, je @), (12.32)
(h(Z),y) =0, k=1,...,m (12.33)

Assume, to the contrary, that the system does have a solution y. Set
O(r):=z+71y+p(x+71y), T€I0,1].

The relations (12.28) and (12.33) show that hy (0(7)) =0fork=1,...,r
whenever 7 € [0,1] is so small that Z+ 7y € U. The properties of p entail
6(0) = z and 6'(0) = y. Hence the chain rule (Proposition 3.4.4) gives

lim 7™ [g:(0(7)) — 9:(0(0)] = (4(2), 9) iy 0 ViEI@)

Since, for i € I(Z), g;(0(0)) = g;(Z) = o, we deduce that
9i(0(1)) <0 for T € (0,1] sufficiently small and all i € I(z). (12.34)

Since g; is locally L-continuous around z, the Michel-Penot directional
derivative can be written as

gf(i’, y) = sup limsup 71 [gj (9_3 +7(y + Z)) —g;(z+ Tz)} Vije Jx).
2€E 710

(12.35)
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By (12.27) we have
v =y+7 p(@+T1Yy) —y asT]0. (12.36)
From this, (12.32), and (12.35) we conclude that
g (@ +Tmy+p(@+71y) —§;(2)] <0 Ve (@)
and so
3;(6(7)) <0 for T € (0,1] sufficiently small and all j € J(z). (12.37)
Analogously, by (12.30) we obtain
f(6(r)) < f(z) for 7 € (0,1] sufficiently small. (12.38)

By assumption (A3), the hypertangent cone H(A, Z) is nonempty and so
coincides with int T (A4, z) (Proposition 11.1.9). Therefore y € H(A, ).
In view of (12.36) and Lemma 11.1.8, we obtain

O(r) =z+7(y+7 "p(&+7Y)) €A (12.39)
Since g;, ¢ ¢ I(Z), and g;, j ¢ J(&), are continuous at Z, we further have

9;(6(1)) <0 for 7 € (0,1] sufficiently small and all i € I\ I(z),
1

40)
A1

[NCRra V]

(
g;(0(1)) <0 for 7 € (0,1] sufficiently small and all j € J \ J(Z
(

12.41)

The relations (12.34)—(12.41) contradict the fact that Z is a local solution
of (P3). Thus we have shown that the system (12.29)—(12.33) has no
solution.

We want to apply Proposition 10.2.4. Define

s:=cardI(z), t:=cardJ(Z),

G=ExRxR xR, P:=-Tc(Az) xRy xRS xR,
S) = (v, £ @), (9i(2), V)1 @) (&,9)jes@), vEE,
T(y) = ((h1(2),y), ... (h(2),9)), y€E.

Notice that P is a convex cone with nonempty interior in G and that
the mapping S : E — G is P-convex. By step (III), the system

yeFE, Sy)e—-intP, T(y)=o0
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has no solution. Hence by Proposition 10.2.4 there exist u € T¢ (A, Z)°,
A>0,p; >0,i€I(x), and fi; >0, j € J(Z), not all zero, as well as

Vi, ..., € R satisfying
- <’U/7y> - )‘fo(i‘vy) - Z ul<g:(‘f)ay>
i€I(x)
(12.42)
Z,ujg]xy Zukhk ) <0 VyekE.
jeJ(T)

The multipliers A, u;, ¢ € I(Z), and fi;, j € J(&), cannot be simultane-
ously equal to zero since otherwise the inequality (12.42) would imply
that wu is also zero which is contradictory. The assertion of the theorem
now follows from (12.42) since (u,y) < 0 for any y € Tc(A4, 7).

(V) The assertion (c¢) is obvious. O

12.4 Clarke’s Multiplier Rule

A drawback of the multiplier rules established so far is the differentiability
assumption on the operator h : F — F defining the equality constraint. In this
section, we present a multiplier rule under a crucially weakened assumption
on h, provided F' is finite dimensional. We consider the following problem:

(P4) Minimize f(x)
subject to g;(z) <0 (i =1,...,m), h;(x)

The assumptions are:

(A4) E is a Banach space, A C F is nonempty and closed,
f.gishj + E — R (i = 1,....,m, j = z,...,n) are all locally
L- contlnuous around any x € A.

Theorem 12.4.1 (Clarke’s Multiplier Rule) Let (A4) be satisfied and
assume that T is a local solution of (P4). Then:

INeRy I eRL (i=1,...,m)Iv; eR(j=1,...,n): not all zero,

pigi(r) =0 (i =1,...,m), (12.43)
0 €N f(Z +ZM b i (Z +Zyjah ) 4+ Nc(A, ©). (12.44)
Proof.

(I) We may and do assume that Z is a global solution of (P4) because the
following argument can be applied with A replaced by ANB(Z, n), where
n > 0 is sufficiently small.
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(IT) Let € > 0 be given. Define ¢ : E — R by

Y(@) = max{f(z) — f(2) + 5 91(2),. ., gm (@), [ (@)], .., [ ()]}

Then ¥ is locally L-continuous and so l.s.c. Since Z is a solution of (P4),
we have

PY(z) >0 VzeA, (12.45)
which, together with ¢(Z) = €/2, implies

¥(T) < ;Ielgw(x) +e. (12.46)

(IIT) By step (I1), Ekeland’s variational principle in the form of Corollary 8.2.6
applies to 1. Choosing \ := /e we conclude that there exists z. € A
such that

o — 7l < V6, (12.47)

Y(xe) < (z) + Ve|ze — x| Vze A (12.48)

(IV) Let ko be a common local Lipschitz constant of the functionals f,
g1s---y9m,and hy, ... h, around T. Then, as is easy to see, each Kk > kg
is a local Lipschitz constant of the functional = +— 1 (x) + /€ ||z — z||
around z. for e sufficiently small. Since by (12.48), this functional has
a minimum on A at x., Proposition 12.1.2 shows that z. is a local
minimizer of

O(x) = () + Vew, (z) + kda(z), where w,, (z):= |z — x|
Hence the sum rule (Proposition 7.4.3) gives
0 € Doth(0) C Both(e) + Ve Dowy, () + KDoda ().

(V) Now we apply the maximum rule (Proposition 7.4.7) to v, Proposi-
tions 4.6.2 and 7.3.9 to w,, and Proposition 11.2.4 to d 4. Hence there

exist nonnegative numbers A, fi1,. .., fi, and 4, ..., v}, such that
A+ i+ V=1, (12.49)
i=1 j=1
m n
0 € Ao f (e) + Y f1i0o fi(we) + D vj0o|hj|(wc) + VeBp- + No(4, x.).
i=1 j=1
(12.50)

Since in the maximum rule, the active indices only count and i (z.) > 0
(see (12.45)), we also have

gz(ZEe)SO - ﬂiZO(iZI,...,m),

12.51
hj(ze) =0 = vi=0 (j=1,...,n). ( )
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For j =1,...,n define

P {(Slgn(h i@ i hy(ze) # 0,
5 * 0 if h/j(l‘g) —0.

By the chain rule (Corollary 7.4.6 with g := | - |), we then obtain
V; olhj|(xe) € 05 Bohj(xe) (j=1,...,n).

This and (12.50) imply the existence of some z* € E* satisfying

xr € O, f(zeo) —‘r—Zﬂl L gi(xe) Zu]a hj(ze), (12.52)
i=1
zl € \/eBp- — Nc(A,l‘ﬁ). (12.53)

Now we replace € by a sequence ¢, | 0. From (12.47) we obtain z., — %
as k — oo. Moreover, in view of (12.52) the sequence (7} ) is contained
in a o(E*, F)-compact set (cf. Proposition 7.3.7) and so has a o(E*, E)-
cluster point x*. Observe that the numbers ji; also depend on €, and by
(12.49) have cluster points p;. An analogous observation yields scalars

Aand vj, j =1,...,n. By Proposition 7.3.7(c) we have
2t € Ao f (T +Zuz 09i(Z) + > _v;0h;(#) and € —No(4,z),

which is equivalent to (12.44).

The numbers \ and i, ¢ = 1,...,m, are nonnegative and so are A
and p;. By (12.49) the numbers A, y;, and v; are not all zero. It remains
to verify (12.43). Let i € {1,.. m} be such that g;(Z) < 0. Then the
continuity of g; implies that, for all k sufficiently large, g;(z.,) < 0 and
so (by (12.51)) fi; = 0. Hence u; = 0. O

12.5 Approximate Multiplier Rules

We again consider problem (P4). However, for technical reasons we now adopt
a somewhat different notation for the functionals involved. More precisely, we
consider the problem:

(P3)

Minimize f(z)
subject to fz(:E) <0(@=1,...,m),
filz)=0(i=m+1, )

x € A
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Our aim now is to derive multiplier rules under the following weak
assumptions:

(A5) E is a Fréchet smooth Banach space, A C F is nonempty and closed,
fi:E—Rislsc. fori=0,1,...,m,
fi + E — R is continuous for i =m+1,...,n.

The principal ingredients of the proof of the following multiplier rule are
the weak local approximate sum rule (Theorem 9.2.7) and the representation
results of Theorems 11.6.5 and 11.6.6.

Theorem 12.5.1 (Approximate Multiplier Rule) Let (A5) be satisfied
and assume that T is a local solution of (P5).

(a) For any ¢ > 0 and any o(E*, E)-neighborhood V' of zero, the following
holds:

(i, fi(z)) € (T, fi(T)) + eBrxr (i =0,1,...,n) Jzp41 €T+ eBp
Jpu; >0(=0,...,n): p; not all zero,

n

0€ZM5Ffi($i)+ Z Nz‘(aFfi(xz‘)UaF(—fi)(xi))+NF(Aa Tpt1)+ V.

=0 1=m-+1
(b) Assume that, in addition, the following conditions are satisfied:

liminf d(Or fi(z), 0) >0 fori=1,...,m,
e (12.54)
liminf d(Op fi(z) U Op(—fi)(x), 0) >0 fori=m+1,...,n.

Then conclusion (a) holds with uo =1 and p; >0 fori=1,... ,n.

Proof. Let € > 0 and a o(E*, E)-neighborhood V' of zero be given:

(I) First we verify (b). By assumption, Z is a local minimizer of ¢ := fy +
5(0?:151)0A7 where

 J{zeE|fi(x)<0} ifi=1,...,m,
Tz eE| file) =0} ifi=m+1,...,n

Hence we have
0 € 0pp(Z) = O (fo+ D _ 05, +6a)(Z). (12.55)
i=1

Let n € (0,¢/2) and let U be a convex o(E*, E)-neighborhood of zero
satisfying U + nBg- C V. By Theorem 9.2.7 there exist (zo, fo(xo)) €
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(:Z'a fo(j)> + nBEXR7 (yufl(yl)) € (i‘ufl(i’)) + 77BE><]R (Z = 1) .. .,TL), and
ZTp+1 € NBE such that

0 € Opf(xo) + Y _ Np(Si,yi) + Np(A zni1) + U;
i=1
in this connection notice that by definition drds, (y;) = Np(Si, ;). Now
let f € Op f(x0), y; € Np(Si,yi) (i =1,...,n),and y} | € Np(A, 2p41)
be such that o € z§+> ;" y; + i1 +U. By Theorems 11.6.5 and 11.6.6
there exist (zi, fi(%:)) € (i, fi(yi)) + 1Bexr, Ai >0, and

xf € Opfi(x;) fori=1,...,m,
.T;k € 8Ffl(:132) @] 8F(_fz)<xz) fori=m+1,...,n

such that || Az — 7| < L fori=1,...,n. It follows that

o€ xy+ > N} +yhy +nBe- +U.

i=1

Setting

1 i for i — 1
= ——, i = —=p—— fori=1....n
Ho 1"‘21':1 Ai : 1+Zi:l Ai

and recalling that U is a convex set containing o, we obtain
n n 1
o€ Zula:: + (I—I—Z)\i) Yni1 +1Be- +U.
i=0 i=1

Since Np(A, Zn41) is a cone and nBg- + U C V, conclusion (b) follows.
Now we verify (a). In view of step (I) we may assume that con-
dition (12.54) fails. Suppose that for some i € {1,...,m} we
have liminf, .,z d(drfi(x), 0) = 0; the argument is analogous if
i € {m+1,...,n}. We may assume that ¢ € (0,1) is so small that
Bp+(0,6) C V. Then there exist ; € Bg(Z,¢) and xf € Ipfi(x;) such
that |fi(x;) — fi(Z)] < € and ||z}|| < e. Then —zF € V. Setting u; := 1
and p; := 0 for any j # 4, conclusion (a) follows. O

Remark 12.5.2

(¢)

(b)

If Op(—fi)(z;) = —0rfi(z;) (as is the case if, for instance, f; is a C?
function), then u; (8Ffi(xi) U 8F(—fi)(mi)), where p; € Ry, corresponds
to p;0r fi(x;), where p; € R, and so to the fact that Lagrange multi-
pliers associated with equality constraints have arbitrary sign (cf. Re-
mark 12.3.4(b)).

Conclusion (a) of Theorem 12.5.1 is of John type while conclusion (b) is of
Karush-Kuhn—Tucker type. The conditions (12.54) constitute a constraint
qualification.



12.6 Bibliographical Notes and Exercises 283

12.6 Bibliographical Notes and Exercises

Theorem 12.2.3 is due to Clarke (see [36]), our presentation follows
Loewen [123]. Concerning detailed presentations of the classical calculus of
variations we recommend Cesari [30] and Giaquinta and Hildebrandt 71, 72].

Theorem 12.4.1 was established by Clarke [35]. In a similar way but with
the aid of a more sophisticated maximum rule, Clarke [36] obtained a sharp-
ened multiplier rule. Theorem 12.4.1 provides an optimality condition of the
John type (cf. Sects.5.2 and 12.3). As a regularity condition, Clarke intro-
duced the concept of calmness, see [35,36]. A modification of this concept is
due to Rockafellar [187].

Theorem 12.3.5 generalizes a multiplier rule of Halkin [82], where all func-
tionals involved are assumed to be F-differentiable at z. For results related
to Theorem 12.3.5 but in terms of subdifferentials, we refer to Ye [217]. The
multiplier rule of Theorem 12.5.1 was established by Borwein et al. [21] (see
also Borwein and Zhu [23]).

In addition to the above references, we give a (necessarily subjective) sel-
ection of further papers on optimality conditions for nonconvex problems:
Bazaraa et al. [10], Degiovanni and Schuricht [46], Hiriart-Urruty [84,85,87],
Ngai and Théra [152, 153], Ioffe [99], Jourani [107], Loewen [123]|, Mor-
dukhovich and Wang [146], Neustadt [150], Penot [159,162]|, Pshenichnyi [169],
Scheffler [190], Scheffler and Schirotzek [192], and Schirotzek [194, 195]. For
a detailed discussion and a lot of references on the subject we recommend
Mordukhovich [137].

Substantial applications of generalized derivatives are elaborated by Clarke
et al. [39], Panagiotopoulos [157], and Papageorgiou and Gasinski [158].

Exercise 12.6.1 Prove Proposition 12.1.4.

Exercise 12.6.2 Apply Theorem 12.3.1 to the following problem (cf. Exer-
cise 11.7.10):

minimize f(z1,z2) =21 + 22 subject to 0 < xo < x:{’, (z1,22) € R2.
Exercise 12.6.3 Define f,h:R? — R by f(z,y) := x and
Y ifx >0,

h(‘r7y):: yi"rz 1fz<07y§07
y+a2? ifx<0, y>0.

The problem f(z,y) — min subject to h(x,y) = 0 obviously has the solution
(Z,7) = (0,0). Show that no nonzero Lagrange multipliers exist at (Z, 7).
Which assumption of Theorem 12.3.5 is violated (cf. Fernandez [67])?

Exercise 12.6.4 The aim of this exercise is to generalize Theorem 12.3.3 (cf.
Schirotzek [196]):
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(a) Applying Theorem 11.7.12 (see Exercise 11.7.11(a)), prove the following:

Theorem 12.6.5 In addition to the assumptions of Theorem 11.7.12, sup-
pose that f : E — R is regularly locally conver at T and that T is a local
manimizer of f on AN M. Then there exist A € Ry, y* € P°, and z* € Q°
such that (\,y*) # o and

Mua(z,y)+ " gu(z,y)) + (2", M(Z)y) >0 Vye A-z,
(y*,9(2)) =0, (2", h(z))=0.

(b) Formulate and verify corresponding variants of the other assertions of
Theorem 12.3.3.

Exercise 12.6.6 Let p,q: [a,b] — R and k : [a,b] X [a,b] — R be continuous
functions. Denote

A= {x € L*a,b] | |z(t)| < 1 for almost all ¢ € [a,b]}.
Consider the problem (see Troltzsch [209], cf. Schirotzek [196])

b
minimize f(z) ::/ p(t)x(t) dt,

b
subject to / k(s,t)z*(s)ds < q(t) VYt€[a,b], z€A.

Show that if Z is a local solution of the problem, then there exist a number
A € R, and a nondecreasing function v : [a,b] — R such that (A, v) # o, and

b b
/ y(t) [Ap(t) + Zf(t)/ k(t,s) dv(s)] dt>0 VyeA-z,

b b
/ [ / k(s, )3 (s) ds—q(t)] dv(t) = 0.

Find a condition ensuring that A > 0.
Hint: Choose, among others, G := Cla, b] with the maximum norm and apply
Theorem 12.6.5.
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Extremal Principles and More
Normals and Subdifferentials

Fréchet subdifferentials are a flexible tool for nonsmooth analysis, in particular
in Fréchet smooth Banach spaces where they coincide with viscosity subdif-
ferentials. But in general they admit approximate calculus rules only. Applying
set convergence operations, Mordukhovich developed concepts of subdifferen-
tials and normals that admit a rich ezact calculus. To a great extent the prop-
erties of these objects are based on extremal principles, which work especially
well in Fréchet smooth Banach spaces (more generally, in Asplund spaces),
where the new subdifferentials and normal cones are sequential Painlevé—
Kuratowski upper limits of Fréchet subdifferentials and Fréchet normal cones,
respectively.

13.1 Mordukhovich Normals and Subdifferentials

We start with a definition.

Definition 13.1.1 Let A be a nonempty subset of E.
(a) If z € A and € > 0, then the set
]/\76(A7x) = {x* €E*| limsupw < e}
Y—AT ||y - x”

is called set of e-normals to A at x.
(b) If € A, then the set

N (A, Z) := sLim §up]\AfE(A, x)

elo

will be called Mordukhovich normal cone (M-normal cone) to A at Z.
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Remark 13.1.2

(a) In general, the set N.(A, ) is not a cone unless ¢ = 0. The definitions
immediately yield

Np(A,2) = 0pda(z) = No(A,z) and Np(A,z)+ eBp. C Ne(A,z) Ve>0.
(b) We have 2* € N.(A,z) if and only if for any v > 0 the function
o) = (x*, 2 —T) — (e+ )|z —Z||, =€ A,

attains a local maximum at z.

(¢) The set Nps(A, Z) is easily seen to be a cone. Recalling the definition of the
sequential Painlevé—Kuratowski upper limit, we see that z* € Ny, (A, Z)
if and only if there exist sequences € | 0, zr, —4 Z, and zj, ¥, #* such
that 2} € Z\Afek (A, xy) for any k € N.

(d) We always have Np(A,z) C Nps(A, z). Example 13.1.3 shows that this in-
clusion may be strict; it also shows that N (A, Z), in contrast to N, (A, z),
is in general nonconvex and so cannot be the polar of any tangent cone
to A at .

Example 13.1.3 Let A := {(z,y) € R? | y > —|z|}. Then Nz(A4, (0,0)) =
{(0,0)} but

Nur(4, (0,0)) = {(z*,2*) € R? | z* < 0} U {(a*, —z*) € R? | 2* > 0}.

In finite-dimensional spaces there is a close relationship between the
Mordukhovich and the Fréchet normal cone.

Theorem 13.1.4 If A is a closed subset of the Euclidean space E, then

N (A, Z) = sLimsup Ng (A4, z). (13.1)

T—T

Proof. We identify E* with E. It is obvious that the right-hand side of (13.1)
is contained in the left-hand side. We show the opposite inclusion. Thus let
x* € Npy(A,Z) be given. Then (cf. Remark 13.1.2(c)) there exist sequences

€ 1 0, v —4 T, and z} ™, 2* such that x5 € ]Vek (A, xy) for any k € N. Let
1 > 0 be arbitrary. For any k € N choose y € proj,(z + nz}) which exists
by Corollary 5.4.5. Since y; depends on 1), we also write yx = yi(n). We have

ke +nak — yell® < 0?2k (13.2)

Calculating the left-hand side via the inner product gives

2k 4+ nzy — yll® = llze — el + 20(zy | 2k — yk) + 07 ll2k )1
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Hence (13.2) passes into
len = ynll* < 2n(f [ ye — x2). (13.3)

By (13.2) it follows that yx(n) — zx as n | 0. From this and the choice of =},
we deduce that for any k there exists 1 > 0 such that, with z; := yg(ng),
we have (2} | 2 — xx) < 2eg||2zx — 21| for any k € N. This inequality together
with (13.3) shows that ||z — 2| < 4nker and so zx — T as k — oo. Defining

zy = x4+ (1/n)(xk — 2x), we obtain ||z} — x| < 4ex and so 2z} — z* as
k — oo. Therefore, to see that x* € sLimsup Ng(A,x), it remains to show
T—T

that z;, € Np(A, z) for any k. Given x € A, we calculate

0 < [lzg + may, — x)|* = ok + mray — 2]
= (mray + xp — x| qray + Tp — 2k) + (Mxf + o6 — x| 21 — 2)
— (Ml + 2k — 2k | T — 2) — (M) + 2 — 28 | M), + T — T)

=2 (2 | @ = ) + o — 2.

We thus obtain (2} |z — z) < (1/2n;)||z — 2i||* for all x € A, which implies
that in fact 2} € Np(A4, 2x). O

If the set A is convex, we have a simple representation of NE(A, z).
Proposition 13.1.5 If A C E is conver and T € A, then

N(A,Z)={a* € EB* | (a2 —Z) < el —Z| VaeeA} Ve>0. (134)
In particular, No(A,z) = Np(A,z) = N(A, z).

Proof. 1t is clear that the right-hand side of (13.4) is contained in N.(A, Z)
(even if A is not convex). Now let z* € N((A, Z) be given and fix 2 € A. For
any 7 € (0,1] we then have z, := T + 7(z — Z) € A (because A is convex)
and z, — Z as 7 | 0. The definition of the e-normals now implies that for any
v > 0 we obtain

(", 2 — ) < (e +7)||xzr —Z| for all sufficiently small 7 > 0.
It follows that z* is an element of the right-hand side of (13.4). O

The concept to be introduced now will be important for calculus rules. In
this connection, recall Remark 13.1.2(d).

Definition 13.1.6 The nonempty subset A of F is said to be normally reg-
ular at T € A if Nyy(A,7) = Np(4, 7).

The next result yields examples of normally regular sets.
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Proposition 13.1.7 Let A C E and T € A. Assume that for some neigh-
borhood U of T the set ANU is convex. Then A is normally regular at T
and

Ny (A7) = {z* € B* | (a",2 —3) <0 Vaze ANU}. (13.5)

Proof. By Proposition 13.1.5 and Remark 13.1.2(d) we know that the right-
hand side of (13.5) is contained in Njs(A, Z). Now take any x* € Ny (A, Z).
Then there exist sequences (eg), (z), and (z}) as in Remark 13.1.2(c). For all
k € N sufficiently large we thus have z; € ANU and so by Proposition 13.1.5,

(g, x —ag) < ez —ak|| YVee ANU.

Letting k — oo and recalling Exercise 10.10.1, we see that x* is an element of
the right-hand side of (13.5). O

We will use the M-normal cone to define subdifferentials of (arbitrary)
proper functions f : F — R. In view of this we first establish a result on the
structure of the M-normal cone to an epigraph.

Lemma 13.1.8 Assume that f : E — R is proper and (Z,a) € epi f. Then
(x*,—X) € Nps(epi f, (Z,&)) implies X > 0.

Proof. Let (z*,—\) € Nps(epi f, (Z,@)) be given. By the definition of the M-

normal cone there exist sequences ex | 0, (zg, k) —epif (T,Q), Tf — o,
and A\ — A such that

(xh,x —xp) — Mp(a — ag)

lim sup <e VEkeN
(z,0) =epi f (Tr,008) ||(‘T7 a) - (‘T’C’ ak)H
Choosing x := zj we obtain
- _
lim sup ksgn(a — ax) <e€, VkEeN.
a—ar, (e, 1]
Letting &k — oo, we see that A > 0. O

Definition 13.1.9 Let f : E — R be proper and Z € dom f. We call

O f(z) = {2" € E* | (2", —1) € Nar(epi f, (2, f(2))) }

Mordukhovich subdifferential (M-subdifferential) or basic subdifferential of f
at z and we call

031/ (@) == {a" € E" | (2,0) € Nas(epi f, (7, /(7)) }

singular Mordukhovich subdifferential (singular M-subdifferential) of f at Z.
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Remark 13.1.10 It follows immediately from the definitions that the M-
normal cone can be regained from the M-subdifferentials. In fact, for any
subset A of F and any point Z € A one has

N (A, Z) = Opoa(Z) = 05704(Z).
As a consequence of Lemma 13.1.8 we have

Lemma 13.1.11 Let f : E — R be proper and & € dom f. If NM(epif7
(z, f(i)) # {(0,0)} and 033 f(Z) = {o}, then Or f(ZT) is nonempty.

Proof. See Exercise 13.13.1. ad

Below we shall derive alternative descriptions of the Mordukhovich subdif-
ferential in terms of subdifferentials to be defined now that modify the Fréchet
subdifferential.

Definition 13.1.12 Let f : E — R be proper, Z € dom f, and € > 0. The

set _ . B
i L) SO

7=z l — |

O f(z) = {x* eE”

is called (Fréchet) e-subdifferential of f at .
Remark 13.1.13

(a) For e =0 we regain the Fréchet subdifferential: 50f(53) = 0pf(Z).
(b) For every e > 0 we have x* € O.f(Z) if and only if for any v > 0 the
function

() = f(x) = f(2) = (@ e —2) + (e +)le — 2], =€k,
attains a local minimum at T (cf. Remark 13.1.2(b)).

We define still another sort of e-subdifferentials.

Definition 13.1.14 Let f : E — R be proper, Z € dom f, and € > 0. The
set

Ogef(7) = {a" | (2%, —1) € Ne(epi £, (7, £ (7))}

is said to be the geometric e-subdifferential of f at Z.

The next result describes the relationship between the two e-subdif-
ferentials.

Theorem 13.1.15 Let f : E — R be proper and T € dom f.

(a) For any e > 0 one has é;f(i) - aqef(i‘).

(b) If € € [0,1) and z* € 04 f(Z), then z* € 0:f(ZT), where € := €(1 +
[z*]))/(1 —€).



290 13 Extremal Principles and More Normals and Subdifferentials
Proof.

(a) Let € > 0, 2* € 9.f(Z), and v > 0 be given. By Remark 13.1.2(b) there
exists a neighborhood U of Z such that

f@) = f(z) = (@"2—2) > —(e+)|z—z| Vel
It follows that

(%2 —2) + f(7) —a < (e +7)ll(2,a) = (7, f(2))]-
Hence the function
p(e,a): = (2% x —7) — (@ = f(7))
— (et ) = (@ f(@)], (2,a) €epif,
attains a local maximum at (z, f(Z)). By Remark 13.1.2(b) we conclude
that (z*,—1) € N(epi f, (z, f(Z)) and so z* € Dy f(T).

(b) Now let € € [0,1) and € as above be given. Assume that z* € E is not

in ggf(f) Then there are v > 0 and a sequence (z) converging to T as
k — oo such that

f(z) — f(&) — (a2 —T) + (6 +7)||zx — Z|| <0 VYEkeN.
Put ap = f(z) + (x*, 21 — ) — (€ + 7)|lzr — Z||. Then ap, — f(Z) as

k — oo and (zp, ) € epi f for any k € N. An elementary consideration
shows that for any k € N,

(2%, 2 — 2) — (o — f(T)) _ E+lzr — 2|
(e, ) — (2, £(2))l [(zx — 2, (2", 2 —7) — (€+ )|z — 2]
€+ €

> ~ > - =e.
Tl lat 4 (E+y) T 14 lar| +E

Hence (¢*,—1) ¢ N, (epi f, (z, f(2))) and so z* ¢ . f(Z). O
Remark 13.1.16 For ¢ = 0, Theorem 13.1.15 and Remark 13.1.13(a) yield
Og0. (2) = 0o f (7) = O f ().

This together with the definition of the geometric e-subdifferential and Re-
mark 13.1.2(a) show that in any Banach space E we have (cf. Remark 11.3.6)

Orf(z) = {z* | (¢*,—1) € Np(epi f, (7, £(2))) }.

Now we establish the announced alternative description of the
M-subdifferential.
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Theorem 13.1.17 Let f : E — R be proper and T € dom f.

(a) One always has

Om f(Z) = sLimsup ggef(x) = sLim sup (if(a:) (13.6)

z— 5T, €0 T—5T, €0
(b) If, in addition, f is l.s.c. and E is finite dimensional, then

O f(Z) = sLimsup O f (). (13.7)

T—f T
Proof.

(a) The first equation in (13.6) follows immediately from the definitions
of the geometric e-subdifferential and the e-normal set. This and The-
orem 13.1.15(a) further show that sLimsup,_, ; . 00cf(z) C O [f(2).
Now we verify the opposite inclusion. Thus let z* € 9y f(Z) be given.

*

Then there exist sequences e, | 0, x —; Z, and z} Y 2* such
that zj, € 5gékf(xk) for any k € N. For all sufficiently large k& we
have ¢, € (0,1). By Theorem 13.1.15(b) it follows for these k that
x; € 5gkf($k), where &, = €x(1 + ||z}|])/(1 — €x). Since the sequence
(x}) is bounded, we have €, | 0 as k — oo. This shows that z* is an
element of the right-hand side of (13.6).

(b) This is a consequence of Theorem 13.1.4 and Remark 13.1.16. O

Since Ip f(Z) = 5of(5c) - é;f(i) for any € > 0, it follows from Theo-
rem 13.1.17 that we always have O f(Z) C dps f(Z). The example

r?sin(1/z) ifz #0,
fz) =
0 ifz=0

shows that the inclusion may be strict. In fact, here we have 9pf(0) =
{f(0)} = {0} but 9prf(0) = [-1,1]. Below it will turn out that equality in
the above inclusion will ensure equality in calculus rules for M-subdifferentials.
This motivates the following notion.

Definition 13.1.18 The proper functional f : E — R is said to be lower
regular at T € dom f if Oy f(Z) = Or f(T).

Proposition 13.1.19 Let A C E and T € A. The indicator functional 04 is
lower regular at T if and only if the set A is normally regular at T.

Proof. See Exercise 13.13.2. a

In Fréchet smooth Banach spaces (and more generally, in Asplund spaces)
the M-subdifferential at Z can be represented with the aid of F-subdifferentials
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at nearby points. We prepare this result by an approximate sum rule for
e-subdifferentials.

Lemma 13.1.20 Assume that E is a Fréchet smooth Banach space and that
fi, fo : E — R are proper and l.s.c. with f1 locally L-continuous around
T € dom f; Ndom fo. Then for any € > 0 and any v > 0 one has

Befr+ 12)(@) € 0w fi (1) + 0 foliea) |
2 € Bp(#,7), |fi@)) = fi@)| <7, i = 1,2} + (e +7)Bp-.

Proof.

(I) Fix e and 7 as above and choose 1 such that 0 < n < min{~/4, 77}, where 7
is the positive solution of 7%+ (2+¢)fj—v = 0. Now let 2* € 0.(f1+ f2)(Z)
be given and define

folx):= fi(z) = ("2 —Z) + (e+n)|lx —F|| VzeE.

By Remark 13.1.13 the function fy + fo attains a local minimum at z.
Then Lemma 9.2.5 shows that condition (9.19) is satisfied for fy + fo.
Applying the approximate sum rule of Theorem 9.2.6 (with 7 instead of
€) to the sum fo + fa, we find z; € B(Z,7n), i = 1,2, 2§ € dpfo(x1) and
x5 € Op fa(z2), such that

Ifi(z1) + (e+n)llzr — 2| — A@)] <, |fo(x2) — f2(T)] <,
o€ xy+ x5+ nBg-.

By Proposition 9.2.2 we obtain z§ = 7 — z* with
z7 € 0p(f1+ (e+ nwz)(w1), where wz(z) == |lz — Z|.
It follows that
[filz1) = fi(@)| <nle+n+1) and a* € z]+ a5+ nBp-~.

(IT) Now we evaluate z7. Applying Remark 13.1.13 to =7, we conclude that,
with

g(x) = (e+n)llz — 2| = (21,2 —21) +nlle — ]|, z€kE,

the function f; + ¢ attains a local minimum at x;. By Proposition 4.6.2
the convex function g satisfies dg(x) C —z7 + (e +2n)Bg~ for any © € E.
Now we apply Theorem 9.2.6 to the sum f; +g and obtain Z; € Bg(x1,7)
such that

f1(Z1 — fi(z1)] <n and 2] € Opf1(F1) + (e + 31)Be-.
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Summarizing we have

x* € Op f1(Z1) + OF f2(w2) + (e 4 41)Bg-,
71—zl <2n, |fi(@1) = f1(@)] < nle+n+2).

The definition of 7 shows that the proof is complete. O

With the aid of Lemma 13.1.20 we obtain, in a Fréchet smooth Banach
space, a limiting representation of the M-subdifferential that is simpler than
the one in an arbitrary Banach space and that generalizes the corresponding
result for finite-dimensional Banach spaces (see Theorem 13.1.17).

Theorem 13.1.21 Assume that E is a Fréchet smooth Banach space, f :
E — R is proper and l.s.c., and T € dom f.

(a) For any e >0 and any v > 0 one has

6.1) < {0rf @) | & € Be(e. 7). 1£(2) — F@)] <7} + (e +7)B-.
(13.8)
(b) One has
O f(Z) = sLimsup Op f ().

T— T

Proof. Applying Lemma 13.1.20 with f; := o and f2 := f, we immediately
obtain (a). Now choose v := € in (13.8) and pass to the limit e | 0. This
yields (b). O

Due to Theorem 13.1.21(b) we can reformulate Proposition 9.5.1 on the
Clarke subdifferential in the following way.

Proposition 13.1.22 Let E be a Fréchet smooth Banach space and let f :
E — R be locally L-continuous on E. Then for any T € E one has

0o f(Z) = G0 Oar f(Z).

In this context, recall the discussion in Remark 9.5.2. The normal cone
counterpart of Theorem 13.1.21 is

Theorem 13.1.23 Assume that E is a Fréchet smooth Banach space, A is a
closed subset of E, and T € A.

(a) For any e >0 and any v > 0 one has
Ne(4,2) € J{Nr(4,2) ‘ v € ANB(@,7)} +(c+7)Bp-. (139

(b) One has
Ny (A, z) =sLimsup Np(A, 7).

T—T

Proof. See Exercise 13.13.3. a
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13.2 Coderivatives

Convention. In this section, unless otherwise specified, E and F' are Fréchet
smooth Banach spaces.

In Sect. 11.5 we considered contingent derivatives as derivative-like objects
for multifunctions. Now we study an alternative concept. Since we want to
apply the approximate calculus for F-subdifferentials established above, we
restrict ourselves to Fréchet smooth Banach spaces.

Definition 13.2.1 Let ¢ : E = F be a closed multifunction and (z,q) €
graph &.
(a) For any € > 0, the multifunction ﬁ:@(i, y) : F* =2 E* defined by

D:®(z,5)(y") := {z* € B* | («*, ~y*) € N.(graph &, (z,5))} Vy* € F*

€

is said to be the e-coderivative of ¢ at (%, 7). In particular, D5®(Z, §) :=
D{®(z,7) is called Fréchet coderivative (F-coderivative) of @ at (T, 7).
(b) The multifunction D},P(Z, ) : F* = E* defined by

Dy ®(Z,5)(y*) := {:1:* e E*|(z%,—y*) € Ny (graph@, (z, gj))} Vy*eF*
is said to be the Mordukhovich coderivative (M-coderivative) of @ at (T, 7).

Remark 13.2.2

(a) By definition of the respective normal cone we have the following charac-
terizations of these coderivatives:

D@z, 9)(y*) = sLimsup Dio(z,y)(y"),
(z,y) — (2,9)
A

el O

ie., D3,2(Z,y)(y") consists of all ¥ € E* for which there exist sequences
er |0, (ryk) — (2,9), and (2f,y;) ~— (2%,§") satistying (z,yx) €
graph @ and zj, € DI®(xr, yr)(y))-

(b) In particular, we have

(,U* € D;@(.’f, g)(y*) — ($*7 _y*) € aF(Sgraph@(fi'a g)

The viscosity characterization of the F-subdifferential now shows that
z* € D5®(z,9)(y*) if and only if there exists a C! function g: Ex F — R
such that ¢'(z,7) = (2*,—y*) and dgrapha(x,y) — g(z,y) > 0 for any
(x,y) € E x F near (Z,7).
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If @ is single-valued, we write D.®(7)(y*) instead of D@ (7, #(7))(y*),
analogously for D3,. If f : £ — R is a proper functional, we define the
epigraphical multifunction Ey : E = R by

Eiz):={reR|7> f(x)} VzekE.
Proposition 13.2.3 relates coderivatives to familiar concepts.
Proposition 13.2.3
(a) If & : E — F is an F-differentiable function, then
FO(@)(y") = {2'(2)"y"} Vy e FT,

i.e., DE®(ZT) can be identified with the adjoint of the continuous linear

operator 9'(T).
(b) If & : E — F is a strictly F-differentiable function, then D},P(Z) can be

identified with the adjoint of the continuous linear operator ().
(¢) If f: E — R is a proper functional and T € dom f, then

Om f(%) = Dy Ef (2, f(2))(1)  and 037 f(7) = Dy Ey (7, £(7))(0).

Proof. Leaving (a) and (c) as Exercise 13.13.5, we now verify (b). The proof
of (a) is independent of that of (b), thus we may assume that we already have

{2'(z)"y"} = Dp®(z)(y") € Dy P(2)(y") Vy" € F".

It remains to prove the reverse inclusion. Take any y* € F* and z* €
D3,9(z)(y*). By Remark 13.2.2 there exist sequences ¢, | 0, z, — Z, and

(x5, yr) , (z*,y*) such that for any z close to Z and any k € N we have
(zh, 2 — zx) = (Y, P(x) — D(x)) < en(l|lz — il + || P(2) — P(a]).

Since @ is strictly F-differentiable, Proposition 3.2.4(iv) shows that for any
sequence 7; | 0 as ¢ — oo there exist p; > 0 such that

|&(z) — D(2) — D' (z)(x — 2)|| < myllx — 2| Vz,2€B(z,p;) VieN.
Hence we find a sequence (k;) in N such that
(xp, =D (T) Y, © —xp,) < &llx —ap,|| Vo eB(aw,pr)VieN;

here, € := (A + 1)(ex, + mily, || and A > 0 denotes a Lipschitz constant of ¢
around Z. It follows that

|y, — @' (2)*y;, || < & for all sufficiently large i € N. (13.10)
Since

€10 and =z —9'(Z)y;, LA P (z)"y* asi— oo,
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and the norm functional on E* is weak* L.s.c. (see Exercise 1.8.10), we finally
obtain from (13.10) that x* = &'(z)*y*. O

Next we consider coderivatives of locally L-continuous mappings.

Proposition 13.2.4 Let E and F be Banach spaces and let f : E — F be
locally L-continuous around T € E with Lipschitz constant A > 0.

(a)

(b)

For any € > 0 there exists n > 0 such that
sup{||z” | | «* € D7 f(x)(y™) } < Ally™[l + €1 +X)

whenever x € B(z,n), || f(z) — f(@)| <n, and y* € F*.
If, in particular, F is finite dimensional, then

sup{[[«”|| | " € Dy f(2)(y"} < Aly™[ Vo™ € F™.

Proof.

(a)

Without loss of generality we may assume that A > 1. Let n > 0 be such
that
1£@) = F@)l < Mz —ull  Va,u € B(z, 20). (13.11)

Take z € B(Z,n) satisfying | f(z) — f(@)| < n, y* € F*, and 2* €

D7 f(z)(y*). Furthermore, take v > 0. By the definition of e-coderivatives
and e-normals, there exists « € (0,7) such that

(2% u—w) = (" fu) = f(2)) < (e+9)(lu—zl|+[f(w) - f(2)]) (13.12)

whenever u € B(z, «) and || f(u) — f(x)] < a. Take any u € B(x, /) C
B(z,a). Then u € B(Z, 2n), and (13.11) yields || f(z) — f(u)|| < Aa/N) =
a. Invoking this estimate into (13.12), we obtain

(% u—x) <y [l + (e + ) (/A + a).

Since this is true for any u € B(x,a/)), it follows that ||z*| < Al||ly*|| +
(e+v)(1 + A). Since v > 0 was arbitrary, the conclusion follows.
Take any z* € D}, f(Z)(y*). Then there exist sequences ¢ | 0, z, — 7,

xy T 2*, and yr — y* (here we exploit that F' is finite dimensional)
such that x; € D7, f(xr)(y;) for any k € N. By (a) we have ||z}] <
Myl + ex(1 + A) for all k large enough. Since the norm functional on
E* is weak* l.s.c. (see Exercise 1.8.10), we obtain the assertion by letting
k — oc. O

Corollary 13.2.5 If f : E — R is locally L-continuous around T € E, then

mf(@)(0) = 037 f () = {o}- (13.13)
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Proof. The Lipschitz property of f implies that the set epi f is closed and
that for some closed neighborhood U of (%, f(Z)) we have U N graph f =
UNbd(epi f). By Exercise 13.13.4 we therefore obtain 959 f(z) C D%, f(Z)(0).
In view of Proposition 13.2.4(b) the assertion is verified. O

We supplement Corollary 13.2.5 by a result that we state without proof (see
Mordukhovich [137]).

Proposition 13.2.6 If f : E — R is locally L-continuous around T € F,
then
Dy f(z)(a) = Ou(af)(Z) VaeR.

We briefly turn to calculus rules for F-coderivatives. As in the case
of F-subdifferentials, approximate calculus rules for F-coderivatives can be
established in weak form and in strong form.

Theorem 13.2.7 (Weak Coderivative Sum Rule) Let @q,...,9,: E=
F and @ := Y | &; be closed multifunctions. Further let z € E, yj € &(z),
Ui € D;(z) fori=1,...,n and assume that § = >, ;. Suppose that y* € F*
and z* € DRP(Z, §)(y*).

Then for any € > 0 and any weak™ neighborhoods U of zero in E* and V of
zero in F*, there exist (z;,y;) € (graph®;) N B((Z,¥:),¢€), yf € y* +V, and
xf € DL®i(zi,yi)(y)), i =1,...,n, such that

ax {[lz7], [y7 (1} - diam{(z1, 91), o (20, 90) ) <6 (13.14)
zt ey a4+ U (13.15)
=1

Proof. Since z* € D:®(Z,y)(y*), there exists a C! function g as in Re-
mark 13.2.2. Observe that

n

n
Z Ograph &; (z,y:) > Ograph ® (x, Z yz) and

i=1 i=1

Z 6graph D; (-’i‘a gz) = 6graph45('f7 g) = 0.
=1

Thus, defining f,§: Ex F x--- x F — R by
.f(xaylau' ayn) = Z(ggraph¢,¢($7yi)a g(xvyla"'vyn) = 9(%2%),
=1

i=1

we see that f — § attains a local minimum at (Z,%1,...,Jn). Since
9 (Z,y) = (z*,—y*) (cf. Remark 13.2.2), it follows that §'(Z,g1,...,4n) =
(z*,—y*,...,—y"). Hence

(x*vfy*,"',fy*) € aF.f((zagla-'wyn)'
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By the approximate sum rule of Theorem 9.2.7 there exist x; € B(Z,€), y; €
B(7i,¢€), yf € F*, and z} € D5.®,(x;,y;)(y}) satisfying (13.14) and

(x*,—y*,...,—y") €(z], =y, 0,...,0) + (x5,0,—y3,0,...,0)
+...+(xZ,o,...,O,—y:;)—‘,—(Ux V- XV).
It follows that yf € y* + V for i = 1,...,n and that (13.15) holds. O

Similarly a weak chain rule can be derived for F-coderivatives. We employ
the following notation. Given multifunctions ¥ : £ = F and @ : F = G, we
define the composition ® oW : E = G by

Dow(z):=| o) |y € ¥(2)}.

Theorem 13.2.8 (Weak Coderivative Chain Rule) In addition to E
and F let G be a Fréchet smooth Banach space, letV : E = F and ®: F = G
be closed multifunctions, let T € E, § € W(Z), and Z € P(y). Suppose that
z* € G* and z* € DR(P o ¥)(Z,2)(2*). Then for any € > 0 and any weak*
neighborhoods U of zero in E*, V of zero in F*, and W of zero in G*, there
exist xo € Bg(Z,¢€), yi € Br(y,€), i = 1,2, and z1 € Bg(Z,€) as well as
x5 € B, yr € F*, 1 =1,2, and 2 € G* satisfying

yi—y €V, e+ W,

Y1 € Dp®(y1,21)(27), x5 € Dp¥(x2,92)(y3),
max{ ||z [, [[y1 [l lwall 12013 - [y = vell <
z*exs+ U

Proof. Since z* € D (PoV¥)(Z, 2)(2*), there exists a C! function g : ExG — R
such that ¢'(7, 2) = (z*, —2*) and Ograpn(sow) (2, 2) — g(x, 2) > 0 for any (z, 2)
near (Z, z). We have

5graph¢(yvz) =+ 5graphw(xay) > 5graph(¢okp)(‘r’ z) and

6graphq§(g7 2) + 6graph W(-i‘a y) = 5graph(¢o¢) (:Z'a 2) =0.

Defining f,§: Ex F x G — R by

f(x,y, Z) = 6graph¢‘<ya Z) + 6graphkp(xay>7 g(x,y, z) = g(xa z>7

we thus conclude that (z,7, Z) is a local minimizer of the functional f — §.
Moreover, we have §'(z,9,z) = (z*, 0, —2*). Therefore

(Qj*’07 7’2*) € 8Ff(a_77ya 2)
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The conclusion of the theorem now follows by applying Theorem 9.2.7 to f.
The details are left as Exercise 13.13.6. O

Strong calculus rules for F-coderivatives can be obtained similarly by ap-
plying the strong local approximate sum rule of Theorem 9.2.6 instead of
Theorem 9.2.7. As a consequence of the above results, we can easily derive
exact sum and chain rules for M-coderivatives in finite-dimensional spaces.
First we introduce another concept.

Definition 13.2.9 The multifunction @ : E = F' is said to be inner semi-
compact at * € Dom @ if for any sequence x; — Z there exists a sequence
yr € P(x) that contains a convergent subsequence.

Observe that if Dom @ = E and @ is locally compact at Z (in particular, if F is
finite dimensional and @ is locally bounded at Z), then @ is inner semicompact
at T.

Theorem 13.2.10 (Exact Coderivative Sum Rule) Let E and F be
finite-dimensional Banach spaces, let 1 and Do be closed multifunctions and
let § € &1(Z) + P2(T). Assume that the multifunction S : Ex F =3 F x F
defined by

S(z,y) = {(y1,v2) | y1 € P1(x) y2 € Pa(x), y1 +y2 =y} (13.16)
is inner semicompact at (Z,q). Assume also that
Dy P1(Z,y1)(0) N (—D*Még(fc,yg)(o)) ={o} V(y1,y2) € S(Z,7). (13.17)
Then for any y* € F* one has
D@ +®)@ D) S J  (Di®i@u)y") +Di®a(@,2) (") )-
(y1,y2)€S(2,9)

Proof. Take any z* € D}, (91 + @2)(Z,7)(y*). Then
(z%, —y") € Nar(graph(P1 + P2), (7,7)).

By Theorem 13.1.4 there exist sequences (zx,yr) — (Z,9) and (z},y;) —
(z*,y*) as k — oo such that (z,yr) € graph(®: + ®2) and z} € D} (P1 +
D5)(y;) for any k € N. Since S is inner semicompact, we may assume (omitting
relabeling) that there exists a sequence (yi1x,y2r) € ¥(xg,yr) converging to
(y1,92) € ¥(Z, y). Applying Theorem 13.2.7 for any k, we find y};, € B(y;, 1/k)
such that

x5, € Dp®i(zr, vir)(vy) and  ||zp —xi, — a5l < 1/k, i=1,2. (13.18)

(I) If the sequence (||z7,||) is unbounded, we may assume (passing to a sub-
sequence if necessary) that ||z}, || — oo and that (z7,/[|z],) converges
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to a unit vector z*. Dividing the second relation in (13.18) by ||z%.| and
letting k — oo, we conclude that (z3, /||z3.||) converges to —z*. The first
relation in (13.18) now shows that

#* € Dy ®1(7,31)(0) N (~DiyP2(Z,2)(0)),

which contradicts the assumption (13.17).

(IT) Since by step (I) we know that the sequence (||z3.||) is bounded, the sec-
ond relation in (13.18) shows that the sequence (||z3,||) is also bounded.
Thus we may assume that both sequences are convergent, and passing to
the limit in (13.18) as k — oo we conclude that z* € D%,P1(Z,y1)(y*) +
D3, P2(Z, y2)(y*), which proves the theorem. O

In a similar way, an exact coderivative chain rule can be established in
finite-dimensional spaces.

Theorem 13.2.11 (Exact Coderivative Chain Rule) Let E, F, G be
finite-dimensional Banach spaces, let W : E = F and @ : F = G be closed
multifunctions, let T € E and zZ € (P o ¥)(T). Assume that the multifunction
T:ExG=F defined by T(x,z) := W (x) N & 1(2) is inner semicompact at
(z,z). Assume further that for any § € T(Z, z) the condition

u®(F,2)(0) N (~D3, 7~ (5,7)(0)) = {0}

is satisfied. Then for any z* € G* one has

Du(@ow)(@2)(=)C |J (Pi(@,9) 0Dy 2)(=")).

y€T(2,2)
Proof. See Exercise 13.13.7. O

The following example shows that in an infinite-dimensional space, exact
calculus rules as that of Theorem 13.2.10 may fail.

Example 13.2.12 Let E be a separable infinite-dimensional Banach space,
let H; and Ho be closed subspaces of E such that Hi- N Hy = {o} and
Hi- + Hi is weak® dense (which implies H; N Hy = {0}) but not closed in
E*; see Exercise 13.13.8 for a concrete example. Now define &1,P5 : £ =3
R by graph®; := H; x Ry for ¢ = 1,2. Then we have graph(®; + @3) =
{0} xRy , S(0,0) = {(0,0)}, and S(x,y) = 0 whenever (x,y) # (0,0); here
S is as in (13.16). The multifunction S is evidently inner semicompact at
(0,0). Moreover, it is easy to see that D%,®;(0,0)(0) = H;* for i = 1,2 and
D3, (@1 +P2)(0,0)(0) = E*. Hence the regularity condition (13.17) is satisfied
but the sum rule

D} (@1 4 @2)(0,0)(0) € Dy, P1(0,0)(0) + D}y P2(0,0)(0)

fails.
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13.3 Extremal Principles Involving Translations

We start with a definition.

Definition 13.3.1 Let Aq,..., A, be nonempty subsets of the normed vector
space E. A point z € N_; A; is said to be a local extremal point of the system
(Ay,...,A,) if there exist sequences (z1x), ..., (znk) in F and a neighborhood
U of Z such that z;x —oask — oo fori=1,...,n and

n

ﬂ(Ai —zig) NU =0 for all sufficiently large k € N.

i=1
In this case, (A1,...,A,,T) is said to be an extremal system in E.

Remark 13.3.2 Geometrically this means that the sets Aj,..., A, can be
locally pushed apart by small translations. In particular, a point Z € A; N Ag
is a local extremal point of (Aj, As) if and only if there exists a neighbor-
hood U of Z such that for any ¢ > 0 there is an element z € B(o,¢) with

Example 13.3.3 shows the close relationship of this extremality concept to
constrained optimization.

Example 13.3.3 Let f : E — R and let M C E. If % is a local solution to
the problem
minimize f(z) subject to x € M,

then (Z, f(Z)) is a local extremal point of the system (Aj, As), where A; :=
epi f and As := M x {f(Z)} (see Exercise 13.13.9).

The example A; = {(£,§)[€ € R}, Ay == {(§,—¢)|{ € R}, 2 := (0,0)
shows that the condition A3 N Ay = {Z} does not imply that Z is a local
extremal point of (A7, As). On the other hand, we have the following necessary
condition.

Lemma 13.3.4 If (A1,...,A,,T) is an extremal system in E, then there
exists a neighborhood U of T such that

(int A;)N---N(intA,_1)NA,NU =0.
Proof. See Exercise 13.13.10. O

The next result reveals the relationship between extremality and the sep-
aration property.

Proposition 13.3.5 If A; and Az are subsets of E such that A1 N Ay # 0,
then the following holds:

(a) If Ay and As are separated, then (A1, A2, T) is an extremal system for any
T e A NAs.
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(b) Assume, in addition, that Ay and Ay are conver and int A; # 0. If
(A1, A2, 7) is an extremal system for some § € A1 N As, then Ay and Ay
are separated (and (Ay, Aa, T) is an extremal system for any T € A1NAs).

Proof.

(a) If A; and As are separated, then there exist 2* € E* \ {0} and o € R
such that

(z",2)y <aVzxe A and (z",y)>aVye A, (13.19)

Choose zg € E such that (z*,x¢) > 0 and set z;, := (1/k)xo for all £ € N.
We show that (A1 —z;)NAy = () for any k € N, which evidently implies the
conclusion of (a). Assume, to the contrary, there exists y € (41 — z) N Az
for any k. Then it follows that

1
a> (" y+zp) = (%, y) + E(x*,x(ﬁ Yk,

which contradicts the second inequality in (13.19).

(b) If (A;, As,§) is an extremal system, then Lemma 13.3.4 implies that
(int A1) N (A3 NTU) is empty for some neighborhood U of § which may be
assumed to be convex. By the weak separation theorem (Theorem 1.5.3)
there exist * € E* and a € R such that

(", z) <aVxe Ay and (z%,y) >aVye AyNU.

It remains to show that (z*,y) > « for all y € A,. Suppose we had
(x*,y0) < a for some yo € As. Set y := Ayo + (1 — N)g. If A € (0,1) is
sufficiently small, we have y € Ao NU and so a < A(z*, yo)+ (1—N){(z*, ),
which is a contradiction because (z*,yo) < a and (z*,7) < a. O

By Proposition 13.3.5 and the weak separation theorem we now obtain:

Corollary 13.3.6 If A; and Az are convex subsets of E such that AyNAgy # ()
and int Ay # 0, then the following conditions are mutually equivalent:

(i) (A1, A2,T) is an extremal system for any T € A1 N As.
(ii) Ay and Ay are separated.
(iii) (int Ay) N Az = 0.

Definition 13.3.7

(a) An extremal system (4i,...,A4,,%) in E is said to satisfy the ezact ex-
tremal principle if there exist z} € Nas(A;,Z), ¢ = 1,...,n, such that

@i+ tat =0 and [oi||+ -+ [lz%] = L. (13.20)
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(b) An extremal system (Aq,..., A,,Z) in F is said to satisfy the approzimate
extremal principle if for every € > 0 there exist

z; € A;NBg(Z,e) and z] € Np(4;,2;) +eBp«, i=1,...,n,
such that (13.20) holds.

Remark 13.3.8 We consider the case of two sets:

(a) An extremal system (A;, Ao, Z) satisfies the exact extremal principle if
and only if there exists 2* € E* \ {0} such that

a* € Ny(A1,7) N (—Npy (A2, 7). (13.21)

If A; and As are convex, then by Proposition 13.1.5 the relation (13.21)
is equivalent to

(@, y1) < (2%, y2) Yy € A1 Vys € Ao,

which means that A; and As are separated. Hence the exact extremal
principle can be considered as a statement on local separation of noncon-
vex sets.

(b) Similarly, an extremal system (A, As,Z) satisfies the approximate
extremal principle if and only if for any € > 0 there exist z; € A;NB(Z, ¢),
where i = 1,2, and z* € E* such that ||z*|| = 1 and

¥ e (NF(Al,.’El) + EBE*) N (—NF(AQ,{EQ) + EBE*) (1322)

This can be analogously interpreted as an approximate separation of A;
and A, near T.

We consider a first application of the approximate extremal principle.
Recall that in terms of the normal cone of convex analysis, N(A, z), the set
of support points of A is

{z € bd A |N(A,z) # {0} }.

If A is closed and convex, the Bishop—Phelps theorem (Theorem 1.5.6) ensures
that this set is dense in bd A. Now we show that the approximate extremal
principle yields an approximate analogue of the Bishop—Phelps theorem with-
out the convexity hypothesis if N(A, Z) is replaced by the Fréchet normal cone
Np (A, .f)

Proposition 13.3.9 Let A be a proper closed subset of E and T € bd A. If
the approzimate extremal principle holds for the system (A,{Z},T), then the
set

{z € bd A |Np(A,z)# {0} }
is dense in bd A.
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Proof. By the approximate extremal principle for (4, {Z}, Z) with € € (0,1/2),
we find z € ANBg(Z,€) and 2* € Np(A4, ) + eBp- such that ||z*|| = 1/2.
It follows that € bd A because otherwise we had Ng(A,z) = {0} and so
|lz*]] < e < 1/2:acontradiction. In particular we see that Np(A, z) # {o}. O

The next result will be crucial for substantial applications of the approxi-

mate extremal principle.

Theorem 13.3.10 If E is a Fréchet smooth Banach space, then the approx-

imate extremal principle holds for any extremal system (Ai,...,An,Z) in E,
where n € N and the sets Aq,...,A, are closed.
Proof.

(D
(Ta)

First we consider the case n = 2.

Let £ € Ay N As be a local extremal point of the system (Aj, As). Then
there exists a closed neighborhood U of Z such that for any € > 0 there
is 2 € F satisfying ||z]| < €3/2 and

Obviously we may assume that U = E (otherwise replace As by A; NU)
and € < 1/2. Equip F x E with the Euclidean product norm, which is
also F-differentiable away from the origin. Define ¢ : E x E — R by

o(x) :=w(r1 —x2+2) = ||#1 —x2 + 2||, where x:=(z1,22) € EXE.

By (13.23) we have ¢(x) > 0 for any x € A; x As. Hence ¢ is a C!
function in a neighborhood of each point of Ay x As. Set X := (Z,Z) and
define the set

W(R) = {x € A1 x Az | p(x) + (¢/2)[x — X[* < p(T)},

which is nonempty and closed. For any x € W (X) we obtain (¢/2)||x —
X2 < ¢(X) and so

loy = 2|7 + [lo2 = Z]1* < (2/€)0(X) = (2/e)ll2] < €.

We conclude that W (X) C Bexr(X,€).

(Ib) For k = 0,1,... we inductively define points x; € A; X Ay and sets

W (xg) as follows. Given xj and W (xy), choose xx1 € W(xy) such that

[[Xk41 — X ||
XkJrl + GZ 2i+1 :

: % — x]? e
< xe‘l,‘l}(ka) < )+ EZ 9i+1 T 53kte



(Ic)
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and define

k-‘,—l
W(Xk+1) = {XeAl X Ay ’ +€Z 21+1 }

k
3 [%k+1 — %3
< SD(XIH-I) +e +2i+1 IH .
=0

For any k, the set W (xy) is a nonempty closed subset of A7 x As and
one has W(xy41) € W(xy). We show that diam W (xy) — 0 as k — oo.
For all k € N and x € W (xy+1) we obtain

ellx — xp 41 |?
— otz = o(Xp+1)

31— x| % — x|
Z 2i+1 Z 2i+1

[xk+1 — xi)?
< o(xXpt1) + ez Tll

3

, 1% — x| €
B xE‘I/‘I/l(ka) { + ¢ Z 2i+1 < 23k+2 ’

Thus diam W (x) < €/2¥71 — 0 as kK — oo. By the Cantor intersection
theorem the set N2 W (xy) consists of exactly one point X = (21, 22) €
W(x0) € Brxg(X,€) and one has x; — X as k — co.

We show that %X is a minimizer of the function

2
_ X —X
P(x) : E ! 2l+1l” , XEEXE,
1=0

over A; X Ay. Thus let x € A; x Ag, x # %x. The construction of W (xy)
shows that for some k € N we have

Z [Ix — x| Z [k — xil®
22+1 2z+1 :

Since the sequence on the right-hand side is nonincreasing as k — oo, it
follows that in fact X is a minimizer of ¢ on A; x Ay and so a minimizer
of ¥ := §+ da,x4, on E x E. We conclude that o € dptp(X) (Propo-
sition 9.1.5). Since ¢ is a C! function in a neighborhood of %, so is the
function ¢. By Proposition 9.2.2 and the definition of the Fréchet normal
cone we obtain

—@' (%) € Np(A; x Az, %) = Np(A1,%) x Np(As, %). (13.24)
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(Id) We calculate @'(%). It follows from the definition of @ that @'(x) =
(ui,u3) € E* x E*, where

N | |2 — @]
uii=ax% +e ’UL—%, uy = —x" +e v}‘i%,
i=0 1=0
¥ =08 — To+2),  (@15,72) = X4,
o = w’(i:j — l‘ji) if .i‘j — Tji 7é o,
e 0 otherwise;

here i = 0,1,... and j = 1,2. We have ||z*|| =1 and for j = 1,2,

- 125 — @]
ZHU}ZH% <L

1=0

Thus, putting z; := %; and z} := (—1)72*/2 for j = 1,2, we obtain the
conclusion of the theorem in the case n = 2.

(IT) Now we treat the general case by induction. If Z is a local extremal point
of the system (Ay,...,A,), where n > 2, then y := (z,...,%) € E"lis
a local extremal point of the system (Bj, Bs), where

Byi=A; x---xA, 1 and By:={(z,...,2) € E" ' |z € A,}.

By step (I) the approximate extremal principle holds for the system
(B1,B2,y), from which the assertion follows. The details are left as
Exercise 13.13.12. O

Now we are going to discuss the relationship between the approximate
extremal principle and other properties of a Banach space. In this connection
we adopt the following terminology.

Definition 13.3.11 We say that the subdifferential variational principle
holds in the Banach space E if for every proper ls.c. functional f : E — R
bounded below, every ¢ > 0, every A > 0, and every T € E such that
f(@) <infg f + ¢, there exist z € F and z* € 0p f(z) satisfying

llz — Z| < A, f(z)<i%ff—|—e and ||2"]| < e/A.

Theorem 13.3.12 (Characterization of Asplund Spaces) For any
Banach space E the following assertions are mutually equivalent:

(a) E is an Asplund space.

(b) The approximate extremal principle holds for any extremal system
(Ay,...,A,, &), where n € N and Ay,..., A, are closed sets.

(c) The subdifferential variational principle holds in E.
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Proof. Remarks on (a) = (b): By Theorem 13.3.10 we know that the approx-
imate extremal principle holds if F is Fréchet smooth. If now FE is an arbitrary
Asplund space, then every separable subspace is Fréchet smooth (see Deville
et al. [50]). By a method called separable reduction certain problems concern-
ing F-subdifferentials and F-normal cones can be reduced from an arbitrary
Banach space to separable subspaces. In this way, the approximate extremal
principle can be transmitted from a Fréchet smooth Banach space to an ar-
bitrary Asplund space. However, the method of separable reduction is quite
involved and will not be treated here; we refer to Borwein and Zhu [24] and
Mordukhovich [136].

(b) = (c): Let f, €, A, and T be as in the definition of the subdifferential vari-
ational principle. Choose € € (0, ¢) such that f(Z) < infg f + (e — €) and put
A= (2e—€&)\/(2¢). Notice that A < A. By Ekeland’s variational principle (The-
orem 8.2.4) there exists z € E satisfying ||z — Z|| < X, f(z) < infg f + (¢ — &),
and

f(2) < flx) + ||z —z||(e —&)/X VYaxe E\{z}. (13.25)
We equip E x R with the norm (z,7) := ||z| + |7] and E* x R with the
corresponding dual norm (x*, 7*)|| = max{||z*|, |7*|}. Put g(z) := ||z —z]|(e—

€)/A and define
Ay:=epif and Ay:={(z,7) e ExXR|7 < f(2)—g(x)}.

Then A; and A, are closed in E x R, and it follows from (13.25) that (z, f(2))
is a local extremal point of the system (A;, As). Hence (b) ensures that the
approximate extremal principle holds in E and so in F x R. Consequently, for
any 7 > 0 we find (z;,7;) € A; and (2}, 7) € Np(4;, (x4, 7)), where i = 1,2,
such that

lz: =zl + |7 — f(2)] <m, (13.26)
1/2 —n < max{|[z] ||, 7|} <1/2+n, (13.27)
max{||z] + 5|, |7 + 73} <. (13.28)

The definition of the Fréchet normal cone entails that for ¢ = 1,2 we have

(zf, @ — i) + 77 (1 — ™)

lim sup <0. (13.29)

(z,7)— a4, (xi,73) HJJ - ‘rlH + |T - Ti'

It follows from the definition of A and (13.26) that 75 = f(z) —g(x) whenever
7 is sufficiently small. Moreover, by (13.27) we see that (z5,75) # o. Thus,
(13.29) shows that 75 > 0. Hence we obtain

w5 /m3 € Opg(wn) and ||z3]|/75 < (e — &)/

The latter inequality together with (13.27) yields

TS zmin{m, ;—n}. (13.30)
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From this estimate and (13.28) we must conclude that 75 < 0 whenever 7
is sufficiently small. Now it follows that 71 = f(x1). In fact, by (13.29) with
i = 1 the inequality 7, > f(x1) would imply that 75 = 0. Thus we have shown
that —z7 /77 € Op f(21). The estimate (13.30) also yields /75 — 0 as n | 0.
Therefore, for n sufficiently small we have

il lesllen _ (sl 0y /(- n) <
|75 Tg — 7 Ta T2 To A

Furthermore, the definition of A and (13.26) give

|z1 —Z|| < A +7n and f(xl):71<i%ff+e—€—|—77.

Defining z := x; and z* := —x7 /77, the conclusion of (c) follows.

(¢) = (a): Let ¢ : E — R be convex and continuous. Then for any z € E
the set Opp(x) coincides with dp(z) and is nonempty (Proposition 4.1.6).
We show that there exists a dense subset D of E such that Op(—y)(x) is
nonempty for any x € D. It is evident that this implies F-differentiability of
@ on D. Choose Z € E and € > 0. Since @ := —¢ is continuous, there exists
1 € (0,€) such that (x) > ¥(Z) — € for every x € B(Z,n). The functional
[ =1 +0p(z,y) is L.s.c. on E. By applying (c) to f we obtain z € I satisfying
Iz — Z|| < nand 9pf(z) # 0. It follows that dp(—p)(2) # 0. Therefore, ¢ is
F-differentiable on a dense subset of E. O

By Theorem 13.3.12 the approximate extremal principle holds in an
Asplund space for arbitrary closed sets. Next we shall show that the exact
extremal principle holds in an Asplund space for closed sets with an addi-
tional property to be defined now.

Definition 13.3.13 The set A C F is said to be sequentially normally com-
pact (SNC) at & € A if for any sequence ((ex, zx,x5)) in (0,4+00) x A x E*
one has

lex 10, xp — &, xZENEk(Aka x,’gw—*>o as k — 0]

= 1z —o0 as k— oo.

If £ is an Asplund space, then due to Theorem 13.1.23 we may choose
€x = 0 for any k£ € N in Definition 13.3.13. Clearly in a finite-dimensional
Banach space any nonempty subset is SNC at each of its points. In Sect. 13.4
we shall describe classes of SNC sets in infinite-dimensional Banach spaces.

Theorem 13.3.14 Let E be an Asplund space and (Ai,...,A,,Z) be an
extremal system in E. Assume that the sets Ay,..., A, are closed and all

but one of them are SNC at . Then the exact extremal principle holds for
(Ala cee Anaj>
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Proof. Let (ex) be a sequence of positive numbers such that € | 0 as k — oo.
Since the approximate extremal principle holds for (A, ..., A,,Z), for any k €
Nandi = 1,...,n thereexist z;; € A;NB(Z, ¢x) and 2, € Np(A;, zix)+€xBp-
satisfying

i+t ai,=0 and |zl |+ + lxkl =1 (13.31)

We have x;;, — Task — oofori=1,...,n.Sincefori =1,...,n the sequence
(xf,)ken is bounded in the dual of the Asplund space E, Theorem 4.3.21
implies that a subsequence, again denoted (z},)ken, is weak® convergent to
some x; € E*. Since x};, € N, (4;, i) for any k (cf. Remark 13.1.2(a)), the
definition of the M-normal cone shows that a} € Nj/(4;, Z). It is evident that
x7+ -+ 1z = o. It remains to show that the z; are not simultaneously zero.
By hypothesis we may assume that Aj,..., A,_1 are SNC. We now suppose
we had 27 =ofori=1,...,n — 1. Since

ekl < el +- -+ lznoll VEEN,

we must conclude, letting k¥ — oo, that =} = o. But this contradicts the
second equation in (13.31). O

Applying Theorem 13.3.14 to the system (A, {Z}, Z), we obtain the follow-
ing result.

Corollary 13.3.15 Let E be an Asplund space and A be a proper closed
subset of E. Then Ny (A, Z) # {o} at every boundary point T of A where A
is SNC.

13.4 Sequentially Normally Compact Sets

We will now describe classes of SNC sets. For this we introduce a concept that
generalizes that of an epi-Lipschitzian set (cf. Exercise 13.13.13).

Definition 13.4.1 The set A C F is said to be compactly epi-Lipschitzian
at € A if there exist a compact set C C E and numbers n > 0 and 7 > 0
such that

ANB(Z,n) +71B(o,n) CA+7C V1 e(0,7). (13.32)

If F is finite dimensional, then choosing 7 = 7 := 1 and C := B(o,1) we
see that any subset A of F is compactly epi-Lipschitzian at each point = € A
but A need not be epi-Lipschitzian (see Remark 11.1.11).

Proposition 13.4.2 If A C E is compactly epi-Lipschitzian at T € A, then
A is SNC at T.
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Proof. Let C, n, and 7 be as in Definition 13.4.1. We will show that there
exists o > 0 such that for any € > 0 we have

Ne(4,2) C {z* € E*

nllz*| < e(a+n) + Irg&g(m*,z)} Vo e ANB(z,n).
z

(13.33)
Let z € ANB(z,n) and a sequence (13) in (0,7) with 7, | 0 be given. In view
of (13.32), for any k € N and any y € B(o,1) there exists 2, € C such that
x+ 71, (ny — 2zx) € A. Since C is compact, a subsequence of (z) is convergent
to some point 2 € C' as k — oo. By the definition of N, (A, z) it follows that

(@, my —2) —elny — 2| <0 Va* € Ne(4, ).

Since this is true for any y € B(o, 1), it follows that (13.33) holds with « :=
max.ec ||z

Now let sequences ¢, | 0, 2, —a T, and zj, LA o be given such that
x € Nsk(A,xk) for all & € N. Since C is compact, we have (z},z) — 0 as

k — oo uniformly in z € C. Therefore, (13.33) implies that ||z}| — 0 as
k — oco. Hence A is SNC. O

Our aim now is to give a sufficient condition for the intersection of SNC sets
to be SNC. This result will later be applied to derive optimality conditions.
To prepare the result, we first establish an approximate intersection rule for
F-normal cones that is also remarkable on its own.

Proposition 13.4.3 Assume that E is a Fréchet smooth Banach space, Ay
and Ay are closed subsets of E, and T € A1 N As. Further let * € Np(A1 N
As,Z). Then for any € > 0 there exist A > 0, x; € A; N B(Z,¢€), and =} €
Np(A;, ;) + eBg+, i = 1,2, such that

Ar* =a] +25 and max{\, |z]]|} =1 (13.34)

Proof. Fix € > 0. The definition of the F-normal cone implies that there is a
neighborhood U of Z such that

(¥, x—Z)—€llt—Z|| <0 Vee AiNnANU. (13.35)

Equip F x R with the norm ||(x, )| := ||z|| 4+ |a|. Define closed subsets By,
By of E x R by

By :={(z,a) |z € A1, a > 0},
By :={(z,a) |z € Ay, a < (z*, 2 — &) — €||z — Z[|}.

From (13.35) we obtain

Blﬂ(Bg—(o,p))ﬁ(UxR):(Z) Vp>0
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Hence (Z,0) € By N By is a local extremal point of the system (B, B2). By
the approximate extremal principle of Theorem 13.3.10 we find (x;, ;) € B;
and (ZF, \;) € Np(B;, (2, ;)), i = 1,2, such that

max{||Z] + 3|, [A1 + A2[} <€, (13.36)
1 1

5 —e<max{|F] A} < 5+ i=12 (13.37)
@i = Zl| + el <e i=1,2. (13.38)

The definition of the F-normal cone implies that #} € Np(A1,21), A1 < 0,

and ~
(5,2 — x2) + Ao — az)

lim sup < 0. (13.39)
(z,0)— B,y (w2,02) ”‘T*JJQH + |O‘70‘2‘
The definition of By shows that Ao > 0 and
ag < (x¥, 29 — T) — €||lze — T (13.40)

Now we distinguish two cases:

Case 1. We assume that the inequality in (13.40) is strict. Then (13.39) implies
that Ay = 0 and &5 € Np(Ag, z2). Define

z] =27 and x5 :=—%7 =75 — (] + 73).

It then follows from (13.36) to (13.38) that the assertion (13.34) holds with
A=0.

Case 2. Now we assume that (13.40) holds as an equation. Take any (z,a) €
By such that

a=(z"w—2)—elz—z|, xe A\ {z}. (13.41)

Substituting this into (13.39), we conclude that for some neighborhood V' of
T we have

(T3, — o) + Aol —az) <e(||lz — 22| + | —as]|) Vze ANV; (13.42)
here, « satisfies (13.41) and so
a—ay = (", —x3) +€(||lxa — Z|| — ||z — Z|]). (13.43)

It follows that
la — ao| < ([[z7 + €)[lz — 22 (13.44)

Now we substitute the right-hand side of (13.43) for a — s into the left-hand
side of (13.42), and we apply the estimate (13.44) to the right-hand side of
(13.42). In this way, (13.42) passes into

(5 4+ Aex™ & — x9) <ecllx —x2]] Ve ANV,
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where ¢ := 1+ ||z*|| + A2 + €. The definition of e-normals shows that
.f‘; + Xoz™ € NGC(AQ, 1‘2).

Recall that Ay is nonnegative, and by (13.37) we have Ag + ¢ < 1 if € is suffi-
ciently small. It follows that 1+ ||2*|| < ¢ < 2+ ||z*|| and so the positive con-
stant ¢ may be chosen depending only on z*. By virtue of Theorem 13.1.23(a)
there exists zo € Ay N B(x2,€) such that

i; 4+ Xox* € NF(AQ, 2’2) + 2ecBg«.

Put 7 := max{\s, |Z3|}. For € < 1 we obtain from (13.37) that 1 <n < 3.
Now define

Ni=dofn, ati=—@3/n, @b (34 dert)/.
Then A > 0, max{\, ||z7||} = 1, and \z* = a7 + 5. By (13.36) we further
have ||Z7 + Z3||/n < 4e. Hence we finally obtain

xy =&7/n— (&7 +75)/n € Np(A1,21) + 4¢Bg~,

Z‘; S NF(AQ, 2’2) + 8eccBg-+.
Recalling that ¢ > 0 depends on z* only completes the proof. ]

In Sect. 13.6 we will describe the M-normal cone of the inverse image of
a multifunction. In this context we shall need SNC properties of sets in a
product space which we now define.

Definition 13.4.4 Assume that F and F are Fréchet smooth Banach spaces,
A is a nonempty closed subset of E x F, and (Z,7) € A.

(a) The set A is said to be partially sequentially normally compact (PSNC')
at (Z,y) with respect to F if for any sequences (x,yx) —a (Z,7) and
(x},y5) € Np(A, (xk, yx)), one has

[#7. 2 oand |lyill — 0ask —o00] = [ai] = 0ask — oo.

(b) The set A is said to be strongly partially sequentially normally com-
pact (strongly PSNC') at (Z,y) with respect to E if for any sequences
(k,yx) —a (Z,79) and (z,y;) € Nrp(A, (2k,yx)), one has

[xzﬂoandyzﬂoaskeoo] = ||lz}]| = 0ask — oo.

The (strong) PSNC property with respect to F' is defined analogously.

It is clear that if the set A is SNC, then it is strongly PSNC and so PSNC.
The strong PSNC property will not be needed until Sect. 13.6; for comparison
with the PSNC property we already introduced it here. We also need the
following concept.
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Definition 13.4.5 Assume that E and F are Fréchet smooth Banach spaces,
A; and As are closed subsets of E x F, and (Z,y) € A1 N Ay. The system
(A1, Az) is said to satisfy the mized qualification condition at (z,g) with

respect to F if for any sequences (zik,yir) —a, (T,7) and (z,y5) —
(xf,yf) as k — oo with (z};, y5) € Np(Ai, (ik, yir)), ¢ = 1,2, one has

(a1 +a5, == o, lyf+uspl = Oask —o0] = (af,y7) = (23,45) = o.
Remark 13.4.6 It is left as Exercise 13.13.14 to show that the condition

NM(A17 (j’:(j)) N (_NM(A27 (j’g))) = {(O’ 0)}

is sufficient for the system (Aj, As) to satisfy the mixed qualification condition
at (Z,y) with respect to F.

Theorem 13.4.7 Assume that E and F' are Fréchet smooth Banach spaces,
Ay and As are closed subsets of E X F, and (%,5) € A1 N Ay, one of Ay, As is
SNC' and the other is PSNC at (z,q) with respect to E. Assume further that
(A1, As) satisfies the mized qualification condition at (Z,y) with respect to F'.
Then A1 N Ay is PSNC at (z,y) with respect to E.

Proof.

(I) Assume that A; is SNC at (Z,§) and Ay is PSNC at (Z,§) with respect
to E. Take any sequences (zx,yr) € A1 N As and (z},y;5) € Np(41 N
Ag, (zx,yx)) satisfying (zx,yx) — (2,9), 2, ~— o, and |yi| — 0 as
k — oo. We have to show that ||z}| — 0 as k — oco. Observe that it
suffices to show that some subsequence of (z}) is norm convergent to
zero. In fact, if this is done and the entire sequence (x}) were not norm
convergent to zero, we could find a subsequence (z} ) and some p > 0
such that ||z} || > p for any v € N. Applying the above to the sequences
(zx,) and (z} ), we would find a subsequence of the latter that is norm
convergent to zero, which contradicts the construction of (zj ).

(IT) Take an arbitrary sequence €, | 0 as k — oo. Applying Proposi-
tion 13.4.3 to z} for every k, we obtain sequences (%,Yir) € Ai,
(xf, yh) € Np(Ai, (zik, yik)), where ¢ = 1,2, and Ay > 0 such that

|(zir, yir) — (@, yx)|| < ex VkeEN, i=1,2, (13.45)
@1k yik) + (@2, vax) — Ae(@p, i)l < 26 VEEN, (13.46)
1 e < maxh ot i) < 14 kel (13.47)

Since the sequence (x},y;) is weak* convergent, it is bounded. Hence
by (13.46) and (13.47) the sequences (z}.), (y%.), ¢ = 1,2, and (A\x) are
also bounded. Since F and F' are Asplund spaces, we conclude by The-
orem 4.3.21 that a subsequence of (z,y,) (which we do not relabel) is
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weak™ convergent as k — oo to some (&}, 7;), ¢ = 1,2, and that the corre-

sponding subsequence of \j is convergent to some A > 0. From z >, o,
lyxll — 0, and (13.46) we obtain

i + x5y ¥, and lyTe + varll — 0 as k — oo. (13.48)

The mixed qualification condition implies that } = g = o for i = 1, 2.
Since A; is SNC, we conclude that ||z}, || — 0 and |y, | — 0. The latter
together with (13.48) yields ||y, || — 0. Moreover, since Ao is PSNC at
(z,y) with respect to E, we obtain ||z5,| — 0. From (13.47) we now see
that A > 0. Hence (13.46) implies that (z}) is norm convergent to zero
as k — oo. O

Corollary 13.4.8 Assume that Aq,..., A, are closed subsets of the Fréchet
smooth Banach space E, that T € N{_; A;, and that

*

[x;k e Ny (A4;,7),i=1,...,n, xT+~-~—|—xZ:o] = zj ==z =o.
(13.49)
If each A; is SNC at T, then so is Ay N---NA,.

Proof. For n = 2 this follows immediately from Theorem 13.4.7 with F' := {o}.
In this connection observe that by Remark 13.4.6 the condition (13.49) ensures
that the mixed qualification condition is satisfied. For n > 2 the assertion
follows by induction. O

Now we turn to the SNC property of sets of the form &#~1(S). First we
formulate some hypotheses:

(H1) E and F are Fréchet smooth Banach spaces, S is a closed subset of F.
(H2) @ : E = F is a multifunction, z € #~1(S).

(H3) The multifunction x — @(x) N S is inner semicompact at .

(H4) graph@ is closed and is SNC at (Z, ) for every § € &(Z) N S.

(H5) N (S, 9) NkerD3,P(Z, §) = {o} for every g € &(Z) N S.

2
3
4
Theorem 13.4.9 If the hypotheses (H1)—(H5) are satisfied, then ®~1(S) is
SNC at T.
Proof.

(I) Consider sequences xy — & and z}, >, o, where x; € Np(®71(S), zy)
for any k € N. We have to show that ||z}| — 0 as k — co. By (H3) and

(H4) we find a sequence y; € P(z) N S that contains a subsequence,
again denoted (yx), converging to some § € @(x) N S. Defining

By :=graph® and By:=FE xS,

we obtain that (z},0) € Np(B1 N Ba, (k, Yk))-
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(IT) We want to apply Theorem 13.4.7. Therefore, we check the SNC prop-
erties of the sets By and Bs. First notice that

NF(BQ, (Ik,yk)) = NF(E,JJ]C) X NF(S, yk) = {0} X NF(S, yk) (1350)

Hence By is always PSNC at (Z, ) with respect to E. Moreover, by (H4)
the set By is SNC at (Z,y) or By is PSNC at (Z,§) with respect to F.
Thus, the SNC properties required in Theorem 13.6.4 are satisfied.
(III) It is left as Exercise 13.13.15 to show that the hypothesis (H5) implies
the mixed qualification condition with respect to F'.
(IV) By Theorem 13.4.7 the set By N By is PSNC at (Z, §) with respect to E.
Hence it follows that (x}) is norm convergent to zero. O

13.5 Calculus for Mordukhovich Subdifferentials

We start with a special case of a sum rule for M-subdifferentials.

Proposition 13.5.1 Assume that f : E — R is proper and l.s.c., € dom f,
and g : F — R.

(a) If g is strictly F-differentiable at T, then

O (f +9)(@) =ouf(z)+{g' (@)} (13.51)
(b) If g is locally L-continuous around Z, then 9379(%) = {o} and
i (f +9)(@) = 95 (). (13.52)
Proof.
(a) (I) First we show that
O (f +9)(Z) C O f(2) +{g'(2)}. (13.53)

Since g is strictly F-differentiable, for any sequence 7; | 0 as i — oo
there exists a sequence 9; | 0 such that

l9(2) = g(z) = {g'(2),z — )| < millz — || Va,2€B(&,d) VieN
(13.54)
Now let z* € Oy (f + g)(Z) be given. By Theorem 13.1.17 there are

sequences Ty — f4q T, T, T 2% and €, | 0 as k — oo satisfying
at €0, (f+9)(xr) VEkeEN. (13.55)

Let (k;) be a strictly increasing sequence of positive integers such that
|2k, —Z|| < 6;/2 for any i € N. In view of (13.55) we find §; € (0,6;/2)
such that for all z € B(xy,,d;) and any i € N we have

f(@)=f(or)+9(@)—g(ar,) = oy, 2—wr,) = =2, |z —zp, . (13.56)
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Since x € B(mk7(§l) implies « € B(Z,J;), it follows from (13.54) and
(13.56) that for all z € B(zy,,d;) and any i € N we obtain

9(x) — g(ax,) — (2}, — ¢' (@), 0 — xy,) > —(2ep, +mi)llx — 2,
We conclude that
ry, —4'(z) € 5gqf($k1), where €; := 2¢x, +1; VieN. (13.57)

Since f(zg,;) + g(xk;) — f(Z) + ¢g(Z) and g is continuous at Z, we
see that f(zk,) — f(Z) as i — oo. Therefore, by Theorem 13.1.17 it
follows from (13.57) that z* — ¢’(Z) € On f(Z). This verifies (13.53).

(IT) The opposite inclusion to (13.53) is obtained from the latter inclusion
in the following way:

O f(T) = Ou[(f +9) + (=9)](Z) COm(f +9)(7) — ¢ (%).

(b) Now we prove

i (f +9)(&) € O5r f (). (13.58)

Once this is done, the opposite inclusion follows as in step (II) above.

Finally, the relation 059¢(Z) = {o} is the special case f = o of (13.52)

(and is already contained in Corollary 13.2.5).

Let z* € 0%(f + g)(Z) be given. By definition of the singular M-

subdifferential there exist sequences x — 7, ax, — (f + 9)(Z), ex | 0,
Nk | 0, and 4 — 0 such that ag > f(x) + g(zx) and

(g, — xp) +ye(a— ap) < 2ei(|lz — zk|| + |oo — agl) (13.59)

for all (z,«a) € epi(f + g) satisfying « € B(zg,nr) and |a — ag| < ny for

any k € N. Let A > 0 denote a Lipschitz constant of g around Z and put

s Nk

o+ 1)

It follows that &y > f(xy) for any k and &, — f(Z) as k — oo. Notice
that for any k and any (x, &) satisfying

by = ag — g(zr).

(x,&) €epif, x€B(zg, k) and |&— dg| < 7, (13.60)
we have

(z,a+g(x)) €epi(f +g) and [(a+g(x)) —ar| < k.
This and (13.59) give

(xf,x — xp) + ag(@ — ag)
< gk(”.’IJ — :L‘kH + |5[ — dk|), where €, := 26k()\ + 1) + |’yk|)\

for any (z, &) satisfying (13.60). It follows that
(x}, ) € Ney (epi f, (zx, @) Yk €N,
This implies z* € 937 f(Z) and completes the proof. a
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Next we derive a useful property of M-subdifferentials of locally L-
continuous functionals.

Proposition 13.5.2 Let E be an Asplund space and f : E — R be a proper
l.s.c. functional. Then Oy f(T) # O for every T € dom f where f is locally
L-continuous.

Proof. The assumptions on f imply that the set A := epi f is closed and epi-
Lipschitzian around (Z, f(z)). By Proposition 13.4.2, epi f is also SNC. Hence
Corollary 13.3.15 implies that Ny (epi f, (zZ, f(Z))) # {(0,0)}. By Proposi-
tion 13.5.1 we know that 057 f(Z) = {0}. Hence Lemma 13.1.11 completes the
proof. O

Applying the approximate extremal principle, we now establish an ex-
act sum rule for M-subdifferentials in a Fréchet smooth Banach space. In
this context, the following property will compensate for the absence of finite
dimensionality.

Definition 13.5.3 The proper functional f : E — R is said to be sequentially
normally epi-compact (SNEC') at € dom f if epi f is SNC at (z, f(Z)).

Remark 13.5.4 The functional f is SNEC at Z if epi f is compactly epi-
Lipschitzian at (Z, f(Z)) (Proposition 13.4.2) and so, in particular, if epi f is
epi-Lipschitzian at (Z, f(Z)) (Exercise 13.13.13) or F is finite dimensional.

We will also make use of the following qualification condition:

[z7 € 050 fi(Z),i=1,...,nanda} + - +a, =0 = 2z} = =2z}, =0
(13.61)

Theorem 13.5.5 (Sum Rule for M-Subdifferentials) Let E be a Fréchet
smooth Banach space, let fi,..., f, : E — R be ls.c., and let ¥ € N?_;dom f;.
Assume that all but one of f; are SNEC at z € N}_;dom f; and that condi-
tion (13.61) is satisfied. Then

Om(fi+-+ fu)@) COmfr(Z)+ -+ O fu (). (13.62)

If, in addition, f1,..., fn are all lower regular at T, then so is f1 + -+ fn
and (13.62) holds with equality.

Proof. We verify the assertions for the case that n = 2, leaving the induction
proof in the case n > 2 as Exercise 13.13.18. Thus let f; and fs be given and
assume that f; is SNEC at Z. Take any «* € dyr(f1+ f2)(Z). By the definition

of the M-subdifferential there exist sequences x}, —  and z}, X 2* such that
filzr) — fi(z) as k — oo, where i = 1,2, and z} € 9Op(fi1 + f2)(z) for all
k € N. Let (e) be a sequence of positive real numbers such that e; | 0 as
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k — oo. The definition of the F-subdifferential implies that for any k£ € N
there exists a neighborhood Uy, of zj such that

(frt+f2)(@) = (fi+ fo) (k) — (2h, v —2p) +enlle—2p]| 20 Vo € Up. (13.63)
Since f; and fy are l.s.c., the sets

Avg = A{(z,p) € ExR| fi(z) = fi(zx) < p} and

Ao = {(z,p) € E xR fo(x) — falzr) — (2,2 — k) + exllz — apl| < —p}
are closed. Applying (13.63) we obtain for any k,

(rg,0) € Ajp N Ay, and AN (Aor — (0,0))N (U xR) =0 VYa>0.

Hence (A1, Aag, (2, 0)) is an extremal system and so by Theorem 13.3.10 the
extremal principle holds for this system. It follows that for ¢ = 1,2 and any
k € N there exist (z; x, tti k) € (epi fi) N B(ag, fi(zx), ex), (&), ar) € E* X R,
and (3}, Br) € E* x R satisfying

1/2 — e < 1]+ o] < 1/2+ e, (13.64)
1/2 = ex < |Gl + 18kl < 1/2 + e, (13.65)
@k aw) + (G, Bl < ex, (13.66)
(@, o) € Np(Ark, (@1, ok — f1(z1))), (13.67)
(T5> Br) € Np(Azk, (22,1, 7%)), (13.68)
where vy := —p2 k + fa(Tr) + (T}, T2k — k) — €xl|v2 k — Tk For i = 1,2 the

sequence (z; x, [; k) converges in epi f; to (Z, f;(Z)) as k — oo. Since the se-
quences (Z, oy ) and (5, Bk) are bounded and E is an Asplund space (Propo-
sition 4.7.15), the sequences contain subsequences, again denoted (Z}, cy,) and
(7%, Br), that are weak™ convergent to some (*,«) and (g, 3), respectively
(Theorem 4.3.21). In view of (13.67) and the definition of the Mordukhovich
normal cone we conclude that

(Z*,a) € Ny (epi f1, (2, f1(2))). (13.69)

Moreover, by (13.68) and the definition of the Fréchet normal cone we obtain

. Ty — wak) = Br (e — pop — (@h, & — x2) + exllz — z21]))
lim sup

@) — (@aponz) N =22kl 4 [ = p2p| + (25, 2 — 226)| + exllz — 2
epifg

<0,



13.5 Calculus for Mordukhovich Subdifferentials 319
which implies

(5kxz + gZV _ﬁk) S ﬁnk (epl f?, (x27k7M2,k))7

where ny, 1= €;(1+ ||z} || +€x+|Bk|) for each k. Letting k — oo, we deduce that
(Bz* +g*,—0) € Ny (epi fa, (7, fg(:f))), where by (13.66) we have §* = —&*
and 0 = —a. Thus,

(—az* — &%, &) € Ny (epi fa, (T, f2(T))). (13.70)

Now we show that o # 0. Suppose we have « = 0, then (13.69) and (13.70)
give

(Z*,0) € Nps(epi f1, (7, f1(2))) and (—i*,0) € Npy(epi f2, (Z, f2(2))).

Hence the definition of the singular subdifferential and the condition (13.61)
imply that x* = o, which entails that (#},a;) — (0,0) as k — oco. Notice
that by (13.67) we have (Z},cor) € Np(epifi, (x1,x, p1,1)) and that fi is
SNEC at Z. Therefore the sequence ((Z}, ax)) is norm convergent to (o,0) as
k — oo. But this contradicts the inequalities (13.64) and (13.65). Hence we
must conclude that o # 0 and so o < 0 because «y, < 0 for any k. Now (13.69)
and (13.70) pass into

(& /|al,—1) € Nar(epi f1, (2, f1(2))) and (2" =& /|al, —1) € Nar (epi fa, (2, f2(2))).

Defining z7 = 7*/|a|, 25 = z* — 7, and recalling that Opfi(Z) =

N (epi fi, (Z, fi(Z))), we obtain z* € O f1(Z) + O f2(Z), and the proof
of (13.62) is complete.
To verify the statement on equality, notice that we always have

Opf1(T) + -+ + O fu(T) C Op(f1+ -+ fo)(T).

If each f; is lower regular at z, then it follows from the latter inclusion and
(13.62) that f1 + --- + f,, is also lower regular at Z and (13.62) holds with
equality. ]

If E is finite dimensional, any function f : E — R is SNEC at any
Z € dom f. Therefore the next result is an immediate consequence of The-
orem 13.5.5.

Corollary 13.5.6 Let E be a finite-dimensional Banach space, let f1,..., fn :
E — R be Ls.c., and let & € N?_,dom f;. Assume that condition (13.61) is
satisfied. Then (13.62) holds. If, in addition, f1,..., fn are all lower regular
at T, then so is f1 + -+ + fn and (13.62) holds with equality.

By examples similar to Example 13.2.12 one can show that in an infinite-
dimensional Banach space the SNEC property is not dispensable.
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13.6 Calculus for Mordukhovich Normals

The sum rule for M-subdifferentials implies an intersection rule for M-normal
cones that will be crucial for deriving multiplier rules. We need the following
qualification condition:

[{E: S N]V[(Ai,{f}),
— I‘T:...:l’

n

(13.71)

i=1,....,n and zi+---+z :0}
r =o.
Theorem 13.6.1 (Intersection Rule 1 for M-normal Cones) Let E be
a Fréchet smooth Banach space, let Ay, ..., A, be nonempty closed subsets of
E, and let T € N}_; A,;. Assume that all but one of A; are SNC at T and that
condition (13.71) is satisfied. Then

If, in addition, Ay, ..., A, are all normally reqular at T, then so is A1N---NA,
and (13.72) holds with equality.

Proof. Apply Theorem 13.5.5 to f; := 04, and use the statement of Exer-
cise 13.13.17. O

Next we will establish an intersection rule for M-normal cones in a product
space Z := E x F that we equip with the norm ||(z,9)| := ||=| + ||lv||, (z,y) €
E x F. Recall that if £ and F are Fréchet smooth, so is F x F. We will make
use of the following concept.

Definition 13.6.2 Let A; and Ay be closed subsets of the Fréchet smooth
Banach space Z and let z € A; N Ay. The system (A1, Ay) is said to satisfy
the limiting qualification condition at z if for any sequences z;;, — 4, Z, 2}}, €

Np(4;, zik), and 25, >, z¥ as k — o0, ¢ = 1,2, one has
[||z:i“,\c + 25| = 0as k — oo] = Zi=2z=o.

Remark 13.6.3 Observe that the limiting qualification condition is a special
case of the mixed qualification condition with respect to E when F' := {o}.
Hence by Remark 13.4.6 the condition

N (A1, 2) N (=Nas(Ag, 2)) = {0} (13.73)

is sufficient for the system (Aj, As) to satisfy the limiting qualification condi-
tion.

Theorem 13.6.4 (Intersection Rule 2 for M-normal Cones) Let F
and F be Fréchet smooth Banach spaces, Ay and As be closed subsets of
E x F, and (Z,9) € Ay N As. Assume that (A1, As) satisfies the limiting
qualification condition, Ay is PSNC at (z,y) with respect to E, and As is
strongly PSNC at (Z,y) with respect to F. Then one has

N (A1 N A2, (2,9)) € Nur(Ar, (2,9) + Nu(Az2, (2, 9)). (13.74)
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Proof.

(D

Take any (z*,y*) € Nj(A1 N As, (Z,7)). By Theorem 13.1.23 there exist
sequences (2, yx) € A1NAs and (25, ;) € Np(A1NAsg, (2, yr)) satisfying

(we, ) — (,9) and  (a,y5) — (@7,7).

Take any sequence €, | 0 as k — oco. By applying the approximate in-
tersection rule of Proposition 13.4.3 for every k, we find (uk,vir) € A,
(uf,vi) € Np(Ai, (wik, vi)), where i = 1,2, and Ay > 0 such that

[(wik, vie) = (e, ye) |l < €, i =1,2, (13.75)
([ (ulps Vi) 4 (uggs var) = Ae(@r, vl < 2€x, (13.76)
1 — e < max{Ap, [[(uly, o)} < 1+ €. (13.77)

The sequence (zy,yy) is weak* convergent and therefore bounded. By
(13.76) and (13.77), for i = 1,2 the sequence (u},, v}, ) is also bounded
and so by Theorem 4.3.21 some subsequence (which we do not relabel)
is weak™ convergent to (u},v}). We further have Ay, — A > 0. From
(13.76) and (13.77) we obtain for k — oo that (u},v}) € Nas(A;, (Z,9)),
i = 1,2, and A(z*,y*) = (u},v]) + (u3,v3). It remains to show that
A>0.

Suppose that A = 0. Then (13.76) shows that || (u},, vi,)+(uf, vi,)] — 0
as k — oo. Since (Aj, Ag) satisfies the limiting qualification condition, it
follows that (u},v}) = o for i =1, 2. Hence

(uy, v5) s (0,0) ask — oo, i=1,2. (13.78)

The strong PSNC property of Ay implies that ||v3,|| — 0 as kK — oo and
(13.76) shows that ||v}, || — 0, too. This, (13.78), and the PSNC property
of A; now yield |juj,|| — 0 and so [|(u},,v},)|| — 0 as k — oo, which
contradicts the estimate (13.77).

O

Applying Theorem 13.6.4 with F' := {o} immediately gives the following

result.

Corollary 13.6.5 Let E be a Fréchet smooth Banach space, A1 and Ay be
closed subsets of E, and T € Ay N Ag. Assume that (A1, As) satisfies the

limiting qualification condition at T and that Ay or As is SNC at T. Then
(13.74) holds.

Our aim now is to describe the M-normal cone to a set of the form @=1(S),

where @ : F =% F is a multifunction and S C F. We make the following
assumptions:

(A1) The multifunction z — @(x) N S is inner semicompact at .
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(A2) For every § € ¢(Z)N S, the set S is SNC at 7 or the set graph @ is PSNC

at (Z,y) with respect to F.

(A3) For every § € &(z) NS one has Ny (S, 7) Nker D},P(Z, 5) = {o}.

Theorem 13.6.6 Let E and F be Fréchet smooth Banach spaces, @ : E = F
be a multifunction with closed graph, and S be a closed subset of F. Let the
assumptions (A1)—-(A3) be satisfied. Then one has

Nur(@1(9),2) € |J(Dir @@ 9)(5) | v € Ne(S.9), 5 € 2(@) 0 S).

(13.79)

Proof.

(D

Take an arbitrary z* € N (®71(5), Z). Then there are sequences xj, — T

and x} € Np(®~1(S),z1) such that v, — Z and 2} — z*. By (Al) we
find a subsequence of yi € ®(xx) N S that converges to some § € F. The
closedness assumptions ensure that y € ¢(z) N S. Define By := graph @
and By := FE x S, which are closed subsets of the Fréchet smooth Banach
space E x F. It is clear that (zy,yr) € By N Bg for any k and it is easy
to see that (z},0) € Np(B1 N Bg, (xk,yx)) for any k. Hence (z*,0) €
N (B1 N By, (2, 7))

As in the proof of Theorem 13.4.9 it follows that By and By have the SNC
properties required in Theorem 13.6.4. We show that condition (13.73)
is satisfied for the system (Bj, Bs), which by Remark 13.6.3 implies the
limiting qualification condition for this system. Take any

(u*,v*) € Nar(By, (%, ) N (=Nar(Ba, (7,7)))

By definition of the coderivative we immediately obtain u* € D%, P(Z,7)
(—v*). In view of (13.50) we further have (—u*, —v*) € {0} x Nps(S, 7).
It follows that u* = o0 and so

—v* € Ny (S, 9) NkerD3,P(Z, 7).

Assumption (A3) now implies that v* = o. Hence (13.73) is satisfied.
Therefore we may apply Theorem 13.6.4, which yields the existence of
(z7,y7) € Na(graph®,(z,9)) and y5 € Nar(S,7) satisfying (2*,0) =
(=1, 97) + (0,5) and so

(%, —y3) = (21, 97) € N (graph @, (z,)).

Thus z* € D},9(z,9)(y3), and it follows that z* is an element of the
right-hand side of (13.79). O
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13.7 Optimality Conditions

Convention. Throughout this section, we assume that £ and F' are Fréchet
smooth Banach spaces and f : E — R is a proper Ls.c. functional.

We consider the problem
minimize f(z) subject to z € A,

where A is a closed subset of E. From the discussion in Sect.12.1 we know
that if Z is a local minimizer of f on A, then it follows that o € 9p(f +04)(Z).
This implies

0€ Op(f+0a)T). (13.80)

We now formulate hypotheses (H1) and a qualification condition (Q1)
ensuring that we may apply the exact sum rule of Theorem 13.5.5:

(H1) Ais a closed subset of E, & € A, A is SNC at T or f is SNEC at Z.
(Q1) 952/ (z) N (~Nu(A, 7)) = {o}.

Proposition 13.7.1 Assume that (H1) and (Q1) are satisfied. If T is a local
minimizer of f on A, then

XS 8Mf(5€) =+ NM(A, f) (13.81)

Proof. Since epids = A x [0, +00), the functional §4 is SNEC if (and only if)
the set A is SNC. Moreover, we have 03904 (Z) = Nas(A, Z) (Remark 13.1.10).
Therefore, (Q1) implies that the condition (13.61) is satisfied for f and d4.
Applying Theorem 13.5.5 to (13.80) yields the assertion. O

From Proposition 13.7.1 we can deduce further optimality conditions. First
we formulate the assumptions:

(H2) Fori=1,...,r the set A; C E is closed and SNC at T € N]_, 4;.
(Q2) [:v* € 0N f(@), «feNpy(Ai,Z), z¥42f+---+af :0}
= ===z

Proposition 13.7.2 Let the hypotheses (H2) and the qualification condition
(Q2) be satisfied. If T is a local minimizer of f on Ni_, A;, then one has

0€ O f(Z) +Nar(A1,7) + - + Ny (A, 7). (13.82)

Proof. We verify the assertion for » = 2; it then follows for » > 2 by induction.
We want to apply Proposition 13.7.1 to A := A; N As. From (Q2) with z* := o
we obtain

NM(Ala i‘) N (—N(Ag,.f)) = {O} (1383)
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This and (H2) imply by Corollary 13.4.8 that A; N Ay is SNC at Z. By The-
orem 13.6.4 and Remark 13.6.3, the condition (13.83) also implies that

Nas(Ar N As, ) € Nar(Ar, ©) + Nag(As, 7). (13.84)

Now we convince ourselves that condition (Q1) holds. Take any z* € 959 f(Z)
such that —a* € Nps(A; N Ay, Z). By (13.84) there exist xf € Ny (A, T),
it = 1,2, such that —z* = a7 + 23. Hence 2* = o by (Q2). Refering to
Proposition 13.7.1 and (13.84) completes the proof. O

If f is locally L-continuous around Z, then by Proposition 13.5.1 the con-
dition (Q2) reduces to

which is a pure constraint qualification. We show that (Q2*) is implied by a
classical constraint qualification. Let the constraint sets be given as

Az:{x€E|fl($)§0}7 i=1,...,m

where for ¢ = 1,...,r the functional f; : E — R is strictly F-differentiable
at T € Nj_; A;. Assume the following variant of the Mangasarian-Fromowitz
constraint qualification:

f1(Z),..., fl(z) are positively linearly independent. (13.85)
By Theorem 11.6.1 we have
Nar(A402) = NoAs #) = (Af/(x) | A > 0},

Suppose now that z} € Nps(4;,z) fori =1,...,7 and 2 +---+x} = 0. Then
there exist A; > 0 such that xf = \;f/(Z) for i = 1,...,r. Condition (13.85)
thus implies that for any ¢ we have A; = 0 and so z} = o.

Finally we consider the problem

minimize f(x) subject to x € #~(S) N A.
In this connection we make the following assumptions:

(H3) @ : E = F is a multifunction with closed graph, A C F and S C F

are closed.
x +— ®(x) NS is inner semicompact at 7 € ¢~1(9).
A is SNC at Z and graph @ is SNC at (Z,§) for every § € $(Z) N S.

(Q3a) Nps(S,9) NkerD3,P(z,5) = {o} for every g € H(z) N S.

(Q3b) [¢* € o5/@), =t € U(Dy@@n)(y) | 5 € @@ NS, v e
Nu(8,9)), 75 € Nar(4,3),  o* +ai +15 = o]
=z =z =25 =o0.
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Theorem 13.7.3 Let the hypotheses (H3) and the qualification conditions
(Q3a) and (Q3b) be satisfied. If T is a local minimizer of f on ®~1(S) N A,
then

o€ onf(@)+J(Du@@ 0)(y") | 7€ @) NS, y" € Nar(8,9)) +Nas (4,2).
Proof. Define A; := &~ 1(S) and Ay := A. By Theorem 13.6.6 we have
N (A1,7) C U(D*Mq’(fa@)(y*) ‘ ye2(@) NS, y* € Nyu(S, ?)) (13.86)

Moreover, A is SNC at # by hypothesis and #~1(S) is SNC at (z,y) due
to Theorem 13.4.9. Finally, the qualification condition (Q3b) together with
(13.86) ensures by Corollary 13.4.8 that #~1(S) N A is SNC. Hence the asser-
tion follows from Proposition 13.7.2. O

Notice that (Q3a) depends on the constraints only. If f is locally L-
continuous around T and @ : E — I is strictly F-differentiable at Z, then
by Propositions 13.2.3 and 13.5.1 the qualification condition (Q3b) reduces to

(~Nar(A,2)) N (2)* (Na (S, 8(#))) = {0}, (13.87)

which is now also a constraint qualification; compare (Q2*). The optimality
condition of Theorem 13.7.3 in this case reads

0 € f(ZT)+ P (2)" (Np(S,8(z))) + Nu (4, 7).

In connection with the hypotheses (H3) recall that in finite-dimensional spaces
any nonempty subset is an SNC set.

Theorem 13.7.3 is a very general result from which various specific opti-
mality conditions can be derived. Assume, for instance, that the constraints
are functional inequalities and equations of the following form (compare, for
instance, problem (P5) in Sect. 12.5):

f1($)§07 i:17"'7r7
file) =0, i=r+1,...,7r+s, (13.88)
T € A,

where f; : E — R fori =1,...,7 + s. We define & : E — R by ¢ :=
(fl?"'af?“-‘rs) and put

Si={(a1,...,0045) ER™* | <Ofori=1,...,r

andai:Ofori:rJrl,...,rJrs}.

Then (13.88) is of the form z € #~1(S) N A and so Theorem 13.7.3 can be
applied. For exploiting D},®(Z) we may write

&(z) = (f1(x),0,...,0)+---+(0,...,0, frys(x)), x€E,

and apply one or the other coderivative sum rule.
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So far we considered optimality conditions of the Karush—Kuhn—Tucker
type. It is not difficult using, for instance, Theorem 13.7.3 to derive optimality
conditions of the John type. We shall not pursue this way. Rather we will
demonstrate how to obtain optimality conditions of the John type by a direct
application of the exact extremal principle. We consider the problem

minimize f(z) subject to the constraints (13.88).

In addition to the convention at the beginning of this section, we make the
following hypotheses:

(H4) The functions fi, ..., fr+s are continuous.
All but one of the sets epif, epif; (i = 1,...,7), graph f; (1 = r +
1,...,7r+s), and A are SNC at (z, f(z)), (z,0), and Z, respectively.

Theorem 13.7.4 Let the assumptions (H4) be satisfied. Assume that T is a
local minimizer of f subject to the constraints (13.88).

(a) There exist

(z*,-N) € NM(epifv ((.f,f(.f))), y* € Ny(A,7),
($?7—)\i)€NM(epifi, ((.’f,O)), 1=1,...,7,
(mf,—)\i)eNM(graphfi, ((i,O)), t=r+1,....,7r+s

satisfying

ot 4y -+, Y=o,
1@ O+ 1@ A+ -+ 1@ Avgs) [+ Iy =1, (13.89)
)\,sz({f):(L izl,...,T.

(b) Assume, in addition, that the functions f,f1,..., fr4s are locally L-

continuous around T. Then there exist nonnegative real numbers A,
Ay ey Apgs such that A f;(Z) =0 fori=1,...,r and

r+s
o€ Xy f(z)+ Z Ai <3Mfi(if) U 3M(—fz')(f)> + N (A, 7).

i=r+1
Proof.
(a) Define the following subsets of £ x R"+s+1:

B :={(z,a,a1,...,0r45) | @ > f(2)},

B, ={(z,a,a1,...,0p15) |y > fi(x)}, i=1,...,m

B, ={(z,a,a1,...,0r15) | a; = fi(x)}, i=r+1,...,r+s,
Brist1:=A x {o}.
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Without loss of generality we may assume that f(Z) = 0. Then (Z,0) €
E x R™5t1 is a local extremal point of the system of closed sets B,
By, ...,Brysy1. Therefore the hypotheses (H4) ensure that by Theo-
rem 13.3.14 the exact extremal principle holds for the above system, which
immediately yields the assertion except for the equations \;f;(z) = 0,
i=1,...,r. Assume we have f;(Z) < 0 for some i € {1,...,7}. Then by
continuity, it follows that f;(z) < 0 for all « in a neighborhood of Z. Hence
(Z,0) is an interior point of epi f;. It follows that Ny (epi f;, (Z,0))) = {0}
and so \; = 0.

(b) By the definition of the M-subdifferential and by Lemma 13.1.8 we have

(z*,=X) € Nys(epi f, (7, f(Z))) <= 2" €AIf(Z) and A > 0.

Moreover, the definition of the M-coderivative and Proposition 13.2.6
imply that

(2, =) € Ny (graph f, (z, f(7))) <= 2" €Dy f(2)(\) = I (Af)().

Notice that Oy (Af)(Z) C [A|(Oaf(Z) UI(—f)()) for any A € R. The
assertion now follows from (a). O

13.8 The Mordukhovich Subdifferential of Marginal
Functions

Convention. In this section, F and F denote Banach spaces.

In Sect.9.7 we derived representations of the F-subdifferential of a mar-
ginal function f of the form f(z) := infycrp(z,y), © € E (see Proposi-
tions 9.7.1 and 9.7.2). In this section we establish a representation of the
(singular) M-subdifferential of the more general marginal function f : £ — R
defined by

f(@) = nf{e(z,y) |y € D(x)}, (13.90)
where the function ¢ : E x F — R and the multifunction & : E = F are given.
Marginal functions like f appear as value functions in parametric optimization
problems of the form

minimize ¢(z,y) subject toy € P(x),

where x denotes a parameter. We will make use of the multifunction @ : £ =
F' defined by

O(z) :={y € 2(z) | p(z,y) = f(2)}. (13.91)
In terms of parametric optimization, @(x) consists of all y € ¢(z) at which
the infimum of ¢(z,-) is attained. Recall the notion of an inner semicompact
multifunction. We also need the following auxiliary function ¥ : £ x F — R:

19(:1c7y) = 90(1'73/) + 5graph<15(xa y)
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Theorem 13.8.1 Assume that ¢ : Ex F — R is l.s.c.,  is closed, and © is
inner semicompact at T € dom f N Dom O.

(a) One has
O f(Z) C {x €eE | (a0 e J aMﬁ(:ng)} (13.92)
yEO(T)
8% f(z) C {x B |@oe |J o (:f,g)}. (13.93)
7e6()

(b) If, in addition, ¢ is strictly F-differentiable at any (Z,7y), where § € O(T),
then

ouf@ S | (en(@9) + D3P 9)(¢12(2,9))), (13.94)
g€O(7)

of@ < | Du@(z,9)(0). (13.95)
§eO(%)

Proof.
(a) (I) We verify (13.92). Take any z* € Op f(Z). By Theorem 13.1.17 there

exist sequences xp —f T, T}, Y 2%, and €, | 0 as k — oo satisfying
xy € O, f(zx) for any k € N. Hence there exists a sequence 7, | 0
such that

(g, o —wg) < f(z) — flzg) + 26|z — 2l Vo € B(ag,nx)-

Recalling the definition of f, ©, and ¥, we obtain for all y; € O(zy),
all (z,y) € B((xk, yx),mk), and all k € N the estimate

<(xlt’0)7 (x’y)_(xk’yk» < 19('1'7y)_ﬁ(xk’yk)+2€k(||x_xk||+”y_ykH)'
From this we conclude that
(2%,0) € Doe,9(wp,yr) Yk €N. (13.96)

Since O is inner semicompact at Z, we find a sequence y;, € O(z},) that
contains a subsequence, again denoted (y), that converges to some
gy € F. Since x, — T, yr € ®(xy) for any k, and @ has a closed graph,
it follows that § € &(z). The lower semicontinuity of ¢ implies

¢(@,9) < liminfp(zy, y) = liminf f(z),) = f(2),

which together with the definition of f gives ¢(Z,7) = f(Z) andso § €
©(z). This, (13.96), and Theorem 13.1.17 show that inclusion (13.92)
holds.

(IT) The verification of (13.93) is left as Exercise 13.13.19.



13.8 The Mordukhovich Subdifferential of Marginal Functions 329

(b) The representations (13.94) and (13.95) follow from (a) by applying
the sum rule of Proposition 13.5.1 to the function ¥ and recalling
Remark 13.1.10 and the definition of the M-coderivative. O

Now let @ be a single-valued mapping which we denote T': E — F. Then
(13.90) passes into

f(z) =¢(x,T(z)) = (poT)(z), z€E. (13.97)

If, in particular, ¢ does not explicitly depend on z, then ¢ o T' is the usual
composition of ¢ and T Recall that if ¢ is (strictly) F-differentiable at (Z, ),
then the partial derivative ¢|2(Z, ) is an element of F* and (p2(Z,9),T) :
E — R denotes the scalarization of T

Applying Theorem 13.8.1 we now establish another chain rule (cf. Theo-
rem 9.2.9).

Theorem 13.8.2 (Chain Rule) Let T : E — F be locally L-continuous
around T € E and ¢ : E x F — R be strictly F-differentiable at (z,T(Z)).
Then

aM(QDOT)(‘(E) = @Il(fvg) +8M<90|2(i'vy)a T>(i')a where Y= T(i') (1398)

Proof. Since ¢ is strictly F-differentiable at (z,g), for any sequence n; | 0
there exists a sequence ¢§; | 0 such that

0(2,T(2)) = p(a, T(x) = (p11(Z,9), 2 — x) = (£12(Z,9), T (2) — T())|
<ni(llz —z|| + |IT(z) = T(x)||) Va,zeB(z,6) VieN
(13.99)

Now let z* € Oy (¢oT)(Z) be given. By Theorem 13.1.17 there exist sequences
Ty — T, x5 — x*, and €, | 0 as k — oo satisfying (¢ o T)(zx) — (¢ o T)(7)
and R

Tp € O, (poT)(z) VkeEN. (13.100)

Choose a strictly increasing sequence (k;) of positive integers such that ||z, —
z|| < 6;/2 for any i € N. In view of (13.100), for any i we can further choose
d; € (0,0;/2) such that for all x € B(zy,,d;) and any ¢ € N we obtain

e, T(x)) = (o, T(wn,)) — (of,, © — 2x,) > —2ep; ||z — 2] (13.101)

Let A > 0 be a Lipschitz constant of ¢ in a neighborhood of Z containing
for all sufficiently large k& € N. Since = € B(zy,,d;) implies z € B(Z, d;), the
estimates (13.99) and (13.101) give

(012(2,9), T(2)) = (212(2,5), T(@.)) = (2, = o (7, 9), & = 2)

> —(2ei, +ni( A+ )|z — 2k, || Va € B(ayg,,0;) VieN.



330 13 Extremal Principles and More Normals and Subdifferentials

Hence the definition of the e-subdifferential shows that, with € := 2¢, +
ni(A+ 1), we have

‘/EZL —90|1(f,§) €8€'i<¢|2(j?g)?T>(xki) VieN.

Letting ¢ — oo and recalling Theorem 13.1.17, we obtain

¥ — o11(7,9) € O {pi2(z,9), T)(%).

Thus we have verified the inclusion C of (13.98). The verification of the
opposite inclusion is left as Exercise 13.13.20. O

13.9 A Nonsmooth Implicit Function Theorem

Consider a multifunction @ : E x F' = G between Banach spaces F, F', and
G. Let (Z,7) € E x F be such that o € &(z,y). As in the classical implicit
function theorem (see Theorem 3.7.2), we want to locally solve the generalized
equation o € P(x,y) for y, i.e., we seek conditions ensuring that, for y near
7, the set {x € E | 0 € &(x,y)} is nonempty. Let

f(z,y) == d(P(x,y),0).

Our approach is based on the observation that o € @(z,y) if and only if
f(x,y) = 0 or equivalently, f(z,y) < 0. Consequently, we can treat the set-
valued problem by a single-valued one. Therefore we start with an implicit
function theorem associated with the inequality f(z,y) < 0, where for the
time being the functional f is arbitrary. We set

U(y) :={rc E| flz,y) <0} and [fi(z,y):=max{0, f(z,y)}.

Furthermore, Or 1 f(Z, i) denotes the F-subdifferential of x — f(x,7) at (Z, 7).
We consider the following assumptions:

(Al) E and F are Fréchet smooth Banach spaces, U is a nonempty open
subset of E x F', and (Z,%) € U.

f:E x F — R is proper and such that f(z,y) < 0.

The functional y — f(Z,y) is u.s.c. at g.

For any y near gy the functional = — f(z,y) is Ls.c.

x* € Op1 f(z,y) implies ||z*| > o.

Assumption (A5) is a nonsmooth substitute for the bijectivity requirement
on fj1(x,y) in the classical implicit function theorem (see Theorem 3.7.2 with
2 and y interchanged). This classical theorem yields, among others, a repre-
sentation of the F-derivative of the implicit function in terms of the partial
F-derivatives of the given function. In the following remarkable result, the
coderivative of the multifunction ¥ is represented in terms of F-subderivatives

of f+.
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Theorem 13.9.1 (Nonsmooth Implicit Function Theorem) Suppose
that the assumptions (A1)—(A5) are satisfied. Then there exist open sets
VCFE and W CF such that z € V and § € W and that the following holds:

(a) For anyy € W the set VN W¥(y) is nonempty.
(b) For any (z,y) € V. x W one has

d(a, w(y)) < LY.

g

(¢) For any (x,y) € V. x W such that x € ¥(y) and any x* € E* one has

(_$*7y*) € U AaFf+(x7y>}

A>0

Dy (y,7)(a") = {y* € F"

Proof. Let p’ > 0 be such that B(Z, p') x B(y, p’) C U and set p := p'/3. Since
f(@,9) <0, it follows from (A3) that there exists an open neighborhood W
of g with W C B(g, p) such that f(Z,y) < po for any y € W. We show that
W and V := B(a‘:, p) have the required properties.

Ad (a). Let y € W be given. Suppose we had V N¥(y) = (. Then for any
7 € (0,p) and any z € B(Z, 1) it would follow that f(z,y) > 0. Choosing 7
close enough to p, we may assume that f(Z,y) < 7o. The decrease principle
(Theorem 9.6.3) then implies

inf{f(z,y) | v € B(z,p)} < f(Z,y) — 70 <0,

which is a contradiction to inf{f(z,y) | * € B(&,p)} > 0. Therefore V N

w(y) # 0.
Ad (b). Let (x,y) € V x W be given. First we assume that B(z, f(z,y)/0)

is not a subset of B(Z, p’). Then ||z — Z|| + f4(z,y)/o > p and so

fel@,y)fo>p —p=2p>d(z,¥(y)),

Q

)

)

where the latter inequality follows from (a). Now assume that B(x, f4(x,y)/
is a subset of B(z, p'). Let 7 > fi(z,y)/c be such that B(z,7) C B(z, p
Since f(z,y) < 70, we can conclude arguing similarly as in the proof of (
that there exists & € B(x,7) such that f(Z,y) < 0. Hence d(z,¥(y)) <
Letting 7 | f4(z,y)/0 we again obtain (b).

Ad (c). Take any (z,y) € V x W such that x € ¥(y) and any z* € E*. We
will show that

» =

3

D0 (y,x)(a") € {y" e V"

(—*y) e | AaFf+(x,y)}. (13.102)

A>0

Thus let y* € DLW (y, x)(z*) be given. Then

(y*,—2") € Np(graph ¥, (y,z)) = | J A9r d (graph ¥, (y, z));
A>0
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in this connection we write Op d(graph¥, (y,z)) for the F-subdifferential of
the functional (v,u) — d((v,u),graph¥) at (y,x). It follows that there exist
A > 0 and a C! functional g : F x E — R with ¢’(y,z) = (y*, —2*) such that
for any (v,u) € F' x E we have (noticing that d((y, z), graph ¥) = 0),

g(v,u) < Xd((v,u), graph¥) + g(y, )
< Ad(u, ¥ () + gy, z) < (Mo) f(u,v) + g(y, z).

Since fi(z,y) = 0, it thus follows that the functional (v, u) — (A/o) fiy (u,v)—
g(v,u) attains a minimum at (y,z). Hence (—z*,y*) € (A\/o)Or f+(z,y) (ob-
serve the order of variables). This verifies (13.102). Since the reverse inclusion
follows immediately from dgraphw > A f4 for any A > 0, the proof is complete.

O

We apply Theorem 13.9.1 to the special case

f(@y) =T, y)l, (13.103)

where T': F X F' — G is a continuously differentiable mapping. We consider
the following conditions:

(C1) E, F, and G are Fréchet smooth Banach spaces, U is a nonempty open
subset of E x F, and (Z,y) € U.

(C2) T:E x F — G is a C! mapping such that T'(Z,y) = o.

(C3) There exists o > 0 such that 0 B¢ C T} (x,y) (Bg) for any (z,y) € U.

Proposition 13.9.2 Let the conditions (C1)—(C3) be satisfied and let

U(y) :={z € E|T(z,y) = o}.
Then there exist open sets V. C E and W C F such thatx € V andy € W
and that the following holds:

(a) For anyy € W the set VN ¥(y) is nonempty.
(b) For any (x,y) € V. x W one has

d(z, ¥ (y)) < IIT(i,y)II.
(c) For any x* € E* one has
D3 (7, 2) (") = {—(T12(2,9)) 2" | 2* € G*, (T11(2,7)) =" = 2*}.
(13.104)

If, in particular, T)1(Z, §) is invertible, then D3¥ (g, Z)(x*) is a singleton con-
sisting of —((T|1(f, 7)1 T2 (z, g))*x*
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Proof. Ad (a), (b). Clearly the functional f : E x F — R defined by (13.103)
satisfies the assumptions (A1)—(A4). We show that it also satisfies (A5). Let
(z,y) € U be such that T'(z,y) # o. Applying the chain rule we conclude that
x* € Op1f(z,y) if and only if

(T(l’, y) | T|1(f£, y)u)

<.’L'*, u> = Yu e E,
1T (2, )|
in other words,
T
¥ =T (z,y)*v, where v:= HTE?z;H (13.105)

By (C3) there exists u € Bg such that T};(z, y)u = ov. Consequently,
="l = [Ty (2, y)*vll = (Thi(z, y) v, u) = (v, Ti1 (2, y)u) = (v,00) = 0.

Therefore (A5) is also fulfilled. Conclusions (a) and (b) now follow immedi-
ately from Theorem 13.9.1.

Ad (c). We calculate the coderivative of the multifunction ¥. Recall that
T(Z,5) = o. Let A > 0 and (—a*,y*) € AIrf(z,y) be given. By Proposi-
tion 9.1.9(a) we have

(—z*,u) + (y*,v) < Afe((@,7), (u,v)) V(uwv)€EXF. (13.106)
Observe that
fG((jv g)’ (ua U)) = ||T|1(-f7 ?)u + TIZ(jv g)’UH

= max <Z*7 T|1(9E,gj)u+T|2(:E7g)v>;
z*€BY

(13.107)

concerning the latter equation see Example 2.2.6. From (13.106) and (13.107)
we conclude that

ng}: Z*ren)\aéic* <<(Tll(i‘7g))*z* - x*u ’LL> + <(T‘|2(jvg))*2>k + y*7 U>) 2 0.
vEEFR

Hence there exists z* € ABg+ satisfying
o' = (Ti(2,9)) 2" and y* = —(T2(z,9)) 2"

Now Theorem 13.9.1(c) implies (13.104), from which the special case where
T\1(Z,y) is invertible is immediate. O

As a consequence of Proposition 13.9.2 we obtain a classical result of
Lyusternik [128] and Graves [79)].

Corollary 13.9.3 Assume that (A1) holds and that T : E x F — F is a C!
mapping such that T'(Z,y) = o and the partial derivative T|1(Z,y) is surjective.
Then the conclusions of Proposition 13.9.2 hold.
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Proof. In view of Proposition 13.9.2 we only have to show that condition (C3)
is satisfied. Since T|1(Z,y) is surjective, the classical open mapping theorem
implies that there exists ¢ > 0 such that 20Br C T1(Z,§)(Bg). Since T} is
continuous, there further exist open neighborhoods V' of Z and W of 3 such
that

IT1(7,9) — Tn(@,w) <o ¥(z,y) €V x W,

It follows that
20Br C [T11(2,9) — Ti1(2,y)](Be) + Ti1(2,y)(Br) € 0Br + T)1(2,y)(Bg)

and so 0B C T)1(x,y)(Bg) for any (x,y) € V x W. Hence (C3) is satisfied.
O

13.10 An Implicit Multifunction Theorem

We start with an auxiliary result. Let E, G be Fréchet smooth Banach spaces
and U an open subset of E. With a given multifunction I' : U = G we
associate the function g : U — R defined by

g(z) == d(I'(x),0) = inf{||z|| | z € ['(x)}. (13.108)

It will be crucial for the following that g can be written as infimum over a
fized set:

g(x) = ig(f;fy(x,z), where y(z, z) := ||z|| + Ograph (2, 2). (13.109)

The lemma below establishes the relationship between the F—subdifferential
of g and the coderivative of I'. In this connection, if S C G, Z € G and 1 > 0,
we call

proj,(z,5) :={z € G| |z — 2| <d(z,5) +n}

the n—approzimate projection of z to S.

Lemma 13.10.1 Let E and G be Fréchet smooth Banach spaces and U an
open subset of E. Further let the multifunction I' : U = G be closed-valued
and u.s.c. and let g : U — R be defined by (13.108). Assume that there exists
o > 0 such that for any x € U with o ¢ I'(z), one has

o glimi(r)lf{Hx*H | 2" € DRI (#,2)(2%), 2° € G*, ||27] = 1,
T]*}
z € B(x,n), 2 € projn(o,F(i))}.

Then for any x € U with g(z) > 0, x* € dpg(x) implies |z*|| > o.
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Proof. Since I' is closed—valued and u.s.c., graph I' is a closed set. Hence 7 is
l.s.c. Moreover, since I is u.s.c., the function g is l.s.c. (Exercise 13.13.11) and
so coincides with its l.s.c. closure g. Let € U with g(z) > 0 and 2* € dpg(x)
be given. Choose 1 > 0 such that g(2) > g(x)/2 for any # € B(x,n). By
Proposition 9.7.1 there exist (u,, wy) and (u;,w;) € Opy(uy, wy) satisfying

0 < g(uy) < y(uy, wy) < gluy) +n, (13.110)
fup — 2| <n,  luy — 2% <n, flwgll <. (13.111)

From (13.110) we see that w,, € proj, (o, I'(u,)). By the sum rule of Theorem
9.2.6 there exist (z,,2,), (Zy,2,) close to (u,,wy) and z; € Jw(%,), where
w(z) := ||z, such that

Zy € projn(o,f’(xn)), 12, > 0,
(uy, wy) € (0, 2) + Np((zy, 2y), graph I') + n(Bg+ x Bg+).

Hence there exist (i, @) € n(Bp~ x Bg~) satisfying

uy, — iy € DI (), 29) (2 — wyy + 0

n = Y n
and so v s * S
ul — 4 zh—wh+w
AT <z 2 ) |
||zn_wn+wn” Hzn_wn—i_wnn
Since ||z — wy + @yl > 1 — 27 (recall that [|z;]| = 1), we obtain
[[uy, — a3

lim inf [[up|| = lim inf ;
nl0 nl0

(B wy + wyl|

here the last inequality follows from the assumption concerning o. Hence
(13.111) shows that [|z*| > o. O

Now we turn to the announced implicit multifunction theorem. For this,
we need the following hypotheses.

H 1) E, F and G are Fréchet smooth Banach spaces, U is a nonempty open
subset of E x F and (Z,7) € U.
(H2) &:U = @ is a closed—valued multifunction such that o € ¢(z, 7).
(H 3) The multifunction &(z,-) is l.s.c. at 7.
(H 4) For any y near § the multifunction &(-,y) is u.s.c..
(H 5) There exists o > 0 such that for any (z,y) € U with o ¢ ®&(x,y), one
has

o Sliminf{Hx*H | 2* € DE®((£,y),2)(2%), 2* € G*, ||| =1,
n—0

& €B(z,m), 2 € projn(o,sﬁ(fc,y))}.
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Further let
Uly):={x € E|oecd(z,vy)}, (13.112)

that is, ¥ : F == F is the implicit multifunction defined by the generalized
equation o € @(x,y). Applying Theorem 13.9.1 and making use of Lemma
13.10.1, we immediately obtain the following result.

Theorem 13.10.2 (Implicit Multifunction Theorem) Assume that the
hypotheses (H1)-(H5) are satisfied. Then there exist open sets V. C E and
W C F withz €V and y € W such that the following holds:

(a) For anyy € W the set V NW¥(y) is nonempty.
(b) For any (z,y) € V. x W one has

A(@(z,1),0)

g

d(@(y),z) <
(¢) For any (x,y) € V. x W with x € ¥(y) and any z* € E*, one has

(—z*,y") € U )\de(@(x7y),o)}.

A>0

DU (y,2)(a*) = {y" € F*

(13.113)

This theorem characterizes the coderivative of the implicit multifunction
¥ in terms of the Fréchet subdifferential of the scalar function (z,y) —
d(®(x,y),0). It is natural to ask how the coderivative of ¥ can be charac-
terized directly in terms of @. The following result gives a partial answer.

Proposition 13.10.3 Assume that the hypotheses (H1)-(H5) are satisfied.
Then for any (x,y) € VX W with x € (y) (notation as in Theorem 13.10.2),
the following holds:

(a) For any x* € E* one has

U {y*eF*

z*eG*

(—z%,y%) € D?@(xvy,O)(z*)} C Dp¥(y, z)(z").

(13.114)
(b) For any x* € E*, y* € D5¥(y,x)(z*), and € > 0 there exist (Te, Ye, 2c) €
graph @ and (xf,y’,2}) € E* x F* x G* such that
[z —zell <€ [ly—vell <€ zell <e,
2% =zl <e, Ny =yl <e
(—al,yl) € DEP(xc, Ye, 2e)(22). (13.115)

(¢) If, in addition, graph @ is normally reqular at (x,y,0), then (13.114) holds
with equality.

Proof.

(a) Let y* be an element of the left-hand side of (13.114). Then there exists
z* € G* such that
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(_x*ay*a Z*) € NF(graphéa (337y7 0))

Hence there further exists a C! function g such that ¢'(x,y,0) =
(—z*,y*,2*) and dgraphe — ¢ has a local minimum at (z,y,0). Since
Ograph & (£, 9, 0) = Ographw (9, &) for any & € E and any g € F, it follows
that the function
(Q7§:) — 5grath’(Qa i‘) - 9(5?7137 O)
attains a local minimum at (y, z). Therefore, y* € D (y, z)(z*).
(b) Let y* € DL.¥(y, z)(z*) be given. Then
(v, —=") € | Mopd(graph ¥, (y, 2)).
A>0

Thus there exist a C' function h satisfying h/(y,z) = (y*, —2*) and a
constant A > 0 such that

h(y,x) < h(g, &) + Ad(graph ¥, (g, 7))
< h(g, &) + Ad(¥ (g, &) < h(3, &) + (A/0)d(P(Z, §), 0);
here the last inequality follows by Theorem 13.10.2(b). Since d(®(%, §),0) =
infzeq{||2]] + dgraph & (&, 7, 2)}, the estimate (13.116) shows that

(v, —=*) € Or (1nf {(V/0) 2] + dgrapn 0 (2,5, 2)} ).

(13.116)

Applying Proposition 9.7.1, we obtain the conclusion of (b).
(c¢) This follows from (13.115) by letting € | 0. O

We now derive a sufficient condition for metric regularity. In view of Theo-
rems 10.3.3 and 10.5.2 this is at the same time a sufficient condition for linear
openness and pseudo-Lipschitz continuity (Theorem 13.10.2)

Given the multifunction @ : E = F, define ®: F x F = F by

b(z,y) =d(x)—y, vE€E, yeF (13.117)

Proposition 13.10.4 Assume that d:E=Fisa multifunction such that,
with G :== F and ¢ according to (13.117), the hypotheses (H1)-(H5) are sat-

isfied. Then D is metrically reqular around (Z,q) with constant 1/o.

Proof. Notice that in this case we have ¥ = &~ and d(®(z,y),0) =
d(®(x),y). Hence the assertion follows from Theorem 13.10.2(b). O

13.11 An Extremal Principle Involving Deformations

The concept of an extremal system introduced in Sect. 13.3 refers to the trans-
lation of sets (cf. Remark 13.3.2). Now we introduce the concept of an ex-
tended extremal system which refers to the deformation of sets and so applies
to multifunctions.
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Definition 13.11.1 Assume that S;, i = 1,...,n, are metric spaces with
metrics p;, E is a Banach space, and ®; : S; = FE are closed-valued multi-
functions. A point Z € FE is said to be a local extremal point of the system
(D1,...,Pp) at (51,...,8,) € Sy X -+ x S f T € P1(51) N -+ N Dy(3y)
and there is a neighborhood U of Z such that for any € > 0 there exist
(81,...,8n) 7& (§1>~~~»§n) with

pi(si,5) <€, d(Pi(si),Z) <€, i=1,...,n, DP1(s1)N---NPp(sx)NU =0.

If the system (&y,...,P,) admits a local extremal point, it is said to be an
extended extremal system.

Remark 13.11.2 Let (Aj, Ao, Z) be an extremal system in the sense of Def-
inition 13.3.1. Defining

S1:=FE, 1(s1) =851+ A1 Vs1 € E, Sy :={o}, P2(0) := Ay,

we see that Z is a local extremal point of the system ($1,P2) at (0,0) and so
(@1, P2) is an extended extremal system.

We now establish an extremal principle for extended extremal systems
that corresponds to the approximate extremal principle of Theorem 13.3.10.
The result will be applied in Sect. 13.12 to multiobjective optimization.

Theorem 13.11.3 Let E be a Fréchet smooth Banach space. Assume that,
fori =1,...,n, S; is a metric space with metric p; and &; : S; = E is
a closed-valued multifunction. Further let T be a local extremal point of the
system (P1,...,P,) at (51,...,8,). Then for any € > 0 there exist s; € S,
x; € Bg(Z,¢€), and xf € E* such that

pi(si,5:) <€, x; € Pi(s;), xj € Np(Pi(s;),x;) + eBp-,
max{||z}],...,|lz:|l} > 1, 2]+ ---+a) =o. (13.118)

Proof.

(I) We equip E™ with the Euclidean product norm. Choose p > 0 such that
U := B(z, p) is a neighborhood of Z as in Definition 13.11.1. Now let € > 0
be given and choose 1 such that

. €2 2
0<mn< mm{5e—|—e2—|—l2n27 Z}
Further let sq,...,s, be as in Definition 13.11.1 with e replaced by 7 so
that, in particular, d(®;(s;),z) < n. Put A := &1(s;) x --- X @p(s5,) and
define ¢ : U™ — R by

n

s yn) = Y v — ykll +6a(yr, - ).
ik=1
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Since every set ®;(s;) is closed, the function ¢ is L.s.c. Moreover, since T
is a local extremal point of the system (@4, ...,d,), we conclude that ¢
is positive on U™. Choose §; € @;(s;), i = 1,...,n, satisfying

19 — Gkl < d(@i(s:), @) + d(Pr(sk), ) +n < 3n.

It follows that o(y1,...,yn) < 3n’n < €2/4.
(IT) Applying Ekeland’s variational principle in the form of Corollary 8.2.6,
we find z; € B(9;,€/2) C B(Z, €) such that the function

n n
€ ~
fyr, - yn) = E ”yi_ka"_gE llyi — &ill + 0a(y1s- - yn)

ik=1 i=1

attains its minimum over U™ at (1, ...,Z,). Obviously we may assume
that U™ = E™. Define ¢ : E™ — R by

n
Sy um) = > Iy — il
ik=1

We have (Z1,...,%Tn) = @(Z1,...,Tpn) > 0.
(III) Applying the approximate sum rule of Theorem 9.2.6 (in connection with
Lemma 9.2.5) to the function f, we find

z; € ®(si) NB(Zi,m) C B(Z,¢), 2 € B(3,7),
(z5,...,28) € Opt(z1, ..., 2n)
satisfying
0€ (21,---,2,) + Np(@1(s1), 1) X - -+ X Np(Pp(sn), ¥n)
+ B(gny« (0,n(n+1)); (13.119)
here we made use of the representation

Or0A(W1, - Yn) = Np(P1(y1),y1) X -+ X Np(Pp(Yn), Yn)

Vyi c @i(si), (13120)
the verification of which is left as Exercise 13.13.21. Putting o} := —27
fori=1,...,n we derive from (13.119) that 2} € Np(P;(s;), ;) +€eBp~.
From (z7,...,2}) € Op¢(#1,...,2,) we conclude that
(275, 20)
hy...,zn +Th) — .
T— T

where the latter equation follows from the definition of i) by symmetry.
Hence we obtain
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It remains to verify that max{|z3|,..., [|z%]} > 1. We first obtain
n
> (= =)
i=1
< limigf W(z1 —T21, ooy 2n —T2n) — (21, .., 20) ().
T— T

In view of (13.121) we have z; = — >, z* and it follows that

=2 1

n

(z1,y. .y 2n) < ;(Z“ZQ = i:Z2<Zi’Zi — ) (13.122)

K2
< max{|[z7]],- -, [z (2,5 2n)

Since ¥(Z1,...,%n) > 0 and ||z; — Z;]| <7, we may assume (shrinking »
further if necessary) that (21, ..., 2,) > 0. Hence (13.122) implies that
max{||zf]],..., ||z:]|} > 1, which also holds with z; replaced by z}. O

13.12 Application to Multiobjective Optimization

We want to apply the extremal principle of Theorem 13.11.3 to multiobjective
optimization problems. Let P be a nonempty subset of a Banach space F. We
define a preference relation < on F by writing 21 < 2o (read 2y is preferred
to zo) if and only if (21, 22) € P. Given z € F, we denote the level set of < at
z by L(z), i.e.,

L(z)={yeF|y=<=z}

Definition 13.12.1 The preference relation < is said to be:

— nonreflezive if z < z does not hold for any z € F.
— locally satiated at zZ € F if z € cl L(z) for any z in a neighborhood of Z.
— almost transitive on F if y € cl £(z) and z < 2z’ imply y < 2’

Example 13.12.2 Let @ be a closed cone in F. The generalized Pareto pref-
erence < is defined by z; < z if and only if 2y — 20 € Q and z; # 29.
We have L£(z) = z + (Q \ {0}). Hence < is a nonreflexive preference relation
that is locally satiated at any Z € F. It is left as Exercise 13.13.22 to show
that < is almost transitive on F if and only if the cone @ is pointed (i.e.,

QN (—Q) = {o}) and convex.
Now we make the following assumptions:

(A) E and F are Banach spaces, f: E — F, M C E,
< is a nonreflexive, satiated, almost transitive preference relation on F'.
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We consider the multiobjective optimization problem:
(MOP) Minimize f(x) with respect to <
subject to x € M.

A point T € FE is said to be a local solution of (MOP) if there is no x € M
near Z such that f(z) < f(z).

Lemma 13.12.3 establishes the relationship between the problem (MOP)
and extended extremal systems.

Lemma 13.12.3 Let the assumptions (A) be satisfied. Define
S1:=L(f(@)U{f(@®)}, Pi(s1):=M xclL(sy) Vs €51,
Sy :=A{o},  P2(0) :={(z, f(x)) |z € E}.

If T is a local solution of (MOP), then (Z, f(Z)) is a local extremal point of
the system (91, D3).

(13.123)

Proof. See Exercise 13.13.23. a

Applying the extremal principle of Theorem 13.11.3, we now derive a neces-
sary optimality condition for (MOP) in terms of F-subdifferentials. Recall that
for y* € F™*, the scalarization (y*, f) of f is defined by (y*, f)(z) := (y*, f(x))
for any z € E.

Theorem 13.12.4 In addition to the assumptions (A) let E and F be Fréchet
smooth Banach spaces and let f be locally L-continuous around T € M. If T
is a local solution of (MOP), then for any e > 0 there exist xo,x1 € Bg(Z,€),
Yo,y1 € Br(f(Z),¢), * € Np(M, 1), and y* € Np(cl L(yo), y1) such that
ly*l =1 and

o€ x*+9r(y*, fH(xo) + eBp-. (13.124)

Proof.

(I) We equip E x F' with the norm ||(z,y)| := ||z] + |ly|| and E* x F* with
the corresponding dual norm ||(z*, y*)|| = max{||z*||, ||y*||}. Let p € (0,1)
be such that f is Lipschitz continuous on B(Z, p) with Lipschitz constant
A > 0. Let any € > 0 be given and choose

. { 2e\ 1 € p}
‘=ming ——, ————, =, ~ o.
K 1+ N 82+N) 21
By Lemma 13.12.3, (z, f(z)) is a local extremal point of the sys-
tem (@q,P2) defined in that lemma. Therefore, Theorem 13.11.3
(with € replaced by n) implies that there exist yo € Bp(f(Z),n),

(zi,51) € Bexr((Z, f(2)),n), i = 1,2, (z3,y7) € Np(®1(vo), (z1,51)),
and (z3,93) € Np(P2(0), (x2,y2)) such that

max{[|(z1, y1)Il, [|(23,92)lI} > 1 —n and |[|(z1,57) + (z3,93)]| <.
(13.125)
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It follows that
lah )l > 1-2 > 172, i=1,2. (13.126)

The definition of the F-normal cone implies that for any (x,y) € ®2(0)
sufficiently close to (z2,y2) we obtain

(3,2 —m2) +(y5,y — y2) — nll(x — 22,y — y2)|| 0.

In this connection we have y = f(x) and y2 = f(z2). Hence the function
g : E — R defined by

9(@) = = (23,2 — x2) + (3, f(z) = f(x2)) — nll(x — 22, f(2) — f(z2))])

attains the local minimum 0 at z = z5. It follows that o € Opg(x2).

—
—
—

=

Applying the approximate sum rule of Theorem 9.2.6 and the chain rule
of Theorem 9.2.9 to g, we conclude that there exists g € Bg(zq,n) C
Bg(Z,2n) such that

o€ —x5 — Or{ys, fY(zo) + (1 + A\)nBp-. (13.127)
From this and the second relation in (13.125) we obtain
o€ x4+ 0ri, [)(xo) +2(2+ A\)nBg-. (13.128)

We claim that |ly7]] > 1/(4(1 + X)). To see this, take z* € Op(y7, f)(x0)
and u* € nBg« such that o = 27 + 2* + 2(2 + X\)u*. It follows that

172 < (x5, yD)I < Nl + lvill = 127 + 22 + Nu®|| + ||yt
/2 < D)l < I+ il = 1 +20 4 0w+ il
< 12711422 + M+ llyr Il
From the choice of z* and the L-continuity of f on B(Z, p) we obtain
(2", h) < (u1, fzo + h) = f(x0)) < |lyT AR VI € Blo,p/2)
and so ||z*|| < Al|lyf]l. This, (13.129), and the choice of 1 imply

L_ 9024\ 1
i) > 222
T+ AT+ N

as claimed. Now dividing (13.128) by ||y7|| and defining z* := =3 /|ly7||
and y* := yi/|ly7]|, the conclusion of the theorem follows. O

Remark 13.12.5 Theorem 13.12.4 is the starting point for deriving neces-
sary conditions for multiobjective optimization problems with specified con-
straints. For instance, let the set M in (MOP) be of the form M = A;NA3NA,
where A is any subset of F and
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Ay :={x € E|g(x) <0}, Ay :={x € E|h(z) =0}

with functionals g, h : E — R. Let Z be a local solution of (MOP) in this case.
Then Theorem 13.12.4 implies the condition (13.124). Here, 2* € Np(M, )
and the definition of the F-normal cone shows that

ply) = —(&"y —z1) +(¢/3)ly — =] 2 0

for all y € M close to 1. Hence x; is a local solution to the scalar optimization
problem

minimize ¢(y)
subject to g(y) <0, h(y)=0, yeA

A necessary condition for this problem can be derived, for instance, with
the aid of the approximate multiplier rule of Theorem 12.5.1. It is left as
Exercise 13.13.24 to elaborate the details.

13.13 Bibliographical Notes and Exercises

The presentation of this chapter was strongly influenced by the seminal two-
volume monograph [136,137] of Mordukhovich, in particular by the first vol-
ume. The second volume contains profound investigations of optimal con-
trol governed by ordinary differential equations and by functional-differential
relations. Concerning variational analysis in finite-dimensional spaces we rec-
ommend the comprehensive monograph [189] of Rockafellar and Wets.

The limiting objects, which we call here Mordukhovich normal cone and
Mordukhovich subdifferential, are called by Mordukhovich basic normal cone
and basic subdifferential, respectively. These objects as well as the idea of
extremal principles first appear in [132]. We refer to the monograph cited
above for a detailed discussion of the development of this theory as well as
a lot of references. The exact sum rule of Theorem 13.5.5 was obtained by
Mordukhovich and Shao [142] in an arbitrary Asplund space. Further calculus
rules for F- and M-subdifferentials as well as necessary optimality conditions
were obtained, among others, by Ngai et al. [151] and Ngai and Théra [154].

Proposition 13.4.3 is due to Mordukhovich and Wang [145]. Mordukhovich
coderivatives (called normal coderivatives by Mordukhovich) were introduced
in [133]. They were systematically studied in finite-dimensional spaces by
Mordukhovich [134] and Ioffe [95]. The approximate calculus rules for F-
coderivatives in Fréchet smooth Banach spaces (Theorems 13.2.7 and 13.2.8)
and their exact counterparts for M-coderivatives in finite-dimensional Ba-
nach spaces were taken from Borwein and Zhu [24]. Mordukhovich and
Shao [141, 143] derived exact calculus rules for M-coderivatives in Asplund
spaces. Example 13.2.12 (together with the concrete data of Exercise 13.13.8
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and further similar examples) was constructed by Borwein and Zhu [23].
Weak* sequential limits of proximal subgradients are studied by Clarke
et al. [39].

The results of Sects. 13.9 and 13.10, in particular the remarkable implicit
multifunction theorem (Theorem 13.10.2), are due to Ledyaev and Zhu [120].

Investigating multiobjective optimal control problems, Zhu [227] observed
that the approximate extremal principle holds for more general deformations
than translations of the set system. This observation finally led to the gen-
eral concept of an extended extremal system that was developed and applied
by Mordukhovich et al. [144]. Readers interested in multiobjective optimiza-
tion (also known as wvector optimization) are referred to Gopfert et al. [77],
Jahn [102], Pallaschke and Rolewicz [156], and the literature cited in these
books.

Exercise 13.13.1 Verify Lemma 13.1.11.
Exercise 13.13.2 Prove Proposition 13.1.19.
Exercise 13.13.3 Verify Theorem 13.1.23.

Exercise 13.13.4 Let A be a closed subset of £ and Z € A. Prove the
following assertions:

(a) If Z € A and U is a closed neighborhood of Z, then Ny (ANU,Z) =
(b) If z € bd A, then Ny(A, ) C Np(bd A, 7).

Hint: Take any nonzero z* € Nj/(A, Z) and find a sequence (ex, x, 2} ), such

that, in particular, z} ", 2*. Since it follows that lim inf |lzx|| > 0, conclude
that xy ¢ int A for k large enough.

Exercise 13.13.5 Verify the assertions (a) and (c) of Proposition 13.2.3.
Exercise 13.13.6 Elaborate the details of the proof of Theorem 13.2.8.
Exercise 13.13.7 Prove Theorem 13.2.11.

Exercise 13.13.8 Let E be the sequence space [2. For any k € N, let u
denote the kth unit vector of 2, let a; be a positive number such that

1— 24 < ap <1 and define

%
— — 2
Yk = Ugk, 2k = 4/ 1 — af Ugg 1 — Qpusg.

Finally define H; := clspan{y; | K € N} and Hy := clspan{z; | k € N}. Show
that HY N HS = {o} and Hy 4+ HS is weak* dense but not closed in E* (cf.
Example 13.2.12).
Hint: Verify that

Hy = clspan{y; | k € N}, Hj = clspan{z; | k € N},
where y; := ug,—1 and 2} 1= aguogp—1 + /1 — a3 ugg.
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Exercise 13.13.9 Verify the statement in Example 13.3.3
Exercise 13.13.10 Prove Lemma 13.3.4.

Exercise 13.13.11 Let I' : £ = G be a multifunction between the Banach
spaces E and G. Define g : E — R by g(z) := d(I'(z),0). Show that if I" is
u.s.c., then g is l.s.c.

Exercise 13.13.12 Elaborate step (II) of the proof of Theorem 13.3.10.

Exercise 13.13.13 Show that the set A C FE is epi-Lipschitzian at & € A if
and only if it is compactly epi-Lipschitzian at Z, where the associated compact
set C' can be chosen as a singleton.

Exercise 13.13.14 Verify Remark 13.4.6.
Exercise 13.13.15 Carry out step (III) in the proof of Theorem 13.4.9.

Exercise 13.13.16 For i = 1,2 let A; be a nonempty subset of the normed
vector space E; and T; € A;. Prove that

NJVI(Al X AQ, (fl,fg)) = NM(Al,:fl) X N]V[(AQ,IEQ).

Exercise 13.13.17 Show that for any nonempty subset A of F and T € A
one has

Exercise 13.13.18 Carry out the induction proof for Theorem 13.5.5.
Exercise 13.13.19 Prove the assertion (13.93) of Theorem 13.8.1.

Exercise 13.13.20 Verify the inclusion D of (13.98) under the assumptions
of Theorem 13.8.2.

Exercise 13.13.21 Verify the representation of 9pd4(y1, ..., yn) in (13.120).
Exercise 13.13.22 Verify the assertion in Example 13.12.2.
Exercise 13.13.23 Verify Lemma 13.12.3.

Exercise 13.13.24 Carry out the program indicated in Remark 13.12.5.
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Appendix: Further Topics

In this final chapter we briefly indicate some concepts and developments in
nonsmooth analysis that have not been treated in the preceding text. For a
comprehensive discussion we refer to the monograph [189] by Rockafellar
and Wets (finite-dimensional theory) and the monograph [136, 137] by
Mordukhovich (infinite-dimensional theory).

In the sequel, unless otherwise specified, let F be a normed vector space,
f: E — R a proper functional, and Z € dom f.

(I) Clarke [34] defines the subdifferential

01f(z) == {2" € E" | (2", —1) € Ne(epi f, (z, f(2))) }-

This set is always o(E*, E)-closed but may be empty. However, if T is a
local minimizer of f, then o € 01 f(Z). Moreover, Corollary 11.3.2 shows that
01 f(Z) = 0, f(Z) for any Z € E whenever f is locally L-continuous on E.

(IT) Rockafellar [184] (see also [186,189]) defines the (regular) subderivative
f1(z,):E—Rof fatzas

€l0 (z,0)—>5Z z€B(y,€) T

In this context, (z,«) —; Z means (v,«) € epif, © — Z, and a — f(T).
Rockafellar shows that f1(z,-) is Ls.c. and that f(Z,0) = —oo if and only if
o1f(x) =0.1f f1(z,0) > —o0, then f1(z,0) =0, f1(z,") is sublinear, and

epi fT(ja ) = TC(epi f7 ('fa f(‘f)»

It then follows that f1(Z,-) is the support functional of the Clarke subdiffer-
ential, i.e.,

01f(x) ={z* € E* | (z*,y) < f(z,y) Vy€eE}
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The functional f is said to be directionally Lipschitz at T if epi f is epi-
Lipschitz at (Z, f(Z)). Moreover, f is said to be subdifferentially regular if

M@y =f,&y) VyeE;

this is equivalent to epi f being a tangentially regular set. If f is locally L-
continuous around Z, then f is subdifferentially regular if and only if f is
regular in the sense of Clarke. Rockafellar shows that the sum rule

0 (f +9)(@) €01 f(Z) + 019() ()

holds if ¢ is directionally Lipschitz at # and dom f'(Z,-) N int domg'(z, )
is nonempty. The sum rule holds with equality if, in addition, f and g are
subdifferentially regular. Certain chain rules are also established.

(III) Michel and Penot [129,130] study several types of directional derivatives
and associated subdifferentials. Their aim is to generalize the G-derivative
rather than the strict H-derivative as does the Clarke subdifferential (cf. Re-
mark 7.3.10).

Using the epi-limit convergence concept, Michel and Penot define, among
others, the pseudo-strict derivative of f at T as

fA(Z,y) ==sup eLimsup 2(f(z+7y+71)— ).
i s
The functional f*(Z,-) is shown to be l.s.c. and sublinear. If f is locally L-
continuous around Z, then f(Z,-) coincides with f©(z,-). If the directional
G-derivative fg(Z,-) exists, is finite and sublinear, then f"(z,-) = fo(z,).
The associated subdifferential, defined as

0" f(z) :={a" € E" | (a",y) < f"(z,y) Vy € E},

thus satisfies 0" f(z) = {f'(Z)} whenever f is G-differentiable at Z. If Z is a
local minimizer of f, then o € " f(Z). Under certain regularity assumptions,
the sum rule 0" (f+¢)(z) C 9" f(Z)+ 9" g(z) and a chain rule are established.
Finally, multiplier rules are derived in [130].

(IV) Various other generalized derivative concepts were introduced and stud-
ied. Some of them are Halkin’s screen [83], Treiman’s B-derivatives [206,207],
and Warga’s derivate containers [213,214]. Much was done by Hiriart-
Urruty [84,85,87] in clarifying and refining these derivative concepts.

(V) Concerning sensitivity analysis, we refer in the finite-dimensional case to
Klatte and Kummer [111], Luderer et al. [126], and Rockafellar and Wets [189],
and in the infinite-dimensional case to Bonnans and Shapiro [16], Clarke et
al. [39], and Mordukhovich [136] as well as to the literature cited in these
books.
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(VI) Following Borwein and Zhu [23], we started the differential analysis of
lower semicontinuous functionals with Zhu’s nonlocal fuzzy sum rule which,
in turn, is based on the Borwein—Preiss smooth variational principle. The
basis of Mordukhovich’s work constitutes his extremal principle. Another
fundamental result in nonsmooth analysis is a multidirectional mean value
theorem (such as Theorem 9.6.2) that originally goes back to Clarke and
Ledyaev [37,38]. In [39] this result is applied to establish, among others, non-
smooth implicit and inverse function theorems. Mordukhovich and Shao [140]
showed the equivalence of the extremal principle and the local fuzzy sum rule,
and Zhu [226] proved the equivalence of the latter to the nonlocal fuzzy sum
rule and to the multidirectional mean value theorem.

(VII) Ioffe systematically investigated approzimate subdifferentials; see,
among others, [94-98,100].

Let F denote the collection of all finite-dimensional vector subspaces of E.
If S is a nonempty subset of E, we write

| f(x) ifxels,
f(s)(x)'{Jroo ifzeE\S.

Toffe starts with the lower directional Hadamard derivative, which he calls
lower directional Dini derivative,

[ (Z,y) == liminf L(f(z+72)— f(z)) VyekE.

T10,z—y T

He then defines the Hadamard subdifferential (or Dini subdifferential)
O f(z) :={z" e E" [ (z",y) < [,(Z,y) Vy € E}

and the A-subdifferential

oaf(z) = ﬂ Limsup 0~ f(z41)(x).

LeF 47

Here, the Painlevé-Kuratowski upper limit is taken with respect to the norm
topology in E and the weak star topology in E*. Observe that Ioffe utilizes
the topological form of the Painlevé-Kuratowski upper limit whereas Mor-
dukhovich utilizes the sequential form. The interrelation between the concepts
of Toffe and Mordukhovich is discussed by Mordukhovich and Shao [142], see
also Mordukhovich [136].

Ioffe further defines the G-normal cone to the set M C E at £ € M as

NG(M7 5?) = cl” U /\aAd]w(.f‘)
A>0
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and, respectively, the G-subdifferential and the singular G-subdifferential of
f at T as

0cf(x) :={2" € E* | (2", 1) € Ng(epi f, (z, f(2))) },
0 f(z) :={a* € E* | (2*,0) € N¢(epi f, (z, f(2))) }.

The G-subdifferential and the A-subdifferential coincide for any function on
finite-dimensional normed vector spaces and for directionally Lipschitz func-
tions on arbitrary normed vector spaces. For convex functionals on any normed
vector space, the G-subdifferential (in contrast to the A-subdifferential) coin-
cides with the subdifferential of convex analysis. In general, the sets d4 f(Z)
and Oq f(Z) are not convex. However, they are minimal in a certain sense
among all “reasonable” subdifferential constructions. In particular, for any
proper functional f one has d¢ f(z) = ¢0* (0c f(Z) + 0F f(Z)).

Ioffe develops an extensive calculus for these objects. For instance, if M;
and My are closed sets one of them being epi-Lipschitz at Z, then an appro-
priate regularity assumption ensures that

Ng(My N My, Z) € Ng(Mq,Z) + No(Ms, ),

with equality if Ng(M;,z) = T(M;,z)° for i = 1,2. This result is veri-
fied with the aid of Ekeland’s variational principle. It is then applied to
derive the following sum rule. If the functionals f and ¢ are l.s.c. and one
of them is directionally Lipschitz at Z, then under the regularity assumption
oF f(z) N (-0 g(x)) = {o}, the sum rule (¢) holds with J; replaced by 0g.
An analogous result is obtained for the A-subdifferential. For an extended
chain rule in terms of 94 see Jourani and Thibault [106]. We also refer to the
survey paper by Hiriart-Urruty et al. [90].

Multiplier rules in terms of G-subdifferentials were established by Glover
et al. [74]. For an alternative proof of these multiplier rules and an interesting
discussion of the absence of constraint qualifications we refer to Piihl [172].
Modified multiplier rules were obtained by Glover and Craven [73].

(VIII) In these lectures, we confined ourselves to first-order necessary
optimality conditions (which are also sufficient in the convex case). For
second-order necessary and/or sufficient conditions we refer in the smooth
case to Bonnans and Shapiro [16] and the literature cited therein. Second-
order optimality conditions in terms of generalized derivatives are also treated
in many papers. As a small selection we refer to Ben-Tal and Zowe [14], Casas
and Troltzsch [29], Chaney [31], Cominetti [40], Mordukhovich [135], Mor-
dukhovich [136], Mordukhovich and Outrata [138], and Rockafellar [188].
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Gy set, 69

P-convex mapping, 197
(B-derivative, 41
(B-differentiable mapping, 41
[-smooth mapping, 46
e-coderivative, 294
Cl-mapping, 46
C2-mapping, 48

absorbing set, 6
affine functional, 9
almost transitive preference
relation, 340
approximate extremal principle,
303
approximate subdifferential, 349
approximation
radial upper convex, 135
upper convex, 135
Asplund space, 70
Aubin property, 211

basic subdifferential, 288
basis, 103

biconjugate functional, 31
bilinear functional, 49

bipolar cone, 35
bornology, 41
Fréchet (F-bornology), 41
Gateaux (G-bornology), 41
Hadamard (H-bornology), 41
boundary value problem
classical, 106
genralized, 106
bounded process, 209
bounded-valued
multifunction, 195
bump functional, 162

Clarke directional derivative, 139
Clarke generalized gradient, 142
Clarke normal cone, 238
Clarke subdifferential, 142
Clarke tangent cone, 231
classical boundary value problem,
106, 118

closed multifunction, 195
closed-valued multifunction, 195
coderivative

€, 294

Fréchet (F-), 294

Mordukhovich (M-), 294
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coercive functional, 100
coercive multifunction, 223
compactly epi-Lipschitzian set,
309

compatible topology, 20
condition

core, 208

generalized John, 274

generalized

Karush-Kuhn—Tucker, 274

John, 94

Karush—Kuhn—Tucker, 94

Kolmogorov, 98

Mangasarian-Fromowitz, 275

regularity, 94, 250

Robinson, 208

Slater, 93

Zowe-Kurcyusz, 208
conditions

local optimality, 94
cone, 13

bipolar, 35

Bishop—Phelps, 70

Clarke normal, 238

Clarke tangent, 231

contingent, 132, 231

convex, 13

Fréchet normal, 238

linearizing, 248

normal, 135, 237

of feasible directions, 231

of hypertangents, 231

of inner directions, 231

of radial directions, 131, 231

of radial inner directions, 231

polar, 35

proximal normal, 238

tangent, 231

viscosity normal, 238
conjugate functional, 29
constant

of metric regularity, 200
constraint

functional, 92

qualification, 250

residual, 92

constraint qualification, 94
contingent cone, 132, 231

contingent derivative, 252
continuously differentiable

mapping, 46

convex cone, 13

convex functional, 8
convex multifunction, 195
convex set, 5

core, 6

core condition, 208

derivative

5-, 41

Clarke directional, 139
contingent, 252
directional G-, 39
directional H-, 39

F-, 42
G-, 42
H-, 42

lower directional G-, 40
lower directional H-, 40
Michel-Penot directional, 139
partial, 51

second order, 48

strict (-, 42

strict F-, 42

strict G-, 42

strict H-, 42

upper directional G-, 40
upper directional H-, 40

Dini derivates, 41
distance functional, 10
dual pair

of locally convex spaces, 20
of vector spaces, 19

dual problem, 112
duality gap, 112
duality mapping, 80

effective domain, 8
epi-limit

lower, 226
upper, 226



epi-Lipschitzian set, 236
epigraph, 8
equation
generalized, 200
Euler-Lagrange equation, 268
exact extremal principle, 302
extended extremal system, 338
extremal principle
approximate, 303
exact, 302
extremal set, 23
extremal system, 301
extended, 338
extreme point, 23

F-derivative (=Fréchet
derivative), 42

F-differentiable mapping, 42
F-subderivative, 167
F-subdifferentiable functional, 167
Fenchel conjugate, 29
fixed end point problem, 267
Fréchet e-subdifferential, 289
Fréchet (F-)coderivative, 294
Fréchet (F-)subdifferential, 167
Fréchet (F-)superdifferential, 181
Fréchet normal, 238
Fréchet normal cone, 238
Fréchet smooth Banach space, 88
functional

affine, 9

biconjugate, 31

bilinear, 19

bounded bilinear, 49

bump, 162

coercive, 100

conjugate, 29

constraint, 92

convex, 8

distance, 10

F-subdifferentiable, 167

indicator, 9

Lagrange, 93

locally convex, 136

locally L-continuous, 11
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lower regular, 291

lower semicontinuous (l.s.c.), 22

lower semicontinuous closure of
a, 25

marginal, 123

Minkowski, 10

proper, 8

quadratic, 9, 49

quasidifferentiable, 136

regular, 146

regularly locally convex, 136

sequentially lower
semicontinuous, 22

sequentially normally
epi-compact (SNEC), 317

stricly convex, 8

strongly positive bilinear, 67

sublinear, 9

support, 9

symmetric bilinear, 49

upper semicontinuous (u.s.c.),
22

value, 123

viscosity subdifferentiable, 167

G-derivative (=Gateaux
derivative), 42
directional, 39
lower directional, 40
strict directional, 39
upper directional, 40
G-differentiable mapping, 42
Gamma regularization, 27
gauge, 10
general dualization principle, 114
generalized boundary value
problem, 106
generalized derivative, 105
generalized equation, 200
generalized gradient
Clarke, 142
generalized John condition, 274
generalized Karush—Kuhn—Tucker
condition, 274
generalized solution, 106
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generating set, 217
global minimizer, 91
global solution, 91
gradient, 42

H-derivative (=Hadamard
derivative), 42

directional, 39

lower directional, 40

strict directional, 39

upper directional, 40
H-differentiable mapping, 42
Hamilton—-Jacobi equation, 181
hemicontinuous mapping, 220
hyperplane, 15

supporting, 17

indicator functional, 9
infimal convolution, 32
inner semicompact, 299

John conditions, 94

Kadec norm, 86

Karush—Kuhn—Tucker conditions,
94

Kolmogorov condition, 98

Lagrange functional, 93

Lagrange multiplier, 274

limiting qualification condition,
320

linear rate

of openness, 201

linearizing cone, 248

linearly semiopen mapping, 213

local extremal point, 301

local minimizer, 91

local optimality conditions, 94

local solution, 91

local solution of a multiobjective
optimization problem, 341

locally compact mapping, 180

locally convex functional, 136

locally convex space, 5

locally convex subdifferential, 138

locally L-continuous, 11

locally satiated preference
relation, 340

locally uniformly convex space, 85

lower epi-limit, 226

lower regular functional, 291

lower semicontinuous (L.s.c.), 22

lower semicontinuous
multifunction, 64

M-subdifferential, 288
mapping
P-convex, 197
[-differentiable, 41
[B-smooth, 46
Cl, 46
C2, 48
continuously differentiable, 46
duality, 80
F-differentiable, 42
G-differentiable, 42
H-differentiable, 42
hemicontinuous, 220
linearly semiopen, 213
locally compact, 180
metrically semiregular, 213
open, 196
radially continuous, 45
scalarization of a, 180
semi-pseudo-Lipschitz, 213
strictly (-differentiable, 42
strictly F-differentiable, 42
strictly G-differentiable, 42
strictly H-differentiable, 42
twice continuously
differentiable, 48
marginal functional, 123
method of penalty functions, 131
method of tangent directions, 131
metric regularity
constant of, 200
metrically regular multifunction,
200
metrically semiregular mapping,
213



Michel-Penot directional
derivative, 139
Michel-Penot subdifferential, 142
minimizer
global, 91
local, 91
strict, 156
strong, 156
minimizing sequence, 99
Minkowski functional, 10
mixed qualification condition, 313
Mordukhovich (M-)coderivative,
294
Mordukhovich (M-)normal cone,
285
Mordukhovich
(M-)subdifferential, 288
multifunction, 63
Aubin property of a, 211
bounded-valued, 195
closed, 195
closed-valued, 195
coercive, 223
convex, 195
domain of a, 63
graph of a, 63
inner semicompact, 299
inverse of a, 195
locally bounded, 64
lower semicontinuous, 64
maximal monotone, 219
metrically regular, 200
monotone, 64
open at a linear rate, 201
openness bound of a, 209
pseudo-Lipschitz, 211
range of a, 195
strictly monotone, 64
strongly monotone, 64
uniformly monotone, 64
upper semicontinuous, 64
weakly metrically regular, 211
multiplier
Lagrange, 274

Index 371

natural boundary conditions, 271
normal
Fréchet, 238
proximal, 238
viscosity, 238
normal cone, 135, 237
Fréchet, 238
Mordukhovich, 285
proximal, 238
viscosity, 238
normally regular set, 287
normed vector space
locally uniformly convex, 85
separable, 70
smooth, 84
uniformly convex, 85

open mapping, 196
openness

linear rate of, 201
openness bound

of a multifunction, 209
operator

strongly elliptic, 118

Painlevé—Kuratowski lower limit,
225
Painlevé—Kuratowski upper limit,
225
sequential, 226
parameter
metric semiregularity, 213
semi-pseudo-Lipschitz, 213
semiopenness, 213
partially sequentially normally
compact (PSNC), 312
peak point, 82
peaking function, 82
point
local extremal, 301
polar cone, 35
preference relation, 340
almost transitive, 340
locally satiated, 340
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preorder, 14
primal problem, 112
problem

classical boundary value, 118

dual, 112

fixed end point, 267

primal, 112

Ritz minimum, 103
process, 209

bounded, 209

convex, 209

norm of a, 209
projection, 96
projector, 96
proper functional, 8
proximal normal, 238
proximal normal cone, 238
proximal subdifferential, 167
proximal subgradient, 167
pseudo-Lipschitz multifunction,

211

quadratic functional, 9
quasidifferentiable functional, 136

radial upper convex
approximation, 135
radially continuous mapping, 45
regular functional, 146
regularity condition, 94, 250
Mangasarian-Fromowitz, 275
Slater, 93
regularly locally convex
functional, 136
residual constraint, 92
Ritz
equations, 103
method, 103
minimum problem, 103
Robinson condition, 208

saddle point, 93

scalarization, 180

selection, 64

semi-pseudo-Lipschitz mapping,
213

semiopenness parameter, 213
separable normed vector space, 70
separated sets, 16
sequence
minimizing, 99
weak® convergent, 21
weakly convergent, 20
sequentially lower semicontinuous,
22
sequentially normally compact
(SNC), 308
sequentially normally epi-compact
(SNECQ), 317
set
absorbing, 6
bounded in FE, 217
circled, 5
compactly epi-Lipschitzian, 309
convex, 5
cs-closed, 6
epi-Lipschitzian, 236
epi-Lipschitzian at =, 236
extremal, 23
generating, 217
normally regular, 287
partially sequentially normally
compact (PSNC), 312
sequentially normally compact,
308
SNC see sequentially normally
compact, 308
strongly partially sequentially
normally compact (strongly
PSNC), 312
tangentially regular, 250
weakly sequentially closed, 21
set of e-normals, 285
set-valued mapping, 63
sets
separated, 16
strongly separated, 16
singular Mordukhovich (M-)
subdifferential, 288
Slater condition, 93
smooth space, 84



solution
generalized, 106
global, 91
local, 91
strict B-derivative, 42
strict F-derivative, 42
strict G-derivative, 42
strict H-derivative, 42
strict minimizer, 156
strictly (-differentiable mapping,
42
strictly convex functional, 8
strictly F-differentiable mapping,
42
strictly G-differentiable mapping,
42
strictly H-differentiable mapping,
42
strong minimizer, 156
strongly elliptic, 118
strongly partially sequentially
normally compact (strongly
PSNC), 312
strongly separated sets, 16
subdifferential, 59
approximate, 349
basic, 288
Clarke, 142
Fréchet e-, 289
Fréchet (F-), 167
locally convex, 138
Michel-Penot, 142
Mordukhovich (M-), 288
proximal, 167
singular Mordukhovich (M-),
288
viscosity, 167
subdifferential mapping, 63
subgradient, 59
proximal, 167
sublinear functional, 9
superdifferential
Fréchet (F-), 181

Index 373

support functional, 9
support point, 17

tangent cone, 231
tangentially regular set, 250
topological vector space, 5

topology
compatible, 20
weak, 19
weak star, 20
weak*, 20

Trefftz method, 121

uniformly convex space, 85

upper convex approximation, 135

upper epi-limit, 226

upper semicontinuous functional,
22

upper semicontinuous
multifunction, 64

value functional, 123
variational equation, 92
variational inequality, 92
variational problem, 106
vector space, 5

locally convex, 5

topological, 5
viscosity normal, 238
viscosity normal cone, 238
viscosity solution, 181
viscosity subderivative, 167
viscosity subdifferentiable, 167
viscosity subdifferential, 167
viscosity subsolution, 181
viscosity supersolution, 181

weak star topology, 20

weak topology, 19

weak* topology, 20

weakly metrically regular
multifunction, 211

Young inequality, 29

Zowe—Kurcyusz condition, 208
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