5

Markov Chains with a Finite Number of States

5.1 Stochastic Matrices

The theory of Markov chains makes use of stochastic matrices. We therefore
begin with a small digression of an algebraic nature.

Definition 5.1. An r X r matriz Q = (gi;) is said to be stochastic if

2. Z;Zl gij =1 forany1 <i<r.

A column vector f = (f1,...,fr) is said to be non-negative if f; > 0 for
1 < i <r. In this case we write f > 0.

Lemma 5.2. The following statements are equivalent.

(a) The matriz Q) is stochastic.
(b1) For any f > 0 we have Qf > 0, and
(b2) If 1 = (1,...,1) is a column vector, then Q1 = 1, that is the vector 1 is
an eigenvector of the matrix QQ corresponding to the eigenvalue 1.
(¢c)If w = (u1,...,p0r) is a probability distribution, that is p; > 0 and
oi_i i =1, then pQ is also a probability distribution.

Proof. If @ is a stochastic matrix, then (bl) and (b2) hold, and therefore (a)
implies (b). We now show that (b) implies (a). Consider the column vector §;
all of whose entries are equal to zero, except the j-th entry which is equal to
one. Then (Qd;); = ¢;; > 0. Furthermore, (Q1); = >77_, gij, and it follows
from the equality Q1 = 1 that 25:1 ¢i; = 1 for all ¢, and therefore (b)
implies (a).

We now show that (a) implies (c). If 4/ = p@, then p; = 377, p1iqi;. Since
Q is stochastic, we have u; > 0 and

r T T r r r
Z,u;- - ZZM% = ZZM%‘ = Z“i =1.
j=1 i=1

j=1i=1 i=1 j=1
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68 5 Markov Chains with a Finite Number of States

Therefore, ' is also a probability distribution.

Now assume that (c) holds. Consider the row vector ¢; all of whose entries
are equal to zero, except the i-th entry which is equal to one. It corresponds
to the probability distribution on the set {1,...,r} which is concentrated at
the point 4. Then §;Q is also a probability distribution. If follows that ¢;; > 0
and 377 gij = 1, that is (c) implies (a). O

Lemma 5.3. Let Q" = (q;;) and Q" = (q;) be stochastic matrices and Q =
Q'Q" = (gij)- Then Q is also a stochastic matriz. If q; > 0 for all i,j, then
qi; >0 for alli,j.

Proof. We have
T
Qi =Y dpdh; -
k=1

Therefore, ¢;; > 0. If all gj/; > 0, then g;; > 0 since gj;, > 0 and >, _, ¢j), = 1.
Furthermore,

r r s T T r
Saii =2 dpal; =Y _dk > ;= dp=1.
j=1 =1 =1 k=1

j=1k=1

a

Remark 5.4. We can also consider infinite matrices Q = (g;;), 1 < 4,5 < oc.
An infinite matrix is said to be stochastic if

1. qij > O, and
2. 3772, gij = 1 for any 1 < < o0.

It is not difficult to show that Lemmas 5.2 and 5.3 remain valid for infinite
matrices.

5.2 Markov Chains

We now return to the concepts of probability theory. Let {2 be the space of
sequences (wo, . ..,wn), where w, € X = {z!,...;2"}, 0 < k < n. Without
loss of generality we may identify X with the set of the first r integers, X =
{1,...,r}.

Let P be a probability measure on 2. Sometimes we shall denote by wy, the
random variable which assigns the value of the k-th element to the sequence
w = (wo,...,wy). It is usually clear from the context whether wy stands for
such a random variable or simply the k-th element of a particular sequence.
We shall denote the probability of the sequence (wo, . ..,wy) by p(wo, ..., wn).
Thus,

p(io,.. ,’Ln) = P(wo = io,.. L Wn = Zn)
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Assume that we are given a probability distribution pu = (u1,. .., 4-) on
X and n stochastic matrices P(1),..., P(n) with P(k) = (pi;(k)).

Definition 5.5. The Markov chain with the state space X generated by the
ingtial distribution p on X and the stochastic matrices P(1),...,P(n) is the
probability measure P on {2 such that

P(wo =0, ., Wn = in) = Wiy * Pigis (1) =+ -+ Diy_yi, (1) (5.1)
for each ig, ..., i, € X.

The elements of X are called the states of the Markov chain. Let us
check that (5.1) defines a probability measure on 2. The inequality P(wog =

0y -« Wn = iy) > 0 is clear. It remains to show that
T T
Z ZP(WOZio,...,wn:in):
io=1  ip=1
We have

Z...ZP(W0:i07---7wn:i")

10=1 in=1
ks T
= Z Z Hig 'pio,il(l) T .pinflin(n) :
10=1 in=1

We now perform the summation over all the values of i,. Note that i,

is only present in the last factor in each term of the sum, and the sum

> i —1Din_i, (1) is equal to one, since the matrix P(n) is stochastic. We then

fix ig,...,7n_o, and sum over all the values of i,,_1, and so on. In the end we

obtain 220:1 i, which is equal to one, since p is a probability distribution.
In the same way one can prove the following statement:

P(wo =0, ..., Wk = ik) = iy * Pigir (1) - -+ - Dip_yi (k)

for any 1 < ig,...,ix < 7, k < n. This equality shows that the induced
probability distribution on the space of sequences of the form (wo, ...,wy) is
also a Markov chain generated by the initial distribution p and the stochastic
matrices P(1),..., P(k).

The matrices P(k) are called the transition probability matrices, and the
matrix entry p;;(k) is called the transition probability from the state i to
the state 7 at time k. The use of these terms is justified by the following
calculation.

Assume that P(wg = ig,...,wk—2 = ig—2,wr—1 = i) > 0. We consider the
conditional probability P(wg = jlwo = 40, ..., wk—2 = ix—2,wk—1 = ). By the
definition of the measure P,
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P(wi = jlwo =0, ..., Wr—2 = ik—2,Wk—1 = 1)
~ Pwo=io,..., w2 =ip_o,wp_1 =1,wp = j)
P(wo =ig,...,Wk—2 = Tg—2,Wk—1 = 1)

_ Wiy * Digiy (1) oo pip_pi(k— 1) 'pij(k) oo (6)
Hig 'pioil(l) T 'pik,gi(k -1) *

The right-hand side here does not depend on ig,...,i;_o. This property is
sometimes used as a definition of a Markov chain. It is also easy to see that
P(wk = jlwg—1 = 4) = p;;j(k). (This is proved below for the case of a homoge-
neous Markov chain.)

Definition 5.6. A Markov chain is said to be homogeneous if P(k) = P for
a matriz P which does not depend on k, 1 <k < n.

The notion of a homogeneous Markov chain can be understood as a gener-
alization of the notion of a sequence of independent identical trials. Indeed,
if all the rows of the stochastic matrix P = (p;;) are equal to (p1,...,Dpr),
where (p1,...,pr) is a probability distribution on X, then the Markov chain
with such a matrix P and the initial distribution (p1,...,p,) is a sequence of
independent identical trials.

In what follows we consider only homogeneous Markov chains. Such chains
can be represented with the help of graphs. The vertices of the graph are the
elements of X. The vertices ¢ and j are connected by an oriented edge if
pij > 0. A sequence of states (io,1,...,%,) which has a positive probability
can be represented as a path of length n on the graph starting at the point
19, then going to the point i1, and so on. Therefore, a homogeneous Markov
chain can be represented as a probability distribution on the space of paths
of length n on the graph.

Let us consider the conditional probabilities P(wsy; = jlw = ). It is
assumed here that P(w; = i) > 0. We claim that

P(wsrt = jloy =14) = p) |

(s)

where p;;” are elements of the matrix P*. Indeed,

P(WS-H = j, wp = Z)
P(wl = ’L)
Dol 2oty i=1 Z;H:l . Z:S“il:l P(wo =0y, Wi =4,...,Wsp1=7)
Z;):l ce Z:l71:1 P(wo = io, cee, W = Z)
Z:():l s Z;,lzl Z;Hl:l - 'Z:S+171:1 HioPigiy - - Piy_1iPiiigy - - - Picyr1j
Dot 2y =1 PioDiois -+ - Piy_yi

Plwsyi = jlwr = i) =
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T 7’ ' T
Zio:l s Zufl:l HioPigiy - - - Pip_qi Zil+1:1 s ZiSH,l:l Piiyyy - Picyiaj
- ”’ T
Eiozl T 21‘171:1 HioPigiy - - - Pip_qi

] (s)
Piiypy -+ Pigyiaj = Pig~ -

Gp1=1 Tsp1—1=1

Thus the conditional probabilities pE;) = P(ws4; = jlw; = i) do not depend on

[. They are called s-step transition probabilities. A similar calculation shows
that for a homogeneous Markov chain with initial distribution u,

P(ws = j) = (uP*); = Zuzp(s)- (5.2)

Note that by considering infinite stochastic matrices, Definition 5.5 and
the argument leading to (5.2) can be generalized to the case of Markov chains
with a countable number of states.

5.3 Ergodic and Non-ergodic Markov Chains

Definition 5.7. A stochastic matrix P is said to be ergodic if there exists s
such that the s-step transition probabilities p( %) are positive for all i and j. A
homogeneous Markov chain is said to be ergodzc if it can be generated by some
initial distribution and an ergodic stochastic matriz.

By (5.2), ergodicity implies that in s steps one can, with positive probability,
proceed from any initial state ¢ to any final state j.

It is easy to provide examples of non-ergodic Markov Chains. One could
consider a collection of non-intersecting sets Xi,...,X,, and take X =
UZ:l X}. Suppose the transition probabilities p;; are such that p;; = 0, unless
¢ and j belong to consecutive sets, that is i € Xy, 7 € Xpy1 0ori € X,,, j € Xi.
Then the matrix P is block diagonal, and any power of P will contain zeros,
thus P will not be ergodic.

Another example of a non-ergodic Markov chain arises when a state j
cannot be reached from any other state, that is p;; = 0 for all ¢ # j. Then the
same will be true for the s-step transition probabilities.

Finally, there may be non-intersecting sets Xi,..., X, such that X =
Ur_, Xk, and the transition probabilities p;; are such that p;; = 0, unless i
and j belong to the same set Xj. Then the matrix is not ergodic.

The general classification of Markov chains will be discussed in Sect. 5.6.

Definition 5.8. A probability distribution m on X is said to be stationary (or
invariant) for a matriz of transition probabilities P if 7P = .

Formula (5.2) means that if the initial distribution = is a stationary distribu-
tion, then the probability distribution of any wy is given by the same vector
7 and does not depend on k. Hence the term “stationary”.
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Theorem 5.9 (Ergodic Theorem for Markov chains). Given a Markov
chain with an ergodic matriz of transition probabilities P, there exists a unique
stationary probability distribution m = (mwy,...,7.). The n-step transition
probabilities converge to the distribution w, that is

lim p( R

e id - = T
The stationary distribution satisfies m; >0 for 1 < j <.

Proof. Let ¢/ = (ph, ..., 1), 1" = (pf,..., 1)) be two probability distribu-
tions on the space X. We set d(u',p”") = 330 |t — p/|. Then d can be
viewed as a distance on the space of probability distributions on X, and the
space of distributions with this distance is a complete metric space. We note
that

O—Zm Zu Z iy =S =iy =S = )
=1

where .7 denotes the summation with respect to those indices i for which
the terms are positive. Therefore,

1 < It 1 +
)= miu =5 (ué—ué’)+§z (W —pi) = (i—nd) -
=1

It is also clear that d(u/, p') < 1.

Let 1/ and p” be two probability distributions on X and Q = (gi;) a
stochastic matrix. By Lemma 5.2, ¢//@Q and p”’@Q are also probability distribu-
tions. Let us demonstrate that

dp/'Q, 1" Q) < d(p', 1), (5.3)

and if all ¢;; > «, then

d(p'Q, n"Q) < (1 — a)d(y/, ). (5.4)
Let J be the set of indices j for which (1/Q); — (1”Q); > 0. Then

d(p'Q,u"Q) = (WQ—p"Q); = ZZ ws = 1) gis

jeJ jeJ i=1
+
< (=) i SZ i — ) =d(p 1),
i jed

which proves (5.3). We now note that J can not contain all the indices j since
both 1/@Q and p”’Q are probability distributions. Therefore, at least one index
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j is missing in the sum 3, ; gi;. Thus, if all ¢;; > a, then >, ;¢ <1 -«
for all 4, and

A Q. 1'Q) < (1-a)>" (i — pl) = (1= a)d(u', "),
which implies (5.4).

Let po be an arbitrary probability distribution on X and p, = poP".
We shall show that the sequence of probability distributions pu,, is a Cauchy
sequence, that is for any € > 0 there exists ng(e) such that for any k > 0 we
have d(pn, pintr) < € for n > ng(e). By (5.4),

Apns i) = d(po P™, o P"H) < (1 = @)d(po P, po PH2) < .
< (1= a)™d(po P, po PPHE) < (1 — )™,
where m is such that 0 < n — ms < s. For sufficiently large n we have
(1 — a)™ < e, which implies that u,, is a Cauchy sequence.
Let 7 = lim;,,— o0 ttn- Then

7P = lim p,P = lim (uoP™)P = lim (uoP™™) = 7.
n—oo

n—oo n—roo

Let us show that the distribution 7, such that 7P = 7, is unique. Let m; and
7o be two distributions with 71 = m P and my = m P. Then m = m P® and
g = ma P*. Therefore, d(m,m) = d(m P*, mP?®) < (1 — a)d(m1, m2) by (5.4).
It follows that d(m,m2) = 0, that is m; = .

We have proved that for any initial distribution po the limit

lim poP"=m
n—oo

exists and does not depend on the choice of pg. Let us take po to be the
probability distribution which is concentrated at the point ¢. Then, for 7 fixed,
o P™ is the probability distribution (pgl)) Therefore, lim,,_, pl(-;-l) = 7.

The proof of the fact that 7; > 0 for 1 < j < r is left as an easy exercise
for the reader. O

Remark 5.10. Let o be concentrated at the point 7. Then
d(po P, 7) = d(ig P", 7P™) < ... < (1—a)™d(jug P, xP"~"%) < (1-a)™,
where m is such that 0 < n — ms < s. Therefore,

d(poP",m) < (1 - )1 < (1—a)~'p",
where § = (1 — a)% < 1. In other words, the rate of convergence of pE;L) to
the limit 7; is exponential.

Remark 5.11. The term ergodicity comes from statistical mechanics. In our
case the ergodicity of a Markov chain implies that a certain loss of memory
regarding initial conditions occurs, as the probability distribution at time n
becomes nearly independent of the initial distribution as n — oco. We shall
discuss further the meaning of this notion in Chap. 16.
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5.4 Law of Large Numbers and the Entropy of a Markov
Chain

As in the case of a homogeneous sequence of independent trials, we introduce
the random variable v"(w) equal to the number of occurrences of the state
i in the sequence w = (wo,...,wy), that is the number of those 0 < k < n
for which wy, = i. We also mtroduce the random variables v} (w) equal to the
number of those 1 < k < n for which wx_1 =i, wr = 7.

Theorem 5.12. Let 7 be the stationary distribution of an ergodic Markov
chain. Then for any e > 0

lim P(|——7rl| >e)=0, for 1<i<nr,
n—oo

n

1/
lim P(|—% = mpij| > ) =0, for 1<d,j<r.

n— o0

Proof. Let
1 fwp,=1
k _ k )
Xi (W) = {0 if wy # i,

1 ifwk 1—i wk:j,
X”( w) = {0 otherwise,
so that

For an initial distribution pu

T

k
Ex} = Z T Ex}; = Z LD i -

m=1 m=1

As k — oo we have pg;) — m; exponentially fast. Therefore, as k — oo,
Ex; — i, Ex}j — mipi

exponentially fast. Consequently

n n k v ni k.
E’; _ EZk;o Xi o it :EZk_nl Xy i
For sufficiently large n
vi'(w) vi' (W) ns €
2 > el C{w: — —Ev*| > =
i w2 ey w2 - SEe > 5,
vij (@) vij (@)

{w:

1., c
—mipij| > e} C{w: |T - EEVM > 5}
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The probabilities of the events on the right-hand side can be estimated using
the Chebyshev Inequality:

)= P~ B> T < 2l

n EN 4Var(ul-”-)
) P(|Vij ZJ| 2 ) < — .

v 1
P+ — =Ev| >

v 1
P(|-2 — —Ev
(RS

l\Dlﬁ)

e2n?
Thus the matter is reduced to estimating Var(y]') and Var(vf). If we set
= Ex} = Y0, paply, then

Var(v, i
=0

&=

S0k —m)?+2 30 BOE —mP) (o —mb2).

k k1<ka

Since 0 < Xf} < 1 we have —1 < X?, 7](9 S 1, (Xf _mk)Q S 1 and
ZZ:O E(X k) < n+ 1. Furthermore,

(=)

E(Xi_ﬂ _mfl)(xfz —mh ) EXz Xz mklmk _

k1), (ka—k
Zusp( Dpl ) —mfrml? = Ry, g,

By the Ergodic Theorem (see Remark 5.10),
mf :771'+dfv |df| < C>\ka

pg’;) =Ty +ﬁs (Al |B§,z| S C)‘k7

for some constants ¢ < oo and A < 1. This gives

| Ry ko | = IZus (s + B) (i + B2~ = (i + &) (mi + d72)] <
s=1

cr (AR 4 Nk \R2mhy

for some constant ¢; < oco. Therefore, Zk ko Ry, k, < con, and consequently
Var(v]') < csn for some constants cg and cz. The variance Var(vj;) can be
estimated in the same way. O

We now draw a conclusion from this theorem about the entropy of a
Markov chain. In the case of a homogeneous sequence of independent trials,
for large n the entropy is approximately equal to —% In p(w) for typical w, that
is for w which constitute a set whose probability is arbitrarily close to one.
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In order to use this property to derive a general definition of entropy, we need
to study the behavior of In p(w) for typical w in the case of a Markov chain.
For w = (wo, - . .,w,) we have

i (w)
w) =ty | [ 25 = exp(In iy + Y vi(w) Inpyy),

4,
Inp(w) = In i, + Z Vzg hlpz;

From the Law of Large Numbers, for typlcal w

vij (@)
~ TPij-
n
Therefore, for such w
1
—Elnp(w) = ——lnuwo Zl/” w)lnp;; ~ — Zmpij Inp;;.

Thus it is natural to define the entropy of a Markov chain to be
- Z T Zpij In p;;.
i J

It is not difficult to show that with such a definition of h, the MacMillan
Theorem remains true.

5.5 Products of Positive Matrices

Let A = (ai;) be a matrix with positive entries, 1 <1i,j < r. Let A* = (a};)

be the transposed matrix, that is aj; = aj;. Let us denote the entries of A" by
n) . We shall use the Ergodic Theorem for Markov chains in order to study
(n)

the asymptotic behavior of a;;

as n — oo. First, we prove the following:

Theorem 5.13 (Perron-Frobenius Theorem). There exist a positive num-
ber A (eigenvalue) and vectors e = (eq,...,e.) and f = (f1,..., fr) (right and
left eigenvectors) such that

1.6j>0,fj>0, 1<5<r.
2. Ae = de and A* f = \f.

If Ae’ = Ne' and e} > 0 for 1 < j <r, then N' = X and ¢’ = cie for some
positive constant cy. If A*f" = Nf" and f; > 0 for 1 < j <r, then X' = X
and ' = cof for some positive constant cs.
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Proof. Let us show that there exist A > 0 and a positive vector e such that

Ae = Xe, that is

T
Zaijej = )\6]‘, 1 S 7 S T.

j=1
,hy) such that h; > 0,1 <

Consider the convex set H of vectors h = (hq,
i <r,and ), ; h; = 1. The matrix A determines a continuous transformation

A of H into itself through the formula
(A, = 2 0
>ict Z —1@ijh;

The Brouwer Theorem states that any continuous mapping of a convex closed
set in R” to itself has a fixed point. Thus we can find e € H such that Ae = e,

that is,
T
o D io1 ij€;
i = )
dim1 = Gije;
Note that e; > 0 for all 1 <4 <r. By setting A=), ;>

E;:l aijej = )\ei, 1 S 7 S r.
In the same way we can show that there is X > 0 and a vector f with

positive entries such that A*f = \f. The equalities
(e, A"f) = (e, Af) = Ae, f)

ajje;j, we obtain

Ae, f) = (Ae, f) =

show that A = \.
We leave the uniqueness part as an exercise for the reader

Let e and f be positive right and left eigenvectors, respectively, which

satisfy

iei =1 and ieifi =1.
i=1 i=1

Note that these conditions determine e and f uniquely. Let A > 0 be the

corresponding eigenvalue. Set

(pij) is a stochastic matrix with strictly

It is easy to see that the matrix P =
positive entries. The stationary distribution of this matrix is m; = e; f;. Indeed

1 kA
=6 > fiais = ejf; = .
i=1

i=1

r

awe]
E Wipij:E e fi—~—
. ’L
=1
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(n
ij

We can rewrite a ) as follows:

o™ = Qiiy * Qiyig “Qi, o “Qi, 14
iy 11 12 e Tn—20tn—1 in—1]
1<iy,oyin_1<r
_\n -1 _ yn_. (n
=A E Diiy * Pivig -+ " Pin_gin_1 "Pin_1j € €; = A €Dy

1<iq,in—1<r

) —1
e; -

The Ergodic Theorem for Markov chains gives pl(-;-l)

Therefore,

— m; =e;f; asn — oo.

and the convergence is exponentially fast. Thus

(n)

a”

~ A'e;f; asn — oo.

Remark 5.14. One can easily extend these arguments to the case where the
matrix A® has positive matrix elements for some integer s > 0.

5.6 General Markov Chains and the Doeblin Condition

Markov chains often appear as random perturbations of deterministic dynam-
ics. Let (X, G) be a measurable space and f : X — X a measurable mapping
of X into itself. We may wish to consider the trajectory of a point x € X under
the iterations of f, that is the sequence z, f(z), f2(z), . ... However, if random
noise is present, then x is mapped not to f(z) but to a nearby random point.
This means that for each C' € G we must consider the transition probability
from the point z to the set C. Let us give the corresponding definition.

Definition 5.15. Let (X, G) be a measurable space. A function P(x,C), x €
X,C € @G, is called a Markov transition function if for each fized x € X the
function P(xz,C), as a function of C € G, is a probability measure defined on
G, and for each fized C € G the function P(x,C') is measurable as a function
of v € X.

For z and C fixed, P(x,C) is called the transition probability from the initial
point = to the set C. Given a Markov transition function P(z,C) and an
integer n € N, we can define the n-step transition function

P (z,C) = /X e /X /X P(z,dy1) ... P(Yn—2,dYn—1)P(Yn-1,C).

It is easy to see that P™ satisfies the definition of a Markov transition function.
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A Markov transition function P(x,C) defines two operators:

1. The operator P which acts on bounded measurable functions

(mww:Lf@Pm@x (5.5)

2. The operator P* which acts on the probability measures
(P'(C) = | P Chiuta). (56)

It is easy to show (see Problem 15) that the image of a bounded measurable
function under the action of P is again a bounded measurable function, while
the image of a probability measure p under P* is again a probability measure.

Remark 5.16. Note that we use the same letter P for the Markov transition
function and the corresponding operator. This is partially justified by the
fact that the n-th power of the operator corresponds to the n-step transition
function, that is

(Wﬁ@=AJMW@@)

Definition 5.17. A probability measure 7 is called a stationary (or invariant)
measure for the Markov transition function P if m = P*w, that is

(C) = /X Plz, C)dr(z)

for all C € gG.

Given a Markov transition function P and a probability measure pg on
(X,G), we can define the corresponding homogeneous Markov chain, that is
the measure on the space of sequences w = (wo, . ..,wn), wx € X, k=0,...,n.
Namely, denote by F the o-algebra generated by the elementary cylinders,
that is by the sets of the form A = {w : wy € Ag,w1 € A1,...,w, € Ay}
where Ax, € G, k=0,...,n. By Theorem 3.19, if we define

P(A) = [4 N d‘uo(Io)P(fbo, d:El) . P(.In,Q, d$n,1)P(In,1, An),
oX...XAp—1

there exists a measure on F which coincides with P(A4) on the elementary
cylinders. Moreover, such a measure on F is unique.

Remark 5.18. We could also consider a measure on the space of infinite se-
quences w = (wp,w1,...) with F still being the o-algebra generated by the
elementary cylinders. In this case, there is still a unique measure on F which
coincides with P(A) on the elementary cylinder sets. Its existence is guaran-
teed by the Kolmogorov Consistency Theorem which is discussed in Chap. 12.
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We have already seen that in the case of Markov chains with a finite state
space the stationary measure determines the statistics of typical w (the Law
of Large Numbers). This is also true in the more general setting which we are
considering now. Therefore it is important to find sufficient conditions which
guarantee the existence and uniqueness of the stationary measure.

Definition 5.19. A Markov transition function P is said to satisfy the strong
Doeblin condition if there exist a probability measure v on (X,G) and a func-
tion p(x,y) (the density of P(x,dy) with respect to the measure v) such that

1. p(x,y) is measurable on (X x X, G x G).
2. P(z,C) = [ p(z,y)dv(y) for allz € X and C € G.

3. For some constant a > 0 we have

p(z,y) > a for all z,y € X.

Theorem 5.20. If a Markov transition function satisfies the strong Doeblin
condition, then there exists a unique stationary measure.

Proof. By the Fubini Theorem, for any measure p the measure P*p is given
by the density [y du(z)p(z,y) with respect to the measure v. Therefore, if a
stationary measure exists, it is absolutely continuous with respect to v. Let
M be the space of measures which are absolutely continuous with respect
to v. For uy, uz € M, the distance between them is defined via d(u', u?) =
3 [Im'(y) — m?(y)|dv(y), where m' and m? are the densities of u' and p?
respectively. We claim that M is a complete metric space with respect to the
metric d. Indeed, M is a closed subspace of L'(X,G,v), which is a complete
metric space. Let us show that the operator P* acting on this space is a
contraction.

Consider two measures p! and p? with the densities m!* and m?. Let
AT = {y : mY(y) — m?(y) > 0} and A~ = X\AT. Similarly let BT =
{y : [xp(x,y)(m'(x) — m?(x))dv(z) > 0} and B~ = X\B*. Without loss
of generality we can assume that v(B~) > % (if the contrary is true and
v(BY) > %, we can replace AT by A=, BT by B~ and reverse the signs in
some of the integrals below).

As in the discrete case, d(p', p?) = [, (m!(y) — m?(y))dv(y). Therefore,

d(P*p', P*p?) = /
B

+[/X P, y)(m' (x) — m?(2))dv(x)]dv(y)

< /B 1 /A Pl g) (' ) — @) (@) dly)

= [ 1] vl (@) = m*@)iv(a).
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The last expression contains the integral [, p(z,y)dv(y) which we estimate
as follows

/p(:v,y)dV(y)=1—/ p(z,y)dv(y) <1—av(B7) <1 -
B+ -

This shows that

e

* * a/
APyt Prp?) < (1= S)d(p', 1),

Therefore P* is a contraction and has a unique fixed point, which completes
the proof of the theorem. O

The strong Doeblin condition can be considerably relaxed, yet we may
still be able to say something about the stationary measures. We conclude
this section with a discussion of the structure of a Markov chain under the
Doeblin condition. We shall restrict ourselves to formulation of results.

Definition 5.21. We say that P satisfies the Doeblin condition if there is a
finite measure p with u(X) > 0, an integer n, and a positive & such that for
any x € X

P*x,A)<1—¢c if pu(A)<e.

Theorem 5.22. If a Markov transition function satisfies the Doeblin condi-
tion, then the space X can be represented as the union of mon-intersecting

sets: .
x=E{rT
i=1

where the sets E; (ergodic components) have the property P(xz,E;) = 1 for
x € E;, and for the set T (the transient set) we have lim,_ oo P™"(z,T) = 0
for all x € X. The sets E; can in turn be represented as unions of non-

intersecting subsets:
m;— 1

j=0

where Cf (cyclically moving subsets) have the property
Pa,CItHmed mdy g for g e ¢

Note that if P is a Markov transition function on the state space X, then
P(z,A), x € E;;, A C E; is a Markov transition function on E;. We have the
following theorem describing the stationary measures of Markov transition

functions satisfying the Doeblin condition (see “Stochastic Processes” by J.L.
Doob).

Theorem 5.23. If a Markov transition function satisfies the Doeblin condi-
tion, and X = Ule E;UT is a decomposition of the state space into ergodic
components and the transient set, then
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1. The restriction of the transition function to each ergodic component has
a unique stationary measure ;.

2. Any stationary measure w on the space X is equal to a linear combination
of the stationary measures on the ergodic components:

k
™ = E QT
i=1

with a; >0, ag + ...+ ap = 1.

Finally, we formulate the Strong Law of Large Numbers for Markov chains
(see “Stochastic Processes” by J.L. Doob).

Theorem 5.24. Consider a Markov transition function which satisfies the
Doeblin condition and has only one ergodic component. Let w be the unique
stationary measure. Consider the corresponding Markov chain (measure on
the space of sequences w = (wp, w1, . ..)) with some initial distribution. Then
for any function f € LY(X,G, ) the following limit exists almost surely:
n
lim 2o f(wk) :/ f(x)dn(x).
X

5.7 Problems

1. Let P be a stochastic matrix. Prove that there is at least one non-negative
vector 7 such that 7P = .

2. Consider a homogeneous Markov chain on a finite state space with the
transition matrix P and the initial distribution p. Prove that for any
0 < k < n the induced probability distribution on the space of sequences
(Wky WE+1, - - - ,wp) is also a homogeneous Markov chain. Find its initial
distribution and the matrix of transition probabilities.

3. Consider a homogeneous Markov chain on a finite state space X with
transition matrix P and the initial distribution d,, z € X, that is P(wg =
xz) = 1. Let 7 be the first k such that wy # z. Find the probability
distribution of 7.

4. Consider the one-dimensional simple symmetric random walk (Markov
chain on the state space Z with transition probabilities p; j+1 = pii—1 =
1/2). Prove that it does not have a stationary distribution.

5. For a homogeneous Markov chain on a finite state space X with transition
matrix P and initial distribution p, find P(w, = z!|we = 22, ws, = 13),
where 2t 22,23 € X.

6. Consider a homogeneous ergodic Markov chain on the finite state space
X ={1,...,r} with the transition matrix P and the stationary distribu-
tion w. Assuming that 7 is also the initial distribution, find the following
limit

. InP(w; #1 for 0 <i<n)
lim .

n—oo n
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10.

11.

12.
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Consider a homogeneous ergodic Markov chain on the finite state space
X ={1,...,r}. Define the random variables 7,,, n > 1, as the consecutive
times when the Markov chain is in the state 1, that is

T1 =inf(i20:wi:1),

Tn =inf(i > 71 :w; = 1), n > 1.

Prove that 7, 79 — 71, 73 — T2,... is a sequence of independent random
variables.

. Consider a homogeneous ergodic Markov chain on a finite state space with

the transition matrix P and the stationary distribution 7. Assuming that
7 is also the initial distribution, prove that the distribution of the inverse
process (Wy, Wn—1, - -.,w1,wp) is also a homogeneous Markov chain. Find
its matrix of transition probabilities and stationary distribution.

. Find the stationary distribution of the Markov chain with the countable

state space {0,1,2,...,n,...}, where each point, including 0, can either
return to 0 with probability 1/2 or move to the right n — n + 1 with
probability 1/2.

Let P be a matrix of transition probabilities of a homogeneous ergodic
Markov chain on a finite state space such that p;; = p;;. Find its station-
ary distribution.

Consider a homogeneous Markov chain on the finite state space X =

{1,...,r}. Assume that all the elements of the transition matrix are pos-
itive. Prove that for any k& > 0 and any z°,z',..., 2" € X,
P(there is n such that w, = 2°,w, 11 = 2, ... weyr = a:k) =1.

Consider a Markov chain on a finite state space. Let ki, ko,l; and [o
be integers such that 0 < ky < [y < ls < ko. Consider the conditional
probabilities

f(ikl,'"7il1717il2+1)"')ik2) =
P(Wll = z'l17 sy Wi = ilglwkl = iklu e Wih—1 = ill—luwlg-‘rl
:il2+17-~-7wk2 Zikz)

with 4, ,...,i;, fixed. Prove that whenever f is defined, it depends only
on ’L'11,1 and il2+1.

Consider a Markov chain whose state space is R. Let P(z, A4), z € R,
A € B(R), be the following Markov transition function,

Pz, A) = Az — 1/2,z +1/2] N A),

where A is the Lebesgue measure. Assuming that the initial distribution
is concentrated at the origin, find P(|wz| < 1/4).
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14. Let psj, ¢,J € Z, be the transition probabilities of a Markov chain on the

15.

16.

state space Z. Suppose that
Diji—1 = 1-—- Piitl = T(Z)

for all i € Z, where r(i) =r_ <1/2ifi <0, r(0) =1/2, and r(i) = ry >
1/2 if ¢ > 0. Find the stationary distribution for this Markov chain. Does
this Markov chain satisfy the Doeblin condition?

For a given Markov transition function, let P and P* be the operators
defined by (5.5) and (5.6), respectively. Prove that the image of a bounded
measurable function under the action of P is again a bounded measurable
function, while the image of a probability measure p under P* is again a
probability measure.

Consider a Markov chain whose state space is the unit circle. Let the
density of the transition function P(x,dy) be given by

[ 1/(2¢) if angle (y,z) <e,
pl,y) = {0 otherwise,

where € > 0. Find the stationary measure for this Markov chain.
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