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Solutions for Exercises

Solutions for Exercises of Chapter 1
1.1 For a random variable X with second moment we have
Var(X) = E((X - B(X))?) = B(X? —2X E(X) + (E(X))?)
= B(X?) - 2(E(X))* + (B(X))* = B(X?) - (BE(X))*.

1.2 For a Poisson distributed random variable X ~ P(X) with intensity A we
have the mean

o0

&0 )\i—l
_ Sy _=A Y =AN
E(X)—;sz_)\e ;7(1_1)'—)\6 et =\
and the second moment

0 0 2l
2y _ 2y A ;
E(X)sz pi = e Zz(i—l)!
i=0 =1

e (i ((ZA_—;)' +(i—1) (@/\_—i)l)>

B > )\z’—l &0 )\i—2
=Ae (Z (i—1)! +A; (i—2)!>

i=1
=de (e +AeM) =1+ N).
Thus, by the result from Exercise 1.1 we obtain the variance

Var(X) = B(X?) — (E(X))? = A+ A2 = \2 =\
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1.3 We have for a uniformly distributed random variable X ~ U(a,b) the
mean

b
x 1 a+b
E(X) = = ?—a?) = .
(X) /ab—adx 2(b—a)(b @) 2
the second moment
b2
1 1
F(X2) = z _ 3 3y _ 1 (p2 2
(X?) /ab—adx 3(b—a)(b a’) 3(b +ab+ a”)
and, thus, the variance
_ Lo 2y 1 2 (b—a)?
Var(X)—S(b + ab + b%) 4(b+a) =1

1.4 For an exponentially distributed X ~ Exp()\) with intensity A it follows

E(X)z/0 wAeMdr=lim +(1- Az +1)e ™) =1

T—00 )\7
E(XQ):/OOx Ne M dy = hmi( —(/\2x22)\x—i-2)ef>‘z):3
o 200 \2 a2’
and therefore
Var(X) =222 - (A2 =12
1.5 For standard Gaussian X ~ N (0, 1) we have the mean
0 o)
X 1,2 X 1,.2
E(X)= e 2% dx—i—/ e 2% dx
(X) /_oo V2m 0o V2w
- 27r< lim (e—%h2 —1) + lim (1—e—ah2)>
h——o0 h—o0
=V2r(-1+1)=0
and the variance
0 2 e's} 2
X 1,2 x 1,2
Var(X) = E(X? :/ e 2¥ d:ﬂ—i—/ e 2% dx
(X) =E(X7) vr- >
= lim (—he / e dg
27 h—oo \/277
+ lim (—he_5h2 L/ e dg
2m h—oo V2w

1 1
= — —:1'
O+2+0+2
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1.6 For X ~ N(0,1) standard Gaussian distributed and k& € N we have

1 o 1,2 2 o 1,2
E(X%) = — e 2% dp = | = 22k 72 dy
\/27T —00 ﬁ 0
=2% \/2/0075%21 e tdt
T Jo
™ 2

where I'(-) is the gamma function, see (1.2.10). Thus we obtain

E(X*)=1-3-5-...-(2k —1).

1.7 We show that

Cy—p 1 _1w=pw?
E(X)= 2752 dy=0
( ) /—oo g \/ﬂo’e Y

and

o0 2
— 1 1 (y—p)?
EX2:/ (y ") eI dy =1
((x)?) G = y

and notice that a linear transform of a Gaussian random variable is Gaussian.

1.8 The square Y? of a standard Gaussian random variable Y ~ N(0,1)
is x2(1), that is chi-square distributed with n = 1 degree of freedom. This
means, it is G(3, 1) gamma distributed.

1.9 We obtain by using the Gaussian density and the definition of an expec-
tation that

Lz
= ex —
piLt 5

see also (1.3.76).

BE(Y) = E (exp{X}) = / o;exp{as} ﬁ exp{_%}dx

1.10 (*) We rely on the following property of the standard Gaussian density,
which can be verified by completing the square in its exponent:

Nz — 6) = exp {—% 6> + 91‘} N'(2)
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for all z,0 € R. It then follows by change of variable that

EH(X +10)) = h H(z +0) N'(z)dx
_ [ H(Z)N'(z — 0)dz
—/_Oo exp{——02+0:ﬁ}H(f)N’(a‘;)d§c

1.11 (*) Assume that the inverse C of the covariance matrix D = C'~! has
the form
» 4 -6
— [¢hd] =
C=["]= {—6 12]

Its determinant is then det(C') = 12. Furthermore, assume that X; ~ N(0,1)
and X5 ~ N(0,1). We have then from (1.4.16) the joint density

det(C) 1< hy
plossaa) = S exp g =g DL OV = ) (g — )
ij=1
V12 1
=5 exp{—i (433? — 122y 29 + 12x§)}
T

el 2} gl 24)
= p(z1) - px2),

which shows that X; and X, are not independent. The random variables
would be independent if C' would be a diagonal matrix.

1.12 (*) Differentiating the function
1

F(x)=— In(v/1+ 2?)
7r

yields
F(2) = ap(a) = o [r (1 +2%)] .

We observe that both one sided improper integrals

/0 2p(z)dz and /Oooxp(x)dx

— 00
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diverge. Therefore, the two sided improper integral f (z) dx diverges.

1.13 (*) The conditional density for X with fx(z) = x with respect to the
event A = {w € [0,0.5]} is

o 0 for x ¢10,0.5]
X(x| >_{8x for z €0,0.5].

Therefore, the conditional expectation amounts to

0o 0.5
E(X|A):/ xfx(x|A)dx:/ 8x2dx:%
—o0 0

Solutions for Exercises of Chapter 2

2.1 We can apply the strong Law of Large Numbers since

2

o VerlX) KZ T <.

1=1

Therefore, it holds that '
0 lim fy,.

1

2.2 By the Central Limit Theorem it follows that the sequence Y, converges

in distribution for n — oo to a Gaussian random variable with mean zero and

variance o2.

2.3 The 100(1 — )% confidence interval for 27 uses its mean 2E(Z) and
variance 4Var(Z) and is given in the form

(2 (E(Z) - Var(Z)) Ploa,2 (E(Z) + Var(Z)pl_a>)
with p1_o = 2.58 for a = 99%.
2.4 We need to satisfy the relation

» <2—7E<Z>> ..
Var(Z)
_ VaR((1 — a)%) + E(Z)

Zq =
Var(2)

The one sided confidence interval is of the form

with

(_007 Zoz)a

where 2, = 20.01 ~ 2.35 for a = 99%.
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Solutions for Exercises of Chapter 3
3.1 Let W be a standard Wiener process and let s € [0,¢]. Then

Cls,t) = E

(Wi = EW))(Ws — E(W;))) = E(W: W)
(Wi — Wy + Ws)Wy)

(We = Wo) W) + E(W2)

Wy W) E(W)+EW2)=0-0+s=5s

(
E(
E(
E(

since Wy and Wy — W are independent for s < ¢. Analogously, C(s,t) =t for
t < s. Hence

C(s,t) =min(s,t) = = (|s +t| — |s — t]).

DN | =

3.2 The covariance of the Wiener process is not a function of (¢ — s) only, so
the Wiener process is not stationary. A similar argument applies for a random
walk.

3.3 Relation (3.3.12) relates to a Bernoulli trial with n independent outcomes

and # successes (here upward moves) that occur with probability 0.5.
The probability for such an event is given by the binomial distribution with

1

pj(n) = (#), (n—@)! <§)n

3.4 The probability ¢;(n) for having j upwards moves in a non-symmetric
random walk in n time steps is related to the binomial distribution with
probability p for an upward move. Therefore it is

n!

gj(n) = =) (p) (L—p)" 7.

3.5 The stationary probability vector is (0.5,0.5) and, therefore, we have the
mean g = 0.5-0.05+ 0.5-0.06 = 0.055, and the variance v = 0.5(0.05 —
0.055)% + 0.5(0.06 — 0.055)% = 0.000025.

3.6 The long term expected squared interest rate is computed by using the
ergodicity and, thus, the stationary probability vector (0.5, 0.5). It then follows

E ((X¢)?) = 0.5(0.05)* + 0.5(0.06)* = 0.00305.

3.7 We obtain by the formula (3.5.1) for the Poisson probabilities that
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3.8 By the independence of the marks from the Poisson process it follows that
)\ t
<Z fk) = E(&) =

3.9 The probability for a compound Poisson process with intensity A > 0 of
having no jumps until time ¢ > 0 equals the probability of the Poisson process
N of having no jumps until that time. Thus, by (3.5.1) we obtain

3.10 (*) The given Lévy process is by (3.6.2) at time ¢ € [0, 7] of the form

Xomatesmi 2 (oo ({2 ) -2e).

Therefore it follows by the formulas for the means of the Wiener and Poisson
process that F(X;) = at.

Similarly, we obtain from the formulas for the variance of the Wiener and
Poisson process the variance of X; as

(a0 - (s 3 (o ({2} 0) -20)))
= BE((6 W) + 7B ((pw ({3} 0.0) _M)2>

= 7 (g~ (0)) + 2.

Solutions for Exercises of Chapter 4

4.1 The transition density of the standard Ornstein-Uhlenbeck process is a
Gaussian one and of the form (4.2.3). For ¢ — oo it converges towards the
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standard Gaussian density. Thus, the process is stationary with mean 0 and
variance 1.

4.2 According to (4.2.1) the transition density p(s,z;t,y) of the standard
Wiener process is Gaussian with mean z and variance (¢ — s). Therefore, we
obtain from (4.3.4) a(s,z) = 0 and from (4.3.5) b(s,z) = 1.

4.3 The standard Ornstein-Uhlenbeck process has the Gaussian transition
density p(s,x;t,y) given in (4.2.3) with mean z exp{—(¢ — s)} and variance
(1 —e2(t=%)). Thus by (4.3.4) we have

. 1
a(s,x) = ltllngl (=) (zexp{—(t—9)}—2)=—=x
and by (4.3.5) it follows

b*(s,z) = lim

E((Xi— Xo)? | Xs =)

tlst — s
. 2
= lim — [E((Xt—XS—E(Xt—XS|XS=x))

X, =) + BE((Xi - X, | X, = 2))’]

[(1 - e*2<H>) + a2 (exp{—(t — 8)} — 1)2}

= lim
tls t—s

= 2.
Therefore we have b(s,z) = V2.

4.4 For the Gaussian transition density (4.2.1) of the standard Wiener process
it holds

B) o . (y —x)
8_yp(87x7t7y) —p(s,x,t,y) <_ (t N 5) )

o (y—x)*  pls,a;t,y)
and
0 (y —)?
= : - ot U 7).
5 P(5:23t,y) 5 —3) p(s,zit,y) + 2= s)? p(s, z3t,y)
Therefore
0 1 0%p(s,x;t,y
Ep(&x;tvy) 3 373/2) =0,
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for (s,z) fixed, which provides the Kolmogorov forward equation (4.4.1) with
boundary condition (4.4.3).
Similarly we have

op(s, xz;t, 1 p(s,xz;t, —1x)?
( y):5 ( y)_p(s’xmy)(éys) )

0s (t—ys) (t 2
and
op(s,z;t,y) , (y — =)
T_p(saxatvy) (t—S)
p(s,x;t,y) Lo (y—o)? . 1
T —p(S,x,t,y) W *p(S,SC,t,y) (t . S).
Thus
Op(s,zity) 1 Pp(saity)
0s 2 Ox? o

for (t,y) fixed, which represents the Kolmogorov backward equation (4.4.2)
with boundary condition (4.4.3).

4.5 For the standard Ornstein-Uhlenbeck process we have the Kolmogorov
forward equation, see (4.4.1),

Ip(s,z;t,y) D N Ny
at 83/ (yp(s,l',t,y)) 283/2 (Zp(s,x,t,y)) _0
that is
Ip(s, z;t,y) 0?

0
pn —p(s,x;t,y)—ya—yp(s,x;my)—a—yZP(svx;t,y)=0

with boundary condition (4.4.3).

4.6 The Kolmogorov backward equation for the standard Ornstein-Uhlenbeck
process is, see (4.4.2),

ap(svx;tay) _ 8p(8,x,t,y) + 32p(8,m;t,y) =0
Os x oz Ox? o

with boundary condition (4.4.3). Taking the partial derivatives of the transi-
tion density (4.2.3) it follows that
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op(s,z;ty) 1 . _9e2(t—s) |
s = aPwmty) gy te(snity)
2(y —we ) pe 79 (y—ge(t79))? 9e2t-s)
2(1—e20t-9) 2(1- e—2(t—s))2
op(s,x;t,y y—ze(t=9)) ¢~ (t=9)
Q :p(57$,t,y) ( - )_
ox 1 — e—2(t—s)

Pp(s,z;t,y) (5.2:4.9) (y — xe(=9)? e=20-9) o—2(t-9)
—gp — Pty =T

Then we obtain by substituting these partial derivatives into the left hand
side of the above Kolmogorov backward equation that

” 672(t75) yx ef(tfs) 2 672(t73)
p(s,z;t,y) (1- 6—2(:&—5)) + (1— e—Q(t—s)) o (1-— e—2(t—s))

y2 672(1575) 2ry 673(t75) 72 674(1573)

o (1— 672(:575))2 + (1-— 672(:&75))2 (1— 672(1&75))2

Ty ef(tfs) 2 672(1&73) y2 672(7575)

T e—20t—s) + 1 _ e—2(t—s) + (1—e2(t=9))2

2y$6_3(t_8) 72 e—4(t—s) e—2(t—s)

(1 —e2(t=5))2 + (1 —e2(t=5))2 - (1—e2(t=9))

=0.

Obviously, for ¢t = s the transition density (4.2.3) equals the Dirac delta
function (4.4.3).

4.7 The stationary density for the standard Ornstein-Uhlenbeck can be taken
from formula (4.5.5) or for (t — s) — oo from equation (4.2.3). It is with

ply) = \/127 eXp{—y;}

the density of a standard Gaussian random variable.

4.8 Geometric Brownian motion is not a stationary process because its transi-
tion density given in (4.2.2) does not converge for (t — s) — oo to a stationary
density.
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4.9 The geometric Ornstein-Uhlenbeck process is a stationary process. Its
stationary density is the log-normal probability density

) = exp{—M}.

4.10 (*) Geometric Brownian motion is not an ergodic process because it does
not have a stationary density.

4.11 (*) With the transition densities (4.2.1) of a standard Wiener process
we can write

o0
/ p(s,z;7,2) p(r, 23 t, y) dz

— 00

v el (T )

R il

= p(s,x,t,y) 1= p(s,x;t,y),

where we used the substitution

wete) = (- ) e

4.12 (*) The Ornstein-Uhlenbeck process is an ergodic process, because we
have according to (4.5.11) the scale measure

T IZ
s(x) = exp {/ ydy} = exp {—}
0 2
with the properties

[ wae= [ serae= [Ten Tl a-o
[amee=[_sen{-Tlu- <=

that prove the conditions for ergodicity (4.5.12) and (4.5.13).
4.13 (*) Using (4.5.5) we have

dp(y) aly) 1 db*(y) _ py) (QG(y)_de(y))

Ay W) b2(y) —P) Ry) dy  b2(y)

and
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Then it holds

=a(y) ply) — 5 p(y) a2 b*(y) “dy
= 50) fatn) 3 T —a) + 3 L] —o
and it follows
Q) _,
dy

which proves (4.5.1).

4.14 (*) By (4.3.4) and (4.1.2) we obtain by using the Taylor expansion for
the exponential

a(s,z) = lim E(X:— X, | X, =2)

tls t — s
tls t—s
=z limE <g(t — ) LoV, — W)
tls t—s

UEDELELA),

1
= —b? ).
x<g+2 )

Solutions for Exercises of Chapter 5

XS:x)

t—s

5.1 Assuming a filtered probability space (£2,.4, A4, P) we have for 0 < s <
t < T by the martingale property for Wiener processes that

E (Y| Ay) = B (W} + aaW? | A)
=a1 E(W}!| As) + a2 E (W7 | Ay)
=a; W} +a; W2
=Y,

which proves the martingale property (5.1.2).
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5.2 We compute for 0 < s <t < T < oo the conditional expectation
E (Y] 4) = E (W2 ] A)
= E((W: = W,)> + W2 | A,)
=(t—s)+Y,
> Y,
which shows that Y is a submartingale as defined in (5.1.7).
5.3 We obtain by the properties of the Wiener process for 0 <t <s<T
E (M| A) = E (W — Wo)? —s| A)
= E ((Ws = W) + (We — W0))? — s | Ar)
=E((Ws=Wy)? | A) + W7 —s =W} —t =DM,
which shows that M is a martingale.

5.4 We consider for 0 < s <t < T the conditional expectation

E(X/|As) =F (exp{—%az (¢ — ©(0)) +0Wt} ‘AS>
= exp{—%o’28+0Ws}

«E (exp{;02 (t—s)+0 (W, — WS)} ’As>

= Xsa

where we used the Laplace transform of the Gaussian increment W; — W of
the Wiener process W in the form

E (exp{o(W; — W)} | As) = exp {%02(15 - s)} .

X is an (A, P)-martingale.
5.5 We have from the covariation property (5.4.5) of It6 integrals that

[ ] = [ =it o= o

5.6 Similarly as in Exercise 5.5 we obtain

t
{/adu—i—/deu,/lqu} :/ bdu = bt.
0 0 0 t 0
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5.7 By using Jensen’s inequality, see (1.3.52), it follows for 0 < ¢t < s < T
that

which shows that g(z) is a submartingale.

5.8 (*) For f being a deterministic step function corresponding to the partition
0=t <ty <...<tpy1 =T with f, = f;fort € [t;,t;41) forj € {1,2,...,n}
we have for 0 < s <t < T that
A)
is—1

=F ij(Wtj+1 _Wtj)+fis (WS _Wtis)

E(I;w(t)|As) =E (/Ot fudW,,

j=1
ie—1
+flb (Wtis+1 - WS) + Z fj (Wtj+1 - Wtj>
Jj=is+1

+fit (Wt - Wtit) ‘AS>5

where
ir = max{k € {1,2,...}: ¢, <t}

Thus, we obtain by the zero mean property of Wiener process increments that
only the first two terms in the above expectation survive so that

E(Irw(t) [ As) = Irw(s),

which proves the martingale property for 7w (s).

5.9 (*) Using the notation and representation of the It6 integral of Exercise 5.8
we have for 0 < s <t < T < oo and deterministic step functions f and f

E((Irwt) = Irw(s)Upw(t) = Irw(s)) | As)

1:+1
=F fis (Wt'i5+1 - WS) + Z fj (Wtj+l - Wtj) + fit (Wt - Wtit)
J=is+1

1:+1
X fis (Wt'i3+1 - Wé) + Z fj (Wtj+1 - Wtj) + fif, (Wt - Wtit) 'AS

J=is+1
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Thus, it follows by the expectation properties for products of Wiener process
increments that

B ((Irav(®) = I () Traw®) ~ Iraw (o) | A4) = [ B (£, 7] A.) du

5.10 (*) Using the notation and representation of the It integrals of the
Exercises 5.8 and_5.9 we have for 0 < s <t < T < oo, and deterministic step
functions f and f and As;-measurable constants a and & the equation

t
/ (Oé fu + O_‘fu) qu:(Oé ftis + C_Vf_'tis) (Wtis+1 - Ws)

ie—1
+ Z (Oéftj +df_‘t_7‘) (Wt.i+17Wt]‘)

j=iet1

+ (O‘ftit +dﬁit) (Wt _Wtit)

it—1
= [ftis (Wtis+1 - WS) + Z ftj (Wtj+1 - Wtj) + ftit (Wt - Wtit )]
Jj=is+1

1e—1
+o ftis (Wti5+1 - WS) + Z ftj (Wtj+1 - Wtj) + ftit (Wt - Wtit )]
Jj=is+1
t t B
:a/ fuqu-i-éc/ fu dWoy,

which proves the linearity property (5.4.2) for deterministic step functions.

5.11 (*) Obviously, we have E(X; — Xy | Ag) for all ¢ € [0, T]. Since the Lévy
process X has stationary independent increments it follows for 0 < s <t < T
that

E(Xs|A) =E (X — Xy | A) + Xe = Xy

This proves that X is a martingale.
Solutions for Exercises of Chapter 6
6.1 By the It6 formula it follows that

d(Y;)? = (2Yia + b*) dt +2Y; bdW;.
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6.2 By application of the It6 formula we obtain
L
dZt:Zt /L-’-EO' dt+ZtJth
Applying again the It6 formula we obtain

1 1
dIn(Z;) = (u +3 o? — 3 02> dt + o dW;

6.3 It follows by the It6 formula that
1
cl(Z,f)2 = 2Zt2 (u—!— 3 02> dt + Z,?U2 dt + QZEO'th

=27} (n+0?) dt +2Z; o dW,.
6.4 We have by the Ito formula that
1 —1 1 2 2 -1
dzZ; " = Z, —Hh— 50 +o°|dt—Z; odW,
—1 1 2 —1
= 4y —H+§O' dt—Zt O'th.

6.5 We obtain by the Ito formula

1
d(}/tZt) = <Zt(l+}/tzt <M+§O'2> +bZt0'> dt

+thth+Y;£Zt0th

1
=7 <a+Yt<u+502)+ba>dt

+Zt (b"‘}/ta')th

6.6 We have by the It6 formula the stochastic differential

d(Y; YY) = (YP a1 + Yy ag) dt + Y2 by AW, + Y by AW
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6.7 The stochastic differential is obtained by the It6 formula and we obtain
dZ; = d (exp{Y;'} exp{V}})
— d(exp{Y! +Y2))

1
=7 <a1 +ar+ g (b3 + b§)> dt + Zy by AW, + Zy by dW 2.

6.8 Applying the It6 formula we obtain
d(W;)? = 2 W, dW; + dt.

Now by the covariation property (5.4.5) of It6 integrals we have
W, (W), = [/dWS,Q /WS dWS+/ds]
0 0 o J¢

t
:/ 2W,ds.
0

6.9 (*) By the It6 formula we have
d(X)? =2 X, & dW, + (&) dt
and by the covariation property (5.4.5) of It6 integrals it follows
dIX]; = (&)? db.
Therefore, it holds
dYy = d ((X:)* - [X]¢)
=2X; & dW;

and Y; is represented by an Ito6 integral. Thus, by the martingale property
(5.4.3) of It6 integrals Y is a martingale.

6.10 (*) The stochastic differential of X is
dX; = o dW, + £dp(t)
for t € [0,T]. By the It6 formula (6.4.11) it follows that
1
d exp{X;} = exp{X;} (0 AWy + 3 o? dt> + exp{X:_} (exp{&} — 1) dp(t)

for t € [0, 7.
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6.11 (*) The stochastic differential of X is
dX; = adp*(t) + bdp*(t)
for ¢t € [0, T]. Using the It6 formula (6.4.11) we obtain
d exp{X,} = exp{X,_} (exp{a} — 1) dp' (t)
+ exp{X;—} (exp{b} — 1) dp*(t)

for t € [0,T].

Solutions for Exercises of Chapter 7
7.1 We obtain from (7.2.6) or (7.3.5) the mean

w(t) = E(X;) = exp{—(t —to)}.
Furthermore we obtain from (7.2.6) or (7.3.9) the variance

o(t) = E (X: — E(X1))?)

—E (( t: V2 exp{—(t — s)}dm)Q)

= 2/ exp{—2(t — s)} ds

to

=1—exp{—2(t—to)}

7.2 According to (7.3.5) we obtain for the mean
w(t) = exp{0.05t}.

It follows for the variance

where with (7.3.8) we obtain
dP(t) = (0.1 +0.04) P(t)dt

with P(0) = 1 such that
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v(t) = exp{0.14t} — exp{0.1¢}

for ¢ > 0.

7.3 We apply formula (7.4.5), where

Xy =XoY0

7.4 (*) By the It6 formula one obtains

212
b > dt + kbdW, + (exp{kc} — 1) dNt}

dXt = th [(ka—i—

for t € [0,T] with X, = 1.
7.5 (*) In the linear SDE for X; we take the expectation and obtain

k% v?

du(t) = p(t—) [ka + + A (exp{kc} — 1)} dt

for t € [0,T] with p(0) = 1.
7.6 (*) The explicit solution is of the form

t t
X =W <X0 + / (a2 — by ba) ![/;01 ds + / bo ![/;01 dWs)
0 0

t 1 t
ww:exp{/ (al—ﬁbf> ds+/ bldWs}
0 0

for t € [0, T]. By application of the It formula we obtain

with

dX; =Wy [(ag — by ba) Wy g dt + by W) W]

x .
+ LA, +d {wo/ by W} dWs] :
Wt,o 0 ’ ¢

Noting by the It6 formula that
th70 = Wt’o(al dt + bl th)

it follows

633
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dX; = (ag — by ba) dt + by dW,
+ X¢ (a1 dt + by dWy) + by bo dt
= (Xyar +az)dt + (X by + by) dW,
for t € [0, 7.

Solutions for Exercises of Chapter 8

8.1 From (8.3.2) we obtain the discounted option price

with
dy(t) = <1n <#) +/t %deS) </t afds>
and .
do(t) = dy (t) — (/T o2 ds>
Then it is
ov(t,S)
85 _N(dl(t))+Qtu
where
@ = 5N (1) P8 — 2 (a () LY
_ 0di(t) o (di(t))? K (da(t))?
S o) 14

Coh) . h@? [ k[ (S
_asmexp{ 5 }lSt Br p{l <B£>

Furthermore, we have
0?V(t,S)
052

N[

1
2



16 Solutions for Exercises 635

We also obtain the time derivative

_ _ T ,%
%:%af (/t agds> (StN’(dl(t))

V(t,5) 1 45 02V(t,5)
ot T2 g 0
and also that
_ _ _ K\T
T,57) = -
V(T,Sr) (ST BT)

This shows that the discounted European call option price (8.3.2) satisfies the
discounted BS-PDE (8.2.21) with terminal condition (8.2.22).

8.2 The hedge ratio is given by the expression

ovV(t,S) (9 35,
<a§t V(t’st)) a8,

oS
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Then it follows from our calculations in Exercise 8.1 that

OES) _ Navey)

which corresponds to (8.4.3).

8.3 The gamma for the European put option is given by the expression

PV(1,S) 0
— 552 — 233 N(dq(t))

= N'(dy(t)) S;! </tTo§ ds> 2 ,

see (8.4.5) and (8.5.5), which is the same gamma as for the European call
option.

8.4 We obtain from (8.2.4) for the European put option the number of units
89 to be held at time ¢ in the savings account in the form
V(t7st) _ 61 i

By "By’

5 =

Therefore, it follows from (8.5.3) and (8.5.4) that

) = S (N(di(t)) — 1) — By V(d2(t) = 1) = (N(d (1) = 1) S
K
= 5, (1= N(d():

8.5 By using the notation S = Bit and V(t,S) = V(t,S) B, we obtain with

the partial derivatives % =By

aV(,5) 1 8V(t,8) 8S _ 9V(t,S)

s B, 09S 0S  0S
PV(t,S) IVE(t,8) 9S _ 9V (t,S)

A TR T T R
and
ov(t,S) o (1 _
% " ot (E V(t,53t>>
- 1 1 aV(t,S) 1 oV(t,SBy)
= —T Bt V(t7S) Bt 815 + Bt 85 SBt

by (8.2.21) the PDE
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_oV(¢,S) N L o 0?V(t,S)

Y 27 052
1 ov(t,S) oV(t,S) 1 5 a9 9 O?V(t,S)
= (- - B2l \»2)
Bt( rVLS) =+ g It B e )

which proves (8.2.23).

8.6 The discounted P&L process C for a European put option has according
to (8.2.13) and (8.2.20) the form

Cy = V(,5,) — (0, 50) - / Wl %) s,
0

On the other hand, we have by the discounted BS-PDE for a European put
option

o oV (t,Sy) s
Y t

and it follows

4Cy = dV (1, 8,) — % 45,

This means, the discounted P&L
Cir=Co=0
equals the constant zero. Consequently, by (8.2.12) the P&L
Ci=C;B; =0
is zero for all ¢t € [0,T].

8.7 We consider the square root process Y = {Y;, ¢ € [0,00)} of dimension
0 > 2 satisfying the SDE

5
dY, = (ZCQerY}) dt 4+ ¢/ Y, dW,

for t € [0,00), Yo > 0, ¢ > 0 and b < 0. The It6 integral

t
Mt:C/ V Y@dWs
0

forms a martingale due to Lemma 5.2.2 (iii), since the square root process,
as a transformed time changed squared Bessel process, has moments of any
positive order. Consequently,
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0 5
dEX}Q): Zc 4—bEXY§) dt

for t € [0,00) with E(Yy) > 0. Therefore, we obtain

C2
B(Y) = B(Yo) exp{bt} + °° (exp{bt} — 1)

.8 (*) Using the notation of Sect.8.7 we have for § > 2, o > —% and ¢ > (0)

8
by (8.7.7) and (8.7.9) the ath moment in the form

B(X3) = /OOO Y ps(p(0), 25 0,y) dy

- /ooo b P o) Ol eXp{‘zwﬁsf(o»}

)
\/m )2]@‘4’571

« i (2(w ©(0))

—~ RKI(k+39)

. ) 2k+3
N eXp{‘zw—w(o»}l" (2@:—«:(0))) /mya+k+g—1
0

— R (k+3)

Y
X expq ——————— o dy.
{ 2 (¢ — ¢(0)) }
According to the gamma function (1.2.10) it holds for = a+k+ g > 0 that

and thus

)
B(X%) = N eXp{_f}xk (%)QH (q)‘*+’“+%r(a+k+g>

-0 {515 6) eren

with ¢ = 2(p — ¢(0)), which shows the first equation in (8.7.16). For
k > 1 and a < 0 we have from the properties of the gamma function that
r (a + k + g) <r (k + %) and thus the estimate

E(X2) = (2(o — 9(0)))" exp {—5}(”%%” +exp {g}) <o,
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which provides also the second part of (8.7.16).
9 (*) Using (8.7.9) it follows

Jv
e 0 ) e ()
[ wmwm @ e mmt ne ((e)

:xl‘%/ Pa—n(p(0),y; 0, ) dy.
0

wl3

Pn(@(0), 23 0,y) dy

8.10 (*) Combining (8.7.9) and (8.7.19) we obtain

/ Pa—n(p(0),y; 0, ) dy
0

N

o 1 3-% z + - (7

[ e (O el e S
oo gpz-ltk exp{——2 e } oo

e so<o>>>%+2kk(w((0%))+k>/o v e"p{aw—y@(o»}d@’
s . Z_1+k exp{—m}

=2 (2«0 - so<o>>> I3+ k)o

- (w)xl’{zw—xm}i <2(<p —Z(o»)k r(g1+ R

Using the series expansion

T -r —z a k
(a) = I'(a, : kZ:OFaJer)
see Abramowitz & Stegun (1972), witha = § —1 and z = =) the above
equation becomes
7L 72@—3@))

. r(
/0 Pa—n(0(0), 450, 2)dy =1 — r(z-1
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Solutions for Exercises of Chapter 9

9.1 By the SDE (9.4.14) it follows that the discounted stock price S; satisfies
the SDE B B
dS; = o Sy AW,

where Wy is a standard Wiener process under the risk neutral measure Pjy.
Since this SDE is driftless S is an (A, Pp)-local martingale. Furthermore, be-
cause S is a geometric Brownian motion with bounded second moment, see
(7.3.13)—(7.3.14), it follows that the diffusion coefficient oS; is square inte-
grable for all ¢ € [0,7]. Consequently, by (5.4.1) ¢S is from £% and by the
martingale property (5.4.3) of It6 integrals an (A, Py)-martingale.

9.2 By application of the Itd formula it follows by (8.3.2) and the discounted
BS-PDE as in Exercise 9.1 that

o %ést)ggt (6, dt + dWy),

where the hedge ratio o
oV (t,S;)  OV(t,Sy)

a8 08

is by (8.4.3) bounded. With
AWy = 0y dt + dW,

it follows by the Girsanov Theorem that Wjy is a Py-Wiener process. Since
S € L2 it follows by the martingale property (5.4.3) of It6 integrals from the

above SDE that the (A, Py)-local martingale V' is an (A, Py)-martingale.

9.3 We obtain by the It6 formula (6.1.12) and the discounted BS-PDE (8.2.21)
for the discounted put option price the SDE

J (M) — V(4,8
t
A I R A (- oV (t,S) &
= (87,‘ V(t,S) + 57 Si — 952 dt + 95 dSi
o 8V(tast) Q
= Sl ds,

for t € [0, T]. Therefore, by the Ité formula and (8.2.1)—(8.2.2) we obtain
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dpr k(t,S) = d(V(t,S;) By)
=prk(t,S;)rdt+ B, dV(t,S)

oV (t, S _
= pT,K(t; St) rdt + (%) By dS’t
0 t,S¢)/B\ 08, _
= PT,K(t, St) rdt + (%) a_sf B, dS;
0 t, S _ _
:pTyK(t,St)’l"dt-f- %‘S’QBt [(G—T)Stdt+UStth]
0 t, S
= (PT,K(t, Sy)r+ % (a—r) St) dt
Opr (£, S
729“5; ) o 5, W,

We obtain with (9.4.1) and (9.1.16) for the real world dynamics of pr k (¢, S¢)
the SDE

Opr Kk (t, St)
0S

Opr,i (t, St)
oS

dpr s (t,81) = proc(t, Sp) rdt + oS, (th +2 ; " dt>

= rpri(t,St) dt + o Sy (AW, +0dt).

Here W is a standard Wiener process under P. Since under the risk neutral

measure Py the value
Wg(t) =W;+0t

forms an (A, P)-Wiener process we obtain directly the risk neutral SDE

Opr,i (t, St)

dpr,k (t,St) = rprx(t, Si) dt + o S; dWy(t)

for t € [0,T].
9.4 Using (9.4.3) we have
dSt = T'St dt + O'St (th + Hdt),

where W is a Wiener process under the real world probability measure P. By
It6’s formula combined with (9.1.15) the SDE for the benchmarked security

.S
St—E

is given by R R
dSt = (0' - 9) St th
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This SDE is that of a driftless geometric Brownian motion, which has by
(6.3.2) the explicit solution

S, = So exp{%(a@)thr(of))Wt}.

By the mean (7.3.13) and variance (7.3.14) of a geometric Brownian motion
it follows that .
E(((o —0)5)%) < o0

for t € [0, 7] so that by (5.4.1) (0 — ) S € L2.. Consequently, S is an (A, Pp)-
martingale by the martingale property (5.4.3) of Itd integrals.

9.5 From (9.4.13), (8.3.4) and (8.1.1) we obtain

oo

cri(t,S) = / exp{—r(T —1t)}

— 00

(S eXp{(r— %0‘2> (T—t)—l—U\/T——ta;} —K>+ N'(z) dz

:/Do (s exp{—%UQ(T—t)+a\/ﬁx}

h +
-K exp{—r(T—t)}) N'(z)dz
= /:;(t) (S exp{;02 (T -1 +O’\/ﬁl’}

— K exp{—r(T — t)}) N'(z)dx

_ /dQ(t) (S exp{_%a2 (T —1t) _a\/ﬁx}

— 00

— K exp{—r(T — t)}) N'(z)dz

dg(t) 1
:S/ exp{—502(T—t)—a\/T—tx}

— 00

22
X \/12_71_ exp {2} dx — K exp{—r(T —t)} N(da(t)).
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With the change of variables
z=x+oVT —t
and (8.3.3)—(8.3.4) we finally obtain

1
—— ex
V2T P

22 o2
—?+ZU\/T—t—7(T—t)}dZ

dq(t)
CT,K(t,S) = S /

— K exp{—r(T = )} N(ds (1)
— SN(di(t)) = K exp{—r(T — 1)} N(ds (1)),

which proves the Black-Scholes European call option pricing formula.

{—%UQ(T—t)—ZU\//JTt-FO'Q(T—

643

t)

9.6 (*) By (9.4.8) the Radon-Nikodym derivative at time ¢ for the standard

BS model equals the expression
SvO
Ag(t) = ==

for t € [0,T]. By (9.1.21) and (9.1.20) we obtain

S
A (t) = —0 25 AW,
0

= 0 Ag(t) AW,

for ¢t € [0,T], where A5(0) = 1.

9.7 (*) Under the BS model with savings account By = exp{rt} and risky

security

1
S, =5 exp{(a—502>t—|—awt}

we have the GOP in the form

1
80+ = 8o exp{rt—i— 592t+9Wt}.

The fair zero coupon bond price P(¢,T) at time ¢, when T is the maturity
date, is obtained by the real world pricing formula and the Laplace transform

for Gaussian random variables
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s 1
P(t,T) = 5§ B | o= | A
S
1
=F (eXp{T(t—T)+§92(t—T)+9(Wt—WT)} ‘At>

=exp{—r(T—-t)} F (exp {—% 0> (T —t) — 0 (Wr — Wt)} ‘ At>
=exp{—r(T—t)} =exp{—rT} B;.

The benchmarked zero coupon bond price, when normalized to one at time
zero, has the form

t.T) exp{-—rT}B;, S 5 B
0,7) S0+ exp{—rT} 0 S0

P
AGP(-,T) (t) = P(

and satisfies the SDE
dAeP(wT) (t) = AGP(-,T) (t) (_0) th

with market price of risk ¢ = “—*. The Radon-Nikodym derivative for the
zero coupon bond P(-,T) as numeraire is by (9.6.21)-(9.6.23) of the form

APy, . 1

dP = A0pc.1) (T)

The drifted Wiener process Wy, ., with
dW9P(.,T) (t) =dW; + ap(‘,T)(t) dt

and
013(.)’1") (t) =40

is a Wiener process under the probability measure Py, .. Therefore, the
corresponding numeraire pair is (P(-,T), P, ) = (P(,T), Ps). The risk
neutral measure Py equals here the, so-called, T-forward measure Popi. ry 18
an important observation under the BS model.

9.8 (*) We obtain under the BS model the discounted price V (¢, S;) = V(;—’ts‘)
at time t of the payoff f(Sr) = (St)? by the risk neutral pricing formula

(9.6.10) in the form

V(t,S:) = Eg (% ‘At> :

where ~ -
dS; = St o dWy,
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under the risk neutral probability measure Py for ¢ € [0, T]. We have here only
a terminal payoff at time 7. When using the Feynman-Kac formula (9.7.3),
then we obtain by (9.7.4) the PDE

V(S 1 ., V(S

L 20 VL,o)
o 279 o 0

for (t,5) € [0,T) x (0,00) with terminal condition

V8=

This PDE has, by using the explicit solution for geometric Brownian motion,
the solution

_ _ 1 _ 1
V(t,St) = B_T Ey <(St)2 exp {2 {5 02(T —t)+ o (Wyr — Wet)]} ’At>
Q \2
= B o - 1),
Br
since 8V( S)
£8) o a e
pra V(t,S)o,
ov(t,S) 5 V(t,S)
8s S
V(LS V(LS  20VtS8) 2 -
Tosr 2 s tsoos om0

Therefore we have

av(t,S) N 1 52 92V (t,S)

_ 1 5902 - 5
_ 2 2 &2
; 5 o V(t,S)o +20 S 52V(t,5)

= 0.

Solutions for Exercises of Chapter 10

10.1 The growth rate g¢ of a portfolio is defined in (10.2.1) as the drift of the
SDE of the logarithm of the portfolio S°. By application of the It6 formula
to In(S?) one obtains the SDE
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1

1
dIn(S9) = —dS? — ——— d[S?
n( t) Sté t 2(5?)2 [ t]
d d 13 a 2
ol A DI AL EE DM DO AL B K
k=1 j=1 k=1 \j=1
d d _ _
+3 N Al vt awf

k=1 j=1
The drift of this SDE, which is the growth rate of S?, is then

d

E § .k § : Jk
gt =Tt + ét bg 05 — 5 7T§7t b'g 9,{“

k=1 \ j=1 j=1

10.2 We apply for the benchmarked value S'f = 5;* the integration by parts
formula (6.3.1) and obtain the SDE

1
ds? = 80d (—) d55+d{—,55}
s3- ) " §o- S0 .

5 d d ] ]
- 5_ (—rt dt —Z oF th> STt redt+Y > al b (0F dt + dWF)
t Sy k=1j=1
S5 d d ) ]
+ S—; —0F > "l ol | dt
t k=1 j=1

d
=85> Zw“b]k—ﬂk AW},

k=1

This SDE is driftless. Therefore, by Lemma 5.4.1 a square integrable 59 en-
sures that 5% is an (A, P)-local martingale. However, this is not sufficient to
guarantee that S9 is, in general, an (A, P)-martingale. A counter example
is the unfair portfolio (9.1.42) in Sect. 9.1. Since S° is a nonnegative local
martingale it is by Lemma 5.2.3 an (A, P)-supermartingale.

10.3 According to Definition 10.6.3 and (10.6.19) we need to show that
2

2 AT

E ((5’@)('5)) ) —E| X |olse)

=0

j=
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is bounded by a constant for all £k € . Due to (10.6.27) we have for d € N
and k € {1,2,...,d}

d 1
cll+—) <20
— ’ < \/E>

2
and, therefore, E <(&é€d) (t)) ) < 40?% This demonstrates that the corre-

sponding sequence of CFMs is regular.

Solutions for Exercises of Chapter 11

11.1 The expected log-utility v° follows by (11.3.3), (11.3.8), (11.3.11) and
(10.2.8), as

o )
%E(/OTf)(s,si*ﬂ

1 (T _
! / E (l6(s, 57)
2 0

For the BS model with (s, S%*) = § we obtain, therefore, v° T + In(Sp).
In the case of other discounted GOP dynamics one has sunply to calculate
the conditional expectation in (S.1), which is possible for certain models.

‘ .A()) + IH(S())

) ds + In(Sp). (S.1)

11.2 Similarly as in the above exercise the expected power utility for v < 0
under the BS model is obtained by (11.3.3), (11.3.8), (11.3.16) and (10.2.8)
as

2

W=F (i <()\S'%)ﬁ 5’%)7 ’Ao) :%(SO)W (Sg*>_7 eXp{GQTl—FYV}.

11.3 (*) The benchmarked fair price V; at time t € [0,7T] of the payoff H
paid at time T € (0, 00) satisfies according to (11.5.9) the SDE

dv, = Z 2k () dWF (S.2)

with
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%E(f
ST
)

On the other hand, according to (10.2.8) the discounted GOP is characterized
by the SDE

Ao) . (S.3)

ds =38 k(OF dt + dWF) (S.4)

+
B
e
Il &
-
)

for ¢ € [0,T] with S5 > 0.
The discounted payoff can now be expressed as

H=— =HS. (S.5)

By application of the It formula to the product V; = Vtgf * we obtain by the
It6 formula with (S.2) and (S.3) the SDE

AV, = V;dSP + 5% dV, + d [V,SJ*}
t

d
= Z (0F dt + dWF) + 5P ZxH (t) dW} + 8P Z:cH t)0F at

k=1 k=1
d m
=55 ( )+ Vi 9’“) (6F dt + dWf) + 57 > afy(t) dWl.
k=1 k=d+1

This leads under a risk neutral probability measure to the martingale repre-
sentation

H= VO+Z/ 5‘5 —H/;Hk)de() /55 o (t) AW

k=d+1

Here V; = Ep(H|A;) with Ep denoting expectation under Py and
t
Wk (t) :/ oOF dt + W
0
for k € {1,2,...,d} forms a Wiener process under Fy.

Solutions for Exercises of Chapter 12

12.1 Using the time homogenous Fokker-Planck equation the stationary den-
sity of the ARCH diffusion model is of the form
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2/@92 1
7

:72_0049@{ ((ei )—(1n<92>—1n<ﬁ2)))}
)"

which is an inverse gamma density with an appropriate constant C; > 0.

=C exp{

12.2 The stationary density for the squared volatility needs to satisfy the
expression

which is an inverse gamma density.

12.3 For the Heston model we obtain the stationary density for the squared
volatility

2k 6

2K _
=0 exp{TSGQ}(GQ) L

which is a gamma density.
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12.4 For the Scott model the volatility 6, has the stationary density
C k(0

C ep 2 / PO 4,

Y 0 Y

C 2Kk [ 1.5 o

S {2 (00-0- 502 -2)}.

— 2
which is a Gaussian density with mean § and variance 7—. Thus 67 has a
chi-square distribution with two degrees of freedom.

p(0)

12.5 It follows by the Itd formula that
-1
de? = 6? (nf + 572 — 67 K> dt + 0% v dW;.

Therefore, the stationary density satisfies the expression

C 92u(m§+172—un)
~102
p(6%) = g exp{2/ 7§u2 du

02

C

= Wexp{% (mﬁ-ﬁ- %72) (ln(6‘2) - ln(QQ)) _ 2

G —QQ)}

2 K E+L A2
e exp{_$02}(92)”%( AR

It follows that the stationary density of the squared volatility is a gamma
density.

12.6 (*) It follows by (12.2.8) and the It6 formula
dX; 1 = —g X, @D ((2 (1—a)rX;+v2(1—a)(3—2a))dt
+2¢ (1 —a) \/)Ttth)
+% q(g+1) X~ 492 (1 - a)® X, dt

for t € [0,7], where X is a transformed squared Bessel process of dimension

v = 31—72;17 see (12.2.9). Therefore, the benchmarked savings account satisfies

by the It6 formula and (12.2.1) the SDE
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N S0
ds) =d <_S§*> =d (exp{—r(r—t)} X; )

t

=97 (—qX;q [2(1 —a)r
+ Xy ((1—a) (3 — 24) — %14(1—@2) _ %} dt

—gX Tz 2¢(1 —a)th>

By noting that according to (12.2.11) one has

1

EY )

we obtain

Y
VXt

Consequently, S° is an (A4, P)-local martingale. We have by the moments of
Bessel processes (8.7.16) the finite expression

ds? = -89 dw;.

E ((s$)2> —exp{—27 (1 — 1)} E(X;) < 00

for a < 1 and t € [0,7]. Thus, for a < 1 the process S0 is square integrable.
Furthermore, the quadratic variation of S is

t 1
[So]t :eXp{727’(7’7t)}1/J2/ X;Q(q+§)ds
0

and its expectation yields by (8.7.14) because of & = —2¢—1 = —% an infinite
value

N t _2-a
E ([so]t) = exp{—2r (1 — )} / E <XS > ds = oo,
0
By (8.7.23) S0 is a strict local martingale and so is P=.

Solutions for Exercises of Chapter 13

13.1 The SDE for the discounted GOP is of the form

Sy = o} dt +1/ 8 af* dW.

By the It6 formula we obtain for In(S2*) the SDE
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AN ay ay
dln () = 5 5o dt 58 W

S
which shows that the volatility of the discounted GOP equals gg* .

13.2 By the It6 formula we obtain for 1/5%* the SDE

8 515* O
- 111 a
d\/ S = a_i_ﬁz—ésf*af* dt + YL aw,
24/5;" (gg : 24/57

O

38 gy 1\ Jodaw,

8 515* 2
i

which confirms (13.1.12).

13.3 The differential equation for af* is of the form
dal* = ny ol dt.

Together with the SDE of the discounted GOP and the It6 formula it follows

(677 Qi
dn=n<§—ﬁt>dt+ﬁ1/§dmft
=1 =nYy)dt + Y, dW,,

which confirms (13.2.5).

13.4 The squared volatility of the discounted GOP equals |0;|* = Y%, and,
thus the inverse of the normalized GOP. This means, we obtain by the Ito

formula the SDE

o a(§) (- (2) o ) a- (1) v

3
1 1\?2 3
:ntYdt— (?) th =Mt |9t‘2dt— (|9t‘2)2 qu

t t

which confirms (13.2.11).
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Solutions for Exercises of Chapter 14

14.1 The SDE for a strictly positive portfolio S° is by (14.1.3) of the form

d d
dSy = S)_ | redt+ > w b7 (0F dt + dW)

k=1j=1

By application of the Ité6 formula this leads for the logarithm of S? to the
SDE

2

d
dIn(S —rtdt—l—zz LA Zznﬁbﬂv dt
j=1

k=1j=1 k=1

N)I»—l

m d ] , d d ] ]
DD L WATITED DD S WA

k=1j=1 k=m+1 j=1

+ Z In 1—&—271'(”7 k p,]f

k=m+1 t

2
m

d d d
= [rete S o 5 S St

k=1j=1 k=1 \j=1

d
|
+ hF |1n 1+ m Nk | at

phk
k k k
+§ ), blF AWl + § In 1+§ T th? \/ hE dWE.

k=m+1

The drift of this SDE is the growth rate given in (14.1.15).

14.2 The forward rate at time ¢ for maturity 7" has by (14.1.32) and (14.1.31)
the form
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f(t,T) = _8% In(P(t,T))
=7 In(P(0,T)) — g:l </Ot o (s, T)dWF + % /Ot(ak(s,T))zds)
+ k_i;l </Otok(s,T) phk—m ds—l—/otln (1 - %) dp’;ﬂ
£(0,T) +Z< (s, T)dWF + 1 taaT( (s,T))2d5>

d t 9 ~ tH k(S,T)
a%(/ oot [ {1 R )
= Y tiaks O'kS S k
=100+ 3 [ 5 M6 T o s T ds )

8 k k
+kz+1/ <5  o7° o (5, T) (" (5, T) ds + dWF).

14.3 (*) (Hardy Hulley) Fix i,5 € {0,1,...,d} such that ¢ # j, then the
function

1
2myiy;lotllo?|(t — s)y/1 = (")

ln(%)+%|oi|2(t75) 2
X exp - 2(1— (09)?) ( ENGT )
o) e ) () ey )

+<1n(i—i)+%oj|2<t—s>>2 |

|oi |Vt —s

ps t(xzal'jaylayj)

(S.6)

for all z;,z;,y;,y; € (0,00), where s,t € [0,00) such that s < ¢, is the joint

transition density of $4¢ and $7¢ over the time interval [s,t]. The parameter
0“7 in (S.6) is determined by

i o
0 =2 Tl 5.7
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It follows from (14.4.8) that o'/ is the correlation between the Brownian
motions W and W7,

To start with, we perform an auxiliary computation which allows us to
price both instruments under consideration. Fix ¢ € [0, 00) and let g; be a non-
negative 4;-measurable random variable. We will now evaluate the following
expression:

1 Y i Qs
e F (1(sse2g50) 27| A1) / . SjcptT(St 50552,y dy da.
(S.8)
After the change of variables we obtain

In (Sf) + 2ot (T - t)

T = S-9

v ot VT —t (59)
In (g ) + 3o? (T 1)

y= - ; (S.10)

|od |/ T —t
and (S.8) becomes

v R e ol SR

20" (24 M VT 1) (<7 + o VT 1)

( y+|aﬂ|\/—) ”dydx
(S.11)

where

I (255) = (Y02 = IR ) (T = 1) |
~ 53¢ 2 2 lo*| _
d(z) = ¢ 1z S.12
(@) VT =1 o™ B2

for all £ € R. Another transformation of variables,
&= -7+ 0" |NVT — t; (S.13)
j=—-y+ |0 VT —t, (S.14)

allows us to express (S.11) as

22— 2035+ ]}dg}di,
(S.15)

277\/17”/ /d(”exp{ 1—2”))
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where

1n(asg:‘c) —l—%(@'i’j)g(T—t) |O.i|
d(z) = s A +
@) N 7]

T =a+ bz,

for all Z € R, with

59 = /ol = 20310707 + [o .

After the transformation

Y= g - bi‘7
for all Z € R and § € (—o0,d(Z)), (S.15) becomes

ﬁ/ / exp{%

X [:z? — 2005 (i) + bE) + (§ + bfs)ﬂ } d7 dj.

Now, performing the change of variables

1 —2bo7 + b2 - b—o
1= (") 1—%gv+wy

for all Z € R, transforms (S.19) into

>
I

1 7>
—— % dy.
/1 —2bp"J + b2 /21 { — 2bg? ’J—l—b?}

Finally, we set

Y
/1= 2bgii + b2’
for all § € (—o00,a), so that (S.21) becomes
1 (Ve 1
- mexp{—izz}dz:]\f<—a_ : )

2m V1 — 2bgtJ + b2

Jsc nii)2
G+ reye

(S.16)

(S.17)

(S.18)

(S.19)

(S.20)

(s.21)

(S.22)

GiiT — 1

where N(-) is the Gaussian distribution function.

(S.23)
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Now, to obtain (14.4.33) perform the substitutions g; = g(n) and ¢ = 0
in (S.23) and substitute the resulting expression into (14.4.31), while remem-
bering that S%¢ = S°. Finally, perform the substitutions g; = g(n)~1, i = j
and j = 0 in (S.23) and substitute the resulting expression into (14.4.37), to
obtain (14.4.38). It is important to remember in this case that the symmetry
of the Gaussian distribution gives N(—dz(n)) = 1—N(dz(n)), for each n € N,
while

(nem(T 1)

- —1, (S.24)

S exp{—hE (T — 1))
n=0

since this expression is the total probability of a Poisson random variable with
parameter h*~"(T —t).

14.4 (*) See above.

14.5 (*) (Hardy Hulley) Firstly, by the function

' 1y I =ty
.25
o 1 _xy 2n+1
Xgnll’(n—l—?)(%@_@)) ’

for all z,y € (0,00) and o, ¢ € [0, 00) such that ¢ < ¢, is the transition density
of a squared Bessel process of dimension four. Equation (S.25) is obtained from
(8.7.9) with the help of the series expansion for the modified Bessel function of
the second kind I;(+), see Abramowitz & Stegun (1972). Note the presence in
(S.25) of the gamma function I'(-), defined in (1.2.10). It satisfies the following
identity:

I'(n)=(n-1), (S.26)

for each n € NV.

Now fix i,j7 € {0,...,d} and ¢ € [0,00) and let g; be a positive A;-
measurable random variable. Again, we perform an auxiliary computation
that enables us to price both instruments under consideration. Noting that
X% and X7, given by (14.4.21), are independent squared Bessel processes of
dimension four, we have
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L (1 Srel A
Gien \{sgezasye 0T |
=X/ E(1y, e
- ( {XW(T)SQ‘ 1X;"'(T) apJ(T) >
o g;lm Xj .
_ @i (t) ( i )
= —palp(t ;o' (T), @
| = (0. X
X Py (tpj(tL Xi,j(t); o' (1), y) dy dz
g 'x 1 1.
- exp ——)\J} exp{ )\1}
/ / { (T) ©'(t) 27"
Z 1 1+1 I+1
Nr+ 22+t 90] (S.27)

XeXp{ 2(p(T) — 7 (1) }

" @W(M (m)w
. p{‘m}] dy o

L ) R =N 2N
:eXp{_i(AH’\ }Zz'r I+2 21+1Zqir (q + 2)20+2

[e%e] gtT 1
></ / exp{——($+y)}yl$q+1 dy dz.
0 0 2

Here we have made the substitutions

T e (5.28)
_ Yy
VS ) - e () (5.29)

The constant in the upper limit of the inner integral in (S.27) is thus given
by ' _
"(T) — @' (t
gt:w( ) — ¥ (1) (5.30)
gt
The random variables ! and X! are given by (14.4.24).
With the aid of another change of variables, namely

gi==, (S.31)

K<
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(S.27) now becomes
Loy yi GX)™ S (W)
eXp{_E(At ) } Z IT(l+2)20+T Z < g1 T (g + 2)20+2

gt
x/ / exp{;j(1+ﬂ)}g]lfq+l+2 dz dj
A L)1
_ iy (3
exp{ (>\ +/\ }ZHFH—??IHZCI'F(J‘FQ 9q+2

~l

gt
+1+3 Yy ~
I(g+1+3)21 /0 Gk

ol L) S )" S () Tla )
—eXp{—§()\t+)‘t)}mz_:l ! qZ::O ¢! T'(m)I[(q+2)

gt gm—l
< +g>q+m+2 “
m 7,

- Lo iyl 3 Q+m+2)
- exp{—§()\t +>\t)} Z Z m)I(q+ 2)

m=1 q=0

=m

x ngFl(m,q+m+2;m+1;—§t)

_ Z exp{— 1A]}(%Ai)m i exp{—3A} (3M)"  I(g+m+2)

659

=m

pa q! Tm+D)I(q+2)"

X o F1(m,q+m+2m+1;-g).

(5.32)

The first equality in (S.32) follows from the definition of the gamma function in
(1.2.10). The second equality follows from some algebra and (S.26). The third
equality was obtained with the help of Mathematica’s symbolic integration
facility. The final equality is another application of (S.26). The hypergeometric
function o F (a, b; ¢; 2) is described in Abramowitz & Stegun (1972). Now, note

that

exp{—%Ai}(%Ai)oiexp{—%ki}(%ki)q Lg+0+2)
0! pr q! rO+1)rg+2)"

><2F1(0,q+0+2;0+1;—gt)

o L) S Rl G

q=0 q!

(.33)
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The first equality follows from (S.26) and the properties of the hypergeometric

_ Lyt Ly 1
function. For the second equality, note that ZZZO w is the total

probability of a Poisson random variable with parameter %/\i
Thus, putting (S.32) and (S.33) together, we see that (S.27) can be ex-
pressed as

f:exp{*%ki}(%Ai)miexp{*%%}(%kﬁ)q Cg+m+2)

g
= m! = q! I'm+1)I(qg+2)7

1 .
X o Fy (m,q+m+2;m+ 1;—%)] —exp{—§/\i}

_ li exp{=3 M) (30)" - exp{=3 M} ()" Ta+m +2)

m! q! I'(m)I'(g+2)

m=0 q=0

gt gmfl _ 1 i
X/o T+ gz ¥ ‘e"p{‘?t}

_ X62()\{) _ ) 7} J
P<Xf(>\%) Sgt exp 2At ’
(S.34)

according to Johnson et al. (1995), (30.49), p. 499, where x’?(\) denotes a non-
central chi-square distributed random variable with v degrees of freedom and
non-centrality A. Following the lead of Johnson et al. (1995), we express the
distribution function of the ratio of non-central chi-square random variables
X2 (M) /X2 (X2) as Gl (-5 A1, A2), whence (S.34) becomes

vi1,V2

o) e -0 (5.35)

gt

by (S.30).

Now to obtain (14.4.36) perform the substitutions g; = g(n) and ¢ = 0 in
(S.35) and substitute the resulting expression into (14.4.31). Finally, perform
the substitutions g; = g(n)~!, i = j and j = 0 in (S.35) and substitute the
resulting expression into (14.4.37), to obtain (14.4.10).

14.6 (*) See above.

Solutions for Exercises of Chapter 15

15.1 By the Lyapunov inequality the variance Var((X;)2) is bounded. That

| o)) =5 (009

= B(1Xi]) < VE((Xi)?) = Vo2 + 2 < cc.

D=

Var ((Xi)%) =K <((Xi)
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Therefore, the Monte Carlo estimator ¢, = %Z?Zl(Xi)% is strongly consis-

tent for estimating o = E((X;)?) since

5
=
—
>
3
N
I
&=
—
—
s
3
|
s
N~—
)
~—
I
&=
VR
S|
3
—
—
s
N
(S
|
e
N—
~
o

=1
- (4 v (o0
= var((X)F) = - VoR T

Consequently, the variance of the estimator 9,, decreases proportionally to %
and Var(9,) converges almost surely to zero.

15.2 By application of the Wagner-Platen expansion one obtains directly

Xt0+h — Xto = ClXtO dt + bXtO (Wt0+h — Wto) + R

15.3 The Euler scheme is given by

where AW = W.

Tn+1

— W, . The Milstein scheme has the form

2
Yn-i-l = Yn + (MYn + 77) A+ ’7Yn AW + % Yn((AW)2 - A)

15.4 Due to the additive noise of the Vasicek model the Euler and Milstein
schemes are identical and of the form

Yn+l:Yn+7<f_Yn)A+ﬁAW

where AW = W,

Tn+1

- W..
15.5 The explicit strong order 1.0 scheme has the form
Yoir1i =Y+ Y, p A4+ Y, 0 AW

oY,
2VA
where AW =W, . — W, .

+ (MA—FU\/Z) (AW)? — A),
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15.6 (*) It follows that the diffusion coefficients for the first Wiener process
W are
bb'=1  and ' =0

and that of the second Wiener process are
b2 =0 and p>? = th.

Therefore it follows that

0 0
Ll b2,2 _ bl,l v b2,2 62,1 Y b2,2 =1
Oxl + Ox?
and 5 5
2p2l —pt2 9 g2 22 9 20
B = b1 T b 4 b b = 0

Since the above values are not equal, the SDE is not commutative.

15.7 (*) The Milstein scheme applied to the given SDE is of the form
Vi =i A
Yn2+1 = YT? + Ynl AW? + I1,2

Loo= [ 7 awt aw?
(1,2) — s1 So°

AW =w]! W]

Tn+1 Tn

with

AW? =W?2 - W2

Tn+1

15.8 Due to symmetry one obtains

E (AW) -5 ((AW)S) =0.
Furthermore, it follows

E((AW)2> = A+ 4=4
E ((AW)Q) —A=0.
This proves that

B (a)] + ’E ((AI/V)S)

and thus

+ ‘E((AWY—A)‘ —0< K A2
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15.9 We have the expectation

E(1+Z+%(Z)2>:§

and it follows that
i _ - 3
E(Vy)=E(Vy)=E(VN)= 3

Therefore, Vy is unbiased.
We calculate the variance of V]\T , which is

Alternatively, we obtain

Var (V) = E( <; (;f ZN: <1 + Z(wy) + % (Z(wk))2)

Py (170 g <Z<wk>>2)> - g) )
(%é%((zmw - 1)) )

663
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This shows that the antithetic method provides a Monte Carlo estimate with
a third of the variance of a raw Monte Carlo estimate.

15.10 For E(V}) = v = 1 we have E(Vy) = 2, and Vy is an unbiased
estimator. The variance of VN is then obtained as

N

Var (VN> =F ((% Z (1 + Z(wy) + %(Z(Wk)h)

k=1

1Y 3\’
+a (1 - NZ(l—&—Z(wk))) - 5)

k=1

N 2
—5 (335 (200 -0+ S (@t

E ((Z(l —a)+ % (2)* - 1)>2>

2|~

—%((1—a)2+£(3—2+1)> :%@Jr(l—a)z)-

It turns out that ghe minimum variance can be achieved for &« = apin = 1,
which yields Var(Vy) = 5.

15.11 For the multi-period binomial tree we have the benchmarked return

u=exp{oVA} -1

with probability p = u_—_dd and the benchmarked return

d=exp{—ocVA} -1

with the remaining probability 1 — p. The binomial European put price at
time ¢ = 0 is then given by the expression
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=0k!(’ank).

nr! K nr—Fk k nr—Fk
_ e 1— T 1 1 T
So > Kl —1” (1-p) (T4 u)*(14+d)""77,

where k denotes the first integer k for which Sy (1 +u)*(1 +d)"™ % < K.

15.12 Let us introduce for the Box-Muller random variables

Y1 =cos(2m X3)v—21InX,
Yy =sin(27 Xo) v/ —2 In X7,

with X3, X5 ~ U(0,1) uniformly distributed and independent, the functions
z1(y1,92) = exp{—%(y% +92)} and z2(y1,v2) = % arctan(%). If we denote
by p(x1, z2) the joint density of (X1, Xs), the joint density ¢(y1,y2) of (Y1,Y3)

iS gi\/en by

1 1 1 1.2 1 1,2
— 1 e 3(y? 2y = = o732Vl o 3Y2
5 ¢ 2yityp) =g 5 ¢ 2"

q(y1,y2) = p(x1(y1,92), 22(y1,v2))

which is the density of two independent Gaussian random variables.
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