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Arbitrage Theory for Frictionless Markets

2.1 Models without Friction

2.1.1 DMW Theorem

The classical result by Dalang-Morton-Willinger, usually abbreviated as
DMW and sometimes referred to as the Fundamental Theory of Asset (or
Arbitrage) Pricing (FTAP) for the discrete finite-time model of a frictionless
financial market, says:

There is no arbitrage if and only if there is an equivalent martingale
measure.

This formulation is due to Harrison and Pliska, who established it for a
model with finite number of states of the nature, i.e., for finite {2. Retrospec-
tively, one can insinuate that in this case it is mainly a “linguistic” exercise:
the result expressed in geometric language was known a long time ago as the
Stiemke lemma. This is, to large extent, true. However, a remarkable fact is
that, contrarily to its predecessors, exactly this formulation of a no-arbitrage
criterion, involving an important probability concept, a martingale measure,
opens a way to numerous generalizations of great theoretical and practical
value.

Loosely speaking, the result can be viewed as a partial converse to the
assertion that one cannot win (in finite time) by betting on a martingale: if
one cannot win betting on a process, the latter is a martingale with respect
to an equivalent martingale measure.

We start our presentation here with a detailed analysis of the Dalang—
Morton—Willinger theorem. The assertion in italics is, in fact, a grand public
formulation which hides a profound difference between these two results, and
the authors of advanced textbooks prefer to give a longer list of NA criteria.
We follow this tradition.

The model is given by a complete probability space (£2,F,P) with a
discrete-time filtration F = (F;);=0,1,... r and an adapted d-dimensional price
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process S = (S;) with the constant first component. It is convenient to assume
that Fy is trivial and Fpr = F.

The set of “results” Ry (obtained from zero starting value) consists of the
terminal values of discrete-time integrals

T
H- ST = ZHtAStv

t=1

where AS; := S; — S;_1, and H runs over the linear space P of predictable
processes, i.e., H; € L°(R%, F;_) (the first component of S plays no role here
because AS} = 0).

The common terminology: H is a (portfolio) strategy, while H - S is called
a value process. The larger set Ap := Ry — Lg can be interpreted as the set
of hedgeable claims; it is the set of random variables H - ST — h where the r.v.
h > 0.

By definition, the NA property of the model means that Ry N LY = {0}
(or, equivalently, Ap N L9r = {0}). We prefer to use from the very beginning
these mathematically convenient definitions in terms of intersections of certain
sets rather than a popular form like this: the property H - S > 0 implies that
H-Sr=0.

Theorem 2.1.1 The following properties are equivalent:

a) Ap N LY = {0} (NA condition);

b) Ar N LY = {0} and A = Ap (closure in L°);

c) Arn LY ={0};

d) there is a strictly positive process p € M such that pS € M;

(e) there is a bounded strictly positive process p € M such tat pS € M.

(
(
(

As usual, M is the space of martingales (if necessary, we shall also use a
more complicated notation showing the probability, time range, etc.).
Of course, the last two properties are usually formulated as:

(d) there is a probability 1? ~ P such that S € M(P); )
(¢') there is a probability P ~ P with dP/dP € L*> such that S € M(P).

However, the chosen versions have more direct analogs in the model with
transaction costs. Their equivalences are obvious due to the following elemen-
tary fact about martingales with respect to a probability measure P« P
with density pr:

S € M(P) if and only if pS € M(P) where p, = E(pp|F,), t < T.

Collecting conditions in the single theorem is useful because one can clearly
see that in numerous generalizations and ramifications certain properties re-
main equivalent (of course, appropriately modified), but others do not. Note
also that, in the case of finite {2, the set Ap is always closed. Indeed, it is
the arithmetic sum of a linear space and the polyhedral cone —LY in the
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finite-dimensional linear space LY. Thus, it is a polyhedral cone. So, we have
no difference between the first three properties, while the last two coincide
trivially. The situation is completely different for arbitrary 2. Though the
linear space Rr is always closed (we show this later), the set A7 may be not
closed even for T'= 1 and a countable (2. To see this, let Fy be trivial and take
Fi1 = o{&} and AS; = &, where £ is a strictly positive finite random variable
such that P(¢ > ) > 0 whatever is ¢ > 0. The set A; = R{ — LY does not
contain any strictly positive constant, but each constant ¢ > 0 belongs to its
closure A; because (n€) A c — c as n — oo.

To the already long list, one can add several other equivalent conditions:

(f) there is a strictly positive process p € M such that pS € Mige;

(f') there is a probability P ~ P such that S € Miyc(P);

(g) {nAS, : n € LY%F—1)} N LY = {0} for allt < T (NA for one-step
models).

With other conditions already established, the above addendum poses no
problems. Indeed, (f’) is obviously implied by (e’). On the other hand, if
S € Myoe(P), then H - S € M(P) with H, := 1/(1 + E(|AS;||Fi_1)). So,
we know that NA holds for the process H - S; hence, it holds also for S
as both processes have the same set of hedgeable claims, i.e., (f') implies a
property from the “main” list of equivalent conditions. Suppose now that the
implication (g) = (a) fails. Take the smallest ¢ < T such that A, N LY # {0}
(the set of such dates is nonempty: it contains, at least, T'). We have a strategy
H = (H;)s<r such that H - S; > 0 and P(H -S; > 0) > 0. Due to the choice
of t, either the set IV := {H - S;_; < 0} is of strictly positive probability
(and (g) is violated by n := I Hy), or the set I := {H - S;_1 = 0} is of full
measure (and (g) is violated by 7 := Ir»Hy), a contradiction.

Remark. The NA property for the class of all strategies, as defined above, is
equivalent to the NA property in the narrower class of bounded strategies H.
Indeed, if there is an arbitrage opportunity, then, in virtue of the condition (g),
there is an arbitrage opportunity 7 for a certain one-step model. Clearly, when
n is sufficiently large, 1/, <ny Will be an arbitrage opportunity for this one-
step model. Note that the presence of (g) in the list of equivalent conditions
is crucial in this reasoning.

Similarly, NA is equivalent to the absence of arbitrage in the class of so-
called admissible strategies for which the value processes are bounded from
below by constants (depending on the strategy). Moreover, if H is an arbitrage
opportunity generating the value process V' = H -5, one can find another
arbitrage opportunity H such that the value process H-S > 0. To see this,
we consider the sets Iy := {H - S; < 0} and the last instant r for which the
probability of such a set is strictly positive; 0 < r» < T since H is an arbitrage
opportunity. Let us check that the strategy H := I r.DjrmH has the claimed
property. Indeed, the process V := H -8 is zero for all ¢ < r and remains
zero outside the set I, until 7. On the set I, the increments AV; = AV, for
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t > r + 1, and hence the trajectories of V are the trajectories of V shifted
upwards on the value —V,. > 0.

Before the proof of Theorem 2.1.1, we give in the following subsection
several elementary results which will be also useful in obtaining NA criteria
in models with transaction costs.

2.1.2 Auxiliary Results: Measurable Subsequences
and the Kreps—Yan Theorem

Lemma 2.1.2 Let n* € L°(R?) be such that n := liminf |n"| < co. Then

there are i* € L°(R®) such that for all w, the sequence of i*(w) is a convergent
subsequence of the sequence of n"™(w).

Proof. Define the random variables 74, := inf{n > 7,1 : [|n"| —n| < k~'}
starting with 79 := 0. Then 7§ := 5™ is in LO(R?), and supy |ijs| < oo.
Working further with the sequence of 7§, we construct, applying the above
procedure to the first component and its liminf, a sequence of ¥ with con-
vergent first component and such that for all w, the sequence of 7j¥(w) is a
subsequence of the sequence of 7 (w). Passing on each step to the newly cre-
ated sequence of random variables and to the next component, we arrive at a
sequence with the desired properties. 0O

Remark. The claim can be formulated as follows: there exists a (strictly)
increasing sequence of integer-valued random variables o such that n* con-
verges a.s.

Lemma 2.1.3 Let G = {[,} be a family of measurable sets such that any
nonnull set I' has a nonnull intersection with an element of G. Then there
is an at most countable subfamily of sets {Iy,} the union of which is of full
measure.

Proof. Suppose that G is closed under countable unions. Then sup, P([y)
is attained on some I" € G. The subfamily consisting of a single I" gives
the answer. Indeed, P(I') = 1: otherwise we could enlarge the supremum
by adding a set from G having a nonnull intersection with I". The general
case follows by considering the family formed by countable unions of sets

from G. O

The following result is referred to as the Kreps—Yan theorem. It holds for
arbitrary p € [1,00], p~! +¢~! = 1, but the cases p = 1 and p = oo are the
most important. Recall that for p # oo, the norm closure of a convex set in
LP coincides with the closure in o{LP, L7}.

Theorem 2.1.4 Let C be a convex cone in LP closed in o{LP, L9}, containing
—L% and such that C N LY = {0}. Then there is P ~ P with dP/dP € L1

such that E€ <0 for all £ € C.
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Proof. By the Hahn-Banach theorem any nonzero x € L := LP(R4, F) can
be separated from C: there is a z, € L7 such that Ez,x > 0 and Fz,£ <0
for all £ € C. Since C D —L#, the latter property yields that z, > 0; we
may assume that ||z]l; = 1. Let us consider the family G := {z, > 0}. As
any nonnull set I" has a nonnull intersection with the set {z, > 0}, = I,
the family G contains a countable subfamily of sets (say, corresponding to a
sequence {z;}) the union of which is of full measure. Thus, z := > 272,, > 0,
and we can take P := zP. 0O

2.1.3 Proof of the DMW Theorem

The implications (b) = (a), (b) = (c), and (e) = (d) are trivial. The im-
plication (d) = (a) is easy. Indeed, let £ € Ap N LY, ie,, 0 < ¢ < H - Sy
Since the conditional expectation with respect to the martingale measure
E(HtAStL?’:t,l) = 0, we obtain by consecutive conditioning that EH-Sr=0.
Thus, £ = 0. To complete the proof, it remains to verify that (¢) = (e) and
(a) = (b).

(¢) = (e). Notice that for any random variable 7, there is an equivalent
probability P’ with bounded density such that n € L'(P’) (e.g., one can
take P’ = Ce~"IP). Property (c) (as well as (a) and (b)) is invariant under
equivalent change of probability. This consideration allows us to assume that
all S; are integrable. The convex set AL := A7 N L! is closed in L!. Since
AL.N LY = {0}, Theorem 2.1.4 ensures the existence of P ~ P with bounded
density and such that E¢ < 0 for all ¢ € AL, in particular, for £ = +H;AS,
with bounded and F;_;-measurable H;. Thus, E(ASt|ft_1) =0.

(a) = (b). Lemma 2.1.2 allows us to establish the closedness of Ap by
simple recursive arguments even without assuming that the o-algebra Fj is
trivial (of course, this does not add any generality but helps to start the
induction in the time variable).

Let us consider the case 7" = 1. Let H'AS; — ™ — ( a.s., where H{" is
Fo-measurable, and r™ € L0+. The closedness of A; means that { = H{ AS1—r
for some Fy-measurable H; and r € Li. To show this, we represent each H7'
as a column vector and write the whole sequence of these column vectors as
the infinite matrix

HY H2U ... ... HM
H2 H2 ... ... HM?
H1:: 1 1 1
Hi H2 . Hp

If the matrix is zero, there is nothing to prove. Suppose that the assertion
holds when this (random) matrix has, for each w, at least m zero lines. We
show that the claim holds true also when H; has at least m — 1 zero lines.

It is sufficient to find Fy-measurable random variables H¥ convergent a.s.
and 7* € LY such that HFAS, — 7% — C as.
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Let 2; € Fy form a finite partition of (2. An important (though obvi-
ous) observation: we may argue on each (2; separately as on an autonomous
measure space (considering the restrictions of random variables and traces of
o-algebras).

Let H; := liminf |[HT'|. On £ := {H,; < oo}, we take, using Lemma 2.1.2,
Fo-measurable H¥ such that H(w) is a convergent subsequence of H}(w) for
every w; 7* are defined correspondingly. Thus, if £2; is of full measure, the
goal is achieved.

On (25 := {H, = oo}, we put G} := H}/|H}| and A} := 7°"/|H”| Clearly,
G?AS; — h} — 0 a.s. By Lemma 2.1.2 we find Fo-measurable G¥ such that
ék( ) is a convergent subsequence of G (w) for every w. Denotlng the limit
by Gl, we obtain that G1A51 = h1 where hl is nonnegative; hence, in virtue

of (a), G1AS; = 0. ‘

As G1(w) # 0, there exists a partition of (2, into d disjoint subsets 25 € Fy
such that G% # 0 on (2. Define H} := H} — 3"G, where 3" := H /G
on 2%. Then HPAS; = HAS; on 2. The matrix H; has, for each w € 25,
at least m zero lines: our operations did not affect the zero lines of Hy, and
a new one has appeared, namely, the ith one on £2%. We conclude by the
induction hypothesis.

To establish the induction step in the time variable, we suppose that the
claim is true for (7' — 1)-step models. Let Zthl HAS; —r™ — ( a.s., where
H}' are F;_i-measurable, and r" € Lg_. As at the first step, we work with the
matrix H; using exactly the same reasoning.

On (27 we take an increasing sequence of Fy-random variables 75 such that
H* := H]* converges to H;. Thus, Zthz H[*AS; — r™ converges as k — 00,
and we have a reduction to a (T — 1)-step model.

On (2, we use again the same induction in m, the number of zero lines
of H;. The only modification is that the identical operations (passage to
subsequences, normalization by H7', etc.) should be performed simultaneously
over all other matrices Ho, ..., Hp.

Remark 1. Exactly the same arguments as those used in the proof of the
implication (a) = (b) lead to the following assertion referred to as the Stricker
lemma:

The set of results Ry is closed.

This property holds irrelevantly of the NA-condition. Indeed, the latter
was used only to check that the nonnegative limit h; is, in fact, equal to zero.
But this holds automatically if we start the arguments with r,, = 0.

Remark 2. The DMW theorem contains as a corollary the assertion that, in
the discrete-time setting with finite horizon, any local martingale is a mar-
tingale with respect to a measure P ~ P with bounded density. Moreover,
this measure can be chosen in such a way that a given random variable £ will
be P-integrable. At the end of this chapter we show that, even in the model
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with infinite horizon, the local martingale is a martingale with respect to an
equivalent probability measure.

2.1.4 Fast Proof of the DMW Theorem

Our detailed formulation of the DMW theorem, together with its proof, is
intended to prepare the reader to the arguments developed for models with
transaction costs. However, a short and elementary proof of the “main” equiv-
alence (a) < (e), a proof which can be used in introductory courses for math-
ematical students, is of separate interest. We give one here combining an
optimization approach due to Chris Rogers with Lemma 2.1.2 on measurable
subsequences. It is based on the one-step result the first condition of which is
just an alternative reformulation of the NA-property.

Proposition 2.1.5 Let £ € L°(RY), and let G be a sub-o-algebra of F. Then
the following conditions are equivalent:

(i) for any a € L°(R%,G), the inequality & > 0 holds as the equality;
(ii) there exists a bounded random variable ¢ > 0 such that Eg|§| < oo and
E(0€]G) = 0.

Proof. One needs arguments only for the “difficult” implication (i) = (ii).

First, examine the case where G is trivial. Let us consider the function
fla) = Ee®~I€F ¢ € R4 If it attains its minimum at some point a,, the
problem is solved with p = ea*f_mQ, since at this point the derivative of f is
Zero: Efe“*E_m2 = 0. One can check that condition (i) excludes the possibility
that the minimum is not attained—we do a verification below.

Let us turn to the general case. A dimension reduction argument allows us
to work assuming that the relation aé = 0 with a € L°(R?,G) holds only if
a = 0 (when @ is trivial, this is just the linear independence of the components
of ¢ as elements of LY). Let Q(w,dz) be the regular conditional distribution
of £ with respect to G. Define the function

f(w,a):= /e”_‘wle(w,dm)

continuous in a and G-measurable in w. Introduce the G-measurable random
variable f.(w) = inf, f(w,a) and consider, in the product space 2 x R%, the
sets {(w,a) : f(w,a) < fi(w)+ 1/n} with nonempty open w-sections I, (w).
Let «;, be a G-measurable random variable with ., (w) € I, (w). Such a,, can
be constructed easily, without appealing to a measurable selection theorem,
e.g., one can take a,(w) := go(n), where

0(n) :==min{k : f(w,qr) < fe(w)+1/n}
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with an arbitrary countable dense subset {g,} in R%. Let us consider the set
2y = {liminf |o,| < oo} with its complement (2. Using Lemma 2.1.2, we
may assume that on {21 the sequence &, := «a, /|ay,| converges to some 3 with
|8] =1 and, by the Fatou lemma,

. 2
/ehm\an(w)\ﬂ(w)zflml Ii(oyoro) @w, dz)
. . an(w)z—|z|?
ghmlnf/e n(w)e=e] Ip(w)ez0y Qw, dz) < fi(w).

Necessarily, Q(w,{z : f(w)x > 0}) = 0, implying that 8¢ < 0 (a.s.), and,
therefore, in virtue of (i), we have that 8¢ = 0. Due to our provision, this
equality holds only if § = 0, and, hence, {27 is a null set which does not
matter. Again by Lemma 2.1.2 we may assume that on the set 2y of full
measure the sequence o, (w) converges to some a, (w). Clearly, f(w,a) attains
its minimum at o, (w), and we conclude with ¢ := e®¢~16 /¢(q,), where the
function c¢(a) = sup, (1 + |z|)es®=le*. O

The “difficult” implication (a) = (e) follows from the above proposi-
tion by backward induction. We claim that for each t = 0,1,...,7 — 1,
there is a bounded random variable p/ > 0 such that Ep]|AS,| < oo and
Epl'AS, = 0 for u = t+ 1,...,T. Since (a) implies the NA-property for
each one-step model, the existence of pZ. | follows from the above proposition
with ¢ = ASr and G = Fr_;. Suppose that we have already found p .
Putting ¢ = FE(pl'|F_1)AS;.1 and G = F; 5, we find bounded
Fi_1-measurable g;_; > 0 such that E(o;—1E(p} |Fi—1)|ASi—1|) < co and
E(oi—1E(pl'|Fi—1)AS;_1) = 0. It is clear that p] ; meets the requirements.
Property (e) of the DMW theorem holds with p; := E(pd|F;).

2.1.5 NA and Conditional Distributions of Price Increments

As shown by Jacod and Shiryaev, the long list of conditions equivalent to
the NA-property can be completed by the following one involving the regular
conditional distributions Q;(w, dz) of the price increments AS; knowing F;_1:

(h) 0 € riconvsupp Q¢(w,dx) a.s. forallt =1,...,T.

Recall that Q¢(w,I") is an F;_j-measurable random variable in w and a
measure in I" such that P(AS; € I'|Fi—1) = Qi(w, I') (a.s.) for each Borel set
I" in R®. The topological support of the measure Q;(w, dr) is the intersection
of all closed sets the complements of which are null sets for this measure. The
abbreviation “ri” denotes the relative interior of a convex set, i.e., the interior
in the relative topology of the smallest affine subspace containing it.

Comparing (h) and (g), we see that their equivalence follows from the next
one-step result complementing Proposition 2.1.5.
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Proposition 2.1.6 Let ¢ € LY(RY), and let Q(w,dx) be a regular conditional
distribution of £ with respect to a o-algebra G C F. Then the NA-property (or
the equivalent property (ii)) holds if and only if the following condition is
satisfied:

(iii) O € riconvsupp Q(w,dz) a.s.

Proof. (ii) = (iii). Consider the case where G is trivial. If the origin does not
belong to A := riconvsupp Q(dz), then there exists a € R? such that the
latter set lies in the closed half-space { : ax > 0} but not in the subspace
{z : ax = 0} (to see this, apply the separation theorem in the linear subspace
of minimal dimension containing A and extend the separating functional to
a functional on the whole R vanishing on the orthogonal complement). So,
Q(z : ax > 0) > 0, and for any strictly positive bounded random variable
p measurable with respect to o{¢} (i.e., of the form p = r(§) with a Borel
function ), we have

Bpat = [ rw)aclie a0 @ds) >0,

in contradiction with (ii).

In the general case we consider the set I' :== {(w,a) : Q(w, {ax > 0}) > 0},
which is measurable with respect to the product o-algebra G ® B%; let I'(w)
be its w-sections. If (iii) fails, then, as it was just shown, the projection PrpI”
of I" on {2 is nonnull. Due to the measurable selection theorem, there exists a
G-measurable R?-valued random variable a such that a(w) € I'(w) for almost
all w from PrnI'. Now, take an arbitrary bounded strictly positive function
7(w, z) measurable with respect to 0{G,¢} ® B¢ and put p(w) := r(w, {(w)).
Then

E(rag|g) = /T(w,x)a(w)xl{gc: a(w)z>0yQ(w,dxr) >0 on Prol.

It is easy to see that this is a contradiction with (ii).

(iii) = (ii). Again, let us first consider the case of trivial G. Let L
be the affine subspace of minimal dimension containing the set
A :=riconvsupp Q(dz).

The assumption 0 € A implies that the function

ﬂ@?/wHWQMPJE%WummM>

attains its minimum at some point a,: otherwise, we could find, as in the proof
of Proposition 2.1.5, a vector 8 such {z : Sz > 0} N L is a @-null set. But
this means that the origin is not in the relative interior of the convex hull of
supp Q(dx). In the general case, we can find a G-measurable random variable
o, such that «,(w) is a minimizer of f(w,a) and conclude in the same way as
in Proposition 2.1.5. O
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2.1.6 Comment on Absolute Continuous Martingale Measures

One may ask whether the existence of an absolute continuous martingale
measure can be related with a certain no-arbitrage property. Indeed, in the
case of finite number of states of nature, we have the following criterion:

Proposition 2.1.7 Suppose that (2 is finite. Then the following conditions
are equivalent:

(a) Ry NLO(R4\ {0}) =0; ~ ~
(b) there is a probability measure P < P such that S € M(P).

Here the implication (b) = (a) is obvious, while the converse follows easily
from the finite-dimensional separation theorem applied to the disjoint convex
sets A7\ {0} and L°(R, \ {0}): any separating functional after normalization
is a density of probability measure with the needed property. The condition
(a) means that there is no “universal” arbitrage strategy H, that is, such that
H-Sr >0 (as.).

Unfortunately, the above proposition cannot be extended to the case of
arbitrary 2.

Example. Let us consider a one-period model with two risky assets whose
price increments AS] and AS? are random variables defined on a count-
able probability space 2 = {w;}i>0 with all P({w;}) > 0. The initial o-
algebra is trivial. Let AS}(wo) = 1, AST(w;) = —i, i > 1. Let AS?(wp) = 0,
AS?(w;) = 1,4 > 1. Apparently, the equalities EqAST = 0 and EgAS? =0
are incompatible, and, hence, there are no martingale measures. On the other
hand, let (H', H?) € R? be a “universal” arbitrage strategy. Then necessarily
H' > 0, and we get a contradiction since in such a case the countable system
of inequalities —iH' + H? > 0, 4 > 1, is incompatible whatever is H?2.

2.1.7 Complete Markets and Replicable Contingent Claims

As we observed, the set of results Ry is always closed in LY. It is an easy
exercise to deduce from this property that the set R 4+ Ry is also closed. We
use this remark in the proof of the following:

Proposition 2.1.8 Suppose that the set Q° of equivalent martingale mea-
sures is nonempty. Then the following conditions are equivalent:

(a) Q° is a singleton;
(b) R+ Ry = LO.

Proof. (a) = (b). We may assume without loss of generality that P is a
martingale measure. Suppose that there is & € L% which is not in the closed
subspace R + Ry C LO. Tt follows that the random variables " := §l1ie1<n)
are not in this subspace for all n > N. Applying the separation theorem, one
can find n with |n| < 1/2 such that En¢ = 0 for the elements ¢ from the
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closed subspace (R + Rr)N L' of L but Ené™ > 0. Put Q = (1+7)P. Then
EqH - St = 0 whatever is a bounded predictable process H. This means that
@ is an equivalent martingale measure different from P, contradicting (a).

(b) = (a). Take I' € Fp. Then I = ¢+ Hr - ST, where cr is a constant.
It follows that Q(I") = ¢ whatever is a martingale measure @, i.e., the latter
is unique.

The property (b), in financial literature referred to as the market complete-
ness, means that any contingent claim can be replicated, that is, represented
as the terminal value of a self-financing portfolio starting from a certain initial
endowment. The above statement, asserting that an arbitrage-free market is
complete if and only if there is only one equivalent martingale measure, some-
times is called the second fundamental theorem of asset pricing.

The closedness of the subspace R+ Ry leads the next assertion concerning
replicable claims on incomplete markets. In its formulation, ¢); and Q7 denote
the sets of absolutely continuous and equivalent local martingale measures.
O

Proposition 2.1.9 Suppose that Q¢ # 0. Let a random wvariable & > 0 be
such that a = = SUPQe e Egf < oo and the supremum is attained on some
measure Q*. Then & = a+ H - Sy for some predictable process (and, hence,
the function Q — Eq& is constant on the set QF ).

Proof. Supposing that the statement fails, we apply the Hahn—Banach theo-
rem and separate ¢ and the subspace (R + Rr) N LY(Q*) in L'(Q*), that is,
we find € L* such that Eg-&n > 0 and Eg-n¢ = 0 for all ¢ from the sub-
space. In particular, Fg«n = 0 and Eg-H - S7n = 0 whatever is a predictable
process H such that H - St is integrable; in particular, the last equality holds
for H = Ijo 7], where 7, is a localizing sequence for S. Normalizing, we may
assume that |n| < 1/2. It follows that the measure Q = (1 4 7)Q* is an ele-
ment of QF and EQ§ =a+ Eg-{n > a in an apparent contradiction with the
definition of @*. O

2.1.8 DMW Theorem with Restricted Information

Let us consider the following setting, which is only slightly different from the
classical one. Namely, assume that we are given a filtration G = (G; )< with
Gi C Fy. Suppose that the strategies are now predictable with respect to this
smaller filtration (i.e., H; € L°(G;_1)), a situation which may happen when
the portfolios are revised on the basis of restricted information, e.g., due to a
delay. Again, we may define the sets Rp and A and give a definition of the
arbitrage, which, in these symbols, looks exactly as (a) above, and we can list
the corresponding necessary and sufficient conditions.

To this aim, we define the G-optional projection X° of an integrable
process X by putting X? := E(Xy|G), t < T.
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Theorem 2.1.10 The following properties are equivalent:

a) Ar N LY = {0} (NA condition);
b) ArnN LgL = {0} and Ar = AT,'

(c) Ap N LY ={0};

d) there is a strictly positive process p € M with (pS)° € M(G);

(e) there is a bounded strictly positive process p € M with (pS)° € M(G).

(
(
(

The symbol M(G) stands here for the set of G-martingales, and we pre-
sume tacitly in the last two conditions that Ep;|S;| < co. Clearly, these con-
ditions can be formulated in terms of existence of an equivalent probability P
such that E(S;41|G;) = E(S;|Gy) for all t < T — 1.

We leave to the reader as an (easy) exercise to inspect that the arguments

of the previous section go well for this theorem.

Remark. Curiously, this result, rather natural and important for practical ap-
plications, was established only recently. It happens that all numerous proofs,
except one suggested in [131] and reproduced above in Sect. 2.1.3, in their
most essential part concerning the construction of equivalent martingale mea-
sures given the NA-property, are based on the reduction to the one-step case
with T'= 1. Of course, (a) implies (g) (i.e., the NA-property for all one-step
models). A clever argument in the Dalang—Morton-Willinger paper permits
to assemble a required martingale density from martingale densities for one-
step models. However, in the model with restricted information, the property
(g) drops out from the list of equivalent conditions.

Example. Consider the model where T = 2, Gy = G, = {0}, 2}, but there is
A € F; such that 0 < P(A) < 1. Put

1 1
AS; ::IA_EIA% ASy = _§IA+IAC.

There is no arbitrage at each of two steps, but the constant process with
H, = H> =1 is an arbitrage strategy for the two-step model.

2.1.9 Hedging Theorem for European-Type Options

One of the most fundamental though simple ideas of mathematical finance is
the arbitrage pricing of contingent claims.

A contingent claim or an option is a random variable £ which can be inter-
preted as a pay-off of the option seller to the option buyer. For a European-
type option, the payment is made at the terminal (maturity) date 7' and may
depend on the whole history up to 7. What is a “fair” price for such a con-
tract payed at time zero? Apparently, and this is the basic principle, the option
price should be such that neither of two parties has arbitrage opportunities,
i.e., riskless profits.
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Let us define the set
I' :=T1() :={z:3H € P such that z + H - St > &}.

Clearly, if not empty, it is a semi-infinite interval (maybe, coinciding with the
whole line). A priori, it can be either of the form [Z, oo[ or |Z, ool.

The theorem below ensures, in particular, that £ € I'. If the contracted
price of the option, say, x is strictly larger than Z, then the seller has a nonrisky
profit by pocketing x — Z and running a self-financing portfolio process in the
underlying assets £+ H -S, the terminal value of which dominates the terminal
pay-off (so, selling the portfolio at the date T' covers the liability).

Similarly, suppose that the right extremity z of the semi-infinite interval

—I(—¢) = {z: 3H € P such that —x + H - Sp > —¢}

belongs to this interval. If x is strictly less than x, then the option buyer will
have an arbitrage opportunity. Indeed, in this case there exists a strategy H
such that —x + H - Sp > —¢. Thus, borrowing = at ¢ = 0 to buy the option,
the agent runs a portfolio —x 4+ H - S, which has a terminal value larger than
z —x —&. Therefore, after exercising the option, the agent will have a nonrisky
profit z — .

These arguments show that “fair” prices lie in the interval [z, Z].

Remark 1. Note that it is tacitly assumed that the agent (option seller)
may have a short position in option: for the discrete-time model, it is an
innocent assumption, but it is questionable for continuous-time models, where
the admissibility means that unbounded short positions even in the underlying
are not allowed.

In the case where the contingent claim is redundant, that is, of the form
€ =x+ HS - Sy, we necessarily have that = 2 = Z is the no-arbitrage price
of the option. Indeed, let us consider the hedging portfolio process z + H - S
for £&. The absence of arbitrage implies that its terminal value must coincide
with € and, in virtue of the “law of one price” (also due to NA, see the remark
below), x = Z and, by symmetry, £ = z. The same NA arguments show that
if £ is nonredundant, the hedging portfolio starting from Z is an arbitrage
opportunity. Thus, the range of no-arbitrage prices is either a singleton or an
open interval |z, Z[.

Remark 2. The law of one price (L1P) is the property asserting that the
equality x + H - St = 2/ + H' - St implies the equality x = z’. The NA-
property is a sufficient condition for L1P that follows from the DMW theorem:
the latter ensures that there is a measure under which the process (H—H')-S
is a martingale. One may ask what is a necessary and sufficient condition for
L1P. The answer is the following:

L1P holds if and only if there is a bounded martingale Z with EZp =1
and Zy > 0 such that the process ZS is a martingale.
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In this formulation we do not suppose that the o-algebra is trivial. Notice
that L1P means that Ry N LO(Fy) = {0}, where, as already mentioned, the
linear space Ry is closed. We hope that with this remark the proof of the
nontrivial “only if” part will be an easy exercise for the reader.

Now we present the theorem giving a “dual” description of the set of initial
capitals I', from which one can super-replicate (hedge) the contingent claim &.

Notation. Let Q (resp. Q°) be the set of all measures Q < P (resp. Q ~ P)
such that S is a martingale with respect to Q. We add to this notation the
subscript ! to denote larger sets of measures Q; and Qf for which S is only a
local martingale. We shall denote by Z, Z¢, Z;, ... the density processes for
measures from the corresponding sets.

Theorem 2.1.11 Suppose that Q¢ # (. Let £ be a bounded from below ran-
dom variable such that Eg|¢| < oo for every Q € Q°. Then

I'={z: x> Epr{ for all p € Z°}. (2.1.1)

In other words, ¥ = supgc g Fgf and I' = [Z, o0]. An obvious corollary of
this theorem (applied to the set I'(—¢)) is the assertion that & = infgecge Egé.
The direct proof of this result is not difficult, but we obtain it from two
fundamental facts having their own interest. The first one usually is referred to
as the optional decomposition theorem, which will be discussed in Sect. 2.1.12.

Theorem 2.1.12 Suppose that Q¢ # (. Let X = (X;) be a bounded from
below process which is a supermartingale with respect to each probability mea-
sure Q € Q°. Then there exist a strateqy H and an increasing process A such

that X =Xo+H -5 — A.

Proposition 2.1.13 Suppose that Q¢ # 0. Let & be a bounded from below
random variable such that supgege Eglé| < 0o. Then the process X with

X =esssup Eg(&|F)
QEeQe

is a supermartingale with respect to every @ € Q°.

For the proof of this result, we send the reader to Appendix (Proposi-
tion 5.3.7).

Proof of Theorem 2.1.11. The inclusion I" C [Z, oo[ is obvious: if z+H -Sp > &,
then x > Eg¢ for every Q € Q°. To show the opposite inclusion, we may
suppose that supgeg Egl{| < oo (otherwise both sets are empty). Applying
the optional decomposition theorem, we get that X = Z + H - S — A. Since
T+ H- St > Xp =¢, the result follows. O
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2.1.10 Stochastic Discounting Factors

In this subsection we discuss financial aspects of the hedging theorem and give
an interpretation of densities of martingale measures as stochastic discounting
factors.

Let us consider a “practical example” where the option seller promised to
deliver at the expiration date T a “basket” of d assets, namely, n° units of
the ith asset with positive price process S°. Since the market is frictionless,
this is same as to deliver 7S units of the numéraire, i.e., to make a payment
& = nSt. The hedging theorem asserts that the set of initial capitals allowing
one to super-replicate £ can be described in terms of prices. Namely, if the
NA-property holds, one can hedge the pay-off from the initial capital x if
and only if z dominates the expectation of “stochastically discounted” pay-off
pr& = £S%. whatever is a martingale density p. In other words, the comparison
should be done not by computing the “value” of the basket using the “true”
price process but replacing the latter by a “consistent price system” S? = pS
obtained by multiplying the “true” price process by the stochastic discounting
factor p. The word “consistent” here reflects the fact that SY is determined
by S% via the martingale property: Sy = E(S§|Fr).

2.1.11 Hedging Theorem for American-Type Options

In the American-type option the buyer has the right to exercise at any date
before T on the basis of the available information flow, so the exercise date
T is a stopping time; the buyer gets the amount Y., the value of an adapted
process Y at 7. The description of the pay-off process Y = (Y;) is a clause of
the contract (as well as the final maturity date T').

By analogy with the case of European options, we define the set of initial
capitals starting from which one can run a self-financing portfolio the values
of which dominate the eventual pay-off on the considered time-interval:

I''=r{Y):={¢:3H ePsuchthat z+ H-S>Y}.

Theorem 2.1.14 Suppose that Q° # 0. Let Y = (Y;) be an adapted process
bounded from below and such that Eqg|Yi| < oo for all Q € Q° and t < T.
Then

I = {x x> EpY; for all p e Z° and all stopping times T < T}. (2.1.2)

The proof of this result based on application of the optional decomposition
is exactly the same as of Theorem 2.1.11. The only difference is that now we
take as X the process

X = esssup Eq(Y:|F),
QeQe,teTy
where 7; is the set of stopping times with values in the set {t,t+1,...,T}.
Under the assumption supgege EglY;] < oo for each t, the process X is
a supermartingale with respect to every @ € Q°¢, see Proposition 5.3.8 in
Appendix.
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2.1.12 Optional Decomposition Theorem

We give here a slightly different formulation.

Theorem 2.1.15 Suppose that Qf # 0. Let X = (X;) be a process which is a
generalized supermartingale with respect to each measure Q € Qf. Then there
are a strateqgy H and an increasing process A such that X = Xg+ H - S — A.

Proof. We start from a one-step version of the result. 0O

Lemma 2.1.16 Let G be a sub-o-algebra of F, and let & and n be random
variables with values in R and R and for which E(|¢| +|n||G) < oo. Assume
that E(ag|G) < 0 whatever is a random variable o > 0 with E(«|G) = 1 such
that E(an|G) = 0 and E(al€]|G) < oo, E(a|n||G) < oo. Suppose that such o
does exist. Then there is A € L°(R%,G) such that & — \n < 0.

Proof. First, we suppose without loss of generality that £ and 7 are integrable
(we may argue with € := &/(1+E(€| + n]|G)) and 7 := n/(1+ E(€| + In]|G))).
Define the set A := {\n: X € L°%(R% G)} — LY. By the DMW theorem, it is
closed in probability. Thus, the convex set A! := AN L' is closed in L'. If the
assertion of the lemma fails, ¢ ¢ Al. Therefore, in virtue of the Hahn-Banach
separation theorem, there is a € L* such that

Eaf > sup Fa(.
ceAl

Necessarily, o > 0: if not, the right-hand side of the above inequality would
be infinite. By the same reason EaAn = 0 whatever is A € L>(R%, G). Hence,
E(an|G) = 0, and the supremum is equal to zero. That is, Eag > 0. But
this is incompatible with the inequality E(a&|G) < 0 we should have for
such . O

With the lemma, the proof of the theorem is easy. Indeed, let p € Zf.
Consider the obvious identity p; = aq ..., where ay := pr/pr—1. The mar-
tingale property of p means that E(ay|F;—1) = 1. On the other hand, due to
the coincidence of the classes of local and generalized martingales, p € Zf if
and only if E(c|ASy||Fi—1) < oo and E(a; AS¢|Fi—1) = 0 for all ¢ < T'. Thus,
by Lemma 2.1.16, there is H; € L°(R%|F;_1) such that AX; — H;AS; < 0.
Denoting the right-hand side by —AA; and putting Ag = 0, we obtain the
desired decomposition.

Remark. Let us return to the setting of Lemma 2.1.16, assuming that the
o-algebra G is trivial. Consider the maximization problem Faf — max under
two equality constraints Ea = 1 and Fan = 0, the constraint o > 0 (a.s.),
and “admissibility” assumptions on « to ensure the needed integrability. The
hypothesis of the lemma says that the value of this problem does not exceed
zero. It is not difficult to prove that there is a Lagrange multiplier A “remov-
ing” the second equality constraint. For the new maximization problem, we
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also have that Ea(§ — \n) < 0 for all « satisfying the remaining constraints.
Clearly, this is possible only if £ — Anp < 0.

One may expect that these arguments can be extended for the general
case, with conditional expectations. This is still easy for finite or countable 2.
This strategy of proof is feasible for arbitrary {2, but one needs to look for a
G-measurable version of Lagrange multipliers by applying a delicate measur-
able selection result, requiring, in turn, specific preparations. However, this
approach (inspired by the original proof of the DMW) works well also for
continuous-time models, see [73]. We use it for an analysis of the structure of
the set of equivalent martingale measures in the next subsection.

2.1.13 Martingale Measures with Bounded Densities

The following useful result gives, in particular, the positive answer to the
question whether the set Q¢ is norm-dense in Qf (that is whether Z€ is dense
in Z in the Ll—norm). Indeed, in virtue of the DMW theorem, Qf # 0 if
and only if Q¢ # (). It remains to take as the reference measure an arbitrary
element of the latter set and apply the theorem below. This theorem happens
to be useful to get a similar property for the discrete-time model with infinite
horizon, which will be discussed in the next section.

Theorem 2.1.17 Let P € Qf. Then the set {Q € Q°, dQ/dP € L*} is

norm-dense in QF.

Proof. Tt contains three steps. The first one is a simple lemma on the ap-
proximations of positive functions on the probability space (R™,B",u) by
positive functions from C(R™), where R™ is the one-point compactification
of R™. O

Lemma 2.1.18 Let ¢ : R™ — R! be a measurable mapping with ¢l € L' ().
PutU:={ge L'(u): g>0, gl¢| € L*(n)} and Uc := U NC(R™). Then
for any f € U and € > 0, there is f¢ € Uc such that || f — f¢| 1) < € and

E,éf = Eudf°. (2.13)

Proof. Let O-(f) be an open ball in L}L of radius ¢ with center at f. Define
the convex sets G := U N O(f) and G¢ = Uc N O(f) and consider the
affine mapping @ : G — R! with &(g) = E,(f — g)¢. We need to show that
0 € #(G¢). Notice that Uex is a dense subset of U, and, therefore, G¢ is
dense in G in L. Tt follows that &(G¢) is dense in &(G). The convexity of
these sets implies that ri®(G¢) = ri®d(G), and to complete the proof, it is
sufficient to check that 0 € ri®(G). To this aim we first observe that without
loss of generality we may consider the case where f¢?, i = 1,...,[, are linearly
independent elements of L/i. Suppose that 0 ¢ ri®(G). Let us consider the
smallest hyperplane H containing ¢(G). Since 0 € ¢(G), it is a subspace. By
the separation theorem, there is a nontrivial linear functional y on H such that
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yx > 0 for all z € &(G). Extending y to a linear functional on the whole R/,
we may rewrite this as E,(f — ¢g)y¢ > 0 whatever is g € G. Using functions of
the form g = f £ §fI where I' is a measurable set and § €]0, 1] is such that
g € O-(f), we get from here that E,Irfy¢ = 0 for any I". Hence, yf¢ = 0,
in contradiction with the assumed linear independence of components. [

With this preparatory result, we can easily prove the claim for the one-
period model.

Lemma 2.1.19 Let G be a (complete) sub-o-algebra of F, and let o and n
be random variables taking values, respectively, in Ry \ {0} and R¢ such that
E((1+a)|n||G) < co. Assume that E(a|G) =1, E(n|G) =0, and E(an|G) = 0.
Then there are bounded random variables a™ > 0 converging to o a.s. and such
that E(a™|G) =1, E(a"n|G) = 0.

Proof. Let u(dz,w) be a regular conditional distribution of the random vector
(a,n) knowing G. Define on R9t! the functions f(x):=2! and
() = (1,22%,...,2%*). Writing the conditional expectations as the inte-
grals with respect to conditional distribution, we express properties of « as
follows: E,( ) f¢ = e1 (the first orth in R*1) for all w except a null-set. The
set

.= {(w,g) € 2 x C’(R‘”l) 2 9>0, Euu)99 = e,
E;L(.,w)|f _gl < 1/’”’}

is G ® B(C(R¥*!))-measurable and, according to the previous lemma, has
the projection on {2 of full measure. By the classical measurable selection the-
orem I'™ admits a G-measurable selector " : 2 — C(R%*t1). The function
of two variables f"(w,z), being G-measurable in w and continuous in z, is
G ® B*tl-measurable. The random variables " = f"(w, (a(w),n(w))) con-
verge to « in L' and, hence, in probability. Let us define the bounded random
variables &"F(w) := f™*(w, (a(w), n(w))), where

rn,k _rm
oM w, @) = [ (w, ) I o, 1<k + (0w, 1>k}

and ||.|| is a uniform norm in z. Since E,(. .,y9¢ = e1, we have the equalities
E(G"*g) = 1, E(@@*y|g) = 0.

Obviously, &™* converge to @" in probability. The convergence in prob-
ability is a convergence in a metric space, and, therefore, one can take a
subsequence k, such that o” := @™*» converge to « in probability. But then
there is a subsequence of o™ convergent to « a.s.

The third, concluding step, is also simple. Note first that we may replace
the reference measure by any other from 7 with bounded density. According
to the DMW theorem, between such measures, there are measures from Q°¢,
and so we may assume without loss of generality that already P € Q°.

We again use the multiplicative representation of the density pr = dQ/dP,
namely, pr = a1 ...ap with ay := p./pi—1. The property p € Zf holds if and
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only if E(ay|Fie1) = 1, E(oy|ASe||Fi—1) < 0o and E(ar AS¢|Fi—1) = 0 for all
t <T. Applying the preceding lemma, we define the measure P" := pI.P € Q°
with bounded density p7 := af ... o, convergent to pr a.s. But by the Scheffe
theorem, here we also have the convergence in L. O

Remark. Theorem 2.1.17 has several obvious corollaries. For example, if
P € Qf, then the set of Q € Qf with bounded densities pr = dQ/dP and
p}l = dP/dQ is dense in Qf. This fact is easily seen by considering the con-
vex combinations @™ = (1 — 1/n)Q + (1/n)P and letting n tend to infinity.
Noticing that Qf is dense in the set Q; (by the similar consideration), one can
further strengthen the claim in another direction, etc.

It is not difficult to check that the set of local martingale measures with
finite entropy (i.e., with Epr In pr < 00), if nonempty, is also dense in Qf. We
explain the idea by establishing a more general result, which has applications
in portfolio optimization problems.

Let ¢ : ]0,00[— R be a measurable function bounded from below, and let

Qg = {Q € Q°: FEp(dQ/dP) < oo}.

Proposition 2.1.20 If the set Q¢ # (0, then it is dense in Q° in the following
two cases:

(a) for every ¢ > 1, there exist constants r1(c),r2(c) > 0 such that
p(\y) <Ti()e(y) +m2(c)(y +1), yeJo,oof, A€ [chc]s  (214)
(b) ¢ is convez, and Qf, = QF, for any A > 0, where x(y) := ¢(\y).

Proof. (a) Let P e Q¢. Take an arbitrary measure ) € Q¢ By the above
theorem and the accompanying remark, there exists a sequence Q" € Q¢
convergent to Q with the densities dQ" /dP taking values in intervals [c; !, ¢,].
We have

dQn dQ™ dP dP
E =F —— | < ) Eo| — 2ra(cy, .
w(dp> <p< 1P dP)ﬁ(C ) w(dP)Jr ro(cn) < 00
Hence, Q" € Q¢ and the result follows.
(b) We may assume without loss of generality that ¢ > 0 (by adding a
constant) and repeat the same arguments modifying only the last step. Clearly,

dQ™/ dP = anc,t + (1 — ay)e,, where o, is a random variable taking values
in [0, 1]. By convexity,

dQ" dP _,dP dP
)< i — i
oG ap) = Flove () + 0o

P P
< E<‘0<C;13—p> +Eg0(cn;i—P> < 00

in virtue of assumption, and we conclude as before.
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Note that for convex ¢, condition (a) implies (b). The latter hypothesis
entangles properties of ¢ and Q°.

In financial applications, typically, (y) = yP, p > 0, or ¢(y) = ylny.
In particular, if nonempty, the set Q7 .~ of martingale measures with finite
entropy is dense in the set of equivalent martingale measures Q°.

More generally, let © : R — R be an increasing concave differentiable
function, and let u* be its Fenchel dual (which is, by definition, the Fenchel

dual of the convex function —u(—.)), i.e., the convex function
u*(y) = sup(u(z) — zy).
x

For example, the dual of the exponential utility function u(z) =1 —e™* is
the function u*(y) = ylny —y + 1, y > 0, and u*(y) = oo, y < 0.
Suppose that v has a “reasonable” asymptotic elasticity, i.e.,

!/ !
AE (u) := limsup SAC) <1, AE_(u) := liminf zu'(z) > 1.

It can be shown that the function ¢ = u* satisfies the growth condition (a)
of Proposition 2.1.20. O

2.1.14 Utility Maximization and Convex Duality

In this subsection we explain the importance of the set of equivalent martin-
gale measures in the problem of portfolio optimization. Namely, we consider
the simplest model with finite number of states of nature where the investor
maximizes the mean value of an exponential utility function of the terminal
value of his portfolio. Applying the classical Fenchel theorem, we show that
the dual problem involves martingale measures.

So, 2 is finite, and hence, the space L° can be identified with a finite-
dimensional Euclidean space. As usual, Ry is the set of random variables H -
S, and Z% (respectively, Z¢) is the set of densities (respectively, density
processes) of equivalent martingale measures.

It is supposed in the following discussion that Z5% # ().

We are interested in the portfolio optimization problem the value of which
is

J?:= sup E(1—e7"). (2.1.5)
ne€RT
It will be studied jointly with the minimization problem EZpIn Zp — min
over the set of equivalent martingale densities Z%; let its value be

J = inf EfIn€. 2.1.6
J:= inf E{Ing (2.1.6)
The latter problem, by abuse of language, sometimes is referred to as the

“dual” one. As we shall see below, this terminology deviates from the standard
one of the convex analysis.
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The continuous function ¢ — E¢1In¢ attains its minimum J on the com-
pact set Z% which is a closure of Z%. Due to strict convexity, the minimizer
€° is unique. The derivative of the function p(r) = zlnz (with ¢(0) = 0)
at zero is —oo, and this property implies that £° is strictly positive. Indeed,
let us take an arbitrary point § of the set Z¢ (assumed nonempty) and con-
sider on [0,7] the function F; = Ef;, where f; := o(t§ + (1 — t)£°). As F
attains its minimum at ¢ = 0, the derivative F; > 0. But F; = Ef{. Since
14 = ¢’ (0)§ = —o0o on the set {£° = 0}, the probability of the latter is zero.

The measure P° = £° is called the entropy minimal equivalent martingale
measure.

Proposition 2.1.21 J° =1 —e" <.

This result is a direct consequence of the fundamental Fenchel theorem.
We recall the simplest version of its formulation (in its traditional form, for
convex functions).

Let X be a Hilbert space, and let f: X — RU{oc}, g: X — RU {0}
be two convex lower semicontinuous functions not identically equal to infinity,
i.e., dom f # () and dom g # 0.

Let us consider two minimization problems, the primal
f(m) +9(n) - min  on X (2.1.7)

and the dual
[ (=) +g"(&) — min  on X*(= X). (2.1.8)

We denote their values v := inf,[f(z) + g()] and v, := inf,[f*(—y) + ¢ (v)].
Suppose that

dom f Ndomyg # 0, (—dom f*) N dom g* # 0;

we rewrite these conditions, to relate them with those in the formulation of
theorem below, as

0 € dom f — dompg, 0 € dom f* + dom g*.

They ensure that v < co and v, < 0.
Note that always v + v, > 0 because by the Fenchel inequality

f) +9m) + (=8 +9"(&) = (=n,8) + (1,€) = 0.
The following result is a particular case of the Fenchel theorem.

Theorem 2.1.22 (a) Let 0 € int (dom f — domg). Then the dual problem
(2.1.8) has a solution, and v + v, = 0.

(b) Let 0 € int (dom g* 4+ dom f*). Then the primal problem (2.1.7) has a
solution, and v+ v, = 0.
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Let us consider the minimization problem

f(n) +g(n) — min  on L°, (2.1.9)

where f(n) := E(e" — 1), and g = 0g,., the indicator function (in the sense
of convex analysis), which is equal to zero on Ry and infinity on the com-
plement. Clearly, f* is calculated via the dual to the convex function e* — 1,
namely, f*(=§) = E({In¢ — &+ 1)dj0,[(£), and g* = Jdgs.. In our case the
polar RS is just Rf, the subspace orthogonal to Ry. The conditions of the
Fenchel theorem, part (a), are obviously fulfilled. Thus, J° coincides with the
(attained) value of the dual problem

fH(=€) +g"(€) » min  on L°,

i.e., J°is equal to the minimum of f*(—¢) on the set Ry NLY =Ry Z%. Since

)

. . _ _ _ —Etmey _ 1 _ —J
gggggE(tglntg t&+1) f16112f%(1 e J=1-e¢

we get the result.

Remark. If Z¢ £ (), the hypothesis of the Fenchel theorem, part (b), holds,
ensuring the existence in the primal problem. In the case where Z¢ = (3, there
is an arbitrage strategy H* with n* := H® - Sp > 0 and n® # 0. Clearly, for
any 1 € Rp, the value of the functional in (2.1.5) at n®* 4 7 is strictly larger
than at 7.

Proposition 2.1.23 Let H° be the optimal strategy for the problem of port-
folio optimization, Then the random variable

£ = e—HO‘ST/Ee_HO'ST (2.1.10)
1s the density of the minimal entropy equivalent martingale measure P°.

Proof. The right-hand side of (2.1.10) is the density of a martingale measure.
Indeed, for any strategy H, the function

Frr(\) = 1 — Be~H"-Sr+AH:Sr
attains its maximum at A = 0, and, therefore, f7;(0) =0, i.e.,
E(H - Sp)e "5t =0,
implying the claimed property. Using it, we can easily verify that
1— e BEIE" — 1 peH"5,

Accordingly to Proposition 2.1.21, this equality may hold only if £° is the
solution of the problem of the entropy minimization. 0O
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2.2 Discrete-Time Infinite-Horizon Model

The aim of this section is to present relations between the absence of arbitrage
and the existence of an equivalent martingale measure for the model with
an R%valued price process S = (St)i1=0,1,... defined on some filtered space
(2, F,F = (F)i=0,1,...). We assume that the initial o-algebra is trivial. In the
first subsection we discuss some purely probabilistic questions. In particular,
we show that if S admits an equivalent local martingale measure, then it
admits an equivalent martingale measure. Moreover, the latter can be chosen
to ensure the integrability of an arbitrary adapted process fixed in advance.
Afterwards we introduce some substitutes for the no-arbitrage property and
prove necessary and sufficient conditions for them.

2.2.1 Martingale Measures in Infinite-Horizon Model

We consider the discrete-time infinite-horizon model with an R%valued pro-
cess S = (Si)i>0 and introduce, for p > 1, the set Q%P of probability measures
Q@ ~ P such that S is a Q-martingale and S; € L?(Q) for all ¢ > 0. We also
use the standard notation S} := sup,<; |\Ss|.

Theorem 2.2.1 Let S € Mioc(P). Then there exists a probability measure
P ~ P such that S € M(P).

In the case of finite time-horizon this assertion is a direct corollary of
the DMW theorem (and the measure Prp ~ P even can be chosen with the
bounded density dPr/dP). For the infinite-time horizon, we get it from the
following much more general assertion.

Theorem 2.2.2 Let S be a local martingale, and Y = (Y;) be an adapted
process dominating S*. Let € > 0. Then there exists a measure P’ ~ P such
that S is a local P'-martingale, Y; € L*(P") for every t, and |P' — P|| <.

As an obvious corollary, we have:
Theorem 2.2.3 The set QP is dense in the set Q.

Theorem 2.2.2 is a generalization of Theorem 2.1.17. It is interesting that
the reference to the latter constitutes the essential ingredients of the proof.

Lemma 2.2.4 Let S = (St)i<1 be a local martingale in R?, and let € € Li.
Then for any € > 0, there is a probability measure P ~ P with density Z5
such that S = (Sy)i<r is a local martingale with respect to P, E|Z5 —1| < ¢,
and Z5(1 + &) is bounded.

Proof. We introduce the probability measure P! = ce™¢P. Since the NA-
property holds for P, it holds for P'. By the DMW theorem there is P? ~ P!
with dP?/dP! € L> such that S € M(P?). Applying Theorem 2.1.17 with
P? as the reference measure, we obtain that there exists a measure P¢ ~ P?
with dP¢/dP? € L* such that ||P° — P|| < e and S € M(P?). The measure
P¢ meets the requirements. O
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Proof of Theorem 2.2.2. We may suppose that ¢ < 1. Take a sequence ¢, > 0
such that Y e, < e/3. We define recursively an auxiliary sequence of probabil-
ity measures P" ~ P with bounded F,-measurable densities dP"/dP. Let ¢*
denote the density process of PF with respect to P, that is,
¢F = E(dP*/dP|F;). Put

zZr=cl..o.q, Z] = E(ZL|F,).
The construction will ensure the following properties:

(a) ¢r(1+Y,) <ec, for some constant ¢,;

b) E(Z]'S¢|Fi_1) = Z}* S;_1 for all ¢, i.e., Z™S is a local martingale;
t t—1

(c) |[P"=P|| <én:=en/(14+co...cn-1).

Using Lemma 2.2.4, we define a probability measure P! ~ P with
Fi-measurable density dP!/dP such that (] (1+Y7) < ¢ for some constant ¢,
the process (St):<1 is a P!-martingale, and || P*—P|| < ;. Note that the whole
process S remains a local martingale with respect to P!.

Suppose that the measures P* for k < n — 1 are already constructed. Ap-
plying Lemma 2.24 to the (d + 1)-dimensional local martingale
(ZP18:, Z1 Y i<n, we find a measure P* ~ P with F,-measurable density
such that the properties (a) and (c) hold and (Z]" 'S, Z;" ')i<, is a local
P™-martingale. The latter property means that (Z;" '¢/"Sy, Z7 ' (/") i<n is a
local martingale. The martingale (Z]'~*¢}*), having at the date t = n the value
Zn—Yn = 7z = 77, coincides with (Z}'). Thus, Z™S is a local martingale,
and the property (b) holds.

By virtue of our construction,

EZ‘C&—I’ gZan < 00,

and hence Y |(% — 1| < oo a.s. Thus, Z converges almost surely to some
finite random variable Z., > 0. Moreover, the convergence holds also in L*
because

E|ZL - Z  =EZS L — 1 <co...cn1E|[CL — 1] < ey

and Y e, is finite. Also,
ElZw -1 <> E|Z2 - ZI7 <) en <e/3.

It remains to check that the probability measure P/ = (Zo/EZ )P meets

the requirements. Since EZ, > 1 —¢/3 > 2/3, we have that
9F|Zo — 1|
P — P| = B|Zy |EZ, —1| < 221220~ 71
1P’ ~ Pl| = E|Z-o/ < <

It is easy to check that, for each fixed ¢, the sequence ZL Y;,n =t t+1,...,
is fundamental in L'. Indeed, we again use the properties (a) and (c):
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E|ZLY, — ZLT'Ya| < E|Gr =1t g
S Co ...CnflE‘C:lL - 1‘ S En-

It follows that Z.Y; and Z7 S; converges in L' to integrable random variables.
Thus, Z,.Y; € L', and, in virtue of (b),

E(ZOOASHJ:tfl) == 0,

i.e., P’ is a martingale measure. 0O

2.2.2 No Free Lunch for Models with Infinite Time Horizon

Infinite-horizon discrete-time market models based on the price process
(St)i=0,1,... pose new interesting mathematical problems related with the so-
called doubling strategies or the St.-Petersburg game. It is well known that
if S is a symmetric random walk on integers and, hence, a martingale, the
strategy H; = 2'I;<;y where 7 := inf{t > 1: AS; = 1} looks as an ar-
bitrage opportunity: H - So, = 1. This strategy vanishes after the stopping
time 7, which is finite but not bounded. So, certain restrictions on strategies
are needed to exclude such a one. A satisfactory criterion relating the exis-
tence of an equivalent martingale measure with a strengthened no-arbitrage
property can be obtained by assuming that there is no trading after some
bounded stopping time where the bound depend on the strategy. Using the
concepts and notation developed above, we can formalize this easily.

Let Ro be the union of all sets Ry, T € N, and let Ao := Roo — LY.

The infinite-horizon model has the NA-property if Ro, N LY. = {0} (or,
equivalently, Ao N LY = {0}). In general, NA is weaker than the EMM-
property claiming the existence of a probability measure P ~ P such that S
is a P-martingale. The simplest reinforcing of NA is the NFL-property (“no-
free-lunch”) suggested by Kreps: C N LY = {0}, where C'¥ is the closure of
the set Cu := Ao N L™ in the topology o (L%, L) (i.e., the weak* closure).

Theorem 2.2.5 The following properties are equivalent:

(a) C NI = {0} (NFL); ~
(b) there exists P ~ P such that S € Mioc(P);
(c) there exists P ~ P such that S € M(P).

Proof. The Kreps—Yan theorem says that the N F'L-property holds if and only
if there exists P’ ~ P such that E'¢ < 0 for all £ € C%. This P’ can be called
a separating measure since its density is a functional from L' which separates
C¥ and L. Of course, a local martingale measure Pis a separating one.
Indeed, if H - St is bounded from below, then the process (H - S;)i<r is a P-
martingale. Hence, for any bounded from below random variable £ = H-St—h
where h € L(_)H we have the inequality E€ < 0. It follows that this inequality
holds for any & € C%. This gives us the implication (b) = (a). The more
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difficult implication (a) = (b) follows from Theorem 2.2.6 below ensuring
that, amongst the equivalent separating measures, there is a local martingale
measure. The equivalence (b) < (c) follows from Theorem 2.2.2. O

Theorem 2.2.6 Any neighborhood of a separating measure contains an equiv-
alent probability measure P’ under which S is a local martingale.

Proof. We assume without loss of generality that the reference measure P is
separating. Fix ¢ > 0 and a sequence of numbers e; > O such that > ., s <e.
The theorem will be proven if, for each s > 1, we find an F,-random variable
as > 0 with the following properties:

(1) E(as|Fei1) = 1;
(ii) E(]1 — as||Fs—1) < €s;
(iil) E(as|ASs||Fs—1) < oo and E(asAS|Fs—1) = 0.

Indeed, let us consider the process Z; := a3 ...a4, t > 1, Zyg = 1, which is a
martingale in virtue of (i). In virtue of (ii),

E|AZ| = EZ, 1 E(Jas — 1||Foy) < &5

The martingale Z, being dominated by an integrable random variable, namely,
by 1+ Y |AZ|, is uniformly integrable. Also, £ |as — 1| < e. Therefore,
> |as—1| < oo a.s., and the infinite product Zo, > 0 a.s. Thus, the probability
measure P = Z, P is equivalent to P. In virtue of (iii), the process S is
a generalized martingale under P, i.e., belongs to the class coinciding with

Mioc(P). Moreover,

E|lZw -1 < EY |AZ| <e.

s>1

Let H, € L°(R% F,_1) be such that the random variable H,AS, is
bounded from below. Then (H;AS;) An, being an element of C,, has a neg-
ative expectation—we assumed that P is a separating measure. By the Fatou
lemma FH;AS; < 0. In the proposition below we show that this ensures the
existence of ag with the required properties. O

So, we need the following one-step result.

Proposition 2.2.7 Let G be a sub-o-algebra of F. Suppose that n € L°(R?)
is such that Eyn < 0 for any v € L°(R%,G) for which vyn is bounded from
below. Let € > 0. Then there is a strictly positive random variable o such that
E(alG) =1, E(]1 - of|G) <€, E(aln||g) < oo, and E(an|G) = 0.

Proof. Let p(dr,w) be a regular conditional distribution of n with respect
to G. In the space 2 x C(R%) we consider the G ® B(C(R?))-measurable set I’
defined as the intersection of the sets

{(W,g) P 9> 07 Eu(.,w)g = 1a E;L(.,w)|1 _g| < E}
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and
{(w,9): By wglz] < oo, B,y w9z = 0}.
If the projection of I" on {2 is of full measure, we apply the measurable selec-
tion theorem, take an arbitrary G-measurable selector f : 2 — C(R?), and
conclude by putting a(w) = f(w,n(w)).
Let A, be the image of the convex set

{9€ CRY): 920, Buwyg =1, Buiwglzl <00, Byl =gl <}

under the linear mapping ¥, := g — E,,(_ ,ygz. The full projection property
means that, for almost all w, the set A, contains the origin.

Let us first consider the case d = 1, where A, is just an interval. Define
the G-measurable random variables

('(w) =inf{t: p(]—o0,t],w) >0}, ("(w) =sup{t: p(]—o0,t],w) < 1}.

The random variables Ial{_,<¢n, where A € G, being bounded from
below, have negative expectations. Hence, I;_ ¢y E(n|G) < 0. This implies
that

Isocey E(n719) < Iicocer E(n719) < oo

Therefore, ¥(1) < 0 on the set {—oo < £’} and, by symmetry, ¥(1) > 0 on
the set {¢” < oo} (a.s.). Thus, on the intersection of these sets, (1) = 0. It
follows from the elementary lemma below that the interval A, DO [0, oo[ for

[
almost all w € {—o00 < &', ¢ = 0o}. By symmetry, the interval A,, 2] — 00,0
for almost all w € {—c0o=¢/, £ <o0}. O

In the following assertion, w is fixed and omitted in notation.
Lemma 2.2.8 If £ = oo, then A is unbounded from above.

Proof. Fix € €]0,1] and a > 0 such that u({a}) = 0. Consider the subset
W,,o formed by the continuous functions g such that g(a) =1, zg(z) — 0 as
xr — Foo, and E;,gl[, o[ = €. Note that Supgew., , Eprglia,co] = 0. Indeed,
as the support of p is unbounded, we can find a continuous function gy with
a compact support contained in the interval Ja, oo such that Eugy < e while
the value E,zg is arbitrarily large. Adding to go the function e~ Mr—al with
an appropriately chosen parameter A, we obtain a function g € W, , with
E,xglia,00f = Epgo-

Take a > 0 such that p({a}) = 0 and p({z : |z| > a}) < §/2. Take
f = e M*+al and choose the parameter \ to ensure that

€= u({x Dz > a}) —Eufli_,q > 0.

By the above, for any N >0, we can find fy € W, , such that E,x fnI[4,00] = N.
The assertion became obvious since, for the function

gN ‘= fI]—oo,—a[ + I]—a,a[ + gNI]a,a]a

we have W(gy) > N. The lemma is proven. 0O
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For the case of d > 1 and w for which 0 ¢ A,,, there is, in virtue of the
Hahn-Banach theorem, (w) € R? such that |[(w)| = 1 and I(w)z > 0 for all
x € A,. Put l(w) =0if 0 € A,. Using a measurable version of the Hahn-
Banach theorem, one can choose the separating functionals in such a way
that the function w — I(w) is G-measurable. Applying the above reasoning
to the scalar random variable ' := In, we find a function f'(w,y) on 2 x R
which is G-measurable in w and continuous in x. Denoting by u!(dy,.) the
regular conditional distribution of n' with respect to G, we get, by the change
of variable, that

1) [ af (. t@a)nldr.w) = [ i) =0

Thus, I = 0 (a.s.), and the required property holds.

Remark. Let P be a probability measure under which S is a local martingale,
and let H be a strategy such that the process H - S is bounded from below.
Then this process is a true martingale converging at infinity to a random
variable H - Sy, almost surely. By the Fatou lemma, H - S; > E(H - Soo|F).
Therefore, for this strategy, H - S > 0 if and only if H - Soc > 0. These
considerations show that there is hope to get conditions for the existence of
an equivalent local martingale measure based on strategies of such a type.
This is done in the next section.

In the following model the NA-property is fulfilled, but there is no equiva-
lent separating measure. Namely, Ro, C L, Roo N LY = {0}, but C¥ = L*!
Example. Let 2 = N, P({2k — 1}) = P({2k}) = 27571 k > 1, and let
Fi:=o{{1},...,{2t}}. Put Sp:=0,

ASy = 2% Top 1y + 2% Ipopy — 27 Iopi, -

Since Fr is finite, the random variables H-St are bounded, and R,, C L°.

Let 0 < & < 1. Then St A€ € Cu, and S A € — & in probability as
T — oo. Hence, ¢ € C¥. Tt follows that C% = L.

Let n # 0 be a random variable from R, N L%, i.e., of the form H - Sp.
Let k be the first integer for which at least one of the values n(2k — 1) or
n(2k) is strictly positive. Inspecting sequentially the increments H;AS;, we
deduce that H; = 0 for ¢ < k, while the Fj_i-measurable random variable
Hy(j) is equal to a > 0 for j > k — 1. Tt follows that Hy(j)ASk(j) < —ae™*
for j > 2k + 1. The negative values at elementary events 2k + 1 and 2k + 2
can be compensated only if Hy1(j) > a27* for j > 2k + 1. Continuing this
inspection, we arrive at the last increment HpAST the negative values of
which on elementary events 27"+ 1,... cannot be compensated.

More surprisingly, in this example the closure of R in the L'-norm inter-
sects LS only at zero. This can be shown by a similar sequential inspection of
lim,, H* AS;. To ensure the positivity of 7, these random variables should take
such large positive values at the elementary events with odd numbers larger
than k that the L'-norm of  would be infinite in an apparent contradiction.
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2.2.3 No Free Lunch with Vanishing Risk

The NFL-condition can be criticized because the weak® closure has no good
financial interpretation.! Fortunately, it can be replaced by the more attractive
NFLVR-property.

To describe the latter we introduce the class of admissible strategies H
whose value processes H - S are bounded from below (by constants depending
on H) and converge a.s. to finite limits. Denoting by Ra.q the set of random
variables H - So, we define the sets Aaq := Rag — LY. and Caq := Aaq N L.

We say that the process S has the NFLVR-property (no free lunch with
vanishing risk) if Cuq N L% = {0}, where Cyq is the norm-closure of C,q. “Fi-
nancial” motivation of the terminology is based on the alternative description:
NFLVR-property holds if and only if P-lim¢,, = 0 for every sequence &, € Caq
such that ||€, || — 0, see Lemma 2.2.11.

Though the sets A and A,q may be not related by an inclusion, the prop-
erty A,aN LY = {0} ensures the property Ao N LY = {0}. Indeed, the former
implies that, for any finite 7', there is no arbitrage in the class of strategies
with the value processes (H - S;)¢<r bounded from below. As we know, this is
equivalent to the absence of arbitrage in the class of all strategies and, hence,
to the existence of an equivalent martingale measure on Fr. It follows that
the property A.q N L3_ = {0} implies that the bound H - Sy < ¢ propagates
backwards and Cy, C Cagq.

Theorem 2.2.9 NFLVR holds if and only if there is P’ ~ P such that
S € Mo (P).

Proof. 1t is easy to see (using the Fatou lemma) that a local martingale mea-
sure (and even a separating measure for R,) separates Cnq and L. So, the
implication “if” is obvious. On the other hand, the condition C*, N LY = {0},
ensuring that Co, C Cl,q, implies the NFL-property, and the needed measure
P’ does exist in virtue of Theorem 2.2.5. But according to Theorem 2.2.10
below, such a condition holds because under NFLVR the set C;”d coincides
with Cad. O

Theorem 2.2.10 Suppose that Caq N L = {0}. Then Caq = CY.

Before the proof we establish some simple facts from functional analysis.
Let |1, 00| be the set of £ € L? such that £ > 1.

Lemma 2.2.11 Let C be a convex cone in L* containing —LS°. Then the
following properties are equivalent:

1 Of course, the definition of weak* closure involving only halfspaces is even simpler
than that of the norm closure. The intuition, though, appeals to the “interior”
description, in terms of limits. In general, the weak™ sequential closure lies strictly
between the norm-closure and weak™ closure. To get all points of the latter as limits,
one needs to consider convergence along the nets, which is, indeed, not intuitive.
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(a) CN L ={0};
(b) P-lim¢&,, =0 for every sequence &, € C such that ||§,, ||p — O;
(c) the set CN|[—1,00]| is bounded in probability.

Proof. (a) = (b). If the assertion fails, one can find a sequence &, € C such
that &, > —1/n and P(§, > €) > € for some € > 0. Since £, A1 € C, we
may assume that &, < 1. By the von Weizsécker theorem there are random
variables of the form &, = k! Zle &, (thus, elements of C') convergent to
a certain random variable & a.s. Note that the negative parts of &, converge
to zero in L*°. On the other hand, ¢ is not zero. Indeed, £ is also the limit of
k1 Zle €n,, Where &, := &, +1/n >0 and P(§, > ) > e. It is easy to see
that : R .
Ee ™" < P(§, <e)+e P, >e)<1—e+e e <.

Due to convexity of the exponential, the same bound holds for the convex
combinations of fn and, thus, for the limit £. So, 8 := P(£ > 0) > 0. By
the Egorov theorem, there is a measurable set I" with P(I') > 1 — (/2 on
which the convergence &, — ¢ is uniform. But then the sequence & I — &
of elements of C' converges in L*> to a nonzero random variable {1 > 0, in
contradiction with (a).

(b) = (c). If the set CN[1, 00| is unbounded in probability, then it contains
a sequence of random variables €2 > 1 such that lim P(¢2 > n) > 0. But then
the sequence &, := &Y /n violates condition (b).

(¢) = (a). If (a) fails to be true, there exist a sequence &, € C and a
nonzero § € LY such that || — &, ||p~ < 1/n. It follows that || ||L~ < 1/n.
Then the random variables n&, belong to C'N |[—1,00| and form a sequence
divergent to infinity on the set {£ > 0} and, therefore, not bounded in prob-
ability. O

The next lemma, comparatively with the previous one, requires a specific
structure of the cone C. We use the notation K for the closure of K in L°.

Lemma 2.2.12 Let C = (K — LY) N L* where K is a cone, K C |—1,00].
Suppose that K is bounded in probability. Let &, be a sequence in CN|—1,00]
convergent to & a.s. Then the set KT N &, 00| is nonempty and contains a
mazximal element ng.

Proof. In virtue of the assumed structure of the set C, there are 7, € K such
that n, > &,. Applying the von Weizsdcker theorem, we find a subsequence

such that 7 := k= ! Zle N, converge a.s. to some 7 > £. Since K is bounded
in probability, so is the set K. Thus, 7 is finite and belongs to KT'N[&, oo| # 0.
It remains to recall that any nonempty closed bounded subset of L° has a
maximal element with respect to the natural partial ordering (each linearly
ordered subset {(,} has as a majorant esssup,(, < 0o, and the existence of
the maximal element holds by the Zorn lemma). O

Lemma 2.2.13 Let Cog N Ly = {0}. If H is an admissible integrand, then
H - Sy > —1 if and only if the process H - S > —1.
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Proof. Suppose that H is admissible and H - S, > —1 but there is u such
that P(I,) > 0, where I, := {H - S, < —1}. Then the strategy H I, o[Ir, is
admissible, and the random variable H I}, oI, + Soo > 0 is strictly positive
on I,. This is a contradiction with the assumption of the lemma. 0O

Proof of Theorem 2.2.10. According to the Krein-Smulian theorem, a convex
set is closed in o{L>, L'} if an only if its intersection with every ball of
L is closed in probability. Obviously, the last condition follows if the set
is Fatou-closed, that is, if it contains the limit of any bounded from below
sequence of its elements convergent almost surely. So, let &, be a sequence
in Chq convergent to £ a.s. and such that all £, > —c. It is sufficient to
argue with ¢ = 1. We apply Lemma 2.2.12 with K = R,q N |—1, 00|, which
is bounded in probability by virtue of Lemma 2.2.11. The theorem will be
proven if we show that a maximal element 1y in K¥ N £, 00|# () belongs
to K. So, we have a sequence V" := H" - S > —1 with V! — n a.s. We
claim that sup, |V;* — V™| — 0 in probability as n,m — oo. If this not true,
then P((sup,(V;"* — V/*)* > ¢) > e with some ¢ > 0 and i, j,, — oo. For
Ty = inf{t : V" — V/* > a}, we have P(T} < 00) > ¢. Let us consider the
process 3
VF = (Lo H™ + iy, rH?™) - S,

which is an element of K = R,q N |—1,00|. Note that
VE = VI Iiry —ooy + VI i1 <oy + &k,

where & = (V}: - V%’:)I{TKOO} > 0, and P(§ > ¢) > e. Using the von
Weizsédcker theorem in the same way as in the proof of Lemma 2.2.11, we find
a sequence V¥ € K such that VX — ng + &, where ¢ € L? and ¢ # 0. This
contradicts the maximality of 7q.

Taking a subsequence, we may assume that sup, |V;* — V™| — 0 a.s. Thus,
there is a process V which is a uniform limit of V™ (a.s.). Obviously, V > —1,
and the limit Vo exists and is finite. Since AV}* = H] AS; converges to AV,
and Ry is closed, we have AV, = H;AS;. 0O

2.2.4 Example: “Retiring” Process

Here we present an example where a martingale measure can be constructed
in a rather straightforward way. We shall use the result later, in the study of
models with transaction costs.

Let S = (Si)i>0 be an Revalued discrete-time adapted process. Put
ft = ASﬁ Ft = {ft = 0}

Proposition 2.2.14 Suppose that the following conditions hold:

(i) for each finite T, the process (S¢)i<r has the NA-property;
(ii) Ir, 11 a.s.;
(i) E(Ir,|Fi-1) > 0 a.s. on I'Y_ 4 for each t > 1.
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Then there exists a probability @ ~ P such that S is a Q-martingale
bounded in L*(Q) (hence, uniformly integrable with respect to Q).

Proof. By the DMW theorem condition (i) is equivalent to the NA-property
for each one-step model: the relation v¢; > 0 with v € L°(R?, F;_;) may hold
only if v&; = 0. The same theorem asserts that each & admits an equivalent
martingale measure which can be chosen to ensure the integrability of any
fixed finite random variable, e.g., |¢;|?. In terms of densities this means that
there are F;-measurable random variables &; > 0 such that E(a & |Fi—1) =0
and ¢; = E(a)&)?|F;—1) < oo. Normalizing, to this we can also add the
property E(a:|Fi—1) = 1.
We define the F;-measurable random variable a; > 0 by the formula

(1 — 6t)IFt 5750_415]1“;3
E(Ir|Fi-1)  E(aulre|Fi)

where At = {E(&tjf‘f|ft—1) > O} and 6t = 27tE(5[tI[‘tC|ft_1)/(1 + Ct).
Clearly, E(o|Fi—1) = 1.

Noting that @ Jrelae = 0 (a.s.), we obtain that E(c&F|F—1) < 27F and
E(Oztft|ft71) =0.

The process Z; := aq ...« is a martingale which converges (stationarily)
a.s. to a random variable Z, > 0 with EZ,, < 1. Recalling that I, 11 (a.s.)
and using the identity ZoIr, = Z;1,, we obtain that

EZo = Blim Zoo I, = im EZo I, = lim EZ, I, = 1 = lim EZ, Iy

ar=1Ir,_, + Ire na, +Irg nag,

It follows that EZ,, = 1 (i.e., (Z;) is a uniformly integrable martingale).
Indeed, E(oglIpe|Fr—1 <27, and, hence,

ElreZ,=FE H aplre < H 27k 0.
k<t k<t

Thus, @ := Z P is a probability measure under which S is a martingale. At
last,

EqS; =) EZif <) 27" <1,

k<t k<t
i.e., S; belongs to the unit ball of L?(Q). O

Remark 1. Condition (iii) cannot be omitted. Indeed, let S be the symmetric
random walk starting from zero and stopped at the moment when it hits unit.
It is a martingale, and condition (ii) holds. Since So, = 1 a.s., the process S
cannot be a uniformly integrable martingale with respect to a measure )
equivalent to P.

Remark 2. Fix f : R — R, . A minor modification of the arguments leads to
a martingale measure ) for which Eg sup, f(S:) < co. Indeed, let (1) be an
adapted process with n; = n;Ire > 0. As above, we can find a; with the extra
property E(aqf(S¢)|Fi—1) < 27" implying that E'Y_, n < oo. It remains to
take 1, = f(S¢)Ire and note that sup, f(S;) < >, 1.
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2.2.5 The Delbaen—Schachemayer Theory in Continuous Time

This book is addressed to the reader from whom we do not expect the knowl-
edge of stochastic calculus beyond standard textbooks. Luckily, the theory
of markets with transaction costs, in current state of art, does not require
such a knowledge, in a surprising contrast to the classical continuous-time
NA-theory initiated by Kreps and largely developed in a series of papers by
Delbaen and Schachermayer collected in [57]. However, it seems to be useful
to provide a short abstract of the main results of the latter, which will serve
as a background for a discussion explaining this difference.

In the classical continuous-time theory we are given a set X of scalar
semimartingales X on a compact interval [0, T] interpreted as value processes;
the elements of Ry := {X7 : X € X'} are the investor’s “results”; the NA-
property means that Rp N LS)r = {0}. Typically, X is the set of stochastic
integrals H - S, where S is a fixed d-dimensional semimartingale (interpreted
as the price processes of risky assets), and H is a d-dimensional predictable
process for which the integral is defined and is bounded from below by a
constant depending on H. The condition on H (“admissibility”) rules out the
doubling strategies. The experience with discrete-time models gives a hint that
martingale densities can be obtained by a suitable separation theorem. Put
Cr := (Rp — L) N L*> (the set of bounded contingent claims hedgeable from
zero initial endowment) and introduce the “no-free-lunch condition” (NFL):
C¥ N LY = {0}, where C¥ is a closure of C7 in the weak* topology, i.e.,
o{L>,L'}. The Kreps—Yan theorem (Theorem 2.1.4) says that NFL holds if
and only if there exists an equivalent “separating” measure P’ ~ P such that
E'¢ <0 for all £ from C¥ (or Rr). It is easy to see that in the model with
a bounded (resp., locally bounded) price process S, the latter is a martingale
(resp. local martingale).

The above result established by Kreps in the context of financial modelling
(“FTAP”) was completed by Delbaen and Schachermayer by a number of im-
portant observations for the model based on the price process S. We indicate
here only a few.

First, they observed that in the Kreps theorem the condition NFL can
be replaced by a visibly weaker (but, in fact, equivalent) condition “no-free-
lunch condition with vanishing risk” (NFLVR): Cr N L% = {0}, where Cris
the norm-closure of Cp in L°°. The reason for this is in the following simply
formulated (but difficult to prove) result from stochastic calculus:

Theorem 2.2.15 Let the NFLVR-condition be fulfilled. Then Cp = C%.

This result, which is a generalization of Theorem 2.2.9, can be formulated
in a more abstract way for a convex set X of bounded from below semimartin-
gales which satisfies some closedness and concatenation properties.

Second, they establish that in any neighborhood of a separating mea-
sure P’, there exists an equivalent probability measure P (also a separating
one) such that the semimartingale S with respect to P is a o-martingale
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(i.e., for some predictable integrants G® with values in ]0,1], the processes
G'-S'i=1,...,d,are P—martingales). The situation for the continuous time
is rather different even with respect to infinite-horizon discrete-time models:
one cannot claim the existence of an equivalent local martingale measure! The
reason for this is clear: in discrete time there is no difference between local
martingales and o-martingales (which are just generalized martingales).

As we shall see further, for the model with transaction costs, the portfolio
processes are vector-valued, and their dynamics can be described using only
the Lebesgue integrals. In the case of zero transaction cost, one can make a
reduction to scalar wealth processes H - .S, but the resulting H are (vector-
valued) processes of bounded variation and not arbitrary integrands, which is,
apparently, an additional complication. In the general case the problem of no-
arbitrage criteria has also other particularities arising even in the discrete-time
framework.



	Arbitrage Theory for Frictionless Markets
	Models without Friction
	DMW Theorem
	Auxiliary Results: Measurable Subsequences and the Kreps-Yan Theorem
	Proof of the DMW Theorem
	Fast Proof of the DMW Theorem
	NA and Conditional Distributions of Price Increments
	Comment on Absolute Continuous Martingale Measures
	Complete Markets and Replicable Contingent Claims
	DMW Theorem with Restricted Information
	Hedging Theorem for European-Type Options
	Stochastic Discounting Factors
	Hedging Theorem for American-Type Options
	Optional Decomposition Theorem
	Martingale Measures with Bounded Densities
	Utility Maximization and Convex Duality

	Discrete-Time Infinite-Horizon Model
	Martingale Measures in Infinite-Horizon Model
	No Free Lunch for Models with Infinite Time Horizon
	No Free Lunch with Vanishing Risk
	Example: "Retiring" Process
	The Delbaen-Schachemayer Theory in Continuous Time




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


