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Weak Convergence of Measures

8.1 Definition of Weak Convergence

In this chapter we consider the fundamental concept of weak convergence of
probability measures. This will lay the groundwork for the precise formulation
of the Central Limit Theorem and other Limit Theorems of probability theory
(see Chap. 10).

Let (X, d) be a metric space, B(X) the o-algebra of its Borel sets and P,
a sequence of probability measures on (X, B(X)). Recall that Cy,(X) denotes
the space of bounded continuous functions on X.

Definition 8.1. The sequence P,, converges weakly to the probability measure
P if, for each f € Cp(X),

lim f(x)dPn(:C)z/Xf(:v)dP(x).

n—r00 X

The weak convergence is sometimes denoted as P,, = P.

Definition 8.2. A sequence of real-valued random variables &, defined on
probability spaces (£2,,, Fn,Py) is said to converge in distribution if the in-
duced measures P, P, (A) = P,(£, € A), converge weakly to a probability
measure P.

In Definition 8.1 we could omit the requirement that P, and P are prob-
ability measures. We then obtain the definition of the weak convergence for
arbitrary finite measures on B(X). The following lemma provides a useful
criterion for the weak convergence of measures.

Lemma 8.3. If a sequence of measures P,, converges weakly to a measure P,
then
limsup P,,(K) < P(K) (8.1)
n—oo
for any closed set K. Conversely, if (8.1) holds for any closed set K, and
P, (X) =P(X) for all n, then P,, converge weakly to P.
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Proof. First assume that P, converges to P weakly. Let ¢ > 0 and select
0 > 0 such that P(K5) < P(K) + €, where K; is the d-neighborhood of the
set K. Consider a continuous function fs such that 0 < fs(x) <1 for x € X,
fs(x) =1for x € K, and fs(x) = 0 for x € X\ K. For example, one can take
fs(z) = max(1 — dist(z, K)/6,0).

Note that Pn(K) = fK fsdP,, < fX fsdP,, and fX fsdP = st fsdP <
P(K5) < P(K) + . Therefore,

lim supP,(K) < lim f(;dPn = / fsdP < P(K)+e¢
X

n—r oo n—oo

which implies the result since € was arbitrary.

Let us now assume that P,,(X) = P(X) for all n and limsup,,_, ., Pp(K) <
P(K) for any closed set K. Let f € Cp(X). We can find a > 0 and b such that
0<af+b<1. Since P,,(X) = P(X) for all n, if the relation

lim g(x)dPn(a:):/Xg(a:)dP(:c)

n—roo X

is valid for ¢ = af + b, then it is also valid for f instead of g. Therefore,
without loss of generality, we can assume that 0 < f(z) < 1 for all z. Define
the closed sets K; = {x: f(z) > i/k}, where 0 < < k. Then

Since limsup,, . Pn(K;) < P(K) for each i, and P,(X) = P(X), we obtain

n—roo

hmsup/ fdp, <—+/fdP

Taking the limit as k — oo, we obtain

limsup/ fdPng/ fdP.
b'e b'e

n—00

By considering the function — f instead of f we can obtain

lim inf / fdp,, > / fdP.

This proves the weak convergence of measures. O
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The following lemma will prove useful when proving the Prokhorov The-
orem below.

Lemma 8.4. Let X be a metric space and B(X) the o-algebra of its Borel sets.
Any finite measure P on (X, B(X)) is regular, that is for any A € B(X) and
any € > 0 there are an open set U and a closed set K such that K C ACU
and P(U) — P(K) < e.

Proof. If A is a closed set, we can take K = A and consider a sequence of
open sets U,, = {z : dist(z, A) < 1/n}. Since (), U,, = A, there is a sufficiently
large n such that P(U,) — P(A4) < e. This shows that the statement is true
for all closed sets.

Let K be the collection of sets A such that for any e there exist K and
U with the desired properties. Note that the collection of all closed sets is a
m-system. Clearly, A € K implies that X\ A € K. Therefore, due to Lemma
4.13, it remains to prove that if Ay, As,... € K and A;(A; = 0 for i # j,
then A =], 4, € K.

Let € > 0. Find ng such that P(U,_, An) < ¢/2. Find open sets U,, and
closed sets K, such that K, C A, C U, and P(U,) — P(K,) < g/2"*! for
each n. Then U = J,, U,, and K = .2, K, have the desired properties, that
is KCACU and P(U) - P(K) <e. O

8.2 Weak Convergence and Distribution Functions

Recall the one-to-one correspondence between the probability measures on R
and the distribution functions. Let F,, and F be the distribution functions
corresponding to the measures P,, and P respectively. Note that x is a con-
tinuity point of F if and only if P(z) = 0. We now express the condition of
weak convergence in terms of the distribution functions.

Theorem 8.5. The sequence of probability measures Py, converges weakly to
the probability measure P if and only if lim, o Fy,(x) = F(z) for every con-
tinuity point x of the function F.

Proof. Let P, = P and let  be a continuity point of . We consider the
functions f, f;' and f; , which are defined as follows:

ro={y 43T

y >z,

y <z,
T =q1-(y—2)/s, z<y<z+,
07 y>$+5,
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15 ySI—5a
fsw=91=-W—-a+4d/5, z-d<y<u,
0, Yy > T,

The functions f;’ and f; are continuous and f; < f < f;’ . Using the fact
that x is a continuity point of F' we have, for any ¢ > 0 and n > ng(g),

/f YdF,( /f5 YdF,(
/b A

if § is such that |F(x +6) — F(z)| <
have
Futa) = [ 1dra) = [ 15 )i
R

;Aﬁwwﬂw—ng@—ﬁ—gzﬂ@—a

In other words, |F,,(x) — F'(z)| < ¢ for all sufficiently large n.

Now we prove the converse. Let F,(z) — F(x) at every continuity point
of F. Let f be a bounded continuous function. Let € be an arbitrary positive
constant. We need to prove that

|/f YAF,( /f JdF (z)] < e (8.2)

_F(x+5)+§gF(x)+g

l\DIm

. On the other hand, for such n we also

©lo

for sufficiently large n.

Let M = sup |f(z)|. Since the function F is non-decreasing, it has at most
a countable number of points of discontinuity. Select two points of continuity
A and B for which F(A) < 137 and F(B) > 1— Therefore F,,(A) <
and F,(B) > 1 — =57 for all sufficiently large n.

Since f is contlnuous it is uniformly continuous on [A, B]. Therefore
we can partition the half-open interval (A, B] into finitely many half-open
subintervals I = (zo,21],l2 = (z1,22],...,1, = (Zn-1,2,] such that
|f(y) — f(zs)] < 15 for y € I;. Moreover, the endpoints z; can be selected
to be continuity points of F'(z). Let us define a new function f. on (A, B]
which is equal to f(x;) on each of the intervals I;.

In order to prove (8.2), we write

|/f )dF,( /f )dF (z
sﬁwwumwwwﬁﬁwmmmwm

+A;mgﬂ@WE$w+A;m”ﬂwa@)
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H[  t@are - [ @)
(A,B] (A,B]

The first term on the right-hand side is estimated from above for large enough
n as follows:

[ @R < MF,) <
(—o0,A]

ot ™

Similarly, the second, third and fourth terms are estimated from above by {5,
£ and {5 respectively.
Since [f. — f| < 15 on (A, BJ, the last term can be estimated as follows:

| /( Ly )~ /( Ly [ @)

<t f@an@ = [ e

(A,B]
Note that

n—oo

iim | [ £.(@)aFu(@) = [ @)@

= lim (|f (@:)|[Fn (i) = Fa(wi1) = F(2:) + F(zi-1)]) =0,

since Fy,(x) — F(z) at the endpoints of the interval I;. Therefore,

tw | [ f@dRe) - [ @) =0,
n=roo J(A,B] (A,B]
and thus
g
[ r@dbe - [ @) <
(A,B] (A,B]
for large enough n. O

8.3 Weak Compactness, Tightness, and the Prokhorov
Theorem

Let X be a metric space and P, a family of probability measures on the Borel
o-algebra B(X). The following two concepts, weak compactness (sometimes
also referred to as relative compactness) and tightness, are fundamental in
probability theory.

Definition 8.6. A family of probability measures {Po} on (X, B(X)) is said
to be weakly compact if from any sequence Pn, n =1,2,..., of measures from
the family, one can extract a weakly convergent subsequence P, , k=1,2,...,
that is P, = P for some probability measure P.
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Remark 8.7. Note that it is not required that P € {P,}.

Definition 8.8. A family of probability measures {Po} on (X, B(X)) is said
to be tight if for any € > 0 one can find a compact set K. C X such that
P(K.) > 1—¢ for each P € {P,}.

In the case when (X, B(X)) = (R, B(R)), we have the following theorem.

Theorem 8.9 (Helly Theorem). A family of probability measures {Pqs} on
(R, B(R)) is tight if and only if it is weakly compact.

The Helly Theorem is a particular case of the following theorem, due to
Prokhorov.

Theorem 8.10 (Prokhorov Theorem). If a family of probability measures
{Pa} on a metric space X is tight, then it is weakly compact. On a separable
complete metric space the two notions are equivalent.

The proof of the Prokhorov Theorem will be preceded by two lemmas. The
first lemma is a general fact from functional analysis, which is a consequence
of the Alaoglu Theorem and will not be proved here.

Lemma 8.11. Let X be a compact metric space. Then from any sequence of
measures p, on (X,B(X)), such that p,(X) < C < oo for all n, one can
extract a weakly convergent subsequence.

We shall denote an open ball of radius r centered at a point a € X by B(a,r).
The next lemma provides a criterion of tightness for families of probability
measures.

Lemma 8.12. A family {P,} of probability measures on a separable complete
metric space X s tight if and only if for any € > 0 and r > 0 there is a finite
family of balls B(a;,r), i =1,...,n, such that

n

Pa(U B(a;,r))>1—¢

i=1
for all a.

Proof. Let {P,} be tight, € > 0, and r > 0. Select a compact set K such that
P(K) > 1—cforall P € {P,}. Since any compact set is totally bounded, there
is a finite family of balls B(a;,r), i = 1,...,n, which cover K. Consequently,
P(U., B(ai,r)) > 1 —c for all P € {P,}.

Let us prove the converse statement. Fix € > 0. Then for any integer k > 0
there is a family of balls B*) (a;, %), i=1,...,ng, such that P(4y) > 1—2"%¢
for all P € {P,}, where Ay = ¥, B® (a;, ). The set A = (2, Ay, satisfies
P(A) > 1 —¢ for all P € {P,} and is totally bounded. Therefore, its closure
is compact since X is a complete metric space. O
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Proof of the Prokhorov Theorem. Assume that a family {P,} is weakly com-
pact but not tight. By Lemma 8.12, there exist € > 0 and r > 0 such that for
any family By,..., B, of balls of radius r, we have P({J,,,, Bi) <1 —¢ for
some P € {P,}. Since X is separable, it can be represented as a countable
union of balls of radius r, that is X = (J;2, B;. Let A,, = J,<;,, Bi- Then we
can select P,, € {P,} such that P, (4,) <1 —¢e. Assume that a subsequence
P, converges to a limit P. Since A, is open, P(A,,) < liminfg_oc Pp, (A1)
for every fixed m due to Lemma 8.3. Since A,, C A,, for large k, we have
P(4,,) < liminfy o Py, (An,) < 1 — &, which contradicts U, _, A4, = X.
Thus, weak compactness implies tightness.

Now assume that {P,} is tight. Consider a sequence of compact sets K,
such that

1
P(K,,)>1—— for all Pe{P,}, m=1,2,...
m

Consider a sequence of measures P,, € {P,}. By Lemma 8.11, using the
diagonalization procedure, we can construct a subsequence P,, such that,
for each m, the restrictions of P,, to IN{m = U;il K; converge weakly to a
measure fin,. Note that fi, (Kpy,) > 1 — L since Py, (Km)>1— L for all k.
Let us show that for any Borel set A the sequence um(AﬂIN(m) is non-
decreasing. Thus, we need to show that fim, (AN Km,) < fimy (AN Km,) if
my < mgy. By considering A IN(ml instead of A we can assume that A C IN(ml.
Fix an arbitrary € > 0. Due to the regularity of the measures pi,,, and fim,

(see Lemma 8.4), there exist sets U, K C l}m“ i = 1,2, such that U (K
are open (closed) in the topology of IN(mi, K CACU and
i, () = & < i, (A) < i, (K') 2, i=1,2

Note that T' = U N IN(ml for some set U that is open in the topology of IN(mz.
Let U=0UNU and K = K UK. Thus U C K,,, is open in the topology
of Kin,, K C Ky, is closed in the topology of K,,,, K C A C U and

Hmy (Uﬂgml) —& < lm, (A) < Hmy (K) +e, (83)

tms (U) — € < pimy (A) < iy (K) + €. (84)
Let f be a continuous function on IN(mz such that 0 < f < 1, f(z) = 1 if
x € K, and f(x) =0if ¢ U. By (8.3) and (8.4),

s (A) — / Fdtimy | < &,
K

my

o (A) = [ Fdpna] <.
Km,
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NOting that ff( fd‘LLm‘L = 11mk~>oo ff( fdPnk; Z = 1, 2, and ff( .fdPnk S
mg mg my
i} Ry fdP,,, we conclude that

tony (A) < pimy (A) + 2e.

Since € was arbitrary, we obtain the desired monotonicity.
Define

P(A) = lim um(Amf(m).

m—r 00

Note that P(X) = lim,;, 00 fbm (IN(m) = 1. We must show that P is o-additive
in order to conclude that it is a probability measure. If A = 5=, A4; is a union
of non-intersecting sets, then

m—r oo
i=1 i=1
for each n, and therefore P(4) > Y °°° P(A;). If ¢ > 0 is fixed, then for
sufficiently large m

P(A) < (A Em) +e=>  pim(Ai [\ Em) +2 <> P(A) +e.
=1 i=1

Since & was arbitrary, P(4) < >°°°, P(4;), and thus P is a probability mea-
sure.

It remains to show that the measures P,, converge to the measure P
weakly. Let A be a closed set and € > 0. Then, by the construction of the sets
K, there is a sufficiently large m such that

limsup P, (4) < limsup P, (Aﬂ Km) +e < pim(A) +e <P(A) +¢.
k—o00 k—o00
By Lemma 8.3, this implies the weak convergence of measures. Therefore the
family of measures {P,} is weakly compact. O

8.4 Problems

1. Let (X,d) be a separable complete metric space. For € X, let §, be
the measure on (X, B(X)) which is concentrated at z, that is 6(A) = 1 if
xe A 6(A)=0ifx ¢ A, A€ B(X). Prove that d,, converge weakly if
and only if there is z € X such that z,, — = as n — oo.

2. Prove that if P,, and P are probability measures, then P, converges
weakly to P if and only if

liminf P,,(U) > P(U)

n—oo

for any open set U.
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11.

8.4 Problems 117

. Prove that if P,, and P are probability measures, then P,, converges to P

weakly if and only if

nh_)ngo P,.(A) =P(4)
for all sets A such that P(0A) = 0, where 0A is the boundary of the
set A.

. Let X be a metric space and B(X) the o-algebra of its Borel sets. Let 13

and /i be two probability measures such that [, fdu, = [ fdus for all
f € Cy(X), f>0. Prove that pu; = ps.

. Give an example of a family of probability measures P,, on (R, B(R))

such that P,, = P (weakly), P, P are absolutely continuous with respect
to the Lebesgue measure, yet there exists a Borel set A such that P,,(A)
does not converge to P(A).

. Assume that a sequence of random variables &,, converges to a random

variable £ in distribution, and a numeric sequence a, converges to 1.
Prove that a,&, converges to ¢ in distribution.

. Suppose that &,, n,, n > 1, and £ are random variables defined on the

same probability space. Prove that if &, = & and 7, = ¢, where c is a
constant, then &,n, = c£.

. Prove that if &, — & in probability, then P¢ = P¢, that is the conver-

gence of the random variables in probability implies weak convergence of
the corresponding probability measures.

. Let P,,, P be probability measures on (R, B(R)). Suppose that [ fdP, —

fR fdP as n — oo for every infinitely differentiable function f with com-
pact support. Prove that P,, = P.

Prove that if &, and ¢ are defined on the same probability space, £ is
identically equal to a constant, and &,, converge to £ in distribution, then
&, converge to £ in probability.

Consider a Markov transition function P on a compact state space X.
Prove that the corresponding Markov chain has at least one stationary
measure. (Hint: Take an arbitrary initial measure p and define pu, =
(P*)™u, n > 0. Prove that the sequence of measures v, = (o + ... +
tn—1)/n is weakly compact, and the limit of a subsequence is a stationary
measure. )
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