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Abstract The goal of this paper is to combine balanced truncation model reduction
and domain decomposition to derive reduced order models with guaranteed error
bounds for systems of discretized partial differential equations (PDEs) with a spa-
tially localized nonlinearities. Domain decomposition techniques are used to divide
the problem into linear subproblems and small nonlinear subproblems. Balanced
truncation is applied to the linear subproblems with inputs and outputs determined
by the original in- and outputs as well as the interface conditions between the sub-
problems. The potential of this approach is demonstrated for a model problem.

1 Introduction

Model reduction seeks to replace a large-scale system of differential equations by
a system of substantially lower dimension that has nearly the same response char-
acteristics. This paper is concerned with model reduction of systems of discretized
partial differential equations (PDEs) with spatially localized nonlinearities. In par-
ticular, we are interested in constructing reduced order models for which the error
between the input-to-output map of the original system and the input-to-output map
of the reduced order model can be controlled.

Balanced truncation is a particular model reduction technique due to [16], which
for linear time invariant systems leads to reduced order models which approximate
the original input-to-output map with a user controlled error [1, 6]. Although ex-
tensions of balanced truncation to nonlinear systems have been proposed, see, e.g.,
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[9, 14], there are no bounds available for the error between the input-to-output map
of the original system and that of the reduced order model. Proper Orthogonal De-
composition (POD) is often used for model reduction of nonlinear systems. Error
bounds are available for the error between the so-called snapshots and the reduced
order model, see, e.g., [11, 13], but no bounds for the error between the input-to-
output map of the original system and that of the reduced order model, unless the
so-called snapshot set reflects all possible inputs.

Our approach uses domain decomposition techniques to divide the problem into
linear subproblems and small nonlinear subproblems. Balanced truncation is applied
only to the linear subproblems with inputs and outputs determined by the original in-
and outputs as well as the interface conditions between the subproblems. We expect
that this combination of domain decomposition and balanced truncation leads to a
substantial reduction of the original problem if the nonlinearities are localized, i.e.,
the nonlinear subproblems are small relative to the other subdomains, and if the
interfaces between the subproblems are relatively small.

To keep our presentation brief, we consider a model problem which couples the
1D Burgers equation to two heat equations. This is motivated by problems in which
one is primarily interested in a nonlinear PDE which is posed on a subdomain and
which is coupled to linear PDEs on surrounding, larger subdomains. The linear PDE
solution on the surrounding subdomains needs to be computed accurately enough
to provide acceptable boundary conditions for the nonlinear problem on the ‘inner’
subdomain. Such situations arise, e.g., in regional air quality models.

Our work is also related to [4], which is an example paper which discusses the
coupling of linear and nonlinear PDEs, but no dimension reduction is applied. Do-
main decomposition and POD model reduction for flow problems with moving
shocks are discussed in [15]. POD model reduction is applied on the subdomains
away from the shock. The paper [18] discusses a different model reduction tech-
nique for second order dynamical systems with localized nonlinearities. The papers
[2, 5] and [20] discuss different model reduction and substructuring techniques for
second order dynamical systems and model reduction of interconnect systems re-
spectively.

2 The Model Problem

Let Q = [J{_, Qy, where Q; = (—10,—1), Q, = (—1,1) and Q3 = (1,10) and let
T > 0 be given. Our model problem is given by

d 92
P (et =% 2 () = Sile), (r.1) € QX (0.7),  (1a)
Yk (x,0) = yro(x), x €, k=13, (1b)
M (—10,1) =0, 8y3(10,t):0 te(0,T), (lo)

ox ox
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AP 9%y, Iy B
P2 5, (x,1) — to 92 T2 5. (x,1) =0, (x,1) € 2, x (0,T), (1d)

¥y2(x,0) = y20(x), x€, (le)
with the following interface conditions

yl(flat):yZ(flat)v yZ(lat):y3(lat)7 IG(O,T), (221)

Iy _dn dy> _dys
iy (—1,0) =1, I (—1,1), W I (L) =3 P (1,1), t€(0,T). (2b)

We assume that the forcing functions Sy, S3 are given by
g
Se= Y bu(x)up(t), k=1,3. 3)
i=1

To obtain the weak form of (1) and (2), we multiply the differential equations
(1a, d) by test functions v; € H 1 (Q;),i=1,2,3, respectively, integrate over €2;, and
apply integration by parts. Using the boundary conditions (1c, h) this leads to

d Ay v Ik
d dx— ’ — | Swdx, k=13, (4
pkdl/QkYka X+ Uk o, Ox Ox XM 5 VK 0. Ja, vrdx, ,3, (4a)
d 8y2 8\)2 8y2 8y2 1
d d dx— ‘ — 0. (4b
pzdl /szzvz x+'u2.92 ox oJx x+/522 gy 22 o ax 2l (4b)

If vi € H' (), k = 1,3, satisfy v (—1) = 1, v3(1) = 1, then (Ic), (4a) imply

9)11(—]) . / 0 / 8y1 v

Vg, = lelvldx+pl8t 91)11\/161'%-1-#1(9l ox ox dx, (5a)
dys(1) 7/ . d / - dys dvs

U3 P Q3S3V3dx p3al.93y3\/3dx ,113(93 Ix O dx. (5b)

If v, € H'(£,) satisfies vy (—1) = 1 and vo(1) = 0, then (4b) implies

9)12(—]) - 8 9)12 8V2 8y2
275, T TPy, /_szzvzdxfliz o, dx ox x— o, 9x yavadx.  (5¢)

Finally, if v, € H'(,) satisfies vo(—1) = 0 and v5(1) = 1, then (4b) implies

8)}2(1)
2

0 dyz Iy
ox *Pz()t./gzymderﬂz

Iy2
Ja, 9x ox d)ch/Q2 ox yavadx. (5d)

The identities (5) are used to enforce the interface conditions (2).

We discretize the differential equations in space using piecewise linear functions.
We subdivide £2;, j = 1,2,3, into subintervals. Let x; denote the subinterval end-
points and let v; be the piecewise linear basis function with v;(x;) = 1 and v;(x;) =0
or all j # i. We define the following index sets
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H={i:xec[-10,-1)}, B={:xe(-1,1)}, L={i:xec(1,10]},
Ih={i:x=-1}, o={i:x=1.

Given y; foriel {2 U 153, we compute functions

yi(t,x) = Y, yilt)vi(x) + Y, yilt)vi(x), k=13,  (6a)
iell il

ya(t,x) = X yi(vi(x) + Y, yilt)vi(x) + Y, yi(t)vi(x), (6b)
iell iell) iell

where in (6a) we use I =11, if k=1 and I" = I, if k = 3, as solutions of
d J d
id. dx= [ Spvidxiell, k=1,3,
Pr 4, /Qkykvz x+.uk/gk PRI /-Qk kvidx,i € I,
d 9 d 9 )
P2 4, /szzvz )CJrIJz/Qz PIREN er/Qz o) 2Y2Vidx LE

If we sety, = (i)iegss k= 1,2,3, ¥ = Oi)iegr» k€ {12,231y = (y15,¥53)"

and w, = (;)i=1,._n,» k= 1,3 (cf. (3)), the previéus identities can be written as
MY O VAT M OV h ATV =Bl ()
Mé’jt% +A7y)+ My j,yr +ATy +N(yh,y") =0, (79)
MY j,% + Ay + Mérjtyga +AY Y =B, (7o)

By construction, the functions y;, j = 1,2,3, in (6) satisfy (2a). To enforce (2b)
we insert the identities (5), (6) into (2b). The resulting conditions can be written as

d d
M’ YA (MIT M) v+ (AT ATy (8)
d
My, Y2+ ALY: + N2 Y1) =Blu,  (8D)
d d
M}/ dt 5+ A Y+ (VMyT MG drYy bt (AT + AN yh (8¢c)

d
M3 ¥a+ ALY+ NG (v2,¥0) = Biws. (8d)

To summarize, our discretization of (1) and (2) is given by (7) and (8).

As outputs we are interested in the solution of the PDE at the spatial locations
& = —5,& =0,& = 5. Thus the output equations are y(f,&;) = ziel,{ yi(t)vi(&),
k =1,2,3, which can be written as

7 (t) = Cﬁyi(z), where C}, € R, k=1,2,3.
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3 Balanced Truncation Model Reduction

Given & € R™" symmetric positive definite, o7 € R"*", 2 € R"™ ¢ € R?*", and
2 € R?*™ _we consider linear time invariant systems in state space form

8 4 ¥ = /y(0) + ule), 1€(0.T), YO =y,

z2(t) =Cy(t)+ 2u(t), t € (0,7). (9b)

Projection methods for model reduction generally produce n X r matrices ¥, #
with 7 < n and with # T & = I,. One obtains a reduced form of equations (9) by
setting y = ¥’y and projecting (imposing a Galerkin condition) so that

V/T[gv/iy(t) —dVY(t)— Pu(t)] =0, t€(0,T).

This leads to a reduced system of order r with matrices E=WTsY = I, o =
WAV, B=WTB,C=CV,and I = 9.

Balanced reduction is a particular techniqe for constructing the projecting matri-
ces ¥ and ¥/, see, e.g., [1, 16]. One first solves the controllability and the observ-
ability Lyapunov equation o7 & + & 2T + BAT =0 and T 28 + & D.of +
¢T€¢T =0, respectively. Under the assumptions of stability, controllability and ob-
servability, the matrices &, 2 are both symmetric and positive definite. There exist
methods to compute (approximations of) & = UU” and 2 = LL in factored form.
In the large scale setting the factorization is typically a low rank approximation. See,
e.g., 8, 17].

The balancing transformation is constructed by computing the singular value de-
composition UT €L = ZSY” and then setting # = UZ,, ¥ = LY,, where S, =
diag(01,0,...,0;) is the r x r submatrix of S = S,,. The singular values o; are
in decreasing order and r is selected to be the smallest positive integer such that
Or+1 < 701 where T > 0 is a prespecified constant. The matrices Z,, Y, consist of
the corresponding leading k columns of Z,Y.

It is well known [6] that </ must be stable and that for any given input u we have

1z 2] 2, < 2[|ull%(0rs1+ ..+ Gn), (10)

where Z is the output (response) of the reduced model. Model reduction techniques
for infinite dimensional systems are reviewed in, e.g., [3].

We want to apply balanced truncation model to the linear subsystems 1 and 3 in
(7) and (8). We need to identify the input-output relations for these subsystems in the
context of the coupled system to ensure that balancing techniques applied to these
subsystems leads to a reduced model for the coupled system with error bounds.

To identify the appropriate input-output relations, we focus on subsystem 1. Ex-
amination of (7a,b) and (8a) shows that M{I" ¢ yI',/ AIl'yl and B! u; are the inputs

into system 1 and le ! y{, le ! :ftyll + Alf ! y{ are the outputs. Hence, if
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M =0 and M{'=0, (11)

then we need to apply model reduction to

d
Mi L yi=—Aly - ATy + Biuy (12a)

7 =Clyl, z =Al'yl. (12b)

The system (12) is exactly of the form (9) and we can apply balanced truncation
model reduction to obtain

~d o~ ~
M ¥ =-ATY) — Ayl +Bly, (13a)
7, = Ciyl, zI =Al'yl. (13b)

Subsystem 3 can be reduced analogously. The reduced model for the coupled non-
linear system (7) and (8) is now obtained by replacing the subsystem matrices for
subsystems 1 and 3 by their reduced matrices. Wether the balanced truncation er-
ror bound (10) can be used to derive an error bound between the original coupled
problem (7) and (8) and its reduced model is under investigation.

In our finite element discretization we use mass lumping to obtain (11). However
other discretizations, such as spectral elements or discontinuous Galerkin methods
satisfy (11) directly, see [10, 12].

4 Numerical Results

We subdivide £2; into equidistant subintervals of length iy = 1/Ny, k =1,2,3, and
we use piecewise linear basis functions.The size of the system (7), (8) is 9(N; +
N3)+2N, + 1. The parameters in the PDE are py = 1, k= 1,2,3, and y; =0.05, up =
0.1, 4y = 0.2. For subsystem 1 and 3 we compute low-rank approximate solutions of
the controllability and observability Lyapunov equations using the method described
in [8]. We truncate such that 0,11 < 707, where T = 1074,

The sizes of the full and of the reduced order models for various discretization
parameters are shown in Table 1. The subsystems 1 and 3 reduce substantially and
the size of the subsystem 2 limits the amount of reduction achieved overall. For
example, for N| = N3 = 20 the subsystems 1 and 3 are each reduced in size from
180 to 11. The size of the coupled system is reduced from 361 + 2N, to 23 +2N;.

Next, we compare the system output given forcing functions S; = u;(t), S3 =
uz(t) (cf., (3)) with u; () = ) sin(3)(1 - 0.8¢/T), u3(¢) = sin(2¢)(0.3+0.7t/T) on
(0,T) = (0,15). The full order model (7), (8) and the corresponding reduced order
model are solved using the modified 6-scheme [7, 19] with (macro) time step At =
T /200. Figure 1 shows the outputs, i.e., the approximate solution of the PDE at &; =
—5,& =0,&; = 5. The left plot in Figure 2 shows the solution of the reduced order
discretized PDE. The solution of the discretized PDE is visually indistinguishable
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Table 1 Dimension of the full and of the reduced order models for various discretization parame-
ters Ni,Np,N3 and T = 1074,

N =N; N, size of full order model size of reduced order model
10 10 201 41

20 20 401 63

40 40 801 107

20 10 381 43

40 20 761 67

Fig. 1 Outputs 1, 2, 3 of
the full order system corre- 6 :;, i b .
sponding to the discretization al ‘e? AR Y 1 A
N} =N, = N3 = 10 are given AR S S AN \g s ¥
by *, o and O, respecitively. i o ? N

Outputs 1, 2, 3 of the reduced 2F 6 SOy / B e u ]
order system are given by 4wl
dotted, dashed and solid lines, ; 5 ) )
respectively. 0 5 10 15

t 5 O

Fig. 2 Solution of the reduced order discretized PDE (left) and error between the solution of the
discretized PDE and the reduced order system (right) for discretization Ny = N, = N3 = 10.

from the solution of the reduced order discretized PDE, as indicated by the size
of the error shown in the right plot in Figure 2. The error is larger in the right
subdomain because the PDE solution is positive and the advection term in (1d)
advects the solution to the right.

Our numerical results indicate that the coupling of balanced truncation reduction
for linear time variant subsystems with spatially localized nonlinear models leads
to a coupled reduced order model with an error in the input-to-output map that
is comparable to the error due to balanced truncation model reduction applied to
the linear subsystems alone. The efficiency of the approach depends on the size of
the interface and on the size of the localized nonlinearity. Investigations for higher
dimensional problems are underway to explore the overall gains in efficiency.
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