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Consumption—Investment Problems

4.1 Consumption—Investment without Friction

4.1.1 The Merton Problem

The study of consumption—investment problems in continuous time was ini-
tiated by Merton. He considered a model of frictionless market where the
price processes are geometric Brownian motions and the investor’s goal is to
maximize the expected discounted utility of consumption on the infinite time
interval. For the power utility function, he obtained an explicit solution of
the optimal control problem. This solution has a clear financial meaning: the
optimal investment is to keep the proportions of the total wealth held in risky
securities equal to a constant vector. The latter is easily calculated from the
model parameters. This work was extended by many authors in various di-
rections including models with transaction costs, which are the main objects
of our interest. Taking into account that the Merton problem is classical and
exposed in a number of textbooks, we give here a rather sketchy presentation
needed to understand basic ideas and methods as well as their evolution. The
results of this section will be used at the end of this chapter, where we discuss
an asymptotical behavior of the consumption—investment problem for small
transaction cost coefficients.

We are given a stochastic basis with an m-dimensional standard Wiener
process w. The market contains a nonrisky security, which is the numéraire,
i.e., its price is identically equal to unit, and m risky securities with the price
evolution

dS; = Si(p'dt+dM}), i=1,...,m, (4.1.1)

where M = XYw is a (deterministic) linear transform of w. Thus, M is a
Gaussian martingale with (M), = At; the covariance matrix A = XX* is
assumed to be nondegenerate.

The evolution of the value process corresponding to a self-financing strat-
egy H is given as dV; = H;dS;. Assuming withdrawal of the funds for the
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consumption with rate ¢; > 0, we arrive at the dynamics

Of course, we can substitute dS; by its expression given in (4.1.1). Since H; is
a number of units of the ith asset in the portfolio, the quantity o} := H}S;/V;
can be interpreted as the proportion of the wealth invested in this asset. It is
convenient to choose « together with ¢ as the control parameters. With these
considerations, the problem with infinite time horizon can be formulated in
usual terms of stochastic optimal control theory in the following way.
The system dynamics is given by the controlled stochastic differential equa-
tion
dVy = Viay(pdt + dMy) — ¢ dt, Vo =z, (4.1.3)

with the initial condition > 0 and the control m = (a,¢), which is a pre-
dictable process. We suppose that the consumption intensity process c¢ has
trajectories integrable on every finite interval, while the trajectories of « are
uniformly bounded by a constant which may depend on the strategy.!

More substantially, we require from 7 to be in the class of admissible
controls A(x) for which the process V. = V*7 is positive. We assume also
that after the bankruptcy time (which is the first instant when V hits zero),
the control 7 is equal to zero, and the process V' stops.

The investor’s goal is the following:

EJ7, — max, (4.1.4)

i.e., to maximize the expectation of the limiting expected value of the utility
process J™ defined as

t
JI ::/ e_ﬁsu(cs)ds. (4.1.5)
0

The standard economically meaningful assumptions on the utility function
are that w is increasing and concave. For the sake of simplicity, we add to this
that w is positive and «(0) = 0. The parameter S > 0 shows to which extent
the agent prefers to consume today rather than in the future.
A typical example is the power utility function u(c) = ¢¥/v, v €10, 1].
Define the Bellman function

W(z) = SEXI() )EJgo, x> 0. (4.1.6)
TEA(x

By convention, .A(0) := {0} and W (0) := 0.

Notice that the Bellman function W inherits the properties of u. Namely, it
is increasing (as A(Z) D A(x) when & > ). With the chosen a-parameteriza-
tion, its concavity appears not to be so obvious, but we get it immediately

! This assumption is not very wise but allows us to avoid discussions of integrability.
It is done because, in the Merton problem, the optimal strategy in a wider class
possesses this property.
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by turning back to the initial H-parameterization. Indeed, suppose that the
strategies m; = (o, ¢;), m; € A(z;), j = 1,2, generate the value processes V;.
The convex combination of these processes, V = AV; 4+ (1 — A\)V4, is of the
form (4.1.2), where H and c are the convex combinations with the same coeffi-
cients of the corresponding controls. The process H admits the representation
via the process a with the components

AV 1=V, i
Qg;
NN (V17 S\ T FRp V17

a is bounded because both «; are bounded. Thus, 7 = (o, Ac1 + (1 — A)ca)
belongs to A(z) with © = Ax; + (1 — A)x2, and, therefore,

W (Azy + (1= N)ag) > EJL > AEJT + (1 — \)EJZ

o' = H'S')V = oy +

due to the concavity of u. With this, we obtain the concavity of W by taking
supremum over m; and .

Notice that we cannot guarantee without additional assumptions that W
is finite. If the latter property holds, then, due to the concavity, W(z) is
continuous for > 0, but the question whether it is continuous at zero remains
open.

At last, when the utility u is a power function, the Bellman function W, if
finite, is proportional to u. Indeed, the linear dynamics of the control system
implies that W(vz) = v"W(z) for all v > 0, i.e., the Bellman function is
positive homogeneous of the same order as the utility function. In a scalar case
this homotheticity property defines, up to a multiplicative constant, a unique
finite function, namely x”.

Now we formulate the Merton theorem.

Theorem 4.1.1 Let u be the power utility function. Assume that the para-
meters of the model are such that the constant

1 1 ~ 1 2

= - = AT1/? : 4.1.

o= o (8= 5|4 >0 (117)
Then the optimal strategy w° = (a°, c®) is given by the formulae
1

C=f0=—A"" 4.1,
o A (4.1.8)
e = rkmVyE, (4.1.9)

where V° is the solution of the linear stochastic equation
dV° =V0(udt + dMy) — kp VY dt, V5 ==. (4.1.10)
The process V° is optimal, and the Bellman function is
W(z) =k}, 27 /y=ma". (4.1.11)

Note that W is proportional to z7, and, therefore, the last assertion is
about the exact value of the coefficient m, which happens to be finite and
equal to ], "/ with ks given by (4.1.7).
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4.1.2 The HJB Equation and a Verification Theorem

The most powerful and efficient method to solve stochastic control problems is
the method of dynamic programming based on the analysis of the Hamilton—
Jacobi-Bellman equation (HJB, in short). For our infinite-horizon problem,
the latter is

sup | 2| A2’ £ () + apaf(x) — ()  f(@)e+ule)| =0, (4.112)

(a0

where z > 0, and the supremum is taken over all & € R% and ¢ € R.

To solve the consumption—investment problem with the power utility func-
tion, we use a very elementary tool, namely, the so-called verification theorem
for the HJB equation. It is based on the following considerations.

Let f: Ry — Ry and m € A(z). We consider the nonnegative process
XT = X/®7 with

X[ = e PRV + JT, (4.1.13)

where V = V&7 If f is smooth, the It6 formula for the process V given by
(4.1.3) implies the following important representation, which is the key point
to explain how the HJB equation arises:

X/ = f(z) + Dy + Ny, (4.1.14)

where .
D, ::/ e P L(Vy, aq, c,) ds (4.1.15)
0

with L(z,a, ¢) standing for the expression in square brackets of the formula
(4.1.12), and

t
Nt = / e_ﬂsfl(‘/s)‘/sas dMS (4116)
0

The process N is a continuous local martingale up to the bankruptcy time o.
That is, there exist stopping times o,, T ¢ such that the stopped processes
N are uniformly integrable martingales. In the case where o = co and N is
a martingale, we shall take o, = n.

Suppose now that a smooth function f is a supersolution of (4.1.12), i.e.,

sup | 5|42’ £ () + apaf(x) ~ 5f(x)  f(@)e+ule)| 0. (4.117)

(ev;e)

Then the integrand in the definition of D does not exceed zero, and, therefore,
the process D is decreasing with Dy = 0. This implies, in particular, the
inequality N > —f(z). It follows (as usual, by applying the Fatou lemma)
that N, being bounded from below, is a supermartingale. Due to the inequality
—D; < f(x) + Nt, the (negative) random variable D, is integrable: we obtain
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that the process th is a supermartingale, and, hence,
EJ, = EX] — Ee Pt f(V,) < EX] < f(x). (4.1.18)

Since EJ; — EJy, as t — oo, we infer that W(x) < f(z), i.e., f provides
a “cap” for the Bellman function, implying, in particular, that the latter
is finite. If, moreover, the supersolution f vanishes at zero, the function W
(being positive) is necessarily continuous at zero. Summarizing, we formulate
the outcome of this reasoning in the following statement.

Proposition 4.1.2 If f is a supersolution of (4.1.12), then W < f, and,
hence, W € C(R4 \ {0}). If, moreover, f(0+) =0, then W € C(R).

An inspection of the above reasoning shows that if, in addition, it happened
that the process D (depending on the control) vanishes and

lim EePon f(V, ) =0, (4.1.19)

then W = f, and the corresponding control is optimal. With these observa-
tions, we arrive at the promised verification theorem, which can be obtained,
of course, in a much more general context.

Theorem 4.1.3 Let f € C(R4)NC%(R.\{0}) be a positive concave function
solving the HJB equation (4.1.12) and vanishing at zero. Suppose that the
supremum in (4.1.12) is attained on o(x) and c(x) such that o is a bounded
measurable function, ¢ is a positive measurable function, and the equation

VP = Vea(Ve) (udt +dMy) —e(Ve)dt, Ve =, (41.20)

admits a strong solution V2. If condition (4.1.19) holds for the process V°,
then W = f, and the optimal control m° = (a(V?°),c(V°)).

4.1.3 Proof of the Merton Theorem

With the above provision, we return to the HJB equation (4.1.12) and calcu-
late the supremum.
Put

u*(p) 1= sup [u(c) — cp];
c>0

the function u* is the Fenchel transform of the function —u(—.). In particular,
for the power utility u(c) = ¢7/+, we have that

1 _
uw(p)=—— T/ G0 (4.1.21)

because the supremum in the definition of u* is attained at the point p*/(=1).
Expecting that f” < 0, we find easily that the maximum of the quadratic form
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over « is attained at the point

oty g, @)
= A

Thus, the HJB equation can be transformed to the following one:

Lo i 2(f'(@)? 1—~ 7=
—5’14 / M’ W —Bf(x) + T(f’(a?)) ' =0.
We find easily that its solution of the form f(z) = maz? should have the
coefficient m = £}, /v with ks > 0 given in (4.1.7).
Now the function a®(x) = A~tu/(1 — ) is constant, ¢°(z) = kprx, and
(4.1.20), pretending to describe the optimal dynamics, is linear:
—1

ave 1 _1/2 |2 A
= ——]A7Y2u" - dt dM °—
Ve (1—7’ g F"M) 1 o W=e

and its solution is the geometric Brownian motion, which never hits zero.
Noticing that (A='uM), = |A=Y/2p|?t, it can be given by the following explicit
formula:

1 1 1 2 A~
Ve = — - A7Vt — kgt M, }.
! xeXp{(l—v 2(1—7)2)‘ uft = rart+ 5 v

Since E(V?)P = zPe"»! where £, is a constant, the process N for this control is
a true martingale, and we may take the localizing sequence o,, deterministic.
In the particular case where p = ~, the corresponding constant

1
KJ»Y:—L—’YKJMZﬂ—HM
21 —7~

in virtue of (4.1.7). Thus,
e—ﬁtE(‘/to)"/ — x'ye—fth’

and, therefore, (4.1.19) holds. The Merton theorem is proven.

4.1.4 Discussion

1. The optimal strategy in the Merton problem with the power utility functions
prescribes to keep constant proportions of wealth in each position. Let us
consider the special case m = 1, i.e., the model with a single risky asset.
Then the quantities V;2° := a°V,? and V,'° = (1 — a°)V,° are, respectively, the
optimal holdings in the risky and nonrisky assets,

I p

O:e:——.
@ 1—~v02
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Thus

’ o’ 0

‘/tlo — - 9‘/"/10.
This means that the two-dimensional process (V,!°, V,2°) on the plain (v!,v?)
evolves along the straight line with the slope 6/(1 — ), called in the litera-
ture the Merton line. The parameter 0 is referred to as the Merton propor-

tion.

V20 =
¢ 1—a°

2. In our presentation we consider the case where the price of the nonrisky
asset is constant over time as it would pay the interest » = 0. The reader may
be accustomed with the tradition to treat the model with an arbitrary r > 0.
However, it is easy to see that, for the power utility function, considering the
model with zero interest rate does not lead to any loss in generality. Indeed,
due to the identity

u(e™cs) = e"ulc,),

the maximization problem where the consumption is measured in “money” is
the same as that where the consumption is measured in “bonds” but with the
coefficient 3 replaced by 3 := 3 — ~r. Thus, there is no real reason to retain
r in calculations.

3. An analysis of the proof of Theorem 4.1.1 shows that, after minor
changes, it works well also for the power utility function with v < 0, and,
hence, the same explicit formulae represent the optimal solution also in this
case. The HJB approach can be extended to the model with the logarithmic
utility function u(¢) = In ¢ (corresponding to the value v = 0). Of course, one
needs to impose an additional constraint to the consumption process ensuring
the integrability of JZ.

4. Turning back to the multi-asset case, let us define the scalar process M
with dM = 6(udt + dM,). Let us consider the same consumption-investment
problem imposing the restriction that the investments should be shared be-
tween money and the risky asset the price evolution of which follows the
process M. Any value process and consumption process in this two-asset model
are those of the original one. One can imagine a financial institution (a mu-
tual fund) which offers such an artificial asset, called the market portfolio.
This allows the agent to allocate his wealth only in the nonrisky asset and the
market portfolio. Due to this economical interpretation, the Merton theorem
sometimes is referred to as the mutual fund theorem.

5. Formula (4.1.11) shows that, for a positive initial capital, the value
W(z) — oo as kpr | 0. It follows that, for small values of the discount para-
meter 3, namely, when

B < %%Mflmﬂ

2
L,

the Bellman function W(x) = oo, z > 0.
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4.1.5 Robustness of the Merton Solution

There is an interesting question about the sensitivity of the Merton solution
with respect to errors in determining the optimal proportion. It happens that
it is quite robust: a deviation of order ¢ from the Merton proportion leads
to losses in the expected utility only of order 2. To see this, suppose that
in the two-asset model the investor’s strategy is to maintain the proportion
a®+¢ and consume a constant part (149)kps of the current wealth optimizing
the expected utility with respect to §. Assume, for simplicity, that the initial
endowment x = 1. For such a strategy, the dynamics is given by the linear

equation

% - (a°+s)(,udt—|—adwt) —(1+8)rp dt
f

the solution of which is the geometric Brownian motion
1
V, = exp{(a" + a)ut — 5(0/’ + 5)202t —(1+6)rpmt+ (a" + E)owt}.
We have that
EV;’Y _ em,(e,&)t’
where 1
Ko (8,0) = B = ki = 5y(1 = v)oe® = yrnd,

and, in particular, k,(0,0) = Ky = 8 — k.
Notice that the coefficient at ¢ is zero, and this is a crucial fact. It follows
that

1 o 1 1+6)7
EJoo = —rp(1+ 5)7/ e BV dt = _57»;1 i u+d) 2.2 :
gl 0 gl 1+ 5 -1 = 7)o2e? + 76

Maximization over ¢ gives us the optimal value §° = ﬁwa%{ for which
1 _ - 1 _
EJw=—r (146) ' =m— 5 (L= i 0%+ 0(e),
v

and we get the claimed asymptotic.
Of course, the robustness of the Merton solution is of great practical im-
portance.

4.2 Consumption—Investment under Transaction Costs

4.2.1 The Model

The setting described in this section is, in some aspects, slightly more gen-
eral than that of the standard model of financial market under constant pro-
portional transaction costs. In particular, the cone K is not supposed to be
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polyhedral. On the other hand, it is more restrictive with respect to the price
processes: they are assumed to be geometric Brownian motions. Our frame-
work appeals to a well-developed theory of viscosity solutions (in fact, only
to basic elements of the latter) and allows us to catch essential properties of
the Bellman function before going to the specific case of the two-asset model
with the power utility function the detailed analysis of which is our ultimate
goal.

Let Y = (Y;) be an R%valued semimartingale on a stochastic basis
(2, F,F, P) with trivial initial o-algebra. Let K and C be proper cones in R?
such that C C int K # (). Define the set A of controls m = (B, C) as the set of
adapted cadlag processes of bounded variation such that, up to an evanescent
set,

Be-K, C(CeC. (4.2.1)

Let A, be the set of controls with absolutely continuous C' and ACy = 0.
For the elements of A,, we have ¢ := dC/dt € C.
The controlled process V' = V*7 is the solution of the linear system

dVi =V dY} +dB, —dC}, Vj_=z', i=1,...,d. (4.2.2)

For z € int K, we consider the subsets A” and A of “admissible” controls
for which the processes V™ never leave the set int KU{0} and have the origin
as an absorbing point. Thus, if Vi;_(w) € K, then AB,(w) = —V;_(w).

The important hypothesis that the cone K is proper, i.e., KN(—K) = {0},
or equivalently, int K* # (), corresponds to the model of financial market
with efficient friction. In a financial context, K (usually containing Ri) is
interpreted as the solvency region and C = (C}) as the consumption process;
the process B = (B;) describes the accumulated fund transfers.

Let G := (—K) N 001(0), where 001(0) = {x € R?: |z| = 1} in accor-
dance with the notation for the open ball O,(y) := {zr € R?: |z —y| < r}
The set G is a compact, and —K = coneG. We denote by X the support
function of G, given by the relation Y (p) = sup,cq pe.

We shall work using the following assumption:

H;. The process Y is a continuous process with independent increments with
mean EY; = ut, u € R?, and covariance DY, = At.

To facilitate references, we formulate also a more specific hypothesis (fre-
quent in the literature), where the matrix A is diagonal with a® = (¢%)?, i.e.,
the components of the driving noise are independent.

H>. The components of Y are of the form dY} = p'dt + o' dw}, where w is a
standard Wiener process in R.

In our proof of the dynamic programming principle (needed to derive the
HJB equation) we shall assume that the stochastic basis is a canonical one,
that is, the space of continuous functions with the Wiener measure.
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The efficient friction assumption, together with the hypothesis H; , ensures
that the L?-norm of the “maximal function” of the portfolio trajectories ad-
mits an exponential bound which is uniform with respect to strategies. This
result will be used in the sequel to claim that certain stochastic integrals
are not just local martingales but true martingales. For future references, we
immediately give a precise formulation and proof.

Proposition 4.2.1 There is a constant k > 0 such that

Esup V|2 < k|z|2erT” (4.2.3)

for any value process V. =V*" x cint K, and T > 0.

Proof. As usual, k denotes a “generic” positive constant which may be dif-
ferent in different formulae. Let us take an arbitrary vector p € int K* with
|p| = 1. Making use that pdB < 0 and pdC > 0 (in the sense of densities),
we obtain from (4.2.2) that

pVs pr+/ ﬁV,.dr+/ V, dM,,
0 0

where p' := piput, and M* = p' M with M denoting the martingale part of Y.
The crucial observation is that there is k > 0 such that x~|y| < py for any
y € K. Since |py| < |y| for any y € R?, we easily obtain the estimate

/ v, dil,
0

Notice that the right-hand side of this inequality is a continuous process,
and, hence, V is locally bounded, i.e., there exists a sequence of stopping
times 7, T oo such that each stopped process V™ = (Vip,,) is bounded.
With this observation, the proof is completed by a fairly standard argument,
which we only sketch on. Squaring the above inequality, we get, by elementary
estimates combined with the Cauchy—Schwarz and Doob inequalities, that the

(bounded) function gpgn) = Esup,<;p,, |Vs|® satisfies the inequality

|V §/<;\x|—|—/<c/ |Vl dr + &
0

t
apgn) < klz)? 4+ w(T + 1)/ o™ ds.
0
The Gronwall-Bellman lemma implies that
SDgpn) < H|x|26n(T+1)T.

Taking here the limit in n and enlarging the constant, we arrive at the required
bound. O
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4.2.2 Goal Functionals

Let U : C — R be a concave function such that U(0) =0 and U(z)/|z| — 0
as |z| — oco. With every m = (B, C) € AZ, we associate the “utility process”

t
A ;:/ eI (cs)ds, >0,
0

where 3 > 0. We consider the infinite-horizon maximization problem with the
goal functional EJ7, and define its Bellman function W by

W(z) = sup EJ3, x€intK. (4.2.4)
TEAZ
If m;, i = 1,2, are admissible strategies for the initial points x;, then

the strategy Amp + (1 — A)m2 is an admissible strategy for the initial point
Azq + (1 — Ao for any A € [0,1], and the corresponding absorbing time is the
maximum of the absorbing times for both ;. It follows that the function W
is concave on int K. Since A%* C AZ? when x5 — x; € K, the function W is
increasing with respect to the partial ordering > generated by the cone K.
It is convenient to put W equal to zero on the boundary of K and extend
it to the whole space R? as a concave function just by putting W := —oo
outside K.

Remark 1. In financial models, usually, C = R e; and 6" = 0, i.e., the only
first (nonrisky) asset is consumed. Our presentation in this section is oriented
to the scalar power utility function u(c) = ¢7/v, v €]0,1[. As we already
mentioned in the previous section, in this case there is no need to consider
a nonzero interest rate for the nonrisky asset, which can be chosen as the
numéraire. Of course, for other types of utility functions, adding to the model
an interest rate may have sense.

Remark 2. We consider here a model with mixed “regular—singular” controls.
In fact, the assumption that the consumption process has an intensity ¢ = (¢;)
and the agent’s utility depends on this intensity is not very satisfactory from
the economical point of view. One can consider models with an intertemporal
substitution and the consumption by “gulps,” i.e., dealing with “singular”
controls of the class A” and the goal functionals like

t
T = / e BSU(Cy) ds,
0

where

C, 2/‘ K(s,r)dC,
0

with a suitable kernel K (s,r) (the exponential kernel e=7(*~") is the common
choice).
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4.2.3 The Hamilton—Jacobi—Bellman Equation

Assume that hypothesis H; on the structure of driving noise holds. In the
sequel we denote by U* the convex function U*(p) := sup,c(U(x) — pz). We
introduce a continuous function of four variables by putting

F(X,p,W,z) := max{Fo(X,p, W, z) + U*(p), Eg(p)},

where X belongs to Sy, the set of d x d symmetric matrices, p,z € R, W € R,
and the function Fp is given by

1
Fo(X.p. W) i= 5tr A(w)X + u(a)p — BV,

where AY(z) 1= a¥z'z?, p'(z) = p'xt, 1 <i,j < d. In the detailed form we
have that

d d
Fo(X,p,W,z) = 3 E avxtr? XY + E watpt — pW.

i,j=1 i=1

If ¢ is a smooth function, we put

Lolx) = F(¢"(x), &' (x), d(a). ).

In a similar way, £y corresponds to the function Fj.
We show, under mild hypotheses, that W is the unique viscosity solution
of the Dirichlet problem for the HJB equation

FW"(z),W'(z),W(z),z) =0, z€intk, (4.2.5)
W(z) =0, x€0K, (4.2.6)

with the boundary condition understood in the usual classical sense.

We do not suppose that the reader is acquainted with the theory of vis-
cosity solutions. Necessary prerequisites, adapted to our needs, are given in
the next sections.

4.2.4 Viscosity Solutions

Since, in general, W may have no derivatives at some points z € intK (and
this is, indeed, the case for the model considered here), the notation (4.2.5)
needs to be interpreted. The idea of viscosity solutions is to plug into F' the
derivatives and Hessians of quadratic functions touching W from above and
below. Formal definitions (adapted to the case we are interested in) are as
follows.

Let f and g be functions defined in a neighborhood of zero. We shall write
f() S g(0) if f(h) < g(h) + o(|h|?) as |h| — 0. The notation f(.) Z g(.) and
f(.) = ¢(.) has an obvious meaning.
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For p € R% and X € S;, we consider the quadratic function
Qpx(2):=pz+(1/2)(Xz,2), zcRY

and define the superjets and subjets of a function v at the point x:

JTo() = {(p,X): v(@+.) Zv(z) +Qpx ()},
Jv(x) = {(p,X) v(

In other words, Jtv(z) (resp. J~wv(x)) is the family of coefficients of
quadratic functions v(z) + Qp x(y — .) dominating the function v(.) (resp.,
dominated by this function) in a neighborhood of the point x with precision
up to the second order included and coinciding with v(.) at this point.

A function v € C(K) is called a wiscosity supersolution of (4.2.5) if

F(X,p,v(a:),:c) <0 V(p,X)eJ v(x), z€int K.
A function v € C(K) is called a wiscosity subsolution of (4.2.5) if
F(X,p,v(z),z) >0 VY(p,X) € JTv(z), z € int K.

A function v € C(K) is a viscosity solution of (4.2.5) if v is simultaneously
a viscosity supersolution and subsolution of (4.2.5).

At last, a function v € C(K) is called a classical supersolution of (4.2.5) if
v € C%(int K) and Lv < 0 on int K. We add the adjective strict when Lv < 0
on the set int K.

Of course, the above notions? can be formulated also for open subsets of K.

If v is smooth at a point x, then

Jto(x) = {(p,X): p=1'(2),X 2" (2)},
J () = {(p,X): p=1(z),X <"(2)},

where the inequality between matrices is understood in the sense of par-
tial ordering induced by the cone of positive semidefinite matrices. The pair
(v'(x),v"”(x)) is the unique element belonging to the intersection of J~ v(x)
and JTv(z). Thus, any viscosity solution v which is in C?(int K) is a classical
solution of (4.2.5). It is not difficult to check that a classical solution solves
(4.2.5) in the viscosity sense: the needed property that F' is increasing in X
with respect to the partial ordering holds in our case.

Remark on a mnemonic rule. The monotonicity allows us to memorize
easily the signs of the inequalities for F. In the smooth case for the second-
order Taylor approximation, i.e., for the quadratic function (v'(z),v"”(z)), we

2 The reader may notice that the introduced concepts are related only with the
operator and, therefore, could be called viscosity super-, sub-, and median functions,
which seems to be a more natural terminology. We have no courage to deviate from
the tradition already established in the theory of viscosity solutions.
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have the equality. Thus, if X > v”(x) for the pair (v'(z), X) which is an
element of J*v(z), we have obviously the inequality > 0. Note that in the
literature, the equation is quite often written with the opposite sign, and so
its left-hand side is decreasing in X...

For the sake of simplicity and having in mind the specific case we shall
work on, we incorporated in the definitions the requirement that the viscosity
super- and subsolutions are continuous on K including the boundary. For other
cases, this might be too restrictive, and more general and flexible formulations
can be used.

The next criterion gives a flexibility to manipulate with the above concepts.
It allows us to use smooth local majorants/minorants of a function, which is
the supposed viscosity solution, as test functions (to be inserted with their
derivatives into the operator).

Lemma 4.2.2 Let v € C(K). Then the following conditions are equivalent:

(a) the function v is a viscosity supersolution of (4.2.5);
(b) for any ball O,.(x) C K and any f € C*(O.(x)) such that v(z) = f(z)
and v > f on O.(x), the inequality Lf(x) <0 holds.

Proof. (a) = (b). Obvious: the pair (f'(z), f”(z)) is in J v(x) according to
the Taylor formula.
(b) = (a). Take (p,X) in J v(x). To conclude, we construct a smooth
function f with f/(z) = p and f”(x) = X satisfying the requirements of (b).
By definition,

vz +h) = v(z) = Qpx (h) > [h*¢(|hl),

where ¢(u) — 0 as u | 0. We consider on ]0, r[ the function

O(u) = sup %(v(m +h)—v(z)— QP’X(h))_ < sup o (y).
{h: Inl<uy |1l {y: 0<y<u}

Obviously, § is continuous, increasing, and §(u) — 0 as u | 0. The function

2u 2n
Awi=g [ [ s dsan
w Jn

vanishes at zero with its two right derivatives, and u?§(u) < A(u) < u?6(4u).
It follows that the function z — A(|z|) belongs to C%(O,(0)), its Hessian
vanishes at zero, and

(@ +h) = v(@) = Qpx(h) > —[h*5(|h]) > —A(|h]).
Thus, f(y) :=v(z) + Qp x(y — x) — A(Jy — z|) is the needed function. O

For subsolutions, we have a similar result with the inverse inequalities.
Using the alternative definition, we can easily establish the following:
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Lemma 4.2.3 Suppose that the function v is a viscosity solution of (4.2.5).
If v is twice differentiable at xq, then it satisfies (4.2.5) at this point in the
classical sense.

Proof. One needs to be more precise with definitions since it is not assumed
that v’ is defined at every point of a neighborhood of zy. “T'wice differentiable”
means here that the Taylor formula at xy holds:

v(z) = v(xo) + <v'(a:o),z - x0> + %<v”(x0)(:17 — ), T — z0> + 0(|9: - xo\z).

Let us consider the C?-function

1
fe(@) = v(zg) + (V' (20), 2 — o) + §<v”(9co)(x —x0),2 — 20) + elr — x|
with f.(zg) = v(zp). If € < 0, then v > f. in a sufficiently small neighborhood
of zg. Thus, by virtue of the previous lemma Lf.(z() < 0. Letting & tend to
zero, we obtain that Lv(zg) < 0. Taking in the above definition € > 0, we get
the opposite inequality. O

Obviously, one can give a slightly different formulation saying that v is a
viscosity supersolution of the second-order differential equation if and only if,
for every z € int K, the inequality

F(¢"(x), ¢ (x),v(z),x) <0 (4.2.7)

holds for any C?-function ¢ such that, at the point x, the difference v — ¢
attains its local minimum equal to zero. The reader may ask why we replace
in the inequality ¢(x) by v(x), which is the same number. This has sense! We
can skip in the suggested reformulation the words “equal to zero” due to the
following assertion, which happens to be useful in the sequel.

Lemma 4.2.4 A function v € C(K) is a viscosity supersolution of (4.2.5)
if and only if, for every point x € int K, inequality (4.2.7) holds for any
C?-function ¢ defined in a neighborhood of the point = and such that the
difference v — ¢ attains its local minimum at x.

Proof. In one direction the claim is trivial, and we need to check only that,
for a supersolution, the mentioned inequality (4.2.7) holds when v — ¢ has a
local minimum at x, i.e., when, for all y from a certain neighborhood O, (x),
we have the bound

u(y) — oly) > v(x) —dx), y#=.

Let © be a C?-function dominated by v, and let g be a smooth function on
R taking values in the interval [0, 1] and such that g(¢t) =1 for ¢t <¢&/2 and
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g(t) =0 for t > e. Let us consider the C?-function ¢ = @(y) with

o(y) = [o(y) + v(@) = d(x)] g (= — yl) + (1 = g(jz — yl))o(y).
The difference v — <;~5 attains its minimal value equal to zero at point x, and,
therefore, by the supersolution property, (4.2.7) holds for ¢ and, hence, for ¢
because the two derivatives of both functions coincide at . O

Again, a corresponding result holds for subsolutions. Notice also that spe-
cific features of the set K (with nonempty interior) were not used in the above
discussions.

Now we give an application of the last characterization of the viscosity so-
lution to prove an assertion claiming that, for a “regular” ordinary differential
equation, a C''-function known to be the viscosity solution is, in fact, a smooth
one satisfying the equation in the classical sense. In the present context, the
“regular” means, roughly speaking, that the equation can be solved with re-
spect to the second derivative and the resulting right-hand side is continuous
in all variables. More precisely, we have the following:

Lemma 4.2.5 Let ¢ € C*(a,b) be a viscosity solution of the equation

U(2) = G(¥'(2),¥(2), 2).

Suppose that the right-hand side here is a continuous function. Then the func-
tion ¢ € C?(a,b), and the equation holds in the classical sense.

Proof. Take a subinterval [z1, 22] of ]a, b[ and consider on it the C?-function
e (2) such that

Yl (z) = G(¥'(2),9¥(2),2) +e, Ye(z) = 9(z), 1=1,2.

Of course, this function could be expressed by an explicit formula, but we
need not it. The parameter € here is an arbitrary real number. We first argue
with € > 0. Suppose that 1) — ). attains a local minimum at an interior point
z of [z1, z2). Then, necessarily, ¥.(z) = ¢’(z). According to the above criterion
for the supersolution,

Vi(2) < G(Ui(2) ¥(2), 2) = G(¥'(2),¥(2), 2),

in contradiction with the definition of i.. Thus, the difference 1 — 1), is min-
imal at the extremities of [z1, z2], where it is equal to zero. This means that
¥(2z) > e(z) for all z € [#1, z9]. Letting € | 0 and noting that ¢.(z) — ¢o(2)
(even uniformly), we obtain the inequality ¥(z) > ¥ (2). Arguing in the same
way with € < 0 and using the subsolution property, we obtain the reverse
inequality. So, ¥ = 1o on [z1, 22]. This means that 1y is a classical solution
on this interval, and it coincides with . It is easily seen that such a property
implies the claim of the lemma. O
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4.2.5 Ishii’s Lemma

The only result we need from the theory of viscosity solutions (or, better to
say, from convex analysis) is the following simplified version of Ishii’s lemma,
see Crandall et al. [42] or Fleming and Soner [72].

Lemma 4.2.6 Let v and v be two continuous functions on an open subset
O C RY. Consider the function A(z,y) = v(z) — 0(y) — snlz — y|> with
n > 0. Suppose that A attains a local mazimum at (Z,y). Then there are

symmetric matrices X and Y such that

(n(@-9).X) e Jt(@),  (n@-7),Y) €T 57,

(f)( OY) g:m(II _II) (4.2.8)

In this statement, I is the identity matrix, and J*v(z) and J-v(z) are
values of the set-valued mappings whose graphs are closures of graphs of the
set-valued mappings J*v and J v, respectively.

Of course, if v is smooth, the claim follows directly from the necessary
conditions of a local maximum (with X = v”(Z), Y = ¢”(y) and the constant 1
instead of 3 in inequality (4.2.8)).

The following assertion is an easy exercise from linear algebra.

and

Lemma 4.2.7 The inequality (4.2.8) implies that, for any d x m matrices B
and C,
tr(BB'X — CC'Y) < 3n|B — C|*. (4.2.9)

Proof. For a symmetric matrix S > O and any matrix G of appropriate
dimension, tr GG'S = tr G'S/25'/2G > 0. Manipulating with block matrices
and using this observation, we have

BB’ BC(C' X 0
tr(BB'X —CC'Y) = tr(C’B’ C’C”) < 0 —Y)
< 3ntr(BB/ BC') < I I>
- cB cC -1 1
= 3ntr(BB'— BC' — CB' +C(C")
=3ntr(B—C)(B—-C) =3n|B-C|?

and the result is proven. 0O

Notice that A(x) = diag A diag x. We denote by diagx the diagonal ma-
trix whose entries on the diagonal are the coordinates of the vector z. Applying
the above lemma with the matrices B = diagzA'/? and C = diagyA'/?, we
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obtain the following inequality which we need in the sequel:
tr(A(x)X — A(y)Y) < 3n|AV2 |z — y|>. (4.2.10)
Remark. We can obtain the similar inequality
tr(A(z)X — A(y)Y) < 3ntr Alz — y|

by “probabilistic” considerations using the above lemma in its simpler version
with m = 1. Indeed, let £ be a standard Gaussian vector-column, and let
n= AY2¢.

Applying the lemma with B = diagxn and C = diagyn, we get the in-
equality

tr (BB'X — CC'Y) < 3n|diag(z — y)|*|n[>.

It remains to take the expectation and note that EBB’ = A(x), ECC' = A(y),
and E|n|? = tr A.

4.3 Uniqueness of the Solution and Lyapunov Functions

4.3.1 Uniqueness Theorem

The following concept plays a crucial role in the proof of a purely analytic
result on the uniqueness of the viscosity solution, which we establish by a
classical method of doubling variables using the Ishii lemma.

Definition. We say that a positive function ¢ € C(K) N C?%(int K) is the
Lyapunov function if the following properties are satisfied:

(1) ¢'(z) € int K* and Lol(z) <0 for all z € int K,

(2) £(x) — o0 as |z| — oo.
Theorem 4.3.1 Suppose that there exists a Lyapunov function £. Then the

Dirichlet problem (4.2.5)-(4.2.6) has at most one viscosity solution in the
class of continuous functions satisfying the growth condition

W(z)/l(x) — 0, |z|— oo. (4.3.1)

Proof. Let W and W be two viscosity solutions of (4.2.5) coinciding on the
boundary &K . Suppose that W (z) > W (z) for some z € K. Take £ > 0 such
that

W(z) — W(z) — 2el(z) > 0.

We introduce the family of continuous functions A, : K x K — R by putting

Anla,y) = W(a) = Wiy) — gnle —y? —<[t() + )], n>0.
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Note that A, (z,z) = Ag(z,z) for all x € K and Ag(z,z) < 0 for z € K.
From the assumption that the function [ has a higher growth rate than W we
deduce that A, (z,y) — —oo as |z| + |y| — oo. It follows that the level sets
{4, > a} are compacts and the function A, attains its maximum. That is,
there exist (,,yn) € K X K such that

Ap(Tnyyn) = Ap = sup  An(z,y) > A= sup Ag(z,z) > 0.
(z,y)EK XK zeK

All (z,,yn) belong to the compact set {(x,y) : Ap(z,y) > 0}. It follows
that the sequence n|z,, — y,|? is bounded. We continue to argue (without
introducing new notation) with a subsequence along which (z,,y,) converge
to some limit (7, 7). Necessarily, n|x, — y,|* — 0 (otherwise we would have
Ao(Z,7) > A). Tt is easily seen that A, — A¢(Z,7) = A. Thus, 7 is an
interior point of K, and so are x, and vy, for sufficiently large n.

By virtue of the Ishii lemma applied to the functions v := W — &f and
o = W + el at the point (x,,y,), there exist matrices X" = (X7;) and
Y™ = (Y;}) satisfying (4.2.8) and such that

(n(azn — yn),X") € Jtu(z,), (n(azn — yn),Y”) € J (yn)-
Using the notation p, := n(x, — yn) + €' (zn), ¢n = n(xn — yn) — €' (yn),
Xn = X"+ el (xy,), Yy :=Y" — el (y,), we may rewrite the last relations
in the following equivalent form:
(Pry Xn) € TTW (), (gn,Yn) € T W(y,). (4.3.2)
Since W and W are viscosity sub- and supersolutions,

F(Xnvpnvw(xn>7$n) 202> F(Yn7Qn7W(yn)ayn)-

The second inequality implies that mg, < 0 for each m € G = (—K)N0O01(0).
But for the Lyapunov function, ¢'(x) € int K* for « € int K, and, therefore,

mpy, = mqy, +em (¢ (z,) + ' (yn)) <O0.
Since G is a compact, Y (p,) < 0. It follows that
Fo (X D W(@n), ) + U™ (pn) > 0> Fo (Yo, @s W(n), yn) + U™ (qn)-

Recall that U* is decreasing with respect to the partial ordering generated
by C* and, hence, also by K*. Thus, U*(p,) < U*(¢n), and we obtain the
inequality

bn = FO (mem W(mn)vl'n) - FO(Yna qn, W(yn)ayn) > 0.
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Clearly,

—_

d
> Z ala ol X7 — aVylyl V) +n2u L)’

l\D

- iﬂnh'n - yn‘Q - ﬁAn(xna yn) + 5(£0£(~rn) =+ LOE(yn))-

By virtue of (4.2.10), the first sum is dominated by const xn |z, —y,|?; a similar
bound for the second sum is obvious; the last term is negative according to
the definition of a Lyapunov function. It follows that limsupb, < —3A < 0,
and we get a contradiction arising from the assumption W(z) > W(z). O

An inspection of the arguments shows that they lead to the following
slightly more general and useful comparison result.

Theorem 4.3.2 Assume that there exists a Lyapunov function (. Let W and
W be, respectively, viscosity sub- and supersolution of the equation in an open
set O C K coinciding on 0O and such that

W(z) =o(l(z)), W(z)=o0(l(z)), |z|— oc.

Then W (x) < W (x) for all z € O.

Remark. The definition of a Lyapunov function does not depend on U (it
is a property of the operator with U* = 0), and we have the uniqueness for
any utility function U for which U* is decreasing with respect to the partial
ordering induced by K*. However, to apply the uniqueness theorem, we should
know that W is not growing faster than a certain Lyapunov function.

4.3.2 Existence of Lyapunov Functions and Classical
Supersolutions

Results on the uniqueness of a solution to the HJB equation are all based on
work with specific Lyapunov functions. The following general considerations
explain how the latter can be constructed.

Let u € C(Ry)NC?(R4 \ {0}) be an increasing strictly concave function
with u(0) = 0 and u(cc) = oo. Introduce the function R := —u'?/(u"u).
Assume that R :=sup,. R(z) < occ.

For p € K*\ {0}, we define the function f(x) = f,(z) := u(px) on K. If
y € K and = # 0, then yf'(z) = (py)u'(px) < 0. The inequality is strict when
p € int K*.

Recall that A(z) is the matrix with AY(x) = AYz'27 and the vector u(z)
has the components p‘z?. Suppose that (A(z)p,p) # 0. Putting 2 := px for
brevity, we obtain by obvious transformations intended to isolate full square
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that
Lof(@) = 5 [(A@p.p)u" (2) + 2 (), p)u' (2) + éﬁ((i))pp;> Z((j))
5 O R - fuCa), (433)

Since u” < 0, the expression in the square brackets is negative, and so is the

whole right-hand side of the above formula if 8 > n(p)R, where

1 (u(x),p)?
np) =3 vek (A@)p,p)’

Of course, if (A(z)p, p) = 0 we cannot argue in this way, but if in such a case
also (u(x),p) =0, then Lof(x) = —Pu(z) <0 for any 3 > 0.

These simple observations lead us to the following existence result for
Lyapunov functions:

Proposition 4.3.3 Letp € int K*. Suppose that (j(x), p) vanishes on the set
{zr eint K : (A(z)p,p) =0}. If 8 > n(p)R, then f, is a Lyapunov function.

Let 7 := sup,c k- 1(p). Note that n(p) = n(p/[p[). Continuity considera-
tions show that 7 is finite if (A(z)p, p) # 0 for all z € K\ {0} and p € K*\ {0}.
Obviously, if 3 > R, then f, is a Lyapunov function for p € int K*.

The representation (4.3.3) is useful also in the search of classical superso-
lutions for the operator L. Since Lf = Lof +U*(f'), it is natural to choose u
related to U. For a particular case where C = R% and U(c) = u(eic), with u
satisfying the postulated properties (except, maybe, unboundedness) and as-
suming, moreover, that the inequality

u*(av'(2)) < gla)u(z) (4.3.4)
holds, we get, using the homogeneity of Ly, the following result.

Proposition 4.3.4 Assume (A(x)p,p) # 0 for allz € int K and p € K*\{0}.
Suppose that (4.3.4) holds for all a,z > 0 with g(a) = o(a) as a — oo. If
B > fR, then there exists ag such that, for every a > ag, the function af, is a
classical supersolution of (4.2.5) whatever is p € K* with p' # 0. Moreover, if
p € int K*, then af, is a strict supersolution on any compact subset of int K.

For the power utility function u(z) = 27 /v, v €]0, 1], we have

R(z)=7/(1-7)=R

and u*(au'(2)) = (1 —7)a?/=Du(2). Therefore, inequality (4.3.4) holds with
g(a) = o(a), a — 0.

If Y satisfies Hy with o' = 0, u* = 0 (i.e., the first asset is the numéraire),
and ¢ # 0 for i # 1, then, by the Cauchy-Schwarz inequality applied to
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{u(z), p),

The inequality
d i\ 2
v 1 w
- [adl 4.3.5
B>1=3 ; <J) (4.3.5)

(implying the relation 3 > 7R) is a standing assumption in many studies
on the consumption—investment problem under transaction costs, see Akian
et al. [3] and Davis and Norman [47].

In particular, for the model with only one risky asset and the power util-
ity function, by virtue of the above computations, we have, for the function
f(x) = au(px) given by p € K* with p! = 1, that

* 1 2 —
Lof(@)+U*(f' () =[.]+ <211752 — B+ (1 —~)at/ 1))f(x),
where [...] <0. This implies the following conclusion.

Proposition 4.3.5 Suppose that, in the two-asset model with the power util-
ity function, the Merton parameter

Then the function
1
f(@) = ;f% pz)? = m(pz)” (4.3.6)

is a classical supersolution of the HJB equation whatever is p € K* with
1
p-=1.

As we shall see in the next section, the existence of supersolutions has
important implications for the Bellman function, ensuring, in particular, the
finiteness of the latter.

4.4 Supersolutions and Properties of the Bellman
Function

4.4.1 When is W Finite on K?

First, we present sufficient conditions ensuring that the Bellman function W
of the considered maximization problem is finite.

Let @ be the set of continuous functions f : K — R4 increasing with
respect to the partial ordering >k and such that, for every x € int K and
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every m € A? the positive process X = X/ given by the formula
X/ = PE(V) + JT, (4.4.1)

where V' = V%7 is a supermartingale.

The set @ of f with this property is convex and stable under the operation
A (recall that the minimum of two supermartingales is a supermartingale).
Any continuous function which is a monotone limit (increasing or decreasing)
of functions from @ also belongs to @.

Lemma 4.4.1 (a) If f € &, then W < f;
(b) if for any y € OK, there exists f € @ such that f(y) = 0, then W is
continuous on K.

Proof. (a) Using the positivity of f, the supermartingale property of X/, and,
finally, the monotonicity of f, we get the following chain of inequalities leading
to the required property:

EBJF < EX{ < f(Vo) < f(Vo-) = f(a).

(b) Recall that a concave function is locally Lipschitz continuous on the
interior of its domain, i.e., on the interior of the set where it is finite. Hence,
if @ is not empty, then W is continuous (and even locally Lipschitz continuous)
on int K. The continuity at a point y € 0K follows from the assumed property
because 0 < W < f. O

Lemma 4.4.2 Let f: K — Ry be a function in C(K)NC?(int K). If f is a
classical supersolution of (4.2.5), then f € ®,i.e., X7 is a supermartingale.

Proof. First, notice that a classical supersolution is increasing with respect
to the partial ordering > k. Indeed, by the finite increments formula we have
that, for any x, h € int K,

flx+h)— f(x) = f(x+I9h)h

for some ¥ € [0,1]. The right-hand side is greater or equal to zero because,
for the supersolution f, we have the inequality X (f'(y)) < 0 whatever is
y € int K, or, equivalently, f/(y)h > 0 for every h € K, just by the definition
of the support function Yg and the choice of G as a generator of the cone
—K. By continuity, f(x 4+ h) — f(z) > 0 for every z,h € K.

In order to be able to apply the It6 formula in a comfortable way, we
introduce the process V=Vvo = Vool + Vo_Ijo,00[, Where o is the first
hitting time of zero by the process V. This process coincides with V on [0, o[
but, in contrast to the latter, either always remains in int K (due to the
stopping at o if V,_ € int K) or exits to the boundary in a continuous way
and stops there. Let X/ be defined by (4.4.1) with V replaced by V. Since

X =X 4 e (f(Vou + AB,) = F (Vo)) jo.00]s
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by the monotonicity of f it is sufficient to verify that X7Tisa supermartingale.
Applying It6’s formula to e =% f(V;), we obtain on [0, o[ the representation

X/ = i) + / e [Lof(Va) — exf' (Vi) + Ule)] ds+ Re +my, (4.4.2)

where m is a process such that m = (mya,, ) are continuous martingales

for some stopping times o,, increasing to o, and

R; := /0 e PP (Ve)dBS+ Y e P [f(Ve + ABy) — f(Vi)]. (44.3)

s<t
By the definition of a supersolution, for any x € int K,
Lof(z) < =U*(f'(z)) <cf'(x) —U(c) VeeK.

Thus, the integral in (4.4.2) is a decreasing process. The process R is also
decreasing because the terms of the sum in (4.4.3) are less or equal to zero by
monotonicity of f, while the integral is negative since

F'(Veo)dBE = Itap.—oy f'(Vs—) Bs d|| Bl s,

where f'(V,_)Bs < 0 since B takes values in K. Taking into account that
XI>0,we obtam from (4.4.2) that for each n, the negative decreasing process
Rino, dominates an integrable process, and so it is integrable. The same
conclusion holds for the stopped integral. Being a sum of integrable decreasing
process and a martingale, the process )~(t Ao, 18 @ positive supermartingale and,

hence, by the Fatou lemma, X7 isa supermartingale as well. O

Lemma 4.4.2 implies that the existence of a smooth positive supersolu-

tion f of (4.2.5) ensures the finiteness of W on K. Sometimes, e.g., in the
case of power utility function, it is possible to find such a function in a rather
explicit form.
Remark. Let O be the closure of an open subset O of K, and let f: O — R
be a classical supersolution in O. Let = € O, and let 7 be the exit time of the
process V&7 from O. The above arguments imply that the process thAT isa
supermartingale, and, therefore,

E[efﬁ(t/\‘r)f(vtm_) 4 JZT/\T] < f(x) (4.4.4)

4.4.2 Strict Local Supersolutions

The next, slightly more technical result, the proof of which is also based on
the analysis of (4.4.2), is of great importance. It will play a crucial role in
deducing from the Dynamic Programming Principle that W is a subsolution
of the HJB equation.
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We fix a ball O,(r) C int K and define 77 as the exit time of V™% from
O, (), i.e.,
T = inf{t >0: ‘V;m — x‘ > r}.

For simplicity, we assume that f is smooth in a neighborhood of O,.(x).

Lemma 4.4.3 Let f € C%(O,(x)) be such that Lf < —& <0 on O,(z). Then
there exist a constant n > 0 and an interval |0,t] such that

sup EX;0T < f(x) —nt Yt €]0, ).
TEAZ

Proof. We fix a strategy m and omit its symbol in the notation below. In what
follows, only the behavior of the processes on [0, 7] does matter. Taking into
account the monotonicity of f and modifying, if necessary, the strategy at
the date 7 by reducing the size of the jump AB,, we may assume without
loss of generality that |V — x| = r on the set {7 < co}. As in the proof of
Lemma 4.4.2, we apply the It6 formula. By assumption, for y from the ball
O,(z), we have the bounds Lof(y) < —e — U*(y) and Xg(f'(y)) < —¢; the
latter means that kf'(y) < —elk| for k € —K (hence, f'(O,(z)) C int K*).

This implies the inequality
fiz __—pt
EX]Z < f(z) — e P'ENy,

where

tAT

tAT
N enn)+ [ H(ens W) ds+e [ 1B]alB.
0 0

with H(c,p) := U*(p) + pc — U(c) > 0. It remains to verify that EN; domi-
nates, on a certain interval |0, tg], a strictly increasing linear function which
is independent of 7.

Being the image of a closed ball under continuous mapping, the set
f'(O.(z)) is a compact in int K*. The lower bound of U* on f'(O,(z)) is
finite. For any p from f/(O,(x)) and ¢ € C C K, we have the inequality
(¢/lc])p > . At last, U(e)/|c| — 0 as ¢ — oo. Combining these facts, we infer
that there is a constant k (“large”; for convenience, x > 1) such that
inf  H(e,p) > w"Ye|, Veel, || > k.

pEf(Or(2))

Thus, for the first integral in the definition of N;, we have

tAT

tAT
/ H(cs, f'(V))ds > k7! / Ifjc.)>nylcs| ds.
0 0

Notice that the second integral dominates &||B|j¢ar for some & > 0. To see
this consider the absolute norm |.|; in R%. Then the total variation of B with
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respect to this norm is ), Var B*, and
. iy dB? dB?
Bl = B'| = — | = -
Bl ZZ_] | Zi:'d|B|| zi:‘d\/arBz

But all the norms in R? are equivalent, i.e., &1 -| < |-|; < &| - | for some
strictly positive constant &, and the same inequalities relate the corresponding
total-variation processes.

Summarizing, we conclude that it is sufficient to check the domination
property for EN, with the simpler processes

dVar B dY, Var B’
d|| Bl df| B

tAT
N; ::t/\T+/ I{|CS‘ZH}‘Cs|dS—|— HB”t/\T- (4.4.5)
0

The idea of the concluding reasoning is very simple: on a certain set of
strictly positive probability, where one may neglect the random fluctuations,
either 7 is “large,” or the total variation of the control is “large.”

The formal arguments are as follows. Take § > 1. By the stochastic Cauchy
formula the solution of the linear equation (4.2.2) can be written as

t
Vi=&(Y )2+ & (YY) / ENYNd(BL-CY), i=1,....d,
0
with the Girsanov exponential
E(Yi) =¥ /D),

Using only the fact that &4 (Y?) = &(Y?) = 1, we get immediately from this
representation that there exist a number ¢y > 0 and a measurable set I" with
P(I') > 0 on which

[Ver —z| <r/2+5(|Bl+IC])  on [0,t0]

whatever is the control 7 = (B, C). Of course, diminishing ¢y, we may assume
without loss of generality that ktg < r/(46). For any t < tg, we have on the
set I'N {7 <t} the inequality ||B||- + ||C||- > r/(2)), and, hence,
~ T T
Ny 2 ||Bl- + ICl- —/ Lje,<nylesl ds = 55 = rto = kto > to > t.
0

On the set I'N {7 > t}, obviously, N; > t. Thus, EN, > tP(I") on [0, ], and
the result is proven. 0O
4.5 Dynamic Programming Principle

The following property of the Bellman function is usually referred to as the
(weak) “dynamic programming principle”:
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Theorem 4.5.1 Assume that W(z) < oo for x € int K. Then for any finite
stopping time T,

W(z) = sup E(JF +e "W (VET)). (4.5.1)
TEAZ

It is corollary of two more precise results given in Lemmas 4.5.2 and 4.5.3,
which will be our tools to derive the HJB equation for the Bellman function
(though nicely looking, the above formulation does not suit this purpose).

We work on the canonical filtered space of continuous functions equipped
with the Wiener measure. The generic point w = w, of this space is a con-
tinuous function on Ry, zero at the origin. Let F} := o{ws, s < t} and
Fi = ﬂ€>o Fire. We add the superscript P to denote o-algebras augmented
by all P-null sets from £2. Recall that F;"" coincides with F/ (this assertion
follows easily from the predictable representation theorem).

A particular structure of {2 allows us to consider such operators as the
stopping w. — w?, s > 0, where w® = wgx_, and the translation w, — wgy —ws.
Taking Doob’s theorem into account, one can describe Fg-measurable random
variables as those of the form g(w ) = g(w?®) where g is a measurable function
on {2.

We define also the “concatenation” operator as the measurable mapping

g R xN2x02— 0

with gt(s,w_,d)_) = th[O,s[(t) + (‘Z)t—s + WS)I[57OO[(t)
Notice that
gt (Sawawﬂrs - ws) = Wt.

Thus, m(w) = 7(g(s, w’, w45 — ws)).

Let 7 be a fixed strategy from A7, and let ¢ = ¥*7™ be a hitting time of
zero for the process V&7,

We need the following general fact on conditional distributions.

Let £ and 7 be two random variables taking values in Polish spaces X and
Y equipped with their Borel o-algebras X and ). Then ¢ admits a regular
conditional distribution given 7 = y, which we shall denote by pe/, (I’ y), and

E(f(&n)n) =/f(x,y)pg|n(dw,y) (as.)

y=n

for any measurable function f(x,y) > 0.

We shall apply the above relation to the random variables £ = (w 4, —w,)
and n = (7,w”). In this case, according to the Dynkin—-Hunt theorem, the
conditional distribution pe|, (I, ) admits a version which is independent of y
and coincides with the Wiener measure P.

At last, for fixed s and w?®, the shifted control w(g(s,w?® @.),s + dr) is
admissible for the initial condition V;”™(w). Here we denote by @. a generic
point of the canonical space.
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Lemma 4.5.2 Let Ty and Ty be, respectively, the sets of all finite and bounded
stopping times. Then

. T —0BT T,
W(z) < rrseufl)g Tlél% E(JT +e 7TW (VD). (4.5.2)

If W(x) < oo for all z € int K, then

W(z) < sup inf E(JF +e TW(VET)). (4.5.3)

TEAZ €T

Proof. For arbitrary = € A7 and 77, we have that
EJ* = EJ* + Ee "7 / e Prulc i) dr.
0

According to the above discussion, we can rewrite the second term of the
right-hand side as

EeﬁT/(/ eﬁru(cr+T(g(7,wT,u~))))dr>P(d&;)
0
and dominate it by Ee=#"W (V™). Thus,

EJI < EJT + Ee "W (VET).

This bound leads directly to the first announced inequality. To obtain the
second, we note that W is dominated by a linear function and consider, for a
bounded stopping time 7, the sequence 7,, := 7+ 1/n; for 7,,, the above bound
holds. Clearly, V'™ — V7. Since W is continuous in int K and zero is an
adsorbing point, W (V") — W (V;>™). At last, Proposition 4.2.1 allows us to
apply the dominated convergence theorem and remove the annoying minus in
the bound, which leads, in this modified form, to (4.5.3). O

The proof of the opposite inequality is based on different ideas.

Lemma 4.5.3 Assume that W(z) < oo for all x € int K. Then for any finite
stopping time T,

W (z) > sup E(J] +e TW(VET)). (4.5.4)
TEAZ

Proof. Fix € > 0. Being concave, the function W is continuous on int K.
For each z € int K, we can find an open ball O,(z) = z + O,(0) with
r =r(e,z) < € contained in the open set {y € int K : |[W(y) — W(x)| < €}.
Moreover, we can find a smaller ball Oz(z) contained in the set y(z)+ K with
y(x) € Or(x). Indeed, take a ball 29 + O5(0) C K. Since K is a cone,

x4+ Ox(0) Cax—Axg+ K
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for every A > 0. Clearly, the requirement is met for y(z) = = — Axg and
7 = Ad when A|xg| < € and Aé < r. The family of sets Oy, (), = € int K, is
an open covering of int K. But any open covering of a separable metric space
contains a countable subcovering (this is the Lindel6f property; in our case,
where int K is a countable union of compacts, it is obvious). Take a countable
subcovering indexed by points z,,. For simplicity, we shall denote its elements
by O, and y(xy) by y,. Put A; := O1 and A, = O, \ ., Ok. The sets A,
are disjoint, and their union is int K.

Let 7™ = (B™,C"™) € AY" be an e-optimal strategy for the initial point ys,,
i.e., such that

EJ™ >W(y,) — €.

Let m € A? be an arbitrary strategy. We consider the strategy # € A? defined
by the relation

07—[+Z V2 ,0)+7T ]I[TOO[IA (V )I{T<19}7

where 7" is the translation of the strategy #": namely, for a point w_with

T(w) = s < 0o, we have

T (W) =T (wts — ws)-

In other words, the measure d7 coincides with dm on [0, 7] and with the shift
of dr™ on |7, 00[ when V" is a subset of A,,; the correction term guarantees
that in the latter case the trajectory of the control system corresponding to
the control 7 passes at time 7 through the point y,,.

Now, using the same considerations as in the previous lemma, we have

W(z) > EJE = EJT + ZEIA I{r<19}/ e Pu(e)) ds

>EJ" + ZEIA (V) oy T(W(yn) —e)
n=1
> BJT + Ee TW(VET) — 2e.
Since 7 and ¢ are arbitrary, the result follows. O

Remark. The previous lemmas imply the identity

W(z) = sup inf E(JF +e "W (VET)).
e Az T€Ty

It can be considered as another form of the dynamic programming principle.
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4.6 The Bellman Function and the HJB Equation

Theorem 4.6.1 Assume that the Bellman function W is in C(K). Then W
is a viscosity solution of (4.2.5).

Proof. The claim follows from the two lemmas below. 0O
Lemma 4.6.2 If (4.5.4) holds, then W is a viscosity supersolution of (4.2.5).

Proof. Let z € O C int K. We choose a test function ¢ € C?(O) such that
¢(x) =W(x) and W > ¢ in O.

At first, we fix m € K and argue with € > 0 small enough to ensure that
x—em € O. The function W is increasing with respect to the partial ordering
generated by K. Thus,

d(z) =W(x) > W(z —em) > ¢(x —em).

Tt follows that —m¢’(z) < 0, and, therefore, Y(¢'(x)) < 0.

Take now 7 with By = 0 and ¢; = ¢ € C. Let 7. be the exit time of
the continuous process V = V&7 from the ball O,(z) C int K. The identity
(4.5.4) implies that

W(x) 2 E(J]r, +e "W (Vins,)),

and this inequality holds true if replace W by ¢. Writing all terms of the latter
in the right-hand side and applying the It6 formula (4.4.2), we get that

0> E( / o e U (c,) ds + eﬁ“”%(vtm)) — ¢(z)
0
> B / " B [Lop(Va) — e (V) + U(0)] ds
0

1
> min [Lod(y) —cd'(y) + Ulc E{— 1 — e~ AltAT) ]
min [L0(y) — o6/ (1) + U E| 5 )
Dividing the resulting inequality by ¢ and taking successively the limits as ¢
and r converge to zero, we infer that Loo(z) — c¢’(z) + U(c) < 0. Maximizing
over ¢ € C yields the bound Lo¢p(z) + U*(¢'(x)) < 0, and, therefore, W is a
supersolution of the HJB equation. 0O

Lemma 4.6.3 If (4.5.2) holds, then W is a viscosity subsolution of (4.2.5).

Proof. Let z € O C intK. Let ¢ € C?(O) be a function such that
¢(x) = W(x) and W < ¢ on O. Assume that the subsolution inequality
for ¢ fails at x. Thus, there exists ¢ > 0 such that L¢ < —e on some ball
O,(r) C O. By virtue of Lemma 4.4.3 (applied to the function ¢), there are
to > 0 and 1 > 0 such that on the interval |0, to], for any strategy © € A%,

E(Jfr +e 77 ¢(VIT)) < () — nt,
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where 77 is the exit time of the process V™ from the ball O,.(z). Fix t €]0,to].
By the second claim of Lemma 4.5.2), there exists m € AZ such that

W(z) < E(J5, +e "W (VRT)) + lnt

2
for every stopping time 7, in particular, for 77.

Using the inequality W < ¢ and applying Lemma 4.4.3, we obtain from the
above relations that W (z) < ¢(x) — (1/2)nt. This is a contradiction because
at the point = the values of W and ¢ are the same. O

4.7 Properties of the Bellman Function

4.7.1 The Subdifferential: Generalities

The subdifferential of the function W at a point = € int K is defined as the
set
OW(z) ={weR": W(y) <W(z)+wly—z)VyeK}.

Since W is concave, this set is nonempty; obviously, it is closed and bounded.
If W is unbounded, zero does not belong to OW ().

Recall that, for a concave function f of scalar argument, the subdifferential
df(z) = [DT f(x), D™ f(z)], the interval between the values of the right and
left derivatives at z.

Lemma 4.7.1 Let x1,z5 be two points in int K. Then
(OW (z1) — OW (22)) (1 — 22) < 0. (4.7.1)
Proof. Let w; € OW (x;), ¢ = 1,2. From the definition we have the inequalities

W(xz) < W(x1) + w122 — 21), W(x1) < W(x2) + wa(xy — z2).

Adding them, we obtain that (w; — we)(xz; — z2) < 0, the relation we need.
O

Lemma 4.7.2 The set OW () is a singleton if and only if W is differentiable
at ; in this case the unique element of OW (x) is W' (x).

Lemma 4.7.3 Let O be an open subset of K. The function W is of class
CL(O) if OW (x) is a singleton at any point x € O.

Now we exploit some specific properties of the Bellman function.
The following lemma follows from the monotonicity of W with respect to
the partal ordering induced by the cone K.
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Lemma 4.7.4 For every x € int K, we have the inclusion OW (z) C K*.

Proof. If w € OW (x), the linear function ¢(.) := W(zx) + w(. — ) dominates
W(.) on K. Then, for any y € K,

px) =W(z) <W(z+y) < olz+y) = W) +wy.
Thus, wy > 0 for all y € K, and the result follows. 0O

The Bellman function in the model with the power utility inherits the
homotheticity property of the latter. Namely,

W(vz) =v"W(z) Vv >0. (4.7.2)
This implies a homotheticity property for the subdifferential.
Lemma 4.7.5 If W satisfies (4.7.2), then

oW (va) = v’ oW (z) Vv > 0. (4.7.3)
Proof. Taking into account that K is a cone, we have
oW (vz) = {w e R": W(vy) < W(vz) +w(vy —vz) Vy € K}
={we R: VW (y) < vW(z)+w(vy — vz) Yy € K}
={weR: W(y) <W(z)+v' w(y—=z)Vy € K}.
Since the right-hand side is 1?7 ~10W (), we get the claim. O
Corollary 4.7.6 If W # 0 satisfies (4.7.2), then 0 ¢ OW (z).

Proof. 1f 0 € OW (x), then 0 € OW (vzx), v > 0. Thus, W attains its maximum
at every point va. In virtue of (4.7.2), this is possible only if W =0. O

Lemma 4.7.7 If W satisfies (4.7.2), then the projection of OW (x) on Linz
is the singleton YW (x)|z|~2z. In particular, for d = 2, if not a singleton, the
subdifferential OW (x) is a closed interval orthogonal to x.

Proof. Let w € OW (z), and let w = kz + w* where w'x = 0. Then, for any
real t > 0, we have, in virtue of the definition of a subdifferential, that

W(tx) < W(z) + wa(t — 1) = W(x) + slz|*(t — 1).

On the other hand, for the smooth scalar function ¥(t) := W (tz) = "W (x),
the subdifferential 91(1) is the singleton yW (z). Thus, YW (z) = k|z|?>. O
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4.7.2 The Bellman Function of the Two-Asset Model

Now we investigate the structure of the Bellman function for the case d = 2
assuming its homotheticity. Let g1, g2 be the generators of K. First, let us
consider the ray

r1 :=g2+R+glz{x€R2: T =gs +tgi, tZO},

parallel to g; and starting from the point go. Relation (4.7.2) allows us to
recover the whole function W from its values on 71, i.e., from the values of the
concave increasing function Wy (t) := W(g2 + tg1), t > 0, with W(0+) = 0.
Its subdifferential OWy(¢) is the interval [D¥ Wy (t), D-Wy(t)] € Ry; if £ > ¢,
then the interval W, (f) lays leftwards with respect to the interval W (t).
Put ¢; :=inf{t > 0: DTW;(t) = 0}. Necessarily, OW; (t) = {0} for ¢t > ;.

Define the cone K := cone{gi, g2 + t191} contained in K; by convention,
g2 + 0091 = g1, i.e., K1 := cone{g; } when t; = co.

Notice that g10W (g2 +tg1) € OW1(t). Indeed, if w € OW (g2 + tg1), then,
for all s > 0,

W(g2 +591) < W(ga +tg1) +wgi(t — s),

i.e., wg; € an(t)

In particular, g;0W (g2 + tg1) = {0} for ¢t > t;. On the other hand, by
Lemma 4.7.7 the projection of 9W (ga + tg1) on the direction g +tg; is a
singleton. Thus, OW (g2 + tg1) i also a singleton. Using Lemma 4.7.3 and
Lemma 4.7.3, we arrive at the following conclusion: W is C' on int K, and
@i W’' =0 on this set.

Changing the role of indices, we may introduce also the function Wy, the
value to, and the cone Ky := cone{gs, g1 + toga} degenerating to the ray
cone{gs} when ty = co. Similarly, W is C! on K, and goW’ = 0 on this set.

Notice that int K1 Nint K5 = @. Indeed, at a common point one would
have the identities ¢;WW'(x) = 0, possible only if W/(z) = 0. This contradicts
to Corollary 4.7.6. Therefore, Ky := cone{ga + t191, g1 + t2g2} is a cone lying
in between K7 and Ks; the interiors of these three cones are disjoint.

Lemma 4.7.8 For every x € int Ky, we have the inclusion OW (x) C intK*
or, equivalently, wg; > 0 for all w € OW (x), i =1,2.

Proof. As we just proved, g10W (go + tg1) C 0W1(t). But for ¢ < t1, the set
OW1(t) lies in ]0,00[. It follows that g10W (z) > 0 for x belonging to the
intersection of the ray g + R4 g1 with int Ky and, hence, by Lemma 4.7.3, for
all z € int K. The arguments for the generator go are similar. 0O

To check that int K; and int Ky are nonempty as well as int K, we use
more particular properties of the HJB equation. This will be done in the next
section.
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4.7.3 Lower Bounds for the Bellman Function

For the model where the functional depends only on the first asset which is the
numéraire, one can get easily tractable lower bounds for the Bellman function
which will be used later.

Let I(z) be the liquidation function, i.e.,

l(z) =sup{z € Ry : z—ze; € K}.

We consider the subset of admissible strategies with ABy = e1l(z) —x and
B = By for t > 0. This means that the agent liquidates his position in the
risky asset entering the market and remains afterwards only with money. For
a strategy m of this type,

J;ro:/ e Plu(c,) dt,
0

where 7 is the instant when the process X; := l(x) — fg ¢s ds hits zero. In
particular, if the consumption is proportional to the wealth, i.e., ¢; = kX,

with some constant k > 0, we have the dynamics X; = I(x)e " with 7 = co
and -
JZ :/ e*ﬁtu(nl(x)ef'""t) dt.
0
Thus,
W(z) > sup/ efﬁtu(ﬁl(x)e*“t) dt. (4.7.4)
k>0.J0

In the specific case of the power utility function,

JT = ﬂ—vp(l«)
¥ B +wy) T

The maximum of the right-hand side over « is attained at k., = 3/(1—+). This
gives us a useful lower bound for the Bellman function, which we formulate
as follows:

Lemma 4.7.9 In the problem with the power utility function,

W(z) > }nyqu(x) _1 <ﬁ >V117(x) (4.7.5)
Ty Y\1—vy
In particular,
1 .., 1/ 8\
Wi(ey) > ~k) 1:—(—) ) 4.7.6
(e1)> - (= (4.7.6)

This result will be used in the sequel for the two-asset model with the
transaction cost coefficients A\'2 = A2! = M. For such a case, at any point
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x = (§,7) which lies in the intersection of the solvency region K with the
upper half-plane, the value of liquidation function is

n p2x
l = _ =
@) =€+ T3 T 14
(the stock holding 7 is converted into 7/(1 + \) units of money). Therefore,

we can write more explicitly that

W(z) > %nz* (g + %)7 (4.7.7)

In particular, for z = (1 — z, z) with z € [0,1+ 1/}], we have the lower bound

1/ 8\ 1 ,
W(1_272)2;<1—7> (1+)\)7(1+/\—/\z) . (4.7.8)

Remark. Another lower bound for the Bellman function can be obtained
by considering the strategy m which prescribes to convert immediately the
portfolio into a single-asset one with holdings in a fixed risky asset and to
consume proportionally to the current portfolio value (this means that shares
permanently should be sold paying the transaction costs, which can be also
interpreted as a consumption tax). Since the wealth in this case evolves ac-
cordingly to a stochastic linear equation, EJ7T can be easily calculated.

4.8 The Davis—Norman Solution

4.8.1 Two-Asset Model: The Result
Let us consider the two-asset model with the price dynamics given by

ds} =0,
dS} = S?(udt + o dwy),
where w is a Wiener process, and o > 0. That is, the first asset (“bond”,

“money”, or “bank account”) is the numéraire. The price of the risky asset
follows a geometric Brownian motion. The portfolio values evolve as

AVt = dL7" — (14 A"?) dLy® — ¢y dt,
dV? = V2 (pdt + o dwy) +dL;” — (14 X*') dL?',

where L'? and L?' are adapted right-continuous increasing processes.
The optimization problem is of the form

E/ e Pu(cy) ds — max, (4.8.1)
0
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where v : Ry — Ry is a utility function. The maximum is taken over the
set of strategies for which the value process evolves in the solvency cone K
generated by the vectors g; := (1 + M2, —1) and g := (—1,1 + A\?!) lying
respectively in the forth and second quadrants. So, K and K* are simply
sectors; the generators of the dual cone are the vectors p; := (1,1 + A'?) and
p2 := (1+ A?1,1) lying in RZ and orthogonal, respectively, to g; and go.

For the power utility function, the structure of the solution was found by
Norman and Davis in 1990, though it was conjectured already in the pioneer-
ing paper of Magill and Constantinides of 1976. It was thoroughly analyzed
using methods of viscosity solutions in the paper by Shreve and Soner of 1994.
In our presentation we follow the latter.

We consider here the model with u(c) = ¢7/~, v €]0, 1[, supposing always
that the Bellman function W is finite. As we already know, such a property
is guaranteed if kp; > 0, i.e.,

1 4 p?
8> 31— 7o (4.8.2)
Note that the above inequality ensures the finiteness of W even in the classical
Merton problem without friction. In the model with friction one can find other
sufficient conditions for the finiteness of the Bellman function. We discuss this
issue later.

It follows from the general theory that the Bellman function W is the
viscosity solution of the HJB equation with zero boundary condition. It is
unique in the class of functions with growth rate 4/ > ~ such that the above
bound still holds with ~'.

We assume, moreover, that the instantaneous interest rate of the risky
asset 1 > 0, and this hypothesis will be used immediately in proving (4.8.5).

The HJB equation can be written as follows:

1
maX{ 502772Wnn + unWy — BW + u*(We), =1 W', —ng’} =0. (4.83)

Of course, at the moment, we have no information about the existence of the
involved derivatives of W, and the above relation has to be understood in the
viscosity sense. Since this section is a case study and our intention is to obtain
an explicit solution, we abandon the standard notation: to improve the per-
ception of the formulae, we use the notation (£, n) and (¢, z) for generic points
in Rf_. Moreover, for the sake of simplicity, we suppose that the transaction
costs for buying and selling are the same, i.e., A\!2 = \21 = X\ > 0.
The principal result is the following:

Theorem 4.8.1 There are vectors §i,gs such that the solvency cone K is
the union of K; = cone{g1,g1}, Ko = cone{ga, g2}, and Ky = cone{g1, g2},
three sectors with disjoint nonempty interiors. The Bellman function W is
a concave positive homogeneous function of order v and belongs to the class
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Cl(int K). On K;, i = 1,2, it is given by the formulae a;u(p;x). On int Ko,
it is a classical C?-solution of the equation

1
EoanWm + Wy, — W +u*(We) =0, (4.8.4)

where u*(p) = (1 — )y~ p?/ (=1,

4.8.2 Structure of Bellman Function

First of all, we recall that the functions au(p;z) for large a are classical super-
solutions, and, hence, they dominate W (z) “globally,” i.e., on the whole K.
We refine this result by showing that, on certain sectors with nonempty in-
teriors and adjacent to the boundaries of the solvency region, the Bellman
function W coincides with functions of this particular type. Specifically, we
have:

Proposition 4.8.2 (a) There exists ay > 0 such that
W(z) = aju(pixz) on cone{gy,e;}. (4.8.5)
(b) There ezists az > 0 such that
W(z) = asu(pez) on cone{gs,20(1+X)"'g2 + e2}. (4.8.6)

Proof. (a) Take a1 := W(e1)/u(prer) = YW(e1). Due to the homotheticity
property, this choice implies that the function ¢(z) := aju(pix) coincides with
W (z) on the whole ray R e;. This immediately implies that W (z) > ¢(x) on
the sector cone{gi, e1 } because, along each ray £e; +R g1, £ > 0, the function
W is increasing while ¢ remains constant. On the other hand, both functions
are zero on the boundary ray R g; (which is a part of OK). Let us check that
¢ is a classical supersolution of our HIB equation on the sector cone{gi, e},
and, hence, we have the reverse inequality W (z) < ¢(x) on this set due to
Lemmas 4.4.1 and 4.4.2. The only problem is to check, in the interior of the
sector, the inequality Lo + u*(p¢) < 0, which, in the detailed notation, is
simply

1 X
§U2n2wnn + pnpn — B + u(pe) < 0.

The first term in the left-hand side is always negative (due to the concavity).
The second one is negative because, for x = (£,7) in the considered set, the
coordinate < 0, the parameter u > 0 by assumption, and ¢ is increasing
in n. At last, by virtue of the bound (4.7.6),

-1
ar =AW (er) > K] = (%) | (48.7)
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and we easily get that

u(pe) = (L=7)a; "¢ < . (4.8.8)
(b) We put N :=26(1+ \)~! and note that

1
502(1 + Ny =N+ p=0.

Take now ag := W (Ngs + e3)/u(paes) = YW (Nga + e3). By the same general
arguments as above, we obtain that the function ¥ (z) := agu(pax) coincides
with W (z) on the whole ray generated by the vector Ngs + e and satisfies
the inequality W (z) > ¢ (z) on the sector cone{ga, Ngs + e2}. To obtain the
reverse inequality, it remains to verify that Loy + u*(¢¢) < 0 at any point
x = (§mn) from the interior of this sector. Such a point admits a unique
representation B
z =&g2 +1(Nga + e2)

with some reals £,7 > 0. We have: pox = fpaes = 7 and
1= xeg = Egaea + (Nga + ea)ey > Nijgzea = Nij(1 + N).
Thus,

SO () + () = az(pzﬂcW_l”(%”Q(7 R )

< a2<p2x>“n(§fﬂ<v SN u) ~0

due to our choice of N.

On the other hand, the wvalue of liquidation function is
I(Nga+e3) =1/(14 A) (the intersection of the ray Ngs +e2 — R go and the
axis of abscises is the point (1/(1+ A),0)), and, therefore, due to the bound
(4.7.6), we have that

o, 1 g\t 1
ap > k)1 —<1_7> ESVER (4.8.9)

It follows that

w(Ye(2)) = (1 - Va1 + N () < Bu(e), (4.8.10)
and we get the result. O

We denote by K;, ¢ = 1,2, the largest sectors on which the Bellman func-
tion is given by the formulaec W (x) = a;(p;x)”. By the above we have:

Corollary 4.8.3 The sectors K;, © = 1,2, are nonempty, and

a; > K17 as > k]! (4.8.11)

1+ M)
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Our next aim is to show that int Ky # @ or, in other words, that K;
and K> have no common boundary points (except zero). Though the crucial
information will be obtained by a reduction to a one-dimensional problem,
we make the first step in this direction immediately by inspecting the above
formulae and establishing the following simple assertion:

Wi(er) = %(%)W_l, (4.8.12)

then the axis of abscises is not the common boundary of K1 and K.

Lemma 4.8.4 If

Proof. Suppose the opposite. Then the function ¢(z) = as(pax)? coincides
with W (z) on the sector cone{gs, e}, and we can determine the value of as
using (4.8.12). It corresponds to the equalities in (4.8.9) and (4.8.10). Hence,
in the considered case,

Lop(x) +u* (1/)5(93)) = az(le’)vl??(;(ﬂ('Y - 1)]& + /‘)'

The right-hand side is strictly positive for points z = (£, n) with sufficiently
small coordinate n > 0. This means that, for such points, 1) cannot be the
solution of the HJB equation. 0O

Usually, to find the constants a;, one has to solve a free-boundary problem.
However, in the special case where # = 1, the value as can be calculated
easily. The optimal strategy is just to sell a constant proportion of the stock
to generate a flow of money for consumption. The precise result is here.

Proposition 4.8.5 Suppose that the Merton parameter

W(z) =m ! K (p2x)” on KNn{z=(&n): £<0}. (4.8.13)

I+
Proof. Let us consider the process V = (V1,V?) with V! =0 and
dVZ = VA (udt + o dwy) — kp V2 dt, Vi =1.

It corresponds to the strategy when the agent, having as the initial endowment
a unit of stock, converts instantaneously a constant proportion of his wealth
into cash and uses it immediately for the consumption with intensity given
by the formula ¢; = (1 + \) "1k V2
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Apparently,

E(‘/?)'Y _ e’y(p—o2/2—/61\/1)75-&-(1/2)720'275 — e(ﬂ—fiM)t7

the second equality holding because of the assumed identity u = (1 — v)o2.
Thus, for the considered strategy,
e 1 1 1
JT = e P Eu(e)dt =~k ——— =m— = f(ey),
> /0 (e dt = Zrar gy ~ Py )
where we denote by f the right-hand side of (4.8.13). It follows that
Wi(ea) > f(e2). In fact, we have the equality here since we know already
that f is a classical supersolution (see Proposition 4.3.5), and, hence, W < f
in K. By the homotheticity, W = f on R es. Since along each ray nes —R 1 go,
n > 0, the function f is constant while W is decreasing, we have, on the sector
Kn{z=(&n): £ <0}, the inequality W < f and, hence, the equality. O

4.8.3 Study of the Scalar Problem

The utility function is homogeneous of degree «y, and this property, due to the
linearity of the dynamics, is inherited by the Bellman function, i.e.,

W(z)=v"W(z/v) Yv>0. (4.8.14)

Thus, knowing W on the intersection of the line {(&,7n) : £ +n = 1} with the
interior of K, that is, on the interval with the extremities (—1/\,141/X) and
(14 1/A, —1/X), one can reconstruct this function, using the homotheticity
property, on the whole domain by the formula

¢ 7

W(&y)=(E+n) W(my £+

>7 (§m) € int K. (4.8.15)

Let us consider the bijection mapping T : (£,n) — (£ =n,n/(€ +n)) of int K
onto the rectangular |0, 00 X | —1/X, 14+ 1/)[; clearly, T € C*°. It follows that
the function (¢, z) = t7¢)(z) with ¢(z) := W (1 — 2, z) is a viscosity solution
of the equation obtained by the change of variables.

Specifically, let t = ¢(§,n) = £+, 2 = 2(§,n) = n/({ +n) (and, hence,
& =t(1 — 2), n = tz). Differentiating the identity

W& n) = [tE&n)] (= m),

we obtain the following formulae for derivatives:

We(&m) =7 [y(2) — 29/ (2)],
W, (&) =t [yh(2) + (1 — 2)¢'(2)],
Win(&,m) = 772 [y(v = Do(z) +2(y — 1)(1 — 2)¢'(2) + (1 — 2)*¢"(2)].
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Therefore, we obtain that

gW' (&) =t [Myb(2) — (14 A2 (2)],
gW'(&n) =7 My(z) + (1+ X = A2)Y'(2)].

The formal substitution into (4.8.3) yields the following equation in the
viscosity sense on the interval [—1/A,1 + 1/)] for the continuous function
vanishing at the extremities:

max ¢;% =0 (4.8.16)

0<i<2

with two first-order operators
11h i= =Ayp + (1 + A2)y, loth i= =Xy — (1 + X — A2)y/,

and the second-order operator
1- =
o = fau" + it + fo+ — b — 0] 7,
where

fa(z2) == %02;22(1 —2)?,

fi(2) := —0%(1 = )z(1 — 2)(z — 6),
fol2) = 5o*2ly = )2 + 9z — 6,

and 60 := (1 — ) tuo~? is the Merton proportion.

The function v, being concave, has left and right derivatives continuous
from the left and right, respectively, and satisfying the inequality
D% < D74, which can be strict only on a countably set. Outside this set,
the derivative v’ exists and is continuous.

Moreover, v is twice differentiable (in the sense of the Taylor formula)
almost everywhere, and, therefore, (4.8.16) holds in the classical sense almost
everywhere, see Lemma 4.2.3. This means that, at each point outside an ex-
ceptional null-set, we have three inequalities

L(z) <0, Lop(z) <0, lh(z) <0, (4.8.17)

and at least one of them is “active,” that is, holds with the equality. By
continuity, on the whole interval,

M+ (14 X2)DEy <0, M — (14X = X2)DEep < 0. (4.8.18)

Lemma 4.8.6 The function v is continuously differentiable on the interval
I :=]-1/X\1+4 1/X\[ except, maybe, zero. If i)' has a discontinuity at zero,
then

17
$(0) = %(%) T %n}ﬂ. (4.8.19)
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Proof. Since 1) is concave, it has left and right derivatives satisfying the in-
equality DT < D™ . Suppose that at a point z the inequality is strict. Let
p €]D%(z), D~ (2)[. It follows that (p, X) € JT4(z) whatever is X € R.
By the definition of viscosity subsolution, we should have at least one of the
following three inequalities: ¢;Qp x(z) > 0, i = 0,1,2. This leads to an im-
mediate contradiction if z # 0 or z # 1. Indeed, the coefficient at the second
derivative being strictly positive, {oQp x(2) — —oo0 as X — —oo. A non-
constant linear function negative at the extremities of an interval is strictly
negative in its interior, and, therefore, (4.8.18) implies that ¢;Q, x (z) < 0 for
i=1,2.
For the point z = 1, we can say only that

CoQpn(2) = fo(1)1h(1) + u* (y2(1) — p) > 0. (4.8.20)

To obtain a contradiction, we recall the classical fact that, for the monotone
function v, the derivative 9" exists almost everywhere. Another fact (less
known) is that ¢ is locally integrable. On the other hand, the function 1/ fo
has a nonintegrable singularity at 1. With this, we can find a sequence z, T 1
(or zp, | 1) such that ¥ (z,) does exist, lim,, f2(z,)9"(z,) = 0, and inequali-
ties (4.8.17) hold at z,. The passage to the limit in the central one yields the
inequalities

So()y(1) + u” (vp(1) — DF4p(1)) < 0.

The function u* being strictly monotone,

Jo(1)1(1) + u* (v(1) — p) <0,

contradicting to (4.8.20).
The above arguments for z = 0 do not work. An attempt to repeat them
leads to a conclusion that if ¢/’ has a discontinuity at zero, then, necessarily,

fo(0)1(0) +u* (v2(0)) = 0.
Solving this equation, we get the formula (4.8.19). O

Remark. On int K, the Bellman function W always has a continuous deriv-
ative in the radial direction. Thus, the second claim of the lemma means
that if W has no derivative in transversal directions at the ray R, e, then,

necessarily,
1 1—'y>17
W(E,0) =~ — .
(€,0) v( 3 3

Due to the continuity of the derivative, we may guess that the regions
where inequalities in (4.8.16) are active are intervals. The concavity of 1) makes
plausible a more specific structure of 1, namely, that this function satisfies the
above three differential inequalities, the first is a differential equation on the
interval | — 1/, z1[, the second on ]z1, 23], and the third on |z9,1 4 1/A[. The
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first-order differential equations ¢, = 0 with zero boundary conditions can
be readily solved, and we have the following explicit formulae for the external
intervals:

(z) = k1 (1+A2)Y, z€[-1/\ 2],
¥(z) = ka(1+ A= A2)7, 2z €[z, 1+1/)],

where the constants x; > 0 are to be specified.
Lemma 4.8.7 The interior of Ko is nonempty.

Proof. Suppose the opposite. This means that there exists a point z different
from the origin which belongs to the common boundary of K7 and K. If the
function W is differentiable at x, we obtain that W1'/7 has vanishing partial
derivatives in the directions g; and gs. It follows that W'(x) = 0, which is
impossible. If W is not differentiable at x, then z is on the axis of abscises,
and we refer simply to Lemmas 4.8.4 and 4.8.6. O

The most difficult part of the analysis is to show the following result claim-
ing that the axis of abscises is not on the boundary of Kj.

Proposition 4.8.8 The point e; belongs to int K.

Proof. Suppose that the assertion is note true, that is, the value z; = 0. If
YW (e1) > k17", then, as we know, W € C!(int K). In a right neighborhood
of zero, ¥(z) = W(1 — z,z) is the solution of the second-order differential
equation £g1) = 0. Since f1(0) =0 and f((0) = —f, we have that

0

2.1 1_7 v-1
1;{51 o222 (2) = B(0) — T[’W/’(Oﬂ

Noticing that the derivative of the function

H(y) == ﬁy—l_Tv(vy) T, y>0,

is strictly positive and H(x7~'/v) = 0, we conclude that the limit above is
also strictly positive. But this is impossible because 1) is concave and " < 0.
Consider the “critical” case where yW(e1) = #1~" and the first derivative
of 1 has a jump downwards at point zero.
Now we know the function ¢ (z) on the interval [-1/A, 0] explicitly. On the

other hand, the lower bound for W implies the inequality

v—1

1 g
W(z) > h(z) := ;Iﬁ:* m(l +A—Az)7.

In a right neighborhood of zero, 1)(z) is the solution of the second-order dif-
ferential equation. The difference 9)(z) = 1(z) — h(z) > 0, and ¢(0) = 0. It is
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clear that
0 < D¥(0) = DFT(0) — 1'(0) < D™9(0) — 1'(0) < oo.

Substitution of 1(z) = h(z) + ¥(z) into the equation £y1)(z) = 0 yields the
identity
91(2) + g2(2) + g3(2) = 0,

where

91(2) = fohfz)v i )
92(2) i= Lot (2) — u* (v(2) — 2¢'(2)),
g3(2) == u* ('yh(z) — 2B (2) + yip(z) — z@’(z)) —u* (fyh(z) — zh’(z)).
Note that
91(2) = fa(2)W"(2) + fr(2) (2) + (fo(2) + B)(2).
Tt follows that ¢1(0) = 0 and

94(0) = F{O)'(0) + FHOR(0) = 5s2 7

Observing that also g3(0+) = 0, we infer that go(0+) = 0 as well, and, hence,

h?g 22" (2) = 0. (4.8.21)

The existence of the derivatives of g; and g3 implies the existence of the
derivatives of go. We have the identity for the derivatives

91(2) + g5(2) + g5(2) =0, (4.8.22)
implying that
. . R
tim [g3(2) + 94(2)] = ~lim i () = — 2. (4.8.23)

The differentiability of g, implies that the derivative 1"”/(z) does exist and is
continuous for z > 0. Differentiating the expression

92(2) = f2(2)0" (2) + fL(2)P (2) + fo(2)¥(2),

we obtain that

lim g5() = (1 = B)D*H(0) +lm[(1/2)02:" () + (0% + ) 26" ()]
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Differentiating the formula

_ _ 71 _ ~ F—1
i) =122 [nz—l (u) () — 2 (2)

1=y 1+ A-Az K
v * 1+)\ )

we infer that

lim g5(2) = (7 = DDHH(0) + ko lim 20 (2).

Adding this identity with that for the limit of g5(z), we arrive at the formula
lim [g5 (=) +95(2)] = pD*4p(0) +1im [(1/2)0° 20" (2) + (0% + i+ ) 297 (2)].

In virtue of the lemma below, the right-hand side is positive, in contradiction
with identity (4.8.23). O

Lemma 4.8.9 Let f be a bounded C*-function on the interval 0,¢[, and let
k € R. Then

limsup [2°f"(2) + kzf'(z)] > 0.
z]0

Proof. Put z := e~* and consider the bounded function f(t) = f(e™*). The
claimed property means that

limsup [f"(t) + s f'(t)] >0

t—o0

whatever is the constant k. Suppose that the assertion fails. Then there exists
k1 > 0 such that R ~
F/() +rf'(t) <~k

for all sufficiently large t. The integration yields the inequality
PO +w](t) < w2 = it

leading to an obvious contradiction: a function cannot be bounded while its
derivative converges to —oo. 0O

Proposition 4.8.8 completes the proof of Theorem 4.8.1. It provides the
information that the suspicious point z = 0 belongs to the interval where the
function 1, given by the explicit formula, is smooth. Thus, 1 is C.
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4.8.4 Skorohod Problem

In the classical Merton problem there are no difficulties to construct the opti-
mal pair: the optimal wealth process is a solution of a simple linear stochastic
equation, the optimal control is a linear function of the solution, and the same
linear equation describes the optimal dynamics. In the model with transac-
tion costs the situation is much more complicated. The optimal pair (i.e., the
portfolio process and the control) is a solution of the stochastic Skorokhod
problem (called also a stochastic differential equation with reflection). More-
over, the needed particular case of this problem has rather unpleasant features:
the domain is a sector (so the boundary is not smooth), reflection is oblique,
and the explicit form of the drift coefficient is not available. Since differential
equations with reflections are rarely treated in the monographic literature, we
provide in the Appendix a brief introduction with an elementary result which
well serves our purpose here. In this subsection we use this result to check the
existence and uniqueness of the optimal pair in the considered optimal control
problem.

We have established that the solvency cone K can be decomposed into
the union of three convex cones K; (sectors, in fact) with disjoint nonempty
interiors. The sectors K;, ¢ = 1,2, share their “external” boundaries R g;
with the solvency cone K, while the “internal” boundaries form the boundaries
of Ky. The function W'/7 is linear in K, and K. Moreover, the axis of abscises
is in the interior of K;. The Bellman function W is C'! in int K.

Let g : 0Ky — R? be a vector-valued function with g(z) = —g; on the set
(0KoNoK;) \ {0} and ¢g(0) = 0. We consider on K; the Skorokhod problem
formulated as follows: find a pair of adapted continuous processes, V', starting
from = € Ky, evolving in Ky, and trapped at zero, and k, scalar, starting at
zero, and increasing, such that

AVt = —(We (V)0 dt + g1 (Vi) d, (4.8.24)
dV? =V (ndt + o dwy) + g2(Vy) dke, (4.8.25)

and
dky = Iy, cor,yy dki- (4.8.26)

Proposition 4.8.10 The Skorokhod problem has a solution.

Proof. Let W be the Bellman function of our optimal control problem but
with the utility function u, = u" /7. Let us introduce the polygons

K = Kyn {n’z/"’ <zl+2%2< nQ/V}

and ice-cream-shaped closed regions f(g having smooth boundaries and such
that K C KJ C KJ*'. We define on the boundary 9K} a smooth non-
tangent reflection vector field coinciding on the lateral parts of the boundary
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with g(x). According to Theorem 5.6.3 the Skorokhod problem in each region
K admits a unique solution (V™, k™). Let

™ = inf{¢: {Vt”
p" = inf{t : ’th

|1:n*2/”’}, 7 :=lim7",

|1:n2/7}, p = lim p".

The uniqueness of solutions allows us to assert the existence of a pair of
processes (V, k) defined on the time interval [0,7 A p[ and such that (V,k)
coincides with (V™ k™) on [0,7™ A p™]. From the homotheticity property it
follows that the Bellman function admits the upper bound of the form

W(z) <klzl]], z€eK,
and the lower bound
W(z) > klzl]], =€ K.

Omitting in the dynamic programming inequality (4.5.4) the integral term
and using afterwards the above lower bound, we obtain that

W (x) > Ee PTnren\ VW (V. oni) > ke P EVe aponil], @ € K.
Since
EleApnAtﬁ > FEl n<7—n/\t‘V7n/\p'n/\t|’1y > nQP(pn < Tp A t)a

this implies that > P(p, < 7, At) < oco. By virtue of the Borel-Cantelli
lemma, p, > 7, At for sufficiently large n on the set of full measure. Thus,
p > T At, and, because t is arbitrary, p > 7.

So, we know that the processes V and k are defined on the stochastic
interval [0, 7] and lim, V,, = 0.

One can show that limy, V., = 0 (a.s.). In other words, the process V is
absorbed at the origin. O

4.8.5 Optimal Strategy

Now we formulate the Davis—Norman theorem on the structure of the optimal
solution.

Theorem 4.8.11 Suppose that the initial endowment x € Ky. Then the
process V' participating in the solution of the Skorokhod problem (4.8.24)-
(4.8.26) defines the dynamics of the optimal portfolio, and the optimal strategy
1s given by the formulae

t
B, — / g(V2) dk, (4.8.27)
0

e = (We(Vi)) /O, (4.8.28)
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Proof. We follow the same line of arguments as in the proof of the Merton
theorem. Applying the It6 formula and taking into account that g;W’(z) =0
for z € 0K, we obtain that

t
e PW (V) + JF = W (z) + a/ V2W, (V;) duw. (4.8.29)
0

The integrals with respect to dt and dk disappeared. To obtain the result, it
remains to check that the stochastic integral above is a martingale (hence, its
expectation is zero) and verify that, for a certain sequence of real numbers
tn T 00,

lim e P EW(V;,) = 0. (4.8.30)

n—oo

Due to the homotheticity property of the derivative of the Bellman function
following from Lemma 4.7.5, we have the inequality |W’'(y)| < k|y|*~!, where
k is the bound for the derivative of W on the intersection of the set Ky with
the line £ +n = 1. Thus,

[nWo(y)| < klyl” < k(1+1yl), ye€ Ko,

and the absolute value of the integrand is dominated by a linear function of
the phase variable. Using the exponential bound of Proposition 4.2.1, we infer
that the stochastic integral in (4.8.29) is a martingale.

To accomplish the proof, we need the inequality

We(y) > sly|"™', vy € Ko,

also implied by the homotheticity. Here the constant x > 0 is the minimum
of the partial derivative W¢ on the intersection of the set Ky with the line
&+ n = 1. It is strictly positive: the derivative of the Bellman function W
in the direction g; is positive, the derivative in the radial direction is strictly
positive, and the vector e; lies between these two directions.

Using these observations, we have the following chain of inequalities with
a varying constant:

E / e W) dt < kE / e V|7 dt < KE / e Pule,) dt < W(a).
0 0 0

Since W is finite, this obviously implies the existence of a sequence t, T oo
for which (4.8.30) holds. O

Remark. The case where = € K is easily reduced to the one treated in the
theorem. It is sufficient to modify the process B by adding the initial jump

ABy=inf{s >0: x —sg; € Ko}, z€K;, i=1,2. (4.8.31)

The function W on the set K; is constant along the direction g; for i = 1, 2.
Thus, such a modification gives a strategy resulting in the value W(x 4+ Ag)
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coinciding with W (z). Notice that in int K; (resp., in int K3) the changes of
the initial endowment means the buying of stock (resp. the selling of stock),
while in int K there are no transactions. This explains the abbreviations BS,
SS, and NT used in the literature for the corresponding regions.

Using the structure of optimal control, we improve a bit Proposition 4.3.5,
which gives us an upper bound for the Bellman function in the case where the
solution of the classical Merton problem is finite. It happens that, “usually,”
in the model with transaction costs the bound is strict, and this fact plays an
important role to locate more precisely the boundaries of the no-transaction
cone K (see the next subsection). The precise statement is as follows.

Proposition 4.8.12 Suppose that kp; > 0. Letp = (p1,p2) € K* andp; = 1.
I (1-7)0® # i, then

W(z) < mu(pzx) = l#ﬂ*l(px)”Y Vz € int K. (4.8.32)
Y

If (1 —v)o? = p, then ez € K.

Proof. Proposition 4.3.5 says that the function ¢(x) = mu(pzx) is a superso-
lution of the HJB equation, and, therefore,

g (1—v)o’pan
2(1=7)o? |  &+pan

2
Lop +u*(pe) = — #(x) <O0.

The equality holds if and only if

pé = [(1=y)o® = plpen = 0. (4.8.33)

Let us plug-in the optimal process V = (V!,V?) (corresponding to the
strategy given by (4.8.27) and (4.8.28), eventually with an initial transfer)
into the function . Applying the It6 formula, we get

e Plo(Vi) = (Vo) + /

[ e VoV du, + [ e wagvy e,
0,t

10,¢]

+ / e—hPs [ﬁo@(VS) — cspe (Vi) + u(cs)] ds —/ e_ﬁsu(cs) ds
10,t] 10,t]

<ola)+ [P VoV2du,
10,¢]

[ e LoV (V) ds = [ e Pute) ds
10,t] 10,t]

The above bound holds because ¢(Vy) < () due to losses which occur at
the initial transfer, g;¢'(x) < 0 for € 0Ky, and

—cspe(Va) + ules) < u”(pe(Va)).
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By the same arguments as in the previous proof, we infer that the expectation
of the stochastic integral is zero and Ee P'p(V;) — 0 as t — oo. It follows
that

W(z) < p(x)+E oo e P [Lop(Vs) + u* (pe(V5))] ds < ().

In the case (1 —7)o? # u, the second inequality is always strict: otherwise the
integrant is a negligible process, i.e., according to (4.8.33), we would have

pvi— [(1- y)o? — u]ngQ =0.

This identity is impossible because the left-side is a semimartingale with non-
trivial diffusion component.

If (1 —7)o? = u, we have, necessarily, that V,;! = 0 for all ¢ > 0. Thus,
the process V' after the initial jump evolves along the axis of ordinates, and
therefore e € Kg. O

4.8.6 Precisions on the No-Transaction Region

We established already that the no-transaction region Ky = cone{g;, g2} has
a nonempty interior and lies strictly above the axis of abscises. Now we give
some bounds on the position of the generator gs.

The following simple lemma ensures us that, whatever is A > 0, the in-
terval [z1, 29| (depending on A) lies inside the fixed interval, namely, [0, 26+ 1],
0 = pB/(1 — ~). We shall need this fact for the asymptotic analysis
as A — 0.

Lemma 4.8.13 We have

20

O<zme<ie 220
D SRy Y7

(4.8.34)
Proof. The first inequality holds because zo > 213 > 0. According to Propo-
sition 4.8.2, we have the inclusion K5 C cone{gs, Ng2 + €2}, where the con-
stant N = 20(1 + X\)~!. The ray generated by Ngo + ey intersects the line
{(&,7m): £€+n =1} at the point (1 — z, 2), where

N 20

S I Y5 Wl i R W3

Since the point (1 — z9, 29) is the intersection of the boundary ray separating
K> and K, with the aforementioned line, we have from obvious geometric
considerations that zo < z, which is exactly the second inequality. O

With minor efforts, we can get a more precise information about the po-
sitions of z9 and z.
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Recall that, according to Corollary 4.8.3, on the cones K;, i = 1,2, the
Bellman function W has the form W (z) = a;(p;x)7, where

a; > k171, ag > /{Z*lm,
with k. = /(1 — ). Now we are able to say a bit more: the inequality for as
is strict! Indeed, suppose that we have the equality for as. In virtue of (4.7.7),
for such a value of as, the function W(x) in the upper half-plane dominates
the function as(p2z)?. But we know that the latter dominates W (z) on the
whole cone K and coincides with W (x) exactly on the cone K. Combining
these facts, we get that Ky O K N {x = (&,n) : 7 > 0}, which is impossible.
Now we give sharper bounds for z;.

Proposition 4.8.14 (a) We always have the inequality
p(l+A)

< TN (4.8.35)
2T LA )0+ pA
() If kpr >0 and 0 # 1 (i.e., (1 —7)o? # ), then
p(1+A)
—_ 4.8.
2> (4.8.36)
(¢) If kpe >0 and 0 = 1, then zo = 1.
(d) If kpr > 0 and (1 — )02 > A\, then
5 < HA (4.8.37)

=T+ N — A

Proof. (a) Let us consider the function ¢ (z) = asu(p2x), which is the solution
of the HJB equation in K. Since ay > /@Z_l(l + A)77, we have, for every
z € int K, the strict inequality u*(¢¢(x)) — SY(x) < 0 and, therefore, the
bound

Lotp(x) + u* (ve(x)) < az(pex)’?n %02(7 — 1)+ plpex)|.

The expression in the square bracket is less or equal to zero when the point x =
(1—2,2) € K and z dominates the right-hand side of (4.8.35). This observation
makes the bound (4.8.35) obvious.

(b) Let us examine the right-hand side of the identity

Lotp(x) + u* (ve(2))

_ 8l (1—=7)o%n ?
= o= )0 [(1+/\)£+n “‘} v(@

1 2 - =
+ (3t -0+ el T vt
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In virtue of Proposition 4.8.12, under the assumed hypotheses, the coefficient
(...) is strictly positive. Thus, the function given by the expression [...] cannot
vanish at points of the set int K where the function v is the solution of the
HJB equation. It has the positive sign on this set (its values tend to +oo as
x = (&,n) approaches a point of the outer boundary of Ks other than zero).
Moreover, the continuity considerations imply that [...] is strictly positive
also on the inner boundary (of course, except the origin), in particular, at the
point (1 — z9, 22). This last property is equivalent to inequality (4.8.36).

(c) In this case the Proposition 4.8.5 says that the coefficient (...) = 0 and
z2 < 1. On the other hand, according to Proposition 4.8.12, zo < 1.

(d) If (1 —~)o? = p, inequality (4.8.37) is reduced to z; < 1. However,
we already know that z; < zo always and zo = 1 in the considered case as we
just proved. Suppose that (1 —v)o? # p. For p(z) = aju(pi(x)), we have the
identity

o2 2
Em/}(ﬁ) +u” (wf(x)) = 72(1 j’Y)UQ {(1 61)(1 _(’_1;;77/\)77 - U} 90($)
2 1
+(3r -0 A=l T )plo)

Proposition 4.8.12 provides us the information that the second term is strictly
positive on int K, and we derive the required inequality (4.8.37) by the same
arguments as in (a). O

4.9 Liquidity Premium
4.9.1 Non-Robustness with Respect to Transaction Costs

According to Theorem 4.1.1, in the Merton two-asset model of frictionless
financial market, the optimal expected utility of the unit wealth invested in a
portfolio is given by the formula

m = Wy(1) = w3, /7,

where

1 1 2

Ry = ﬁ( — Eﬁ%), (491)
it is assumed that the model parameters are such that x3; > 0. The optimal
strategy prescribes to rebalance continuously the portfolio to keep the pro-
portion of stock to the total value at the constant level § = (1 —~)~tu/o?,

called in the literature the Merton proportion.
It is natural to expect that in the market with friction, even following
an appropriate optimal strategy, the investor cannot achieve the above per-
formance. It would be interesting to know to which extent the presence of
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transaction costs deteriorate the portfolio performance. Unfortunately, the
solution of the Davis—Norman problem does not admit such an explicit ex-
pression, and the comparison between two results seems to be complicated.
It can be done asymptotically for small transaction costs. Assume that the
initial endowment of the investor is in 6 units of stock and 1 — 6 units on
money, where 6 is the Merton proportion. The next theorem due to Shreve
asserts that the discrepancy between the two optimal values, in general, is of
(exact) order A\?/? as the transaction cost coefficient A tends to zero. Thus,
the model is not robust in the sense that the discrepancy increases infinitely
fast when the transaction costs appear. The only exception is the case 6 = 1,
where the portfolio has zero position in money, and the stock is sold only
to consume. This case will be considered separately at the end of the sec-
tion.

In our presentation, in order to have simpler formulae, we assume that
both operations, buying stock and selling stock, are charged equally.

Theorem 4.9.1 Suppose that 0 # 1. Then there are constants k1, ko > 0,
independent of \, such that

m — kA3 <W(1—6,0) <m— r A2/3 (4.9.2)
for all sufficiently small X > 0.

Proof. Recall that the function ¢(z) := W(1 — z, z) is concave, continuously
differentiable on the interval |—1/X,1 + 1/A[, and its second derivative may
have (jump) discontinuities only at two (distinct) points zi, zo. It satisfies,
in the classical sense, everywhere except at these two points, the HIB equa-
tion

max{l19(2), Lo (2), latp(z)} = 0 (4.9.3)

involving the first-order operators

Op(2) = =M(z) + (L+A2)P(2),  Lp(2) = =M — (1+ A = A2)/ (),

and the second-order operator
lo(z) = f2(2)¥" (2) + fr(2)d' (2) + fo(2)¥(2) + 1_77 [(z) — 29/ ()] 7
with the coefficients

fa(z) = 50222(1 — 2)2,

fi(z) = =0*(1 = 7)z(1 - 2)(z — 0),
fol2) =~ 50%(1 = 7)(z — 6)” — (1 =) (m) 7.

The structure of 1) is as follows. Outside of the interval |z1, 23], the function
Y!/7 coincides with two linear functions: on [—1/), z;] with a function pro-
portional to (14 Az), thus, vanishing at —1/A; on [z, 1+ 1/A] with a function



236 4 Consumption—Investment Problems

proportional to (1+A— Az), thus, vanishing at 1+1/A. On the interval ]z1, 22|
the function v is the classical solution of the second-order differential equation

For a fixed A, the graph of ¢ is an arc-shaped curve, flattening and with
the increasing base as A tends to zero. We may expect that the “interpolation”
interval degenerates into the single point # and that the maximal value of
converges to m.

Having in mind this behavior, we approximate 1 from above and be-
low by C'-functions ) having a similar shape. We interpolate their “linear
in the power " parts by parabolas and choose, for these functions, the
interpolation intervals |21, Z3[ containing 6 and being of the length of or-
der \1/3,

Namely, for » > 0, we put

Q(2) :=m — rA2/3 — (2 — 0)2\2/3,

Z =0 —6:\/3, and %y := 60 + 5,0/3, where the bounded strictly positive
coefficients §; = 9;(\;r) will be chosen to guarantee the continuity of the
first derivatives of the function 1)(z) = ¥(z, A;r). The latter is defined (for
sufficiently small \) by the formula

1/:(z) = %(1 FA2) a5 ((2) + Q(2) ]z, 2,1 (2)
Q(Z2)

EETES W EAE

(1 + A= )\Z)VI]2271+1/)\] (Z) (494)

Its first derivative:

11))\@'1/;(2% ZE]_l/Aaél[y
V(2) =3 —222B(2—0), z€lq, 5],
o2 U(), z€lm 1+

Its second derivative:

7(11.4_,{2));’ w( ),  z€]-1/X\Z],

P(z) = { —2)2/3, z €21, %,
2 ~
~ A5 0(2), 2 €)Em, 1+ 1AL

The second derivative is constant over the central interval. It is continu-
ous on the external intervals, and its limits at the points Z; coincide with the
corresponding one-sided derivatives.

The result will be established if we find, independently on A, two val-
ues of the parameter r > 0 such that the corresponding 9;(A) belongs to a
bounded interval, z[;(z,)\;r) is a supersolution of the HJB equation for the
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smaller value (say, r1) and a subsolution for the larger value (say, r3) what-
ever are A < Ag; the threshold Ay may depend on r;. Indeed, in virtue of the
comparison lemma given after the proof of the theorem, the function v will
lie between these two functions, and the corresponding inequalities for the
values calculated at the point 0 yield (4.9.2). Note that the supersolution and
the subsolution are understood in an “almost” classical sense: the correspond-
ing inequalities for max; Evf)(z) should hold everywhere except, maybe, at the
points Zz;.
We have

Y(Z) =m — X2 - §2\Y3 =12,
D+1/~)(2’1) = 2(51)\, D71/~}(2’2) = —252,

Do) = QG D) =~ Q).

The requirement that ¥ is continuously differentiable means that the right
and left derivatives of 1 at each point Z; coincide. It is met when ¢; are the
(positive) roots of the corresponding quadratic equations

Ai()\)52 —B;(Nd+C;(\) =
Their coefficients are as follows:

A1()\) = (2 —')/))\4/37 Bl()\) _ 2(1 + /\9)7 c, ()\) ’Y[ N 7,)\2/3];
As(N) = 24N, Ba(A) =214+ A—=X0),  Ca(\) = Ci(N).

Note that, for A close to zero, the left-hand sides of these equations are pos-
itive for 0 = B;(X)/C;(XA) and negative for 6 = 2B;(X)/C;(X) . Thus, we can
find roots 6;() in this interval. Asymptotically,

5:(0) € [2/(ym). 4/(ym) + o(1)]. (4.9.5)

and, therefore, §;(\) € [2/(ym),5/(ym)] for A less than a certain Ay depend-
ing on 7.

Let us check that, for “r small” (respectively, “r large”), the function 1/7 is
a supersolution (respectively, subsolution) of the HJB equation (4.9.3).

In principle, we have to verify 18 inequalities. Luckily, most of them are
trivial or easy. We organize our analysis in three parts.

1. The interval |—1/A, Z].

We have here 611/) = 0, and, hence, the subsolution inequality > 0 is obvi-
ous. Moreover, since ¢ and w’ are both positive, the inequality Egl/} < 0 always
holds. To check the supersolution inequality < 0, it remains to verify, on the
considered interval, that fgip < 0.
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Note that the function 1[3(2) on the considered interval is proportional to
(1+ Az)7, and, therefore,

w( ) — 2! (2) = QZNJ( ) = const x (14 Az)77!

1+/\z

Since u*(p) = (1 — 7)/yp"/ =Y, the nonlinear term is proportional to W,
ie.,

u* (7(2) — 29/ (2)) = Kath(2).
Since (1) = Q(%1), we can determine the constant k. Namely,

1

fa = (L4 A2) ™ (1= 977 [Q(E)] T
Our definitions imply that %; = 0 + o(1), Q(%1) = m — rA%/? 4 0o(A?/3). The
derivative '(1) = 1, and, hence, k) has the following asymptotic expan-
sion:

kx = (1 —7)(ym)>—1 (1 + : i /\2/3> + 0()\2/3).

Inspecting the function £, we see that the term fa(z )w”( z) is always neg-
ative. If z < 0, the coefficient f; is negative, and so is f1(2)¥’(z). Omitting
these two terms and taking into account that, for z € |—1/X, 1],

— 501 = 7)(z = 67 — (1= 7)(ym) 77

1 o
S—5027( IENE — (1 —7)(ym)7-1,

fo(2)

we arrive, on the interval |—1/X, 0], at the bound

fo z 1 1
@gfi)) < fo(z) + Ry < 5027(1 —7) (nr ~ m)e
which holds for all A < )¢ (the threshold is chosen to insure that there ex-
ists a positive root §; > 1/(ym)). Here the constant x > 0, and, hence, for
“small” r, the coefficient of the main term is strictly negative.

On the interval 10, Z1[ we cannot omit the term with the first derivative,
but this does not affect the resulting asymptotic expansion: on this interval,
f1(z) is bounded, and

))\2/3 +0()\2/3)7

uniformly in z.
2. The interval ]Z5,1 4+ 1/)[.

The reasoning is completely analogous to the one given above.
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3. The interval |z, Z5].

Here the function

0i(2) = 01Q(2) = =MQ(2) + (1 +A2)Q'(2)

is quadratic in z, and its coefficients at 2 and z are, respectively, A%/3(y —2)
and 2)\%/3(—+0 + 0 — 1/)). The point

() o= LD A
2—v

where ¢1Q(z) attains its maximum, tends to —oo as A — 0 and, hence, lies
leftwards to the interval [Z1, zo] for sufficiently small A. But this means that,
on this interval, £13) decreases, i.e., £19(z) < £13p(%,) = 0.

Exactly by the same arguments we check that £5¢)(z) <

Summarizing: in the central interval, the super- or subsolutlon property
for v is equivalent, respectively, to the inequality éow <0 or £y > 0.

On the considered interval (degenerating in the limit to the point ) we
have that Q(z) = m — rX%/3 + o(A\%/?3), Q'(2) = 0(\*/3) uniformly in z and
Q" = —2)\?/3. With this, we get readily that

1
lo(z) = —a20(1 — 0)N*/3 + 7“5027(1 — ) (z — 0)2 4+ reA?? + 0()\2/3)

with some constant x > 0. Since (z — )% < 5(ym)A?/3] this representation
makes clear that in the case 8 # 1 we can choose a small value r such that
Lot < 0 for sufficiently small X. The opposite inequality for large values of r
holds obviously for any . O

Remark. The condition 6 # 1 is needed only at the very end of the proof.
Moreover, the subsolution property of the approximation is not violated even
in the exceptional case, and, therefore, due to the comparison lemma below,
the left inequality in (4.9.2) remains valid. In contrast to this, for § = 1,
the right inequality fails because, as we show later, in this case the difference
1 (0) — m converges to zero with rate .

Now we are back to the comparison lemma. It is extremely simple for the
C'-functions which are twice continuously differentiable everywhere except
a finite number of points where the limits of the second derivatives exist
and coincide with the one-sided second derivatives. A subtlety is that one
of the functions to be compared is 1, which is simultaneously a super- and
subsolution, but for which we cannot guarantee the mentioned behavior of
the second derivatives at the point z = 1 (in the case z3 = 1). However,
(2n — 1)%"(2,,) — 0 for certain sequences z, T 0 and z, | 0. But this implies
that the super- and subsolution inequalities hold also at the point z = 1 with
the degenerate operator ¢y defined by

Lo (1) = fo(1)(1) +uw* (y(1) — A'(1)).
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In the formulation below we suppose that )1 and 15 possess this property of
the second derivative at z = 1.

Lemma 4.9.2 Let ¥ be a supersolution, and s be a subsolution with the
same boundary condition. Then 11 > ).

Proof. Let us consider a point z, where the difference ¥y — 11 attains its
maximum. If the claim fails, then s (20) > 11 (20). Since ¥5(z0) = ¥ (z0) and
1 1s a supersolution, l;19(z0) < l;11(20) < 0 for ¢ = 1,2. Suppose first that
at 2o the second derivatives are continuous. Then ¥4 (z9) < ¢ (2p). Taking
into account the signs of the coefficients f2(z9) and fo(zo) and using the fact
that u* is decreasing, we infer that lpt2(20) < lo11(z0) < 0. Thus, all I;9)2(20)
are strictly less than zero, in contradiction with the subsolution property. The
general case zg # 1 is not much different: the one-sided second derivatives of
19 — b1 are negative at zg, and we obtain, as before, that ly12(zo+) < 0. This
means that the subsolution property of 15 is violated in a neighborhood of zj.
At last, if zy = 1, we arrive at a violation of the subsolution property at this
point due to the remark preceding the lemma. 0O

4.9.2 First-Order Asymptotic Expansion

A more elaborated analysis based on the same kind of approximation, but
with the interpolating polynomials of the fourth order of the form

Q(z) :=m— FoA2/3 — g\ — g AY/3
— p1(z = O)A = pa(z = 0)*N/% + p3(z — )’ A2 — py (2 — 0)*,

allows us to establish for the discrepancy the exact asymptotics of order A2/3
with an explicit expression for the constant.

Theorem 4.9.3 Suppose that 6 # 1. Then
W(L—0,0) —m= )23+ o(\/?), (4.9.6)
where

1/3 )
= (- 0t) emtet e

Proof. The arguments require a bit patience, but for the reader accustomed
already with the structure of coefficients and notations, it is quite a routine.
The approximating functions are again given by formula (4.9.4) but with the
interpolating polynomial Q(z) of the fourth order with the maximum attained
at 6, namely, with

Q(2) :=m — 1A% —rgh — palz — 0)2XN¥3 — py(z — )L (4.9.8)

Note that the first part is a series expansion in powers of A}/3 with the coeffi-
cients r;, the second part, more involved, is an expansion in increasing powers
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of z — 0 with the coefficients p; multiplied by decreasing powers of A!/3. The
coefficients r1, ry4, and pp, ps are already taken zero. We show that a good
choice for other constants is the following;:

1

P2 = CagEg — gz )T I (4.9.9)
1 7(1-7)

S A P 19.1

P T — 2™ (4.9.10)

The parameter r3 is “free”: it serves to produce sub- and supersolutions.
The extremities of the central interval will be

H=0-vA3 1 00N3),  Z=0+uAY3 4 0(\3), (4.9.11)
with the positive constant v determined by the relation
1
5027(1 — )= (’ym)ﬁm_lrg. (4.9.12)

The parameters should be chosen to ensure that 1Z e CL

Our analysis will go in the inverse direction to that in the proof of the
previous theorem. Though we have already listed the explicit values of the
constants, we shall see in a clear and successive way how they appear to
eliminate terms of lower orders.

The derivatives of ¢ are given by the formulae

2 v(2), ze]|-1/X, 2],
§(2) = —2[pa(z = ON3 +2p4(2 = 0)°], z €51, 2],
—Hz—i‘,\zi/;(z), z €)%, 1+ 1/,
(1+>\z)2 7/}( )s z €]=1/A 2,
P (2) = { —20pX¥? +6pa(z — 0)%], 2z €5, %,
— R 7;;21;( ), 2 €z, 1+ 1/A]

First, we consider the approximations on the interpolation interval [Z;, Zo]
and relate constants in such a way that the sign of the inequality for ¢y will
be determined by the sign of the coefficient at .

Using the symbol ~ to denote equalities which hold up to O(A*/3) (uni-
formly in z) and replacing by the symbol ... the coefficients for which explicit
expressions are of no importance, we represent the asymptotic expansions for
the linear terms of the operator in the following transparent form:

fo(2)0"(2) = = [0%(1 — 0)* + ... (2 — 0)] [p22*/? + 6pa(z — 0)?],
fl(z)d}l(z) ~ 0,

Fo(2)ih(2) & =031 = 7)(2 = 0)*m — (1 — 4)(ym) 77 (m — A3 — r5)).

DN | =



242 4 Consumption—Investment Problems

Since

p(2) — 2 (2) =y (m — oA/ — g ) + L (2 — 0N,

the nonlinear term admits the expansion

u* (v (2) — 29/ (2))
~ 1_T’Y(’ym)w—l% + (ym) 7T (72X £ yrs A+ (2 — O)N).

Summing up, we obtain the approximation
lop(z)~ .. (2= NP+ (2 —0)°+ rg'y('ym)ﬁ)\;

the coefficients at A%/ and (z —#)? are zero because of our choice of py and py,
see relations (4.9.9) and (4.9.10).

On the considered interval the width of which is controlled by the para-
meter v, the absolute value of the first two terms of the right-hand side is
dominated by s, A + o(X), where £, is a constant. This observation leads to
the following important conclusion: whatever is v, one can always find r3 suf-
ficiently large in absolute value such that £y1) > 0 or o1 < 0 in dependence
of whether 73 is positive or negative (of course, for A < \g). Automatically,
r3 takes the control over the sign of max; Eiz/; because the functions 611; and
{21 on the central interval are negative for small A. The latter property follows
easily from the asymptotic expansions. Indeed,

01(51) = —MQ(Z1) + (1 4+ A2)Q'(51) = —ym + X + o)),
while, for the derivative, we have
[09(2)] = A1 = 7)Q'(2) + (1 + A2)Q"(2) = —2p222/* + 0(A?/?).

Thus, the function ¢1¢ is negative on [21, Z2], being negative at the left
extremity and decreasing on the whole interval. The arguments for 621/; are
exactly the same.

Let us examine now the situation on the interval |—1/X, Z1[. As was ex-
plained in the previous proof, the only nontrivial part is to establish the
supersolution inequality gy < 0, which we expect to hold for large negative
values of rj3.

We have
lov(z) _ (1 = )N A
oy~ RO g thOT T T hE e e

where the coefficient

1

k= (L+A3) ™7 (1 =)y 7T [Q(21)]

1 1 1 Y
~(1—~)(ym)7=T |1+ ——m 'r A2/3 4 (—m_lr - —V))\:|.
(1 =7)(m) —m e
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Outside the interpolation interval we have the inequality
fo(z) < —5027(1 -7) (V2z\2/3 — 2V77)\) —(1- fy)('ym)ﬁ + O()\4/3),
where n = |m1| V [n2].

The first term in the left-hand side of (4.9.13) is negative. On the subin-
terval |—1/X, 0] the second term is also negative, and, hence,

0 < fol2) + ma < ((ym)TTm T g+ k) A+ 0(N)

because (4.9.12) is aimed to eliminate the coefficient at A2/ in the right-hand
side. The value of the constant x is of no importance. On the subinterval
10, 21, where we can affirm only that

< fl(Z)1 j_)\/\z + fo(2) + Ka;

the structure of the resulting estimate remains the same since here the coef-
ficient fi(z) is bounded. With this, it is clear that loth < 0 for large negative
values of the parameter r3 whatever is A smaller than some threshold value.
The situation on the other external interval is exactly the same.
Until now we did not need any specific value of 9. It appears from the
conditions of the C'-fit at the points Z;, which are as follows:

—Q(2) +2p2(51 = N/ + dpa(51 - 0)° = 0,
1
—Q(%2) — 2p2(Z2 — O)N2/3 — 4py (25 — 0)® = 0.

Take formally %; = vAY/3 4+ n\2/3 and consider the asymptotic expansions of
the left-hand sides of these relations (denoted by Fj(Z;)) in powers of \'/3.
Equating the coefficients at A, we obtain the same relation for both identities:

ym — 2pov — 4pyr® = 0.

In virtue of (4.9.9) and (4.9.12), the coefficient p, is proportional to v2, and,
therefore, this is a linear equation for v. Its solution is

s 30500
2 1—x

Expressing ro from (4.9.12), we arrive at formula (4.9.7) for the coefficient 7o
in the formulation of the theorem.

Examine, e.g., the case i = 1. Clearly, the coefficient at A*/3 is a (non-
degenerate) linear function of 7y, which vanishes at some value 7?. Due to
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our choice of v, this coefficient determines, for sufficiently small A, the signs
of Fy(vAY? 4 (09 + 1)AY3) and Fy (vAY3 + (n) — 1)A1/3). Since they are op-
posite, the continuity implies that there is n;(g) € [7? — 1,79 + 1] such that
Fi(vAY3 411 (e)AY/3) = 0. Thus, we established the existence of the points Z;
satisfying (4.9.11) and ensuring the smooth fit of the interpolation.

The proof is completed. O

In the above reasoning we have proved a bit more than it was claimed
in the formulation of the theorem. Namely, we have shown that 1 lies be-
tween two arch-shaped functions 1/)1 and 15 depending on the parameter A
and converging to each other uniformly with rate X\. With this, we can easily
get the asymptotics of the extremities z; of the no-transaction interval. The
following theorem asserts that, asymptotically, the length of the latter is pro-
portional to A'/3. The no-transaction region opens wider very quickly with
the introduction of transaction costs!

Theorem 4.9.4 Suppose that 0 # 1. Then
a=0-vABL003),  m=0-uvAPHO(NP). (4.9.14)

Proof. Recall that z; > 0 and 2 is bounded from above, i.e., [21,29] lies
in a certain fixed interval [(1, (2] containing 6 and not depending on A. The
derivative of the concave function 1 on this fixed interval decreases from
its maximal (positive) value at ¢; to its minimal (negative) value at ¢ The

interval [z, Zo] shrinks to 6. For sufficiently small A, the functions 7]1%/ 7 and
1[};/ 7 on both intervals external to [(1, (2] are linear, as well as the function

¥'/7 lying between them. Taking into account that the derivatives of JJJ I at
¢q and (3 are of order A, we conclude that

sup [¢'(2)| = O(N).
2€[¢1,¢2]

On the interval [(1, (2],
1—
w(9(2) = 29/ (2)) = 2 (m) T+ (ym) TEArA + O().
Clearly,

fo(z:)v(z) = —%027(1 —y)m(z —0)? — (1—7)(ym) 77 (m—rA%3) + O(N).

Recall that the equation £yt (z;) = 0 is always fulfilled under the conven-
tion that the term with the second derivative (may be not existing) is omitted
at z; = 1. In the case z; # 1 the second derivative of ¥ does exist. Since ¥ is
given by explicit formulae to the left of z; and to the right of 29, we get easily
that ¢ (z;) = O(A\?). Thus, the terms with the second and first derivatives
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are negligible, and

Cop(zi) = fo(z:)¥(z:) +u (v (z) — 29 (2:)) + O(N)

1 1
= 50" = y)m(zi — 0) + (ym) TP+ O(N).

Expressing ro via v from (4.9.12) and equating the left-hand side to zero, we
obtain that, necessarily,

(2 — 0)> = X3 £ O(\) = 22?3 (1 + O(AY/?))

and, therefore,
zi =0 £ vAY3 4 O(N/?)

with minus for z; and plus for z,. 0O

4.9.3 Exceptional Case: 0 = 1

We consider now a very particular situation where § = 1 and the arguments
of the previous subsection cannot be used.

However, according to Proposition 4.8.5, for this case we have in the cone
Kn{z=(&n): £ <0} the explicit formula

1 ¥
and, therefore,
1
P(0) = (1) = W(ez) = My T myA + o(A).

Moreover, zo = 1. For z1, the arguments of the proof of the above theorem
can be repeated with ro = 0 until the last step. Its appropriate modification
shows that z; = 1 + O(AY/2).



	Consumption-Investment Problems
	Consumption-Investment without Friction
	The Merton Problem
	The HJB Equation and a Verification Theorem
	Proof of the Merton Theorem
	Discussion
	Robustness of the Merton Solution

	Consumption-Investment under Transaction Costs
	The Model
	Goal Functionals
	The Hamilton-Jacobi-Bellman Equation
	Viscosity Solutions
	Ishii's Lemma

	Uniqueness of the Solution and Lyapunov Functions
	Uniqueness Theorem
	Existence of Lyapunov Functions and Classical Supersolutions

	Supersolutions and Properties of the Bellman Function
	When is W Finite on K?
	Strict Local Supersolutions

	Dynamic Programming Principle
	The Bellman Function and the HJB Equation
	Properties of the Bellman Function
	The Subdifferential: Generalities
	The Bellman Function of the Two-Asset Model 
	Lower Bounds for the Bellman Function

	The Davis-Norman Solution
	Two-Asset Model: The Result
	Structure of Bellman Function
	Study of the Scalar Problem
	Skorohod Problem
	Optimal Strategy
	Precisions on the No-Transaction Region

	Liquidity Premium
	Non-Robustness with Respect to Transaction Costs
	First-Order Asymptotic Expansion
	Exceptional Case: theta=1




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


