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Markov Processes and Markov Families

19.1 Distribution of the Maximum of Brownian Motion

Let W; be a one-dimensional Brownian motion relative to a filtration F; on
a probability space ({2, F,P). We denote the maximum of W; on the interval
[O’ T] by MT7
Mr(w) = sup Wi(w).
0<t<T

In this section we shall use intuitive arguments in order to find the distribution
of Mr. Rigorous arguments will be provided later in this chapter, after we
introduce the notion of a strong Markov family. Thus, the problem at hand
may serve as a simple example motivating the study of the strong Markov
property.

For a non-negative constant ¢, define the stopping time 7. as the first time
the Brownian motion reaches the level c if this occurs before time 7', and
otherwise as T, that is

Te(w) = min(inf{t > 0: W (w) = ¢}, T).
Since the probability of the event W = ¢ is equal to zero,
PMr>c¢)=Pr.<T)=Pr. <T.Wr <¢)+P(re. <T,Wr > ¢).

The key observation is that the probabilities of the events {7, < T, Wr < ¢}
and {7. < T, Wy > ¢} are the same. Indeed, the Brownian motion is equally
likely to be below ¢ and above ¢ at time 7" under the condition that it reaches
level ¢ before time T'. This intuitive argument hinges on our ability to stop the
process at time 7. and then “start it anew” in such a way that the increment
W — W, has symmetric distribution and is independent of F_.

Since 7. < T almost surely on the event {Wr > ¢},

2 o0 x
P(My > ¢) = 2P(r. < T, Wy > ¢) = 2P(Wy > ¢) = \/L_T/ e~ ¥7dz.
™ c
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274 19 Markov Processes and Markov Families

Therefore,
\/5/"0 22
PMr<c¢)=1—-P(Mpr>c)=1—- — e 2T dx,
( T—) ( T—) \/ﬁc

which is the desired expression for the distribution of the maximum of Brow-
nian motion.

19.2 Definition of the Markov Property

Let (X,G) be a measurable space. In Chap.5 we defined a Markov chain as
a measure on the space of sequences with elements in X which is generated
by a Markov transition function. In this chapter we use a different approach,
defining a Markov process as a random process with certain properties, and
a Markov family as a family of such random processes. We then reconcile
the two points of view by showing that a Markov family defines a transition
function. In turn, by using a transition function and an initial distribution we
can define a measure on the space of realizations of the process.

For the sake of simplicity of notation, we shall primarily deal with the time-
homogeneous case. Let us assume that the state space is R? with the o-algebra
of Borel sets, that is (X, G) = (R?, B(R?)). Let (£2, F, P) be a probability space
with a filtration F;.

Definition 19.1. Let i be a probability measure on B(R?). An adapted process
X, with values in R? is called a Markov process with initial distribution u if:

(1) P(Xo € I') = u(I') for any I' € B(R?).
(2) If s,t >0 and I' C R? is a Borel set, then

P(Xsti € I'Fs) = P(Xsqt € I'|Xs) almost surely. (19.1)

Definition 19.2. Let XZ, x € R%, be a family of processes with values in
R? which are adapted to a filtration F;. This family of processes is called a
time-homogeneous Markov family if:

(1) The function p(t,x,I") = P(X7 € I') is Borel-measurable as a function of
x € RY for any t > 0 and any Borel set I' C RY.

(2) P(XZ =) =1 for any x € R%.

(8) If s,t >0, x € R?, and I' C R% is a Borel set, then

P(X7,, € I'\Fs) = p(t, X, I") almost surely.
The function p(t,z,I") is called the transition function for the Markov
family X. It has the following properties:

(1) For fixed ¢ > 0 and € R?, the function p(¢,z, "), as a function of I', is
a probability measure, while for fixed ¢ and I" it is a measurable function
of x.
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(2") p(0,z,{z}) = 1.
(3") If s,t > 0, z € R? and I' C R? is a Borel set, then

pls+tn.D) = [ plsadyp(ty. D).
R

The first two properties are obvious. For the third one it is sufficient to

write

p(s+t,2, ) =P(X?,, € I') = EP(X?,, € ['|F,)

= Ep(t.X5T) = [ ploodupltn. ).

where the last equality follows by Theorem 3.14.

Now assume that we are given a function p(t,x,I") with properties
(1')-(3") and a measure p on B(R?). As we shall see below, this pair can
be used to define a measure on the space of all functions 2 = {&:RY = RY}
in such a way that w(t) is a Markov process. Recall that in Chap. 5 we defined
a Markov chain as the measure corresponding to a Markov transition function
and an initial distribution (see the discussion following Definition 5.17).

Let 2 be the set of all functions & : Rt — R%. Take a finite collection
of points 0 < ¢; < ... <t} < oo, and Borel sets Ay,..., Ay € B(R?). For
an elementary cylinder B = {@ : @(t1) € A1,...,w(tx) € Ay}, we define the
finite-dimensional measure Py, (B) via

Py tk(B):/ /L(dﬁf)/ p(thx,dyl)/ pta —t1,y1,dyz) . ..
R4 Aq Az

/ p(te—1 — th—2, Yr—2, dykq)/ Pt — th—1, Ye—1, dYr)-
Ap_1 Ay

The family of finite-dimensional probability measures P§, , is consistent
and, by the Kolmogorov Theorem, defines a measure P* on B, the o-algebra
generated by all the elementary cylindrical sets. Let F; be the o-algebra gener-
ated by the elementary cylindrical sets B = {& : @(t1) € Ay,...,0(ty) € Ax}
with 0 <t; <... <t <t and X;(w) = @(t). We claim that X, is a Markov
process on (!NZ,B, P#) relative to the filtration F;. Clearly, the first property
in Definition 19.1 holds. To verify the second property, it is sufficient to show
that

PHB( [{ X €T} = / p(t, X,, I')dP" (19.2)
B
for any B € Fg, since the integrand on the right-hand side is clearly o(Xj)-

measurable. When B = {@: @(t1) € A1,...,0(tk) € Ap} with 0 <t < ... <
ti < s, both sides of (19.2) are equal to

/ /,L(d(E)/ p(tlaxadyl)/ p(tQ_tluyladyQ)"-
R4 Aq Ag
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/ p(tk _tk—luyk—ludyk)/ p(s _tkuykudy)p(tuyap)
Apg R4

Since such elementary cylindrical sets form a m-system, it follows from
Lemma 4.13 that (19.2) holds for all B € F;.

Let 2 be the space of all functions from Rt to R¢ with the o-algebra B
generated by cylindrical sets. We can define a family of shift transformations
Os: 2 — 2, s >0, which act on functions w € 2 via

(0:3)(t) = B(s + 1)

If X; is a random process with realizations denoted by X.(w), we can apply 0
to each realization to get a new process, whose realizations will be denoted
by XS+. (W)V

If f:96 — R is a bounded measurable function and XF, = € RY, is a
Markov family, we can define the function ¢ (z) : R — R as

of(x) = Ef(XT).
Now we can formulate an important consequence of the Markov property.

Lemma 19.3. Let X7, x € R%, be a Markov family of processes relative to a
filtration Fy. If f: 2 — R is a bounded measurable function, then

E(f(XZ,)Fs) = wr(XY) almost surely. (19.3)

Proof. Let us show that for any bounded measurable function ¢ : R* — R
and s,t > 0,

E(g(XZ, )| F.) = / g()p(t, X7,dy) almost surely.  (19.4)
R4

Indeed, if g is the indicator function of a Borel set I" C RY, this statement
is part of the definition of a Markov family. By linearity, it also holds for
finite linear combinations of indicator functions. Therefore, (19.4) holds for
all bounded measurable functions, since they can be uniformly approximated
by finite linear combinations of indicator functions.

To prove (19.3), we first assume that f is the indicator function of an
elementary cylindrical set, that is f = x4, where

A= {a) : @(tl) S Al,...,@(tk) S Ak}

with 0 < t; < ... <t and some Borel sets A, ..., A; C R% In this case the
left-hand side of (19.3) is equal to P(X$,, € Ay,..., X7, € Ax|F;). We can
transform this expression by inserting conditional expectations with respect
t0 Fotty_qs - - Fstt, and applying (19.4) repeatedly. We thus obtain
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P(XZ, € Ar,..., X7, € ARl Fs)
=E(x(xz,, eay - Xxz,, eanlFs)
= E(X{X:+t1€A1} s XX 1eAk71}E(X{X§+tk eAk}|‘Fs+tk—1>|‘FS)

ey Pt =t Xy AR)IFs)

f+tk72€Ak72}E(X{Xf+tk71eAk,l}
p(tk = tg-1, st+tk71’Ak)|fS+tk—2)|fS)
=Blx(xe,, eay - X{x

s+tq

x
st _

=E(xqx=, ca}---X{x=

s+tq st+tp

=E(xqxs,, eant - Xix

Ttp_ o €Ax_2}

/ Plte—1 —th—2, XZ1y, o> dyr—1)p(tk — th—1,Yk—1, Ax)|Fs) = . ..
Ag 1

:/ p(t1—S,Xf,dy1)/ pta —t1,y1,dy2) . ..
A1 A2

/ P(th—1 — th—2, Yr—2, AYk—1)P(tk — th1, Yr—1, Ak)-
Ap_1

Note that oy(z) is equal to P(X{, € Ay,..., X7 € Ayp). If we insert con-
ditional expectations with respect to Fy,_,,...,Fy, Fo and apply (19.4)
repeatedly,

P(X{ € Ay, XY eAk):/

p(t1 — s, x, dyl)/ pta —t1,y1,dy2) . ..
Ay

Ag

/ P(te—1 — th—2, Yr—2, AYk—1)P(tk — th1, Yr—1, Ak)-
A1

If we replace z with X7, we see that the right-hand side of (19.3) coincides
with the left-hand side if f is an indicator function of an elementary cylinder.

Next, let us show that (19.3) holds if f = x4 is an indicator function
of any set A € B. Indeed, elementary cylinders form a w-system, while the
collection of sets A for which (19.3) is true with f = x4 is a Dynkin system.
By Lemma 4.13, formula (19.3) holds for f = xa, where A is any element
from the o-algebra generated by the elementary cylinders, that is B.

Finally, any bounded measurable function f can be uniformly approxi-
mated by finite linear combinations of indicator functions. O

Remark 19.4. If we assume that X} are continuous processes, Lemma 19.3
applies in the case when f is a bounded measurable function on C([0, c0)).

Remark 19.5. The arguments in the proof of the lemma imply that ¢ is a
measurable function for any bounded measurable f. It is enough to take s = 0.
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It is sometimes useful to formulate the third condition of Definition 19.2 in
a slightly different way. Let g be a bounded measurable function ¢ : R — R.
Then we can define a new function 1, : R* x R? — R by

y(t, x) = Eg(XY).

Note that ¢, (t,2) = @ (x), if we define f : 2 — R by f(@) = g(@(t)).

Lemma 19.6. If conditions (1) and (2) of Definition 19.2 are satisfied, then
condition (8) is equivalent to the following:

(3)1If s,t >0, z € RY and g : R? — R is a bounded continuous function,
then
E(g(X$ )| Fs) = ¢g(t, XT) almost surely.

Proof. Clearly, (3) implies (3') as a particular case of Lemma 19.3. Conversely,
let s,t > 0 and z € R4 be fixed, and assume that I" C R is a closed set. In
this case we can find a sequence of non-negative bounded continuous functions
gn such that g,(z) | xr(z) for all x € R?. By taking the limit as n — oo in
the equality

E(gn (X7 Fs) = g, (t, X7) almost surely,

we obtain
P(XI, € I'\Fs) =p(t, X7, I") almost surely (19.5)

for closed sets I'. The collection of all closed sets is a 7m-system, while the col-
lection of all sets I" for which (19.5) holds is a Dynkin system. Therefore (19.5)
holds for all Borel sets I" by Lemma 4.13. O

19.3 Markov Property of Brownian Motion

Let W; be a d-dimensional Brownian motion relative to a filtration ;. Con-
sider the family of processes W;* = x + W;. Let us show that W}’ is a time-
homogeneous Markov family relative to the filtration F;.

Since W' is a Gaussian vector for fixed ¢, there is an explicit formula for
P(W{ € I'). Namely,

p(t,x,T) = P(W§ € T) = (2nt) % /F exp(—ly — zl[2/2t)dy  (19.6)

if t > 0. As a function of x, p(0,x, ") is simply the indicator function of the
set I'. Therefore, p(t,z,I") is a Borel-measurable function of x for any ¢ > 0
and any Borel set I.

Clearly, the second condition of Definition 19.2 is satisfied by the family
of processes W.
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In order to verify the third condition, let us assume that ¢ > 0, since
otherwise the condition is satisfied. For a Borel set S C R24 and z € Rd, let

S, ={yeR: (z,y) € S}.

Let us show that
P((W2, W, — W) € §|F.) = (2nt)~# /S exp(—|lyl2/20)dy.  (19.7)
we

First, assume that S = A x B, where A and B are Borel subsets of R%. In this
case,

P(Ws e A, WS, — W7 € B|Fs) = xqweeayP(WSy, — WS € B|Fy)

_4d
= XweeayP(WJ, — W € B) = x(w=eay(2nt) 2 /Bexp(—llyllz/%)dy,

since W2 _, — W7 is independent of F,. Thus, (19.7) holds for sets of the form
S = A x B. The collection of sets that can be represented as such a direct
product is a m-system. Since the collection of sets for which (19.7) holds is a
Dynkin system, we can apply Lemma 4.13 to conclude that (19.7) holds for
all Borel sets. Finally, let us apply (19.7) to the set S = {(z,y) :x +y € I'}.
Then,

P(We, € I'|Fs) = (27Tt)7%/ exp(—|ly — W{I[?/2t)dy = p(t, W, T).
I

This proves that the third condition of Definition 19.2 is satisfied, and that
W is a Markov family.

19.4 The Augmented Filtration

Let W; be a d-dimensional Brownian motion on a probability space (£2, F, P).
We shall exhibit a probability space and a filtration satisfying the usual con-
ditions such that W; is a Brownian motion relative to this filtration.

Recall that 7}V = o(W,, s < t) is the filtration generated by the Brownian
motion, and FW = o(Wj, s € RT) is the o-algebra generated by the Brownian
motion. Let N be the collection of all P-negligible sets relative to F", that
is A € N if there is an event B € F" such that A C B and P(B) = 0. Define
the new filtration 7V = o(F¥ JN), called the augmentation of 7V, and
the new o-algebra FW = o(FW JN).

Now consider the process W; on the probability space (Q,]—N' W P), and
note that it is a Brownian motion relative to the filtration .7-'tW .
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Lemma 19.7. The augmented filtration .7-'tW satisfies the usual conditions.

Proof. 1t is clear that ]—N'é’v contains all the P-negligible events from FV. It
remains to prove that ftW is right-continuous.

Our first observation is that W; — Wy is independent of the o-algebra
F+ if 0 < s < t. Indeed, assuming that s < ¢, the variable W, — W5 is
independent of }'SVK for all positive 4. Then, as 0 | 0, the variable W; — W5
tends to W;—Wj almost surely, which implies that W, —Wj is also independent
of F, Z_‘i

Next, we claim that }'SVK C ]?SW Indeed, let ¢4, ..., t;x > s for some positive
integer k, and let By,..., By be Borel subsets of R?. By Lemma 19.3, the
random variable P(W;, € Bi,...,W;, € Bi|FY) has a o(Ws)-measurable
version. The same remains true if we replace FV by }"SV_Z. Indeed, in the
statement of the Markov property for the Brownian motion, we can replace
FWV by }"SVL since in the arguments of Sect. 19.3 we can use that W, — Wy is
independent of F, SVK

Let s1,...,8%, <s <ti,...,tk for some positive integers k; and ko, and
let Ay,..., Ay, B1,..., By, be Borel subsets of R?. Then,

P(W,, € Ay,..., Wy, € Ay, , Wy, € By,... ., Wy, € Br,|FLY)

= X{WSIEAl ..... Wskl EAkl}P(th S Bl7 . '7Wtk2 S Bk2|]:;/}/|-)7

which has a FV-measurable version. The collection of sets A € FW, for which
P(A|FXY) has a F}V-measurable version, forms a Dynkin system. Therefore,
by Lemma 4.13, P(A|FY) has a FY-measurable version for each 4 € FW.

This easily implies our claim that fsv_‘f_ C ]? w
Finally, let us show that f!fi C fW Let A € f!fi Then A € FW o1 for

every positive integer n. We can find sets A,, € F VK , such that AAA,, € N.
Define

Then B € FK, since B € }'W 1 for any m. It remains to show that AAB € N.
Indeed,

B\AC G(AW\A)EN

while

A\B=AJ N @2\ 4,) = U A ﬂ (2\ A,))

m=1n=m

c JuUuN@\an) = J @\ 4
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Lemma 19.8 (Blumenthal Zero-One Law). If A € FV, then either
P(A)=0 orP(A)=1.

Proof. For A € ﬁOW, there is a set Ag € F}V such that AAAy € N. The set Ag
can be represented as {w € 2 : Wy(w) € B}, where B is a Borel subset of R?.
Now it is clear that P(Ap) is equal to either 0 or 1, depending on whether the
set B contains the origin. Since P(A) = P(Ap), we obtain the desired result. O

19.5 Definition of the Strong Markov Property

It is sometimes necessary in the formulation of the Markov property to replace
Fs by a o-algebra F,, where o is a stopping time. This leads to the notions
of a strong Markov process and a strong Markov family. First, we need the
following definition.

Definition 19.9. A random process X is called progressively measurable
with respect to a filtration Fy if Xs(w) is Fy x B([0, t])-measurable as a function
of (w,s) € 2 x[0,t] for each fixed t > 0.

For example, any progressively measurable process is adapted, and any con-
tinuous adapted process is progressively measurable (see Problem 1). If X is
progressively measurable and 7 is a stopping time, then Xy, is also progres-
sively measurable, and X is F,-measurable (see Problem 2).

Definition 19.10. Let i be a probability measure on B(R?). A progressively
measurable process X, (with respect to filtration F;) with values in R? is called
a strong Markov process with initial distribution p if:

(1) P(Xo € I') = u(I") for any I' € B(R?).
(2) If t > 0, o is a stopping time of Fi, and I' C R? is a Borel set, then

P(Xost € I'Fy) = P(Xott € I'|X,) almost surely. (19.8)

Definition 19.11. Let X7, x € R%, be a family of progressively measur-
able processes with values in R, This family of processes is called a time-
homogeneous strong Markov family if:

(1) The function p(t,x,I") = P(X7 € I') is Borel-measurable as a function of
x € R? for any t > 0 and any Borel set I' C RY.
(2) P(XZ =) =1 for any x € R%.
(3)Ift >0, o is a stopping time of F;, v € R?, and I' C R is a Borel set,
then
P(X7,, € I'\F,) =p(t, X7, I") almost surely.

We have the following analog of Lemmas 19.3 and 19.6.
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Lemma 19.12. Let X7, x € R, be a strong Markov family of processes rel-
ative to a filtration F¢. If f: 2 — R is a bounded measurable function and o
is a stopping time of F, then

E(f(X7 )| Fs) = 0 (X7) almost surely, (19.9)
where py(x) =Ef(X7).

Remark 19.13. If we assume that X are continuous processes, Lemma 19.12
applies in the case when f is a bounded measurable function on C([0, c0)).

Lemma 19.14. If conditions (1) and (2) of Definition 19.11 are satisfied,
then condition (3) is equivalent to the following:

(3)Ift >0, o is a stopping time of F;, v € R%, and g : R? — R is a bounded
continuous function, then

E(9(X7 )| Fo) = ¥y(t, X7) almost surely,
where 4(t,z) = Eg(X7).

We omit the proofs of these lemmas since they are analogous to those in
Sect. 19.3. Let us derive another useful consequence of the strong Markov

property.

Lemma 19.15. Let X7, v € R%, be a strong Markov family of processes rel-
ative to a filtration F;. Assume that X7 is right-continuous for every x € R?,
Let o and T be stopping times of Fy such that o < 1 and T is F,-measurable.
Then for any bounded measurable function g : R* — R,

E(g(X2)|Fs) = Yg(r — 0, XZ) almost surely,
where 1,4 (t, z) = Eg(X7).

Remark 19.16. The function 1,4 (t, z) is jointly measurable in (¢,z) if X7 is
right-continuous. Indeed, if g is continuous, then (¢, z) is right-continuous
in ¢t. This is sufficient to justify the joint measurability, since it is measurable in
a for each fixed t. Using arguments similar to those in the proof of Lemma 19.6,
one can show that ¢, (¢, z) is jointly measurable when ¢ is an indicator function
of a measurable set. Approximating an arbitrary bounded measurable function
by finite linear combinations of indicator functions justifies the statement in
the case of an arbitrary bounded measurable g.

Proof of Lemma 19.15. First assume that g is a continuous function, and
that 7 — o takes a finite or countable number of values. Then we can write
2=A1UA3U... where 7(w) —o(w) =t} for w € Ay, and all ¢, are distinct.
Thus,

B(g(X2)|Fy) = B(9(XZ,,, )| Fs) almost surely on Ay,
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since g(X7) = g(X7,,,) on Ay, and Ay, € F,,. Therefore,
E(9(XT)|Fo) = E(9(X7 10 )| Fo) = ¢g(tr, X3) = tg(T — 0, X7) as. on Ay,
which implies
E(g(XI)|Fs) = ¢g(T — 0, X7) almost surely. (19.10)

If the distribution of 7 — ¢ is not necessarily discrete, it is possible to find a se-
quence of stopping times 7, such that 7,, —o takes at most a countable number
of values for each n, 7,, | 7, and each 7, is F,-measurable. For example, we can
take 7, (w) = o(w)+k/2" for all w such that (k—1)/2" < 7(w) —o(w) < k/27,
where k£ > 1. Thus,

E(g(X? )| Fs) = ¢g(1n — 0, X7) almost surely.

Clearly, ¥4(7, — 0, z) is a Borel-measurable function of z. Since g is bounded
and continuous, and X, is right-continuous,
lim Yy (7, — 0,2) = ¢Yy(17 — 0, 2).

n—oo
Therefore, lim,, o0 Yg(Tn — 0, X%) = 4(7 — 0, XZ) almost surely. By the
Dominated Convergence Theorem for conditional expectations,

Jim E(g(X7,)1 7o) = E(g(X7) o),
which implies that (19.10) holds for all o and 7 satisfying the assumptions of
the theorem.

As in the proof of Lemma 19.6, we can show that (19.10) holds if g is

an indicator function of a measurable set. Since a bounded measurable func-

tion can be uniformly approximated by finite linear combinations of indicator
functions, (19.10) holds for all bounded measurable g. O

19.6 Strong Markov Property of Brownian Motion

As before, let W; be a d-dimensional Brownian motion relative to a filtration
Fi,and W = x+W,. In this section we show that W is a time-homogeneous
strong Markov family relative to the filtration 7.

Since the first two conditions of Definition 19.11 were verified in Sect. 19.3,
it remains to verify condition (3') from Lemma 19.14. Let o be a stopping
time of Fy, € R?, and ¢ : R — R be a bounded continuous function. The
case when t = 0 is trivial, therefore we can assume that ¢ > 0. In this case,
g (t, ) = Eg(W/) is a bounded continuous function of x.

First, assume that o takes a finite or countable number of values. Then
we can write 2 = Ay U Ay U ..., where o(w) = si for w € Ay, and all s, are
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distinct. Since a set B C Ay belongs to F, if and only if it belongs to Fs,,
and g(W7,,) = g(W{ 4) on Ay,

E(g(W7 )| Fe) = E(g(W¢, )| Fs,) almost surely on Ay.
Therefore,
E(g(Woi )l Fe) = E(gWE 1) Fs) = € (6, W) = 1y (£, W5) as. on Ag,
which implies that
E(g(W; 1) Fo) = be(t, Wy) almost surely. (19.11)

If the distribution of ¢ is not necessarily discrete, we can find a sequence of
stopping times o,, each taking at most a countable number of values, such
that o, (w) | o(w) for all w. We wish to derive (19.11) starting from

E(g(Wy )| Fs.) = 1be(t, W, ) almost surely. (19.12)

Since the realizations of Brownian motion are continuous almost surely, and
g (t, z) is a continuous function of z,

le Yy(t, W5 ) =1y (t, W7) almost surely.

Let FT = ﬂzozl Fs, - By the Doob Theorem (Theorem 16.11),

Tim E(g(W2, )\ Fo,) = E((WE )L F).
We also need to estimate the difference E(g(W7? | )[Fo, ) — E(9(WZ, )| Fs, ).
Since the sequence g(W7 .,) — g(W7,,) tends to zero almost surely, and
g(WZ ;) is uniformly bounded, it is easy to show that E(g(W7 ;)| Fs,) —
E(g(W7,;)|Fo,) tends to zero in probability. (We leave this statement as an

exercise for the reader.) Therefore, upon taking the limit as n — oo in (19.12),

E(g(WZ, )| FT) = v4(t, W¥) almost surely.

Since F, C Ft, and W2 is F,-measurable, we can take conditional expecta-
tions with respect to F, on both sides of this equality to obtain (19.11). This
proves that Wi is a strong Markov family.

Let us conclude this section with several examples illustrating the use of
the strong Markov property.

Example. Let us revisit the problem on the distribution of the maximum of
Brownian motion. We use the same notation as in Sect. 19.1. Since W/ is a
strong Markov family, we can apply Lemma 19.15 with ¢ = 7., 7 = T, and
9 = X(e,00)- Since P(Wr > ¢|F;.) = 0 on the event {7. > T'},

P(Wr > c|Fr.) = Xro<ry POVE > O)t=r ..
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Since P(W¢ > ¢) = 1/2 for all ¢,
1
PWr > el F7.) = X<y
and, after taking expectation on both sides,
1
P(Wr >c¢) = §P(7'C <T). (19.13)

Since the event {Wyr > ¢} is contained in the event {7, < T'}, (19.13) implies
P(r. < T,Wr < ¢) = P(r. < T,Wr > ¢), thus justifying the arguments of
Sect. 19.1.

Example. Let W; be a Brownian motion relative to a filtration F;, and o be
a stopping time of F;. Define the process Wy = Wy4, — W,. Let us show that
Wt is a Brownian motion independent of F,. _

Let I' be a Borel subset of R?, ¢t > 0, and let f : £2 — R be the indicator
function of the set {&: &(t) —&(0) € I'}. By Lemma 19.12,

P(Wt € I'\Fy) = E(f(Wot.)|Fs) = @5 (W,) almost surely,

where pf(z) = Ef(W?*) = POWF —W§ € I') = P(W, € I'), thus showing
that ¢¢(x) does not depend on z. Therefore, P(ﬁ//t € I'lF,) = P(Wt enl).
Since I was an arbitrary Borel set, Wt is independent of F,. _

Now let k> 1, t1,...,t, € RT, B be a Borel subset of R¥* and f: 2 - R
the indicator function of the set {&: (W(t1) — w(0),...,&(tx) —@(0)) € B}.
By Lemma 19.12,

P(Wi,,...,Wy,) € B|F,) = B(f(Woy )| Fs) = 0 (W,) almost surely,
(19.14)
where
pr(x) = Ef(WF) =P((W = Wg,..., W —Wy) € B)

= P((th, . ,Wtk) S B),
which does not depend on x. Taking expectation on both sides of (19.14) gives

P(W,,,...,W,,) € B) =P((W,,,...,W,,) € B),

which shows that Wt has the finite-dimensional distributions of a Brownian
motion. Clearly, the realizations of W; are continuous almost surely, that is
W; is a Brownian motion.

Example. Let W; be a d-dimensional Brownian motion and W7 = x + W4.
Let D be a bounded open domain in R?, and f a bounded measurable function
defined on D. For a point € D, we define 7% to be the first time the process
W reaches the boundary of D, that is
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7% (w) = inf{t > 0: W' (w) € 0D}.

Since D is a bounded domain, the stopping time 77 is finite almost surely.
Let us follow the process W till it reaches 0D and evaluate f at the
point W2, (w). Let us define

7 (w)

u(@) =Ef(WE) = [ fy)dp(y),
aD
where py(A) = P(WZ € A) is the measure on 0D induced by the random
variable W2 and A € B(0D). Let us show that u(x) is a harmonic function,
that is Au(z) =0 for z € D.
Let B® be a ball in R? centered at 2 and contained in D. Let o be the
first time the process W, reaches the boundary of B*, that is

0% (w) =inf{t > 0: W7 (w) € 0B"}.

For a continuous function & € 2, denote by 7(&) the first time & reaches dD,
and put 7(@) equal to infinity if @ never reaches 9D, that is

(@) = {inf{t >0:w(t) €D} ifw(t) € dD for some t € RT,

00 otherwise.

Define the function fon the space 2 via

F(@) = f(@(r(@))) if@&(t) € D for some t € RT,
0 otherwise.

Let us apply Lemma 19.12 to the family of processes W;*, the function f, and

the stopping time o*:

E(f(W3e )| For) = ¢(W3.) almost surely,

where p#(z) = Ef(W®) = Ef(WZ2) = u(x). The function u(z) is measurable

by Remark 19.5. Note that f(w) = f(w(s+-)) if s < 7(@), and therefore the
above equality can be rewritten as

E(f(WE)|Fpe) = u(W5.) almost surely.

After taking expectation on both sides,

ue) = EFOVE) = Bu(W2) = [ u(yiv (s),
Bm
where v* is the measure on dB* induced by the random variable WZ.. Due to
the spherical symmetry of Brownian motion, the measure v* is the uniform
measure on the sphere 9B*. Thus u(z) is equal to the average value of u(y)
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over the sphere 0B”. For a bounded measurable function wu, this property,
when valid for all z and all the spheres centered at x and contained in the
domain D (which is the case here), is equivalent to u being harmonic (see
“Elliptic Partial Differential Equations of Second Order” by D. Gilbarg and
N. Trudinger, for example). We shall further discuss the properties of the
function u(z) in Sect.21.2.

19.7 Problems

1.

2.

Prove that any right-continuous adapted process is progressively measur-
able. (Hint: see the proof of Lemma 12.3.)

Prove that if a process X, is progressively measurable with respect to a
filtration F¢, and 7 is a stopping time of the same filtration, then X;x, is
also progressively measurable and X, is F,-measurable.

. Let W; be a one-dimensional Brownian motion. For a positive constant c,

define the stopping time 7. as the first time the Brownian motion reaches
the level ¢, that is

Te(w) = inf{t > 0: Wi(w) = c}.

Prove that 7. < oo almost surely, and find the distribution function of 7.
Prove that E7. = oco.

. Let W; be a one-dimensional Brownian motion. Prove that one can find

positive constants ¢ and A such that

%4
P( sup Wl

1<s<2t \/E

. Let W; be a one-dimensional Brownian motion and V; = fot Wsds. Prove

that the pair (W;,V;) is a two-dimensional Markov process.

. Let W; be a one-dimensional Brownian motion. Find P(supg<;<;

Wi <1).

. Let W, = (W}, W?2) be a standard two-dimensional Brownian motion. Let

71 be the first time when W,! = 1, that is
7 (w) = inf{t > 0: W}(w) = 1}.

Find the distribution of W2 .

. Let Wy be a one-dimensional Brownian motion. Prove that with proba-

bility one the set S = {¢t: W; = 0} is unbounded.
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