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1 Introduction

The paper is devoted to consideration of partial decision-relative reducts (we
will omit often words ”decision-relative”) and partial decision rules for decision
tables on the basis of partial cover investigation.

Rough set theory [IT/I7] often deals with decision tables containing noisy
data. In this case exact reducts and rules can be ”overlearned” i.e. depend es-
sentially on noise. If we see constructed reducts and rules as a way of knowledge
representation [T6] then instead of large exact reducts and rules it is more appro-
priate to work with relatively small partial ones. In [12] Zdzistaw Pawlak wrote
that ”the idea of an approximate reduct can be useful in cases when a smaller
number of condition attributes is preferred over accuracy of classification”.

Last years in rough set theory partial reducts, partial decision rules and partial
covers are studied intensively [GI7/SOTOT3ITI2002T22/23/24127]. Approximate
reducts are investigated also in extensions of rough set model such as VPRS
(variable precision rough sets) [26] and a-RST (alpha rough set theory) [14].

We study the case where each subset, used for covering, has its own weight,
and we must minimize the total weight of subsets in partial cover. The same
situation is with partial reducts and decision rules: each conditional attribute
has its own weight, and we must minimize the total weight of attributes in partial
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reduct or decision rule. If weight of each attribute characterizes time complexity
of attribute value computation then we try to minimize total time complexity of
computation of attributes from partial reduct or partial decision rule. If weight
characterizes a risk of attribute value computation (as in medical or technical
diagnosis) then we try to minimize total risk, etc.

In rough set theory various problems can be represented as set cover problems
with weights:

— problem of construction of a reduct [I6] or partial reduct with minimal total
weight of attributes for an information system;

— problem of construction of a decision-relative reduct [16] or partial decision-
relative reduct with minimal total weight of attributes for a decision table;

— problem of construction of a decision rule or partial decision rule with min-
imal total weight of attributes for a row of a decision table (note that this
problem is closely connected with the problem of construction of a local
reduct [16] or partial local reduct with minimal total weight of attributes);

— problem of construction of a subsystem of a given system of decision rules
which ”covers” the same set of rows and has minimal total weight of rules
(in the capacity of a rule weight we can consider its length).

So the study of covers and partial covers is of some interest for rough set
theory. In this paper we list some known results on set cover problems which
can be useful in applications and obtain certain new results.

From results obtained in [20/22] it follows that the problem of construction
of partial cover with minimal weight is N P-hard. Therefore we must consider
polynomial approximate algorithms for minimization of weight of partial covers.

In [I8] a greedy algorithm with weights for partial cover construction was
investigated. This algorithm is a generalization of well known greedy algorithm
with weights for exact cover construction [2]. The algorithm from [I§] is a greedy
algorithm with one threshold which gives the exactness of constructed partial
cover.

Using results from [9] (based on results from [3I15] and technique created in
[20022]) on precision of polynomial approximate algorithms for construction of
partial cover with minimal cardinality and results from [I8] on precision of greedy
algorithm with one threshold we show that under some natural assumptions on
the class N P the greedy algorithm with one threshold is close to best polynomial
approximate algorithms for construction of partial cover with minimal weight.
However we can try to improve results of the work of greedy algorithm with one
threshold for some part of set cover problems with weight.

We generalize greedy algorithm with one threshold [18], and consider greedy
algorithm with two thresholds. First threshold gives the exactness of constructed
partial cover, and the second one is an interior parameter of the considered
algorithm. We prove that for the most part of set cover problems there exist a
weight function and values of thresholds such that the weight of partial cover
constructed by greedy algorithm with two thresholds is less than the weight of
partial cover constructed by greedy algorithm with one threshold.
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We describe two polynomial algorithms which always construct partial cov-
ers that are not worse than the one constructed by greedy algorithm with one
threshold, and for the most part of set cover problems there exists a weight
function and a value of first threshold such that the weight of partial covers
constructed by the considered two algorithms is less than the weight of partial
cover constructed by greedy algorithm with one threshold.

Information on greedy algorithm work can be used for obtaining lower bounds
on minimal cardinality of partial covers [9]. We fix some kind of information on
greedy algorithm work, and find unimprovable lower bound on minimal weight
of partial cover depending on this information. Obtained results show that this
bound is not trivial and can be useful for investigation of set cover problems.

There exist bounds on precision of greedy algorithm without weights for par-
tial cover construction which do not depend on the cardinality of covered set
[1U6I7I8]. We obtain similar bound for the case of weight.

The most part of the results obtained for partial covers is generalized on the
case of partial decision-relative reducts and partial decision rules for decision
tables which, in general case, are inconsistent (a decision table is inconsistent if
it has equal rows with different decisions). In particular, we show that

— Under some natural assumptions on the class NP greedy algorithms with
weights are close to best polynomial approximate algorithms for minimiza-
tion of total weight of attributes in partial reducts and partial decision rules.

— Based on information receiving during greedy algorithm work it is possible
to obtain nontrivial lower bounds on minimal total weight of attributes in
partial reducts and partial decision rules.

— There exist polynomial modifications of greedy algorithms which for a part
of decision tables give better results than usual greedy algorithms.

Obtained results will further to more wide use of greedy algorithms with
weighs and their modifications in rough set theory and applications.

This paper is, in some sense, an extension of [9] on the case of weights which
are not equal to 1. However, problems considered in this paper (and proofs of
results) are more complicated than the ones considered in [9]. Bounds obtained
in this paper are sometimes more weak than the corresponding bounds from [9].
We must note also that even if all weights are equal to 1 then results of the work
of greedy algorithms considered in this paper can be different from the results of
the work of greedy algorithms considered in [9]. For example, for case of reducts
the number of chosen attributes is the same, but last attributes can differ.

The paper consists of five sections. In Sect. 2 partial covers are studied. In
Sect. 3 partial tests (partial superreducts) and partial reducts are investigated.
In Sect. 4 partial decision rules are considered. Sect. 5 contains short conclusions.

2 Partial Covers

2.1 Main Notions

Let A = {ay,...,a,} be a nonempty finite set. Elements of A are enumerated by
numbers 1,...,n (in fact we fix a linear order on A). Let S = {Bi}icq1,..m} =
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{B1i,...,Bn} be a family of subsets of A such that By U...UB,, = A. We will
assume that S can contain equal subsets of A. The pair (A4, S) will be called a
set cover problem. Let w be a weight function which corresponds to each B; € S
a natural number w(B;). The triple (4, S,w) will be called a set cover problem
with weights. Note that in fact weight function w is given on the set of indexes
{1,...,m}. But, for simplicity, we are writing w(B;) instead of w(z).

Let I be a subset of {1,...,m}. The family P = {B;}ic; will be called a
subfamily of S. The number |P| = |I| will be called the cardinality of P. Let
P = {B;}icr and Q = {B;}ics be subfamilies of S. The notation P C @ will
mean that I C J. Let us denote PUQ = {B;}icrus, PNQ = {B;}icins, and
P\Q={Bi}icr s

A subfamily @ = {B;,,..., B;, } of the family S will be called a partial cover
for (A, S). Let « be a real number such that 0 < a < 1. The subfamily @ will
be called an a-cover for (A,S) if |B;, U...U B;,| > (1 — «)|A|. For example,
0.01-cover means that we must cover at least 99% of elements from A. Note that
a 0-cover is usual (exact) cover. The number w(Q) = Zz':l w(B;;) will be called
the weight of the partial cover Q). Let us denote by Chin(a) = Chin(a, 4, .S, w)
the minimal weight of a-cover for (4, 5).

Let a and 7 be real numbers such that 0 < v < a < 1. Let us describe a
greedy algorithm with two thresholds o and ~.

Let us denote N = [|A|(1 —~)] and M = [|A|(1 — «)]. Let we make i > 0
steps and choose subsets Bj,, ..., Bj,. Let us describe the step number 7 + 1.

Let us denote D = Bj, U...UBj, (if i = 0 then D = (). If |D| > M then we
finish the work of the algorithm. The family {Bj,,...,B;,} is the constructed
a-cover. Let |D| < M. Then we choose a subset Bj, , from S with minimal
number j;41 for which Bj,,, \ D # () and the value

it+1

w<Bji+1)
min{‘Bji+1 \D‘7N - |D|}

is minimal. Pass to the step number ¢ 4 2.

Let us denote by CJ, 4, (@) = Cfreqy (@ A, S;w) the weight of a-cover con-
structed by the considered algorithm for the set cover problem with weights
(4, S, w).

Note that greedy algorithm with two thresholds o and « coincides with the
greedy algorithm with one threshold « considered in [I8].

2.2 Some Known Results

In this subsection we assume that the weight function has values from the set of
positive real numbers.
For natural m denote H(m) =1+ ... 4 1/m. It is known that

Inm < H(m)<lnm+1 .
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Consider some results for the case of exact covers where o = 0. In this case
v = 0. First results belong to Chvéatal.

Theorem 1. (Chvétal [2]) For any set cover problem with weights (A, S, w) the
inequality C’g (0) < Cmin(0)H(|A|) holds.

reedy

Theorem 2. (Chvital [2]) For any set cover problem with weights (A, S, w) the

inequality C’greedy(O) < Chin(0)H (maxp,es | B;i|) holds.

Chvétal proved in [2] that the bounds from Theorems [I and [2] are almost unim-
provable.
Consider now some results for the case where @ > 0 and v = «. First upper

bound on Cg.q, () was obtained by Kearns.

Theorem 3. (Kearns [5]) For any set cover problem with weights (A, S,w) and

any o, 0 < a < 1, the inequality Cgeeqy (@) < Cmin(a)(2H (|A]) + 3) holds.

This bound was improved by Slavik.

Theorem 4. (Slavik [I8]) For any set cover problem with weights (A, S,w) and

any o, 0 < o < 1, the inequality Cgooq, () < Cmin()H ([(1 — «)|A[]) holds.

Theorem 5. (Slavik [18])) For any set cover problem with weights (A, S,w) and

any o, 0 < a < 1, the inequality Cgoeqy (@) < Cmin(a)H (maxp;es |Bil) holds.

Slavik proved in [I§] that the bounds from Theorems [ and [l are unimprovable.

2.3 On Polynomial Approximate Algorithms for Minimization of
Partial Cover Weight

In this subsection we consider three theorems which follow immediately from
Theorems 13-15 [9)].

Let 0 < a < 1. Consider the following problem: for given set cover problem
with weights (A, S, w) it is required to find an a-cover for (A, S) with minimal
weight.

Theorem 6. Let 0 < a < 1. Then the problem of construction of a-cover with
minimal weight s N P-hard.

From this theorem it follows that we must consider polynomial approximate
algorithms for minimization of a-cover weight.

Theorem 7. Let a € R and 0 < a < 1. If NP ¢ DTIM E(n©(081og ) then
for any e, 0 < e <1, there is no polynomial algorithm that for a given set cover

problem with weights (A, S,w) constructs an a-cover for (A, S) which weight is
at most (1 — €)Cin(a, 4, S, w)In |A|.

Theorem 8. Let « be a real number such that 0 < a < 1. If P # NP then
there exists & > 0 such that there is no polynomial algorithm that for a given
set cover problem with weights (A, S,w) constructs an a-cover for (A, S) which
weight is at most 6Cmin(a, A, S, w) In |AJ.
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From Theorem @ it follows that Cg .qy(@) < Cuin(@)(1 + In[A]). From this
inequality and from Theorem [7 it follows that under the assumption NP ¢
DTIME(n®(oglogn)) greedy algorithm with two thresholds a and « (in fact
greedy algorithm with one threshold « from [I§]) is close to best polynomial
approximate algorithms for minimization of partial cover weight. From the con-
sidered inequality and from Theorem [ it follows that under the assumption
P # NP greedy algorithm with two thresholds o and « is not far from best
polynomial approximate algorithms for minimization of partial cover weight.
However we can try to improve the results of the work of greedy algorithm
with two thresholds a and « for some part of set cover problems with weights.

2.4 Comparison of Greedy Algorithms with One and Two
Thresholds

The following example shows that if for greedy algorithm with two thresholds
a and v we will use v such that v < a we can obtain sometimes better results
than in the case v = a.

Ezample 1. Consider a set cover problem (A, S,w) such that A = {1,2,3,4,5,
6}7 S = {Bl,BQ}, Bl = {1}, BQ = {2,374,576}, U}(Bl) =1 and ’LU(BQ) = 4.
Let & = 0.5. It means that we must cover at least M = [(1 —«)|4|] = 3
elements from A. If v = o = 0.5 then the result of the work of greedy algorithm
with thresholds « and + is the 0.5-cover { By, B2} which weight is equal to 5. If
v = 0 < « then the result of the work of greedy algorithm with thresholds «
and ~ is the 0.5-cover { Bo} which weight is equal to 4.

In this subsection we show that under some assumptions on |A| and |S]| for
the most part of set cover problems (A,S) there exist a weight function w
and real numbers a,v such that 0 < v < a < 1 and Cgreedy(a, A, S,w) <
Clreedy (@ A, S, w). First, we consider criterion of existence of such w, o and v
(see Theorem [@]). First part of the proof of this criterion is based on a construc-
tion similar to considered in Example [l

Let A be a finite nonempty set and S = {By,..., By, } be a family of subsets
of A. We will say that the family S is 1-uniform if there exists a natural number
k such that |B;| = k or |B;| = k+1 for any nonempty subset B; from S. We will
say that S is strongly 1-uniform if S is 1-uniform and for any subsets B, , ..., B,
from S the family {B1\ U,..., By, \ U} is l-uniform where U = B;, U...U By,.

Theorem 9. Let (A, S) be a set cover problem. Then the following two state-
ments are equivalent:

1. The family S is not strongly 1-uniform.

2. There ezist a weight function w and real numbers a and v such that 0 < v <
a<1 and C’greedy(a, A, S w) < Cgreeay (@ A, S, w).

Proof. Let S = {Bjy,..., By} Let the family S be not strongly 1-uniform. Let us

choose minimal number of subsets By, ..., B, from the family S (it is possible
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that ¢ = 0) such that the family {By \ U,..., By, \ U} is not l-uniform where
U=B,U...UBy, (if t =0 then U = (). Since {B1 \ U, ..., By, \ U} is not
1-uniform, there exist two subsets B; and B; from S such that |B; \ U| > 0 and
|B;\U| > |B; \U|+2. Let us choose real « and ~y such that M = [|A|(1 — «)] =
|U|+|B;\U|+1and N = [|A|(1 — )] = |U|+|B;\U|+2. It is clear that 0 < v <
a < 1. Let us define a weight function w as follows: w(By,) = ... = w(By,) =1,
w(B;) = |A|-2|B;\U|, w(B;) = |A|(2|B; \U| +3) and w(B,) = |A|(3|B; \U| +6)
for any B, from S such that r ¢ {4,7,01,...,1:}.

Let us consider the work of greedy algorithm with two thresholds « and «a.
One can show that during first ¢ steps the greedy algorithm will choose subsets
By, ..., B, (may be in an another order). It is clear that |[U| < M. Therefore
the greedy algorithm must make the step number ¢ + 1. During this step the
greedy algorithm will choose a subset By from S with minimal number & for
which B, \U # 0 and the value p(k) = iz \C (b 101) = min( 50 1 B\011)
is minimal.

It is clear that p(i) = 2|A|, p(j) = 2+ |Bi\b|+1)|A‘ and p(k) > 3|A] for
any subset By, from S such that By \U # 0 and k ¢ {i,5,11,...,0;}. Therefore
during the step number ¢ + 1 the greedy algorithm will choose the subset B;.
Since |U| + |B; \ U| = M — 1, the greedy algorithm will make the step number
t+ 2 and will choose a subset from S which is different from By, , ..., B;,, B;. As
the result we obtain Cg,.q, (0, A, S,w) >t + [A| - 2[B; \ U| + |A|(2|B; \ U] +3).

Let us consider the work of greedy algorithm with two thresholds « and ~.
One can show that during first ¢ steps the greedy algorithm will choose subsets
By,,..., B, (may be in an another order). It is clear that |U| < M. Therefore
the greedy algorithm must make the step number ¢ + 1. During this step the
greedy algorithm will choose a subset Bj from S with minimal number k for
which By, \ U # () and the value q(k) = min{lBl:\(glk,)N—lUl} = min{lBkivéfI%i\UIH}
is minimal.

It is clear that q(i) = 2|4], ¢(j) = (2 — |Bi\b|+2)|A‘ and gq(k) > 3|A| for
any subset By, from S such that By \U # 0 and k ¢ {i,7,11,...,l:}. Therefore
during the step number ¢ 4 1 the greedy algorithm will choose the subset B;.
Since |U| + |B; \ U| > M, the a-cover constructed by greedy algorithm will
be equal to {By,..., By, Bj}. As the result we obtain CJ .4 (o, A, S,w) =
EHA(2IBA\UI+3). Since €20 (0, A, S,w) > t+] A2 BAUI+ A 21B;\U|+3)
and |B; \ U| > 0, we conclude that Cgy.oqy (@, A, S,w) > CF gy (@, A, Sy w).

Let the family S be strongly 1-uniform. Consider arbitrary weight function
w for S and real numbers « and « such that 0 < v < o < 1. Let us show that

Coreedy (@ A, Ssw) > O gy (i, A, S,w). Let us denote M = [|A|(1 — )] and
N =[|A[(1 =7)]. If M = N then CJ q,(a, A, S, w) = Cgrooqy(a, A, S,w). Let
N > M.

Let us apply the greedy algorithm with thresholds a and « to the set cover
problem with weights (A, S,w). Let during the construction of a-cover this
algorithm choose sequentially subsets By, , ..., By,. Let us apply now the greedy
algorithm with thresholds « and v to the set cover problem with weights (4, S, w).
If during the construction of a-cover this algorithm chooses sequentially subsets
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By, ,..., By, then C’greedy(a, A, S,w) = C’greedy(a, A, S,w). Let there exist a non-
negative integer r, 0 < r <t — 1, such that during first  steps the considered
algorithm chooses subsets By, ,..., By, , but at the step number r + 1 the al-
gorithm chooses a subset By such that k # g,41. Let us denote By, = 0, D=

BgU...UBy and J = {i:i€ {1,...,m}, B;\D # 0}. It is clear that g,41,k € J.
For any i € J denote p(i) = min{|BK(DB|2\4—|D|}’ q(i) = min{|B:<(1]73|izV—|D|}'

Since k # gr4+1, we conclude that there exists ¢ € J such that p(:i) # q(i).
Therefore |B; \ D| > M — |D|. Since S is strongly 1l-uniform family, we have
|B; \ D| > M — |D| for any j € J. From here it follows, in particular, that
r+1=t, and {By,,...,By,_,, B} is an a-cover for (4, 5).

It is clear that p(g¢) < p(k). Since | B\ D| > M —|D| and | By, \D| > M —|D|,
we have p(k) = ]:j’[(j’b)l, p(gt) = ﬂ?fb)l Therefore w(By,) < w(By).

Taking into account that CJ .4, (2, A, S,w) = w(By,) + ... + w(By,_,) +
w(By) and Cgoqy (@, A, S, w) = w(By,) + ... + w(By, ,) + w(Bg,) we obtain
C’greedy(a, A, S,w) > Cg qy(a, A, S, w). 0
Let us show that under some assumptions on |A| and |S| the most part of set
cover problems (A4, .5) is not 1-uniform, and therefore is not strongly 1-uniform.

There is one-to-one correspondence between set cover problems and tables
filled by numbers from {0,1} and having no rows filled by 0 only. Let A =
{a1,...,a,} and S = {B1,...,Bp}. Then the problem (A,S) corresponds to
the table with n rows and m columns which fori =1,...,nand j=1,...,m
has 1 at the intersection of i-th row and j-th column if and only if a; € B;.

A table filled by numbers from {0, 1} will be called SC-table if this table has
no rows filled by 0 only. For completeness of the presentation we consider here
a statement from [J] with proof.

Lemma 1. The number of SC-tables with n rows and m columns is at least

omn _ 2mn7m+10g2 n

Proof. Let i € {1,...,n}. The number of tables in which the i-th row is filled
by 0 only is equal to 2™~ . Therefore the number of tables which are not SC-
tables is at most n2™" =" = gmn—mtlog: n Thyg the number of SC-tables is at
least 2m" — 2mn—m+log2 n O

Lemma 2. Letn € N, n >4 and k € {0,...,n}. Then CF < o < \2/2
Proof. Tt is well known (see, for example, [25], p. 178) that C* < i Let n

is nf2) " o

be even and n > 4. It is known (see [4], p. 278) that Cr/ ™ < Jan S vn
Let n be odd and n > 5. Using well known equality C5"/% = ¢/ 4 oln/21=1
and the fact, that CL"7Y/2 > €k for any k € {0,...,n — 1}, we obtain

[n/2] [(n—1)/2] (/2] 2" 2n _on
Cy <2C;7 . Thus, Cy < \/3(n2_1)+1 < \/3(n3_1)+1 = n Therefore
for any n > 4 the inequality C,E"/ 2l < 2" holds. O

vn
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Theorem 10. Consider set cover problems (A,S) such that A = {a1,...,an}
and S = {By,...,Bn}. Let n > 4 and m > logyn + 1. Then the fraction of set
cover problems which are not 1-uniform is at least 1 — 9%2.

n

Proof. The considered fraction is at least 7P where ¢ is the number of SC-tables
with n rows and m columns, and p is the number of tables with n rows and m
columns filled by 0 and 1 for each of which there exists k € {1,...,n — 1} such
that the number of units in each column belongs to the set {0, k, k + 1}.
From Lemma [I] it follows that ¢ > 2™" — gmn—m+logsn Tt ig clear that p <
"~1(Ck 4+ Ck1 4 1)™. From Lemma Bl it follows that C."/*) > C¥ for any

ke {1,...,n}. Therefore p < (n—1) (SC}ln/zJ> . Using Lemma 2 we conclude

that 3C5"% < \z/nn for any n > 4. Therefore p < (T(L;;),f;y;n. Thus, q;p = l—f; >
9 9

1— (2 )m/z(;:n_j;i:n_mwogz n) . Taking into account that m > log, n+1 we obtain
9
- 2(n—1 +1
qqp>1—(§;m/)2>1 9"; o O

So if n is large enough and m > logysn + 1 then the most part of set cover
problems (A, S) with |A] = n and |S| = m is not 1-uniform.
For example, the fraction of set cover problems (4,S5) Wlth |A] = 81 and

|S| = 20 which are not 1-uniform is at least 1 — ; =1— .1 .

2.5 Two Modifications of Greedy Algorithm

Results obtained in the previous subsection show that the greedy algorithm with
two thresholds is of some interest. In this subsection we consider two polyno-
mial modifications of greedy algorithm which allow to use advantages of greedy
algorithm with two thresholds.

Let (A, S,w) be a set cover problem with weights and « be a real number
such that 0 < a < 1.

1. Of course, it is impossible to consider effectively all vy such that 0 < v < «.
Instead of this we can consider all natural N such that M < N < |A|
where M = [|A|(1 — )] (see the description of greedy algorithm with two
thresholds). For each N € {M,...,|A|} we apply greedy algorithm with
parameters M and N to set cover problem with weights (A, S, w) and after
that choose an a-cover with minimal weight among constructed a-covers.

2. There exists also an another way to construct an a-cover which is not worse
than the one obtained under consideration of all N such that M < N < |A].
Let us apply greedy algorithm with thresholds o and « to set cover prob-
lem with weights (A, S,w). Let the algorithm choose sequentially subsets
Bg,,...,By,. For each i € {0,...,t — 1} we find (if it is possible) a subset
By, from S with minimal weight w(B,) such that By, U...U By, U By, | >
M, and form an a-cover {By,,...,Bgy,,B;,} (if i« = 0 then it will be the
family {Bj,}). After that among constructed a-covers {By,,...,By,},
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{Bg,,---sBg;; Bi,}, ... we choose an a-cover with minimal weight. From
Proposition [I] it follows that the constructed a-cover is not worse than the
one constructed under consideration of all v, 0 < v < «, or (which is the
same) all N, M < N < |A].

Proposition 1. Let (A, S,w) be a set cover problem with weights and c,~y be real
numbers such that 0 < v < a < 1. Let the greedy algorithm with two thresholds «
and o, which is applied to (A, S, w), choose sequentially subsets By, , ..., Bg,. Let
the greedy algorithm with two thresholds «a and vy, which is applied to (A, S, w),
choose sequentially subsets By,,...,By,. Then either k =t and (I1,...,l;) =

(g1,---,9t) or k <t, (I1,...,lk—1) = (91, -+, 9k—1) and lg # gi.-

Proof. Let S = {By,...,Bn}. Let us denote M = [|A|(1 —«a)] and N =
[1AI(L— )],

Let (I1,...,lk) # (91,...,9¢). Since {Byg,,...,By,_,} is not an a-cover for
(A, S), it is impossible that k < ¢t and (I1,...,lx) = (91, ..., 9k). Since {By,, ...,
By, } is an a-cover for (A,S), it is impossible that & > t and (Iy,...,l;) =
(g1, ---,9t). Therefore there exists i € {0,...,¢t—1} such that during first i steps
algorithm with thresholds a and « and algorithm with thresholds a and -y choose
the same subsets from .S, but during the step number i + 1 the algorithm with
threshold a and y chooses a subset B;,,, such that l;;1 # gij1.

Let us denote By, =0, D = By, U...UBgy, and J ={j:j € {1,...,m}, B; \

D # (0}. 1t is clear that g;+1,l;4+1 € J. For any j € J let p(j) = min{|BKD|{M—|D|}
w(B;

and ¢(j) = min{|Bj\D|J,gV—|D|}' Since N > M, we have p(j) > ¢q(j) for any j € J.
Consider two cases.

Let giy1 < lit1. In this case we have p(giy1) < p(lit1) and q(giv1) > q(liy1)-
Using inequality p(gi+1) > ¢(gi+1) we obtain p(gi+1) > q(li+1) and p(liy1) >
q(li41). From last inequality it follows that |B;,,, \ D| > M — |D].

Let gi+1 > lix1. In this case we have p(giy1) < p(li+1) and q(gi+1) > q(liy1)-
Using inequality p(gi+1) > q(gi+1) we obtain p(git1) > q(lit1) and p(li1) >
q(liy1). From last inequality it follows that |B,, \ D| > M — |D].

So in any case we have |By,,, \ D| > M — |D|. From this inequality it follows
that after the step number i+1 the algorithm with thresholds a and v must finish
the work. Thus, k =i+ 1, k <t¢, (la,...,lk—1) = (91,-.-,9k—1) and Iy # gr. O

2.6 Lower Bound on Chin(a)

In this subsection we fix some information about the work of greedy algorithm
with two thresholds and find the best lower bound on the value Cp,in () depend-
ing on this information.

Let (A, S,w) be a set cover problem with weights and «,~ be real numbers
such that 0 < v < a < 1. Let us apply the greedy algorithm with thresholds «
and v to the set cover problem with weights (A, S, w). Let during the construction
of a-cover the greedy algorithm choose sequentially subsets By, , ..., By,.

Let us denote By, = 0 and 69 = 0. For ¢ = 1,...,t denote 6; = |By, \ (Bg, U
...UBy,_,)| and w; = w(By,).



On Partial Covers, Reducts and Decision Rules with Weights 221

As information on the greedy algorithm work we will use numbers M¢c =
MC(O‘”%A’ S, U)) = |—|A‘(1 - O(ﬂ and N¢ = Nc(avf% A, 8, w) = |—|A‘(1 - ’Yﬂ’
and tuples Ac = Ac(a, v, A, S,w) = (61,...,6;) and We = We(a, v, A, S,w) =
(w1, ..., w).

Fori=20,...,t —1 denote

P ’V wi+1(Mc—((50+...+(5i)) -‘
! min{6i+1,NC— (60++62)}

Let us define parameter pc(a,v) = pc(a, 7, A, S, w) as follows:
po(a,y) =max{p; :i=0,...,t —1} .

We will prove that pc(«, ) is the best lower bound on Cin(«) depending
on M¢c, No, Ac and We. This lower bound is based on a generalization of
the following simple reasoning: if we must cover M elements and the maximal
cardinality of a subset from S is § then we must use at least H;[ ] subsets.

Theorem 11. For any set cover problem with weights (A, S,w) and any real
numbers a,7y, 0 < v < a < 1, the inequality Crin(a, 4, S, w) > pc(a,y, A, S, w)
holds, and there exists a set cover problem with weights (A’,S",w") such that

MC(aﬂvalvslvw/) - MC<a7’y;Avsv U})7NC(OZ7’}/,A/75/7U}/) - NC(OZ7’Y,A,S7 U})
AC(aa77A/7S/7w/) = AC(aa’%Aa Sa U)), Wc(Q7’Y,A/7S/,U]/) = Wc(Q,’Y,A,S7 U])
pc(a77a‘4/a Slaw/) = pC(a7fYaA7S7 w)7Cmin<a7A/7S/aw/) = pc(a,’y,A’,S’,w/) .

Proof. Let (A, S,w) be a set cover problem with weights, S = {By,..., Bn},
and «,y be real numbers such that 0 < v < a < 1. Let us denote M =
Me(a,v, A, S,w) =[]A|(1 — @)] and N = Neo(a, v, A, S,w) = [|A|(1 —v)]. Let
{Bi,,-..,Bi,} be an optimal a-cover for (A, S,w), i.e. w(By,)+ ...+ w(By,) =
Crin(@, A, S, w) = Cpin(e) and |B;, U...U B, | > M.

Let us apply the greedy algorithm with thresholds « and v to (4, S, w). Let
during the construction of a-cover the greedy algorithm choose sequentially sub-
sets By,, ..., By,. Let us denote By, = 0.

Let i € {0,...,t—1}. Let us denote D = By, U...UBy,. It is clear that after ¢
steps of greedy algorithm work in the set By, U...UB,, at least |B;, U...UB;, |—
|Bgy U...UBg,| > M — |D| > 0 elements remained uncovered. After i-th step

p1 = | By, \ D| elements remained uncovered in the set By, ..., and py = |B;, \ D|
elements remained uncovered in the set B;, . We know that py + ... + pr >
M — |D| > 0. Let, for the definiteness, p; > 0,...,p > 0,p,11 = ... = px = 0.
For j =1,...,r denote ¢; = min{p;, N—|D|}. It is clear that N—|D| > M —|D|.

w(B,) w(Bi,)

Therefore g1 + ...+ g > M — |D|. Let us consider numbers o e

qar
Let us show that at least one of these numbers is at most 3 = w(Bll)+"'+w(B“‘).

q1t...+qr
Assume the contrary. Then w(By,) + ... +w(By,) = w(i’f)ql +... 4 w(i’:)% >

(i +...+¢)B=w(By)+...+w(By,) which is impossible.
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We know that ¢1 +...+ ¢ > M — |D| and w(By,) + ...+ w(By,.) < Cpin(a).
Therefore 3 < %\YEH—HI(DOCI)’ and there exists j € {1,...,k} such that B;, \ D # 0
w(Blj) w(Bgi+1) Cmin(a)
min{| B, \D|,N—|DI} min{|B,,, \DlN—p)y = B = yZpj and

. w(BgH_l)(M*IDI)
len(a) 2 min{| By, ,\D|,N—|D|}-
Taking into account that Cpin() is a natural number we obtain Cpin(a) >
’V w(Bgi+1)(M_|D|)
min{lBgH.l\Dl)N*IDl}

and po(a,y) = pola,y, A, S, w) = max{p; :4=0,...,t — 1}, we conclude that
Crin(@) = pe(a, 7).

Let us show that this bound is unimprovable depending on Mg, Ng, Ac
and We. Let us consider a set cover problem with weights (A’, S’,w') where
A = A, S = {Bh...,Bm7Bm+1}, |Bm+1| =M, Bg1 U... UBgt,l C Bt €
By, U...U By, W' (B1) = w(Bi),...,w'(Bmn) = w(Bp) and W' (Bmt1) =
po(a,v). Tt is clear that Mg (a,v, A", S, w') = Mco(a,v, A, S,w) = M and
Ne(a,v, A, S w') = No(a,vy, A, S,w) = N. We show Ac(a,, A, S w') =
Ac(a,v, A, S,w) and We(a, v, A, S, w') = Wel(a, v, A, S, w).

Let us show by induction on i € {1,...,t} that for the set cover problem
with weights (A’,5’,w") at the step number ¢ the greedy algorithm with two
thresholds a and vy will choose the subset By,. Let us consider the first step.

and < (. Hence

-‘ = p;. Since last inequality holds for any i € {0,...,t—1}

Let us denote D = (). It is clear that min{IBiUn,i?Cl;ljJ)V—lDl} = ?\?I(—OICI;I) From the

- . w'(By,) w(Bg, )
def(imt)lon of po(a, ) it follows that min{IBgl\DgllyN—lDl} = min{|Bgl\1§|1,N—|D|} <
pc (o

M—|D| - Using this fact and the inequality g1 < m 4+ 1 it is not difficult to prove
that at the first step greedy algorithm will choose the subset By, .

Let i € {1,...,t — 1}. Let us assume that the greedy algorithm made 4 steps
for (A’,S’,w’) and chose subsets By,,...,By,. Let us show that at the step
i+ 1 the subset By, , will be chosen. Let us denote D = By, U...U By,. Since
By, U...UBy, C By and |Bpq1| = M, we have |By,11 \ D| = M — |D|.

w'(Bm+1) _ pclay) "
min{leH\JﬁNlel} = M-l From the definition of the parameter

. w’ qu w Bgi a
po(e,) it follows that min{lBgii;\Eﬁz)vf|D|} = min{lBgiil\Bi)NﬂDn < 2430
Using this fact and the inequality g;+1 < m + 1 it is not difficult to prove that
at the step number i 4- 1 greedy algorithm will choose the subset By, , ;.

Thus, Ac(a,v, A", S w') = Ac(a,v,A,S,w) and We(a,y, A, S w') =
We(a, v, A, S,w). Therefore po(a,vy, A, S, w') = po(a,v, A, S,w) = pcla,y).
From been proven it follows that Cpin(c, A, S, w') > po(a,vy, A7, S w'). Tt is
clear that {By,+1} is an a-cover for (A’,S") and the weight of {B,,11} is equal
to po(a,vy, A, S", w'). Hence Cpin(a, A', 8", w') = pe(a, v, A’, S, w'). O

Therefore

Let us consider a property of the parameter pc(c,~y) which is important for
practical use of the bound from Theorem ]

Proposition 2. Let (A, S,w) be a set cover problem with weights and c,~y be real
numbers such that 0 < v < a < 1. Then pc(a,a, A, S,w) > pc(a,v, A, S,w).
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Proof. Let S = {Bi,...,Bn}, M =J]A|(1 —a)], N =[|A|(1 = )], pcla,a) =
pola, o, A, S, w) and pe(a,y) = pola, vy, A, S, w).

Let us apply the greedy algorithm with thresholds « and « to (A, S, w).
Let during the construction of a-cover this algorithm choose sequentially sub-
sets By, ,..., Bg,. Let us denote By, = ). For j = 0,...,t — 1 denote D; =

By, U...U By, and pc(a,a,j) = { Y00y ) D5 1) —‘ Then pc(a, o) =

min{lByj_Fl\Djl’M*lel}
max{pc(o,a,j) : 7 =0,...,t —1}.

Apply the greedy algorithm with thresholds « and ~ to (A4, S, w). Let during
the construction of a-cover this algorithm choose sequentially subsets By, ...,
By, . From Proposition[Ilit follows that either k = ¢ and (I1,...,1x) = (91,.-.,9¢)
or k<t (I1,...,lk—1) = (91, --,9k—1) and Iy # gi. Let us consider these two
cases separately. Let k =t and (I1,...,lx) = (g91,...,9¢). For j =0,...,t—1 de-
note po(a,7y,j) = {minﬁgjjj:igi#:%jM. Then pc(a,y) = max{pc(,7,7) :
j =0,...,t —1}. Since N > M, we have pc(a,v,j) < pol(a,a,j) for j =
0,...,t—1. Hence pc(a,v) < po(a,a). Let k <t, (l1,...,lg—1) = (91, -, Gr—1)
w(By, )(M—|Dk-1])

min{|sz\Dk_u,Nlek_n}W and

and Iy # gx. Let us denote po(a, v,k — 1) = [
’V w(ng+1)(M_|Dj|)

pcla,v,j) = min{|ng+1\Dj|,N—|Dj|}—‘ for j = 0,....k — 2. Then pc(a,v) =

max{pc(a,v,7) : 5 = 0,...,k — 1}. Since N > M, we have pc(a,v,j) <

pola,a, ) for j = 0,...,k — 2. Tt is clear that min{lBlk\g:igllTjV*IDk—ll} <
w(Byg,,) w(Byg,,)

min{| By \Dp_1 [ N~|Dx 1]} = min{|By\Ds_1[,M—|Dy [} THUS; pc(a,y, b —1) <

pola, ok — 1) and pe(a,v) < pola, a). O

2.7 Upper Bounds on CJ, .4, (@)

In this subsection we study some properties of parameter pc(«,~y) and obtain
two upper bounds on the value Cgreedy(a) which do not depend directly on

cardinality of the set A and cardinalities of subsets B; from S.

Theorem 12. Let (A, S, w) be a set cover problem with weights and o, ~y be real
numbers such that 0 < v < a < 1. Then

L—n
Cgreedy(a,A, S, w) < po(v,7, 4, S, w) <ln (a B 7) + 1)

Proof. Let S = {Bi,...,Bn}. Let us denote M = [|A|(1 —a)] and N =
[AI(L = )1

Let us apply the greedy algorithm with thresholds v and ~ to (A, S, w).
Let during the construction of v-cover the greedy algorithm choose sequen-
tially subsets By, , ..., Bg,. Let us denote By, = 0, for i = 0,...,t — 1 denote
D, = By, U...U By, and denote p = pc(7,7, 4,5, w). Immediately from the
definition of the parameter p it follows that for i =0,...,t — 1

w(Bg7‘,+1) < p (1)
min{|Bgi+1 \DZ|7N_ ‘DZ‘} - N-— ‘DZ|
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Note that min{|By,,, \ Di|, N — |D;|} = |By,,, \ D;| for i =0,...,t — 2 since
{Byy,-..,Bg,,,} is not a y-cover for (A,S). Therefore for i = 0,...,t — 2 we

w(Boiyr) and NIl < IB"”“\D”. Thus, for i =1,...,t -1

have P
|B9i+1\Di| - N7|D1| 14 - w(ng‘,+1)

during the step number 7 the greedy algorithm covers at least N=IDi-1l glements

P
on each unit of weight. From () it follows that that for i =0,...,t —1

w(Bgi+1) > g;;_u)" <p. (2)

Assume that p = 1. Using () we obtain w(Bg, ) = 1. From this equality and
(@) it follows that |By,| > N. Therefore {By, } is an a-cover for (4,S), and

Cgreedy(a) = 1. It is clear that In (i:'jy) +1 > 1. Therefore the statement of the
theorem holds if p = 1.
Assume now that p > 2. Let |By, | > M. Then {Bj, } is an a-cover for (4, S).

Using (@) we obtain CJ, .4, () < p. Since In (;:Yy) +1 > 1, we conclude that the

statement of the theorem holds if |By, | > M. Let |By, | < M. Then there exists
ge{l,...,t =1} such that |Bg, U...UB,, | <M and |Bg, U...UBy,_, | > M.

Taking into account that for ¢ = 1,..., ¢ during the step number i the greedy
algorithm covers at least N=IDi-1l glements on each unit of weight we obtain
>w(Bgl)+...+w(ng)

N=|By, U...UB,| §N(1— L

p . Let us denote k = w(By, ) +

k
...+ w(By,). Then N — N (1 - ;) < |By, U...UB,,| < M — 1. Therefore
k k
A=) =41 =) (1= 1) <Al —a), 1=y —T+a<@-7) ("),
k k
(pf1> < ;;1, (1 + p11> < ijy, and ’; <In (ijy) To obtain last inequality
we use known inequality In (1 + i) > Tj_l which holds for any natural r. It is

clear that CJ, .4, () = k +w(Bg41). Using [2) we conclude that w(Bgt1) < p.
Therefore CJ,..q4, (@) < pln (3,;1) +p 0

Corollary 1. Let € be a real number, and 0 < ¢ < 1. Then for any o such that
e < a <1 the following inequalities hold:

pc(a,a) < Cnin(a) < Cgoagy (@) < pola—e,a—¢) <1n i + 1)

For example, if ¢ = 0.01 and 0.01 < a < 1 then pe(a, ) < Cpin(a) <
Coroonyi(a) < 5.61pc(a — 0.01,0 = 0.01), and if ¢ = 0.1 and 0.1 < a < 1

then po(a, @) < Chin(a) < C’grggd;(a) < 3.31pc(a—0.1,a —0.1).
The obtained results show that the lower bound Cpin(a) > pe(a, @) is non-

trivial.

Theorem 13. Let (A, S, w) be a set cover problem with weights and o~y be real
numbers such that 0 < v < a < 1. Then

I—vy
Crocdy (@, A, S, w) < Crin (7, A, S, w) (ln (a 3 7) + 1>
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Proof. From Theorem [I2] it follows that C’greedy(a, A, S, w) < pe(y,7, A, S, w) -

(ln (;:’;) + 1). The inequality pc (7,7, 4, S, w) < Cuin(7, 4, S, w) follows from

Theorem [I11 O
Corollary 2. C%,.; (0.001) < 7.91Ckun(0), C%0% (0.01) < 5.71Ckn(0.001),
€01 1(0.2) < 3.20Ciin(0.1), CO3., (0.5) < 2.26Cinin(0.3).

Corollary 3. Let 0 < a < 1. Then Cf, .q,() < Crmin(0) (In!+1).

Corollary 4. Let ¢ be a real number, and 0 < ¢ < 1. Then for any o such that

£ < a <1 the inequalities Crin(a) < Cgoigy (@) < Cmin(a —€) (In! +1) hold.

3 Partial Tests and Reducts

3.1 Main Notions

Let T be a table with n rows labeled by nonnegative integers (decisions) and
m columns labeled by attributes (names of attributes) f1,..., fi,. This table
is filled by nonnegative integers (values of attributes). The table T is called
a decision table. Let w be a weight function for T which corresponds to each
attribute f; a natural number w(f;).

Let us denote by P(T") the set of unordered pairs of different rows of 7' with
different decisions. We will say that an attribute f; separates a pair of rows
(r1,7r2) € P(T) if rows r1 and r9 have different numbers at the intersection with
the column f;. For i = 1,...,m denote by P(T, f;) the set of pairs from P(T)
which the attribute f; separates.

Let a be a real number such that 0 < a < 1. A set of attributes Q@ C
{f1,--+, fm} will be called an a-test for T if attributes from @) separate at least
(1 — )| P(T)| pairs from the set P(T). An a-test is called an a-reduct if each
proper subset of the considered a-test is not a-test. If P(T) = () then each subset
of {f1,..., fm} is an a-test, and only empty set is an a-reduct.

For example, 0.01-test means that we must separate at least 99% of pairs
from P(T).

Note that O-reduct is usual (exact) reduct. It must be noted also that each
a-test contains at least one a-reduct as a subset.

The number w(Q) = > o w(fi) will be called the weight of the set Q. If
Q@ = 0 then w(Q) = 0.

Let us denote by Rpyin(a) = Rmin(@, T, w) the minimal weight of a-reduct
for T'. Tt is clear that Ryn(«, T, w) coincides with the minimal weight of a-test
for T

Let a,y be real numbers such that 0 < v < « < 1. Let us describe a greedy
algorithm with thresholds a and « which constructs an a-test for given decision
table T' and weight function w.

If P(T) = () then the constructed a-test is empty set. Let P(T) # (). Let
us denote M = [|P(T)|(1 — a)] and N = [|P(T)|(1 — ~)]. Let we make i > 0



226 M.Ju. Moshkov, M. Piliszczuk, and B. Zielosko

steps and construct a set @ containing ¢ attributes (if 7 = 0 then @ = (). Let us
describe the step number 7 + 1.

Let us denote by D the set of pairs from P(T') separated by attributes from
Q (if i = 0 then D = 0). If |D| > M then we finish the work of the algorithm.
The set of attributes @ is the constructed a-test. Let |D| < M. Then we choose
an attribute f; with minimal number j for which P(T), f;)\ D # 0 and the value

w(f;)
min{|P(T, f;) \ D|, N — |D|}

is minimal. Add the attribute f; to the set Q). Pass to the step number 7 + 2.

Let us denote by R} .4 (@) = R] .4 (e, T,w) the weight of a-test con-
structed by greedy algorithm with thresholds av and ~y for given decision table T’
and weight function w.

3.2 Relationships Between Partial Covers and Partial Tests

Let (A,S,w) be a set cover problem with weights and «,~ be real numbers
such that 0 < v < a < 1. Let us apply the greedy algorithm with thresholds
a and v to (A, S,w). Let during the construction of a-cover the greedy algo-
rithm choose sequentially subsets B;,, ..., Bj, from the family S. Let us denote
Oc(a,v, A, S,w) = (§1,---,Jt)-

Let T be a decision table with m columns labeled by attributes fi,..., fm,
and with a nonempty set P(T). Let w be a weight function for T'. We cor-
respond a set cover problem with weights (A(T), S(T"),uy) to the considered
decision table T' and weight function w in the following way: A(T) = P(T),
S(T) = {B:1(T),...,Bn(T)} where B1(T) = P(T, f1),...,Bn(T) = P(T, fm),
wa (Bi(T)) = (1), -t Bn(T)) = w(fin).

Let «, be real numbers such that 0 < v < a < 1. Let us apply the greedy
algorithm with thresholds a and v to decision table T' and weight function w.
Let during the construction of a-test the greedy algorithm choose sequentially
attributes f;,,..., f;,. Let us denote Og(a,v,T,w) = (j1,- .., Jt)-

Let us denote P(T, f;,) = 0. For i = 1,...,¢ denote w; = w(f;,) and

0; = ‘P<T’fj7) \ (P(vajo) U"'UP(T7fji—l))| .

Let us denote Mg(a, vy, T,w) = [|P(T)|(1—a)], Nr(a,v,T,w) = [|P(T)|(1—
/y)‘l’ AR<a7fY’T7w) = (617""6t) and WR(a’77T’ w) = (wl""7wt).
It is not difficult to prove the following statement.

Proposition 3. Let T be a decision table with m columns labeled by attributes
fise-os fm, P(T) # 0, w be a weight function for T, and «,~ be real numbers
such that 0 < v < a < 1. Then

[P(T)] = |A(T)] ,
|P(T, f)| = |B:i(T)], i=1,...,m ,
Ogr(a,v,T,w) = Oc(a,v, AT),S(T), uw) ,
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Mg(a,,T,w) = Mc(a,v, A(T), S(T), uw)
Npg(a, v,T w) = No(a, 7y, A(T), S(T), uw)
Agr(a,, T, w) = Ac(a, v, A(T), S(T), uw) ,
Wr(a, v, T,w) = We(a,v, A(T), S(T), uw)
Ruyin(a, Ty w) = Cpin(a, A(T), S(T), ww)
Ry eedy (@ Ty w) = Cjleeay (a, A(T), S(T), )

Let (A, S, w) be a set cover problem with weights where A = {a4,...,a,} and
S ={Bi,...,Bn}. We correspond a decision table T'(A, S) and a weight function
vy for T'(A, S) to the set cover problem with weights (A4, S, w) in the following
way. The table T'(A, S) contains m columns labeled by attributes fi,..., f, and
n—+1 rows filled by numbers from {0,1}. Fori =1,...,nand j = 1,...,m at the
intersection of i-th row and j-th column the number 1 stays if and only if a; € B;.
The row number n + 1 is filled by 0. First n rows are labeled by the decision 0.
Last row is labeled by the decision 1. Let vy, (f1) = w(B1), .- ., Vo (fm) = w(Bm).

For i ={1,...,n+ 1} denote by r; the i-th row. It is not difficult to see that
P(T(A,S)) ={(r1,mn+1)s-- s (rnymnt1)}. Let i € {1,...,n}and j € {1,...,m}.
One can show that the attribute f; separates the pair (r;,7,41) if and only if
a; € Bj.

It is not difficult to prove the following statement.

Proposition 4. Let (A, S,w) be a set cover problem with weights and a,~ be
real numbers such that 0 < v < a < 1. Then

|P(T'(A, S)| = [A] ,
Ogr(a,v,T(A,S),vw) = Oc(a,v, A, S,w)
Mg(a,v,T(A,S),vy) = Mc(a,v, A, S,w) ,
Nr(e,7,T(A,5),vw) = Ne(a, 7,4, 5,w)
Ap(a,v,T(A,S),vy) = Ac(a,v, A, S,w) ,
Wg(a,v,T(A,S),ve) = Wel(a,v, A, S,w)

Ruin(a, T(A,S), vy) = Chin(a, A, S;w)
R ey (@ T(A, 5),00) = O poqy (@, A, S,w)

3.3 On Precision of Greedy Algorithm with Thresholds a and «

The following two statements are simple corollaries of results of Slavik (see The-
orems [ and [Bl) and Proposition

Theorem 14. Let T be a decision table, P(T) # 0, w be a weight function for
T,a€R and 0 <a <1. Then Rg cqy() < Rmin(@)H ([(1 — a)|P(T)[]).

Theorem 15. Let T be a decision table with m columns labeled by attributes
fise-os fm, P(T) # 0, w be a weight function for T, and o be a real number
such that 0 < o < 1. Then Rgreedy( ) < Ruyin(a)H (maxie{lw)m} |P(T, fz)\)
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3.4 On Polynomial Approximate Algorithms

In this subsection we consider three theorems which follows immediately from
Theorems 26-28 [9].

Let 0 < a < 1. Let us consider the following problem: for given decision table
T and weight function w for T it is required to find an a-test (e-reduct) for T
with minimal weight.

Theorem 16. Let 0 < a < 1. Then the problem of construction of a-test (a-
reduct) with minimal weight is N P-hard.

So we must consider polynomial approximate algorithms for minimization of
a-test (a-reduct) weight.

Theorem 17. Let a € R and 0 < a < 1. If NP ¢ DTIM E(n®U°81°gn)) then
for any e, 0 < e < 1, there is no polynomial algorithm that for given decision
table T with P(T) # 0 and weight function w for T constructs an a-test for T
which weight is at most (1 — €)Rmin(a, T, w) In|P(T)].

Theorem 18. Let o be a real number such that 0 < o < 1. If P # NP then
there exists & > 0 such that there is no polynomial algorithm that for given
decision table T with P(T) # 0 and weight function w for T constructs an a-
test for T which weight is at most § Ryin(c, T, w) In |P(T)].

From Theorem [[4]it follows that R, .q, (@) < Rmin(a)(1+1In|P(T)[). From this
inequality and from Theorem [T it follows that under the assumption NP ¢
DTIM E(n®(glogn)) greedy algorithm with two thresholds a and « is close to
best polynomial approximate algorithms for minimization of partial test weight.
From the considered inequality and from Theorem [I8 it follows that under the
assumption P # NP greedy algorithm with two thresholds « and « is not far
from best polynomial approximate algorithms for minimization of partial test
weight.

However we can try to improve the results of the work of greedy algorithm
with two thresholds « and « for some part of decision tables.

3.5 Two Modifications of Greedy Algorithm

First, we consider binary diagnostic decision tables and prove that under some
assumptions on the number of attributes and rows for the most part of tables
there exist weight function w and numbers «,~ such that the weight of a-test
constructed by greedy algorithm with thresholds a and =y is less than the weight
of a-test constructed by greedy algorithm with thresholds o and «.

Binary means that the table is filled by numbers from the set {0,1} (all
attributes have values from {0,1}). Diagnostic means that rows of the table are
labeled by pairwise different numbers (decisions). Let T be a binary diagnostic
decision table with m columns labeled by attributes f1, ..., fn, and with n rows.
We will assume that rows of 7' with numbers 1,...,n are labeled by decisions
1,...,n respectively. Therefore the number of considered tables is equal to 2™".
Decision table will be called simple if it has no equal rows.



On Partial Covers, Reducts and Decision Rules with Weights 229

Theorem 19. Let us consider binary diagnostic decision tables with m columns
labeled by attributes f1,..., fm and n > 4 rows labeled by decisions 1,...,n. The
fraction of decision tables T for each of which there exist a weight function w and

numbers a,y such that 0 <~v < a <1 and R;reedy(a,ﬂ w) < Rg‘reedy(oz,T7 w) is

3m n2

at least 1 — Lol T gme

Proof. We will say that a decision table T" is not 1-uniform if there exist two
attributes f; and f; of T such that |P(T, f;)| > 0 and |P(T, f;)| > |P(T, fi)| +2.
Otherwise, we will say that T is 1-uniform. Using Theorem [ and Proposition [3]
we conclude that if T" is not 1-uniform then there exist a weight function w and
numbers a,~ such that 0 < v < a <1 and Rgreedy(a,T, w) < Rgre(mb,(oz,il’7 w).

We evaluate the number of simple decision tables which are 1-uniform.

Let us consider a simple decision table T which is 1-uniform. Let f; be an
attribute of T It is clear that |P(T, f;)| = 0 if and only if the number of units
in the column f; is equal to 0 or n. Let k,I be natural numbers such that
k,k+1e{l,...,n—1}, and i,5 € {1,...,m}, i # j. Let the decision table T
have k units in the column f; and k+1{ units in the column f;. Then |P(T, f;)| =
k(n—k) =kn—k? and |P(T, f;)| = (k+1)(n—k —1) = kn — k* +1(n — 2k — ).
Since T is 1-uniform, we have I(n — 2k —1) € {0,1, —1}.

Let I(n —2k—1) =0. Then n — 2k — 1 = 0 and [ = n — 2k. Since [ is a natural
number, we have k < n/2.

Let I(n — 2k — 1) = 1. Since I, n and k are natural numbers, we have [ = 1
and n — 2k — 1 = 1. Therefore k = 7 — 1. Since k is a natural number, we have
n is even.

Let I(n — 2k — 1) = —1. Since [, n and k are natural numbers, we have | = 1
and n — 2k — 1 = —1. Therefore k = 7. Since k is a natural number, we have n
is even.

Let n be odd. Then there exists natural k£ such that 1 < k < 7 and the number
of units in each column of T belongs to the set {0,n,k,n — k}. Therefore the

number of considered tables is at most Z,Ei/fJ (Ck 4 Cn=k 4 2)™. Since n > 4,

we have 2 < C,E"/ 2J. Using Lemma 2] we conclude that the number of 1-uniform
simple tables is at most Y 1"/ (3¢t 2J> <n 3\/2:

Let n be even. Then there exists natural k such that 1 < k < § — 1 and
the number of units in each column of T' belongs to the set {0,n,k,n — k}, or
the number of units in each column belongs to the set {0,n,5 — 1,7, + 1}.
Therefore the number of considered tables is at most Z,Ez/fjﬁ(Cﬁ +Cr k4
2)™ + (02/2—1 ron? ottty 2)™. It is well known (see, for example, [25],

page 178) that C] < Cn'? for any r € {1,...,n}\ {n/2}. Therefore the number
of 1-uniform tables is at most n (SCS/Q)m. Using Lemma [2] we conclude that
(as in the case of odd n) the number of 1-uniform simple tables is less than
n (3\/2:) = 2:; ‘ET . The number of tables which are not simple is at most

n22mn—m_ Therefore the number of tables which are not l-uniform is at least
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gmngm

2mn — my = n22mn~™ Thus, the fraction, considered in the statement of the
n

m 2
3t o—n ]

theorem, is at least 1 — 5% _, — 2.
n 2

So if m > 4 and n, 27:; are large enough then for the most part of binary
diagnostic decision tables there exist weight function w and numbers «,~y such
that the weight of a-test constructed by greedy algorithm with thresholds «
and «y is less than the weight of a-test constructed by greedy algorithm with
thresholds a and a.

The obtained results show that the greedy algorithm with two thresholds «
and ~ is of some interest. Now we consider two polynomial modifications of
greedy algorithm which allow to use advantages of greedy algorithm with two
thresholds o and 7.

Let T be a decision table, P(T) # 0, w be a weight function for 7" and « be
a real number such that 0 < a < 1.

1. It is impossible to consider effectively all v such that 0 < v < «a. Instead
of this we can consider all natural N such that M < N < |P(T)| where
M = [|P(T)|(1 —«a)] (see the description of greedy algorithm with two
thresholds). For each N € {M,...,|P(T)|} we apply greedy algorithm with
parameters M and N to T and w and after that choose an a-test with
minimal weight among constructed a-tests.

2. There exists also an another way to construct an a-test which is not worse
than the one obtained under consideration of all N such that M < N <
|P(T)|. Let us apply greedy algorithm with thresholds o and a to T and
w. Let the algorithm choose sequentially attributes f;,,..., f;,. For each
i€ {0,...,t — 1} we find (if it is possible) an attribute f;, of T' with min-
imal weight w(f;,) such that the set {fj,,..., fj;, fu} is an a-test for T' (if
i = 0 then it will be the set {f},}). After that among constructed a-tests
{firse- s fieds oo {fjrs--os fius Juu}, .. we choose an a-test with minimal
weight. From Proposition [l it follows that the constructed a-test is not
worse than the one constructed under consideration of all v, 0 <~ < «, or
(which is the same) all N, M < N < |P(T)|.

Next statement follows immediately from Propositions [Tl and [Bl

Proposition 5. Let T be a decision table, P(T) # (), w be a weight function for
T and o,y be real numbers such that 0 < v < a < 1. Let the greedy algorithm
with two thresholds a and «, which is applied to T and w, choose sequentially at-
tributes fq,, ..., fq,. Let the greedy algorithm with two thresholds o and vy, which
is applied to T and w, choose sequentially attributes fi,,..., fi,. Then either
kE=tand (li,...,lg) = (g1,-..,9t) or k <t, (I1,...,lk—1) = (91, -, 9k—1) and
lk # 9.

3.6 Bounds on R () and Rgreedy(a)

First, we fix some information about the work of greedy algorithm with two
thresholds and find the best lower bound on the value Ruyin(a) depending on
this information.
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Let T be a decision table such that P(T) # 0, w be a weight function for T,
and «,y be real numbers such that 0 < v < «a < 1. Let us apply the greedy
algorithm with thresholds a and «y to the decision table T" and the weight function
w. Let during the construction of a-test the greedy algorithm choose sequentially
attributes fg,,..., fq,-

Let us denote P(T, fy) = 0 and 6y = 0. For ¢« = 1,...,t denote 6; =

|P(T7 fgq) \ (P(Tv fgo) u...u P(T, fgi—l))| and w; = w(f!h)
As information on the greedy algorithm work we will use numbers Mg =

Mpg(e,7, T w) = [|[P(T)|(1 = a)] and Ng = Ng(a,v, T, w) = [|[P(T)[(1—7)],
and tuples Ar = Ag(a,7v,T,w) = (61,...,6;) and Wg = Wgr(a,vy,T,w) =
(w1, ..., wy).

Fori=0,...,t — 1 denote

‘:’V wi+1(MR—(6o+...+6i)) -‘
PE | mind 61, Ng — (60 + ...+ 8;)}

Let us define parameter pr(a,vy) = pr(a,v, T, w) as follows:
pr(a,y) =max{p; :i=0,...,t —1} .

We will show that pgr(a, ) is the best lower bound on Ry, («) depending on
Mg, Nr, Ar and Wg. Next statement follows from Theorem[ITland Propositions
Bl and @

Theorem 20. For any decision table T with P(T) # 0, any weight function w
for T, and any real numbers c,7y, 0 < v < a < 1, the inequality Ruyin(a, T,w) >
pr(a,, T, w) holds, and there exist a decision table T' and a weight function w’
for T" such that

MR(a7 77 Tl’ w/) = MR(a7 77 T7 w)’ NR(a’ 77 T/7 w/) = NR(a’ 77 T7 w) )
AR(a’ 77 Tl’ w/) = AR(a7 PY’ T7 w)7 WR(a’ 77 T/7w/) = WR(a’ 77 T7 w) )
pR(av ) Tla w/) = pR(av Y Tv w)v Rmin(aa Tlv U}/) = pR(% Y Tla w/) .

Let us consider a property of the parameter pr(c,~y) which is important for

practical use of the bound from Theorem[20l Next statement follows from Propo-
sitions 2 and [3

Proposition 6. Let T be a decision table with P(T) # 0, w be a weight function
forT, a,vyeR and 0 <y < a<1. Then pr(a,a,T,w) > pr(a,~v,T,w).

Now we study some properties of parameter pg(c,~y) and obtain two upper
bounds on the value Rgreedy(a) which do not depend directly on cardinality of
the set P(T") and cardinalities of subsets P(T), f;).

Next statement follows from Theorem [I2] and Proposition [l

Theorem 21. Let T be a decision table with P(T) # 0, w be a weight function
for T and a,~y be real numbers such that 0 < v < a < 1. Then

1—v
RgreedY(aaTv w) < pR(ry?’}/?T? w) (ln (a _ 7) + 1)
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Corollary 5. Let ¢ € R and 0 < € < 1. Then for any o, ¢ < a < 1, the

inequalities pc(a, @) < Rmin(@) < Rgocqy (@) < prla—c,a—¢) (In!+1) hold.

For example, (ln 0_101 + 1) < 5.61 and (ln o1 T 1) < 3.31. The obtained results
show that the lower bound Rpmin(c) > pr(e, ) is nontrivial.
Next statement follows from Theorem [[3] and Proposition [l

Theorem 22. Let T be a decision table with P(T) # 0, w be a weight function
for T and a,~ be real numbers such that 0 < v < a < 1. Then

L=n
Raay 0. 70) < o 7o) (10 (L7 1)
Corollary 6. R?,,.q,(0.001) < 7.91Rpn(0), R50L (0.01) < 5.71Ruin(0.001),
RO . (0.2) < 3.20Cimin(0.1), R%3_ . (0.5) < 2.26 Rynin(0.3).

greedy greedy
Corollary 7. Let 0 < a < 1. Then R, .4,(@) < Rmin(0) (In ! +1).

Corollary 8. Let € be a real number, and 0 < ¢ < 1. Then for any o such that

€ < a <1 the inequalities Ruin(r) < R 55, (@) < Ruin(a —€) (In ! +1) hold.

3.7 Results of Experiments for a-Tests and a-Reducts

In this subsection we will consider only binary decision tables with binary deci-
sion attributes.

First Group of Experiments. First group of experiments is connected with
study of quality of greedy algorithm with one threshold (where v = « or,
which is the same, N = M), and comparison of quality of greedy algorithm
with one threshold and first modification of greedy algorithm (where for each
N e {M,...,|P(T)|} we apply greedy algorithm with parameters M and N to
decision table and weight function and after that choose an a-test with minimal
weight among constructed a-tests).

We generate randomly 1000 decision tables T and weight functions w such that
T contains 10 rows and 10 conditional attributes fi,..., fi0, and 1 < w(f;) <
1000 for s =1,...,10.

For each a € {0.0,0.1,...,0.9} we find the number of pairs (T, w) for which
greedy algorithm with one threshold constructs an a-test with minimal weight
(an optimal a-test), i.e. Ry oqy(@ T, w) = Rumin(a, T, w). This number is con-
tained in the row of Table [l labeled by ”Opt”.

We find the number of pairs (T,w) for which first modification of greedy
algorithm constructs an a-test which weight is less than the weight of a-test
constructed by greedy algorithm with one threshold, i.e. there exists  such that
0<y<aand R .4 (o, T,w) < Rgreeob,(oz,T7 w). This number is contained in
the row of Table ﬁ labeled by ”Impr”.

Also we find the number of pairs (T',w) for which first modification of greedy
algorithm constructs an optimal a-test which weight is less than the weight of
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a-test constructed by greedy algorithm with one threshold, i.e. there exists
such that 0 < v < a and R} 4 (o, T,w) = Ruin(a, T, w) < Rg,.oq (@, T, w).
This number is contained in the row of Table[Il labeled by ”Opt+".

Table 1. Results of first group of experiments with a-tests

a 0.00102030405 060708 09
Opt 409 575 625 826 808 818 950 981 992 1000
Impr 0 42 47 33 24 8 6 5 2 O
Opt+ 0 22 28 24 22 5 6 5 2 0

The obtained results show that the percentage of pairs for which greedy al-
gorithm with one threshold finds an optimal a-test grows almost monotonically
(with local minimum near to 0.4-0.5) from 40.9% up to 100%. The percentage of
problems for which first modification of greedy algorithm can improve the result
of the work of greedy algorithm with one threshold is less than 5%. However,
sometimes (for example, if @« = 0.3 or a = 0.7) the considered improvement is
noticeable.

Second Group of Experiments. Second group of experiments is connected
with comparison of quality of greedy algorithm with one threshold and first
modification of greedy algorithm.

We make 25 experiments (row ”Nr” in Table [2 contains the number of ex-
periment). Each experiment includes the work with three randomly generated
families of pairs (T, w) (1000 pairs in each family) such that T' contains n rows
and m conditional attributes, and w has values from the set {1,...,v}.

If the column ”n” contains one number, for example ”40”, it means that
n = 40. If this row contains two numbers, for example ”30-120", it means that for
each of 1000 pairs we choose the number n randomly from the set {30,...,120}.
The same situation is for the column "m”.

If the column ”«” contains one number, for example 70.1”7, it means that
«a = 0.1. If this column contains two numbers, for example ”0.2-0.4”, it means
that we choose randomly the value of « such that 0.2 < a < 0.4.

For each of the considered pairs (T,w) and number « we apply greedy al-
gorithm with one threshold and first modification of greedy algorithm. Column
"#47, i = 1,2,3, contains the number of pairs (7, w) from the family number
1 for each of which the weight of a-test, constructed by first modification of
greedy algorithm, is less than the weight of a-test constructed by greedy algo-
rithm with one threshold. In other words, in column ”#i” we have the number
of pairs (T,w) from the family number ¢ such that there exists v for which
0 <v <aand R} 4, (. T w) < Ry eqy(e, T, w). The column "avg” contains
the number #H"éﬂ#?’.

In experiments 1-3 we consider the case where the parameter v increases. In
experiments 4-8 the parameter « increases. In experiments 9-12 the parameter
m increases. In experiments 13-16 the parameter n increases. In experiments
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Table 2. Results of second group of experiments with a-tests

Nrn m v « #1 #2 #3 avg
1-50 0 1-10 0-1 1 2 3 200
1-50 0 1-100 0-1 5 6 13 8.00
1-50 0 1-1000 0-1 10 8 11 9.67

5
5
5
1-50 50 1-1000 0-0.2 16 20 32 22.67
1-50 1-50 1-1000 0.2-0.4 23 8 12 14.33
1-50 50 1-10000.4-067 6 5 6.00
1-50 50 1-10000.6-0.83 5 3 3.67
1-50 50 1-10000.8-1 1 0 O 0.33

50 1-20 1-1000 0-0.2 19 11 22 17.33
50 20-40 1-1000 0-0.2 26 24 24 24.67
50 40-60 1-1000 0-0.2 21 18 23 20.67
50 60-80 1-1000 0-0.2 13 18 22 17.67

1-20 30 1-1000 0-0.2 27 26 39 30.67
20-40 30 1-1000 0-0.2 34 37 35 35.33
40-60 30 1-1000 0-0.2 22 26 23 23.67
60-80 30 1-1000 0-0.2 19 14 14 15.67

10 10 1-1000 0.1 36 42 50 42.67
10 10 1-1000 0.2 33 53 46 44.00
10 10 1-1000 0.3 43 25 45 37.67
10 10 1-1000 0.4 30 18 19 22.33
10 10 1-1000 0.5 10 10 13 11.00
10 10 1-1000 0.6 12 13 7 10.67
10 10 1-1000 0.7 3 6 7.33
10 10 1-1000 0.8 5 6 4.33
10 10 1-1000 0.9 0 0 0

© 0O Otk WN

— =
= O
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17-25 the parameter « increases. The results of experiments show that the value
of #i can change from 0 to 53. It means that the percentage of pairs for which
first modification of greedy algorithm is better than the greedy algorithm with
one threshold can change from 0% to 5.3%.

Third Group of Experiments. Third group of experiments is connected with
investigation of quality of lower bound Rpin () > pr(a, @).

We choose natural n, m, v and real a, 0 < a < 1. For each chosen tuple
(n,m,v,a) we generate randomly 30 pairs (T, w) such that T' contains n rows
and m conditional attributes, and w has values from the set {1,...,v}. After
that we find values of Rgreedy(oz,T7 w) and pr(a, a, T,w) for each of generated
30 pairs. Note that pr(a,a,T,w) < Runin(a, T,w) < Rgareedy(a,T, w). Finally,
we find mean values of Rgreedy(a, T, w) and pgr(«a, a, T, w) for generated 30 pairs.

Results of experiments can be found in Figs. [[l and 2 In these figures mean
values of pr(a,a,T,w) are called ”average lower bound” and mean values of

arcedy (@, T, w) are called ”average upper bound”.
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In Fig.[ (left-hand side) one can see the case when n € {1000, 2000, . .., 5000},
m = 30, v = 1000 and a = 0.01.

In Fig.[(right-hand side) one can see the case when n = 1000, m € {10, 20, ... .,
100}, » = 1000 and « = 0.01.

1000 T T T T T T T 2500 . . .
aver; — average upper bound
average lower bound ———+--- ‘average lower bound ——+-—

900 -
2000 -
800 -

700 -
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Fig. 1. Results of third group of experiments with a-tests (n and m are changing)

1000

T T T 6000 . . .
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5000
4000
3000
2000

1000 -

100 200 300 400 500 600 700 800 900 1000
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Fig. 2. Results of third group of experiments with a-tests (v and « are changing)

In Fig. @ (left-hand side) one can see the case when n = 1000, m = 30,
v € {100, 200,...,1000} and o = 0.01.

In Fig. @ (right-hand side) one can see the case when n = 1000, m = 30,
v = 1000 and « € {0.0,0.1,...,0.9}.

Results of experiments show that the considered lower bound is nontrivial and
can be useful in investigations.

4 Partial Decision Rules

In this section we omit reasoning on relationships between partial covers and
partial decision rules including reductions of one problem to another (descrip-
tion of such reductions can be found in [9]) and two propositions similar to
Propositions [} and 4]
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4.1 Main Notions

Let T be a table with n rows labeled by nonnegative integers (decisions) and
m columns labeled by attributes (names of attributes) f1,..., fin. This table
is filled by nonnegative integers (values of attributes). The table T is called
a decision table. Let w be a weight function for T which corresponds to each
attribute f; a natural number w(f;). Let r = (b1,...,by) be a row of T labeled
by a decision d.

Let us denote by U(T,r) the set of rows from T which are different from r
and are labeled by decisions different from d. We will say that an attribute f;
separates rows 7 and v’ € U(T,r) if rows r and 7’ have different numbers at the
intersection with the column f;. For i = 1,...,m denote by U(T\,r, f;) the set of
rows from U(T,r) which attribute f; separates from the row r.

Let a be a real number such that 0 < o < 1. A decision rule

filzbil/\~-~/\fit:bit—>d (3)

is called an a-decision rule for T' and r if attributes f;,,..., fi, separate from r
at least (1 — )|U(T,r)| rows from U(T,r). The number Z;:l w(fi;) is called
the weight of the considered decision rule.

If U(T,r) = () then for any fi,,...,fi, € {f1,--., fm} the rule @) is an a-
decision rule for T" and 7. Also, the rule @) with empty left-hand side (when
t = 0) is an a-decision rule for T and r. The weight of this rule is equal to 0.

For example, 0.01-decision rule means that we must separate from r at least
99% of rows from U(T,r). Note that O-rule is usual (exact) rule. Let us denote
by Lin(@) = Lmin(, T, 7, w) the minimal weight of a-decision rule for 7" and 7.

Let «, be real numbers such that 0 < v < a < 0. Let us describe a greedy
algorithm with thresholds o and ~ which constructs an a-decision rule for given
T, r and weight function w. Let r = (b1,...,bn), and r be labeled by the
decision d.

The right-hand side of constructed a-decision rule is equal to d. If U(T,r) = 0
then the left-hand side of constructed a-decision rule is empty. Let U(T,r) # 0.
Let us denote M = [|U(T,7)|(1 —«)] and N = [|U(T,r)|(1 —v)]. Let we make
i > 0 steps and construct a decision rule R with ¢ conditions (if ¢ = 0 then the
left-hand side of R is empty). Let us describe the step number ¢ + 1.

Let us denote by D the set of rows from U (T, r) separated from r by attributes
belonging to R (if i = 0 then D = 0). If |[D| > M then we finish the work of
the algorithm, and R is the constructed a-decision rule. Let |[D| < M. Then we
choose an attribute f; with minimal number j for which U(T\,r, f;)\ D # 0 and
the value

w(f;)

mln{|U(T7 T, f]) \ D|7N - ‘D‘}

is minimal. Add the condition f; = b; to R. Pass to the step number 4 + 2.
Let us denote by L] .q, (@) = L] oq, (@, T, 7, w) the weight of a-decision rule
constructed by the considered algorithm for given table T, row r and weight

function w.
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4.2 On Precision of Greedy Algorithm with Thresholds a and «

The following two statements are simple corollaries of results of Slavik (see The-
orems [ and [).

Theorem 23. Let T be a decision table, v be a row of T, U(T,r) # 0, w be
a weight function for T, and a be a real number such that 0 < a < 1. Then
LG eeay (@) < Linin(@)H ([(1 = ) [U(T, 7)]]).

Theorem 24. Let T be a decision table with m columns labeled by attributes
fis-oos fm, 7 be a row of T, U(T,7) # 0, w be a weight function for T, a € R

and 0 < a <1. Then Lg,.qy () < Lmin(a)H (maxeq1,.my [U(T, 7, f)])-

4.3 On Polynomial Approximate Algorithms

In this subsection we consider three theorems which follow immediately from
Theorems 3941 [9].

Let 0 < a < 1. Let us consider the following problem: for given decision table
T, row r of T and weight function w for T' it is required to find an a-decision
rule for T" and r with minimal weight.

Theorem 25. Let 0 < o < 1. Then the problem of construction of a-decision
rule with minimal weight is N P-hard.

So we must consider polynomial approximate algorithms for minimization of
a-decision rule weight.

Theorem 26. Let a € R and 0 < a < 1. If NP ¢ DTIM E(n®U°81gn)) then
for any e, 0 < € < 1, there is no polynomial algorithm that for given decision
table T, rowr of T with U(T,r) # 0 and weight function w for T constructs a-de-
cision rule for T and r which weight is at most (1—¢€) Lyin(a, T, r,w) In |U(T, r)]|.

Theorem 27. Let o be a real number such that 0 < o < 1. If P # NP then
there exists 6 > 0 such that there is no polynomial algorithm that for given deci-
sion table T, row r of T with U(T,r) # 0 and weight function w for T constructs
a-decision rule for T and r which weight is at most § Lyin (o, T, 7, w) In|U(T, 7).
From Theorem 23] it follows that Lg, .q. (@) < Lmin(@)(1 4+ In |[U(T,r)[). From
this inequality and from Theorem Dﬂgit follows that under the assumption NP ¢
DTIM E(n®(glogn)) greedy algorithm with two thresholds a and « is close to
best polynomial approximate algorithms for minimization of partial decision
rule weight. From the considered inequality and from Theorem 27]it follows that
under the assumption P # N P greedy algorithm with two thresholds o and « is
not far from best polynomial approximate algorithms for minimization of partial
decision rule weight.
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However we can try to improve the results of the work of greedy algorithm
with two thresholds a and « for some part of decision tables.

4.4 Two Modifications of Greedy Algorithm

First, we consider binary diagnostic decision tables and prove that under some
assumptions on the number of attributes and rows for the most part of tables for
each row there exist weight function w and numbers «,y such that the weight
of a-decision rule constructed by greedy algorithm with thresholds « and ~ is
less than the weight of a-decision rule constructed by greedy algorithm with
thresholds a and a.

Binary means that the table is filled by numbers from the set {0,1} (all
attributes have values from {0,1}). Diagnostic means that rows of the table are
labeled by pairwise different numbers (decisions). Let T be a binary diagnostic
decision table with m columns labeled by attributes f1, ..., fi and with n rows.
We will assume that rows of 7' with numbers 1,...,n are labeled by decisions
1,...,n respectively. Therefore the number of considered tables is equal to 2™".
Decision table will be called simple if it has no equal rows.

Theorem 28. Let us consider binary diagnostic decision tables with m columns
labeled by attributes f1,..., fm and n > 5 rows labeled by decisions 1,...,n.
The fraction of decision tables T for each of which for each row r of T there
exist a weight function w and numbers o,y such that 0 < v < a < 1 and
L) (o, Trw) < L 4 (o, T, r,w) is at least

greedy greedy

n3" n?
(n—1)2-1t 2m~
Proof. Let T be a decision table and r be a row of T with number s € {1,...,n}.
We will say that a decision table T is 1-uniform relatively r if there exists
natural p such that for any attribute f; of T if |U(T, r, f;)| > 0 then |U(T,r, f;)| €
{p,p+1}. Using reasoning similar to the proof of Theorem[@one can show that if
T is not 1-uniform relatively r then there exist a weight function w and numbers
a,y such that 0 <y < a <1 and Lgreedy(mT, raw) < Lgreedy(oz,T7 T, W).
We evaluate the number of decision tables which are not 1-uniform relatively
each row. Let (61,...,6,,) € {0,1}™. First, we evaluate the number of simple
decision tables for which r = (61,...,6,,) and which are l-uniform relatively
r. Let us consider such a decision table T. It is clear that there exists p €
{1,...,n — 2} such that for ¢« = 1,...,m the column f; contains exactly 0 or
p or p 4+ 1 numbers —8;. Therefore the number of considered decision tables

is at most 22;12 ( L FoPt 4 1) Using Lemma 2] we conclude that this
number is at most (n — 2) (30“” 2 /2J> < (n—-1) (3'2n_l> = 2T

Vn—1 (n—1) 2~
There are 2™ variants for the choice of the tuple (61,...,8,,) and n variants for
the choice of the number s of row r. Therefore the number of simple decision

tables which are 1-uniform relatively at least one row is at most n2™ (znil )Zynl =
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("27:;7;7:. The number of tables which are not simple is at most n22mn=m,
e

Hence the number of tables which are not 1-uniform for each row is at least

mmnom . . .
gmn . m2"78T - p29mn—m Thys, the fraction, considered in the statement of

n3m™ nZ
O

the theorem, is at least 1 — M1 = om-
(n—1) 2 2

So if m > 6 and n, 3:; are large enough then for the most part of binary
diagnostic decision tables for each row there exist weight function w and numbers
a,v such that the weight of a-decision rule constructed by greedy algorithm
with thresholds « and -~y is less than the weight of a-decision rule constructed
by greedy algorithm with thresholds a and «a.

The obtained results show that the greedy algorithm with two thresholds «
and ~ is of some interest. Now we consider two polynomial modifications of
greedy algorithm which allow to use advantages of greedy algorithm with two
thresholds a and 7.

Let T be a decision table with m columns labeled by attributes f1,..., fm,
r = (b1,...,bm) be a row of T labeled by decision d, U(T,r) # 0, w be a weight
function for T and « be a real number such that 0 < o < 1.

1. It is impossible to consider effectively all v such that 0 < v < «a. Instead
of this we can consider all natural N such that M < N < |U(T,r)| where
M = [JU(T,r)|(1 — «)] (see the description of greedy algorithm with two
thresholds). For each N € {M,...,|U(T,r)|} we apply greedy algorithm with
parameters M and N to T, r and w and after that choose an a-decision rule
with minimal weight among constructed a-decision rules.

2. There exists also an another way to construct an a-decision rule which is not
worse than the one obtained under consideration of all N such that M <
N < |U(T,r)|. Let us apply greedy algorithm with thresholds a and « to T', r
and w. Let the algorithm choose sequentially attributes f;,,..., f;,. For each
i €{0,...,t—1} we find (if it is possible) an attribute f;, of T with minimal
weight w(f;,) such that the rule f;, =b;, A...Afj, =bj, Afi, =b, — disan
a-decision rule for T' and r (if ¢ = 0 then it will be the rule f;, = b, — d).
After that among constructed a-decision rules fj, = b;, A... A fj, = b, — d,
vy i =0 Ao N[y, = b, A fi, = b, — d, ... we choose an a-decision
rule with minimal weight. From Proposition[7lit follows that the constructed
a-decision rule is not worse than the one constructed under consideration of
all v, 0 <y < a, or (which is the same) all N, M < N < |U(T,r)|.

Using Propositions[I] one can prove the following statement.

Proposition 7. Let T be a decision table, v be a row of T, U(T,r) # 0, w be
a weight function for T and a,~y be real numbers such that 0 < v < a < 1.
Let the greedy algorithm with two thresholds o and o, which is applied to T, r
and w, choose sequentially attributes fq,,..., fy,. Let the greedy algorithm with
two thresholds o and ~, which is applied to T, r and w, choose sequentially
attributes fi,,..., fi,. Then either k=1t and (I1,...,lx) = (91,...,9t) or k <t,
(ll, ey lk—l) = (gl, ‘e ,gk—l) and lk 75 gk-
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4.5 Bounds on Lmin(a) and L] 4. ()

First, we fix some information about the work of greedy algorithm with two
thresholds and find the best lower bound on the value Lyi,(a) depending on
this information.

Let T be a decision table, r be a row of T such that U(T,r) # 0, w be a
weight function for T, and «, be real numbers such that 0 < v < a < 1. Let
us apply the greedy algorithm with thresholds o and « to the decision table T,
row r and the weight function w. Let during the construction of a-decision rule
the greedy algorithm choose sequentially attributes fg,,..., fg,.

Let us denote U(T,r, fg,) = 0 and 6o = 0. For ¢ = 1,...,t denote §; =
|U(T,r, fe )\ (U, 7, fgo)U...JU(T,r, fg,_,))| and w; = w(fy, ). As information
on the greedy algorithm work we will use numbers My, = My (a,v,T,r,w) =
HU(TV T)|(1 - a)~|7 Np = NL<O‘7'77T7 T U}) = HU(Ta T)‘(l - ’7)~| and tuples Ay, =
Ap(a, v, T,ryw) = (61,...,61), Wr, = Wr(a,v,T,r,w) = (w1, ..., w).

For i =0,...,t — 1 denote

P ’V ’wi+1(ML—(6o+...+6i)) -‘
! min{(SH_l,NL — (60 + ... +6Z)}

Let us define parameter pr, (o, ) = pr(e, v, T,r,w) as follows:
pr(a,y) =max{p; :i=0,...,t —1} .

We will show that pr(a, ) is the best lower bound on Lin(@) depending on
My, N, A and Wp. Using Theorem [[Tlone can prove the following statement.

Theorem 29. For any decision table T, any row r of T with U(T,r) # 0, any
weight function w for T, and any real numbers a, vy, 0 < v < a < 1, the inequality
Lin(a, T, ryw) > pr(a,v, T,r,w) holds, and there exist a decision table T, a
row r’ of T and a weight function w’' for T' such that

ML(O@’Y’T/’T/’U/) = ML(O&,’Y,T, T, UJ), NL(&,’Y,T/,T/,UJ/) = NL(O&,’}/,T, T, UJ) ;
AL(OQ%T/;?"/aw/) = AL(OZ77,T7 T, w)v WL(O[7’}/,T/,T‘/,'[U/) = WL(aalvaa T 'lU) )
pL(av’y;Tlvrlvw/) - PL(Olv%Tv T, U})7 Lmin(auTlvrlvw/) - PL(OQ%T/arluw/) .

Let us consider a property of the parameter pr(a,~) which is important for
practical use of the bound from Theorem 29 Using Proposition [ one can prove
the following statement.

Proposition 8. Let T be a decision table, v be a row of T with U(T,r) # (),
be a weight function for T, and o,y be real numbers such that 0 < v < a < 1.
Then PL (Q, «, Ta T, ’IU) Z PL (Q, Ys T7 T, U]) .

Now we study some properties of parameter pr(a,7) and obtain two upper
bounds on the value Lgreedy(a) which do not depend directly on cardinality of

the set U (T, r) and cardinalities of subsets U (T, f;).
Using Theorem [[2] one can prove the following statement.
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Theorem 30. Let T be a decision table, v be a row of T with U(T,r) # 0, w be
a weight function for T, a,y € R and 0 <~y < a < 1. Then L] (o, T, w) <

greedy
pL(v.7, T,r,w) (ln (ij) + 1)-

Corollary 9. Let ¢ € R and 0 < € < 1. Then for any o, ¢ < a < 1, the
inequalities pr (o, a) < Lyin(@) < Lg 5 (o) < pr(a—e,a—¢) (In!+1) hold.
For example, (ln 0.101 + 1) < 5.61 and (ln 0%1 + 1) < 3.31. The obtained results
show that the lower bound Lyin(a) > pr(a, @) is nontrivial.

Using Theorem [[3] one can prove the following statement.

Theorem 31. Let T be a decision table, r be a row of T with U(T,r) # 0, w be
a weight function for T, o,y € R and 0 <y < a < 1. Then L7 (a, T,r,w) <

greedy
. 1—~
Lin (v, T, 1, w) (ln (a_7> + 1).

Corollary 10. L? (0.001) < 7.91Lyin(0), LY%9OL (0.01) < 5.71 Lyin(0.001),

greedy greedy

L%14(0.2) < 3.20Lin(0.1), L&3 4 (0.5) < 2.26 Liin(0.3).

Corollary 11. Let 0 < a < 1. Then L° (@) < Linin(0) (In | +1).

greedy

Corollary 12. Let e be a real number, and 0 < e < 1. Then for any o such that

e < a <1 the inequalities Lyin(a) < Lgrzgdy(a) < Lin(a —¢) (ln; + 1) hold.

4.6 Results of Experiments for a-Decision Rules

In this subsection we will consider only binary decision tables 1" with binary
decision attributes.

First Group of Experiments. First group of experiments is connected with
study of quality of greedy algorithm with one threshold (where v = « or, which
is the same, N = M), and comparison of quality of greedy algorithm with
one threshold and first modification of greedy algorithm (where for each N €
{M,...,|U(T,r)|} we apply greedy algorithm with parameters M and N to
decision table, row and weight function and after that choose an a-decision rule
with minimal weight among constructed a-decision rules).

We generate randomly 1000 decision tables T', rows r and weight functions w
such that T contains 40 rows and 10 conditional attributes fi,..., fi0, 7 is the
first row of T', and 1 < w(f;) < 1000 for ¢ =1, ..., 10.

For each a € {0.1,...,0.9} we find the number of triples (T, r, w) for which
greedy algorithm with one threshold constructs an a-decision rule with minimal
weight (an optimal a-decision rule), i.e. Lgreedy(oz,T7 ryw) = Lpin(a, T, 7, w).
This number is contained in the row of Table [3] labeled by ”Opt”.

We find the number of triples (7,7, w) for which first modification of greedy
algorithm constructs an a-decision rule which weight is less than the weight of
a-decision rule constructed by greedy algorithm with one threshold, i.e. there
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exists v such that 0 < v < o and L? arced (a, T,7r,w) < L reedy(oz,T7 r,w). This
number is contained in the row of Table Ié labeled by ”Impr”.
Also we find the number of triples (T, r,w) for which first modification of
greedy algorithm constructs an optimal a-decision rule which weight is less than
the weight of a-decision rule constructed by greedy algorithm with one threshold,
i.e. there exists v such that 0 < v < aand Lgreedy(oz7 T,r,w) = Lypin(a, T, ryw) <
Lg ceay(c, Ty, w). This number is contained in the row of Table [J] labeled by
»Opt+”.

Table 3. Results of first group of experiments with a-decision rules

a 0.00102030405 060708 09
Opt 434 559 672 800 751 733 866 966 998 1000
Impr 0 31 51 36 22 27 30 17 1 O
Opt+ 0 16 35 28 17 26 25 13 1 O

The obtained results show that the percentage of triples for which greedy
algorithm with one threshold finds an optimal a-decision rule grows almost
monotonically (with local minimum near to 0.4-0.5) from 43.4% up to 100%.
The percentage of problems for which first modification of greedy algorithm can
improve the result of the work of greedy algorithm with one threshold is less
than 6%. However, sometimes (for example, if « = 0.3, « = 0.6 or a = 0.7) the
considered improvement is noticeable.

Second Group of Experiments. Second group of experiments is connected
with comparison of quality of greedy algorithm with one threshold and first
modification of greedy algorithm.

We make 25 experiments (row ”Nr” in Table @ contains the number of ex-
periment). Each experiment includes the work with three randomly generated
families of triples (T, r,w) (1000 triples in each family) such that T contains n
rows and m conditional attributes, r is the first row of T', and w has values from
the set {1,...,v}.

If the column ”n” contains one number, for example 740", it means that
n = 40. If this row contains two numbers, for example ”30-120”, it means
that for each of 1000 triples we choose the number n randomly from the set
{30,...,120}. The same situation is for the column ”m?”.

If the column ”«” contains one number, for example 70.1”7, it means that
« = 0.1. If this column contains two numbers, for example ”0.2-0.4”, it means
that we choose randomly the value of a such that 0.2 < a < 0.4.

For each of the considered triples (7,7, w) and number « we apply greedy
algorithm with one threshold and first modification of greedy algorithm. Column
P47, 1 = 1,2, 3, contains the number of triples (T, r, w) from the family number i
for each of which the weight of a-decision rule, constructed by first modification
of greedy algorithm, is less than the weight of a-decision rule constructed by
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Table 4. Results of second group of experiments with a-decision rules

Nrn m v «@ #1 #2 #3 avg
1 1-100 1-100 1-10 0-1 4 2 4 333
2 1-100 1-100 1-100 0O-1 7 14 13 11.33
3 1-100 1-100 1-1000 0-1 19 13 15 15.67
4 1-100 1-100 1-1000 0-0.2 20 39 22 27.00
5 1-100 1-100 1-1000 0.2-0.4 28 29 28 28.33
6 1-100 1-100 1-1000 0.4-0.6 22 23 34 26.33
7 1-100 1-100 1-1000 0.6-0.87 6 4 5.67
8§ 1-100 1-100 1-10000.8-1 O 1 0 0.33
9 100 1-30 1-1000 0-0.2 35 38 28 33.67

10 100 30-60 1-1000 0-0.2 47 43 31 40.33
11 100 60-90 1-1000 0-0.2 45 51 36 44.00
12 100 90-120 1-1000 0-0.2 37 40 55 44.00
13 1-30 30 1-1000 0-0.2 11 8 9 9.33
14 30-60 30 1-1000 0-0.2 20 22 35 25.67
15 60-90 30 1-1000 0-0.2 30 33 34 32.33

16 90-120 30 1-1000 0-0.2 40 48 38 42.00
17 40 10 1-1000 0.1 31 39 34 34.67
18 40 10 1-1000 0.2 37 39 47 41.00
19 40 10 1-1000 0.3 35 30 37 34.00
20 40 10 1-1000 0.4 27 20 27 24.67
21 40 10 1-1000 0.5 32 32 36 33.33
22 40 10 1-1000 0.6 28 26 24 26.00
23 40 10 1-1000 0.7 10 12 10 10.67
24 40 10 1-1000 0.8 0 2 0 0.67
25 40 10 1-1000 0.9 0 0 0 O

greedy algorithm with one threshold. In other words, in column ”#i” we have
the number of triples (T, r,w) from the family number ¢ such that there exists
~ for which 0 < v < a and l)gmedy(<)¢,T7 rw) < L ceay(a, Ty r,w). The column
”avg” contains the number #!T#2H#3,

In experiments 1-3 we consider the case where the parameter v increases. In
experiments 4-8 the parameter « increases. In experiments 9-12 the parameter
m increases. In experiments 13-16 the parameter n increases. In experiments
1725 the parameter « increases. The results of experiments show that the value
of #i can change from 0 to 55. It means that the percentage of triples for which
the first modification of greedy algorithm is better than the greedy algorithm

with one threshold can change from 0% to 5.5%.

Third Group of Experiments. Third group of experiments is connected with
investigation of quality of lower bound Lmyin(a) > pr(a, a).

We choose natural n, m, v and real a, 0 < o < 1. For each chosen tu-
ple (n,m,v,a) we generate randomly 30 triples (T, r,w) such that T' contains



244 M.Ju. Moshkov, M. Piliszczuk, and B. Zielosko

1000

T r 2500 T T T
average upper bound average Upper bound

average lower bound --—+---

average lower bound --—+---

2000

1500 [

1000

400 -

S -

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

200 L L L L L L L 0 L L L L L L i L
1000 1500 2000 2500 3000 3500 4000 4500 5000 10 20 30 40 50 60 70 80 % 100

number of rows number of attributes

Fig. 3. Results of third group of experiments with rules (n and m are changing)

900 1600

average Upper bound average Upper bound
average lower bound —-+--- average lower bound —-—+---

1400

800 -
700 -
1200 [

600 -
1000 [

500 -
400
300 - |

200 | T
"""""""""""

T L
100 |- e 1 200

0 L L L L L L L
100 200 300 400 500 600 700 800 900 1000
range of weight

Fig. 4. Results of third group of experiments with rules (v and « are changing)

n rows and m conditional attributes, r is the first row of T, and w has val-
ues from the set {1,...,v}. After that we find values of Lg .4, (c, T, 7, w) and
pr(a, o, T,r,w) for each of generated 30 triples. Note that pr(a,a, T,r,w) <
Lnin(a, Ty ryw) < Z'Jg]reedy(oz,T7 r,w). Finally, for generated 30 triples we find
mean values of Lg .4 (o, T, r,w) and pr (e, o, T, r, w).

Results of experiments can be found in Figs. Bl and [ In these figures mean
values of py, (e, a, T, r,w) are called ”average lower bound” and mean values of
Lg‘reedy(oz7 T,r,w) are called ”average upper bound”.

In Fig.[3 (left-hand side) one can see the case when n € {1000, 2000, . .., 5000},
m = 30, v = 1000 and a = 0.01.

In Fig. Bl (right-hand side) one can see the case when n = 1000, m € {10, 20, ... .,
100}, » = 1000 and « = 0.01.

In Fig. @ (left-hand side) one can see the case when n = 1000, m = 30,
v € {100,200, ...,1000} and o = 0.01.

In Fig. @ (right-hand side) one can see the case when n = 1000, m = 30,
v = 1000 and « € {0.0,0.1,...,0.9}.

Results of experiments show that the considered lower bound is nontrivial and

can be useful in investigations.
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5 Conclusions

The paper is devoted (mainly) to theoretical and experimental analysis of greedy
algorithms with weights and their modifications for partial cover, reduct and
decision rule construction. Obtained results will further to more wide use of
such algorithms in rough set theory and its applications.

In the further investigations we are planning to generalize the obtained re-
sults to the case of decision tables which can contain missing values, continuous
attributes, and discrete attributes with large number of values.
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