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Solutions for Exercises

Solutions for Exercises of Chapter 1

1.1 For a random variable X with second moment we have

Var(X) = E((X − E(X))2) = E(X2 − 2 X E(X) + (E(X))2)

= E(X2) − 2(E(X))2 + (E(X))2 = E(X2) − (E(X))2.

1.2 For a Poisson distributed random variable X ∼ P (λ) with intensity λ we
have the mean

E(X) =
∞∑

i=0

i pi = λ e−λ
∞∑

i=1

λi−1

(i − 1)!
= λ e−λ eλ = λ

and the second moment

E(X2) =
∞∑

i=0

i2 pi = λ e−λ
∞∑

i=1

i
λi−1

(i − 1)!

= λ e−λ

( ∞∑

i=1

(
λi−1

(i − 1)!
+ (i − 1)

λi−1

(i − 1)!

))

= λ e−λ

( ∞∑

i=1

λi−1

(i − 1)!
+ λ

∞∑

i=1

λi−2

(i − 2)!

)

= λ e−λ (eλ + λ eλ) = λ (1 + λ).

Thus, by the result from Exercise 1.1 we obtain the variance

Var(X) = E(X2) − (E(X))2 = λ + λ2 − λ2 = λ.
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1.3 We have for a uniformly distributed random variable X ∼ U(a, b) the
mean

E(X) =
∫ b

a

x

b − a
dx =

1
2(b − a)

(b2 − a2) =
a + b

2
.

the second moment

E(X2) =
∫ b

a

x2

b − a
dx =

1
3(b − a)

(b3 − a3) =
1
3

(b2 + ab + a2)

and, thus, the variance

Var(X) =
1
3

(b2 + ab + b2) − 1
4

(b + a)2 =
(b − a)2

12
.

1.4 For an exponentially distributed X ∼ Exp(λ) with intensity λ it follows

E(X) =
∫ ∞

0

xλ e−λx dx = lim
x→∞

1
λ

(1 − (λx + 1) e−λx) =
1
λ

,

E(X2) =
∫ ∞

0

x2 λ e−λx dx = lim
x→∞

1
λ2

(2 − (λ2 x2 2 λx + 2) e−λx) =
2
λ2

,

and therefore
Var(X) = 2 λ−2 − (λ−1)2 = λ−2.

1.5 For standard Gaussian X ∼ N(0, 1) we have the mean

E(X) =
∫ 0

−∞

x√
2 π

e−
1
2 x2

dx +
∫ ∞

0

x√
2 π

e−
1
2 x2

dx

=
√

2 π

(
lim

h→−∞

(
e−

1
2 h2

− 1
)

+ lim
h→∞

(
1 − e−

1
2 h2

))

=
√

2 π (−1 + 1) = 0

and the variance

Var(X) = E(X2) =
∫ 0

−∞

x2

√
2 π

e−
1
2 x2

dx +
∫ ∞

0

x2

√
2 π

e−
1
2 x2

dx

=
1√
2 π

lim
h→∞

(
−h e−

1
2 h2

)
+

1√
2 π

∫ ∞

0

e−
1
2 x2

dx

+
1√
2 π

lim
h→∞

(
−h e−

1
2 h2

)
+

1√
2 π

∫ 0

−∞
e−

1
2 x2

dx

= 0 +
1
2

+ 0 +
1
2

= 1.
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1.6 For X ∼ N(0, 1) standard Gaussian distributed and k ∈ N we have

E(X2k) =
1√
2 π

∫ ∞

−∞
x2k e−

1
2 x2

dx =

√
2√
π

∫ ∞

0

z2k e−
1
2 z2

dz

= 2
2k−1

2

√
2
π

∫ ∞

0

t
2k−1

2 e−t dt

= 2
2k−1

2

√
2
π

Γ

(
k +

1
2

)
,

where Γ (·) is the gamma function, see (1.2.10). Thus we obtain

E(X2k) = 1 · 3 · 5 · . . . · (2k − 1).

1.7 We show that

E(X) =
∫ ∞

−∞

y − μ

σ

1√
2 π σ

e−
1
2

(y−μ)2

σ2 dy = 0

and

E
(
(X)2

)
=
∫ ∞

−∞

(
y − μ

σ

)2 1√
2 π σ

e−
1
2

(y−μ)2

σ2 dy = 1

and notice that a linear transform of a Gaussian random variable is Gaussian.

1.8 The square Y 2 of a standard Gaussian random variable Y ∼ N(0, 1)
is χ2(1), that is chi-square distributed with n = 1 degree of freedom. This
means, it is G(1

2 , 1
2 ) gamma distributed.

1.9 We obtain by using the Gaussian density and the definition of an expec-
tation that

E(Y ) = E (exp{X}) =
∫ ∞

−∞
exp{x} 1√

2 π σ
exp

{
− (x − μ)2

2 σ2

}
dx

= exp
{
μ +

σ2

2

}
,

see also (1.3.76).

1.10 (*) We rely on the following property of the standard Gaussian density,
which can be verified by completing the square in its exponent:

N ′(x − θ) = exp
{
−1

2
θ2 + θ x

}
N ′(x)
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for all x, θ ∈ �. It then follows by change of variable that

E(H(X + θ)) =
∫ ∞

−∞
H(x + θ)N ′(x) dx

=
∫ ∞

−∞
H(x̄)N ′(x̄ − θ) dx̄

=
∫ ∞

−∞
exp

{
−1

2
θ2 + θ x̄

}
H(x̄)N ′(x̄) dx̄

= E

(
exp

{
−1

2
θ2 + θ X

}
H(X)

)
.

1.11 (*) Assume that the inverse C of the covariance matrix D = C−1 has
the form

C = [ci,j ] =
[

4 −6
−6 12

]
.

Its determinant is then det(C) = 12. Furthermore, assume that X1 ∼ N(0, 1)
and X2 ∼ N(0, 1

3 ). We have then from (1.4.16) the joint density

p(x1, x2) =

√
det(C)
2 π

exp

⎧
⎨

⎩−1
2

2∑

i,j=1

Ci,j(xi − μi) (xj − μj)

⎫
⎬

⎭

=
√

12
2 π

exp
{
−1

2
(
4 x2

1 − 12 x1 x2 + 12 x2
2

)}

�= 1√
2 π

exp
{
−x2

1

2

}
1√
2 π
3

exp
{
−1

2
x2

2

3

}

= p(x1) · p(x2),

which shows that X1 and X2 are not independent. The random variables
would be independent if C would be a diagonal matrix.

1.12 (*) Differentiating the function

F (x) =
1
π

ln(
√

1 + x2)

yields
F ′(x) = x p(x) = x [π (1 + x2)]−1.

We observe that both one sided improper integrals
∫ 0

−∞
x p(x) dx and

∫ ∞

0

x p(x) dx
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diverge. Therefore, the two sided improper integral
∫∞
−∞ x p(x) dx diverges.

1.13 (*) The conditional density for X with fX(x) = x with respect to the
event A = {ω ∈ [0, 0.5]} is

fX

(
x
∣∣A

)
=

{
0 for x �∈ [0, 0.5]

8 x for x ∈ [0, 0.5].

Therefore, the conditional expectation amounts to

E
(
X
∣∣A

)
=
∫ ∞

−∞
x fX

(
x
∣∣A

)
dx =

∫ 0.5

0

8 x2 dx =
1
3
.

Solutions for Exercises of Chapter 2

2.1 We can apply the strong Law of Large Numbers since
∞∑

i=1

V ar(Xi)
i2

= K

∞∑

i=1

(i)−2 = K
π2

6
< ∞.

Therefore, it holds that
μ

a.s.= lim
n→∞

μ̂n.

2.2 By the Central Limit Theorem it follows that the sequence Ŷn converges
in distribution for n → ∞ to a Gaussian random variable with mean zero and
variance σ2.

2.3 The 100(1 − α)% confidence interval for 2Z uses its mean 2E(Z) and
variance 4Var(Z) and is given in the form

(
2
(
E(Z) −

√
Var(Z)

)
p1−α, 2

(
E(Z) +

√
Var(Z) p1−α

))

with p1−α ≈ 2.58 for α = 99%.

2.4 We need to satisfy the relation

P

(
Z − E(Z)√

Var(Z)

)
< −zα

with

zα =
VaR((1 − α)%) + E(Z)√

Var(Z)
.

The one sided confidence interval is of the form

(−∞, zα),

where zα = z0.01 ≈ 2.35 for α = 99%.
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Solutions for Exercises of Chapter 3

3.1 Let W be a standard Wiener process and let s ∈ [0, t]. Then

C(s, t) = E((Wt − E(Wt))(Ws − E(Ws))) = E(Wt Ws)

= E((Wt − Ws + Ws)Ws)

= E((Wt − Ws)Ws) + E(W 2
s )

= E(Wt − Ws)E(Ws) + E(W 2
s ) = 0 · 0 + s = s

since Ws and Wt −Ws are independent for s < t. Analogously, C(s, t) = t for
t < s. Hence

C(s, t) = min(s, t) =
1
2

(|s + t| − |s − t|).

3.2 The covariance of the Wiener process is not a function of (t − s) only, so
the Wiener process is not stationary. A similar argument applies for a random
walk.

3.3 Relation (3.3.12) relates to a Bernoulli trial with n independent outcomes
and j−(k−n)

2 successes (here upward moves) that occur with probability 0.5.
The probability for such an event is given by the binomial distribution with

pj(n) =
n!(

j−(k−n)
2

)
!
(
n − j−(k−n)

2

)
!

(
1
2

)n

.

3.4 The probability qj(n) for having j upwards moves in a non-symmetric
random walk in n time steps is related to the binomial distribution with
probability p for an upward move. Therefore it is

qj(n) =
n!

j! (n − j)!
(p)j (1 − p)n−j .

3.5 The stationary probability vector is (0.5, 0.5) and, therefore, we have the
mean μ = 0.5 · 0.05 + 0.5 · 0.06 = 0.055, and the variance v = 0.5(0.05 −
0.055)2 + 0.5(0.06 − 0.055)2 = 0.000025.

3.6 The long term expected squared interest rate is computed by using the
ergodicity and, thus, the stationary probability vector (0.5, 0.5). It then follows

E
(
(Xt)2

)
= 0.5(0.05)2 + 0.5(0.06)2 = 0.00305.

3.7 We obtain by the formula (3.5.1) for the Poisson probabilities that
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E(Nt) =
∞∑

k=1

k2

k!
e−λt (λ t)k

= λ t

( ∞∑

k=1

(k − 1) e−λt (λ t)k−1

(k − 1)!
+

∞∑

k=1

e−λt (λ t)k−1

(k − 1)!

)

= λ t (λ t + 1).

3.8 By the independence of the marks from the Poisson process it follows that

E(Yt) = E

(
Nt∑

k=1

ξk

)
= E(Nt)E(ξk) =

λ t

2
.

3.9 The probability for a compound Poisson process with intensity λ > 0 of
having no jumps until time t > 0 equals the probability of the Poisson process
N of having no jumps until that time. Thus, by (3.5.1) we obtain

P (Nt = 0) = e−λt.

3.10 (*) The given Lévy process is by (3.6.2) at time t ∈ [0, T ] of the form

Xt = α t + β Wt +
1
2

(
pϕ

({
1
2

}
, [0, t]

)
− λ t

)
.

Therefore it follows by the formulas for the means of the Wiener and Poisson
process that E(Xt) = α t.

Similarly, we obtain from the formulas for the variance of the Wiener and
Poisson process the variance of Xt as

E
(
(Xt − α t)2

)
= E

((
β Wt +

1
2

(
pϕ

({
1
2

}
, [0, t]

)
− λ t

))2
)

= E
(
(β Wt)2

)
+

1
4

E

((
pϕ

({
1
2

}
, [0, t]

)
− λ t

)2
)

= β2 (ϕ − ϕ(0)) +
λ t

4
.

Solutions for Exercises of Chapter 4

4.1 The transition density of the standard Ornstein-Uhlenbeck process is a
Gaussian one and of the form (4.2.3). For t → ∞ it converges towards the
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standard Gaussian density. Thus, the process is stationary with mean 0 and
variance 1.

4.2 According to (4.2.1) the transition density p(s, x; t, y) of the standard
Wiener process is Gaussian with mean x and variance (t − s). Therefore, we
obtain from (4.3.4) a(s, x) = 0 and from (4.3.5) b(s, x) = 1.

4.3 The standard Ornstein-Uhlenbeck process has the Gaussian transition
density p(s, x; t, y) given in (4.2.3) with mean x exp{−(t − s)} and variance
(1 − e−2(t−s)). Thus by (4.3.4) we have

a(s, x) = lim
t↓s

1
(t − s)

(x exp{−(t − s)} − x) = −x

and by (4.3.5) it follows

b2(s, x) = lim
t↓s

1
t − s

E
(
(Xt − Xs)2

∣∣Xs = x
)

= lim
t↓s

1
t − s

[
E
((

Xt − Xs − E
(
Xt − Xs

∣∣Xs = x
))2

∣∣Xs = x
)

+ E
((

Xt − Xs

∣∣Xs = x
))2]

= lim
t↓s

1
t − s

[(
1 − e−2(t−s)

)
+ x2 (exp{−(t − s)} − 1)2

]

= 2.

Therefore we have b(s, x) =
√

2.

4.4 For the Gaussian transition density (4.2.1) of the standard Wiener process
it holds

∂

∂y
p(s, x; t, y) = p(s, x; t, y)

(
− (y − x)

(t − s)

)

∂2

∂y2
p(s, x; t, y) = p(s, x; t, y)

(y − x)2

(t − s)2
− p(s, x; t, y)

(t − s)

and

∂

∂t
p(s, x; t, y) = − 1

2(t − s)
p(s, x; t, y) +

(y − x)2

2(t − s)2
p(s, x; t, y).

Therefore
∂

∂t
p(s, x; t, y) − 1

2
∂2p(s, x; t, y)

∂y2
= 0,
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for (s, x) fixed, which provides the Kolmogorov forward equation (4.4.1) with
boundary condition (4.4.3).

Similarly we have

∂p(s, x; t, y)
∂s

=
1
2

p(s, x; t, y)
(t − s)

− p(s, x; t, y)
(

(y − x)2

2(t − s)2

)

and
∂p(s, x; t, y)

∂x
= p(s, x; t, y)

(y − x)
(t − s)

∂2p(s, x; t, y)
∂x2

= p(s, x; t, y)
(y − x)2

(t − s)2
− p(s, x; t, y)

1
(t − s)

.

Thus
∂p(s, x; t, y)

∂s
+

1
2

∂2p(s, x; t, y)
∂x2

= 0

for (t, y) fixed, which represents the Kolmogorov backward equation (4.4.2)
with boundary condition (4.4.3).

4.5 For the standard Ornstein-Uhlenbeck process we have the Kolmogorov
forward equation, see (4.4.1),

∂p(s, x; t, y)
∂t

− ∂

∂y
(y p(s, x; t, y)) − 1

2
∂2

∂y2
(2 p(s, x; t, y)) = 0

that is

∂p(s, x; t, y)
∂t

− p(s, x; t, y) − y
∂

∂y
p(s, x; t, y) − ∂2

∂y2
p(s, x; t, y) = 0

with boundary condition (4.4.3).

4.6 The Kolmogorov backward equation for the standard Ornstein-Uhlenbeck
process is, see (4.4.2),

∂p(s, x; t, y)
∂s

− x
∂p(s, x; t, y)

∂x
+

∂2p(s, x; t, y)
∂x2

= 0

with boundary condition (4.4.3). Taking the partial derivatives of the transi-
tion density (4.2.3) it follows that
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∂p(s, x; t, y)
∂s

= −1
2

p(s, x; t, y)
−2e−2(t−s)

1 − e−2(t−s)
+ p(s, x; t, y) ·

(
2
(
y − x e−(t−s)

)
x e−(t−s)

2
(
1 − e−2(t−s)

) −
(
y − x e−(t−s)

)2
2e−2(t−s)

2
(
1 − e−2(t−s)

)2

)

∂p(s, x; t, y)
∂x

= p(s, x; t, y)

(
y − x e−(t−s)

)
e−(t−s)

1 − e−2(t−s)

∂2p(s, x; t, y)
∂x2

= p(s, x; t, y)

[(
y − x e−(t−s)

)2
e−2(t−s)

(
1 − e−2(t−s)

)2 − e−2(t−s)

1 − e−2(t−s)

]
.

Then we obtain by substituting these partial derivatives into the left hand
side of the above Kolmogorov backward equation that

p(s, x; t, y)
[

e−2(t−s)

(1 − e−2(t−s))
+

y x e−(t−s)

(1 − e−2(t−s))
− x2 e−2(t−s)

(1 − e−2(t−s))

− y2 e−2(t−s)

(1 − e−2(t−s))2
+

2x y e−3(t−s)

(1 − e−2(t−s))2
− x2 e−4(t−s)

(1 − e−2(t−s))2

− x y e−(t−s)

1 − e−2(t−s)
+

x2 e−2(t−s)

1 − e−2(t−s)
+

y2 e−2(t−s)

(1 − e−2(t−s))2

− 2 y x e−3(t−s)

(1 − e−2(t−s))2
+

x2 e−4(t−s)

(1 − e−2(t−s))2
− e−2(t−s)

(1 − e−2(t−s))

]

= 0.

Obviously, for t = s the transition density (4.2.3) equals the Dirac delta
function (4.4.3).

4.7 The stationary density for the standard Ornstein-Uhlenbeck can be taken
from formula (4.5.5) or for (t − s) → ∞ from equation (4.2.3). It is with

p̄(y) =
1√
2π

exp
{
−y2

2

}

the density of a standard Gaussian random variable.

4.8 Geometric Brownian motion is not a stationary process because its transi-
tion density given in (4.2.2) does not converge for (t−s) → ∞ to a stationary
density.
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4.9 The geometric Ornstein-Uhlenbeck process is a stationary process. Its
stationary density is the log-normal probability density

p̄(y) =
1

y
√

2π
exp

{
− (ln(y))2

2

}
.

4.10 (*) Geometric Brownian motion is not an ergodic process because it does
not have a stationary density.

4.11 (*) With the transition densities (4.2.1) of a standard Wiener process
we can write∫ ∞

−∞
p(s, x; r, z) p(r, z; t, y) dz

=
∫ ∞

−∞

1
2π
√

(r − s)(t − r)
exp

{
−1

2

(
(z − x)2

r − s
+

(y − z)2

t − r

)}
dz

=
1√

2π(t − s)
exp

{
− (y − x)2

2(t − s)

}∫ ∞

−∞

1√
2π

exp
{
−1

2
u2

}
du

= p(s, x; t, y) · 1 = p(s, x; t, y),

where we used the substitution

u = u(z) =
(

z − x(t − r) + y(r − s)
t − s

) √
t − s

(r − s)(t − r)
.

4.12 (*) The Ornstein-Uhlenbeck process is an ergodic process, because we
have according to (4.5.11) the scale measure

s(x) = exp
{∫ x

0

y dy

}
= exp

{
x2

2

}

with the properties
∫ ∞

0

s(x) dx =
∫ 0

−∞
s(x) dx =

∫ ∞

0

exp
{

x2

2

}
dx = ∞

and ∫ ∞

−∞

1
2s(x)

dx =
∫ ∞

−∞

1
2

exp
{
−x2

2

}
dx =

√
π

2
< ∞

that prove the conditions for ergodicity (4.5.12) and (4.5.13).

4.13 (*) Using (4.5.5) we have

dp̄(y)
dy

= 2p̄(y)
a(y)
b2(y)

− p̄(y)
1

b2(y)
db2(y)

dy
=

p̄(y)
b2(y)

(
2a(y) − db2(y)

dy

)
.
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Then it holds

Q(y) = a(y) p̄(y) − 1
2

d

dy
(b2(y) p̄(y))

= a(y) p̄(y) − 1
2

p̄(y)
db2(y)

dy
− 1

2
b2(y)

dp̄(y)
dy

= p̄(y)
[
a(y) − 1

2
db2(y)

dy
− a(y) +

1
2

db2(y)
dy

]
= 0

and it follows
dQ(y)

dy
= 0

which proves (4.5.1).

4.14 (*) By (4.3.4) and (4.1.2) we obtain by using the Taylor expansion for
the exponential

a(s, x) = lim
t↓s

1
t − s

E
(
Xt − Xs

∣∣Xs = x
)

= lim
t↓s

E

(
Xs [exp{g(t − s) + b(Wt − Ws)} − 1]

t − s

∣∣∣∣Xs = x

)

= x lim
t↓s

E

(
g(t − s) + b(Wt − Ws)

t − s

+
1
2

(g(t − s) + b(Wt − Ws))2

t − s

∣∣∣∣Xs = x

)

= x

(
g +

1
2

b2

)
.

Solutions for Exercises of Chapter 5

5.1 Assuming a filtered probability space (Ω,A,A, P ) we have for 0 ≤ s ≤
t ≤ T by the martingale property for Wiener processes that

E
(
Yt

∣∣As

)
= E

(
α1W

1
t + α2W

2
t

∣∣As

)

= α1 E
(
W 1

t

∣∣As

)
+ α2 E

(
W 2

t

∣∣As

)

= α1 W 1
s + α2 W 2

s

= Ys

which proves the martingale property (5.1.2).



16 Solutions for Exercises 627

5.2 We compute for 0 ≤ s ≤ t ≤ T < ∞ the conditional expectation

E
(
Yt

∣∣As

)
= E

(
W 2

t

∣∣As

)

= E
(
(Wt − Ws)2 + W 2

s

∣∣As

)

= (t − s) + Ys

≥ Ys,

which shows that Y is a submartingale as defined in (5.1.7).

5.3 We obtain by the properties of the Wiener process for 0 ≤ t ≤ s ≤ T

E
(
Ms

∣∣At

)
= E

(
(Ws − W0)2 − s

∣∣At

)

= E
(
((Ws − Wt) + (Wt − W0))2 − s

∣∣At

)

= E
(
(Ws − Wt)2

∣∣At

)
+ W 2

t − s = W 2
t − t = Mt,

which shows that M is a martingale.

5.4 We consider for 0 ≤ s ≤ t ≤ T the conditional expectation

E
(
X̄t

∣∣As

)
= E

(
exp

{
−1

2
σ2 (ϕ − ϕ(0)) + σ Wt

} ∣∣∣∣As

)

= exp
{
−1

2
σ2 s + σ Ws

}

×E

(
exp

{
−1

2
σ2 (t − s) + σ (Wt − Ws)

} ∣∣∣∣As

)

= X̄s,

where we used the Laplace transform of the Gaussian increment Wt − Ws of
the Wiener process W in the form

E
(
exp{σ(Wt − Ws)}

∣∣As

)
= exp

{
1
2

σ2(t − s)
}

.

X̄ is an (A, P )-martingale.

5.5 We have from the covariation property (5.4.5) of Itô integrals that
[∫

0

a du +
∫

0

b dWu

]

t

=
∫ t

0

b2 du = b2 (ϕ − ϕ(0)).

5.6 Similarly as in Exercise 5.5 we obtain
[∫

0

a du +
∫

0

b dWu,

∫

0

1 dWu

]

t

=
∫ t

0

b du = b t.
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5.7 By using Jensen’s inequality, see (1.3.52), it follows for 0 ≤ t ≤ s ≤ T
that

E
(
g(Xs)

∣∣At

)
≥ g

(
E
(
Xs

∣∣At

))
= g(Xt),

which shows that g(x) is a submartingale.

5.8 (*) For f being a deterministic step function corresponding to the partition
0 = t1 < t2 < . . . < tn+1 = T with ft = fj for t ∈ [tj , tj+1) for j ∈ {1, 2, . . . , n}
we have for 0 ≤ s ≤ t ≤ T that

E
(
If,W (t)

∣∣As

)
= E

(∫ t

0

fu dWu

∣∣∣As

)

= E

⎛

⎝
is−1∑

j=1

fj(Wtj+1 − Wtj ) + fis (Ws − Wtis
)

+ fis

(
Wtis+1 − Ws

)
+

it−1∑

j=is+1

fj (Wtj+1 − Wtj )

+ fit (Wt − Wtit
)
∣∣As

)
,

where
it = max{k ∈ {1, 2, . . .} : tk ≤ t}.

Thus, we obtain by the zero mean property of Wiener process increments that
only the first two terms in the above expectation survive so that

E
(
If,W (t)

∣∣As

)
= If,W (s),

which proves the martingale property for If,W (s).

5.9 (*) Using the notation and representation of the Itô integral of Exercise 5.8
we have for 0 ≤ s ≤ t ≤ T < ∞ and deterministic step functions f and f̄

E
(
(If,W (t) − If,W (s))(If̄ ,W (t) − If̄ ,W (s))

∣∣As

)

= E

⎛

⎝

⎡

⎣fis(Wtis+1 − Ws) +
it+1∑

j=is+1

fj (Wtj+1 − Wtj ) + fit (Wt − Wtit
)

⎤

⎦

×

⎡

⎣f̄is (Wtis+1 − Ws) +
it+1∑

j=is+1

f̄j (Wtj+1 − Wtj ) + f̄it (Wt − Wtit
)

⎤

⎦
∣∣∣∣∣As

⎞

⎠.
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Thus, it follows by the expectation properties for products of Wiener process
increments that

E
(
(If,W (t) − If,W (s))(If̄ ,W (t) − If̄ ,W (s))

∣∣As

)
=
∫ t

s

E
(
fu f̄u

∣∣∣As

)
du.

5.10 (*) Using the notation and representation of the Itô integrals of the
Exercises 5.8 and 5.9 we have for 0 ≤ s ≤ t ≤ T < ∞, and deterministic step
functions f and f̄ and As-measurable constants α and ᾱ the equation

∫ t

s

(
α fu + ᾱ f̄u

)
dWu=

(
α ftis

+ ᾱ f̄tis

)
(Wtis+1 − Ws)

+
it−1∑

j=is+1

(
α ftj + ᾱ f̄tj

)
(Wtj+1−Wtj )

+
(
α ftit

+ ᾱ f̄tit

)
(Wt − Wtit

)

=α

[
ftis

(Wtis+1 − Ws) +
it−1∑

j=is+1

ftj (Wtj+1 − Wtj ) + ftit
(Wt − Wtit

)

]

+ ᾱ

[
f̄tis

(Wtis+1 − Ws) +
it−1∑

j=is+1

f̄tj (Wtj+1 − Wtj ) + f̄tit
(Wt − Wtit

)

]

=α

∫ t

s

fu dWu + ᾱ

∫ t

s

f̄u dWu,

which proves the linearity property (5.4.2) for deterministic step functions.

5.11 (*) Obviously, we have E(Xt −X0 | A0) for all t ∈ [0, T ]. Since the Lévy
process X has stationary independent increments it follows for 0 ≤ s ≤ t ≤ T
that

E
(
Xs

∣∣At

)
= E

(
Xs − Xt

∣∣At

)
+ Xt = Xt.

This proves that X is a martingale.

Solutions for Exercises of Chapter 6

6.1 By the Itô formula it follows that

d(Yt)2 = (2Yt a + b2) dt + 2 Yt b dWt.
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6.2 By application of the Itô formula we obtain

dZt = Zt

(
μ +

1
2

σ2

)
dt + Zt σ dWt.

Applying again the Itô formula we obtain

d ln(Zt) =
(

μ +
1
2

σ2 − 1
2

σ2

)
dt + σ dWt

= μdt + σ dWt.

6.3 It follows by the Itô formula that

d(Zt)2 = 2 Z2
t

(
μ +

1
2

σ2

)
dt + Z2

t σ2 dt + 2 Z2
t σ dWt

= 2 Z2
t

(
μ + σ2

)
dt + 2 Z2

t σ dWt.

6.4 We have by the Itô formula that

dZ−1
t = Z−1

t

(
−μ − 1

2
σ2 + σ2

)
dt − Z−1

t σ dWt

= Z−1
t

(
−μ +

1
2

σ2

)
dt − Z−1

t σ dWt.

6.5 We obtain by the Itô formula

d(Yt Zt) =
(

Zt a + Yt Zt

(
μ +

1
2

σ2

)
+ b Zt σ

)
dt

+Zt b dWt + Yt Zt σ dWt

= Zt

(
a + Yt

(
μ +

1
2

σ2

)
+ b σ

)
dt

+Zt (b + Yt σ) dWt.

6.6 We have by the Itô formula the stochastic differential

d(Y 1
t Y 2

t ) = (Y 2
t a1 + Y 1

t a2) dt + Y 2
t b1 dW 1

t + Y 1
t b2 dW 2

t .
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6.7 The stochastic differential is obtained by the Itô formula and we obtain

dZt = d
(
exp{Y 1

t } exp{Y 2
t }

)

= d (exp{Y 1
t + Y 2

t })

= Zt

(
a1 + a2 +

1
2

(b2
1 + b2

2)
)

dt + Zt b1 dW 1
t + Zt b2 dW 2

t .

6.8 Applying the Itô formula we obtain

d(Wt)2 = 2 Wt dWt + dt.

Now by the covariation property (5.4.5) of Itô integrals we have

[W, (W )2]t =
[∫

0

dWs, 2
∫

0

Ws dWs +
∫

0

ds

]

t

=
∫ t

0

2 Ws ds.

6.9 (*) By the Itô formula we have

d(Xt)2 = 2 Xt ξt dWt + (ξt)2 dt

and by the covariation property (5.4.5) of Itô integrals it follows

d[X]t = (ξt)2 dt.

Therefore, it holds

dYt = d
(
(Xt)2 − [X]t

)

= 2 Xt ξt dWt

and Yt is represented by an Itô integral. Thus, by the martingale property
(5.4.3) of Itô integrals Y is a martingale.

6.10 (*) The stochastic differential of X is

dXt = σ dWt + ξ dp(t)

for t ∈ [0, T ]. By the Itô formula (6.4.11) it follows that

d exp{Xt} = exp{Xt}
(
σ dWt +

1
2

σ2 dt

)
+ exp{Xt−} (exp{ξ} − 1) dp(t)

for t ∈ [0, T ].
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6.11 (*) The stochastic differential of X is

dXt = a dp1(t) + b dp2(t)

for t ∈ [0, T ]. Using the Itô formula (6.4.11) we obtain

d exp{Xt} = exp{Xt−} (exp{a} − 1) dp1(t)

+ exp{Xt−} (exp{b} − 1) dp2(t)

for t ∈ [0, T ].

Solutions for Exercises of Chapter 7

7.1 We obtain from (7.2.6) or (7.3.5) the mean

μ(t) = E(Xt) = exp{−(t − t0)}.

Furthermore we obtain from (7.2.6) or (7.3.9) the variance

v(t) = E
(
(Xt − E(Xt))2

)

= E

((∫ t

t0

√
2 exp{−(t − s)} dWs

)2
)

= 2
∫ t

t0

exp{−2(t − s)} ds

= 1 − exp{−2(t − t0)}.

7.2 According to (7.3.5) we obtain for the mean

μ(t) = exp{0.05 t}.

It follows for the variance

v(t) = E
(
(Xt − μ(t))2

)

= E(X2
t ) − (μ(t))2

= P (t) − (μ(t))2,

where with (7.3.8) we obtain

dP (t) = (0.1 + 0.04)P (t) dt

with P (0) = 1 such that
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v(t) = exp{0.14 t} − exp{0.1 t}

for t ≥ 0.

7.3 We apply formula (7.4.5), where

Xt = X0 Ψt,0

= X0 exp

{(
−1

2
− 1

2
− 1

2

)
t +

2∑

l=1

(
W l

t − W l
0

)
}

= X0 exp
{
−3

2
t + W 1

t + W 2
t

}
.

7.4 (*) By the Itô formula one obtains

dXt = Xt−

[(
k a +

k2 b2

2

)
dt + k b dWt + (exp{k c} − 1) dNt

]

for t ∈ [0, T ] with X0 = 1.

7.5 (*) In the linear SDE for Xt we take the expectation and obtain

dμ(t) = μ(t−)
[
k a +

k2 b2

2
+ λ (exp{k c} − 1)

]
dt

for t ∈ [0, T ] with μ(0) = 1.

7.6 (*) The explicit solution is of the form

Xt = Ψt,0

(
X0 +

∫ t

0

(a2 − b1 b2)Ψ−1
s,0 ds +

∫ t

0

b2 Ψ−1
s,0 dWs

)

with

Ψt,0 = exp
{∫ t

0

(
a1 −

1
2

b2
1

)
ds +

∫ t

0

b1 dWs

}

for t ∈ [0, T ]. By application of the Itô formula we obtain

dXt = Ψt,0

[
(a2 − b1 b2)Ψ−1

t,0 dt + b2 Ψ−1
t,0 dWt

]

+
Xt

Ψt,0
dΨt,0 + d

[
Ψ·,0,

∫ ·

0

b2 Ψ−1
s,0 dWs

]

t

.

Noting by the Itô formula that

dΨt,0 = Ψt,0(a1 dt + b1 dWt)

it follows



634 16 Solutions for Exercises

dXt = (a2 − b1 b2) dt + b2 dWt

+Xt (a1 dt + b1 dWt) + b1 b2 dt

= (Xt a1 + a2) dt + (Xt b1 + b2) dWt

for t ∈ [0, T ].

Solutions for Exercises of Chapter 8

8.1 From (8.3.2) we obtain the discounted option price

V̄ (t, S̄t) = S̄t N(d1(t)) − K exp

{
−
∫ T

0

rs ds

}
N(d2(t))

with

d1(t) =

(
ln
(

S̄t

K (BT )−1

)
+
∫ T

t

1
2

σ2
s ds

)(∫ T

t

σ2
s ds

)− 1
2

and

d2(t) = d1(t) −
(∫ T

t

σ2
s ds

) 1
2

.

Then it is
∂V̄ (t, S̄t)

∂S̄
= N(d1(t)) + Qt,

where

Qt = S̄t N ′(d1(t))
∂d1(t)

∂S̄
− K

BT
N ′(d2(t))

∂d2(t)
∂S̄

=
∂d1(t)

∂S̄
√

2π

[
S̄t exp

{
− (d1(t))2

2

}
− K

BT
exp

{
− (d2(t))2

2

}]

=
∂d1(t)

∂S̄
√

2π
exp

{
− (d1(t))2

2

}[
S̄t −

K

BT
exp

{
ln

(
S̄t

K
BT

)

− 1
2

∫ T

t

σ2
s ds +

1
2

∫ T

t

σ2
s ds

}]

= 0.

Furthermore, we have

∂2V̄ (t, S̄t)
∂S̄2

= N ′(d1(t))
∂d1(t)

∂S̄

= N ′(d1(t)) S̄−1
t

(∫ T

t

σ2
s ds

)− 1
2

.



16 Solutions for Exercises 635

We also obtain the time derivative

∂V̄ (t, S̄t)
∂t

=
1
2

σ2
t

(∫ T

t

σ2
s ds

)− 1
2
(

S̄t N ′(d1(t))

×

⎡

⎣ln
(

S̄t BT

K

)(∫ T

t

σ2
s ds

)−1

− 1
2

⎤

⎦

− K

BT
N ′(d2(t))

⎡

⎣ln
(

S̄t BT

K

)(∫ T

t

σ2
s ds

)−1

+
1
2

⎤

⎦

⎞

⎠

=
1
2

σ2
t

(∫ T

t

σ2
s ds

)− 1
2

N ′(d1(t))

⎛

⎝ln
(

S̄t BT

K

)(∫ T

t

σ2
s ds

)−1

×

⎡

⎣S̄t −
K

BT
exp

⎧
⎨

⎩d1(t)

(∫ T

t

σ2
s ds

) 1
2

− 1
2

∫ T

t

σ2
s ds

⎫
⎬

⎭

⎤

⎦

−1
2

⎡

⎣S̄t −
K

BT
exp

⎧
⎨

⎩d1(t)

(∫ T

t

σ2
s ds

) 1
2

− 1
2

∫ T

t

σ2
s ds

⎫
⎬

⎭

⎤

⎦

⎞

⎠

= −1
2

σ2
t

(∫ T

t

σ2
s ds

)− 1
2

N ′(d1(t)) S̄t.

We note that
∂V̄ (t, S̄t)

∂t
+

1
2

σ2
t S̄2

t

∂2V̄ (t, S̄t)
∂S̄2

= 0

and also that

V̄ (T, S̄T ) =
(

S̄T − K

BT

)+

.

This shows that the discounted European call option price (8.3.2) satisfies the
discounted BS-PDE (8.2.21) with terminal condition (8.2.22).

8.2 The hedge ratio is given by the expression

∂V (t, St)
∂S

=
(

∂

∂S̄t
V (t, St)

)
∂S̄t

∂St

=
(

∂

∂S̄t

(
V̄ (t, S̄t)Bt

)) 1
Bt

=
∂

∂S̄t
V̄ (t, S̄t).
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Then it follows from our calculations in Exercise 8.1 that

∂V (t, St)
∂S

= N(d1(t))

which corresponds to (8.4.3).

8.3 The gamma for the European put option is given by the expression

∂2V (t, St)
∂S2

=
∂

∂S
N(d1(t))

= N ′(d1(t))S−1
t

(∫ T

t

σ2
s ds

)− 1
2

,

see (8.4.5) and (8.5.5), which is the same gamma as for the European call
option.

8.4 We obtain from (8.2.4) for the European put option the number of units
δ0
t to be held at time t in the savings account in the form

δ0
t =

V (t, St)
Bt

− δ1
t

St

Bt
.

Therefore, it follows from (8.5.3) and (8.5.4) that

δ0
t = S̄t (N(d1(t)) − 1) − K

BT
(N(d2(t)) − 1) − (N(d1(t)) − 1) S̄t

=
K

BT
(1 − N(d2(t))).

8.5 By using the notation S̄ = S
Bt

and V (t, S) = V̄ (t, S̄)Bt we obtain with
the partial derivatives ∂S

∂S̄
= Bt

∂V̄ (t, S̄)
∂S̄

=
1
Bt

∂V (t, S)
∂S

∂S

∂S̄
=

∂V (t, S)
∂S

∂2V̄ (t, S̄)
∂S̄2

=
∂V 2(t, S)

∂S2

∂S

∂S̄
=

∂2V (t, S)
∂S2

Bt

and

∂V̄ (t, S̄)
∂t

=
∂

∂t

(
1
Bt

V (t, S̄ Bt)
)

= −r
1
Bt

V (t, S) +
1
Bt

∂V (t, S)
∂t

+
1
Bt

∂V (t, S̄ Bt)
∂S

S̄ Bt

by (8.2.21) the PDE
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0 =
∂V̄ (t, S̄)

∂t
+

1
2

σ2 S̄2 ∂2V̄ (t, S̄)
∂S̄2

=
1
Bt

(
−r V (t, S) +

∂V (t, S)
∂t

+
∂V (t, S)

∂S
S r +

1
2

σ2 S̄2 B2
t

∂2V (t, S)
∂S2

)
,

which proves (8.2.23).

8.6 The discounted P&L process C̄ for a European put option has according
to (8.2.13) and (8.2.20) the form

C̄t = V̄ (t, S̄t) − V̄ (0, S̄0) −
∫ t

0

∂V̄ (s, S̄s)
∂S̄

dS̄s.

On the other hand, we have by the discounted BS-PDE for a European put
option

dV̄ (t, S̄t) =
∂V̄ (t, S̄t)

∂S̄
dS̄t

and it follows

dC̄t = dV̄ (t, S̄t) −
∂V̄ (t, S̄t)

∂S̄
dS̄t

= 0.

This means, the discounted P&L

C̄t = C̄0 = 0

equals the constant zero. Consequently, by (8.2.12) the P&L

Ct = C̄t Bt = 0

is zero for all t ∈ [0, T ].

8.7 We consider the square root process Y = {Yt, t ∈ [0,∞)} of dimension
δ > 2 satisfying the SDE

dYt =
(

δ

4
c2 + b Yt

)
dt + c

√
Yt dWt

for t ∈ [0,∞), Y0 > 0, c > 0 and b < 0. The Itô integral

Mt = c

∫ t

0

√
Ys dWs

forms a martingale due to Lemma 5.2.2 (iii), since the square root process,
as a transformed time changed squared Bessel process, has moments of any
positive order. Consequently,



638 16 Solutions for Exercises

dE(Yt) =
(

δ

4
c2 + b E(Yt)

)
dt

for t ∈ [0,∞) with E(Y0) > 0. Therefore, we obtain

E(Yt) = E(Y0) exp{b t} +
δ c2

4 b
(exp{b t} − 1).

8.8 (*) Using the notation of Sect.8.7 we have for δ > 2, α ≥ − δ
2 and ϕ > ϕ(0)

by (8.7.7) and (8.7.9) the αth moment in the form

E(Xα
ϕ ) =

∫ ∞

0

yα pδ(ϕ(0), x; ϕ, y) dy

=
∫ ∞

0

yα 1
2 (ϕ − ϕ(0))

(y

x

) δ
4−

1
2

exp
{
− x + y

2 (ϕ − ϕ(0))

}

×
∞∑

k=0

( √
x y

2 (ϕ−ϕ(0))

)2k+ δ
2−1

k! Γ
(
k + δ

2

) dy

=
∞∑

k=0

exp
{
− x

2 (ϕ−ϕ(0))

}
xk

(
1

2 (ϕ−ϕ(0))

)2k+ δ
2

k! Γ
(
k + δ

2

)
∫ ∞

0

yα+k+ δ
2−1

× exp
{
− y

2 (ϕ − ϕ(0))

}
dy.

According to the gamma function (1.2.10) it holds for β = α+ k + δ
2 > 0 that

∫ ∞

0

yβ−1 exp
{
−y

q

}
dy = Γ (β) (q)β

and thus

E(Xα
ϕ ) =

∞∑

k=0

exp
{
−x

q

}
xk

(
1
q

)2k+ δ
2

k! Γ
(
k + δ

2

) (q)α+k+ δ
2 Γ

(
α + k +

δ

2

)

= (q)α exp
{
−x

q

} ∞∑

k=0

(
x

q

)k Γ
(
α + k + δ

2

)

k! Γ
(
k + δ

2

)

with q = 2 (ϕ − ϕ(0)), which shows the first equation in (8.7.16). For
k ≥ 1 and α ≤ 0 we have from the properties of the gamma function that
Γ
(
α + k + δ

2

)
≤ Γ

(
k + δ

2

)
and thus the estimate

E(Xα
ϕ ) = (2 (ϕ − ϕ(0)))α exp

{
−x

q

}(
Γ
(
α + δ

2

)

Γ
(

δ
2

) + exp
{

x

q

})
< ∞,
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which provides also the second part of (8.7.16).

8.9 (*) Using (8.7.9) it follows
∫ ∞

0

y1−n
2 pn(ϕ(0), x; ϕ, y) dy

=
∫ ∞

0

y1−n
2

2(ϕ − ϕ(0))

(y

x

)n
4 − 1

2
exp

{
− x + y

2(ϕ − ϕ(0))

}
In

2 −1

( √
x y

ϕ − ϕ(0)

)
dy

=
∫ ∞

0

x1−n
2

2(ϕ − ϕ(0))

(y

x

) 1
2−

n
4

exp
{
− x + y

2(ϕ − ϕ(0))

}
In

2 −1

( √
x y

ϕ − ϕ(0)

)
dy

= x1−n
2

∫ ∞

0

p4−n(ϕ(0), y; ϕ, x) dy.

8.10 (*) Combining (8.7.9) and (8.7.19) we obtain
∫ ∞

0

p4−n(ϕ(0), y; ϕ, x) dy

=
∫ ∞

0

1
2(ϕ − ϕ(0))

(y

x

) 1
2−

n
4

exp
{
− x + y

2(ϕ − ϕ(0))

}
In

2 −1

( √
x y

ϕ − ϕ(0)

)
dy

=
∫ ∞

0

1
2(ϕ − ϕ(0))

(y

x

) 1
2−

n
4

exp
{
− x + y

2(ϕ − ϕ(0))

} ∞∑

k=0

( √
x y

2(ϕ−ϕ(0))

)2k+ n
2 −1

k ! Γ
(

n
2 + k

) dy

=
∞∑

k=0

x
n
2 −1+k exp

{
− x

2(ϕ−ϕ(0))

}

(2(ϕ − ϕ(0)))
n
2 +2k k ! Γ

(
n
2 + k

)
∫ ∞

0

yk exp
{
− y

2(ϕ − ϕ(0))

}
dy

=
∞∑

k=0

(
x

2(ϕ − ϕ(0))

)n
2 −1+k exp

{
− x

2(ϕ−ϕ(0))

}

Γ
(

n
2 + k

)

=
(

x

2(ϕ − ϕ(0))

)n
2 −1

exp
{
− x

2(ϕ − ϕ(0))

} ∞∑

k=0

(
x

2(ϕ − ϕ(0))

)k 1
Γ
(

n
2 + k

) .

Using the series expansion

Γ (a) − Γ (a, z) = e−z za
∞∑

k=0

Γ (a)
Γ (a + 1 + k)

zk,

see Abramowitz & Stegun (1972), with a = n
2 −1 and z = x

2(ϕ−ϕ(0)) the above
equation becomes

∫ ∞

0

p4−n(ϕ(0), y; ϕ, x) dy = 1 −
Γ
(

n
2 − 1, x

2(ϕ−ϕ(0))

)

Γ
(

n
2 − 1

) .
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Solutions for Exercises of Chapter 9

9.1 By the SDE (9.4.14) it follows that the discounted stock price S̄t satisfies
the SDE

dS̄t = σ S̄t dWθt,

where Wθ is a standard Wiener process under the risk neutral measure Pθ.
Since this SDE is driftless S̄ is an (A, Pθ)-local martingale. Furthermore, be-
cause S̄ is a geometric Brownian motion with bounded second moment, see
(7.3.13)–(7.3.14), it follows that the diffusion coefficient σS̄t is square inte-
grable for all t ∈ [0, T ]. Consequently, by (5.4.1) σS̄ is from L2

T and by the
martingale property (5.4.3) of Itô integrals an (A, Pθ)-martingale.

9.2 By application of the Itô formula it follows by (8.3.2) and the discounted
BS-PDE as in Exercise 9.1 that

dV̄ (t, S̄t) =
∂V̄ (t, S̄t)

∂S̄
σ S̄t (θt dt + dWt),

where the hedge ratio
∂V̄ (t, S̄t)

∂S̄
=

∂V (t, St)
∂S

is by (8.4.3) bounded. With

dWθt = θt dt + dWt

it follows by the Girsanov Theorem that Wθ is a Pθ-Wiener process. Since
S̄ ∈ L2

T it follows by the martingale property (5.4.3) of Itô integrals from the
above SDE that the (A, Pθ)-local martingale V̄ is an (A, Pθ)-martingale.

9.3 We obtain by the Itô formula (6.1.12) and the discounted BS-PDE (8.2.21)
for the discounted put option price the SDE

d

(
pT,K(t, St)

Bt

)
= dV̄ (t, S̄t)

=
(

∂

∂t
V̄ (t, S̄t) +

1
2

σ2 S̄2
t

∂2V̄ (t, S̄t)
∂S̄2

)
dt +

∂V̄ (t, S̄t)
∂S̄

dS̄t

=
∂V̄ (t, S̄t)

∂S̄
dS̄t

for t ∈ [0, T ]. Therefore, by the Itô formula and (8.2.1)–(8.2.2) we obtain
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dpT,K(t, St) = d(V̄ (t, S̄t)Bt)

= pT,K(t, St) r dt + Bt dV̄ (t, S̄t)

= pT,K(t, St) r dt +
(

∂V̄ (t, S̄t)
∂S̄

)
Bt dS̄t

= pT,K(t, St) r dt +
(

∂pT,K(t, St)/Bt

∂S

)
∂St

∂S̄
Bt dS̄t

= pT,K(t, St) r dt +
∂pT,K(t, St)

∂S
Bt [(a − r) S̄t dt + σ S̄t dWt]

=
(
pT,K(t, St) r +

∂pT,K(t, St)
∂S

(a − r)St

)
dt

+
∂pT,K(t, St)

∂S
σ St dWt.

We obtain with (9.4.1) and (9.1.16) for the real world dynamics of pT,K(t, St)
the SDE

dpT,K(t, St) = pT,K(t, St) rdt +
∂pT,K(t, St)

∂S
σ St

(
dWt +

a − r

σ
dt

)

= r pT,K(t, St) dt +
∂pT,K(t, St)

∂S
σ St (dWt + θ dt).

Here W is a standard Wiener process under P . Since under the risk neutral
measure Pθ the value

Wθ(t) = Wt + θ t

forms an (A, P )-Wiener process we obtain directly the risk neutral SDE

dpT,K(t, St) = r pT,K(t, St) dt +
∂pT,K(t, St)

∂S
σ St dWθ(t)

for t ∈ [0, T ].

9.4 Using (9.4.3) we have

dSt = r St dt + σ St (dWt + θ dt),

where W is a Wiener process under the real world probability measure P . By
Itô’s formula combined with (9.1.15) the SDE for the benchmarked security

Ŝt =
St

Dt

is given by
dŜt = (σ − θ) Ŝt dWt.
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This SDE is that of a driftless geometric Brownian motion, which has by
(6.3.2) the explicit solution

Ŝt = Ŝ0 exp
{
−1

2
(σ − θ)2 t + (σ − θ)Wt

}
.

By the mean (7.3.13) and variance (7.3.14) of a geometric Brownian motion
it follows that

E(((σ − θ) Ŝt)2) < ∞

for t ∈ [0, T ] so that by (5.4.1) (σ − θ) Ŝ ∈ L2
T . Consequently, Ŝ is an (A, Pθ)-

martingale by the martingale property (5.4.3) of Itô integrals.

9.5 From (9.4.13), (8.3.4) and (8.1.1) we obtain

cT,K(t, S) =
∫ ∞

−∞
exp{−r(T − t)}

(
S exp

{(
r − 1

2
σ2

)
(T − t) + σ

√
T − t x

}
− K

)+

N ′(x) dx

=
∫ ∞

−∞

(
S exp

{
−1

2
σ2 (T − t) + σ

√
T − t x

}

−K exp{−r(T − t)}
)+

N ′(x) dx

=
∫ ∞

−d2(t)

(
S exp

{
−1

2
σ2 (T − t) + σ

√
T − t x

}

−K exp{−r(T − t)}
)

N ′(x) dx

=
∫ d2(t)

−∞

(
S exp

{
−1

2
σ2 (T − t) − σ

√
T − t x

}

−K exp{−r(T − t)}
)

N ′(x) dx

= S

∫ d2(t)

−∞
exp

{
−1

2
σ2 (T − t) − σ

√
T − t x

}

× 1√
2π

exp
{
−x2

2

}
dx − K exp{−r(T − t)}N(d2(t)).
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With the change of variables

z = x + σ
√

T − t

and (8.3.3)–(8.3.4) we finally obtain

cT,K(t, S) = S

∫ d1(t)

−∞

1√
2π

exp
{
−1

2
σ2 (T − t) − z σ

√
T − t + σ2 (T − t)

− z2

2
+ z σ

√
T − t − σ2

2
(T − t)

}
dz

−K exp{−r(T − t)}N(d2(t))

= S N(d1(t)) − K exp{−r(T − t)}N(d2(t)),

which proves the Black-Scholes European call option pricing formula.

9.6 (*) By (9.4.8) the Radon-Nikodym derivative at time t for the standard
BS model equals the expression

Λθ(t) =
Ŝ0

t

Ŝ0
0

for t ∈ [0, T ]. By (9.1.21) and (9.1.20) we obtain

dΛθ(t) = −θ
Ŝ0

t

Ŝ0
0

dWt

= −θ Λθ(t) dWt

for t ∈ [0, T ], where Λθ(0) = 1.

9.7 (*) Under the BS model with savings account Bt = exp{r t} and risky
security

St = S0 exp
{(

a − 1
2

σ2

)
t + σ Wt

}

we have the GOP in the form

Sδ∗
t = Sδ∗

0 exp
{

r t +
1
2

θ2 t + θ Wt

}
.

The fair zero coupon bond price P (t, T ) at time t, when T is the maturity
date, is obtained by the real world pricing formula and the Laplace transform
for Gaussian random variables
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P (t, T ) = Sδ∗
t E

(
1

Sδ∗
T

∣∣∣At

)

= E

(
exp

{
r (t − T ) +

1
2

θ2 (t − T ) + θ (Wt − WT )
} ∣∣∣At

)

= exp{−r (T − t)}E

(
exp

{
−1

2
θ2 (T − t) − θ (WT − Wt)

} ∣∣∣At

)

= exp{−r (T − t)} = exp{−r T}Bt.

The benchmarked zero coupon bond price, when normalized to one at time
zero, has the form

ΛθP (·,T )(t) =
P̂ (t, T )
P̂ (0, T )

=
exp{−r T}Bt

Sδ∗
t

Sδ∗
0

exp{−r T} = Sδ∗
0

Bt

Sδ∗
t

and satisfies the SDE

dΛθP (·,T )(t) = ΛθP (·,T )(t) (−θ) dWt

with market price of risk θ = a−r
σ . The Radon-Nikodym derivative for the

zero coupon bond P (·, T ) as numeraire is by (9.6.21)–(9.6.23) of the form

dPθP (·,T )

dP
= ΛθP (·,T )(T ).

The drifted Wiener process WθP (·,T ) with

dWθP (·,T )(t) = dWt + θP (·,T )(t) dt

and
θP (·,T )(t) = θ

is a Wiener process under the probability measure PθP (·,T ) . Therefore, the
corresponding numeraire pair is (P (·, T ), PθP (·,T )) = (P (·, T ), Pθ). The risk
neutral measure Pθ equals here the, so-called, T -forward measure PθP (·,T ) is
an important observation under the BS model.

9.8 (*) We obtain under the BS model the discounted price V̄ (t, S̄t) = V (t,St)
Bt

at time t of the payoff f(ST ) = (ST )2 by the risk neutral pricing formula
(9.6.10) in the form

V̄ (t, S̄t) = Eθ

(
(S̄T BT )2

BT

∣∣∣At

)
,

where
dS̄t = S̄t σ dWθt
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under the risk neutral probability measure Pθ for t ∈ [0, T ]. We have here only
a terminal payoff at time T . When using the Feynman-Kac formula (9.7.3),
then we obtain by (9.7.4) the PDE

∂V̄ (t, S̄)
∂t

+
1
2

σ2 S̄2 ∂2V̄ (t, S̄)
∂S̄2

= 0

for (t, S̄) ∈ [0, T ) × (0,∞) with terminal condition

V̄ (T, S̄) =
(S̄T )2

BT
.

This PDE has, by using the explicit solution for geometric Brownian motion,
the solution

V̄ (t, S̄t) =
1

BT
Eθ

(
(S̄t)2 exp

{
2
[
−1

2
σ2(T − t) + σ (WθT − Wθt)

]} ∣∣∣At

)

=
(S̄t)2

BT
exp{σ2(T − t)},

since
∂V̄ (t, S̄)

∂t
= −V̄ (t, S̄)σ2,

∂V̄ (t, S̄)
∂S̄

= 2
V̄ (t, S̄)

S̄
,

∂2V̄ (t, S̄)
∂S̄2

= −2
V̄ (t, S̄)

S̄2
+

2
S̄

∂V̄ (t, S̄)
∂S̄

=
2
S̄2

V̄ (t, S̄).

Therefore we have

∂V̄ (t, S̄)
∂t

+
1
2

σ2 S̄2 ∂2V̄ (t, S̄)
∂S̄2

= −V̄ (t, S̄)σ2 +
1
2

σ2 S̄2 2
S̄2

V̄ (t, S̄)

= 0.

Solutions for Exercises of Chapter 10

10.1 The growth rate gδ
t of a portfolio is defined in (10.2.1) as the drift of the

SDE of the logarithm of the portfolio Sδ. By application of the Itô formula
to ln(Sδ

t ) one obtains the SDE
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d ln(Sδ
t ) =

1
Sδ

t

dSδ
t − 1

2(Sδ
t )2

d[Sδ
t ]

=

⎛

⎜⎝rt +
d∑

k=1

d∑

j=1

πj
δ,t bj,k

t θk
t − 1

2

d∑

k=1

⎛

⎝
d∑

j=1

πj
δ,t bj,k

t θk
t

⎞

⎠
2
⎞

⎟⎠ dt

+
d∑

k=1

d∑

j=1

πj
δ,t bj,k

t dW k
t .

The drift of this SDE, which is the growth rate of Sδ, is then

gδ
t = rt +

d∑

k=1

⎛

⎜⎝
d∑

j=1

πj
δ,t bj,k

t θk
t − 1

2

⎛

⎝
d∑

j=1

πj
δ,t bj,k

t θk
t

⎞

⎠
2
⎞

⎟⎠ .

10.2 We apply for the benchmarked value Ŝδ
t = Sδ

t

Sδ∗
t

the integration by parts

formula (6.3.1) and obtain the SDE

dŜδ
t = Sδ

t d

(
1

Sδ∗
t

)
+

1
Sδ∗

t

dSδ
t + d

[
1

Sδ∗
, Sδ

]

t

=
Sδ

t

Sδ∗
t

(
−rt dt −

d∑

k=1

θk
t dW k

t

)
+

Sδ
t

Sδ∗
t

⎛

⎝rt dt +
d∑

k=1

d∑

j=1

πj
δ,t bj,k

t

(
θk

t dt + dW k
t

)
⎞

⎠

+
Sδ

t

Sδ∗
t

d∑

k=1

⎛

⎝−θk
t

d∑

j=1

πj
δ,t bj,k

t

⎞

⎠ dt

= Ŝδ
t

d∑

k=1

⎛

⎝
d∑

j=1

πj
δ,t bj,k

t − θk
t

⎞

⎠ dW k
t .

This SDE is driftless. Therefore, by Lemma 5.4.1 a square integrable Ŝδ en-
sures that Ŝδ is an (A, P )-local martingale. However, this is not sufficient to
guarantee that Ŝδ is, in general, an (A, P )-martingale. A counter example
is the unfair portfolio (9.1.42) in Sect. 9.1. Since Ŝδ is a nonnegative local
martingale it is by Lemma 5.2.3 an (A, P )-supermartingale.

10.3 According to Definition 10.6.3 and (10.6.19) we need to show that

E

((
σ̂k

(d)(t)
)2
)

= E

⎛

⎜⎝

⎛

⎝
d∑

j=0

∣∣∣σj,k
(d)(t)

∣∣∣

⎞

⎠
2
⎞

⎟⎠
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is bounded by a constant for all k ∈ N . Due to (10.6.27) we have for d ∈ N
and k ∈ {1, 2, . . . , d}

d∑

j=0

∣∣∣σj,k
(d)(t)

∣∣∣ ≤ σ

(
1 +

1√
d

)
≤ 2 σ

and, therefore, E

((
σ̂k

(d)(t)
)2
)

≤ 4 σ2. This demonstrates that the corre-

sponding sequence of CFMs is regular.

Solutions for Exercises of Chapter 11

11.1 The expected log-utility vδ̃ follows by (11.3.3), (11.3.8), (11.3.11) and
(10.2.8), as

vδ̃ = E

(
U

(
U ′−1

(
λ

S̄δ∗
T

))∣∣∣∣∣A0

)
= E

(
ln
(
S̄δ∗

T

)
− ln(λ)

∣∣A0

)

= E
(
ln
(
S̄δ∗

T

)
− ln

(
S̄δ∗

0

)
+ ln(S0)

∣∣A0

)

=
1
2

E

(∫ T

0

|θ(s, S̄δ∗
s )|2 ds

∣∣A0

)
+ ln(S0)

=
1
2

∫ T

0

E
(
|θ(s, S̄δ∗

s )|2
∣∣A0

)
ds + ln(S0). (S.1)

For the BS model with θ(s, S̄δ∗
s ) = θ we obtain, therefore, vδ̃ = θ2

2 T + ln(S0).
In the case of other discounted GOP dynamics one has simply to calculate
the conditional expectation in (S.1), which is possible for certain models.

11.2 Similarly as in the above exercise the expected power utility for γ < 0
under the BS model is obtained by (11.3.3), (11.3.8), (11.3.16) and (10.2.8)
as

vδ̃ = E

(
1
γ

((
λ Ŝ0

T

) 1
γ−1

Ŝ0
T

)γ ∣∣∣A0

)
=

1
γ

(S0)γ
(
Sδ∗

0

)−γ

exp
{

θ2

2
T

γ

1 − γ

}
.

11.3 (*) The benchmarked fair price V̂t at time t ∈ [0, T ] of the payoff H
paid at time T ∈ (0,∞) satisfies according to (11.5.9) the SDE

dV̂t =
m∑

k=1

xk
H(t) dW k

t (S.2)

with
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V̂0 = E

(
H

Sδ∗
T

∣∣∣∣A0

)
. (S.3)

On the other hand, according to (10.2.8) the discounted GOP is characterized
by the SDE

dS̄δ∗
t = S̄δ∗

t

d∑

k=1

θk
t (θk

t dt + dW k
t ) (S.4)

for t ∈ [0, T ] with S̄δ∗
0 > 0.

The discounted payoff can now be expressed as

H̄ =
H

S0
T

= Ĥ S̄δ∗
T . (S.5)

By application of the Itô formula to the product V̄t = V̂tS̄
δ∗
t we obtain by the

Itô formula with (S.2) and (S.3) the SDE

dV̄t = V̂t dS̄δ∗
t + S̄δ∗

t dV̂t + d
[
V̂ , S̄δ∗

]

t

= V̄t

d∑

k=1

θk
t (θk

t dt + dW k
t ) + S̄δ∗

t

m∑

k=1

xk
H(t) dW k

t + S̄δ∗
t

d∑

k=1

xk
H(t) θk

t dt

= S̄δ∗
t

d∑

k=1

(
xk

H(t) + V̂t θk
t

)
(θk

t dt + dW k
t ) + S̄δ∗

t

m∑

k=d+1

xk
H(t) dW k

t .

This leads under a risk neutral probability measure to the martingale repre-
sentation

H̄ = V̄0 +
d∑

k=1

∫ T

0

S̄δ∗
t

(
xk

H(t) + V̂t θk
t

)
dWθ

k(t) +
m∑

k=d+1

∫ T

0

S̄δ∗
t xk

H(t) dW k
t .

Here V̄t = Eθ(H̄|At) with Eθ denoting expectation under Pθ and

Wθ
k(t) =

∫ t

0

θk
t dt + W k

t

for k ∈ {1, 2, . . . , d} forms a Wiener process under Pθ.

Solutions for Exercises of Chapter 12

12.1 Using the time homogenous Fokker-Planck equation the stationary den-
sity of the ARCH diffusion model is of the form
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p̄(θ2) =
C

γ2 θ4
exp

{
2
∫ θ2

θ2

κ (θ̄2 − u)
γ2 u2

du

}

=
C

γ2 θ4
exp

{
2 κ θ̄2

γ2

∫ θ2

θ2

1
u2

du − 2 κ

γ2

∫ θ2

θ2

1
u

du

}

=
C

γ2 θ4
exp

{
2 κ

γ2

(
θ̄2

(
− 1

θ2
+

1
θ2

)
−
(
ln(θ2) − ln(θ2)

))}

= C1 exp
{
−2 κ θ̄2

γ2

1
θ2

}(
1
θ2

) 2κ
γ2 +2

,

which is an inverse gamma density with an appropriate constant C1 > 0.

12.2 The stationary density for the squared volatility needs to satisfy the
expression

p̄(θ2) =
C

γ2 θ6
exp

{
2
∫ θ2

θ2

κ (θ̄2 − u)u

γ2 u3
du

}

=
C

γ2 θ6
exp

{
2 κ

γ2

(
θ̄2

∫ θ2

θ2

1
u2

du −
∫ θ2

θ2

1
u

du

)}

=
C

γ2 θ6
exp

{
2 κ

γ2

(
−θ̄2

(
1
θ2

− 1
θ̄2

)
−
(
ln(θ2) − ln(θ2)

))}

=
C

γ2 θ6
exp

{
2 κ

γ2

(
−θ̄2

(
1
θ2

− 1
θ2

)
− ln(θ2) + ln(θ2)

)}

= C1 exp
{
−2 κ

γ2
θ̄2 1

θ2

}(
1
θ2

) 2κ
γ2 +3

,

which is an inverse gamma density.

12.3 For the Heston model we obtain the stationary density for the squared
volatility

p̄(θ2) =
C

γ2 θ2
exp

{
2
∫ θ2

θ2

κ (θ̄2 − u)
γ2 u

du

}

=
C

γ2 θ2
exp

{
2 κ θ̄2

γ2

∫ θ2

θ2

1
u

du − 2 κ

γ2
(θ2 − θ2)

}

= C1 exp
{
−2 κ

γ2
θ̄2

}
(θ2)

2κ θ̄2

γ2 −1
,

which is a gamma density.
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12.4 For the Scott model the volatility θt has the stationary density

p̄(θ) =
C

γ2
exp

{
2
∫ θ

θ

κ (θ̄ − u)
γ2

du

}

=
C

γ2
exp

{
2 κ

γ2

(
θ̄ (θ − θ) − 1

2
(θ2 − θ2)

)}
,

which is a Gaussian density with mean θ̄ and variance γ2

2 κ . Thus θ2
t has a

chi-square distribution with two degrees of freedom.

12.5 It follows by the Itô formula that

dθ2
t = θ2

t

(
κ ξ̄ +

1
2

γ2 − θ2
t κ

)
dt + θ2

t γ dWt.

Therefore, the stationary density satisfies the expression

p̄(θ2) =
C

γ2 θ4
exp

{
2
∫ θ2

θ2

u
(
κ ξ̄ + 1

2 γ2 − uκ
)

γ2 u2
du

}

=
C

γ2 θ4
exp

{
2
γ2

(
κ ξ̄ +

1
2

γ2

)(
ln(θ2) − ln(θ2)

)
− 2 κ

γ2
(θ2 − θ2)

}

= C1 exp
{
−2 κ

γ2
θ2

}(
θ2
) 2

γ2 (κ ξ̄+ 1
2 γ2)−2

.

It follows that the stationary density of the squared volatility is a gamma
density.

12.6 (*) It follows by (12.2.8) and the Itô formula

dX−q
t = −q X

−(q+1)
t

(
(2 (1 − a) r Xt + ψ2 (1 − a) (3 − 2a)) dt

+2 ψ (1 − a)
√

Xt dWt

)

+
1
2

q (q + 1)X−(q+2) 4 ψ2 (1 − a)2 Xt dt

for t ∈ [0, T ], where X is a transformed squared Bessel process of dimension
ν = 3−2a

1−a , see (12.2.9). Therefore, the benchmarked savings account satisfies
by the Itô formula and (12.2.1) the SDE
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dŜ0
t = d

(
S0

t

Sδ∗
t

)
= d

(
exp{−r (τ − t)}X−q

t

)

= S0
t

(
−q X−q

t

[
2 (1 − a) r

+X−1
t ψ2

(
(1 − a) (3 − 2a) − q + 1

2
4 (1 − a)2

)
− r

9

]
dt

− q X−q− 1
2 2 ψ (1 − a) dWt

)

By noting that according to (12.2.11) one has

q =
1

2 (1 − a)

we obtain
dŜ0

t = −Ŝ0
t

ψ√
Xt

dWt.

Consequently, Ŝ0 is an (A, P )-local martingale. We have by the moments of
Bessel processes (8.7.16) the finite expression

E

((
Ŝ0

t

)2
)

= exp{−2 r (τ − t)}E(X−2q
t ) < ∞

for a < 1 and t ∈ [0, τ ]. Thus, for a < 1 the process Ŝ0 is square integrable.
Furthermore, the quadratic variation of Ŝ0 is

[Ŝ0]t = exp{−2 r (τ − t)}ψ2

∫ t

0

X
−2(q+ 1

2 )
s ds

and its expectation yields by (8.7.14) because of α = −2q−1 = −ν
2 an infinite

value

E
(
[Ŝ0]t

)
= exp{−2 r (τ − t)}ψ2

∫ t

0

E

(
X

− 2−a
1−a

s

)
ds = ∞.

By (8.7.23) Ŝ0 is a strict local martingale and so is P̂ ∗
τ .

Solutions for Exercises of Chapter 13

13.1 The SDE for the discounted GOP is of the form

dS̄δ∗
t = αδ∗

t dt +
√

S̄δ∗
t αδ∗

t dWt.

By the Itô formula we obtain for ln(S̄δ∗
t ) the SDE
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d ln
(
S̄δ∗

t

)
=

1
2

αδ∗
t

S̄δ∗
t

dt +

√
αδ∗

t

S̄δ∗
t

dWt,

which shows that the volatility of the discounted GOP equals
√

αδ∗
t

S̄δ∗
t

.

13.2 By the Itô formula we obtain for
√

S̄δ∗
t the SDE

d

√
S̄δ∗

t =

⎛

⎜⎝
αδ∗

t

2
√

S̄δ∗
t

− 1
2

1
4

1
(
S̄δ∗

t

) 3
2

S̄δ∗
t αδ∗

t

⎞

⎟⎠ dt +

√
S̄δ∗

t αδ∗
t

2
√

S̄δ∗
t

dWt

=
3
8

αδ∗
t√
S̄δ∗

t

dt +
1
2

√
αδ∗

t dWt,

which confirms (13.1.12).

13.3 The differential equation for αδ∗
t is of the form

dαδ∗
t = ηt αδ∗

t dt.

Together with the SDE of the discounted GOP and the Itô formula it follows

dYt = Yt

(
αt

S̄δ∗
t

− ηt

)
dt + Yt

√
αt

S̄δ∗
t

dWt

= (1 − ηt Yt) dt +
√

Yt dWt,

which confirms (13.2.5).

13.4 The squared volatility of the discounted GOP equals |θt|2 = 1
Yt

, and,
thus the inverse of the normalized GOP. This means, we obtain by the Itô
formula the SDE

d|θt|2 = d

(
1
Yt

)
=

(
−
(

1
Yt

)2

(1 − ηt Yt) +
Yt

(Yt)3

)
dt −

(
1
Yt

)2 √
Yt dWt

= ηt
1
Yt

dt −
(

1
Yt

) 3
2

dWt = ηt |θt|2 dt −
(
|θt|2

) 3
2 dWt,

which confirms (13.2.11).
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Solutions for Exercises of Chapter 14

14.1 The SDE for a strictly positive portfolio Sδ is by (14.1.3) of the form

dSδ
t = Sδ

t−

⎛

⎝rt dt +
d∑

k=1

d∑

j=1

πj
δ,t bj,k

t

(
θk

t dt + dW k
t

)
⎞

⎠ .

By application of the Itô formula this leads for the logarithm of Sδ
t to the

SDE

d ln(Sδ
t ) = rt dt +

d∑

k=1

d∑

j=1

πj
δ,t bj,k

t θk
t dt − 1

2

m∑

k=1

⎛

⎝
d∑

j=1

πj
δ,t bj,k

t

⎞

⎠
2

dt

+
m∑

k=1

d∑

j=1

πj
δ,t bj,k

t dW k
t −

d∑

k=m+1

d∑

j=1

πj
δ,t bj,k

t

√
hk

t dt

+
d∑

k=m+1

ln

⎛

⎝1 +
d∑

j=1

πj
δ,t−

bj,k
t√
hk

t

⎞

⎠ dpk
t

=

⎛

⎜⎝rt dt +
d∑

k=1

d∑

j=1

πj
δ,t bj,k

t θk
t − 1

2

m∑

k=1

⎛

⎝
d∑

j=1

πj
δ,t bj,k

t

⎞

⎠
2

+
d∑

k=m+1

hk
t

⎡

⎣ln

⎛

⎝1 +
d∑

j=1

πj
δ,t

bj,k
t√
hk

t

⎞

⎠−
d∑

j=1

πj
δ,t bj,k

t

1√
hk

t

⎤

⎦

⎞

⎠ dt

+
m∑

k=1

πj
δ,t bj,k

t dW k
t +

d∑

k=m+1

ln

⎛

⎝1 +
d∑

j=1

πj
δ,t−

bj,k
t√
hk

t

⎞

⎠
√

hk
t dW k

t .

The drift of this SDE is the growth rate given in (14.1.15).

14.2 The forward rate at time t for maturity T has by (14.1.32) and (14.1.31)
the form
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f(t, T ) = − ∂

∂T
ln(P̂ (t, T ))

= − ∂

∂T

[
ln(P̂ (0, T )) −

m∑

k=1

(∫ t

0

σk(s, T ) dW k
s +

1
2

∫ t

0

(σk(s, T ))2 ds

)

+
d∑

k=m+1

(∫ t

0

σk(s, T )
√

hk−m
s ds +

∫ t

0

ln

(
1 − σk(s, T )√

hk−m
s

)
dpk

s

)]

= f(0, T ) +
m∑

k=1

(∫ t

0

∂

∂T
σk(s, T ) dW k

s +
1
2

∫ t

0

∂

∂T
(σk(s, T ))2 ds

)

+
d∑

k=m+1

(
−
∫ t

0

∂

∂T
σk(s, T )

√
hk−m

s ds −
∫ t

0

∂

∂T
ln

(
1 − σk(s, T )√

hk−m
s

)
dpk

s

)

= f(0, T ) +
m∑

k=1

∫ t

0

∂

∂T
σk(s, T ) (σk(s, T ) ds + dW k

s )

+
d∑

k=m+1

∫ t

0

1

1 − σk(s,T )√
hk−m

s

∂

∂T
σk(s, T ) (σk(s, T ) ds + dW k

s ).

14.3 (*) (Hardy Hulley) Fix i, j ∈ {0, 1, . . . , d} such that i �= j, then the
function

pi,j
s,t(xi, xj ;yi, yj) =

1
2πyiyj |σi||σj |(t − s)

√
1 − (�i,j)2

× exp

⎧
⎨

⎩− 1
2(1 − (�i,j)2)

⎡

⎣
(

ln
(

yi

xi

)
+ 1

2 |σi|2(t − s)

|σi|
√

t − s

)2

− 2�i,j

(
ln
(

yi

xi

)
+ 1

2 |σi|2(t − s)
)(

ln
(

yj

xj

)
+ 1

2 |σj |2(t − s)
)

|σi||σj |(t − s)

+

(
ln
(

yj

xj

)
+ 1

2 |σj |2(t − s)

|σj |
√

t − s

)2
⎤

⎦

⎫
⎬

⎭ ,

(S.6)

for all xi, xj , yi, yj ∈ (0,∞), where s, t ∈ [0,∞) such that s ≤ t, is the joint
transition density of Ŝi,c and Ŝj,c over the time interval [s, t]. The parameter
�i,j in (S.6) is determined by

�i,j =
m∑

k=1

σi,kσj,k

|σi||σj | . (S.7)
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It follows from (14.4.8) that �i,j is the correlation between the Brownian
motions Ŵ i and Ŵ j .

To start with, we perform an auxiliary computation which allows us to
price both instruments under consideration. Fix t ∈ [0,∞) and let gt be a non-
negative At-measurable random variable. We will now evaluate the following
expression:

1
Ŝj,c

t

E
(
1{Ŝj,c

T ≥gtŜ
i,c
T }Ŝj,c

T

∣∣∣At

)
=
∫ ∞

0

∫ ∞

αtx

y

Ŝj,c
t

pi,j
t,T

(
Ŝi,c

t , Ŝj,c
t ; x, y

)
dy dx.

(S.8)
After the change of variables we obtain

x̄ =
ln
(

x
Ŝi,c

t

)
+ 1

2 |σi|2(T − t)

|σi|
√

T − t
(S.9)

ȳ =
ln
(

y

Ŝj,c
t

)
+ 1

2 |σj |2(T − t)

|σj |
√

T − t
, (S.10)

and (S.8) becomes

1
2π
√

1 − (�i,j)2

∫ ∞

−∞

∫ ∞

d(x̄)

exp
{
− 1

2(1 − (�i,j)2)

[(
−x̄ + �i,j |σj |

√
T − t

)2

− 2�i,j
(
−x̄ + �i,j |σj |

√
T − t

)(
−ȳ + |σj |

√
T − t

)

+
(
−ȳ + |σj |

√
T − t

)2
]}

dȳ dx̄,

(S.11)

where

d(x̄) =
ln
(

αtS
i,c
t

Sj,c
t

)
−
(

1
2 |σi|2 − 1

2 |σj |2
)
(T − t)

|σj |
√

T − t
+

|σi|
|σj | x̄, (S.12)

for all x̄ ∈ �. Another transformation of variables,

x̃ = −x̄ + �i,j |σj |
√

T − t; (S.13)

ỹ = −ȳ + |σj |
√

T − t, (S.14)

allows us to express (S.11) as

1
2π
√

1 − (�i,j)2

∫ ∞

−∞

∫ d(x̃)

−∞
exp

{
− 1

2(1 − (�i,j)2)

[
x̃2 − 2�i,j x̃ỹ + ỹ2

]}
dỹ dx̃,

(S.15)
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where

d(x̃) =
ln
(

Sj,c
t

αtS
i,c
t

)
+ 1

2

(
σ̂i,j

)2(T − t)

|σj |
√

T − t
+

|σi|
|σj | x̃ = a + bx̃, (S.16)

for all x̃ ∈ �, with

σ̂i,j =
√

|σi|2 − 2�i,j |σi||σj | + |σj |2. (S.17)

After the transformation
ŷ = ỹ − bx̃, (S.18)

for all x̃ ∈ � and ỹ ∈ (−∞, d(x̃)), (S.15) becomes

1
2π
√

1 − (�i,j)2

∫ a

−∞

∫ ∞

−∞
exp

{
− 1

2(1 − (�i,j)2)

×
[
x̃2 − 2�j x̃(ŷ + bx̃) + (ŷ + bx̃)2

]}
dx̃ dŷ.

(S.19)

Now, performing the change of variables

x̂ =

√
1 − 2b�j + b2

1 − (�i,j)2

(
x̃ +

b − �i,j

1 − 2b�i,j + b2
ŷ

)
, (S.20)

for all x̃ ∈ �, transforms (S.19) into

1√
1 − 2b�i,j + b2

1√
2π

∫ a

−∞
exp

{
−1

2
ŷ2

1 − 2b�i,j + b2

}
dŷ. (S.21)

Finally, we set

z =
ŷ√

1 − 2b�i,j + b2
, (S.22)

for all ŷ ∈ (−∞, a), so that (S.21) becomes

1
2π

∫ a√
1−2b�i,j+b2

−∞
exp

{
−1

2
z2

}
dz = N

(
a√

1 − 2b�i,j + b2

)

= N

⎛

⎜⎝
ln
(

Sj,c
t

gtSi,c
t

)
+ 1

2

(
σ̂i,j

)2(T − t)

σ̂i,j
√

T − t

⎞

⎟⎠ ,

(S.23)

where N(·) is the Gaussian distribution function.
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Now, to obtain (14.4.33) perform the substitutions gt = g(n) and i = 0
in (S.23) and substitute the resulting expression into (14.4.31), while remem-
bering that S0,c = S0. Finally, perform the substitutions gt = g(n)−1, i = j
and j = 0 in (S.23) and substitute the resulting expression into (14.4.37), to
obtain (14.4.38). It is important to remember in this case that the symmetry
of the Gaussian distribution gives N(−d2(n)) = 1−N(d2(n)), for each n ∈ N ,
while

∞∑

n=0

exp{−hk−m(T − t)} (hk−m(T − t))n

n!
= 1, (S.24)

since this expression is the total probability of a Poisson random variable with
parameter hk−m(T − t).

14.4 (*) See above.

14.5 (*) (Hardy Hulley) Firstly, by the function

p4(�, x; ϕ, y) =
1

2(ϕ − �)

√
y

x
exp

{
− x + y

2(ϕ − �)

}

×
∞∑

n=0

1
n! Γ (n + 2)

( √
xy

2(ϕ − �)

)2n+1

,

(S.25)

for all x, y ∈ (0,∞) and �, ϕ ∈ [0,∞) such that � < ϕ, is the transition density
of a squared Bessel process of dimension four. Equation (S.25) is obtained from
(8.7.9) with the help of the series expansion for the modified Bessel function of
the second kind I1(·), see Abramowitz & Stegun (1972). Note the presence in
(S.25) of the gamma function Γ (·), defined in (1.2.10). It satisfies the following
identity:

Γ (n) = (n − 1)! , (S.26)

for each n ∈ N .
Now fix i, j ∈ {0, . . . , d} and t ∈ [0,∞) and let gt be a positive At-

measurable random variable. Again, we perform an auxiliary computation
that enables us to price both instruments under consideration. Noting that
Xi and Xj , given by (14.4.21), are independent squared Bessel processes of
dimension four, we have
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1
Ŝj,c

t

E

(
1{

Ŝj,c
T ≥gtŜi,c

T

}Ŝj,c
T

∣∣∣∣At

)

= Xj
ϕj(t)E

(
1{

Xj

ϕj(T )
≤g−1

t Xi
ϕi(T )

} 1
Xj

ϕj(T )

∣∣∣∣∣At

)

=
∫ ∞

0

∫ g−1
t x

0

Xj
ϕj(t)

y
p4

(
ϕi(t), Xi

ϕi(t); ϕ
i(T ), x

)

× p4

(
ϕj(t), Xj

ϕj(t); ϕ
j(T ), y

)
dy dx

=
∫ ∞

0

∫ g−1
t x

0

1
y

exp
{
−1

2
λj

t

}
1

ϕi(T ) − ϕi(t)
exp

{
−1

2
λi

t

}

×
[ ∞∑

l=0

1
l! Γ (l + 2)2l+1

(
1
2
λj

t

)l+1(
y

ϕj(T ) − ϕj(t)

)l+1

× exp
{
− y

2(ϕj(T ) − ϕj(t))

}]

×
[ ∞∑

q=0

1
q! Γ (q + 2)2q+2

(
1
2
λi

t

)q(
x

ϕi(T ) − ϕi(t)

)q+1

× exp
{
− x

2(ϕi(T ) − ϕi(t))

}]
dy dx

= exp
{
−1

2
(
λj

t + λi
t

)} ∞∑

l=0

(
1
2λj

t

)l+1

l! Γ (l + 2)2l+1

∞∑

q=0

(
1
2λi

t

)q

q! Γ (q + 2)2q+2

×
∫ ∞

0

∫ ḡtx̄

0

exp
{
−1

2
(x̄ + ȳ)

}
ȳlx̄q+1 dȳ dx̄.

(S.27)

Here we have made the substitutions

x̄ :=
x

ϕi(T ) − ϕi(t)
; (S.28)

ȳ :=
y

ϕj(T ) − ϕj(t)
. (S.29)

The constant in the upper limit of the inner integral in (S.27) is thus given
by

ḡt :=
ϕi(T ) − ϕi(t)

gt
. (S.30)

The random variables λi
t and λj

t are given by (14.4.24).
With the aid of another change of variables, namely

ỹ :=
ȳ

x̄
, (S.31)
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(S.27) now becomes

exp
{
−1

2
(
λj

t + λi
t

)} ∞∑

l=0

(
1
2λj

t

)l+1

l! Γ (l + 2)2l+1

∞∑

q=0

(
1
2λi

t

)q

q! Γ (q + 2)2q+2

×
∫ ḡt

0

∫ ∞

0

exp
{
−1

2
x̄(1 + ỹ)

}
ỹlx̄q+l+2 dx̄ dỹ

= exp
{
−1

2
(
λj

t + λi
t

)} ∞∑

l=0

(
1
2λj

t

)l+1

l! Γ (l + 2)2l+1

∞∑

q=0

(
1
2λi

t

)q

q! Γ (q + 2)2q+2

× Γ (q + l + 3)2q+l+3

∫ ḡt

0

ỹl

(1 + ỹ)q+l+3
dỹ

= exp
{
−1

2
(
λj

t + λi
t

)} ∞∑

m=1

(
1
2λj

t

)m

m!
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q=0

(
1
2λi

t

)q

q!
Γ (q + m + 2)
Γ (m)Γ (q + 2)

×
∫ ḡt

0

ỹm−1

(1 + ỹ)q+m+2
dỹ

= exp
{
−1

2
(
λj

t + λi
t

)} ∞∑

m=1

(
1
2λj

t

)m

m!
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q=0

(
1
2λi

t

)q

q!
Γ (q + m + 2)
Γ (m)Γ (q + 2)

× ḡm
t

m
2F1

(
m, q + m + 2;m + 1;−ḡt

)

=
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m=1

exp
{
−1

2λj
t

}(
1
2λj

t

)m

m!
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q=0

exp
{
−1

2λi
t

}(
1
2λi

t

)q

q!
Γ (q + m + 2)

Γ (m + 1)Γ (q + 2)
ḡm

t

× 2F1

(
m, q + m + 2;m + 1;−ḡt

)
.

(S.32)

The first equality in (S.32) follows from the definition of the gamma function in
(1.2.10). The second equality follows from some algebra and (S.26). The third
equality was obtained with the help of Mathematica’s symbolic integration
facility. The final equality is another application of (S.26). The hypergeometric
function 2F1(a, b; c; z) is described in Abramowitz & Stegun (1972). Now, note
that

exp
{
−1

2λj
t

}(
1
2λj

t

)0

0!

∞∑

q=0

exp
{
−1

2λi
t

}(
1
2λi

t

)q

q!
Γ (q + 0 + 2)

Γ (0 + 1)Γ (q + 2)
ḡ0

t

× 2F1

(
0, q + 0 + 2; 0 + 1;−ḡt

)

= exp
{
−1

2
λj

t

} ∞∑

q=0

exp
{
−1

2λi
t

}(
1
2λi

t

)q

q!

= exp
{
−1

2
λj

t

}
.

(S.33)
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The first equality follows from (S.26) and the properties of the hypergeometric

function. For the second equality, note that
∑∞

q=0

exp
{
− 1

2 λi
t

}(
1
2 λi

t

)q

q! is the total
probability of a Poisson random variable with parameter 1

2λi
t.

Thus, putting (S.32) and (S.33) together, we see that (S.27) can be ex-
pressed as

[ ∞∑

m=0

exp
{
−1

2λj
t

}(
1
2λj

t

)m

m!

∞∑

q=0

exp
{
−1

2λi
t

}(
1
2λi

t

)q

q!
Γ (q + m + 2)

Γ (m + 1)Γ (q + 2)
ḡm

t

× 2F1

(
m, q + m + 2;m + 1;−ḡt

)
]
− exp

{
−1

2
λj

t

}

=

[ ∞∑

m=0

exp
{
−1

2λj
t

}(
1
2λj

t

)m

m!
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q=0

exp
{
−1

2λi
t

}(
1
2λi

t

)q

q!
Γ (q + m + 2)
Γ (m)Γ (q + 2)

×
∫ ḡt

0

ỹm−1

(1 + ỹ)q+m+2
dỹ

]
− exp

{
−1

2
λj

t

}

= P

(
χ′2

0 (λj
t )

χ′2
4 (λi

t)
≤ ḡt

)
− exp

{
−1

2
λj

t

}
,

(S.34)

according to Johnson et al. (1995), (30.49), p. 499, where χ′2
ν (λ) denotes a non-

central chi-square distributed random variable with ν degrees of freedom and
non-centrality λ. Following the lead of Johnson et al. (1995), we express the
distribution function of the ratio of non-central chi-square random variables
χ′2

ν1
(λ1)/χ′2

ν2
(λ2) as G′′

ν1,ν2
(· ; λ1, λ2), whence (S.34) becomes

G′′
0,4

(ϕi(T ) − ϕi(t)
gt

; λj
t , λ

i
t

)
− exp

{
−1

2
λj

t

}
, (S.35)

by (S.30).
Now to obtain (14.4.36) perform the substitutions gt = g(n) and i = 0 in

(S.35) and substitute the resulting expression into (14.4.31). Finally, perform
the substitutions gt = g(n)−1, i = j and j = 0 in (S.35) and substitute the
resulting expression into (14.4.37), to obtain (14.4.10).

14.6 (*) See above.

Solutions for Exercises of Chapter 15

15.1 By the Lyapunov inequality the variance Var((Xi)
1
2 ) is bounded. That

is,

Var
(
(Xi)

1
2

)
= E

((
(Xi)

1
2 − E

(
(Xi)

1
2

))2
)

≤ E

((
(Xi)

1
2

)2
)

= E (|Xi|) ≤
√

E ((Xi)2) =
√

σ2 + μ2 < ∞.
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Therefore, the Monte Carlo estimator �̂n = 1
n

∑n
i=1(Xi)

1
2 is strongly consis-

tent for estimating � = E((Xi)
1
2 ) since

Var (�̂n) = E
(
(�̂n − �)2

)
= E

⎛

⎝
(

1
n

n∑

i=1

(
(Xi)

1
2 − �

))2
⎞

⎠

=
1
n2

n∑

i=1

E

((
(Xi)

1
2 − �

)2
)

=
1
n

(
1
n

n∑

i=1

Var
(
(Xi)

1
2

))

=
1
n

Var
(
(Xi)

1
2

)
=

1
n

√
σ2 + μ2.

Consequently, the variance of the estimator �̂n decreases proportionally to 1
n

and Var(�̂n) converges almost surely to zero.

15.2 By application of the Wagner-Platen expansion one obtains directly

Xt0+h − Xt0 = a Xt0 dt + b Xt0 (Wt0+h − Wt0) + R.

15.3 The Euler scheme is given by

Yn+1 = Yn + (μYn + η)Δ + γ Yn ΔW,

where ΔW = Wτn+1 − Wτn . The Milstein scheme has the form

Yn+1 = Yn + (μYn + η)Δ + γ Yn ΔW +
γ2

2
Yn((ΔW )2 − Δ).

15.4 Due to the additive noise of the Vasicek model the Euler and Milstein
schemes are identical and of the form

Yn+1 = Yn + γ(r̄ − Yn)Δ + β ΔW,

where ΔW = Wτn+1 − Wτn .

15.5 The explicit strong order 1.0 scheme has the form

Yn+1 = Yn + Yn μΔ + Yn σ ΔW

+
σ Yn

2
√

Δ

(
μΔ + σ

√
Δ
)

((ΔW )2 − Δ),

where ΔW = Wτn+1 − Wτn .
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15.6 (*) It follows that the diffusion coefficients for the first Wiener process
W 1 are

b1,1 = 1 and b2,1 = 0

and that of the second Wiener process are

b1,2 = 0 and b2,2 = X1
t .

Therefore it follows that

L1 b2,2 = b1,1 ∂

∂x1
b2,2 + b2,1 ∂

∂x2
b2,2 = 1

and
L2 b2,1 = b1,2 ∂

∂x1
b2,1 + b2,2 ∂

∂x2
b2,1 = 0.

Since the above values are not equal, the SDE is not commutative.

15.7 (*) The Milstein scheme applied to the given SDE is of the form

Y 1
n+1 = Y 1

n + ΔW 1

Y 2
n+1 = Y 2

n + Y 1
n ΔW 2 + I(1,2)

with
I(1,2) =

∫ τn+1

τn

∫ s2

τn

dW 1
s1

dW 2
s2

.

ΔW 1 = W 1
τn+1

− W 1
τn

ΔW 2 = W 2
τn+1

− W 2
τn

15.8 Due to symmetry one obtains

E
(
ΔŴ

)
= E

((
ΔŴ

)3
)

= 0.

Furthermore, it follows

E

((
ΔŴ

)2
)

=
1
2

Δ +
1
2

Δ = Δ

and thus

E

((
ΔŴ

)2
)
− Δ = 0.

This proves that
∣∣∣E

(
ΔŴ

)∣∣∣+
∣∣∣∣E

((
ΔŴ

)3
)∣∣∣∣+

∣∣∣∣E
((

ΔŴ
)2

− Δ

)∣∣∣∣ = 0 ≤ K Δ2.
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15.9 We have the expectation

E

(
1 + Z +

1
2

(Z)2
)

=
3
2

and it follows that

E(V +
N ) = E(V −

N ) = E(V̂N ) =
3
2
.

Therefore, V̂N is unbiased.
We calculate the variance of V +

N , which is

Var(V +
N ) = E

⎛
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(

1
N

N∑
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(
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1
2
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1
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− 2 E

(
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)
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=
1
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(
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1
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)

=
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2 N
.

Alternatively, we obtain

Var
(
V̂N

)
= E
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1
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(
1
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(
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1
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=
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E
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=
1

4 N

(
E
(
(Z)4

)
− 2 E

(
(Z)2

)
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)

=
1

4 N
(3 − 2 + 1) =

1
2 N
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This shows that the antithetic method provides a Monte Carlo estimate with
a third of the variance of a raw Monte Carlo estimate.

15.10 For E(V ∗
N ) = γ = 1 we have E(ṼN ) = 2

3 , and ṼN is an unbiased
estimator. The variance of ṼN is then obtained as

Var
(
ṼN

)
= E

((
1
N

N∑

k=1

(
1 + Z(ωk) +

1
2
(Z(ωk))2

)

+α

(
1 − 1
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)
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2
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⎞

⎠

= E

⎛
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1
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(
Z(ωk) (1 − α) +

1
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N
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1
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(
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1
N

(
E
(
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+

1
4

(
E
(
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− 2 E

(
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+ 1
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=
1
N

(
(1 − α)2 +

1
4

(3 − 2 + 1)
)

=
1
N

(
1
2

+ (1 − α)2
)

.

It turns out that the minimum variance can be achieved for α = αmin = 1,
which yields Var(ṼN ) = 1

2 N .

15.11 For the multi-period binomial tree we have the benchmarked return

u = exp{σ
√

Δ} − 1

with probability p = −d
u−d and the benchmarked return

d = exp{−σ
√

Δ} − 1

with the remaining probability 1 − p. The binomial European put price at
time t = 0 is then given by the expression
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SδH
0 = ŜδH

0 = E

((
K̂ − ŜT

)+ ∣∣A0

)

=
nT∑

k=0

nT !
k ! (nT − k) !

pk (1 − p)nT −k
(
K̂ − (1 + u)k(1 + d)nT −k Ŝ0

)+

= K̂

k̄∑

k=0

nT !
k ! (nT − k) !

pk (1 − p)nT −k

−S0

k̄∑

k=0

nT !
k ! (nT − k) !

pk (1 − p)nT −k (1 + u)k(1 + d)nT −k,

where k̄ denotes the first integer k for which S0 (1 + u)k(1 + d)nT −k < K̂.

15.12 Let us introduce for the Box-Muller random variables

Y1 = cos(2 π X2)
√

−2 lnX1

Y2 = sin(2π X2)
√

−2 lnX1,

with X1, X2 ∼ U(0, 1) uniformly distributed and independent, the functions
x1(y1, y2) = exp{−1

2 (y2
1 + y2

2)} and x2(y1, y2) = 1
2 π arctan(y2

y1
). If we denote

by p(x1, x2) the joint density of (X1, X2), the joint density q(y1, y2) of (Y1, Y2)
is given by

q(y1, y2) = p(x1(y1, y2), x2(y1, y2))
∣∣∣∣det

[
∂xi

∂yi

]∣∣∣∣

= 1
1
2π

e−
1
2 (y2

1 + y2
2) =

1
2π

e−
1
2 y2

1
1
2π

e−
1
2 y2

2 ,

which is the density of two independent Gaussian random variables.
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