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Preface

Friction contacts are used to transmit forces or to dissipate energy. A better under-
standing of friction phenomena can result in improvements like the reduction of
noise and maintenance costs, increased life time of machines and improved energy
efficiency. There exists a rich literature on friction. Depending on the features of
the friction contact, different contact models are applied and dependent on the
contact model, different solution methods are preferred. The aim of this book is to
describe an efficient procedure to model dynamical contact problems with friction.
This procedure is applied to different practical problems and verified by experi-
ments.

The dynamics of the elastic bodies in contact are described by a reduced order
model through the so called modal description, to speed up calculations. This de-
scription is presented in Chap. 2. In Chap. 3 the generalized contact model is de-
veloped, which includes the main physical effects like contact elasticity, rough-
ness, friction characteristics etc.. The contact planes are discretized and a point
contact model is applied to each area element. The thermomechanics of the con-
tact is investigated, as well as the calculation of wear. The application of the com-
bined procedure of the point contact model and the modal description of the elas-
tic components are illustrated by three different examples. An impact and friction
oscillator, see Chap. 4, is investigated in the time domain, while the friction damp-
ing of elastic structures with expanded friction contacts is analyzed within the fre-
quency domain, see Chap. 5. The stationary rolling contact is presumed to calcu-
late the wear of wheel-rail-systems, see Chap. 6.

This work arose during my research at the Institute of Mechanics of the Univer-
sity of Hannover in Germany. Part of the work was supported by the “For-
schungsvereinigung Verbrennungskraftmaschinen e.V. (FVV, Frankfurt)” and was
sponsored by the “Bundesministerium fiir Wirtschaft” through the “Arbeitsge-
meinschaft industrieller Forschungsvereinigungen e.V. (AiF, Kéln), (AiF Nr.
10684)”, a federal collaboration of the turbomachinery-industry and the “Deutsche
Forschungsgemeinschaft (Projekt Nr. SE 895/3-1)”.

This book is based on the script that leads to my “Habilitation” in Mechanics.
The “Habilitation” marks the end of the education as lecturer. In this context I
would like to thank Prof. Dr.-Ing. habil. K. Popp, Prof. Dr.-Ing. habil. P. Wriggers
and Prof. Dr.-Ing. habil. G.-P. Ostermeyer for carefully reading the script and for
their support.

Furthermore, I would like to thank all of my colleagues at the Institute of Me-
chanics for the open discussion of any problems and the successful cooperation. I
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would especially like to emphasize Prof. Dr.-Ing. habil. K. Popp. During my time
at the institute, he always supported me and therefore most of my thanks belong to
him.

Hannover, 2002 Walter Sextro



Preface to the Second Edition

Since the last edition of this book the knowledge about friction has increased.
Therefore several new results have been added like the wear calculation of a
wheel-rail system as well as the efficient calculation of multi-coupled bladed disc
assemblies with friction contacts.

This book can be seen as the result of more than ten years research at the Insti-
tute of Mechanics (now Institute of Dynamics and Vibration) at the University of
Hannover (now Leibnitz University Hannover). Again I have to thank Prof.
Dr.-Ing. habil. Karl Popp for the good collaboration and his support. He passed away
in April 2005 and therefore I would like to dedicate this book to him.

Furthermore I would like to thank the “Deutsche Forschungsgemeinschaft
(DFG)” for the financial support of the project of the “Forschergruppe: Dyna-
mische Kontaktprobleme mit Reibung bei Elastomeren”. Regarding Chapter 3.6 1
have to acknowledge Dr.-Ing. Markus Lindner, Dipl.-Ing. Patrick Moldenhauer
and Dipl.-Ing. M. Wangenheimof of the Institute of Dynamics and Vibration,
Leibnitz University Hannover, for their work done with regard to the friction
characteristics of rubber. With regard to the results presented in Chapter 6.10 deal-
ing with the instationary rolling contact I have to thank Dipl.-Ing. Florian Gutzeit.

Furthermore I have to thank Dr. Jaroslaw Szwedowicz, ABB Turbo Systems,
Baden, Switzerland, who carried out spin pit tests with regard of bladed disc as-
semblies with shrouds to validate the developed method as presented in Chapter 5.

The numerical investigations in chapter 5.4 due to the multi-coupling of bladed
disc was supported by the “Forschungsvereinigung Verbrennungskraftmaschinen
e.V. (FVV, Frankfurt)” and was sponsored by the “Bundesministerium fiir
Wirtschaft (BMWi)” through the “Arbeitsgemeinschaft industrieller Forschungs-
vereinigungen e.V. (AiF, Koln), (AiF Nr. 12565)”. Here, I have to thank the corre-
sponding working group and the chairman Dr.-Ing. Karl Urlichs, Siemens Power
Generation AG, Nirnberg for the good collaboration.

The application of the theory to a system with extended friction contacts was
carried out by Dipl.-Ing. Alexander Genzo, Volkswagen, Wolfsburg. I have to
thank him for this investigation presented in Chapter 5.5 and Volkswagen for their
support.

Furthermore I would like to thank Dipl.-Ing. Ingo Kaiser, German Aerospace
Center (DLR), Wesseling for his support in the application of the developed mod-
ule to calculate the wear of railway wheels as presented in Chapter 6.9.
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Last but not least I would like to thank my wife Ursula and my children Marvin
and Rocco for their moral support in writing this book.

Graz, 2006 Walter Sextro
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1 Introduction

1.1 Problem Description

Friction is the resistance against sliding and, therefore, friction plays an important
role in dynamical engineering systems. In (Moore 1975) the mechanisms of fric-
tion are reviewed in a rich literature and the components of dry friction are sum-
marized in (Seireg 1998) as follows:

o Mechanical interlocking due to the surface roughness, which leads to a higher
static friction coefficient, compared to the sliding friction coefficient and ex-
plains the dynamic friction force as the force to lift off the contacts of the upper
surface over the contacts of the lower surface.

o If the developed pressure at discrete contacts results in local welding. Due to
relative motion, the welded surfaces are sheared. Ploughing of the harder mate-
rial through the softer material contributes to the friction forces as well.

e Molecular attraction, which attributes to frictional forces and to energy dissipa-
tion, if atoms are plucked out of the attraction range,

¢ and for completeness, the electrostatic forces between the surfaces.

On the one hand, there exist dynamic systems, where friction has to be mini-
mized, so that wear is reduced and the lifetime as well as the efficiency of a dy-
namic system is increased. Due to friction and wear the economic loss is estimated
by five percent of the gross national product, see (Persson 1994). Hence, reducing
friction and wear saves money. On the other hand, friction is used to transmit
forces or to reduce vibration amplitudes, see (Popp 1994). A possibility to reduce
the vibration of a machine is to use friction contacts to dissipate energy. The re-
duction of vibration amplitudes results in a reduction of alternating stresses and
furthermore in an increase of lifetime and safety. The main part of the dissipated
energy is transferred to heat. Dependent on the vibration frequencies the noise de-
velopment can be reduced as well. From here, there is a need for efficient calcula-
tion procedures to optimize the dynamics of systems with friction contacts (Wrig-
gers and Nackenhorst 2006). Before summarizing the main features of an elastic
contact with friction, some important machines and machine components are pre-
sented, where friction plays an important role.
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Fig. 1.1-1 Brake system (Lucas, Germany)

Brakes

Brakes are used to transmit forces to reduce the velocity of a vehicle, see Fig. 1.1-1.
Dependent on the friction characteristic stick-slip vibration and, in extreme, a
squealing noise can occur. One reason for the squealing noise is that, if the friction
coefficient reaches a certain value, the brake system will become unstable, see
also (Ibrahim 1994; Wallaschek et al. 1999; Allgaier et al. 1999). With respect to
brakes, the manufacturing industry is not only interested in reducing the squealing
noise, but also in reducing the temperature development within brakes. Otherwise,
cooling devices would have to be installed. In general, the friction and therefore
the dynamical behavior of brakes is very sensitive on the presence of moisture.

Machine Tools

A machine tool with friction is, for example a grinding machine, shown in Fig.
1.1-2, where friction plays an important role to develop smooth surfaces. The
worn particles have high temperatures since they are red-hot. During grinding, it is
common to use cooling fluid to remove worn material from the grinding disc, to
reduce the temperature of the workpiece and the possibility of surface-burn and,
hence, to increase the surface quality. Dependent on the system parameters ma-
chine chattering can occur. In this case, so-called chatter marks on the workpiece
are found. Up to now, the occurrence of chatter vibrations as well as surface-burn
is not understood in full detail. But there are hints, that chatter vibrations belong to
friction-induced vibrations, see (Schiitte and Heimann 1998).



1.1 Problem Description 3

Fig. 1.1-2 Grinding machine

Motors

On the one hand, friction and wear problems between piston and cylinder of a mo-
tor are still a dynamic contact problem, see Fig. 1.1-3. The oil acts as a lubricant
within the contact regions and reduces friction and wear. On the other hand, the
calculation of the dynamics of chains is a typical problem of solving a multibody
and multicontact system. Since many components are connected to each other in a
motor, friction damping could be used to reduce the noise as well as the alternat-
ing stresses. Looking at the motor in full detail, there exist a huge potential to in-
crease the lifetime of motor components, if the corresponding calculation methods
are available, to optimize the system behavior.

Fig. 1.1-3 Motor (BMW, Germany, http://www.bmw.com/)
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Fig. 1.1-4 Turbine (Rolls Royce, England, http://www.rolls-royce.com/)

Turbines

Turbine blades, see Fig. 1.1-4, are excited by fluctuating gas forces. To increase
the lifetime of the turbine blades, friction is introduced to dissipate the vibration
energy. Additionally, friction contacts are designed between adjacent blades or be-
tween the disc and the blades. The relative displacement of the contacting compo-
nents and dry friction is used to dissipate energy and, hence, to reduce the vibra-
tions amplitudes, noise and alternating stresses. Since a bladed disc assembly is a
very large dynamical system, efficient contact models have to be developed for
optimizing theses structures.

Bearings

To increase the efficiency of slide and ball bearings, see Fig. 1.1-5, the bearing
friction has to be lowered and, therefore, lubrication is used. For example, the oil
film on the ball bearings reduces friction forces because a part of the normal force
is carried by the hydrodynamic forces developed by the oil film. Therefore, the
hydrodynamic forces in the contact will decrease the friction and, hence, the wear.
Again, for this multibody and multicontact problem with friction, there is a need
for fast calculation algorithms to determine, for example, the longtime behavior of
ball bearings in connection within the surroundings.



1.1 Problem Description 5

Fig. 1.1-5 Ball bearing (SKF, Germany)

Wheel-Rail Systems

The wheel-rail contact is a typical example for friction used to transmit forces, see
Fig. 1.1-6. The contact behavior depends on the material properties of the contact-
ing bodies. Also, the macroscopic geometry and the roughness of the surfaces in-
fluence the dynamical behavior of the system. The development of heat within the
rolling contact influences the tangential contact forces as well. Here, the develop-
ment of wear can lead to unround wheels, which increases the cost of maintenance
and the generation of noise. Since wear is a longtime phenomenon, fast calculation
procedures have to be developed to solve this problem.

Fig. 1.1-6 Wheel-rail contact (ISB, University of Hannover, Germany)
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Body 1
State Space Contact forces .
Surface profile Heat source Lubricant
; N . Worn material
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Fig. 1.1-7 Elastic contact with friction

All friction problems described above can be summarized as shown in the flow
chart of Fig. 1.1-7. Two bodies, which can have different surface profiles and dif-
ferent materials, are in contact with each other. In general, both bodies can vibrate
and move spatially, which is described by displacements and velocities of both
elastic bodies in the so-called state space. Friction is always correlated with the
development of wear and heat. The development of wear influences the surfaces
profiles. The modified surfaces have an effect on the normal pressure distribution
within the contact and therefore onto the dynamical behavior.

The heat generated and the temperature distribution within the bodies affects
the material parameters and thus the contact forces, which can change the dynam-
ics of the whole system. If the temperature is high enough, material transformation
like oxidation can occur at the surfaces, which results again in different contact
parameters and hence, will influence the contact and friction forces. Besides the
contact forces, the worn material can act as a lubricant on both structures, which
can reduce the friction forces. The lubricant and the worn material are defined to
be the so-called third body. The output of the contact with friction is the worn ma-
terial, lubricant, heat and noise.

1.2 Review

Friction contacts can be distinguished with respect to the following properties, see
(Popp 1994):

size of the contact area relative to the structure: local or expanded,
type of normal contact force: static or dynamic,

condition in normal direction: Hertzian or non-Hertzian,

motion in tangential direction: micro- or macroslip.

Therefore, within the literature there exist a large number of different friction con-
tact models.
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Fig. 1.2-1 Friction coefficient characteristics (Hinrichs 1997a) I) Coulomb friction charac-
teristic II) Coulomb-Amontons friction characteristic IIT) Identified friction characteristic
IV) Smoothened friction characteristic

Dependent on the above described properties of the friction contact, different
friction contact models and solution methods are used, see for example (Johnson
1989), (Aliabadi 1993, 1995, 1997), (Gaul and Brebbia 1999) and (Gaul and
Nitsche 2000). Detailed historical reviews are presented in several publications,
see (Hinrichs 1997a), (Feeny et al. 1998) and (Seireg 1998). In the following, we
will focus on dynamical contact problems with friction in the fields of:

e Multibody Systems,
e Continuum Mechanics and
¢ Finite Element Methods.

A Multibody Systems is built-up by springs, dampers and rigid bodies, see
(Schiehlen 1990; Schwertassek and Wallrapp 1999; Shabana 2005). Within these
systems, dynamic contact problems with friction are modeled by using non-
smooth functions, see (Hinrichs 1997a), (Pfeiffer and Glocker 1996, 1999),
(Wosle 1997), (Oestreich et al. 1996, 1998), (Brogliato 1999) and (Fidlin 2006).
An overview on non-smooth systems with friction is given in (Popp 1998). To de-
scribe the dynamical behavior in the normal direction with respect to the contact
surface, for example Newton’s classical non-smooth impact law is used. This con-
tact law combines the velocities before and after the impact in normal direction
using a kinematic condition.
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Elastic contact

Elastic structure

Fig. 1.2-2 Elastic Multibody System (ADAMS User Manual)

To describe the tangential contact problem the well-known, non-smooth fric-
tion characteristic developed by Coulomb in 1785 is used very often, see Fig. 1.2-
1 I. With respect to the kinematics one distinguishes between sticking, which cor-
responds to zero relative velocity, v,=0, and sliding, v,>0. The friction coefficient
p is assumed independent on the contact area and the friction force acts opposite
to the relative velocity. The normal contact and friction forces are applied in a sin-
gle point. In case of sliding, the friction force is proportional to the normal contact
force. Multibody systems including non-smooth friction and impact laws lead to
structural variant equations of motion, which means, that the degrees of freedom
of the investigated system change with time. Pfeiffer and Glocker (1996) devel-
oped a theory, using complementary equations, to handle this kind of problems,
where many rigid bodies are involved.

In Fig. 1.2-1 II, the non-smooth so-called Coulomb-Amonton friction charac-
teristic is shown, where the friction coefficient due to sticking, is larger than for
sliding. In (Hinrichs 1997a) and (Kammerer 1998), the expanded friction contact
is reduced to a point contact, where the normal force is assumed to be static.

In (Stelter 1992), the used friction law is nonlinear dependent on the relative
velocity and is approximated by spline functions based on identified values of the
friction coefficient, see Fig. 1.2-1 III. This functional behavior of the friction co-
efficient with respect to the relative velocity is often called Stribeck-characteristic.
Further characteristics and their physical motivation can be found in (Kragelski
et al. 1982).
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Fig. 1.2-3 Elastic foundation model (Johnson 1989)

By using smoothing function, for example the arctan-function, see (Popp et al.
1995), the slope at zero relative velocity has a finite value, see Fig. 1.2-1 IV,
whereby the friction characteristic is now differentiable. Then, the non-smooth
system equations can be transferred to structural invariant ones, which can be
solved by standard numerical integration methods or special solvers for stiff dif-
ferential equation, see for example (SIMULINK 1999).

The assumption of a rigid body corresponds to a simplified model of the real
system, which is in general elastic. In extreme, the rigid body assumption and a
non-smooth description of the contact can lead to a non-existent solution of the
system equations, see (Glocker 1995). The non-existence of a solution is a hint,
that the system is not modeled in a sufficient way. This problem can be overcome,
if elastic deformations are modeled within the contact regions. In Fig. 1.2-2, a so-
called Elastic Multibody System with one elastic contact is depicted. Applying for
example the elastic foundation model developed by Winkler in 1867, see Fig. 1.2-3,
a more detailed description of the reality is possible, since the contact time is fi-
nite. This simple elastic contact layer allows local deformations. Due to a cylindri-
cal rigid body, the normal pressure distribution p is parabolic because of the linear
springs of length 4, see (Johnson 1989).

Within elastic multibody systems continuous structures can be approximated by
so-called superelements, see (Dragos 2000), built-up by rigid bodies, springs and
dampers. An alternative method to reduce the number of degrees of freedom of the
continuous structures is the modal description, see for example (Hurty 1960,
1965) and (Schwertassek and Wallrapp 1999). Here, the spatial dynamical behav-
ior of the elastic structures can be considered and described by the eigenvectors,
eigenfrequencies and modal damping. These modal parameters can be for example
identified by an experimental modal analysis, see (Ewins 1986).

The basis for the contact model used in Continuum Mechanics is the so-called
elastic half-space assumption. In many cases, the contacting bodies are large com-
pared to the contact area. Then, it can be assumed, that the contacting bodies are
infinitely large, which corresponds to the elastic half-space assumption.
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Fig. 1.2-5 Discretized Hertzian normal contact of a cylinder contacting a plate
(Wriggers 1995)

Hooke’s law is used to describe the elastic material behavior. Applying this lin-
ear law to a half-space, Boussinesq calculated the deformations due to a single
point normal contact force, see (Johnson 1989) and (Hill et al. 1993). Superposing
the deformations due to single point contact forces, the distributed contact forces
can be applied to the half-space. Then, the corresponding displacements, strain
and stress distributions can be determined. If two parabolic curved structures con-
tact each other, using the half-space assumption for both structures and neglecting
friction within the contact interface, this leads to the Hertzian theory, assuming
that the outer contact radius r, is small compared to the ball radius R, see Fig. 1.2-
4a. The Hertzian theory is well known to solve normal contact problems as well as
elastic impact problems based on the quasi-static analysis, see (Oestreich 1998). In
Fig. 1.2-4a, the Hertzian normal contact of a ball with the radius R contacting the
elastic half-space is shown. The corresponding deflection of both is due to a nor-
mal contact load Fy. Here, the normal pressure distribution oy is elliptical within
the contact region, see Fig. 1.2-4b.

In (Cattaneo 1938), (Mindlin 1949) and (Mindlin et al. 1952) the tangential
force-displacement relationship is derived for the Hertzian contact. The assump-
tion for the calculation of the force-displacement relationship is again the elastic
half-space.
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Fig. 1.2-7 Force-displacement relationship (ANSYS User Manual) a) in normal direction
and b) in tangential direction

Assuming an infinite friction coefficient and a constant tangential load, the
shear traction within the contact regime is singular at the edges of the contact ar-
eas, see Fig. 1.2-4b. Assuming Coulomb friction, the shear traction is limited to
the Hertzian normal pressure times the friction coefficient. Within the contact
area, sticking occurs up to the radius r., while sliding occurs in the outer ring, see
Fig. 1.2-4c¢. If stick and slip regions occur within one contact region, this phe-
nomenon is called microslip. Mengq et al. (1986a, 1986b) found that microslip does
affect the system vibrations, which was verified by experiments.
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Fig. 1.2-8 Motion of an elastic ring touching a rough ground (Vu Van 1990)

The application of discrete calculation methods, such as the Finite Element
Method (FEM) is very common, because of the general application to geometric
complex structures and for quasi-static contact problems, see example (Wriggers
1995, 1996) and (Graeff-Weinberg and Berger 1996). In Fig. 1.2-5, the discretized
Hertzian normal contact is modeled. For solving such contact problems the Pen-
alty Method or the Lagrangian Multiplier Method is applied or a combination of
both methods, the so-called Argumented Lagrangian Method. The basic idea of
these methods is, to change a problem with boundary conditions to a problem
without boundary conditions. The description of statics and dynamics of geomet-
ric complex structures is possible, including the effects of temperature, centrifugal
forces and external forces applied to the elastic components. Also, the dynamic
contact problem with dry friction can be modeled. Different contact elements can
be used: point to point, point to surface, surface to surface, to solve the contact
problem. For spatial dynamical contact problems with friction, three-dimensional
point contact models for each discretized contact are applied, see Fig. 1.2-6 and
Fig. 1.2-7.

The contact laws including the roughness of the contact surfaces can be mod-
eled by theoretical or empirical derived nonlinear equations, which are dependent
on the normal penetration, see (Bhushan 1996; Greenwood 1966-1992; Hess
1991-1995; Kragelski et al. 1982; Vu Van 1990; Willner 1995a; Woo 1980). For
example, in Fig. 1.2-8, the dynamical motion of a ring dicretized by 16 beam ele-
ments using FEM, is shown, see (Vu Van 1990). The Coulomb friction was used
to describe the tangential contact forces. The normal contact force is approximated
by an empirical identified potential law, which dependents on the normal penetra-
tion. After touching the ground, the resulting motion of the ring corresponds ap-
proximately to the first bending mode. The angle changes from 45° to 35° because
dry friction reduces the velocity parallel to the ground.
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In (Greenwood and Williamson 1966) and (Willner 1995a), contact models in-
cluding the effect of rough surfaces are derived assuming a Gaussian distribution
for the heights of the asperities and the Hertzian theory for each contact. These
approaches need the value of the mean curvature of the asperities to be able to cal-
culate the contact forces and are very sensitive with respect to the resolution of the
profile measurement. In (Zavarise et al. 1992—1995; Willner 1995b), penalty ap-
proaches for the contact behavior of rough surfaces based on FEM are realized.

The developed heat source within the contact will increase the temperature dis-
tribution of the contacting bodies. For geometrically complex structures, the FEM
can be used to calculate the thermo-mechanic contact behavior, see for example
(Du et al. 1997) and (Willner 1999). This is important, because the temperature
can change the corresponding material parameters and, hence, the deformations
and stresses of the contacting bodies change, which in extreme can lead to thermo-
elastic instabilities, see (Johnson 1989; Willner 1999).

Investigating the spatial nonlinear forced vibrations of elastic structures with
friction contacts leads to an enormous increase in computation time using FEM,
which is caused by the number of degrees of freedom, the possibility of separation
of the contacts, the strong non-linearity of dry friction and the transient solution
procedure to calculate the stationary vibrations. To reduce the degrees of freedom
of the elastic bodies, for example Bohlen (1987) used the modal description. The
modal condensation turns out to be an efficient tool to overcome numerical prob-
lems.

1.3 Aim of this Work

The aim of this work is to develop an alternative method to investigate dynamical
contact problems with friction applicable to elastic bodies. Since continuous bod-
ies have an infinite number of degrees of freedom, the modal description is used to
reduce the number of degrees of freedom and, hence, the system complexity.
Thus, the dynamics of the elastic components is described by modal parameter us-
ing the eigenfrequencies, eigenvectors and modal damping. The minimum number
of modes corresponds to the number of rigid body modes.

The contact forces are dependent on many parameters, such as contact stiff-
nesses, friction characteristic, surface profiles, material parameters, temperature
distribution, relative motion and normal pressure distribution. These parameters
can change within the contact area and due to the in general spatial motion of the
contacting bodies, it is impossible to derive a general contact force law. The only
possibility to overcome this problem is to discretize the contact areas, since in
general the relative motion and the contact parameters are not constantly distrib-
uted within the contact surface. This leads to a point contact model, which has to
include all main physical effects as described above, which are important when
simulating dynamical contact problems with friction. A multi-scaling technique is
used to develop the point contact model. After the dynamical description of an
elastic body, this point contact model will be developed first.
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The nonlinear contact forces for rough surfaces have to be verified by experi-
ments for the normal and tangential direction with respect to the contact area. The
characteristic of the friction coefficient with respect to the relative velocity and the
normal force has to be modeled in a sufficient way. For the investigation of the
temperature distribution, the energy balance will give an answer on the developed
heat source, while the mass balance will give an insight on the wear behavior of
the contacting bodies. The temperature distribution in the contact area influences
the force-displacement relationship and has to be modeled and investigated. The
question, how wear and the temperature distribution influence the system parame-
ters will be investigated. Due to the dissipation of energy, the hysteresis behavior
has to be investigated with respect to the normal and tangential direction. The pos-
sibility of separation of the contact has to be included and furthermore stick-slip
phenomena have to be investigated. Limits with respect to the application of the
point contact model have to be discussed.

The point contact model will be applied to real contact problems. Experimental
investigations will be used to verify the assumptions made. The general applica-
tion of the point contact model is documented by three examples:

e impact and friction oscillators,
e friction damping and
¢ rolling contact.

All investigated problems will include the application of the generalized point
contact model, the solution methods and the comparison of measurements with the
calculations as well as parameter studies. For the impact and friction oscillator a
single point contact model is used while for the friction damping and rolling con-
tact a further multi-scaling technique is developed.

In the first set of examples, a simple impact oscillator with an elastic contact is
used to check the overall modeling with respect to the elastic normal contact.
Then, a self-excited friction oscillator is investigated with respect to the tangential
vibrations.

Friction damping can be used to reduce the vibration amplitudes. This will be
demonstrated by friction damping of turbine blades with respect to non-Hertzian
contact conditions. One part of the investigations is the modeling of microslip ef-
fects and the influence onto the system behavior. Efficient solution methods for
calculating the spatial forced response of elastic structures, including microslip ef-
fects are not available up to now, and are being developed. A bladed disc assem-
bly coupled by means of non-Hertzian contacts is optimized with respect to the
spatial vibration of the blades, which is optimized with regard to minimal alternat-
ing stresses.

In the case of rolling contact, the general friction contact model will be applied
to Hertzian contact conditions. Due to this dynamical contact problem, fast calcu-
lation methods are developed to calculate the normal and tangential contact prob-
lem, the temperature as well as the wear distribution.



2 Dynamical Descriptions of Elastic Bodies

2.1 Kinematics of Elastic Bodies

For the kinematical description of an elastic body two coordinate systems are in-
troduced, see Fig. 2.1-1. On the one hand, the inertia /-coordinate system is fixed
in space and on the other hand, the R-coordinate system is fixed to the elastic body
at the point R. In the limiting case these two coordinate systems can be used to de-
scribe the rigid body dynamics. Here, the elastic deformations are introduced addi-
tionally to describe the kinematics of an elastic body. Both coordinate systems are
related by

,e="d,e 2.1-1)
with the orthogonal transformation matrix 4 with the properties

R q4Rq = E (2.1-2)
and

RAT Rl 4 (2.1-3)

Fig. 2.1-1 Bases and vectors for the description of a deformed body
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The vector X defines the observed point P’ of the undeformed body and the vector
u the displacement due to the deformation with respect to the R-coordinate sys-
tem. The coordinates of the point P of the center of a mass element with the vol-
ume dV is described by
rIp=pIp+rX+pll, (2.1-4)

where prp describes the distance between the origins of the /- and R-coordinate
system in R-coordinates. The index in the left lower corner of a vector defines the
used coordinate system. At the left upper corner, the coordinate system is cited,
where the differentiation with respect to time is carried out. Noting that the dis-
tance gx is constant with respect to time the velocity of the point P with respect to
the R-coordinate system is given by

R (2.1-5)
and the acceleration is given by
Rap=niy+"ii . (2.1-6)

In the following, the absolute velocity of the point P with respect to the R-
coordinate system is derived. The absolute displacement of the point P with re-
spect to the /-coordinate system is given by

=" A1y (2.1-7)
With respect to the /-coordinate system the absolute velocity is given by differen-
tiation of Eq.(2.1-7) using the product rule

I 'dr, IR IR 4R
vp=—L=" Ao+ AR, (2.1-8)
t

Back transformation of the absolute velocity in Eq.(2.1-8) in the R-coordinate sys-
tem gives

vp=NlA]v,. (2.1-9)
Inserting Eq.(2.1-8) in Eq.(2.1-9) and using Eq.(2.1-2) gives the velocity of the
point P with respect to the R-coordinate system

wvp=nip AR Ay, (2.1-10)
or

avo=Rvo+Ra e, (2.1-11)
with the tilde matrix of the angular velocity

Rey =RATIR 4 . (2.1-12)
Then, corresponding to the calculation of the velocity, the absolute acceleration of
the point P can be derived by Eq.(2.1-11) and is given by

Rap=R5 o+ 1o+ R0 R i+ RE3(Ry o+ ™R3 1) (2.1-13)
or
R @) prp . (2.1-14)
An alternative description of the absolute velocity of the point P is given by insert-
ing Eq.(2.1-4) and Eq.(2.1-5) in Eq.(2.1-11). This leads to

Avp=pvp+ e (x + u)+"i (2.1-15)

I _R IR ~R IR
RAp=gpap+2 0 xvp +(" 0+
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with the absolute velocity of the point R

=Ry + R oy . (2.1-16)
The absolute acceleration of the point P is given by inserting Eq.(2.1-4), Eq.(2.1-
5) and Eq.(2.1-6) in Eq.(2.1-14), which gives

Lap=la, +(Ro+Ra™ &) (x + u)+2"R & iR (2.1-17)
with the absolute acceleration of the point R

gaR=,’§aR +2]R(T),]§VR +(IR5)+IR5'R(T))RrR . (2.1-18)
With the relation

ab=-ba (2.1-19)
Eq.(2.1-15) can be rearranged by

avp=avp — (X + i) R+’ (2.1-20)

and Eq.(2.1-17) by
pap=pap, —(X+ )R o+ i+ 2R  ur o™ & (x + u) (2.1-21)

which is used in the next chapter.

2.2 Governing Equations for Linear Elasticity

In a first step, the equations of motion with respect to a volume element dV in the
current configuration are developed with respect to cartesian coordinates. Con-
sider a volume element with the side lengths dx, dy and dz, see Fig. 2.2-1. The
stresses shown are only those acting in the x-direction. Note, that on one plane the
stress oy, is acting while on the opposite side it has changed by the rate of change
of o, with respect to the coordinate x, times the distance dx. The partial derivative
is used, as o;, may vary with respect to the coordinates y and z as well. The body
force in x-direction is denoted by b, to describe for example gravity forces. Apply-
ing Newton’s law to the x-direction leads to

dm'a, =dmb, +
oo, o
9% e\ ay de +| 2% ay | v de + [ 2% g | e dy (2.2-1)
a By o

X Z

with the absolute acceleration ‘a, of the center P of the mass element in the x-
direction as defined in Eq.(2.1-21). The mass of the volume element in the current
configuration is given by

dn=pdV =pdxdydz (2.2-2)
with the density p. Dividing Eq.(2.2-1) by the element volume gives
oo

60‘WC oo 7
X+ 4 pb_=pa 2.2-3
. & o0 PP (2.2-3)

and similar in the y-direction

oo, Oc oo,
A e (2.24)
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Fig. 2.2-1 Stress distribution in x-direction
and in z-direction
oo
00y 89 , 00, +pb. =pla. . (2.2-5)
Ox oy 0z
Summarizing Eq.(2.2-3), Eq.(2.2-4) and Eq.(2.2-5) gives the equation of motion
divE+pb=p'a, (2.2-6)
where X denotes the Cauchy stress tensor,
O xx ny Oz
2=lo, o, 0O, (2.2-7)
Ox Gzy O,

pb the volume or body force vector and ‘a the absolute acceleration of the center P
with
T 1 T
b=[p, b, 5.7, ‘a='[a,a,a. ], (2.2-8)
respectively. The Boltzmann axiom or the principle of angular momentum with
respect to the point P leads to

Oy =0, 0,=0,, O0,=0,. (2.2-9)
Hence, the Cauchy stress tensor is symmetric with

r=x" (2.2-10)
The mass of the initial configuration is given by

dm = p, dvV,. (2.2-11)

From the mass balance, the mass is constant for the current and initial configura-
tion with

dm=pdV =p,dV,. (2.2-12)
For small deformations of the volume element of the current configuration with
respect to the reference configuration, it is assumed that the element volume is ap-
proximately constant

av =dv, (2.2-13)
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and hence from Eq.(2.2-12) the density is assumed to be approximately constant
with time

PRpP. (2.2-14)
Then, the linear equation of motion of the current configuration are described by
parameters of the initial configuration by

divZ+pb=p,a. (2.2-15)
For small strains the stresses are modeled by Hooke’s law, see (Schwertassek and
Wallrapp 1999), which considers a linear relation between stresses and strains for
homogeneous and isotropic material behavior. The Hooke's law can be summa-
rized by

o = He (2.2-16)
with the stress vector
o=lono,0.0,0.0.], (2.2-17)
the matrix of elasticity
(1-v v v 0 0 0 ]
I-v 0 0 0
I1-v 0 0 0
E 1-2v
- = 0 0 (2.2-18)
(I+v)(I-2v) 2
. 1-2v
symmetric P 0
1-2v
L 2
and the strain vector
&= [gxx &y Ex 25xy 2gyz ZgXZ]T (2.2-19)
with
Exy = €y =&y, Ey =& (2.2-20)
The linear strain-displacement relationship is given by
&= Bu (2.2-21)
with the operator-matrix
LI
ox
0 ai 0
Y (2.2-22)
0 0 %
B=
o0,
oy Ox
0 2 9
0z Oy
9, 9
L Oz ox |

and the relative displacement vector
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=, u,u] (2.2-23)
In (Schwertassek and Wallrapp 1999) the theory of nonlinear elasticity is ex-
plained in full detail. For small deformations, these constitutive equations reduce
to Hooke's classical law again. If non-linear constitutive laws have to be used to
describe the structure, then for further information see (Ogden 1984).

2.3 Equation of Motion of an Elastic Body

The equations of motion of an elastic body can be derived using the principle of
d'Alembert, Jourdain or Hamilton. Here the principle of Jourdain is used to de-
velop the basic equation, see also (Schwertassek and Wallrapp 1999). Note that all
variables are described with respect to the R-coordinate system. With Eq.(2.2-10)
the external distributed pressure which has to be equal to the surface stresses is
given by the Cauchy theorem
Py =2ny, (2.3-1)

where n, denotes the normal vector of the surface 4, , see Fig. 2.1-1. The virtual
power of the applied forces are given by the forces acting on one volume element
multiplied by the virtual velocity and integrated with respect to the body volume,

I§IiT(p0b L divE — py BV, + I5Ii'T( Po—En))ddy =0. (23-2)

v, Ay
Since the terms within the brackets are identical to zero, as derived in chapter 2.2,
the integral are identical to zero. In the following Eq.(2.3-2) is rearranged to de-

rive the equation of motion of the elastic body. Using the product rule, the follow-
ing relation holds,

T
o o' x ) o8
ST divE dv :J' Ao Za) gy |§ Loy o,
I 0 z aa 0 aa a 0

v, Vv, @ v,

(2.3-3)

with

a=x,y,z.

Using the divergence theorem the second integral in Eq.(2.3-3) can be described
by

I.T
j Z%n) - Idiv(&IfTE)dVo - Jé‘IiTZn(,dAO (234
Vo @ “ Vo 4
From Eq.(2.1-20) it follows, that the virtual velocity of the point P is given by
5 =6"Fy — X6 +6"i =6"Fy — (X + W)ow +6 it . (2.3-5)
Differentiating with regard to the coordinate o and shifting the linear operator J in
front of the brackets gives
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I- . .
[65 ’J - [651”J - 5[ﬂ} (2.3-6)
oa oa oa

Note that this differentiation is done with respect to the coordinate system, which
is shifted corresponding to the virtual displacement. After some mathematical op-
erations using the definition of the strain and stress vector in Eq.(2.2-17) and
Eq.(2.2-19), the third integral of Eq.(2.3-3) leads to

NT
J'Z(%I’J X,dV, = I&éTo- dv,. (2.3-7)

oa
vy @ Vo
Inserting Eq.(2.3-4) and Eq.(2.3-7) in Eq.(2.3-3) gives
J.5'r’rdiv2 AV, = J' ST Znydd, J' 5é’e dv, (2.3-8)
V() A(J V()
and finally inserting Eq.(2.3-8) in Eq.(2.3-2) leads to
I(5'i‘T py(b="F)~6&T6)dV, + [6'" pyas, = 0. (2.3-9)
V() A(J

The elastic displacements can be described by the Ritz-Ansatz
u(x,t)= N(x) z(2), (2.3-10)

where the matrix N(x) includes the global Ansatzfunctions defined in the R-
coordinates, which have to be linear independent, differentiable and must satisfy
the geometric boundary conditions, see (Schichlen 1986). They are dependent on
the coordinates x, while the functions z(f) are time dependent. Note, with respect
to the Finite Element Method local Ansatzfunctions are used to describe the de-
formations. Then the vector z(¢) defines the vector of nodal displacements. Insert-
ing Eq.(2.3-10) in Eq.(2.2-21) gives the strain

&¢=Byz (2.3-11)
with

By, = BN . (2.3-12)
Then the variation of the strain rate is given by

0e=Byoz. (2.3-13)

Inserting Eq.(2.2-16), Eq.(2.3-5), Eq.(2.3-10), Eq.(2.3-11) and Eq.(2.3-13) in
Eq.(2.3-9) and noting that the velocity of the reference point R, the angular veloc-
ity and the coordinates z(f) are only dependent on the time, see Eq.(2.3-10),
Eq.(2.3-9) result in
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55| [oo="Pvy+ [y ady |+

v, 4,
S’ j(§+ i) py (b="F)dV, + J' (R +i0)py ddy |+ (2.3-14)
VU A(}

5z jNTpo(b—"r')dVo— IB]CHBN dV, 2+ INTpo ddy | = 0.
7 7 4

Since the virtual velocities are arbitrary, the terms within the brackets have to be
zero. Then, the equations of motion are given by

jpoff AV, = I pob dV + j Py dA,, (2.3-15)
VO VD A/)
%,—/ %’_/
fab fap
j(§+ i) py'F dV, = I(§+ i) b AV, + I(§+ ip, ddy  (23-16)
Vo Vo A
fwb fwP

and
INTpOIf dv, + JB]{,HBN AV, 7= J'NTp,,b v, + INTp(, dA, .
Vo Vo 4 4y

K, S Sy

(2.3-17)
The first integral in Eq.(2.3-15) up to Eq.(2.3-17) can be rewritten by inserting the
absolute acceleration derived in Eq.(2.1-21) by

Vo Vo Vo Vo
j 002N dV, i + j Py@&N dVy 7+ jp(,aax v,
7 7, 2

-f‘aC

(2.3-18)
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I(}+ i), ¥ dV, = J'(§+ i0)py dV, ay -

Vo Vy
j(; i)y (R + i) dVyeo + j(z LN dVy i+
Vf) V/)
j(z L i) py 26N dVy i+ j(; i)y @EN dV,y 7+ j(; + i) pyax dV,
Vo Vo Vo
Joe
and (2.3-19)
JNTpOIF v, = INTpO AV, ap — INTp(,(f LYV, + INTpON dV,i+
V() Vl) V/) Vl)
INTp02cBN AV, i+ INTp,,aaN AV, 7+ _[NTp(,a)ax @,
Vo Vo Vo

S

(2.3-20)
Summarizing Eq.(2.3-15) up to Eq.(2.3-17) and using Eq.(2.3-18) up to Eq.(2.3-
20) gives the equation of motion for the elastic body

Mw)w+Kw+ f.(w,w)=f,+ f, (2.3-21)
with the generalized acceleration vector
w=[i o i (2.3-22)
the symmetric mass matrix
E —(X+u) N
M = Ipo —(X+u) (X+u)(X+u) (X+u)N |dv, (2.3-23)
Y NT N'(x+u)" N'N
and the symmetric stiffness matrix
0 0 0
K=|0 0 0 |, (2.3-24)
0 0 Ky

the vector of the gyroscopic and centrifugal forces f;, the body forces f;, and the
external forces f,

./;zc f;/zb f;zp
Je=Joc | SFo=|Jn | fp = pr > (2.3-25)
f'zc f‘zb Lp

respectively. The stiffness matrix K is symmetric as well since the matrix of elas-
ticity H defined in Eq.(2.2-18) is symmetric.
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All the components of the systems described in the introduction, where the ma-
terial behavior follows Hooke’s law, can be described dynamically by these equa-
tions of motion. With respect to several applications, where small rotations are in-
volved, the dynamics of the elastic body can be described by linear equations of
motion. If terms of second and higher order are neglected, this leads to the linear
equations of motion

Mw+Kw=f,+ f, (2.3-26)
with the symmetric mass matrix
E -X N
M= j ol ~% X XN |\W,. (23-27)

v | NT N'¥" NN
For the investigation of a rotating brake disc or turbine blade, the absolute ve-
locity of the reference point R is often assumed to be zero and the angular velocity
of the rotating frame to be constant. Then the dynamics of the rotating elastic
structure is given by
MZ+Gz+Kz=f, + fzp = foeo (2.3-28)
with
M= INT N dV,, G= INT o 2@,N dV,,
Vy Vy
K=Ky+ J-NTP()‘B()‘B()N Vo, foco = J.NTP()ao‘?’()x avy.
Vo o

Within multibody systems like the chains in motors, elastic deformations are
often neglected. This assumption leads to the equations of motion of a rigid body

(2.3-29)

m' ag +m(@&+BOVrye = fop + £y (2.3-30)
mige'ag + I Vo + oI Vo= £, + f,, (2.3-31)
where the mass is defined by
mi= I 0dVy | (23-32)
VD
the position of the center of mass is given by
e :=é xp,dV, (2.3-33)
Vo

and the inertia with respect to the reference point R is defined by
J® = J' X%V, . (2.3-34)
V(/
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2.4 Modal Description of Elastic Bodies

In general, continuous elastic bodies have an infinite number of degrees of free-
dom. A first step to reduce the dynamical problem is to discretize the continuous
body and, hence, to reduce the degrees of freedom to a finite number. Using stan-
dard Finite Element Methods, see for example (Bathe 1990; Reddy 1993; Gaul
2005), the discretization of geometric complex bodies is very comfortable. Based
on the Eq.(2.3-10) a Ritz-Ansatz with local Ansatz-functions in connection with
the displacements of the nodes is used to describe the deformations. The dynami-
cal problem can be reduced furthermore, if the modal description of the elastic
body is applied. Here, the basis for the modal description of an elastic body is the
linearized equations of motion neglecting gyroscopic effects. Regarding the lin-
earized equations of motion of an elastic body given by Eq.(2.3-28) viscous damp-
ing is assumed, where the damping forces are linear dependent on the velocities.
Then the dynamics of the linear viscous-elastic body is approximated by the fol-
lowing equation of motion with nr degrees of freedom,
M+ (D+GhWw+Kw=f, (1), (2.4-1)

see (Magnus and Popp 1997) and (Miiller and Schiehlen 1977), where M denotes
the symmetric mass matrix, D the damping matrix, K the symmetric stiffness ma-
trix, w the generalized displacement vector relative to the position of equilibrium
and f;, the generalized time dependent external force vector. From Eq.(2.3-24),
Eq.(2.3-27) and Eq.(2.3-29) the mass and stiffness matrix are symmetric and,
hence,

M=M", K=K", G=-G". (2.4-2)
The damping matrix is approximated by the Rayleigh assumption, where the
damping matrix is the linear combination of the mass and stiffness matrix,

D=aM+pK. (2.4-3)
Because of Eq.(2.4-2), the damping matrix is symmetric as well,
D=D". (2.4-4)

For the solution of the homogeneous differential equation of Eq.(2.4-1), one can
choose the Ansatz

w = we™. (2.4-5)
Inserting this function in the homogenous differential equation of Eq.(2.4-1) leads
to the eigenvalue problem

(M +a[D+6Gl+ Ko =0. (2.4-6)

In general, this leads to complex eigenvectors and eigenvalues. If the damping and
the gyroscopic effects are neglected, the harmonic Ansatz

w=w,e (2.4-7)
leads to the eigenvalue problem
(w7 + K, =0. (2.4-8)

The eigenvalues in this case are reel as well as the eigenvectors, which can be
summarized within the so-called modal matrix
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T=[w, wy . wpy,l (2.4-9)
With an increasing number of modes, the dynamical description of the linear elas-
tic body can be improved, using the modal transformation

w=Tgq, (2.4-10)
where ¢ denotes the vector of modal coordinates. The dimension of this vector is
equal to the number m of eigenvectors used to describe the displacements of the
elastic body. Note that gyroscopic effects would lead to complex eigenvectors,
while damping effects would lead to complex eigenvalues. Multiplying Eq.(2.4-1)
with the transposed modal matrix from the left side and using Eq.(2.4-10) leads to

T"MTi+T" DT4+T" KTq=T"f, . (2.4-11)
If the eigenvectors in Eq.(2.4-9) are mass normalized, which is defined by

T"MT =E, (2.4-12)
this leads to

T" DT = diag(2w,,D;), (2.4-13)
with the modal damping coefficient D; and

T"KT = diag(;,), j=1(Dm, (2.4-14)

with the angular eigenfrequency wy; of the j’h mode. Note, that the modal matrix T
can include rigid body modes of the elastic body. The corresponding angular ei-
genfrequencies of those modes are zero. Inserting Eq.(2.4-12) up to Eq.(2.4-14) in
Eq.(2.4-11) gives the resulting system equation

diag(§, +20,;D;q; +;,q,) =T f., (2.4-15)
where the vibration modes are uncoupled. If the external forces are known,
Eq.(2.4-15) can be solved by numerical integration. With respect to each normal-

ized eigenvector, the corresponding normalized strain and stress vectors can be
calculated and can be used to analyze the strain state of the elastic body with

e=Tq (2.4-16)
and the stress state with
c=T_q. (2.4-17)

In (Schwertassek and Wallrapp 1999), an approximation of the deformations of
an elastic body is given by using the eigenmodes and static modes. Both sets of
modes have to fulfill the geometric boundary conditions. An alternative and effi-
cient method is described in (Hurty, 1960 and 1965), where main coordinates are
introduced. Main coordinates are defined by the occurrence of external forces. The
advantage of this method is the exact description of the dynamics of the main co-
ordinates.

The accuracy of the modal description increases with an increasing number of
modes. How many modes have to be used to model the dynamical behavior suffi-
ciently is problem dependent. In general, the number m of the used modes is rela-
tively small compared to the number of degrees of freedom of the finite element
model. This will reduce the computation time dramatically.

The modal description of a linear elastic body is exact, if an infinite number of
eigenvectors is used to describe the dynamics. The advantage of the modal de-
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scription is the dramatic reduction of the number of degrees of freedom only if the
influence of higher modes can be neglected. For a linear system, the investigated
frequency spectrum defines the number of eigenmodes. In general, this does not
hold for nonlinear systems. A first estimation with respect to the minimum num-
ber of modes gives the comparison of the modal stiffness at zero excitation fre-
quency with the static stiffness, see (Stelter 1990).

Note, if the angular velocity is constant, see Eq.(2.3-28), the centrifugal forces
can be included in the modal analysis, with the so called pre-stress function within
finite element programs. In this case, the results of the quasi-static analysis are the
basis for the modal analysis. The influence of the gyroscopic forces is often ne-
glected within the modal analysis of commercial finite element programs. Never-
theless, they can be calculated, see (Nackenhorst 2000).



3 Contact Model

In this Chapter, the components of the point contact model are described and the
corresponding equations are derived. This includes the contact stiffnesses, the sur-
face roughness and the friction characteristic. Then, the three-dimensional point
contact model is investigated within the time domain. Finally, temperature effects
coupled with microslip and the development of wear are investigated using the
point contact model.

3.1 Contact Stiffnesses and Microscopic Contact

The elasticity of the contacting bodies influences the dynamic behavior of the
whole system. There exist several possibilities to get the normal contact force-
displacement relationship and the tangential contact stiffness:

e With an experimental setup to identify both, as it is done for example in
(Treyde 1995; Sextro 1998).

e With a statical investigation of geometric complex contact designs using the
Finite Element Method, see (Wriggers 1995).

e With the assumption of a Hertzian normal contact, the normal contact force-
displacement relationship is described in (Hertz 1882; Hill 1993) and the tan-
gential contact stiffness for elliptical contact areas and for arbitrary axis-
symmetric surfaces is derived in (Deresiewicz 1957; Jager 1995), respectively.

e With the assumption of equal-distanced, independent normal and tangential
springs, the so-called Winkler foundation, elastic foundation, wire-brush model
or thin elastic contact, see (Winkler 1867; Bental and Johnson 1968; Johnson
1989; Jager 1999).

The basic assumption is that the contact elements are only coupled by the con-
tact kinematics. This is a big advantage with respect to the numerical investiga-
tions of dynamic systems with friction contacts. However, this reduced model
leads of course to a lower accuracy.

To overcome this problem, the information of the normal and tangential contact
stiffnesses derived from measurements, Finite Element Method or from calcula-
tion based on the half-space assumption, as described above, can be used and
therefore can improve the calculations.
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Fig. 3.1-1 a) Undeformed smooth contact surface b) deformed surface

In Fig. 3.1-1a, a plane elastic foundation or a so-called thin elastic contact is
shown. The contact has to be discretized due to the in general spatial motion and
the non-linearity of the contact behavior. The contact plane is discretized using
rectangular area elements with the width Ak and the depth Ab,y. The nominal con-
tact area of one area element is given by

AAy = AbyAhy. (3.1-1)

The length /¢, describes the length of the undeformed elastic foundation. For the
derivation of the contact stiffnesses, a constant distribution of the normal pressure
py and the shear stresses 7, and 7 in the y- and z-direction is assumed over the
contact surface. Then, each contact element will behave in the same manner. The
elastic foundation deflects due to the constant normal contact pressure py and the
constant shear stress 7., see Fig. 3.1-1b, where the relative displacement of the
surface is defined by the coordinates of the point P relative to N. The classical
constitutive law of Hooke is used neglecting the influence of the temperature, see
Chapter 2.2. Due to the assumed constant loading in normal and tangential direc-
tion, the deformed contact surface remains planar. The stresses at the position x=0
are given by

Ow ==PyN> Oy =-T,, Oy =-T,. 3.1-2)
The slope of the contact surface is zero,

M _g M _y. (3.1-3)

oy oz

From here it follows, that the shear stress is given by
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0
o. =G, (3.1-4)
Ox
Furthermore, because of the constant loading the displacements in the y- and z-

direction are constant, hence

@y, My (3.1-5)
Oz oy

and from Hooke’s law it follows
o, =0. (3.1-6)

With the length ¢ of the deformed foundation the boundary conditions are
u(x=0)=up, u(x=10)=0,
vix=0)=vp, v(x=10)=0,
wx=0)=wp, Wx=10)=0, 3.1-7)
where the point P lies in the center of one contact area element. Three sets of

boundary conditions (denoted by i=1,2,3) will be investigated in the following. In
a first step, it is assumed, that the normal stresses in the y- and z-direction are zero

Oy, =0, = 0, (i=1 (3.1-8)
and hence
O = E&y, . (3.1-9)

Then the force-displacement relationships for a single elastic element of the con-
tact interface can be calculated
E G G
Py =—Up, ry=7vp, T, =7wp. (3.1-10)
For one contact area element, the stresses are assumed to be constant as well,

hence,

AF, AF; AF,
e A e (3.1-11)
A4, A4, A4,

Inserting Eq.(3.1-11) in Eq.(3.1-10) gives the force-displacement relationships

Pn

AFy = E‘;A” up, AFy = G‘{}AO vp, AFy =%w},. (3.1-12)
The length ¢ of the deformed elastic foundation is given by
L="Ly—up, (3.1-13)

see Fig. 3.1-1b. Differentiating the forces defined by Eq.(3.1-12) with respect to
the corresponding displacement and assuming the displacement of the point P in
the x-direction is small,

Yp <, (3.1-14)
Ly
leads to the nominal normal contact stiffness
E
Acyy = A, (3.1-15)

£y
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and the nominal tangential contact stiffness

Acgy = G;‘A” : (3.1-16)

0

Using the length 7, of the undeformed contact element instead of the length ¢ of
the deformed element gives the relative error &,; with respect to the normal and

tangential forces defined in Eq.(3.1-12)
I _1

o ! 100% =~ 22 100% . (3.1-17)

12 0
If this relative error is small, say 2% up to 4%, this effect can be neglected. Fur-
ther investigations will follow in Chapter 3.4, where the hyperbolic contact is
modeled.

The tangential contact stiffness defined in Eq.(3.1-16) can be derived from the
theory of thin contacts described in (Bental and Johnson 1968) as well. Due to the
investigated boundary conditions, the tangential contact behavior is isotropic. That
means, both tangential contact stiffnesses in the y- and z-direction are identical.

Different boundary conditions lead to different results for the contact stiff-
nesses. This will be discussed in the following. Assuming instead of Eq.(3.1-8) an
hydrostatic stress field, see (Jager 1999) with

Erel =

0, =0,=—py, (i=2) (3.1-18)

leads to the normal stresses
E
O =0,,=0,=—"—"—&, (3.1-19)
(I-2v) ~
and the normal contact stiffness
E
Aoyy = —LA% (3.1-20)
Ly(1-2v)

Another possibility is to assume zero strains in the y- and z-direction

&y =6.=0, (i=3). (3.1-21)
This boundary condition leads to the following normal stresses

E(l-
S S (3.1-22)
=-2v)({+v)

and

o, =0, =——0 (3.1-23)

»wy zz I—v PN - .
Then, the normal contact stiffness is given by
EA4 1-
Acxg b U=v) (3.1-24)

T -2y (I+v)
This normal contact stiffness can be derived from the theory of thin contacts de-

scribed in (Bental and Johnson 1968) as well. Summarizing the results gives the
contact stresses
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A A A
PN = No Up, T,= Cro Vp, T,= CRo Wp, (3.1-25)
A4, A4,

where the contact stiffnesses can vary dependent on the boundary conditions
(i=1,2,3).

The limit of the above theory is given by yielding of the material. For mathe-
matical simplicity, the equivalent stress due to the Tresca criterion is used and is
given by

O resca = max{|0', —0'2|,|0'2 —a3|,|0'3 —a,|}= 2ty =Y, (3.1-26)

where o3 are the principal stresses, 75 and Y denote the values of the yield stress
of the material in simple shear and simple tension or compression respectively. In
the following, only the shear stress in the z-direction is regarded. Summarizing the
different stresses due to the three different investigated boundary conditions,
i=1,2,3, as defined in Eq.(3.1-8), Eq.(3.1-18) and Eq.(3.1-23) gives

Oxx ="PN> Oy, =0, =75 PN>

On,=-7, 0,=0,=0, (3.1-27)
where the parameter s; depends on the used boundary condition with

5, =0, s,=1, s;3=——. (3.1-28)

I-v
From Eq.(3.1-27) it can be derived, that the three principle stresses are given by
I+ I-s;)°
o, =|- Si v+ Tz2+( Sl) 2
0,=0,, ==5Dy . (3.1-29)

I+s / (I-5;)°
03 =|— 5 Pn — TZZ+TP12\/

Then, the maximum equivalent stress by Tresca is given by

O Tresca = |O-3 _O-1| = V4Tzz +(1_Si)2p12v . (31-30)

Hence, the contact behavior is elastic, if

I1-5,)°
,/rf+(TS’)pfv <. (3.1-31)

If Eq.(3.1-31) does not hold, perfect plasticity is defined by
2
\/12 +up]2v =g, (3.1-32)

z,max
4

with the yield stress z5, which is dependent on the temperature. The limiting maxi-
mum shear strength 7., is given by solving Eq.(3.1-31) for the shear stress
I-s,)
2 (=) »? (3.1-33)

z-z,max = Hpax PN =14|Ts — 4 N >
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assuming that

I-s,)

2 Z%pf\,. (3.1-34)

If Eq.(3.1-34) does not hold, then in the limit the normal pressure is given by
27
=—2=. 3.1-35

pN,max (1 _ S,‘ ) ( )
whereby the maximum shear stress is zero,

T =0. (3.1-36)

z,max

In case of the hydrostatic pressure distribution s,=/ the maximum allowable pres-
sure defined by Eq.(3.1-35) is infinite, which means, in this case yielding does not
occur.

3.2 Limits of Application of the Contact Model

The point contact model will be used to model the quasi-static contact behavior,
while the modal description is used to describe the dynamics of the contacting
bodies. Hence, the excitation frequency must be very small compared to the eigen-
frequencies of the elastic contact in the normal and tangential direction. For small
deformations, the eigenfrequencies due to the vibration in the normal direction are
calculated first. The elastic contact described in Fig. 3.1-1 includes inertia. A mass
element of the elastic contact is shown in Fig. 2.2-1 with

dm = pydV, (3.2-1)
and the volume
dV() = dA()dx . (3.2'2)

The normal stress in the x-direction is dependent on the applied three boundary
conditions (i=1,2,3) as discussed in Chapter 3.1. With Eq.(3.1-9), Eq.(3.1-19) and
Eq.(3.1-22) the result can be summarized with

o.=Es,, (3.2-3)
and
E, =E,
Bo=—Lt (3.2-4)
(1-2v)
Ej» E(] — V)

1= 1+v)
Applying Newton’s law with respect to the x-direction leads to
do . dA, = dmii(x,t) . (3.2-5)
Inserting Eq.(3.2-1) and Eq.(3.2-3) gives the partial differential equation
Eu"(x,1) = pyii(x,1). (3.2-6)
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This equation describes waves in the contact. The solution for standing waves is
given by

u(x,t) = u(x)sin(wt + @) (3.2-7)
with

u(x) = a;sin(azx)+a, cos(a;x) . (3.2-8)
Inserting Eq.(3.2-7) leads to the linear differential equation

i)+ @’ %ﬁ(x) -0. (3.2-9)

Neglecting the contact surface loads, the boundary conditions at the surface (x=0)
and at the built-in end (x=/,) are given by

0,(x=0,0)=0, u(x=1~0,,0)=0, (3.2-10)
respectively, or with Eq.(3.2-3) and Eq.(3.2-7)

U'(x=0)=0, u(x=10,)=0. (3.2-11)
Applying these boundary conditions to Eq.(3.2-8) lead to the solution

a; =0 (3.2-12)
and

ay=——k~1), k=123,.. (3.2-13)

20,

Inserting Eq.(3.2-8) with Eq.(3.2-12) and Eq.(3.2-13) in the Eq.(3.2-9) gives the
angular eigenfrequencies for the normal vibration modes

E,
oy =(2k—1)2— |71 (3.2-14)
2Ly \ po
The eigenfunctions defined in Eq.(3.2-8) can be mass normalized corresponding to
the procedure described in Chapter 2.4 with
Ly
IpoAAoﬁ,f (x)dx=1. (3.2-15)
0
Integrating Eq.(3.2-15) with respect to the coordinate x and solving for the mass
normalized amplitude gives

f 2
a, = |[———. (3.2-16)
A4yl 4Py

Hence, the resulting mass-normalized eigenfunctions are given by

()= —2cod T (2k—D)x |, k=123, (3.2-17)
A4yl oy 2y

For zero angular excitation frequency, the normal modal stiffness is given by

¢ = —1 (3.2-18)

i i; (0)
2
k=1 ©Nk
see (Stelter 1990). The static stiffness reads
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A4
Acyy =——L, (3.2-19)
Ly
where the displacement are linear with respect to the coordinate x. Inserting
Eq.(3.2-17) and Eq.(3.2-14) leads to

P A — (3.2-20)

e 2 Ji
NO 82 :
= (2k-1)
An infinite number of modes give the exact value of the stiffness at zero excitation
frequency. The limiting value of the normalized modal stiffness is one,
lim ¢, =1. (3.2-21)

m—»

In Fig. 3.2-1 the relative error with respect to the exact stiffness given by Eq.(3.2-
19) is plotted versus the number of modes. Using five modes leads to a relative er-
ror of less than 5%, while using twenty modes leads to a relative error less than
1%. This figure can be used to estimate the minimum number of modes to simu-
late the dynamical behavior.

Since the relative error is relatively large for a very small number of modes, in
case of a quasi-static system behavior it is more practical to use the static stiffness
for modeling the deformations. Hence, the modal description is not very useful to
describe the quasi-static contact behavior but is very useful for modeling the dy-
namics of the elastic bodies as discussed in Chapter 2.4.

25 T T T

20

Relative error [%]

O 1 1 1
0 5 10 15 20

Maximum number of modes m

Fig. 3.2-1 Modal stiffness at zero excitation frequency
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For the tangential vibrations, the procedure is similar to the one described
above. Applying Newton’s law, see Fig. 2.2-1, with respect to the z-direction
gives in analogy to Eq.(3.2-5)

do.d4, = dm w(x,t). (3.2-22)
With Eq.(3.1-4) and Eq.(3.2-1) this leads to

Gw'(x,t) = pyw(x,1) . (3.2-23)
Neglecting the surface load, the boundary conditions are given by

0.,(x=0,0)=0, wx=10,,t)=0. (3.2-24)

Similar to the procedure described above the angular eigenfrequencies for the tan-
gential vibration modes are given by

wrk=(2k—1)§ G k=123 (3.2-25)

0o\ Po
The analysis with respect to the modal stiffness as described above can be used for
the tangential direction in the same way, because both investigations are based on
the same structure of differential equations, compare Eq.(3.2-23) with Eq.(3.2-6).
With respect to the limits of the application of the point contact model the first ei-
genfrequencies are needed and given by k=1 for the tangential vibrations. Using
Eq.(3.1-16) gives the first angular eigenfrequency of the elastic contact

Acp,

wr; = 3.2-26
"= A, ( )
with Eq.(3.1-16) for the tangential contact stiffness, the reduced mass
4
Ampy = yAmpy, 7 =—5 (3.2-27)
Vs

and the resultant mass of one contact element
Corresponding to the normal direction the first angular eigenfrequency is given by

A
Wy, = | N0 (3.2-29)
Amp,

E, A4,

with

Acyy = (3.2-30)

0
The point contact model will be used to model the quasi-static contact behavior.
Hence, the excitation frequency must be very small compared to the eigenfrequen-
cies of the elastic contact in the normal and tangential direction, hence, the follow-

ing equation must hold, when applying the point contact model

A A
@, <<min{ [-ZN0 [ ZCRo L (3.2-31)
Ampg \ Amp,

Note, that the eigenfrequencies of the elastic contact are not dependent on the con-
tact area. This equation must hold for rough contact surfaces as well.
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3.3 Mesoscopic Contact Laws for Rough Surfaces

The surface roughness has an effect on the normal force-displacement relation-
ship, which can not be neglected. In (Greenwood and Williamson 1966; Green-
wood 1984; Johnson 1989; Zavarise et al. 1992-1995; Willner 1995; Wriggers
1996; Willner 2000), contact models including the effect of rough surfaces are de-
rived using the distribution for the height of the asperities and the Hertzian theory
for each contact. Based on an exponential distribution, for example, Greenwood
derived an exponential relationship for the normal force-displacement relationship
with

F (”N “Uno j

Nl s (3.3-1)

Fys
where Fy denotes the compressive contact force, oy denotes the standard deviation
of the cumulative height distribution and the parameter Fys is defined by the mean
summit curvature of the asperities, material parameters and the standard deviation
of the cumulative height distribution, see (Johnson 1989). In Fig. 3.3-1 this rela-
tionship is shown assuming a standard deviation of

og=duys and wuy, =uys. (3.3-2)

1 T T
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Fys
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exponential

Normalized normal force
o
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02
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Fig. 3.3-1 Normal force-displacements relationship for rough surfaces
The disadvantage using this description of the normal contact force is that separa-

tion of the contact is not defined. Furthermore, these approaches need the informa-
tion about the mean summit curvature of the asperities to be able to calculate the
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contact forces. It is quite difficult to obtain a good estimation for this value, since
the topography or at least a surface profile measurement has to be analyzed with
respect to the curvatures of the asperities. Furthermore, the resolution or sampling
of the surface roughness measurement does influence the results very strong, see
(Willner 2000).

In (Kragelski 1982; Wriggers 1996) a potential law approximates the normal
force displacement relationship

k
Ty _ [”N _”N"j : (3.3-3)
Fys Uns

based on experimental investigations. In principle measured values of the expo-
nent vary in the range of 2.0 <k <3.3, see (Kikuchi and Oden 1988). In Fig.
3.3-1 these normal force-displacement relationships with k=17, 2 and 3 are com-
pared with the exponential description. The exponential contact law is very close
to the cubic potential law within the investigated range. Note, the cubic functional
behavior has also been identified by experiments, see (Kragelski 1982; Kikuchi
and Oden 1988), and is often used within the FEM to model rough surfaces, see
(Wriggers 1995). The classical penalty approach is applied, where the compres-
sive contact forces are linear dependent on the penetration, when the exponent k is
equal to one. With respect to Eq.(3.3-3) the contact parameters are unknown. In
the following an alternative contact model is developed, which avoids the dis-
cussed difficulties with respect to the usage of Eq.(3.3-1) and Eq.(3.3-3).

The surface profiles depend on the manufacturing procedure, whether the sur-
face is polished, grinded or has changed due to wear. For example, in Fig. 3.3-2
the measured profile of a grinded surface is shown. One possibility to describe an
equivalent surface is to use the so-called cumulative height distribution of the con-
tact surface with respect to the height of the asperities, see also (Greenwood and
Williamson 1966). The cumulative height distribution, shown in Fig. 3.3-3, corre-
sponds to the measured surface profile, shown in Fig. 3.3-2.

10 - 7..: ........... . e ......... SR ...... S :

Height up [mm]
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Coordinate z [mm]

Fig. 3.3-2 Measured surface profile
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Fig. 3.3-3 Measured cumulative height distribution

Since the measured surface profile is relatively long and no filtering has been
applied, the cumulative height distribution includes in general the waviness, see
(Warnecke and Dutschke 1984). The measured cumulative height distribution can
be approximated by analytical functions and these will be used to develop the con-
tact laws.

The cumulative height distribution, shown in Fig. 3.3-3, can be approximated
for example by the following function

A" =0 for x <0,

Ah*(x*) =3x7 -2x" for 0<% x <1,
and

A =1 for x >1, (3.3-4)
with
* Ah * X

= - X =—),

see Fig. 3.3-4. The parameter R, can be identified from a surface measurement us-
ing for example the least square method or can be approximated by characteristic
values of the surface like the peak to valley height R, or the average surface
roughness R;. With respect to the measured cumulative height distribution, shown
above, the peak to valley height R,,,, of the surface is approximately equal to the
average surface roughness R, because, here the waviness of the surface is very
small. The approximated cumulative height distribution is zero for x'=0 and one
(corresponds to 100%) for x>Rz. Differentiating Eq.(3.3-4) with respect to the co-
ordinate x~ gives the corresponding normalized probability density function Ap”,

Ap*:() for x <0 and x >1

Ah (3.3-5)

and
A (x)=6x"(I-x") for 0<x <1, (3.3-6)
see Fig. 3.3-5.
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Fig. 3.3-5 Probability density function

Alternatively, the Gaussian distribution can be used to approximate the meas-
ured surface data. The difference between the Gaussian distribution and the ap-
proximation is relatively small, see Fig. 3.3-4 and Fig. 3.3-5. The mean value and
the standard deviation of the Gaussian distribution and the approximation are the
same with

x, =05, o, :ﬁ, (3.3-7)

respectively.

Using the Gaussian distribution the possibility to distinguish between separat-
ing, piecewise contact and full contact is not given, because in any case, there will
be piecewise contact, which does not correspond to the reality. Therefore, from a
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practical point of view, the approximation given in Eq.(3.3-4) is used in the fol-
lowing.

The contact behavior of two elastic and rough structures can be approximated
by a system, where a smooth rigid wall contacts a rough elastic surface, by adjust-
ing the corresponding parameters, see (Johnson 1989). If two elastic surfaces /
and 2 contact each other, the overall normal and tangential contact stiffnesses are
given by

L S (3.3-8)
deyg  Aeygr  Acygs
and
! ! + ! , (3.3-9)

Acgg  Acggy A

respectively. If two different rough surfaces / and 2 are contacting, an equivalent
cumulative height distribution can be approximated using the rules of probability

by
uR(z)=w[u,2”(z)+u,232(z) . (3.3-10)

If identical functional descriptions of the cumulative height distributions for both
surfaces is assumed with

up (2) _uga(2) _ug(2)
Ry, Ry, Ry
and inserting Eq.(3.3-11) in Eq.(3.3-10) gives the equivalent average surface
roughness, see (Johnson 1989),

R, =R}, +R},, (3.3-12)

to reduce the problem to a smooth rigid surface contacting a rough elastic surface,
see Fig. 3.3-6.

: (3.3-11)

Smooth rigid wall

zZ fo
- - Az
S
Ahy----- e ———-
Contact|area A4
AFy
Ah(x=uy)-}- —>/ ----------------- /-
®/ — -~ &

J X=u, x=Ry xu , y Abz

Rough elastic structure

Fig. 3.3-6 Contact model for rough surfaces
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The approximation of the cumulative height distribution is placed on top of one
elastic element of the elastic foundation. The normal force AFy is applied to the
rigid wall. In the depicted case, contact between the rigid wall and the elastic surface
exist up to the position z=A4h(x=u,), based on the assumption, that the asperities do
act independently on each other, as assumed by Greenwood and Williamson (1966).

With respect to the region where separation takes place, Ah(x=u,)<z<A4h, the
lubricant can act onto the wall and the elastic surface and can reduce the normal
load applied to the elastic contact. In the following, all physical effects due to the
lubricant are neglected. For further information on lubrication, see for example
(Bowden and Tabor 1956; Jacobsen 1991; Leudema 1996; Seireg 1996).

The contact area, see Fig. 3.3-6, is given by

A4 = Ah(x =u ) Ab, (3.3-13)
or in dimensionless form
MM = % =Ah"(x" =u)) with Ad, = Ab,Ah,. (3.3-14)

0
Now, one is able to calculate the equivalent normal pressure distribution due to the
rough elastic surface from Eq.(3.1-25) with

= Aeyo u, —up (z 3.3-15
Py =T (1, g (2)) (3.3-15)
where ug, describes the shape of the undeformed equivalent rough contact surface,
which has to be calculated iteratively from Eq.(3.3-4). The normalized equivalent
pressure distribution is given by

Py =ty —ug,(2) (3.3-16)
with the dimensionless parameters
* * * AA
wi=tx o 2 PN (3.3-17)
R, Ah, R, Acy,

In Fig. 3.3-7 the normalized equivalent pressure distribution for different normal
displacements is presented. For example, a normal displacement of u, =0.5 leads
to a contact area of 50% of the nominal area. The maximum normal pressure is
given from Eq.(3.3-15) at the position z =0 with

Py omax = Uy - (3.3-18)

The normal contact force for one contact element is given by integration of the
normal pressure distribution with respect to the coordinate z

Ah(x=u,)
AFy = Ab, j py(2) d=. (3.3-19)
0
Inserting Eq.(3.3-15), the relationship
Ah(x=u,) X=u,
I (u, —tip,(2))dz = I Ah(x) dx (3.3-20)
0 —

and Eq.(3.3-14) give the dimensionless normal contact force
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Fig. 3.3-7 Equivalent normal pressure distribution

AF}, = jAh*(x*)dx* - IAA*(x*)dx* (3.3-21)

with dimensionless parameters
VS A S (3.3-22)
AcyoR, Ahy R,

and

* u

u, =—-. 3.3-23

=R ( )

Hence, the normal force is proportional to the overlapping volume. Inserting
Eq.(3.3-4) in Eq.(3.3-21) gives
AFy =0 for u, <0,

*_ *3 1. *4 *
AFy =u —5u,  for 0<u,<I,

AFy =u -1 for u>1. (3.3-24)

In Fig. 3.3-8, the nonlinear behavior of the dimensionless normal contact force
with respect to the relative normal displacement is shown. For a relative normal
displacement of u, >I the behavior is linear, because the complete contact area
carries the load and for u, <0 separation takes place.

The constitutive contact law described in Eq.(3.3-21) can be used to calculate
the normal-force-displacement relationship for any rough contact surface. For ex-
ample it is possible to recalculate this relationship if wear leads to a change of the
cumulative height distribution. Due to different cumulative height distribution the
normal force-displacement relationship will change. In the following some basic
cumulative height distributions are investigated and applied to the general calcula-
tion of the normal contact force described in Eq.(3.3-21).
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Fig. 3.3-8 Normal force-displacement relationship

For very small relative normal displacements, ux*<<] , the cumulative height
distribution defined in Eq.(3.3-4) can be approximated by

A" (x7)=3x"2.
Then Eq.(3.3-24) used to calculate the normal contact force reduces to

AFy =u)’ (3.3-25)
or with Eq.(3.3-22) and Eq.(3.3-23)
3
ﬂ —| M= . (3.3-26)
AcyoR, R,

Comparing Eq.(3.3-26) with Eq.(3.3-3) leads to an exponent of k=3 as described
in the introduction. Furthermore, the parameter of the contact law can be identified
to

Fyg =AcyoR, (3.3-27)
and

Uy =R,, uy=u,, uy,=0. (3.3-28)
Hence, the physical interpretation of the empirical contact laws is given. Assum-
ing a cumulative height distribution, which is linearly dependent on the
x-coordinate with

AA(xH)=x", 0<x <1 (3.3-29)
results in a parabolic function for the normalized normal contact force using
Eq.(3.3-21)

<! (3.3-30)

or
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2
ﬂ:(”—) , (3.3-31)
AcyoR, R,

see Fig. 3.3-1 with k=2. If the roughness is set to be zero, which corresponds to
A (xH)=1, (3.3-32)

the penalty approach is modeled by
AFy, = Acygu, , (3.3-33)

see Fig. 3.3-1 with k=1. If the cumulative height distribution is given by the expo-
nential function

AL (37 = el 1) (3.3-34)
the normal force can be calculated with
AFy, = §e4(“x") (3.3-35)

or
4 u,—R,
4AFN —e RZ
Acy R,
see Fig. 3.3-1. Combining Eq.(3.3-34) and Eq.(3.3-35), here the contact normal
force is proportional to the contact area and is given by
" R
AFy :ZAA (u,), (3.3-37)
see also (Johnson 1989). Hence, with the described contact model all relevant con-
tact laws can be derived.
The tangential contact force in the z-direction is calculated by integrating the
shear stress distribution with
Ah(x=u,)
AF, = Ab, J. Tr

, (3.3-36)

. dz. (3.3-38)
0
Inserting the corresponding shear stress of Eq.(3.1-25) and integrating gives

Acpy

AF, = AbyAh(x = u ) wp = AcgyAA" (u,)wp . (3.3-39)
0
Differentiating Eq.(3.3-39) with respect to the displacement wp gives the tangen-

tial contact stiffness

Acp= M (x =uy)=40"(x" =uy) (3.3-40)

with Eq.(3.3-14) and
A, =Ar (3.3-41)

Acpg

Hence, the tangential contact stiffness for one area element is proportional to the
contact area, but is nonlinearly dependent on the relative normal displacement.
Hence, the tangential stiffness dependent is nonlinear dependent on the normal
contact force as shown in Fig. 3.3-9. Due to the developed contact model, the con-
tact stiffnesses of a rough surface are identical in the y- and z-direction and, hence,
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the modeled contact behavior is isotropic. The limiting value of the dimensionless
contact stiffness of one is reached, if the contact area is identical to the nominal
contact area.
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Fig. 3.3-9 Tangential contact stiffnesses

3.4 Hyperbolic Contact Laws for Rough Surfaces

The above-described analysis holds only, if the relative normal displacements are

small. If the normal deformations are relative large, then the length of one de-

formed strip has to be used for the calculation of the contact forces as described in

Chapter 3.1, see Eq.(3.1-12). The deformed length of a contact element is given by
l=Ly—u,, (34-1)

see Fig. 3.1-1. If the average roughness is identical to zero, the normal force-

displacement relationship is given by

AR, = Anotty (34-2)
u
] ——x
o
using Eq.(3.1-15). The deformed length can be normalized
0 =1-Ryu, (3.4-3)
with
* L * R *
A L AL (3.4-4)
2, 2, R,

As described in Chapter 3.3 the recalculation of the normal contact force for large
deformations including the effect of roughness gives the constitutive law
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. AF* * AF* *
AFNL = NvguX) = N(*ux*)
i I-Rou.

(3.4-5)

using of Eq.(3.3-24).

In Fig. 3.4-1, the influence of the normalized roughness RZ* onto the normal
contact force-displacement relationship is depicted. For R, <<, the normal force-
displacement relationship is identical to the relationship shown in Fig. 3.3-8. In
the limit, the nominal length ¢, is identical to the roughness R, which corresponds
to R, =1. Then, the normal contact force is identical to infinite, if the relative dis-
placement u, is equal to the value of Ry or u, =1. This normal force-displacement
relationship would have been used, if an infinite number of modes is used to de-
scribe the elasticity of the contacting bodies completely.

4

35

*
NL

25

1.5

Normal contact force AF’
N
T

0 1 " 1 " 1 "
0 0.5 1 1.5 2

Relative normal displacement u;

Fig. 3.4-1 Normal force-displacement relationship for large displacements

The recalculation of the tangential contact stiffness for large deformations gives
the constitutive law
ACZL — AC;EM:Z) _ AC;(?;B
l 1-Ryu,
with Eq.(3.3-40). In Fig. 3.4-2, the corresponding tangential stiffness for large de-
formations versus the normal contact force is shown. If the normalized roughness
is increased, then the tangential contact stiffness increases as well. If the deforma-
tion are relative large, the developed constitutive contact laws in Eq.(3.4-5) and
Eq.(3.4-6) can be applied. The physical validation of these contact laws is verified
in the next Chapter, where it is assumed that the deformations are relative small
and that the roughness compared to the undeformed length is very small.

(3.4-6)
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Fig. 3.4-2 Tangential contact stiffnesses for large displacements

3.5 Experimental Validation of the Contact Laws

In (Treyde 1995), two beams contacting each other at the tip are used to identify
the normal force-displacement relationship and the tangential contact stiffness.
The corresponding experimental setup is shown in Fig. 3.5-1, where an electro-
magnetic shaker has been used to excite the first and second vibration mode to
identify the bending and the tangential contact stiffnesses, respectively. The nor-
mal force-displacement relationship was identified by applying a static normal
load using weights and measuring the relative normal displacement with a laser
vibrometer, which is not shown in the figure.

Fig. 3.5-2 shows the comparison of measured, see (Treyde 1995), and calcu-
lated normal contact forces versus the normal displacements using the cumulative
height distribution defined by Eq.(3.3-4). Due to the experimental setup the fol-
lowing data for the normal contact stiffness and the average surface roughness are
used cyg=240.0 10° [N/m] and Rz=12.0 [um].
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Fig. 3.5-1 Experimental setup with two beams
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Fig. 3.5-2 Comparison of measurement and calculation due to the normal force-
displacement relationship
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Fig. 3.5-3 Comparison of measurement and calculation due to the tangential contact stift-
ness

In Fig. 3.5-3, the calculated tangential stiffness is compared with identified
values, see (Treyde 1995). The contact parameters used for the calculation are
cvo=82.51 0° [N/m], Rz=12.0 [um] and cgp=31.7 1 0° [N/m]. One reason for the dif-
ferences between the measurements and the calculations is due to the used theo-
retical cumulative height distribution, which reflects the reality only approxi-
mately. Nevertheless, both comparisons between measurement and calculation
show a relative good agreement.

3.6 Friction Characteristics

The friction coefficient can depend on system parameters like the relative velocity
and the normal force; this is called the friction characteristic. Different friction
characteristics used in the literature are summarized in (Kragelski et al. 1982; Stel-
ter 1990; Hinrichs 1997a), see also Fig. 1.2-1.

In (Hinrichs 1997a), a test stand for the identification of friction characteristics
is used, see Fig. 3.6-1. For the identification of the friction characteristic, the work
piece is pressed onto the disc by dead weights, which are not shown in the Figure.
The friction and normal forces are measured directly by a three-component force
transducer. The displacement and the velocity are measured by a laser vibrometer.
The friction force and the normal contact force can be measured simultaneously
very close to the contact area. From here, it is possible to calculate the friction co-
efficient for different constant relative velocities and normal loads. A more de-
tailed explanation of the test stand is given in Chapter 4 and in (Popp et al. 1996).
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Fig. 3.6-1 Experimental setup

In (Lindner et al. 2004), (Moldenhauer et al. 2005) and (Sextro et al. 2006) a
friction model for rubber is developed, where the calculated friction coefficients
are compared by the identified friction coefficients. Within the theory, hysteretic
and adhesive contact forces are modeled including the influence of temperature.
The hysteretic friction of rubber originates from internal material damping caused
by the deformation during sliding across the rough surface. The temperature influ-
ences the dynamic properties of the material significantly as it is formulated in the
well-known WLF-equation (Williams et al. 1955). A modified theory of Achen-
bach is used to model adhesion friction, see (Achenbach et al. 2001 and 2003),
which are based on molecular binding forces. Fig. 3.6-2 depicts the measured fric-
tion coefficient, the hysteresis and adhesion simulation and the corresponding su-
perposition. The measurements show an explicit maximum at a relative velocity of
about v = 200 mm/s. In a higher velocity range the friction coefficient falls due to
the hysteretic friction. Up to a velocity of 20 mm/s the friction coefficient de-
creases which can result from adhesion friction. The comparison of the simula-
tions with the experiments is very good. These results from local rubber friction
investigations can be used as an input for larger systems like tread blocks as a part
of tyres.

N
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o
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0.25¢

Friction coefficient p[-]

10 10° 100 10
Relative velocity [mm/s]

Fig. 3.6-2 Friction characteristic rubber-grinding paper
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It appears that the friction coefficient is not stationary and depends on time
even for stationary experimental conditions. This physical effect is explained in
(Hinrichs 1997a) by the brush model, where for a constant relative velocity two
asperities lose contact and both will find new contacts and then will lose contact
again and so on. Using the Gaussian distribution the mean value and the standard
deviation of the friction coefficient are calculated from measured normal and tan-
gential contact forces. These values are shown in Fig. 3.6-3 for the contact: steel-
brass. It was observed that the identified friction coefficient has a negative slope
with respect to the relative velocity v,. In the following, the phenomenon of a de-
creasing characteristic with respect to the relative velocity will be analyzed from a

theoretical point of view.
(Hinrichs 1997a)

0.3 r r
oo
L i Steel-Brass
= .
502 .
8
i)
[}
o)
[&]
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= — — - Approximation oo
—— Mean value of measurement
------ Standard deviation of measurement
0.0 : :
0.0 0.2 0.4 0.6

Relative velocity v;. [m/s]

Fig. 3.6-3 Friction coefficient versus relative velocity

In case of the hydrostatic pressure distribution (i=2), see Chapter 3.1, assuming
Coulomb friction, constant pressure distribution and solving Eq.(3.1-31) with
Eq.(3.1-28) for the friction coefficient gives

u="5 (3.6-1)
Py
see also (Holland and Rick 1997). Assuming a linear temperature dependency of
the shear strength of steel with
AT AT
(AT =14p| | —— |, ——
s(4T) 50( j AT,

ATy
where AT denotes the temperature relative to the room temperature, ATy defines
the slope of the temperature dependency and 7y, the shear strength at room tem-
perature. Inserting Eq.(3.6-2) in Eq.(3.6-1), then the friction coefficient is given by

L(AT) = ﬂ,{z - %} (3.6-3)
E

<1, (3.6-2)
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with

sy = p(AT = 0) = 250 (3.6-4)
N
In the following, the effect of temperature within the contact region and its influ-
ence onto the friction coefficient characteristic is investigated. In general, the heat
transfer equation has to be used to calculate the temperature distribution. Here, the
average temperature within the contact area is approximated to be proportional to
the distributed heat source, see (Johnson 1989),

AT =T, -T) =krqy , (3.6-5)
with the heat source gy per unit area. To derive the distributed heat source, it is
necessary to investigate the energy balance for a stationary process assuming a
constant relative velocity. In this case, the deformation energy does not influence
the energy balance.

l AFX
z AF; z >
I
x ¢ Amin
. p
Ay,
«—
- Ah() |
vAQ

Fig. 3.6-4 Energy balance for one mass element

The work done to a mass element sliding on a smooth rigid plane, see Fig. 3.6-4,
which moves with the constant velocity v, is equal to heat

AW, + AW, = AQ (3.6-6)
with the work done of both external forces
AW, =AF u,, AW, = AF,u, (3.6-7)

and the heat 4Q. All other energy sources are neglected and likewise the influence
of the worn material is neglected. Equilibrium for the mass element and assuming
Coulomb friction yields

AF, = AFy; = const., AF, = uAFy = const. (3.6-8)
For a stationary process, the velocities are assumed constant,
u,=v,=const, U,=V,=V,=const. (3.6-9)

with the relative velocity v,. Using Eq.(3.6-7), Eq.(3.6-8) and Eq.(3.6-9) and dif-
ferentiating Eq.(3.6-6) with respect to time gives
AQ = AFyv, + udFyv,|. (3.6-10)

vy
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The heat source is identical to the distributed heat flow, hence,

_ 40

= = V.| + v 3.6-11
dn Ad, /UPN| r| PNoVx ( )
with the normal pressure
AFy
pN = N AA() = Ab()Ah() . (3.6'12)
A4,
Assuming that the velocity in the x-direction is relatively small
o<1, (3.6-13)
HYy

which corresponds to a small wear rate. Then, the average heat source can be ap-
proximated by the distributed frictional power

AP
qy ~ =% = py|v,|- (3.6-14)

A4,
Inserting Eq.(3.6-14) in Eq.(3.6-5) and Eq.(3.6-5) in Eq.(3.6-3) and solving for the
friction coefficient gives

V-

pa(v,) = —=0 (3.6-15)
1+ pv|vr|
with the normalized pressure parameter
Py Krbopy (3.6-16)
AT,

Fig. 3.6-3 shows additionally the comparison of Eq.(3.6-15) with a friction coeffi-
cient at zero relative velocity of uy=0.28, the parameter 1/p,=0.22 m/s and assum-
ing the hydrostatic pressure distribution with s;=s,=17. This comparison shows a
good agreement. From Eq.(3.6-15) the dependency of the friction coefficient with
respect to the load, kinematics, material and geometry parameters of the contact
bodies are described. If the contact is complex with regard to these parameters, a
common method is to identify the friction coefficient within a stationary process
by an experimental setup with respect to the normal load and the relative velocity,
see again (Hinrichs 1997a).
The influence of a viscous fluid can be approximated by Newtons law for lami-

nar flow. The shear stress is given by

Tr ndx (3.6-17)
with the viscosity 77, which is dependent on temperature. Applying this rule to the
developed contact model gives

v v,

dx x—u,
with the relative velocity v,, which is assumed to be constant. The additional shear
force due to the fluid is given by

(3.6-18)
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A,
AF, = Ab, ITF dz. (3.6-19)
Mh(x=u,)
The tangential force due to friction is given by
Ah(x=u,)
AFy = Ab, I LU(T)py () dz . (3.6-20)

0
Again, it is assumed that the friction coefficient decreases linear with the tempera-
ture independently from the normal pressure, see Eq.(3.6-3). Using the Eq.(3.3-6),

Eq.(3.3-24), Eq.(3.6-5) and Eq.(3.6-14) the equivalent friction coefficient can be
calculated by

* AFR +AFF _
HoAFy

] u; * * * * ok 1 *

L[t O g, T [P gt (3601)
AFN(ux)0]+vr(ux_x) AFN(ux)u*(x _Z/lx

with
2

v;k _ ﬂokTRZACNo v * A4y AT (3.6.22)

ATy A4, o krﬂgﬁczzvoRé !
In Fig. 3.6-5, the equivalent friction coefficient is shown versus the relative veloc-
ity varying the normal displacement which corresponds to a normal force. If the
rough surface is compressed (#*=1) no tangential forces due to the fluid act onto
the body. In this case, the equivalent friction characteristic decreases with respect
to the relative velocity. Reducing the normal displacement, the friction coefficient
increases with increasing velocity.
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Fig. 3.6-5 Equivalent friction coefficient
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3.7 Three-dimensional Point Contact Element

Within this Chapter, the results of the previous investigations are summarized to a
single point contact element. One contact element is shown in Fig. 3.7-1. The con-
tact element can be reduced to a simplified point contact model shown in Fig. 3.7-
2, where a) shows the normal and b) the tangential point contact model. The elas-
ticity of the point contact is modeled by springs with the tangential stiffness Acg
the normal stiffness Acy. The point P is the position of the point mass Amp. Dry
friction occurs at the point P with the friction coefficient z(v,), which is dependent
on the relative velocity v,=vp. The normal contact force AFy acts perpendicular to
the y,z-contact plane. The friction force AFy acts opposite to the velocity of the
point P. For a given motion of the point M in the y,z-contact plane and the dis-
placement of the point N in x-direction, the corresponding motion of the point P
and the friction forces can be calculated. Here, the equivalent pressure distribution
is approximated by an average contact pressure, which means microslip effects are
not included in this investigation. In the following, the equation of motion of the
point mass will be derived and the point contact element will be investigated by
parameter studies.

Fig. 3.7-1 Contact element

The displacements of the points M, N and P are:
T
ry = [xMa)’M»ZM] )
ry =ley.ovezn]’s 3.7-1)

T
rp :[xP’yP’ZP]
with
Xy =Xp, YNy =DYp, Zy =Zp. (3.7-2)
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Fig. 3.7-2 Point contact model a) normal and b) tangential contact model

The displacements xy, yy and z,, are assumed to be given depending on the time.
The three coordinates of the point P and the corresponding velocities are calcu-
lated by Newton’s law. The equation of motion is given by

Ampip = AF - + AF g + AF ), (3.7-3)
where Amp denotes the reduced point mass, AF ¢ the contact force, AF s the spring
force and AF g, additionally damping forces.

Using Eq.(3.3-14) for calculating the contact area, the resultant mass Amy in-

volved is given by

Amp(u, )= A4(u ) pyly ., (3.7-4)

where py denotes the density and ¢, the depth of the undeformed elastic founda-
tion. Inserting Eq.(3.3-14) in Eq.(3.7-4) gives

Amp(u,)=h"p,Ad,t, (3.7-5)
with the abbreviation
B =Ah"(u)). (3.7-6)

The reduced point mass Amyp is assumed to be proportional to the resultant mass
by

Amp, = yAmy (3.7-7)
with the proportionality factor y as defined in Eq.(3.2-27). Inserting Eq.(3.7-5) in
Eq.(3.7-7) gives

Amyp, = yAmgyh” (3.7-8)
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with

Ampy = pyA4,?, . (3.7-9)
The approximation of the reduced point mass holds only if the excitation angular

frequency o, of the system is relatively low, compared to the eigenfrequencies of
the contact for the normal and tangential direction

A A
@, <<min] [-=N0 | 2RO L (3.7-10)
Ampg \ Amp,

see Chapter 3.2. In Eq.(3.7-3) the contact force AF ¢ is defined by
AF, =[AFy, AFy, AF | 3.7-11)
with the normal contact force AFy and the friction forces AFg, and AF. in the y-

and z-direction, respectively. Assuming dry friction, the friction forces are given
by

AFy, = —u(vp)AF), i—” , (3.7-12)
P
:
AFy, = —pu(vp)AFy V—P (3.7-13)
P

with the relative velocity

Vp = VB +ZD . (3.7-14)

Due to the anisotropic rolling contact, the tangential contact stiffnesses in the y-
and z-direction have to be introduced. Using the following abbreviation

[ =AaFy (). (3.7-15)
the spring force is given by
* * * T
Fg = [— AcyoR, 1, AcR()yh u,, Acgp.h uz] , (3.7-16)

see Eq.(3.3-24) and Eq.(3.3-40), assuming non-isotropic contact behavior in y-
and z-direction with respect to the nominal tangential contact stiffnesses. The rela-
tive displacements in the normal and tangential directions are given by

ug = [ux, u, uZ]T = [xP —Xn> Yy —YVp>» Zuy —ZP]T. (3.7-17)
The internal damping force is approximated by

Fp=BFg=ph [-deygi,, Acggyii,, Acgpiir|”,  (37-18)
where second and higher order terms have been neglected, see also (Hunt and

Crossley 1975). Inserting Eq.(3.7-11), Eq.(3.7-16) and Eq.(3.7-18) in Eq.(3.7-3)
leads to the nonlinear coupled differential equations of motion:
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Amp,h"ip = AFy + AFy

Ampoh§p = AFy, — u(vp) AFy z—” (3.7-19)
P

x.. z
Ampgh Zp = AFp, — u(vp)AFy V_P

P
with the viscous elastic force in normal direction

AFy, = —Acy R, - = PAcyoh' i, (3.7-20)
and the viscous elastic tangential forces

AF g, = Acpg,h'u, + BAcpy b, (3.7-21)
and

AFy. = Acpg,hu, + PAcg b i, . (3.7-22)

If the point mass gets in contact with a rigid surface, the position of the point P in
normal direction is given and the normal force is larger than zero

xp=0, Fy>0. (3.7-23)
Then, from Eq.(3.7-19) the normal force can be calculated with
AFy = —AFy, . (3.7-24)

If separation takes place, the equation of motion is fulfilled, since f'=h"=0 and
therefore the normal contact force vanishes, hence

xp>0, AFy =0. (3.7-25)
Combining Eq.(3.7-23) and Eq.(3.7-25) leads to the so-called complementary
equation

AFyxp =0, (3.7-26)
see (Pfeiffer and Glocker 1?96). In case of separation the equation of motion is
fulfilled in any case, since f =h =0. Therefore, in this case it is assumed that the
velocity of the point P is identical to the point M and, hence, the accelerations of
both points are identical

Fp="Fy. (3.7-27)
In case of contact, the equation of motion can be transformed to

¥

5 * gk % P % y
Ampoh yp :AFFy —H (VP)AFN_f,
v
’ (3.7-28)
* * % * * * * Z’
Ampoh” 2 = AFp, — p" (vp)AFy —-
Vp

with the dimensionless time
£ =y, (3.7-29)
the dimensionless normal contact force
AF* = 0 * * % % for f* +ﬁ*h*ux* < 0 (37_30)
f+Bhu, for f+pfhu, 20



3.7 Three-dimensional Point Contact Element 63

to ensure positive normal contact forces and the dimensionless tangential forces

AFg, = Acgg ity + B Acgy b v (3.7-31)
and
AFp, = Acgy b u, + 5 Acgy b ul (3.7-32)
the differentiation with regard to the dimensionless time
1 . 1.
L A U A (3.7-33)
dr oyt o, on
the normalized displacement
= _JVp *_Zp
=2P =P 3.7-34
Yp R, P R, ( )
and the following normalized parameter
. A ;
Ay = =D020 (3.7-35)
Ho ey
* ).z * AF
Ay, =——"2 - =N (3.7-36)
HyAcyoRy AcyoRz
. APy, .
AFy, . = B, (3.7-37)
tgAcygRy
u=t (3.7-38)
Ho
vy =—P (3.7-39)
@yR,
" Acpgy »
Ackgy s = —20, (3.7-40)
’ HyAcyg
and
B =w,p. (3.7-41)

The formulation of a non-smooth multi-contact problem leads to a combinatorial
problem, which has to be solved to determine the status of each single contact,
whether it separates, sticks or slides, see (Glocker 1995; Pfeiffer and Glocker
1996). In case of a multi-contact problem, an alternative method is to smooth the
friction law by an arctan-function for example. Including the normal contact elas-
ticity with Eq.(3.7-30), the system equations are invariant, that means that the
number of degrees of freedom do not change with time. From a numerical point of
view, this is an advantage and is used in the following. The friction characteristic
defined in Eq.(3.6-15) can be normalized with

s (vp), (3.7-42)

* —_
I+py|vpl
where the following smoothing function is used
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s (vp)= %arctan(k;v;) ) (3.7-43)

The parameter kg define the slope at zero relative velocity. The dimensionless pa-
rameter used are given by

kg =kgw,R,, p.=p,@,R, . (3.7-44)
Due to the definition of a smoothing function exact sticking of the point P will not
occur. However, the velocities are relatively small, so that the case of sticking is
only approximated. Nevertheless, in the following sticking means the velocity of
the point P is very small.

With respect to limits of this point contact model, it was shown in Chapter 3.2
that the lowest eigenfrequency of the contact occurs in the tangential direction.
Using the dimensionless parameter defined in Eq.(3.7-35) and Eq.(3.7-40),
Eq.(3.7-10) can be written in dimensionless form with

Amipy << Acpy, (3.7-45)

which must hold true, if applying this point contact model. For a better under-
standing of the three-dimensional point contact model, different motions of the
point M will be investigated. Within the following parameter studies, the parame-
ters are given by: CR()y*ZCR()Z*ZI .0, F\"=1.0, Ampy"=107 and ,B*=0.2, if not defined
else. In a first step the slope parameter kg has to be adjusted. To find a reasonable
value, a parameter study is carried out with a constant velocity vy, of the point M
in the y-direction. Then the displacement of the point M is given by

Ym =Vl (3.7-46)
or in dimensionless notation
Yo = Vot (3.7-47)
with
* Voy
vy, = ——o-. 3.7-48
0y )R, ( )

Because of a decreasing friction characteristic with pv*=100.0, see Eq.(3.7-42),
stick-slip motion occur. In Fig. 3.7-3 the phase plots of the corresponding limit
cycle are investigated varying the slope of the smoothing function for a velocity of
voy*=] .0. The results are relatively sensitive to the slope parameter. Hence, there is
a need for high values of the slope, which leads to a stiff set of differential equa-
tions. The increase of computation time can be reduced, if special solver are used,
which are designed for those cases, see (SIMULINK 1999) and make use of the
numerical and if known of the analytical Jacobian to speed up the solution proce-
dure. These solvers in combination with a variable step size lead to reasonable
computation times. Within the following parameter studies, the normalized slope
is set to be kg=10°, which lead to a relatively small error, see Fig. 3.7-3.

In Fig. 3.7-4a corresponding to the above investigation presented in Fig. 3.7-3,
the displacement of the point M, which moves with the velocity vy,, and the dis-
placement of the point P are shown. The point P is sticking where the displace-
ment yp is constant with respect to time and else sliding. The slip time compared
to the stick time is relatively small. The stick-slip motion can be seen by observing
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the velocity of the point P, see Fig. 3.7-4b. The point P sticks if the velocity vp, is
zero. The difference of the friction force Fg,, see Fig. 3.7-4¢, and spring force Fpy,
see Fig. 3.7-4d, belongs to the inertia forces. Within the stick region, the spring
force increases linearly with time due to the constant velocity vy, and is approxi-
mately equal to the friction force because the inertia forces are relatively small. If
the reduced mass tends to zero, than the spring force will be identical to the fric-
tion force in the stick and slip region.

1 0 T T T

*
)

Relative velocity v

)
o
T
1

-40 . . .
-1 -0.5 0 05 1

Relative displacement u;

Fig. 3.7-3 Phase plots for different slope parameters

The energy dissipation for one period can be investigated assuming harmonic
relative displacements. Knowing the normal displacement of the point N, the nor-
mal force can be calculated by Eq.(3.7-30). In Fig. 3.7-5, the normalized normal
contact force is calculated versus the normalized relative normal displacement
with

u, =0.3+03sint", yy, =00, z,,=0.0,
varying the damping factor 4. The area of the hysteresis corresponds to the dissi-
pated energy per period with respect to the rough elastic contact. For =0 the
same functional behavior appears as shown in Fig. 3.3-8.
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Fig. 3.7-4 Time histories of the a) displacements b) velocity c) friction force d) and
spring force in the y-direction

For the investigation on the tangential contact model, in the following Coulomb
friction is assumed with p, =0.0, see Eq.(3.7-42). Applying the relative harmonic
displacements in the y- and z-direction with

u, =1.5, y, =1.0cost", zy, =2.0sins,
the corresponding tangential forces can be calculated with respect to the relative
displacement in y- and z-directions and are shown in Fig. 3.7-6. Here, the dissi-
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pated energy is the sum of both hysteresis areas. The tangential force is limited by
the Coulomb friction. This investigated example corresponds to the effect of fric-
tion damping, where friction contacts are used to dissipate energy. For further in-
formation on this topic, see Chapter 5.
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Fig. 3.7-5 Hysteresis behavior in the normal direction for different damping factors
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Fig. 3.7-6 Hysteresis behavior in tangential direction
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Fig. 3.7-7 Three-dimensional point contact behavior a) Orbits of the points M and P
b) Relative normal displacement and the displacement of the point P in y- and z-direction
versus time c¢) Contact forces versus time d) Normal contact force versus relative normal
displacement e) Tangential contact force versus displacement of the point M in y-direction
f) Tangential contact force versus displacement of the point M in z-direction
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In general, due to three-dimensional motion three contact forces are calculated,
where stick, slip and separation of the contact point P can occur. In Fig. 3.7-7, the
results for the displacements in the normal direction and the tangential displace-
ment with

* . * * * * . *

u, =1.5+2.0sint, y, =I1.0cost, z, =2.0sint ,
are shown. In Fig. 3.7-7a, the orbits of the point P and M are shown within the
contact plane. If the normal contact force is identical to zero, separation takes
place. As defined above, the velocity and acceleration of the point P are identical
to those of the point M. In Fig. 3.7-7b, the input value of the relative normal dis-
placement u," is shown and the calculated coordinates of the point P with respect
to the dimensionless time ¢". The three-dimensional behavior is investigated in-
cluding separation, where the normal and tangential contact forces are identical to
zero, see Fig. 3.7-7c. The hysteresis behavior because of the three-dimensional
motion is investigated in the Figs. 3.7-7d—f. In Fig. 3.7-7 d, the normal contact
force versus relative normal displacement is shown, while Fig. 3.7-7e and f show
the friction forces versus displacement of the point M in y- and z-direction, respec-
tively. Again, the dissipated energy is given by the summation of the areas de-
scribed in Fig. 3.7-7d, e and f.

Now, the three-dimensional point contact model is developed and can be calcu-
lated by standard numerical methods. The analysis of the motion leads to stick,
slip or separation. Microslip effects cannot be modeled, because with respect to
the three-dimensional point contact model the three contact forces are applied in a
single point. To simulate microslip effects within one contact area several point
contact elements have to be used. If the contact element area is discretized again
and several point contact model are used to describe the local contact behavior, the
non-constant pressure distribution, as presented in Fig. 3.3-7 can be included,
which leads to so-called microslip effects. These microslip effects are investigated
in the next chapter.

3.8 Microslip Effects due to Rough Surfaces

If within one contact area, some contact points stick while others slide, then this
phenomenon is called microslip. Here, for rough surfaces the effect of microslip
occurs, because of the non-constant pressure distribution for one area element. In
Fig. 3.8-1, the nominal contact area AA, =Ahy4b, is divided into regions, where
separation, sliding and sticking can take place. The displacement u, denotes the
position of the rigid wall, see also Fig. 3.3-6. Each contact region is defined by the
normal and shear stress

Separation: o =0, o,=0
Sliding: Oy =—Py(2), O, = Hpy(2)
Sticking: o =—py(2), Oy =725

with the tangential traction .
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Fig. 3.8-1 Contact model

If the deformations are elastically, than the traction within the stick region is given
by
_ Acgp,wp

a4,
In the following the hydrostatic pressure distribution is assumed, see Eq.(3.1-32).
If yielding occurs, than the traction is limited by the shear strength

T,=71g. (3.8-2)

The minimum value of the Eq.(3.8-1) and Eq.(3.8-2) defines the traction within
the stick region

.| Acgp
7. =min ZWp,T 3.8-3
z { AAO P S} ( )

and furthermore defines whether the deformations are elastically or plastically. As
discussed in Chapter 3.6 the shear strength zg is assumed linearly dependent on the
temperature with

AT
T :TSO(I_AT J (3.8-4)
E

Then, the dimensionless shear traction within the stick region is given by Eq.(3.8-
3)

T (3.8-1)

z

22 = min{dchy, wh. (I — AT . (3.8-5)
with
* AA * A
5o 2150—0, Acp. — “CR0z (3.8-6)
HyAcygay HyAcyg
and
* « AT
wh=—L AT = (3.8-7)
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using the unit length ay. Assuming a constant velocity vy of the rigid wall relative
to the elastic contact in the z-direction, the tangential displacement is determined
by

Wp = Vpt (3.8-8)
or in dimensionless form

Wp =1 (3.8-9)
with

* * t

wp =22 =2 (3.8-10)
From Eq.(3.8-5) the maximum elastic deformation is given by

W =~ (1— AT") . (3.8-11)

Acgy,

The boundary condition between the stick and the slip region is defined by the
tangential traction at the position x=ug, see Fig. 3.8-1, with
7, = (AT ) pys (3.8-12)
where the friction coefficient is assumed to be linearly dependent on the tempera-
ture, see Eq.(3.6-3). From Eq.(3.1-25) the local normal pressure at the boundary is
given by

APs _ Ano (,, _yio). (3.8-13)
AA() AAO

Inserting Eq.(3.8-13) in Eq.(3.8-12) and solving for the normal displacement ug
gives

Pns =

*

* * 7, * *
Ug =1u, AT for O0<ug<u, (3.8-14)
with the dimensionless friction coefficient
W AT Y=1-AT"  for AT <1 (3.8-15)
and the dimensionless parameters
wp =28 4= (3.8-16)
dp Ho

The average temperature with respect to the contact area is assumed to be pro-
portional to the average heat source, see also Eq.(3.6-5),

AT =krqy (3.8-17)
and can be written in dimensionless form
AT = kyqy, (3.8-18)
with
«  kruyAcypayv ¥
K = Krtodenodovp o0 Ay (3.8-19)

ATy A4, HoAcyagvp
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The heat source gy is calculated by the distributed frictional power related to
the contact area, see also Eq.(3.6-14), while the heat source due to plastic defor-
mations is neglected, hence

_ #AT)AEy,vp
" A4
with the contact area AA and the resultant normal force due to the sliding contact
region

(3.8-20)

AFyy = AFy (u,) — AFy (ug) — Ah(ug) Aby pys (3.8-21)
or in dimensionless form
s W (AT")AFy
gy = Fo ( : ) M (3.8-22)

A (u,)
with

AFyy = AFy (1)) — AFy (ug) — Ah” (ug) (u, —ug) , (3.8-23)
using the normal pressure defined in Eq.(3.8-13).

The resultant tangential force is calculated by the integration of the tangential
traction with respect to the contact area
Ah(x=u,)
AF; = Ab, I vy, de, (3.8-24)
0

which gives

AFT = TZAh(uS )Ab() +

(3.8-25)
H(ATY(Fy (u,) = Fy (ug) = pys Ah(ug) 4b, ).
Inserting Eq.(3.8-12) gives the dimensionless tangential contact force
APy = 1" (AT Ay )~ A3y () (3.8-26)
with
AFy, = Ay , AF, A (3.8-27)
Acygag HoAcygay

This theory holds for monotonous increasing tangential displacements in one di-
rection, see also (Jager 1996, 1998). The normal force displacement relationship is
given by Eq.(3.3-24) using the normalized roughness
« R
R, =—%. (3.8-28)
i
In Fig. 3.8-2a, the tangential contact force is shown varying both, the normal-
ized tangential displacement wp" and the relative normal displacement u,” with the
dimensionless parameters:

Ackp. =1, Ry =1, k=0, to9=2, u.=0(0.15)15.

With increasing normal displacement, the maximum possible tangential force,
which can be transmitted increases as well. In comparison to a single point con-
tact, see Fig. 1.2-7b, the microslip effect leads to a smooth increase of the tangen-
tial force.
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Fig. 3.8-2 Tangential force versus tangential displacement varying the normal displacement
for different parameters a) Influence of microslip b) Influence of the shear strength
¢) Influence of the decreasing friction factor with respect to the temperature
d) Influence of both the decreasing friction factor and the shear strength
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In Fig. 3.8-2b the influence of the maximum shear strength onto the tangential
contact force is shown with the following parameters

Acgg. =1, Ry =1, kp=0, tg99=1, u,=0(0.15)15.
The maximum tangential force is limited by the shear strength.

In Fig. 3.8-2¢, the influence of the temperature, see Eq.(3.8-15), onto the tan-

gential contact force is shown for the following parameters

Acgp. =1, Ry =1, kp=1, t5y=2, u,=0(0.15)15.
The decreasing character of the friction factor appears as well with respect to the
tangential force.

In Fig. 3.8-2d the influence of both the linear decreasing friction factor with re-
spect to the temperature and the maximum shear strength onto the tangential con-
tact force is shown with the following parameters

Acpg. =1, Ry =1, kp=1, z59=1, u,=0(0.15)1.5.

In the following, a comparison is done between calculations and the measure-
ments carried out by Musiol (1994). Starting from equilibrium with constant ve-
locity, the normal and tangential forces onto a work peace have been measured
with time. The normal and the tangential force are used to define an equivalent
friction coefficient by

F_ K
=T _ L. (3.8-29)
f Fy Ho F

In Fig. 3.8-3, the results of five hundred measurements of the equivalent friction
coefficient versus time are shown. It appears that the results cannot be reproduced,
because wear does change the contact surfaces and therefore the contact parame-
ters. Nevertheless, these experiments converge to a limiting case, where the con-
tact parameters are approximately constant with time. However, in the beginning
of all experiments all contact parameter do change with time. It appears that the
average roughness is the main parameter for this effect. Assuming that the shape
of the cumulative high distribution is approximately constant with time, the physi-
cal behavior can be modeled. All parameter have been fit to the experimental re-
sults and have been estimated by
Acgg, =0.00019, Fy =2.0, ky =07, 7g=1.9, R, =1.5..14.65

and using the friction coefficient of x,=0.75. The contact partners are identical to
those used in real brake systems. The difference to the procedure described above
is, here the normal contact force is set to be constant in analogy to experiments de-
scribed in (Musiol 1994). The normal displacement is solved iteratively from
Eq.(3.3-24). The comparison of the measurements and the calculations is rela-
tively good, compare Fig. 3.8-4 with Fig. 3.8-3. Additionally the decreasing char-
acteristic due to a decreasing equivalent friction factor is recalculated relatively
well. If the average roughness is very small, from the above theory it follows, that
for the transition from stick to slip coincides with a jump in the tangential contact
force, which was measured by Musiol (1994) as well. One reason for the differ-
ences between measurement and calculations belong to the change of the cumula-
tive height distribution due to wear, because wear influences the contact area, con-
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tact stiffnesses and normal pressure distribution. Therefore, in the next Chapter the
change of the cumulative height distribution due to wear is investigated.
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Fig. 3.8-3 Measurement of the equivalent friction coefficient (Musiol 1994)
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Fig. 3.8-4 Calculated equivalent friction coefficient varying the normalized roughness
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3.9 Wear of Rough Surfaces

As observed in the Chapter before, wear changes the surface profile. Furthermore,
wear can influence the dynamical behavior of the system i.e. brake systems, see
(Ostermeyer 2003, Ostermeyer and Miiller 2006). In Fig. 3.9-1a a surface profile
of the grinded surface of the disc used in the experimental setup, see Fig. 3.6-1,
and the corresponding cumulative height distribution are shown. After one run-
over the peaks are cut off, see Fig. 3.9-1b, and the corresponding cumulative
height distributions shows the reduced maximum value of the asperities height,
which is decreased from 29.45 [um] to 17.44 [um]. After several run-over the cu-
mulative height, distribution converged to a limiting cumulative height distribu-
tion shown in Fig. 3.9-1c with a maximum value of 9.70 [um]. One can observe,
that the curvatures of the summits do increase, while the roughness decreases with
time.
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Fig. 3.9-1 Surface profile measurements and cumulative height distribution a) starting sur-
face profile b) after one run-over c) limiting case (Hinrichs 1997a)

In the following, a calculation procedure is presented to calculate the wear ef-
fects as described above. Before calculating the wear of the cumulative height dis-
tribution, some basic equations are derived for a contact element shown in Fig.
3.6-3. The result of the mass balance is given by

Am;, = Am,,, (3.9-1)
with
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A, = AWp, (3.9-2)

where py denotes the density and AW the unknown wear volume. To be able to
calculate the wear volume, several wear hypotheses have been developed. For ex-
ample, the wear of convex problems can be described by the hypothesis of Ar-
chard (1953). This has been modified by Fleischer (1973), who assumed, that the
volume wear rate is proportional to the frictional power

AW = I, AP, (3.9-3)
with the proportionality factor Iy and the frictional power
APy = uAFyv,. (3.9-4)

The proportionality factor Iy, has to be identified by experiments, see (Krause and
Poll 1986) and is dependent on the frictional power per contact area. The wear rate
is defined by the velocity in normal direction

AW

v, 2, (3.9-5)
See Fig.3.6-3. Inserting Eq.(3.9-3) and Eq.(3.9-4) and using Eq.(3.6-14) gives
v, =1Iyqy. (3.9-6)

Then the wear rate in x-direction can be determined. Now, for investigating the
change of the cumulative height distribution the wear rate is approximated by dis-
crete values

~ Lo
YA
where Axy denotes the wear depth for one contact element per time step Ar. With
respect to the experiments described above the relative velocity v, and the friction
coefficient u=u, are assumed to be constant. If the pressure distribution is known,
then the wear can be calculated with respect to time. From Eq.(3.9-6) and Eq.(3.9-
7) it follows that the depth of the worn material is given by

v , (3.9-7)

My = Iy g py (2)v, At (3.9-8)
or using dimensionless notation
Ay = py(z) A (3.9-9)
with
M * x At A
Xy = /4 , v = pNAA() , At = wHoVrACNo . (39_10)
R, AcyoR, A4,

Here, the worn material is directly proportional to the pressure distribution and the
time. The general calculation of the normalized equivalent pressure distribution is
given by Eq.(3.3-15). Because of the non-constant pressure distribution, the mate-
rial is not worn constantly with respect to the contact area. Starting with the cumu-
lative height distribution defined in Eq.(3.3-4) and the relative normal displace-
ment u, =0.5 at the time 7,", which corresponds to a normal force of F, v =0.09375
using Eq.(3.3-24). In the following, this value of the normal force is held to be
constant, while the relative normal displacement u, is adjusted. The time differ-
ence is set to be At'=100.0.
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In Fig. 3.9-2 and in Fig. 3.9-3 the change of the cumulative height distribution
and the change of the equivalent pressure distribution is presented, respectively,
for different time steps. As observed in the experimental results of the surface pro-
file measurements cited in Fig. 3.9-1, the surface profiles are getting smoother
with time and the average roughness decreases. Due to the effect that the surface
is getting smoother, the contact area increases and the maximum pressure at z =0
decreases with time.
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Fig. 3.9-2 Change of the cumulative height due to wear
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Fig. 3.9-3 Change of the normal equivalent pressure distribution due to wear
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Hence, systems with friction are always time dependent since the contact area
and the pressure distribution are time dependent. Looking at the long time behav-
ior of dynamical systems with friction, wear analysis has to be included, because
this will change the dynamical behavior. Nevertheless, in many cases, this time
dependency is very slow compared to the dynamics and can be neglected consid-
ering the short time dynamics.

Summarizing Chapter 3.8, where the influence of temperature onto the friction
characteristic has been investigated and the present Chapter results in the flow
chart shown in Fig. 3.9-4. One output parameter of the point contact model is the
frictional power. From here, the temperature and the wear can be determined. The
loop can be closed from calculating the wear of the contact surface to the meas-
ured cumulative height distribution as described in the present Chapter. The con-
tact stiffness for smooth surfaces is combined with the surface profile measure-
ment using the cumulative height distribution. This information is used to describe
the normal force-displacement-relationship and the nonlinear tangential contact
stiffness due to roughness within the point contact model. The contact stiffness for
smooth surfaces can be determined by the finite element method and modal analy-
sis as described in Chapter 3.1. In general, the static system has to be analyzed be-
fore using the finite element method and the static contact pressure, nominal con-
tact area, the contact stiffnesses have to be determined. Then the point contact
model can be used in combination with the modal description of the elastic bodies
to describe the dynamic behavior of the system. This procedure will be applied to
different systems as described in Chapter 4, 5 and 6.

Contact .| Friction | Temperature
Pressure "|Characteristic|
A l A
FEM N CONTACT . Frictional
MODEL Power
Contact Cumulative Wear
Area » Height Distr. [¢

Fig. 3.9-4 Flow chart of the solution procedure
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To verify the developed point contact model with friction, a comparison of meas-
urements and calculations with respect to the normal and tangential contact behav-
ior is carried out. The experimental setup, shown in Fig. 3.6-1, is used for the in-
vestigations in the normal and tangential directions, see also (Hinrichs et al.
1997b, 1998). On the one hand, an oscillator with an elastic normal contact and on
the other hand a self-excited oscillator with friction is analyzed. The theoretical
foundation for both investigated systems is derived in a more general sense within
the next Chapter. Due to the strong non-linearity of the normal and tangential con-
tact, the systems are analyzed in the time domain.

4.1 System Description

In Fig. 4.1-1, the investigated system model with n possible contact points at the
surface of an elastic body is depicted. The body is assumed linear elastic, as de-
scribed in Chapter 2. The surface of the elastic body, where contact can occur, is
discretized and for each possible contact node, the contact and friction laws have
to be formulated. The ground is moving with the constant velocity V. The normal
force Fy; and the tangential force Fy; act at the node j.

The vibration amplitudes of the elastic body, the external forces and the contact
forces are described in the initial /-coordinate-system. With respect to the elastic
body, the excitation point B is introduced, where two external loads and one ex-
ternal moment are applied. A constant force Fyy like the gravity force is applied at
the node C parallel to the ;y-axis. The surface at the node j is defined by the height
Vgj. As derived in Chapter 2.4, the dynamics are given by the equation of motion

diag(§; + 2w, D;q; + 05:q,) =T  f.. = R. 4.1-1)
The transformation into the state space requires the definition of the state vector,
. . . T
y:[% 9 92 492 7 4w qm] ’ (4.1-2)

with the number m of modes. Hence, differential equation of second order defined
in Eq.(4.1-1) can be transferred to a set of differential equation of first order

YV2i-1 = Vai»

' 2 (4.1-3)
Voi = 200D,y + @)y + R;.
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Fig. 4.1-1 Elastic body with friction contacts
Here, the external force vector of the elastic body is defined by
T
fon = [FBT F/ F' F .. F . FnT] (4.1-4)

with the generalized forces

Fy=FFy -Fy M, (4.1-5)
F. = [0 —Fyy O]T 4.1-6)
and the generalized contact forces at the node j
T
F,=[-Fy Fy 0] . (4.1-7)

The points B and 0 are connected by springs in the x- and y-direction, which are
not shown in Fig. 4.1-1. Furthermore, absolute viscous damping with respect to
the point B is assumed. Then, the external forces of the elastic body are given by

Fg.o=c.(xg—uy,)+b.xp, (4.1-8)

Fg,=c,(yg—uy,)+b,yp 4.1-9)
and Mp=0, where the point 0 is harmonically excited with

uy, (1) = xpsin(wyt) (4.1-10)
and

Uy, (1) = yosin(@gt) . 4.1-11)

Using the modal description of the linear elastic body, the generalized displace-
ment vector of the elastic body is given by

w=Tq 4.1-12)
with

W:[XB Yp @ Xc Yc Pc X Vi i ]T (4.1-13)
and the generalized velocity vector

v=Tq (4.1-14)
with

"=[5CB Vg @ Xc Y @c X Vi @ ]T (4.1-15)
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The normal contact force with respect to the node j is given by Eq.(3.2-24)

Fy = cnoRyf )+ By (up)vy; =0 (4.1-16)
The relative normal penetration is given by
Uni =Vri = V> (4.1-17)

where yg; denotes the macroscopic displacement of the moving ground like the
waviness. Then, the corresponding velocity in the ;y-direction normal to the
ground velocity Vis given by

VN =N = Vg = Ve (4.1-18)
The relative tangential displacement and velocity of each contact element is given
by

uy; =x; -Vt (4.1-19)
and

vy =, =x; =V, (4.1-20)
respectively.

To reduce the degrees of freedom of the investigated system and, hence, to re-
duce the computation time, the tangential contact elasticity is modeled as a part of
the elastic body. The contact stiffness due to the contact model, described in Chap.
3.3 is then assumed to be infinite.

Assuming dry friction the friction force at the node j is given by

Fri = u(v,))Fy; s(v,;) (4.1-21)
with the friction coefficient u, which is assumed to be nonlinearly dependent on
the relative velocity v,; with

Vi

2
u1(v,;) =ty — t)e + s (4.1-22)
with a decreasing characteristic for 4,>0 and the smoothing function

s(v,;) = %arctan(ksv,j), (4.1-23)

with the slope parameter ks, which defines the slope at zero relative velocity v,;=0.
For large slope parameters kg, the non-smooth system dynamics can be approxi-
mated. A disadvantage due to large values of this slope parameter is the occur-
rence of stiff differential equations. But there exist numerical integration methods
with variable step size, which calculate the numerical or, if available, use the ana-
lytical Jacobian matrix of the investigated system, see for example (NAG 1986)
and (SIMULINK 1999). Both improvements speed up the solution procedure and
solve the system equations for relatively large values of the slope parameter in a
reasonable time and an acceptable accuracy. Due to the investigations with respect
to the relative error, see Chapter 3.7 and Fig. 3.7-3, the slope parameter is set to be
ks=1 0° [s/m] in the following.
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4.2 Oscillator with Elastic Contact

The experimental setup is shown in Fig. 3.6-1, where a pendulum supported by
springs represents the linear oscillator. The rotational degree of freedom of the
pendulum and its degree of freedom normal to the plane of rotation have been re-
alized by air bearings providing small damping. A magnetic excitation force real-
izes the harmonic excitation, see (Popp et al. 1996). For the experimental investi-
gation of the impact oscillator, the pendulum hits a stop. A more detailed
description of the test stand is given in (Hinrichs et al. 1997b). The reduced sys-
tem parameters of the oscillator shown in Figure 4.2-1 are given by: m=0.092
[kgl, ¢,=99.085 [N/m], by=0.02046 [Ns/m], y,=0.00047 [m], yg=0.0. The contact
law is defined by Eq.(4.1-16), where the following contact parameter have been
used: cyp=0.3 10° [N/m], Rz=5.2 [um], Pcpno=6.0 [Ns/m]. Additionally, the modal
parameters of the first bending mode of the pendulum, see Figure 3.6-1, have been
estimated by the simple beam theory.

The model investigated is shown in Fig. 4.2-1, which is excited by a harmonic
displacement of the point 0. The contact parameters and relative displacements
and velocities are assumed to be constant within the contact region. Then, the sys-
tem response to the harmonic excitation is independent on the number n of contact
elements and, hence, the number of contact points can be reduced to one. Here, the
error with respect to the discretization of the contact area is identical to zero.

()

I—
BT tgy(1)

R
Wallé

In Fig. 4.2-2, the comparison of the measurements and calculation of phase
diagrams for different excitation angular frequencies wg are shown. If the dis-
placement y is less than yz=0.0, the elastic body contacts the wall, see Fig. 4.2-2a
and b. The influence of the higher modes is quite high just after the elastic contact,
when separation takes place.

The comparison is good as well for period two oscillations, compare Fig. 4.2-
2c¢ with d, and for higher periodic oscillations, compare Fig. 4.2-2e and f as well
as for chaotic motions, compare Fig. 4.2-2g with h. Overall, modeling the elastic-
ity of the contact and the higher modes of the elastic body is an extension and an
improvement compared to a non-smooth description of the contact law combined
with the rigid body formulation, see (Hinrichs et al. 1998).

Fig. 4.2-1 Oscillator with elastic contact
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Fig. 4.2-2 Phase diagrams of measurements (Hinrichs 1997b) and calculations for different
excitation angular frequencies @z a) measurement and b) calculation for wg=64.32 [rad/s]
¢) measurement and d) calculation for w;=30.84 [rad/s] e) measurement and f) calcula-

tion for wg=37.41 [rad/s] g) measurement and h) calculation for wp=23.63 [rad/s]
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Fig. 4.2-3 Comparison of measurements (Hinrichs 1997b) and calculations for the excita-

tion angular frequencies wg=9.845 [rad/s] a) measurement of displacement and b) velocity

¢) measured phase plot d) calculation of displacement and e) velocity f) calculated phase
plot

In Fig. 4.2-3, a phenomenon is studied which is called chatter. The rebouncing
of the oscillator leads to sticking at the stop for an infinite number of elastic con-
tacts. Furthermore, the calculated displacements, velocities and phase plots are
compared with the corresponding measurements. In this extreme example, the
agreement of measurements and calculations is also very good.

4.3 Friction Oscillator

The experimental setup is shown in Fig. 3.6-1 again and is modified with respect
to the friction contact. The pendulum is pressed onto the disc driven with constant
speed. The real rotational system is reduced to the friction oscillator shown in Fig.
4.3-1, where a belt instead of a disc moves with the velocity V. The system is ex-
cited by a harmonic displacement of the point 0. The normal contact force Fyy is
assumed to be constant.
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Fig. 4.3-1 Friction oscillator

To verify the tangential contact model, the measurements presented in (Hin-
richs et al. 1998), see Fig. 4.3-2a, and the following experimental data are used:
V=0.001 [m/s], wg=13.8 [rad/s], Fno=14.0 [N], xo=0.0005 [m], m=5.632 [kg],
¢,=5610.0 [N/m], b,=0.768 [Ns/m]. The material contact partners are steel and
polyurethane modeled with the following contact parameters: uy=0.8, u , =0.55,
24,=1000.0 [s/m), cxo=10.0 10° [N/m], R,=10.0 [um], Pepo=40.0 [Ns/m]. The error
with respect to the discretization is again zero, because only translations of the
mass are involved. For a given normal contact force, the static normal displace-
ment has to be calculated iteratively, because the normal force is nonlinearly de-
pendent on the relative normal displacement by Eq.(4.1-16). This iteration can be
omitted, if the first rigid body mode in the normal direction is included within the
model of the elastic body. The rigid body mode of the mass in the tangential direc-
tion results in a one-periodic solution shown in Fig. 4.3-2b. Including the elastic-
ity of the higher mode leads to an improvement of the calculations, see Fig. 4.3-
2¢, which shows oscillations with higher frequency after the transition from slip to
stick. The modal parameters for this higher mode have been approximated by the
data given in (Hinrichs 1997a). However, the calculations do not show the meas-
ured high-periodic oscillations. Hinrichs (1997a) explained this phenomenon with
a stochastic varying friction coefficient.

A further reason for this physical effect can be the surface profile. Besides the
roughness, the waviness of the contact surface can influence the dynamical behav-
ior. Assuming that the waviness of the ground is dominated by a single sine wave,
the displacement in the y-direction at the node j is given by

. ur'
VR = Va4 sm(27r7’j , (4.3-1)

with the wave amplitude y,, the wave length A and the relative displacement u,;
given by Eq.(4.1-19). The wave amplitude of y,=200.0 [um] and the wave length
of A=2.5 [mm] results in a higher-periodic solution shown in Fig. 4.3-2d, which
shows a good qualitative and quantitative agreement with the measurement,
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shown in Fig. 4.3-2a. A further improvement of the calculation could be to use the
wave spectrum of the surface and to expand Eq.(4.3-1) in a Fourier series.
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Fig. 4.3-2 Phase diagrams a) measurement (Hinrichs 1997a) b) calculation using two
modes c) three modes d) three modes plus modeling waviness

The analysis of systems with dry friction shows a rich dynamic behavior from
equilibrium to chaos. Bifurcation scenarios like period doubling sequences are de-
scribed for example in (Feeny and Moon 1994; Oestreich et al. 1996; Popp et al.
1995a, 1995b, 1996, 2005, Hoffmann 2006).

4.4 Bifurcations in Dynamical Systems with Friction

In (Stelter and Sextro 1991) the bifurcation theory described in (Seydel 1983) has
been applied to a two degree of freedom system using a smooth friction character-
istic. Period doublings and Hopf-bifurcations as well as turning points have been
determined. Both, unstable branches and stable coexisting solutions have been
calculated. Several jumping effects, which are typical for nonlinear systems, have
been found. The mathematical modelling of dry friction forces leads to nonlinear
equations of motion. Beside of periodic solutions, more complicated motions are
possible. When these motions are generated by deterministic equations, determi-
nistic chaos may occur. The routes to chaos may be via period doublings, torus-
bifurcations or intermittency, see (Kreuzer 1987) and (Troger 1991). One aim of
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the investigations is to calculate the bifurcations, where the solution changes dra-
matically. The classification of the bifurcations is possible by the Floquet theory,
see (Seydel 1988a) and Iooss (1980). Furthermore, the typical bifurcation scenar-
ios are most important for the understanding of self-sustained oscillations. In order
to show the basic phenomena of dynamic systems with dry friction, a simple
model of a two mass spring system has been taken in account leading to the fol-
lowing set of equation of motion, see (Stelter 1990) and (Stelter and Sextro 1991)
X

} =

Xy = (005, = 2D+ 8y, + 3, + 2D, + Bplute, = 0) - a(v,)]
X3 =Xy

Xy = x; +2Dx, — x5 — 2Dx, + B{u(x, = 0) — (v, ,)}

(4.4-1)

Eq.(4.4-1) represents a two-masses-spring-damper system, which is excited by
friction forces exerted by a running band. Self-excitation due to dry friction is only
possible when the friction force has a decreasing characteristic, see (Magnus
1976). The parameter dependencies of the solution can be calculated with program
package BIFPACK. Furthermore, the bifurcation behaviour can be investigated
with the use of the Floquet theory, see (Seydel 1988a), (Hagedorn 1984) and
(Iooss 1980). With the Floquet theory a unique classification of the global bifurca-
tions is possible. For generalization the following abbreviations have been intro-
duced: the mass ratio

yi=m;/m,, (4.4-2)
the damping ratio

0:=d,;ld,, (4.4-3)
the stiffness ratio

K=c;/c;, (4.4-4)
the normal force ratio

p=Fy,;/Fy, (4.4-5)
and the load parameter

B=Fy,/c,. (4.4-6)
The dimensionless damping is given by

D=d,/2\c,m, . 4.4-7)

The chosen parameter values are

w,=1.0s",y=2506=10,k=2.0andp=10.
The nonlinear structure of equation (4.4-1) becomes obvious by the vector nota-
tion

x'=Ax+r(x) (4.4-8)
where A is the linear system matrix and r is the vector of the nonlinear friction
forces. For the use of the program package BIFPACK developed by Seydel
(1988b), the function of friction force has to be continuously differentiable. Thus,
for the numerical simulations the following model for the friction characteristic
was used
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Fpi = =Fript(v,;)
w(v,;) = a1+ a, exp(=bly,,|) arctan(b,v,;) (4.4-9)
i=12
with the constants
a;=0.14,a,=1.14,b, =2.0s/m, b, = 100.0s/m ,

where y denotes the friction coefficient, which depends on the relative velocity v,,
and Fy denotes the normal force. The relative velocities is given by

V= @x5 —v,. (4.4-10)
To be able to characterize the solution nearby the equilibrium the Jacobian J has
to be calculated by differentiation of Eq.(4.4-8) with regard to x.

J(x)=A+M (4.4-11)

ox

The amplitude x; has been used to show the bifurcation behaviour. The important
parameters of the system are the load parameter B, the band velocity v, and the
damping D. Within the bifurcation diagrams, Hopf-bifurcations, turning points
and period doubling occur, while stationary bifurcations do not appear. To deter-
mine the Hopf-bifurcations, one has to calculate the eigenvalues of the Jacobian.
They occur when a complex pair crosses the imaginary axis. The equilibrium x=0
is stable, when all eigenvalues are within the left side of the complex plane.
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Fig. 4.4-1 Bifurcation diagram of the load parameter with phase plane plots

In the bifurcation diagram of the load parameter, see Fig. 4.4-1 a sub-critical
Hopf-bifurcation (H1) arises at a parameter value of B=1.12 m, while a special
Hopf-bifurcation (H2) occurs at B=7.09 m. Starting from the equilibrium the am-
plitude is jumping from the sub-critical Hopf-bifurcation (H1) to the stable peri-
odic branch. On the other hand, coming from the periodic branch, the amplitude is
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jumping from the turning point (T1) to the equilibrium. This jumping phenomenon
is typical for systems with dry friction. The unstable branch between the turning
point and the sub-critical Hopf-bifurcation can be understood as a borderline be-
tween the stable attractors. Here, a stable periodic attractor and a stable equilib-
rium coexist within a parameter range of 0.88 m<B<1.12 m. Following the peri-
odic attractors several period doublings occur, which end in a chaotic motion. The
calculated period doublings are at the load parameters of 8.09 m, 9.26 m, and 9.36
m. Beside the bifurcation scenario via period doubling a coexisting periodic solu-
tion starts at a load parameter of B=7.25 m.
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Fig. 4.4-3 Bifurcation diagram of the damping coefficient
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Furthermore the bifurcation diagrams of the band velocity, see Fig. 4.4-2, and
the damping ratio D, see Fig. 4.4-3, and have been obtained by means of the pro-
gram package BIFPACK. They also show turning points, Hopf-bifurcations and
period doublings. The routes to chaos are also via period doublings. Coexisting so-
lutions, which are limited by sub-critical period doublings and turning points,
could be determined. In Fig. 4.4-2, three stable attractors coexist within the pa-
rameter range of 3.57 m/s < v, < 4.09 m/s.
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Contact interfaces with friction can be used as damping device to reduce the alter-
nating stresses of elastic structures. Besides the increase of lifetime, the generation
of noise can be reduced as well. A further advantage can be that because of the re-
duced stresses, the construction can be designed lighter and, hence, this saves en-
ergy. Up to now, there exist a rich literature applying different solution methods to
friction damping of elastic structures, see for example (Goodman and Braun 1962;
Gaul 1983; Willbrock 1985; Klamt 1990; Brendel 1990; Blohm 1992; Gaul et al.
1994; Braun 1996; Sextro 1999a, 1999b; Petrov 2004). Bohlen (1987) used the
modal description to reduce the dynamical problem of a continuous structure to
calculate the forced vibration of a system with friction contacts. A detailed over-
view of literature due to this topic is presented in (Popp 1994; Gaul and Nitsche
2000, Popp et al. 2003). The calculation and the optimization of the spatial dy-
namics of real elastic structures including expanded friction contacts is still a nu-
merical problem. The scope of this Chapter is to present a calculation method to
be able to analyze the spatial dynamic response of realistic systems. This method
will be verified by experiments and applied to bladed disc assemblies in Turbo-
machinery.

5.1 Forced Vibrations of Elastic Structures

A typical example of elastic structures with friction contacts is a bladed disc as-
sembly with shrouds. To calculate the dynamic response due to the forced excita-
tion of the blades with friction contacts, Treyde (1995) used the modal description
for the elastic components and the theory of Cattaneo (1938), Mindlin (1949) and
Mindlin et al. (1951) to describe the contact between adjacent shrouds, see Fig.
5.1-1, and the Harmonic Balance Method to linearize the contact model. In Fig.
5.1-1, two different common designs are shown. For the investigations of the
blade vibrations, coordinate systems have to be introduced. The top view of the
shroud construction and the used coordinate systems are depicted in Fig. 5.1-2.
The blade vibrations are described in the A-coordinate-system, which is fixed to
the root of each blade. The index N denotes the number of blades. The y- and z-
axis of each S-coordinate-system is parallel to the contact interface of the shroud.
The transformation from the A4- to the S-coordinate-system is defined by the
shroud angle f. The R-coordinate-systems are situated in the contact interfaces
and have the same orientation as the S-coordinate-systems.
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Fig. 5.1-1 Two examples of shrouded blades with friction contacts

The shape of the contact interfaces of shrouds is rectangular in most cases, see
Fig. 5.1-3, with the width b, and the height 4. The origin O of the R-coordinate-
system is placed in the center of the contact interface. The point OR denotes the
center of the right contact surface of the i” blade, while the point OL denotes the
center of the left contact surface of the (i+1)” blade.

In praxis, the amplitudes of the excitation forces of the system are approxi-
mated in a common way, using the stationary gas force and introducing the stimu-
lus, which describes the percentage of the dynamical force amplitudes relative to
the stationary gas force. Furthermore, it is assumed, that the excitation forces are
monofrequent. In this Chapter, it is assumed that the contact behavior is linear.
Then, the system response is monofrequent as well. Because of simplicity, the
complex notation is used to describe the monofrequent forces and displacements.
Hence, the excitation forces are given by
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Fig. 5.1-2 Top view and coordinate systems
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i+1

Fig. 5.1-3 Geometry of a contact interface

fi(t)= fre', (5.1-1)
the modal coordinates by

q(1) = ge™”' (5.1-2)
and the physical displacements by

w(r) = we' . (5.1-3)

In a first step, one elastic structure contacting a rigid wall is modeled. This is
done, because the extension to a system shown in Fig. 5.1-3, where two elastic
structures contact each other is relatively easy. Assuming one elastic structure
with one contact interface and inserting Eq.(5.1-1) and Eq.(5.1-2) in Eq.(2.4-15),
the equation of motion becomes

$4=T; fp+T5 M4’ f,. (5.1-4)
with the system matrix for one elastic structure
S =diag (), - 2° +i20,,02D,), (5.1-5)

the index ; for the / mode, the excitation angular frequency £2, the vector of the
modal coordinates ¢, the modal matrix 7, the generalized excitation force vector fx
defined in the A-coordinate system, the transformation matrix %4, the modal pa-
rameters as described in Chapter 2.4 and the generalized contact force vector fo,

with respect to the point O in R-coordinates
T

fo :[Fx Fy F M, My MZL. (5.1-6)
It is assumed, that the generalized contact forces are related to a contact stiffness
matrix and the relative motion of both interfaces to each other, which includes six
degrees of freedom, can be described by three relative translations and three rela-
tive rotations, u;p and @y respectively with j=x,y,z, assuming |@;o| «I. This can be
summarized by

Jo =Kou (5.1-7)
with

~ ~ - P S

Ug =Ug —Uop :[“x u, u, ¢ 9, %]0- (5.1-8)
Assuming that the (i+1/)-structure does not vibrate, the generalized relative dis-
placement vector in R-coordinates can be determined by
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i, =-"AT, q, (5.1-9)
Inserting Eq.(5.1-7) and Eq.(5.1-8) in Eq.(5.1-4) gives
AG=T/ f,. (5.1-10)

with
Solving this set of linear equations with regard to the modal coordinates, finally,
the complex amplitudes of any node can be determined by

w=T4q. (5.1-11)
Modeling elastic structures with friction contacts leads to the same type of equa-
tion as shown in Eq.(5.1-10), where the matrices and vectors have to be adjusted
corresponding to the investigated system. For example, the system equation of two
elastic structures contacting each other, see Fig. 5.1-3, the corresponding compo-
nents of Eq.(5.1-10) are given by

§-|5 0]
0 S,
TS = ;) 0T ,
0 1.,
A n A T
i=lir @l (5.1-12)
~ ~ ~ T
7=l )
To = [_TORI TOLZ]'

A system with N elastic structures, where structure i contacts structure i+/ is de-
fined by

S = diag(s‘i), IA(O = diag(KOi),
RA 4 _ diag(RAAl.), TET = diag(TET,-),

A ~ ~ A T p, 9, p; p T
I P A o LU S [ A <113
_TOR] T0L2 0 ( 1-13)
0 -T 0
T,=| . orz
: : Torn

ToL 0 0 —Torn

If this system is cut off at the contact i=N, the corresponding contact stiffness ma-
trix is set to be a zero matrix. Then a system with chain type is modeled, which is
used with respect to the comparison of measurements and calculations in Chapter
5.3. If a cyclic system is investigated, cyclic boundary conditions can be used to
reduce the system equations and therefore the computation time dramatically. In
Chapter 5.5, this system reduction is used to simulate and to optimize the dynam-
ics of a bladed disc assembly with shrouds.
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Due to the nonlinear behavior of friction contacts the contact stiffness matrix,
see Eq.(5.1-7), will be nonlinearly dependent on the generalized relative dis-
placement with respect to the points OL and OR. This nonlinear contact behavior
will be derived using the point contact model from Chapter 3.7 in the following.

5.2 Macroscopic Contact Model

Solving an elastic multibody and multicontact problem with friction leads in gen-
eral to an enormous calculation time using for example standard FEMs. In the case
of monofrequent excitation of the linear elastic structure with friction contacts, the
Harmonic Balance Method (HBM), see (Magnus and Popp 1997), is used to lin-
earize the nonlinear contact forces and, hence, to reduce the numerical problem,
see (Sextro et al. 1998a). To apply this method to the contact forces, harmonic
normal and tangential relative displacements have to be assumed.

Because of the nonlinear contact forces due to friction and the spatial motion,
the contact planes have to be discretized, see Fig. 5.2-1. The developed point con-
tact model described in Chapter 3.7 is used to calculate the normal and tangential
forces for each contact area element. The width and the height of one nominal area
element are defined by

Ab, b Ah, My (5.2-1)

n, n,
respectively, where n, and n. denote the number of area elements in the y- and z-
direction.

The displacement with respect to the point M can be approximated by the dis-
placement of the center point OR, assuming, that elastic deformations between the
points OR and M can be neglected. Then the relative displacement vector with re-
spect to the point M is given by

- by .
y
- yQM OR hy
Ry i
] (3 e e o
Y
. Abo B
o - \ RZ

Fig. 5.2-1 Discretized nominal contact area
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with
Uy = [ux u, uZHI , (5.2-3)
the transformation matrix
100 0 Zom ~Yom
Goy =10 1 0 —zpy 0 0 (5.2-4)
0 0 1 you 0 0

and Eq.(5.1-8).

Before analyzing the dynamic contact model, the equilibrium position of both
contact surfaces relative to each other has to be determined. For calculating the
equilibrium position, friction is neglected, because if the system is excited monof-
requent, the average values of the friction forces are zero. Then, for calculating the
equilibrium position the tangential forces and the torsional moment with respect to
the x-axis are identical to zero, see Fig. 5.2-1. The normal force for each contact
element can be calculated using Eq.(3.3-24). The resultant normal force and the
moments with respect to the y- and z-axis are determined by

*

Fy | wul 1
M@ =Z z A () (5.2-5)

MO ||y

with the dimensionless parameter

0) 0
L B A My o - M
enoRy g cnoRzhy cnoRzby (5.2-6)
Z* :i y* :l AF* _ AFN .
hy’ by N AcyyR,

If instead of the generalized displacement of the reference point O, the generalized
forces are known, then Eq.(5.2-5) has to be solved iteratively, for example by the
Newton method. Assuming the kinematics of the center points are given, the di-
mensionless relative normal displacement follows from Eq.(5.2-2) by

U =g +2 05, = ¥ P (5:2-7)
with the normalized generalized displacements

up =M gr gy g g D (5.2-8)
R, Ry Ry

In Fig. 5.2-2 the normalized normal force and the moment with respect to the y-
axis is calculated varying the relative angle with respect to the y-axis for different
number #, of discrete contact elements. The relative error between the results of
n,=8 and n,=1024 is relative small, that means, in this case a small number of
contact elements results in a good numerical approximation. The presented results
are independent on the number of elements in the z-direction. If only translations
are involved, than the error due to the discretization is identical to zero. Further
investigations with respect to the tangential contact problem can be found in
(Sextro 1997).
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Fig. 5.2-2 Influence of the discretization onto the normal force and moment varying the
relative angle with respect to the y-axis

The displacements of the center points OL and OR are calculated using the mo-
dal description of both elastic structures described in Chapter 5.1. For monofre-
quent motions of the points OL and OR, the kinematics of the relative displace-
ment vector u,, of the point M results in an ellipse in space. Starting with the
normal contact problem, the harmonic normal displacement can be described by

ui = u:; + uz cost’, (5.2-9)
with the dimensionless time

{ = wyt, (5.2-10)
where ug denotes the equilibrium position and u, the amplitude. Now, the har-
monic linearized complex normal stiffness

AK} = Acg +iAb; (5.2-11)
is defined by the real stiffness coefficient
2
Ac; = 1* [ AFy (¢ Ycost™ dt” (5.2-12)
WA 0
and the imaginary stiffness coefficient
2z
=1 _[ AFL(C)sind” di” (5.2-13)
miy

with the dimensionless parameters
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N Ac§ " Abé:
AC§ = N Abﬁ = N (52'14)
Acyg Acyg

where ¢ corresponds to the x-axis, see Fig. 5.1-3. Here, the normal force is given
by Eq.(3.7-30) neglecting damping (f#=0). Note, that the linearized stiffness coef-
ficients are nonlinear dependent on the equilibrium position u; and the vibration
amplitude u,.

To be able to apply the harmonic balance method to the tangential problem, it is
assumed, that the vibration amplitudes in the normal direction are relative small,
u, << 1, and hence that the normal force is approximately constant. Then, for
monofrequent motions, the kinematics of the point M result in an ellipse in the
contact plane, see Fig. 5.2-3. The principle 7,¢-axes of the ellipse as well as the
orientation can be calculated by the relative displacements, see (Sextro 1999b),
and hence the motion can be described more easily in the main E-coordinate sys-
tem of the ellipse, which corresponds to the & 7,4 -coordinate-system described in
Fig. 5.2-3. The half-axes of the ellipse can be calculated by transforming the rela-
tive displacements into the main E-coordinate system of the ellipse. Then, the
transformation matrix from the R-coordinate system into the E-coordinate system
of the ellipse within the contact interface is given by

1 0 0

ERg=10 cosé sind (5.2-15)
0 —sind cosd
with the transformation angle 6 given by, see (Sextro 1997a, 1999b)

AF AP AL AT
Uy, +uu,

Jd= éarctan 2 (5.2-16)

05

Coordinate z
=}
.

Coordinate y

Fig. 5.2-3 Tangential point contact model
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For the tangential contact problem, it is assumed, that the normal forces are ap-
proximately constant. Then due to the three-dimensional contact model described
in Chapter 3.7, the tangential contact problem reduces to a two-dimensional point
contact model based on dry friction, constant tangential stiffnesses and elliptical
trajectories to calculate the tangential forces, see Fig. 5.2-3. Furthermore, Cou-
lomb friction is assumed and the tangential contact stiffnesses are assumed to be
isotropic. Then with the abbreviation of the reduced mass

Amy = Ampyh” (5.2-17)
and the constant tangential stiffness
Acg = Acggh” = Acgoch’ (5.2-18)
the coupled equation of motion are given by
Kk * * % 77,*
Ampnp = Fr, —u (Vp)—f,
v
r (5.2-19)
* n* * * * é/’
AmpCp =Fry — p (Vp)—f
Vp
with the new dimensionless parameters
2
dmly =AM e Froc

Acg T g AF
» _ Acgnp + _ AcgCp
NMp=—"7—1"> 6p=—

tgAFy HpAFy

The damping coefficient =0 is set to be zero. Then the normalized spring force
is given by

FF?] =u, =1y —Tp>

Fre =uz = {3y =Sp.
Due the requirements defined in Chapter 3.3, the normalized mass has to be small

Amy, << 1, (5.2-22)

say 10”°. Now, assuming an elliptical motion of the point M with the half-axes 7,
and &y,

(5.2-20)

(5.2-21)

Ty =114 COST,

&y =& sing,
and applying the HBM to the spring forces AF, these forces can be approximated
by complex stiffnesses, which are nonlinearly dependent on the half-axes of the
ellipse. Knowing the tangential stiffness and the average normal force, the har-
monic linearized complex tangential stiffnesses for elliptical trajectories

4K, = Acy +idb,,

(5.2-23)

. . . (5.2-24)
AK . = Ac_ +iAb,

can be calculated by
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2z
* 1 *
Ay = — J‘FF,](z')cosr dr, (5.2-25)
My g
] 2z
A =——— jF;n(r)sinr dr, (5.2-26)
M4
] 2z
A= — IF;éw(T)SinT dr, (5.2-27)
g 4 0
] 27
A= — J.F;;(r)cosrdr, (5.2-28)
TT A 0

see also (Sextro et al. 1998b). This simplified point contact model is used to calcu-
late the tangential forces for each contact area element. If the mass is set to be
zero, then the equation of motion has to be differentiated to be able to solve the
differential equation with standard numerical integration methods. This procedure
is presented in (Sextro and Popp 1996, 1999c¢).

Transforming the contact forces with respect to the point M back into the R-
coordinate-system leads to

A =FRAT 4K, PR 4 ay, (5.2-29)
with the complex stiffness matrix for the point contact
AR (g ) 0 0
ARy = 0 AR, (1146 1) o | (52-30)
0 0 A[%; (74:64)

where each diagonal component is nonlinearly dependent on the amplitudes. The
numerical integration can be done beforehand for a range of amplitudes and the
linearized stiffnesses can be stored in data files. Then, the values of the complex
stiffnesses can be found by linear interpolation, which saves enormous computa-
tion time.

Now, the resulting forces as well as the resulting moments with respect to the
center point O can be determined by summation with respect to all area elements

nyn,
fo = Goutfy. (5.2-31)
i=1
Inserting Eq.(5.2-2) and Eq.(5.2-29) in Eq.(5.2-31) and comparing with Eq.(5.1-7)
gives the stiffness matrix for one contact interface
Ko=) Ghy™ A" 4K " 4 Gy, (5.2-32)
i=1
The stiffness matrix is symmetric and nonlinear dependent on the generalized rela-
tive displacements with respect to the point O.
To include the influence of the non-constant pressure distribution for one area
element as discussed in Chapter 3.3 and 3.8, the developed Eq.(5.2-32) can be
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used to determine the corresponding contact stiffnesses for a point contact, where
the influence of the rough surface is included. Assuming translation only, where
the amplitudes of the displacements are held constant and setting the transforma-
tion angle o to be zero, Eq.(5.2-32) leads to

I

AKM,new :ZAKM(pNi’AA()i’AcROiﬂﬁcN()i’;ui)s (52'33)
i=1

where the point contact stiffnesses are dependent on the local contact parameters
like the normal pressure py;, the contact area A4, the normal and tangential con-
tact stiffnesses Acyy; and Acgy; and the friction coefficient z;. This makes it possi-
ble to include microslip effects for example due to a non-constant equivalent pres-
sure distribution because of roughness as derived in Chapter 3.3. Modeling the
contact shown in Fig. 5.1-3, the discrete contact parameters can be calculated by

Aoy =20 Acpy =—R0_ AR, = Iy (5.2-34)

nyn, nyn, nyn,

with the global normal stiffness cyy, the global tangential stiffness cgy and the av-
erage normal contact force Fy. Note, that the friction coefficient z, the average
surface roughness Rz and the shape of the cumulative height distribution of the
contact surfaces are assumed to be constant for all area elements.

If the inverse of the stiffness matrix needs to be calculated, see (Sextro 1997a),
the complex stiffness matrix from Eq.(5.2-32) for one contact interface can be re-
duced to a diagonal form. The following calculation procedure reduces the calcu-
lation time of the inverse matrix dramatically. Knowing the relative displacement
with respect to the point O and the corresponding resulting forces and moments,
the diagonal stiffness matrix is given by

Ko = diag(R,. K. K.. K. K, R, ), (52-35)
with
. F . MO
K==, Kj=—1—, j=xy.z (5.2-36)
uj ?;

The dimensionless complex stiffnesses and displacements are defined by

Ky=—= u,=—, (5.2-37)
CNo Ry
. K, Croll,
K. =—2% @) ="20r: (5.2-38)
. CRro HEy
Ak Ie Ak b A
Ko=—2, ¢ = Sr0% 5 (5.2-39)

_ R Y (5.2-40)
Z
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and

~ K o .
K, =—7Z_ &, =b—0(pz. (5.2-41)
cnobp Rz

In Fig. 5.2-4 to 5.2-7 the dimensionless stiffness (real part) and damping
(imaginary part) for translation and rotation are shown for an equilibrium position
ug =1. In each Figure, one generalized displacement is varied, while all other dis-
placements are set to zero. On the one hand, in normal direction with respect to
the contact area, viscous forces have not been modeled and therefore the corre-
sponding damping coefficients are identical to zero, see Fig. 5.2-4 and Fig. 5.2-7.
On the other hand the surface roughness has been modeled, which leads to micros-
lip effects, which can be seen in the region where the vibration amplitudes are
small and the corresponding damping coefficients are not identical to zero, see
Fig. 5.2-5 and Fig. 5.2-6.

In general, this description of the friction contact includes the coupling between
six degrees of freedom of the non-Hertzian contact. Inserting Eq.(5.2-32) or
Eq.(5.2-35) in Eq.(5.1-10) these nonlinear system equations are solved iteratively
by the damped Newton method and are analyzed in the frequency domain as done
in the next Chapter.

5.3 Experimental Validation of the Contact Model

In the following the calculation model will be verified again by using the ex-
perimental setup, shown in Fig. 5.3-1 and 5.3-2 with three elastic bodies is used,
see also (Sextro 1999b). The average normal contact force Fy is simulated by
gravity forces. There exist two possibilities of arrangement of the blade. The first
arrangement is constructed close to typical constructions in steam turbines,
whereas the second arrangement to aircraft gas turbines. The top view of the
shroud construction of the first arrangement is shown in Fig. 5.3-3. The blade has
a rectangular cross section and is excited with Fr=1.0 [N] eccentrically to cause
spatial vibrations of the blade and the contact surfaces. The excitation of the blade
and the accelerometer for measurements of the frequency response function (FRF)
are mounted at the same height of the blade.

The geometry of each contact interface is defined by the width by,=72 [mm] and
the height 4y,=5 [mm] and the average roughness is approximately R;=7.5 [um]
identified by two profile measurements. The friction coefficient was estimated:
1=0.2. With the Young’s modulus of £=2.1 10" [N/m’], the nominal contact area
Ap=byhy and the approximated depth with £,=90 [mm], the nominal normal stiff-
ness is given by Eq.(3.1-15) with ¢yy=840.0 10° [N/m]. An upper value for the tan-
gential contact stiffness can be found from Eq.(3.1-16) with czy=320.0 10° [N/m]
with the shear modulus of G=8.1 10"’ [N/m’], because here the shroud is elasti-
cally supported by the blade in the z-direction. The corresponding tangential con-
tact stiffness was estimated by cgy=80.0 10° [N/m]. The contact area is discretized
by n,=72 and n.=5. During the calculations, these parameters are constant. The
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excitation frequency has to be small compared to the first eigenfrequencies of the
contact model, see Chapter 3.7. Here, the maximum excitation frequency is
SEmax=700.0 [Hz] and the lowest eigenfrequency defined in Eq.(3.2-25) is given by
fri-1=8910.0 [Hz] with respect to the tangential vibration with the density of
py=7850 [kg/m’]. Hence, the maximum excitation frequency is relatively small
compared to the lowest eigenfrequency of the contact model.

Fig. 5.3-1 Experimental setup

Fig. 5.3-2 Experimental setup with two contact interfaces
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Fig. 5.3-3 Top view of the shrouded blade with respect to the first arrangement

The dynamical behavior of the uncoupled blade is described by the first m=20
modes calculated by the FEM, where the first bending eigenfrequency of the blade
is f;=14.1 [Hz]. In Fig. 5.3-4, the first two torsional modes are shown where the
color code denotes the resultant mass-normalized deflection u,,, of each node.
The eigenfrequency of the first torsional mode is /59.55 [Hz] and the second is
540.61 [Hz]. Both modes play an important role in modeling the torsional vibra-
tion of the coupled structure through the friction contacts. For the finite element
discretization, volume elements with eight nodes are used, where the rotational
mass-normalized eigenvectors are calculated additionally within the modal analy-
sis. Furthermore, corresponding to the mass-normalized eigenvector, the mass-
normalized strain and stress vector for each mode are determined as well and are
used for the stress analysis based on the modal description, see Chapter 5.5.

In Fig. 5.3-5 and 5.3-6, the frequency response function (FRF) in the x-
direction and the torsional vibration in the W-direction with respect to the center of
the rectangular cross section of the blade are shown, respectively. Coupled tor-
sional and bending vibrations occur. The first two resonance frequencies at /20
[Hz] and 320 [Hz] belong to bending and the third resonance frequency at 470
[Hz] belongs to torsional vibrations of the blade. The measurements of the bend-
ing and torsional vibrations show a good agreement with the corresponding calcu-
lations over a wide range of excitation frequencies.

For selected values of the normal contact force Fly, the corresponding FRFs are
shown in Fig. 5.3-7 in the frequency range from /00 to /25 [Hz] at the first reso-
nance frequency, to be able to compare the measurements and the calculations in
more detail. With decreasing normal contact force, the resonance frequency de-
creases as well, because full contact is not reached and the nonlinear contact stiff-
nesses decrease. Both, the maximum amplitudes and the resonance frequencies
show a very good agreement, since the first eigenfrequency of the uncoupled
blade is /4.1 [Hz].
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Fig. 5.3-4 The first two torsional modes of the uncoupled blade a) first and b) second tor-
sional mode
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Fig. 5.3-5 Bending vibration for Fy=780 [N]



110 5 Friction Damping of Elastic Multibody Systems

5

10

4

100 ¢

FRF in W-direction [rad/(s?N)]
=

— Calculation
............ Measurement

50

140

120

FRF in x-direction [m/(s’N)]
2 o ® 2
S (=) S (=)

[N
S

0
100

100 150 200 250 300 350 400 450 500 550 600 650 700

Excitation frequency [Hz]

Fig. 5.3-6 Torsional vibration for Fy=780 [N]

—— Calculation
,,,,,,,,,,,, Measurement

A 1
105 110 115 120 125
Excitation frequency [Hz]

Fig. 5.3-7 Bending vibration for selected values of Fy

Corresponding to the above-described experimental and theoretical investiga-
tions, a different design, shown in Fig. 5.3-8 close to an aircraft gas turbine de-
sign, is analyzed. The geometry of each contact interface is defined by by=20 [mm],
hy=5 [mm] and Rz=7.5 [m]. The contact area is discretized by #,=20 and n.=5. The
friction coefficient is approximated by x=0.4. The normal and tangential contact
stiffnesses are estimated by cyy=7.6 1 0° [N/m] and cpp=2.9 10° [N/m] respectively. It
appears that the qualitative behavior is very close to the behavior with respect to
the first arrangement, see Fig. 5.3-9 up to Fig. 5.3-11. The basic differences with
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respect to the investigations described above are on the one hand the smaller con-
tact area of 4y=5x20 [mm’] and on the other hand the different vibration direction
within the contact. Again, the agreement between measurements and calculations

is good.
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Fig. 5.3-8 Top view of the shrouded blade of the second arrangement
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Fig. 5.3-9 Bending vibration for Fjy=780 [N]
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5.4 Spin Pit Tests of Bladed Disc Assemblies

In the following, two spin pit tests of bladed disc assemblies are used to verify the
developed calculation method to calculate the vibration of multibody systems with
friction contacts. On the one hand, a real bladed disc assembly coupled by shrouds
at ABB, Baden, Szwitzerland, see (Szwedowicz et al. 2003), and on the other hand
a bladed disc assembly coupled by friction dampers at the Institute of Dynamics
and Vibration, Leibnitz University Hannover, Germany, see (Gotting et al. 2004
and Gotting 2005) are used.

In a first step, the normal and tangential contact stiffness between the shrouds
have to be determined as described in Chapter 3.1. The magnitudes of the normal
and tangential contact stiffnesses can be identified by computing the nodal diame-
ter diagram of the shrouded turbine blades using the FEM and the developed cal-
culation method, see Fig. 5.4-1, see (Szwedowicz et al. 2003). The contact stiff-
nesses can be tuned for the nodal diagram number of interest. If the calculation is
tuned for the normal and tangential contact stiffness considering only one nodal
diameter number almost all nodal diameters show a good agreement with the FE
calculations.

In this analyzed example, the normal stiffness is twice the tangential stiffness.
In Fig. 5.4-1, the white symbols represent the eigenfrequencies calculated by the
FE model, the triangles refer to the spin pit measurements and the contour plot is
the result from the developed calculation method.
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Fig 5.4-1 Nodal diameter diagram

In the following, two different experimental resonance peaks of the shrouded
blade are simulated in the spin pit conditions. All measurements were transient
spin pit measurements performed with a low rundown speed. In this measurement,
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transient effects can be neglected. The minimal and maximal magnitudes of the
damping ratio and excitation load of the air jet, which were evaluated from other
resonance peaks, have been used in the simulations. The considered resonance
peaks are measured for two different rotational speeds of the turbine.
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Fig 5.4-2 Spin pit tests and comparison to the calculation for different rotational speeds
a) 57.1 rps and b) 49.0 rps

The first comparison has been carried out for a resonance response curves
measured at a rotational speed of 57.1 rps, see Fig. 5.4-2a. Furthermore, for a ro-
tational speed of 49.0 rps a resonance response curve, which involves elastic im-
pacts between the shrouds, has been measured in Fig. 5.4-2b. In both cases, the
simulations show a good agreement with the experimental results.

Additionally the test stand at the Institute of Dynamics and Vibration, Leibnitz
University Hannover, see Fig. 5.4-3, is used to verify the developed calculation
method. The vibration amplitudes of the rotating bladed disc are measured by
strain gauges, which are mounted above the damper platforms of the blades. The
assembly consists of 30 blades, which can be coupled by different friction damp-
ers. The excitation force is applied at the tip of the blade by three exciters with
constant magnetic field. Hence, the engine order equals three and multiples. Due
to manufacturing tolerances and material deviations there is already mistuning in
the original system. Therefore, the natural frequencies of each blade can be
changed individually by different additional masses at the tip of the blades.

In (Gétting 2005) the influence of the damper mass is investigated for cylindri-
cal friction dampers (Z), cottage roof dampers (C) and asymmetric dampers (A).
The comparison of simulations and experiments shows a good agreement for all
three friction damper designs. One result is shown in Fig. 5.4-4a, where cottage
roof dampers have been used. The coupled system is investigated with regard to
the first bending mode of the blades, where the damper mass has been varied with:
C1=259 g, C2=41.8 g and C3=117.0 g. The measured strain amplitudes corre-
spond qualitative and quantitative to the calculated results. The resonances fre-
quencies as well as the maximum strain amplitudes can be predicted relative good.
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Fig. 5.4-3 Spin pit test stand with friction dampers

The comparison with respect to the above-mentioned three dampers Z, C and A
with regard to the measurement and calculation is presented in Fig. 5.4-4b. Vary-
ing the damper mass the comparison of calculated and measured maximum strain
amplitudes is very good. Hence, the developed calculation method has been veri-
fied for different contacts within the rotating field. Furthermore, this method can
be used to investigate other contacts and other couplings between the blades. The
corresponding numerical investigations are presented in the next chapter.
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Fig 5.4-4 Comparison of measurements and calculations of a bladed disc coupled by cot-
tage roof dampers a) varying the excitation frequency and damper mass b) maximum
strain amplitude versus the damper mass for different damper designs
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5.5 Optimization of Tuned Bladed Disc Assemblies with
Friction Contacts

The bladed disc assembly with 24 blades (from the experiments, see Chapter 5.3)
which are coupled by means of the first arrangement of the shrouds, is investi-
gated, see also (Sextro 2000). In praxis, the amplitudes of the excitation forces of
the system are approximated in a common way, using the stationary gas force and
introducing the stimulus, which describes the percentage of the dynamical force
amplitudes relative to the stationary gas force. Furthermore, it is assumed, that the
excitation forces are monofrequent, while the excitation angular frequency is a
multiple of the angular velocity of the rotor described by the engine order.

Before analyzing the global behavior of the bladed disc with shrouds the mini-
mum number of modes has to be determined, which have to be used at least with
respect to a relative small error. This minimum number can be estimated by the
coupled system, since here all modes of the uncoupled blade are involved to simu-
late the coupled system. In Fig. 5.5-1 the frequency response functions of the cou-
pled system with a normal force of Fy=780 [N] are calculated varying the number
of modes. The relative error between the FRFs with m=15 modes and m=20
modes is relatively small. Hence, twenty modes are used in the following analysis.

0.00020 T T T T

m=15

0.00015

0.00010

0.00005

Amplitude in x-direction [m]

0.00000 T 1
110 120 130 140 150 160

Excitation frequency [Hz]
Fig. 5.5-1 Variation of the maximal number of modes

In Fig. 5.5-2, the resonance frequency is calculated for all possible engine or-
ders. The normal contact force is again Fy=780 [N]. Here, for high engine orders
the resonance frequencies decrease slightly. This effect is due to the coupling of
the shroud by nonlinear contact stiffnesses.

In Fig. 5.5-3, the response as a function of the excitation frequency is shown
for different normal contact forces. The engine order is two. Again, with decreas-
ing normal contact force the resonance frequency decreases as well, because the
tangential and the normal contact stiffnesses decrease. The reduction of ampli-



5.5 Optimization of Tuned Bladed Disc Assemblies with Friction Contacts 117

tudes is quite impressive. Further theoretical investigation gave an optimal normal
force of 3.5 [N], where the amplitudes are minimal.
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Fig. 5.5-3 Amplitude in x-direction versus excitation frequency

For optimization of the bladed disc assembly the maximum alternating stresses,
which occur in the blade foot, are calculated for all possible engine orders, varying
the normal contact force, see Fig. 5.5-4 and Fig. 5.5-5. The friction contacts sepa-
rate for small normal contact forces, which lead to an increase in alternating
stresses, especially for high engine orders, see Fig. 5.5-5. To make sure that the
maximum alternating stresses are minimal and no separation takes place, the nor-
mal contact force has to be adjusted to Fy=1/00 [N], see Fig. 5.5-4. For an engine
order of j=12 the optimal normal force is slightly higher than F=100 [N]. To be
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able to evaluate these maximum alternating stresses with respect to the endurance
limit, the axial stresses due to the centrifugal forces have to be calculated as well.

50 T T T T T
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Engine order j [-]
Fig. 5.5-4 Alternating stress versus engine order for selected Fy
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Fig. 5.5-5 Alternating stress versus engine order for selected Fy
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Coupling by Damping Elements

An alternative coupling of the blades is given by so called damping elements as
shown in Fig. 5.5-6a, which are placed within a hole at the tip of the blade. The
pressure distribution can be calculated by the Hertzian theory. Note that here the
curvature of the contact area has to be modelled additionally. The investigated
system has 24 blades. The engine order is two and the excitation forces act in the
z-direction. In Fig. 5.5-6b the bending vibration in the z-direction is shown. Again
the system response is typical when varying the normal force. Using this coupling
torsional vibration are initiated because of the eccentric coupling at the blade tip,
see Fig. 5.5-6¢. The local minimum with respect to the bending and torsional vi-
bration occurs approximately at the same normal force.

a)
10% 10* v T v
1000 N
B = 100 N
w =
S =
3 '; 10° | IN ]
E ERR
a R= 10°
g ) Fy=0N
N
< << 10" F WN
10’ 0 1(30 260 360 400 10* 0 160 260 3(30 400
Excitationfrequency [Hz] ) Excitationfrequnecy [Hz]
c

Fig. 5.5-6 a) System description of the damping element, side and top view b) Calculated
bending vibration and ¢) torsional vibration

In Fig. 5.5-7a the vibration amplitude versus the excitation frequency under varia-
tion of the engine order is shown, while the normal force with Fy=100 N is held
constant. The resonance frequencies increase with an increasing engine order. The
construction is optimal for an engine order of three. In Fig. 5.5-7b the resonance
frequencies are depicted versus the engine order. By increasing the normal force
the coupling between the blades is increase and hence the resonance frequencies
increase as well.
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Coupling by Damping Wires

Due to the elasticity of damping wires the calculation of the coupling is great be-
cause the damping wire is coupled by several blades, see (Sextro and Popp 2003).
Furthermore a high number of modes including the rigid body modes of the damp-
ing wire must be used. In Fig. 5.5-8a the investigated system is depicted, where
seven blades have been coupled by the damping wire. Again the curvature of the
borehole is modelled with a radius of 6 mm. The investigated system has 28
blades, while seven blades are coupled in the circumferential direction by the
damping wire. In Fig. 5.5-8b the system response versus the excitation frequency
is shown. Again, one is able to calculate an optimal normal contact force for the
first resonance frequency.

Multicoupling

To increase damping for example additionally friction damper can be used. In Fig.
5.5-9a on the basis of shroud coupling with a normal force of Fy=800 N the nor-
mal force for the friction damper is varied. The amplitudes can be reduced by two
decades, see Fig. 5.5-9b. In case of spatial motion of blades it is in principle diffi-
cult to optimize the system with respect to the amplitudes. A better possibility is to
calculate the equivalent stress, see Fig. 5.5-9¢c. Note that the amplitude of the
equivalent stress corresponds to the monofrequent amplitude of the stress.
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Fig. 5.5-9 a) Investigated system b) vibration amplitude vs excitation frequency ¢) equiva-
lent stress vs excitation frequency
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5.6 Vibration of Detuned Bladed Disc Assemblies with
Friction Contacts

Friction damping of elastic multibody systems, where a large number of degrees
of freedom are involved, are described and analyzed for example in (Sextro 1997a,
1997b, 1998a, 1998b; Panning et al. 2000; Krzyzynski et al. 2000; Sextro et al.
2001, Sextro et al. 2002; Panning et al. 2003a and 2003b; Gétting et al. 2004).
With respect to these references, detuned bladed disc assemblies with friction con-
tacts, where the eigenfrequencies of the blades do vary, have been investigated.
This leads to a large numerical and nonlinear dynamic problem, because the com-
plete bladed disc with up to one hundred blades has to be modeled and solved in-
cluding the friction contact problem.

For statistical varying eigenfrequencies, Monte Carlo simulations are often
used to investigate the system response to monofrequent excitation forces. For this
case an approximated method has been developed, see (Sextro et al. 2001), to
speed up the calculation of the average and variance of vibration amplitudes and
the corresponding distribution. This solution procedure is very efficient with re-
spect to the computation time.

Because of large computation time of Monte-Carlo simulations, an approximate
method is developed to calculate the system response. In the following, this ap-
proximate method will be derived assuming small standard deviations of the eigen-
frequencies of the blades. Expanding the vibration amplitude in a Taylor series with
respect to a parameter p yields

owl
w(p)zw(pm){%} (P~ Py (5.6-1)
)4 _
P=Pp
where
ow 1 ow
op  w(p) op
Differentiating the system equation given by Eq.(5.1-10) yields
0 0A
D) 1 (p) 24D 4. (5.63)
p p

Then the sensitivity S is given by
ow
S(pw)= {L”)}
P

o |,
Pm (5.6-4)
1 0A
T AP, {ﬂ} 4(p,)-
w(p,) P pep

The mean value p,, and the standard deviation o, of the parameter p are given by

Elpl=p,, (5.6-5)
and

El(p-pn)1=0o2 (5.6-6)
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respectively. If the standard deviation of the parameter p is small, then it can be
shown that the mean value of the mistuned system response is equal to the response
of the tuned system

EIwm(p)1=w(p,) =w,, . (5.6-7)
The standard deviation o, of the system response w can be calculated using the sen-
sitivity S by

07=52(p) o1 (5.6:8)
In case of the mistuned bladed disk, all sensitivities due to the eigenfrequencies of
each blade have to be calculated. It is assumed that the variations of the eigenfre-

quencies are random. Therefore the cross correlation of the eigenfrequencies can be
neglected. Hence, the resultant standard deviation of the system response is given by

ny o N
=D D SO o, (5.69)
j=1 =l

To be able to calculate the envelopes of a mistuned system, the distribution of the
amplitudes has to be known. Extensive comparisons with Monte Carlo simulations
leaded to the statement that the assumption of a Weibull-distribution is valid from
very weak to very strong coupling. The Weibull probability distribution is given by

P(w)=1-e 2" (5.6-10)
with the dimensionless amplitude
w ==, (5.6-11)
wo

Both, the exponent k and the parameter w, are unknown and are calculated in the
following by means of the mean value w,, and the standard deviation o,,. The corre-
sponding probability density function is given by differentiating Eq.(5.6-10) to ob-
tain

pp(w) =k (In2) k! g™ (5.6-12)
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Fig. 5.6-1 Probability density function for the distribution of amplitudes
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Fig. 5.6-1 shows the Weibull probability density function for the distribution of
amplitudes plotted against the dimensionless amplitude w’ for different values of
the exponent k. For the special exponent k = 2 the Weibull distribution is equiva-
lent to the Rayleigh distribution. The n-th moment of the distribution can be calcu-
lated by

E[w™"]=(n2)  I{1+2). (5.6-13)
The standard deviation follows from
ol.= Elw?]-Elw')’. (5.6-14)

Inserting Eq.(5.6-13) with n=1 for the first moment and #»=2 for the second moment
in Eq.(5.6-14) and solving for the parameter w, gives

_ (In2)?
Wy = O
V=3 o+ ])
Using Eq. (5.6-13) with n=1 for the mean value and inserting Eq.(5.6-15) results in
r(1+4)
Wy, =
V) riie)

Rearranging Eq.(5.6-16) gives a formula to determine the exponent & of the Weibull-
distribution,

(5.6-15)

(5.6-16)

r(1+2)
I+ -——22 =0, (5.6-17)
rA(1+4)
knowing the measure of sensitivity or strength of localization defined by the ratio of
the standard deviation to the mean value of the vibration amplitudes

W (5.6-18)

m

=

w
For example, if this measure s is equal to one, the exponent £ is also equal to one,
see Fig. 5.6-2. For the Rayleigh distribution with /=2 the measure is s=0.523. There
are two possibilities to calculate the exponent k. On the one hand, the strength of lo-
calization can be calculated from the mistuned response of the system and on the
other hand by the approximate method. This numerical comparison is carried out in
the following.

The developed approximate analysis of detuned systems can be done with re-
spect to the amplitude variations as shown above as well as for the strain and
stress variations. Hence, if measured strain amplitudes are available from strain
gauge tests, then it is possible to calculate the mean value and the standard devia-
tion and the exponent k of the Weibull-distribution using Eq.(5.6-17). From here,
it is possible to estimate the distribution of the strain amplitudes and to evaluate
the mistuning effect.
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Fig. 5.6-2 Weibull exponent k versus measure for sensitivity s

For example, a bladed disk with friction dampers is mistuned by the eigenfre-
quencies of the blades. The standard deviation of the eigenfrequencies is 0.325% for
each of the first ten modes (ny=10) and the mean value for the first bending reso-
nance is f, = 100.2 Hz. The blades are distributed around the disk with the eigenfre-
quencies of the first mode. The mass of the friction elements corresponds to the op-
timal mass mg=23.0 g of the tuned system.

The amplitudes in z-direction of the blades of the mistuned system are shown in
Fig. 5.6-3. The side peaks correspond to the resonance frequencies of the tuned
system for different engine orders. Because of the large computation time of the
simulation for one arrangement of the blades around the disk, the approximate
method is used to calculate the mean value wy, and the standard deviation o,, of the
amplitudes. By means of this method, the upper and lower envelope w, and w; of
the amplitudes can be calculated as well. With a probability of 95% the amplitudes
are within these envelopes. Calculating the mean value and the standard deviation
of the mistuned system response, the exponent k can be calculated as well, using
Eq.(5.6-17). In Fig. 5.6-4 the exponent £ is illustrated for the simulated system re-
sponse and for the approximation. The agreement of both methods is good.
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Fig. 5.6-4 Comparison of the calculated exponents (c;/ f,,= 0.325 %)

If the related standard deviation of the eigenfrequencies for each mode is
increased from 0.325 % up to 1.374 %, see Fig. 5.6-5, then the amplitudes in-
crease as well. The exponent k of the approximate method reaches nearly the
limiting value of £k = 1 (In £ = 0), see Fig. 5.6-6. Here the probability, that
blades vibrate with large amplitude and localization occurs, is very high.
Hence, the measure for localization or the exponent k£ of the Weibull-
distribution can be used to find regions where localization occurs with a high
probability. A big advantage is that the approximate method holds for all ar-

rangements of mistuned blades distributed around the disk.
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5.7 Elastic Multibody Systems with Extended Friction
Contacts

Mechanical systems like the housing of combustion engines, gearboxes and ma-
chine tools usually consist of coupled elastic multibody systems, see (Genzo
2005). The coupling in most cases is carried out through extended contact inter-
faces by means of bolted fastenings. In most cases, the contact interfaces can be
considered as dry and extended friction contacts. To verify the developed method
a reduced systems is investigated numerical and experimental. The system con-
sists of a freely supported system based on two half pipes coupled in two extended
friction contacts through bolt fastenings, see Fig. 5.7-1.

AY

MPO3

Fig. 5.7-1 Two half pipes coupled by two extended friction contacts

The numerical model consists of local contact models as described in Chapter
5.2, which are applied to each fastening. The corresponding measured and calcu-
lated frequency response functions are presented in Fig. 5.7-2. The measured first
bending resonance agrees very good with the corresponding calculated one. The
torsional resonance agrees relative good due to the amplitude. The disagreement
with regard to the resonance frequency can be explained by different tangential
contact stiffness which has been identified due to the first bending resonance. The
coupled bending-torsional resonance is relative good with regard to the compari-
son while the amplitude of the calculation is underestimated. Here, the difficulty
lies in modelling the bolted fastenings, where conditions with no relative motion
have to be realized.
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6 Rolling Contact

6.1 Motivation

Railway wheels are getting unround due to wear, see (Knothe 1998; Miiller 1998;
Kiisel and Brommundt 1999; Popp and Schiehlen 2003, Knothe 2003). The wear
is distributed like sine waves around the wheel, see Fig. 6.1-1 and Fig. 6.1-2. The
unroundness of wheels leads to an increase of noise development, a reduced
safety, an increase of the normal loads, which can lead to damage of the wheels,
and an increase in cost of maintenance. In case of the Gotthard train the unround
wheels are caused by the non-uniform radial elasticity, while in case of the ICE
train the problem is unsolved. Hence, there is a need for optimization tools to
avoid these problems. Since wear is a long time phenomenon, there is also a need
for fast algorithms to calculate the dynamical behavior of wheel-track-systems in-
cluding the calculation of wear.

Fig. 6.1-1 Unround wheel of the Gotthard train (Vohla 1996)
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Fig. 6.1-2 Wear profile of an ICE wheel (Moyrs 1998)

To calculate the contact forces for a rolling wheel, Kalker developed the pro-
gram system CONTACT, see (Kalker 1967, 1990). The theory is based on the
Hertzian assumption, that the contact area is very small compared to the sizes of
the contacting bodies. Due to the half space assumption, this calculation leads to
enormous computation time. To overcome this problem, an alternative program
system FASTSIM was developed by Kalker as well. Further contact models are
described in (Garg and Dukkipati 1984) and (Ostermeyer 1989). If the half space
assumption does not hold, the Finite Element Method can be used to solve the
rolling contact problem efficiently, see (Nackenhorst 2000). In (Gutzeit et al.
2006) the calculated longitudinal instationary contact forces of a tire-road contact
agree very well to the corresponding experimental results. However, for the dy-
namical wear problem, the Finite Element Method is limited, because of the large
numerical problem within the time domain. The program system FASTSIM ne-
glects the temperature distribution, wear calculation and the influence of the tem-
perature onto other parameters such as the friction coefficient. Due to these physi-
cal effects, the developed point contact model can give answers and this will be
investigated in the following. Here, the influence of the third body like the Iubri-
cant and the worn material is neglected.

6.2 Normal Contact Kinematics

In a first step, the penetration of the wheel and rail in the absence of deformations
has to be calculated. In Fig. 6.2-1, the reference A-coordinate-system is shown, to
describe the position of the contact area, the forces and moments. This coordinate
system moves with the average velocity ¥ of both wheels in the x-direction.

The origin 0 of the A-coordinate-system corresponds to the position of first
contact, whereby the x- and y-axis are tangential to the wheel and rail surfaces
with respect to the origin 0, see Fig. 6.2-2. The surfaces of the wheel and rail are
described within the W- and T-coordinate-systems, respectively. In the reference
state, the coordinate systems and the points R0, SO and 0 coincide. The surface po-
sition in space can be described by three translations and three rotations with re-
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spect to reference points R0 and SO of the surfaces of the wheel and rail, respec-
tively.

o ——————

Reference

Fig. 6.2-2 Coordinate systems

The spatial position of the rail surface close to the contact is described by
AT
Als= s+ A 71, (6.2-1)
with the relative displacement vector 4ug, of the rail reference point S0, the coor-
dinates of a point S on the rail surface within the 7-coordinate-system and the

transformation matrix “’4. Assuming small relative angles with respect to the
point SO



134 6 Rolling Contact

Py | << 1 (6.2-2)
gives corresponding to Eq.(6.2-1)
X uy I —-p. o,
Yi= uy +| @ 1 Bz y (62'3)
AlZ s al¥z1sg | 7Py P I oLz s
or using the dimensionless form
AXs = UgpxT7Xg = Ps. Vs T Ps, 725 (6.2-4)
AVs = u;()y+Ty; +05. X5~ @5 775 (6.2-5)
AZs =Usp- 725 — Py X5+ Pse Vs (6:2-6)
with
()= Q, (6.2-7)

where a, denotes the unit length or scaling factor. In general, this unit length can
be arbitrarily chosen. But to reduce possible numerical problems, this value should
be of the same order as the contact size. For example, following Kalkers theory,
see (Kalker 1990), this unit length is defined by a, = @ , where a and b corre-
spond to the half axes of the contact ellipse calculated by the Hertzian theory.

Since the T-coordinate-system is tangential to the rail surface at the reference
point SO the surface position in the z-direction

‘T z;‘ <« (6.2-8)

is assumed to be small. Then the position of the point S lying on the track surface
within the 7-coordinate-system can be calculated

[ 1 _¢Sz:| Tx% _ Axf _”flbc , (6.2-9)
?s. 1 | rys 4Vs ~HUsoy
which gives
1 X5=4Xs ~ Usor + 0. (Vs _“;0y) ’ (62-10)
Ty;::AJ’; _u;(Jy _(oSz(Ax; _”;()x) : 6.2-11)

Since the T-coordinate-system is tangential to the rail surface, the surface of the
rail can be described by a polynomial equation of second and higher order terms.
Using the mean curvatures Rg, and Ry, with respect to the reference point SO of
the rail in the x- and y-direction respectively, the surface can be described by

2 2
rXs rJys
zg=—"2-(/+ Xg))— 1+ -
TZs 2R50x( S5 (r S)) ZRSOy( fSy(TyS)) (6.2-12)

rZsw (1X57Ys)s
where 7zgy denotes the wear of the rail depending on the coordinates within the 7-
coordinate system. Using the dimensionless notation the surface can be described
by
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* * *) * * *) *
rZs = —Rgoy 7Xg (1+ fo(TxS))_RSOy Vs (1 + fSy(TyS)>_

X ., (6.2-13)
rZsw (rXsorVs)
with the normalized mean curvatures
* a, * a
Rgpp =—2—, Ry, =—2—. (6.2-14)
2RS()x g ZRS()y
The higher order terms are defined by
fo(Tx;):Zfoi Tx;i’ ‘fs,v(rx;)‘ <<,
' (6.2-15)

fSy(Ty;)=ZfSyj Tijf ‘fSy(Ty;)‘ <<,
j

which are assumed to be relatively small compared to one. Corresponding to the
Eq.(6.2-10) and Eq.(6.2-11) for the rail, the position of the point R of the wheel
within the W-coordinate-system is given by

W XR=4Xg —Uros + Pr-(4VR —Uroy) » (6.2-16)

W YR=AVR —”;0)» — 0r-(4Xp —Urgy) - (6.2-17)
Corresponding to Eq.(6.2-6) the position of a point R in the z-direction of the
wheel is calculated by

AZ; = u;OZ+WZ;; —Pgy Wx;? + Ppy W)’:e (6.2-18)
and corresponding to Eq.(6.2-13), Eq.(6.2-14) and Eq.(6.2-15)

wZr = Rpox WxR2 I+ fre(pxg) |+ Reoy WyRZ(] + fRy(WyR)>+ (6.2-19)

wZrw (wXRswYr)
with
CIU * Cl()

Rpp.=—2L— Rpp =—20 6.2-20
ROx ZRR()X ROy ( )

and

Suelw) =X o wio |faelwin ] << 1.

. . . (6.2-21)

fRy(WyR):ZfRyj wYE ‘fRy(WyR)‘<<]’
J

where yzgy denotes the wear of the wheel depending on the coordinates of the W-
coordinate system. Using Eq.(6.2-6) and Eq.(6.2-18), the penetration of the solids
in the absence of deformations is given by

* * *

U, =425~ 42R
= Mg, +7Zg—pwZg = Psy X5+ Pry wXR T Pse 7Vs — Pre WIR
(6.2-22)
with
Auy, =ugy, —Up, - (6.2-23)
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If the surfaces can be described by second order terms, while holding Eq.(6.2-15)
and Eq.(6.2-21), then for the normal contact problem the Hertzian theory can be
applied. An improvement of this procedure is described in Chapter 6.4, where av-
erage curvatures are calculated within the overlapping region.

6.3 Tangential Contact Kinematics

To be able to calculate the tangential contact forces, the contact region has to be
described and the kinematics has to be analyzed. In Fig. 6.3-1, a discretized con-
tact area is shown. The corresponding increments are Ax and Ay, while the 4-
coordinate system moves with the constant velocity ¥ in the x-direction. Due to
the direction of velocity 7 the boundary of the contact area is divided into the so
called leading edge where particle are running into the contact and the trailing
edge where the particles are running out of the contact region. The corresponding
discretization error is discussed in (Kalker 1990). For example, at least 20x20 area
elements should be modeled to give a relatively correct answer with respect to a
circular contact region.

Within each discretized contact area, the developed point contact model is used
to calculate the corresponding three contact forces. Here it is assumed that the
damping coefficient S is identical to zero and the inertia effects are neglected
(4mp=0), see Chapter 3.7. For calculating the tangential forces, the tangential con-
tact kinematics has to be derived. From Fig. 6.3-1 the displacement of the point M
is given by

Xy =Xp+u,,

yM :yP+uy'

Differentiating with respect to time and assuming a stationary rolling process
gives

(6.3-1)

% Vp, + %V Ou
MR oy o’
——
N 6.3-2
ou,, v ou,, ( )
Vi = Vp, +—V +——
My = Vhy Ox ot
=
with the velocity of the reference coordinate system
dx
V=—, 6.3-3
dt ( )

where it is assumed that the velocity in the x-direction is dominant. Rearranging

Eq.(6.3-2) gives the slippage of the point P in the x- and y-direction
Sp. =Sy, —U.,
Px Mx x (63-4)

_ o
Spy =Spp — Uy
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—_— Ax

—
|

Fig. 6.3-1 Discretized contact area with point contact model

with
v
SPx,y = 1;;,)/ °
(6.3-5)
va,y
S,y = -
The velocity of the point M is given by
Vi =V +or, (6.3-6)

with the velocity v, of the reference point 0, the angular velocity @ and the posi-
tion vector r), of the point M. Then, the velocity components of the point M in the
x- and y-direction are given by

Vi =Vox ~ OV m»
Vg =V, T @ Xy (6.3-7)

or in dimensionless form
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*
Sy = Sox VY

. (6.3-8)
Syy =Spy HYX
with the so called creep ratios sy, and sy,
V()x,y
S0x,y =Ty (6.3-9)
the spin parameter
=== 6.3-10
v ( )
and the normalized coordinates of the point M
P T i (6.3-11)
0] g
The components of the relative velocity vector are defined by
Vox,y = VRox,y ~ VS0x,y (63'12)
and the relative angular velocity by
w, = o*" — " (6.3-13)

The z-component of the relative velocity vector is not used, since the viscous
damping is neglected. If the contact point P sticks, the slippage in the x- and y-
direction is identical to zero,

Spe=0 A sp,=0. (6.3-14)
Inserting this restriction in Eq.(6.3-4) gives
u,. = 6u; =s
s " (6.3-15)
, _ Ou,
u, = o = S

Inserting Eq.(6.3-8) in Eq.(6.3-15) and integrating with respect to x” gives

u* =5 x —yxy +h,,
S, — (6.3-16)
U, =5p,x +%(//x +h,,
where both integration constants /, and 4, are independent on x". Since the relative
displacement at the leading edge is zero
u.(x =x4y)=0,

s+ s (6.3-17)
u,(x =x,,y)=0,
both integration constants can be determined from Eq.(6.3-16) with
hx = _(S x _l//y*)X* s
0 4 (6.3-18)

hy = (59, + FWX)A,
Inserting Eq.(6.3-18) in Eq.(6.3-16) leads to the relative displacements in the x-
and y-direction
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* * * *
ux = _(SOX —yy )(xA -X )9
* * * * *
y = —(soy +§l,//(xA +x ))(xA -x).
Within the contact region these relative displacements are limited due to the maxi-
mum friction force, which will be investigated in the Chapter 6.5.

(6.3-19)

6.4 Contact Stiffnesses

If the half space assumption does not hold, the three contact stiffnesses due to the
rolling contact can be found by the Finite Element Method, see for example
(Nackenhorst 2000). Fixing the wheel in the center, see Figure 6.2-1, and applying
a load with respect to the reference point of the wheel gives the corresponding
point contact stiffness. This can be done for all three directions for the wheel as
well as for the rail to give three resultant contact stiffnesses. This procedure is
straight forward, if the elasticity of the wheel and rail is reduced to springs.

An alternative modeling of the deformations is to describe the wheel by modes,
and to apply the Hertzian and Kalkers theory to the contact region to describe the
quasi-static deformations. Then, the contact stiffnesses in normal and tangential
direction can be derived by the theory of Hertz and Kalker. In general,, the real
surface curvatures of a worn wheel are not constant within the overlapping region,
see Fig. 6.1-2. Since both theories require constant curvatures of the contact sur-
faces, average curvatures are calculated to be able to apply these theories. The av-
erage curvatures are calculated using the surface description of the rail and the
wheel defined in Eq.(6.2-13) and Eq.(6.2-19), respectively. For example, differen-
tiating Eq.(6.2-19) twice with respect to the xz-coordinate gives

*

82 * * « 0 " N 62 62 *
i? = 2Rpo(I+ fre) + 4 RpoXp f—Rf + ReouXi J:IS" + —Z*R;V
8XR 8XR aXR 6xR

(6.4-1)
with Eq.(6.2-21) and the approximation of the curvature of the worn depth calcu-
lated by discrete values of the wheel in x-direction

62 * * 2 * *
Zrw _ ZRwivl —4ZRi t Zrwi-1 (6.4-2)
* ~ * ) e
Gx,f - A
XR=XRi

see (Johnson 1989). Then, the average curvature of the wheel in x-direction is
given by

nyn, *
* 1 — 622R
Ap =

(6.4-3)

*2
mhy T OXR [

Corresponding to Eq.(6.4-1) up to Eq.(6.4-3) the average curvatures By in the y-
direction of the wheel and furthermore the average curvatures A5 and By of the rail
in x- and y-direction, respectively, can be calculated. For the application of the
Hertzian theory the relationship of the principle curvature needs to be known and

can be calculated by
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*

A A Ay A

B B" Br-B;
Neglecting higher order terms with respect to the coordinates of the contact sur-
faces defined in Eq.(6.2-15) and Eq.(6.2-21)

«<1, 25 <« 1, 2R < (6.4-5)

S0x S0y ROx RR() y
and assuming that the curvatures with respect to the worn material are very small
compared to the mean curvatures, then the principle relative curvatures 4 and B in
the x- and y-direction, respectively, are given by the mean curvatures with
1 1

(6.4-4)

.XS Xr

A=ty (6.4-6)
RR()x RS()x
B= ! + ! . (6.4-7)
RR()y RSOy
Hence, the relationship of the principle curvatures is given by
é — RROx + RSOx (64-8)

B Ryy,+Rgy,
with the dimensionless mean curvatures defined in Eq.(6.2-14) and Eq.(6.2-20).
To be able to calculate the normal and tangential contact stiffnesses, the so
called ellipticity g of the contact area has to be calculated from the Hertzian
theory, see (Hill 1993), with
s AB@ A,
B D) B
with the principle relative curvatures 4 and B as defined above. The relation of the
halfaxes of the contact ellipse defines the ellipticity

(6.4-9)

g=£, b<a, (6.4-10)
a
and the integrals,
1
D(e) =—(K(e) - E(e)), (6.4-11)
e
B(e) = K(e)—-D(e), (6.4-12)
calculated from the complete elliptic integrals of the first and second kind with
P =1-g°. (6.4-13)

For the derivation of the formulas, it is assumed that the half axes & in the y-
direction is smaller than the half axes a in the x-direction of the contact ellipse.
For the case if b>a, the radius of curvatures and the half axes a and b have only to
be exchanged. The complete elliptic integrals of the first and second kind, respec-
tively, are given by
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Ji-e’sin’ ¢ dg (6.4-14)

E(e)=

SN

and

[N

2 s
K(e)= |——. (6.4-15)
(}[\ll—ez sin’ ¢

Since Eq.(6.4-9) has to be solved iteratively, a first good guess is given by

2
g [ﬁj{ (6.4-16)

see (Greenwood 1985). The results of the iteration are summarized in a table.
Then, the half axes of the contact ellipse are calculated by

2 _%D(e)
4 K@) (6.4-17)

B :% B(e).

B K(e)

With respect to the main coordinate system of the ellipse, the penetration is given
by Eq.(6.2-22), with

* * R* * R* *
u :Au,)z[]—AO;f P 2] (6.4-18)

U, Au;z
with the normalized curvatures
Ry, = Rgg + Ry »
e e TR (6.4-19)
R()y = RS()y + RR()y >
defined in Eq.(6.2-14) and Eq.(6.2-20). The half axes of the contact ellipse are
found by

u:(x* =a*,y* =0)=0,

. i " (6.4-20)
u,(x =0,y =b )=0,
which gives
a*z _ Au;z
Ry,
. (6.4-21)
b*z _ AuOZ
Roy

To satisfy Eq.(6.4-17) from the Hertzian theory, with respect to Eq.(6.4-21), the
curvatures are exchanged by using the following formulas
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Ry =4 KO (6.4-22)
D(e)
and
Ry, =B K@ ey (6.4-23)
B(e)

For translations the normal contact force in the z-direction is given by the Hertzian
theory, see (Hill 1993),

E
FN 231”—2611(4‘1402, fOl” b<a
( _VE; (€ (6.4-24)
Fy - u,., for b>a

BPYPE N
3(1-v)K(e)
and the tangential forces in the x- and y-direction are given by Kalkers theory, see

(Kalker 1990), with
Fr. = C;;,Gabs,,,
Fp, = C,,Gabsy,,.
The linear coefficients C;; and C,, are dependent on the ellipticity, see (Kalker
1990) and can be approximated by polynomials, see (Fingberg 1990). With re-
spect to the wheel-rail contact in the region where the ellipticity is between g=0./

and g=10.0 and Poisson's ratio is assumed to be v=0.3 the corresponding poly-
nomial are given by

C,, = 3.442+0.8980(a/b)+0.01205(a/b)’ —0.00169(a/b)’,
C,, = 2.386+1.3578(a/b)—0.02538(a/ b)’.

(6.4-25)

(6.4-26)
To satisfy Eq.(6.4-24) and Eq.(6.4-25), these three contact forces are used to de-
termine the three contact stiffnesses one in normal and two in tangential direction.
With respect to the main coordinate system of the ellipse, the normal penetra-
tion due to the normal displacement of the center points is given from Eq.(6.4-18)
by

* A - * * * * A . * *
ul = 20 () —xp) = S (-2, (6:4-27)
a a

where the start position x, at the leading edge and end position xg at the trailing
edge are given by

*2
X = a*W/I—Jb}Tz, Py (6.4-28)

Assuming the elastic foundation model, which corresponds to a constant distribu-
tion of contact stiffnesses, the pressure distribution is given by

2F,

AF, Acyou
) A e
b

A4 Axdy

Py = (6.4-29)

na
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Inserting Eq.(6.4-27) and Eq.(6.4-24) for the Hertzian normal contact force and
solving for the discrete normal stiffness gives

Acyy = enpdey (6.4-30)
with
Cno = —”Efo a—(), for b<a,
3(1-v)K(e) b (64-31)
Cno 7y a—o, for b>a

" 3(1-v))K(e) a
and the constant contact stiffness distribution in the normal direction

Acyy = iAx*Ay* . (6.4-32)
T

The tangential traction in the x- and y-direction is assumed to be proportional to
the displacement, hence,
3F, AF, Ac u
oy = ) S S (6433

’ 8a“b 44 AxAy
Inserting Eq.(6.3-19) with zero spin to describe the tangential displacement and
Eq.(6.4-25) in Eq.(6.4-33) and solving for the discrete tangential contact stiffness
gives

ACRyy,y = CROx,yAC;()x,y (6.4-34)
with
a; a;
Crox = C11G709 Croy = C22G70 (6.4-35)
and the constant distribution of contact stiffnesses in the tangential direction
* * 3 * *
Acpg, = Acggy = gAx Ay (6.4-36)

Now, we can summarize the results to give the normalized tangential stiffness
used in the next Chapter

o _ CRox,y _ 3C11,22(1—V)K(€)£ b<a (6.4-37)
ROx,y = = > U= -
T Hgeng 27ty a
and
i 3C;; 5, (I-v)K(e)
Chuny = TR s, (6:4-38)

Up to here, we assumed a constant distribution of contact stiffnesses. In the fol-
lowing, we will distribute the contact stiffnesses, so that the elliptical pressure dis-
tribution of Hertz is modeled exactly. The Hertzian pressure distribution is given
by

3F A
_ ]g Xl -x? » CnoHz

2ma”b AxAy

Again, inserting Eq.(6.4-24) and Eq.(6.4-27) gives

(6.4-39)

Pn
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Cno :L;’oﬁ, for b<a,
31-v)K(e) b (6.4-40)
7Ea o
Cnp = —20 , for b>a
3(I1-v°)K(e)
and
Ak =iAf—Ay*. (6.4-41)
2 xAZ —x 2

The tangential traction is assumed to be, see (Johnson 1989),

2F, - Ac u
ry, =y ZaTF TRy (6.4-42)
r’ab \/xj—xz AxAy

Again, inserting Eq.(6.3-19) and Eq.(6.4-25) gives the discrete contact stiffnesses
in the x- and y-direction given by Eq.(6.4-34) with

crox = C1Gay, cpy, =CGay (6.4-43)
and the non-constant contact stiffness distribution in the tangential direction
. . 2 Ay
Aegoy = Apoy = 5Ty (6.4-44)
T 2 *2
xS —x

Again, we summarize the results to give the normalized tangential stiffness used
for the non-constant distribution of contact stiffnesses in the next Chapter

. 30, (I-VK
Choey = n2-VKEQb (6.4-45)
27, a
and
. 3C,(1-v)K
Chpny =t ZVIRCE) =y (6.4-46)
' 27ty

Using the non-constant distribution, the global stiffnesses are only dependent on
the relationship of the half axes of the ellipse. Now, all three global contact stiff-
nesses are known, whereby the distribution of discrete contact stiffnesses in the
normal direction fulfills exactly the Hertzian normal contact and the distribution in
the tangential direction has been approximated. An analytical description of the
distribution of tangential contact stiffnesses with respect to Kalkers theory is not
possible, since the traction within the rolling contact is calculated numerically.
Further investigation on the distribution of contact stiffnesses are investigated in
the following Chapter 6.5.

6.5 Generalized Contact Forces

Before calculating the generalized contact forces, the discrete contact forces for
each area element have to be calculated. Due to the point contact model described
in Chapter 3, the damping influence (#=0) and the inertia forces are neglected
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(4mp=0). Then, in case of sticking the elastic forces with respect to the point con-
tact model are given corresponding to Eq.(3.7-16)

* * * * ok
AF g, = cpyyAcgoh uy,
* * * % %
AFp, = cgo,Acgg b uy, (6.5-1)

AF; = ch\foR;f*

with the normalized parameter

- AF, «  AF,
AFp =15 Ay =N (6.5-2)
HoCno% Eno%o
* CROx,y * Acgyy,
CR()x,y = > > ACR()x,y = - > (65'3)
HoCno CROx,y
x A
Achyy = 25N0 (6.5-4)
CNo
and the normalized average roughness
« R
R, =—%. (6.5-5)
ay

Within the x,y-contact plane, the direction of the elastic forces is described by the
angle « and can be calculated by

AF;,
2> (6.5-6)
Fx
In case of sliding, the friction forces act in the opposite direction of the resultant

elastic force. The equilibrium with respect to the point P is given by
AF g + AF g, =0,

tana =

* * (65_7)
AFp, + AFg, =0,
with the components of the friction force assuming Coulomb friction
AF*Y = AFy cosa,
N (65-8)
AFy, =—u AFy sina,
with the normalized friction coefficient
u=t (6.5-9)

Ho
The direction of the friction force is opposite to the velocity of the point P, where
the direction of the velocity of the point P is defined by

AF,  —AFy  vp, s
tang = —2 = - B _h (6.5-10)
o —AFpe Ve Spy
or
. o
cosa =2 =Y ging =P TR (6.5-11)

Vp  Vp Vp  Vp
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with the resultant velocity of the point P

vp = Vi + Vi, - (6.5-12)
Inserting Eq.(6.5-1) and Eq.(6.5-8) in Eq.(6.5-7) gives
C;OXACZOX}Z*M: = ,u*AF; cosa,

CroyAcgpyh uy, =y AFy sina
and differentiating with respect to x leads to
u, =—-p.a'sing, (6.5-14)
u, = p,a'cosa
with the dimensionless parameter
i AFy “AF)y
pe= TN p = EN (6.5-15)
CroxACRyh CROyACROyh

Here, the derivations of both parameters p, and p, with respect to the coordinate x
have been neglected, since both parameter do only depend explicit on the normal
penetration. Inserting Eq.(6.5-14) in Eq.(6.3-4) gives

Spy =Sp + D0 siNG,

=S TP (6.5-16)

Spy = Sup —pya'cosa.
Furthermore, inserting these equations in Eq.(6.5-10) and rearranging gives the
nonlinear differential equation with respect to the angle «

Syp COSQL— S5 SINCX
a'=—" 5 ad - (6.5-17)
pysin” a+p,cos” a

Since the contact is discretized, the angle « can be calculated by Euler’s method

Spp COST_; — Spp SINQG_;
= —————Ax (6.5-18)
pysin’ e+ p,cos’

with the starting condition at the leading edge x=x, derived from Eq.(6.5-10) by
using Eq.(6.5-1), Eq.(6.3-19) and Eq.(6.3-8)

—CpyS
o; = arctan[M]. (6.5-19)

~CROXS Mx
In case of sliding, the contact forces acting onto the wheel are given by
AFy, = —AFp,, AFy, =-AFy,, AFy, = AFy. (6.5-20)
In case of sticking, the contact forces acting onto the wheel are given by
AFy, = AFy,  AFy, = AFy,,  AFy, = AFy, . (6.5-21)



6.5 Generalized Contact Forces 147

(Johnson 1989)
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Coordinate x*

—— Strip theory by Carter (1926)
Numerical calculation by Kalker (1967)
o Measurements by Haines & Ollerton (1963/64)
"""" Shear traction due to constant distribution of contact stiffnesses
(present theory)

Fig. 6.5-1 Tangential traction due to different contact models compared with the developed
contact model assuming a constant distribution of contact stiffnesses

In Fig. 6.5-1, the shear traction using different models is shown for the longitu-
dinal force of Fy,=0.72uFy. The models are the strip theory developed by Carter,
the numerical calculation by Kalker, the measurements by Haines & Ollerton and
the shear traction due to the developed point contact model with a constant distri-
bution of contact stiffnesses. The shear traction and the normal pressure distribu-
tion is given by

AFy,. Ay,
Ty = —ijyy . Py = —szy : (6.5-22)

respectively, or in dimensionless form

PO B — (6.5-23)
Hypy(x=0) py(x=0)
Within the stick region, the developed model with constant distributed contact
stiffnesses leads to a linear increase in traction. This principle behavior is modeled
within the program system FASTSIM of Kalker as well. Therefore, the results are
the same, but now the physical interpretation is given. Using the non-constant dis-
tribution of contact stiffnesses derived from the Hertzian theory, the limiting value
of shear traction is given by the friction coefficient multiplied by the Hertzian or
elliptical pressure distribution, see Fig. 6.5-2. Here, the non-constant distribution
gives a better approximation of the reality, compared to the usage of constant
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distributed contact stiffnesses, because the measurements show a slightly curved
functional behavior within the sticking region as well.

(Johnson 1989)

o o o
E (o)) (o]
T T T

Tangential traction T,

o
N
T

O . . " " 1
-1.2 . . 0.4
Coordinate x*

—— Strip theory by Carter (1926)
Numerical calculation by Kalker (1967)
o Measurements by Haines & Ollerton (1963/64)
"""" Shear traction due to non-constant distribution of contact stiffnesses
(present theory)

Fig. 6.5-2 Tangential traction due to different contact models compared with the developed
contact model assuming a non-constant distribution of contact stiffnesses

The resultant contact forces will influence the dynamics of the wheel and rail.
These forces acting onto the wheel are calculated by the summation of each dis-
crete force

AF, = [4F,, AFyy, ARy | (6.5-24)
at the position
r=lx v 0]". (6.5-25)

In the following, the small rotations of the coordinate systems are neglected.
Hence, the corresponding moment with respect to the reference 0 point is deter-
mined by

M) =7, AF,, . (6.5-26)
The dimensionless contact forces are calculated by the summation
n.n,
‘@zzpm, (6.5-27)

i=1
and the dimensionless contact moments with respect to the point 0 by
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nen, nen, y*AFV;z

M= FaAR = | AR, (6.5-28)
i=1 = x AFy, -y ARy,

with
) Fy, . F

FWX,y = s s FWz = b ’ (65-29)

HoCno9g Enody
i M(O) " M(O)

M;;(/)x),y _ Wx,; ’ MV(IQZ) - #2 (6.5-30)

CnoQp /’IOCNOaO

Another possibility to normalize Eq.(6.5-27) and Eq.(6.5-28) is to relate each gen-
eralized force with respect to the normalized normal contact force in Eq.(6.5-27),
which gives

*
o FWx,y FWx,y

Wy Wy gy (6.5-31)
Wx, * ’ Wz ’
g FWz IUOFWZ
0)* 0 i
207 _ My, _ M), 0P _ Myr ) (6.5-32)
Wx,y — PR > Wz  — T : ’
Fy, Fy.a, Fy.  HFwag

The resulting moment with respect to the reference point R0 of the wheel, see Fig.
6.2-2, is calculated by

MEY MO % F (6.5-33)
with the displacement vector
* % % T
Upp = [“Rt)x URgy 0] , (6.5-34)

assuming that the displacement in z-direction is very small and, hence, can be ne-
glected. Similar to Eq.(6.5-33), the moment with respect to the reference point SO
of the rail is given by

ME = MY g, Fy (6.5-35)
with
* * % T
Ugy = [uSOx Uspy 0] . (6.5-36)

The generalized forces acting onto the rail are given by Newton's third law “ac-
tio=reactio”

*

F;=—Fy, MS"" =Mo", (6.5-37)

6.6 Validation of the Rolling Contact Model

For a comparison of the calculation with respect to the developed rolling contact
model and the results of Kalkers model, the slippage coefficient has to be trans-
formed. The dimensionless formulas for the slippage defined in (Kalker 1990), are
given by
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* C,;,Gab c:w a’p"
S =_F'= = X - S N Sn. = s (66'1)
Ox é 3,U()FN 5 3FN 0x 0x 5
. , CpGab  Croyd ’b’
SOy =-n'=—% = R * Sﬂy’ S()y =n (66'2)
SupFy 3Fy
and the dimensionless spin parameter
., CyuGab | Cyy Croya’b’
yo=—p=—E ="y, y=gc (6.6-3)
HpFy Cyn  Fy
with the unit length of
c=ay,=+ab (6.6-4)
and the dimensionless halfaxes of the contact ellipse
ARSI (6.6-5)
9 dp

For the application of the constant distribution of contact stiffnesses the exponent j
is given by j=2 and for the non-constant distribution of contact stiffnesses the ex-
ponent is given by j=1.

In Fig. 6.6-1, a theoretical comparison of different calculation methods of the
normalized resultant tangential force

Fy | =F’ + Fy? (6.6-6)

versus the total slippage defined by

Jso| = sim + 50 (6.6-7)

varying the axial ratio (a/b) is shown. It appears that the results of FASTSIM are
very good in agreement with the numerical results of the program CONTACT for
all Poisson’s ratios and axial ratios. Within the stick zone the traction is linear dis-
tributed with respect to the use of constant distribution of contact stiffnesses, here,
the results are very close to the results of Kalker. The very small differences be-
tween both curves are due to the numeric. Here, the assumption for a non-constant
distribution of contact stiffnesses does not fit so well. This is surprising, since in
this case the normal pressure distribution is identical to the Hertzian distribution.
In Fig. 6.6-2, a comparison of measurement with calculations of the resultant
tangential contact force versus the total slippage is shown for different axial ratios.
Up to now, there exits only the numerical solution of the theoretical description of
the rolling contact by Kalker, see (Kalker 1967), which leads to an enormous
computation time. In (Vermeulen and Johnson 1964; Shen et al. 1994) approxi-
mated calculation methods are presented to overcome this difficulty. The results of
Shen-Hedrik-Elkins leads to a better approximation, than the results of Vermeulen
and Johnson compared to the measurements. Assuming a constant distribution of
contact stiffnesses leads to a solution, which is very close to the solution of Shen-
Hedrik-Elkins.. The non-constant distribution of contact stiffnesses leads to a
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small underestimation of the measured tangential contact forces, but is very close

to the measurements.

(Kalker 1990)
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Fig. 6.6-1 Comparison of calculated resultant tangential contact forces versus resultant
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Fig. 6.6-2 Comparison of measurements and calculations of the tangential contact forces
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Fig. 6.6-3 Comparison of measurements and calculations of lateral contact forces versus
spin

In Fig. 6.6-3, measurements and calculations using different models are inves-
tigated due to the lateral force versus the spin parameter. The parameters for this
investigation are

v=0.25, b Cos

—=1, =2 =04, cpo,=23175, cpy,=2.0644.

a C,,

Kalkers numerical method gives the best results with respect to the measurements.
Using a constant distribution of contact stiffnesses is not so good, because the
maximum tangential force and the slippage coefficient are overestimated. Using
the non-constant distribution of contact stiffnesses, the results do fit quite close to
the measured data and the numerical results of Kalker.

In Fig. 6.6-4, the normal force-displacement relationship for different distribu-
tion of contact stiffnesses is shown. The relationship between normal force and
normal displacement using a constant distribution of contact stiffnesses leads to a
parabolic relationship between force and displacement. The parameter of the non-
constant distribution of contact stiffnesses can be adjusted to fulfill the Hertzian
theory exactly and can be seen as a further advantage in the use of the non-
constant distribution.
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The resultant roughness of both surfaces decreases the contact forces, because
the contact area is reduced, which leads to a reduction of contact stiffnesses and
therefore to a reduction of contact forces. This physical effect has been investi-
gated theoretically and is shown in Fig. 6.6-5, where the resultant tangential forces
are decreasing with respect to the dimensionless roughness R, defined in Eq.(6.5-5)
and using the non-constant contact stiffness distribution.
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Fig. 6.6-5 Influence of roughness onto the resultant tangential forces
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Fig. 6.6-6 Influence of roughness onto the normal contact force

Additionally, the influence of roughness in the normal direction is investigated
and is shown in Fig. 6.6-6. In contrast to Chapter 3.3, where a rough flat surface
has been modeled and experimental verified in Chapter 3.5, here a rough curved
surface is modeled and investigated. Again, the normal contact forces decrease
due to roughness and can be explained in the same way as described above.

6.7 Contact Temperature Distribution

Since the contact parameters can be dependent on the temperature 7, the tempera-
ture distribution within the contact area has to be calculated. For example, as in-
vestigated in Chapter 3.6 the friction coefficient can be dependent on the tempera-
ture. For the analysis of the temperature distribution, the average distributed heat
source gy needs to be known. This is given by the frictional power

APy = AFpvp = udFyvp (6.7-1)
related to the contact area A4, with
AP
qy = A; ) (6.7-2)
Inserting Eq.(6.7-1) in Eq.(6.7-2) and using dimensionless notations gives
Gy =1 pySp (6.7-3)

with the normalized friction coefficient x”, the normalized normal pressure py , the
resultant slip sp
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Fig. 6.7-1 a) Shear traction and b) distributed heat source within the contact interface

* * a \4
u=, py =B, (6.7-4)
Ho ) v
and the normalized heat source gy,
* a
gy =% (6.7-5)
HoCnoV

In Fig. 6.7-1a and b, numerical results of the shear traction and the distributed
heat source are presented, varying the longitudinal slippage coefficient s,=0.0
(-0.003)-0.06. In regions, where adhesion takes place, the corresponding distributed
heat source is identical to zero because the relative velocity vp is identical to zero.
In the region, where sliding takes place the distributed frictional power shows an
elliptical distribution, since the friction coefficient and the relative velocity are
constant and the normal pressure distribution is elliptical due to the Hertzian nor-
mal pressure distribution.

In (Knothe and Liebelt 1990) the three-dimensional heat transfer problem is re-
duced to a two dimensional problem for a strip in x-direction and is approximated
by the heat transfer equation

or  o°’T
V=, 6.7-7
Ox oz’ ( )
with the thermal diffusivity defined by
Kp = A—R, (6.7-8)
PRER

where Az denotes the conductivity, pr the density and ¢ the specific heat capacity
of the wheel. Eq.(6.7-7) holds, if the speed parameter L or the so called Peclet
number is larger than L=35, see also (Johnson 1989). The boundary conditions are
given by

—ﬂRaa—T =apqu(x), for z=0, (6.7-9)
z

and
T=0, for z— o, (6.7-10)
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where ay denotes the heat partitioning factor. The general solution of Eq.(6.7-7)
for an arbitrary heat source is derived in (Knothe and Liebelt 1990; Ertz 2003) and
is given by

T(x,2) =Z—R\/Z:; IG(Z,(x,u)) Gy () du (6.7-11)
R 0

with the Green’s function

v ooz J
Gz (xo)) = — e[ $r 4 (6.7-12)

Nx—u
In a first step for the solution of the heat transfer equation the heat-partitioning
factor o needs to be calculated. The temperature of the wheel and the rail have to
be the same in the contact region with z=0. Furthermore from Eq.(6.7-12) for the
wheel and the corresponding equation with respect to the rail, the heat partitioning
factors can be calculated with

QR |Kr _%s |Ks (6.7-13)
Qg % s\ Vs’

where the index S is related to the rail. With the requirement
ogp+og=1 (6.7-14)
and inserting Eq.(6.7-13) in Eq.(6.7-14) and solving for the heat partitioning factor

of the wheel gives
_ VArCrPr . (6.7-15)

\/ﬂRCRPRV + x//ISCSpSVS
For example, if the velocity Vs of the contact with respect to the rail is zero, than
from Eq.(6.7-15) it follows, that the heat partitioning factor is az=1 and therefore
in this case the heat flows into the wheel. In the following, the conductivity, the
density and the specific heat capacity of the wheel and rail are assumed identical.
Furthermore, the slippage are relatively small and hence the velocity of the wheel
is approximately equal to the velocity of the contact with respect to the rail, then
the heat partitioning factor is given by az=1/2.

Assuming a constant heat flow rate gy, the temperature distribution calculated
by Eq.(6.7-11) can be solved analytically and is given by

T(x) = —= |5 SR [ (6.7-16)
N R
see (Johnson 1989) and (Knothe and Liebelt 1990), where the reference tempera-
ture is identical to zero at the position x=0. With the normalized temperature

ko ART a
apttgCno \ 2K RV
Eq.(6.7-16) can be rewritten by

ap

T (6.7-17)
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* 2 o« %
T =,—quVx . (6.7-18)
7

Squaring Eq.(6.7-18) and noting that due to the discretization of the contact region
the step size is defined by

X, =x ;A (6.7-19)
Then the temperature distribution can be calculated by
T =T +2q7 M. (6.7-20)

In Fig. 6.7-2 the temperature distribution is shown for a constant heat source dis-
tribution. Within the contact region Eq.(6.7-20) can be used to recalculate the ex-
act solution numerically. Using these solution method for a non-constant heat
source distribution defined by

Q1 = Mt PNi-iSpit» (6.7-21)
an approximation can be calculated, which does not lead to an increase in compu-
tation time compared to the procedure described in (Knothe and Liebelt 1995).

In Fig. 6.7-2 the temperature distribution for an elliptical heat source distribution
is calculated by the exact calculation procedure defined in Eq.(6.7-11) and the de-
scribed approximated procedure defined in Eq.(6.7-20). The maximum tempera-
ture of the approximated method occurs at the trailing edge and is overestimated
by approximately 6% compared to the exact solution. The advantage of the ap-
proximated method is that within a reasonable error the calculation of the tempera-
ture distribution leads not to an increase in computation time.
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Fig. 6.7-3 Temperature distributions a) in x-direction and b) at the trailing edge

In Fig. 6.7-3a, the temperature distribution within the contact area is shown,
which is calculated from the distributed heat source shown in Fig. 6.7-1b, assum-
ing in a first step, that the friction coefficient is independent on the temperature.
The starting temperature at the leading edge is assumed to be 7, =0. Within the
contact area, the temperature is identical to zero, where the distributed frictional
power is identical to zero. Due to sliding and dry friction, the temperature in-
creases up to the trailing edge, where the maximum temperature occurs. The cor-
responding temperature at the trailing edge is shown in Fig. 6.7-3b, which is ap-
proximately parabolic for large slippage values.

The friction coefficient can be dependent on the local temperature. In Chapter
3.6 it has been assumed, that the friction coefficient is linearly dependent on the
temperature with

p=u (L) =1-y,T",, (6.7-22)
where the slope is defined by

7/# — ArHoCNo 2KRV , (67-23)
AR ATy a

to explain the decreasing characteristic of the friction coefficient with respect to
the relative velocity. In Fig. 6.7-4, this influence onto the shear traction is shown
using the same contact parameter used for Fig. 6.7-1. Comparing this functional
behavior with the traction shown in Fig. 6.7-1a, one can observe, that the traction
due to friction is decreasing in the region, where sliding takes place. Integrating
the shear traction with respect to the contact area gives a decreasing characteristic
for the longitudinal force versus the longitudinal slippage as shown in Fig. 6.7-5
for different slopes defined in Eq.(6.7-22). This physical phenomenon has been
observed already in experiments, cited in (Garg and Dukkipati 1984) for the lat-
eral force and in (Holland and Rick 1997) for the longitudinal force.
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Fig. 6.7-6 Qualitative comparison of measured (Holland and Rick 1997) and calculated
longitudinal forces

A qualitative comparison is done with respect to the measurements cited in
(Holland and Rick 1997), because the experimental data is not available. In Fig.
6.7-6, the measurement and the calculation with the following data for a circular
contact area with a friction factor at zero temperature of u,=0.38 and a slope of
7,=1400. The qualitative comparison shows a quite good agreement.

6.8 Wear Calculation

In the following, an algorithm is developed to calculate the wear of the wheel and
rail. A common way to approximate the wear is to assume that the volume wear
rate is proportional to the frictional power, see also Chapter 3.9,

W =1pPy, (6.8-1)
with the constant /z, see (Fleischer 1973) and (Stromberg 1996). Experimental

identified data for the proportionality factor /x are cited in (Krause and Poll 1986).
Assuming a stationary process, the volume wear rate can be calculated by

W:d—W=d—Wﬁ=d—WV=dedszAyAz, (6.8-2)
dt de dt dx
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where W denotes the wear volume with respect to the wheel. Solving Eq.(6.8-2)
for the wear depth Az and inserting Eq.(6.8-1), Eq.(6.7-1) and Eq.(6.7-2) gives
Ir

Az=7qHAx. (6.8-3)
and in dimensionless form with Eq.(6.4-5)
A" = Tpgp Ax° (6.8-4)
with
* AZ *
At =2 = Hecnolr (6.8-5)
dy dy

Then, the resultant wear depth for one strip is given by the summation
n)( nX
o = DAz =T Y gy (6.8-6)
i=1 i=1

assuming that the proportionality factor Iz from Eq.(6.8-1) and the discretization
length Ax of the contact area are constant.

Fig. 6.8-1a shows the development of wear depth within the contact region
varying the longitudinal slippage s0,=0.0(-0.003)-0.06. In principle, the wear
depth behaves qualitatively in the same way like the temperature. In Fig. 6.8-1b,
the resultant wear depth for one run-over is shown varying the longitudinal slip-
page.

Since the misalignments of the wheel and rail do vary with time, the distribu-
tion of wear varies with time, which contributes to the unroundness of the wheel.
In Fig. 6.8-2, the variation of the normal displacement with

Auyy, = 0.02+0.03sinS
is investigated due to the resultant wear and the temperature at the trailing edge
within the reference coordinate system. Full separation is included within the cal-
culation method. The angle & stands for the position of the wheel. The wear due
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to a harmonic lateral motion of the wheel is shown in Fig. 6.8-3. The wear is
shown within the A-coordinate system and has to be transferred to the wheel -
coordinate system, using Eq.(6.2-16) and Eq.(6.2-17) to be able to describe the
change of the wheel geometry.
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Fig. 6.8-2 Temperature and wear calculation for harmonic normal displacements
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Fig. 6.8-3 Temperature and wear calculation for harmonic varying lateral displacements
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This resultant wear depth of the wheel has to be calculated continuously to be
able to analyze the change of the wheel surfaces and to analyze the unroundness of
the wheel. The stored wear data of the surface is used to modify the profile of the
wheel to get the actual profile, see Fig. 6.8-4. In analogy, this holds for the rail as
well. This completes the full calculation of the wheel-rail-system dynamics in-
cluding the wear calculation.

Wear of the Wheel
Wheel
WR0,VRO Fy, My
Profiles y.- > ;
O- > Rolling Contact
)y > Modul
Ws0.,Vso Fr, M7’
Rail
Wear of the Rail

Fig. 6.8-4 Procedure to calculate wear

6.9 Wear of Railway Wheels

To be able to calculate the wear distribution of railway wheels the relative kine-
matics between wheel and rail must be known. Here the model described in (Kai-
ser 2005) is used to describe the dynamics. The elasticity of the wheel and the rail
are included by the modal description. This model of the vehicle corresponds to an
ICE-wagon. The dynamic behavior is calculated beforehand, so that the relative
kinematics between wheel and rail is given. Now the wear model described before
can be applied to the railway wheels.

One result of this procedure is shown in Fig. 6-9-1. The basis of this calcula-
tion is one unround wheel with three maxima. The calculation of the contact
forces as described above has been used to verify the procedure. The wear of the
wheel shows again three maxima, because here the normal forces increases and
therefore the frictional power and hence the wear increases. However, there exists
a slightly shift between the maxima on the unround wheel and the maxima corre-
sponding to the wear distribution. Furthermore, three additional maxima occur
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with respect to an increase of lateral slippage. The question, why the wheels are
getting unround, can not be explained at this stage, but with this calculation pro-
cedure as specially with the developed wear module this question can be analyzed.

Lateral coordinate x, [m] 2 y 10

3 12 Longitudinal coordinate x, [m]

Fig. 6.9-1 Wear of an unround railway wheel

6.10 Instationary Rolling Contact Tyre-Road

The main function of a tire is the transmission of forces between the car and the
road. To achieve high acceleration a high friction coefficient is essential. The fric-
tion coefficient of rubber material depends on a variety of parameters like relative
velocity, normal pressure, contact temperature, surface roughness, wetting and
material parameters, see also (Hirschberg et al. 2002). The friction on a dry road is
mainly based on hysteresis and adhesion effects as described in Chapter 3.6.

Fast changes of the relative velocity and the normal force occur especially dur-
ing ABS-braking. Therefore, the time dependent behavior of the tangential forces
during these transient changes is of interest. This behavior can not be described by
the steady friction characteristic. In Fig. 6.10-1, the procedure to calculate insta-
tionary rolling systems is depicted. This method can be transferred to any rolling
system like the wheel-rail rolling contact. A detailed description of the method is
given in (Gutzeit et al. 2006). Here, an overview is given of the calculation proce-
dure.
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Fig. 6.10-1 Procedure to calculate instationary rolling systems

The deformation of a still-standing wheel under normal load is calculated by
FEM, where the contact nodes are free within the contact area. The node of the
wheel center is displaced against the ground by ry,,. The contact computation can
be carried out using the penalty method. Due to the nonlinear behavior of the sys-
tem, a Newton-Raphson procedure is applied for the calculation of the large static
displacements. Then, the static displacements of the all nodes and the static con-
tact pressure distribution are available.

In the simulation, the structure dynamics of the wheels is approximated by a
modal approach. The contact behavior is described by using a simplified point
contact model. The contact patch is discretized and the local tangential forces for
passing material points are obtained. Thus, the shear stress distribution acts on the
wheel in addition to the actuation moment M,,, which is generated by the actuator
realizing the given reference angular velocity €,.q,. The wheel dynamics consist
of the rigid body dynamics and the dynamics of the modal condensed structure.
With the modal condensed structure, the comparatively small dynamic displace-
ments are computed. Here, gyroscopic effects are neglected due to relative small
angular velocities.
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In the point contact model, only those material points currently passing the con-
tact patch are observed. The displacements of the material points within the con-
tact plane are gained by superposing of the rigid body motion, the static displace-
ments and the dynamic displacements based on the modal approach. Due to the
low time constants, only the first mode was used for the approximation of the
structure dynamics. For the calculation of the shear stress distribution, twenty con-
tact elements were used, arranged in a row in the center of the contact zone.

The rolling friction is experimentally tested with an autonomous friction robot
using small rubber wheel, see Fig. 6.10-2. The robot controls the relative velocity
and the normal force and can realizes fast parameter changes of both. Therefore, it
is possible to investigate instationary rolling friction contacts. Jumps of the rela-
tive velocity and the normal force are studied.

Fig. 6.10-2 Measurement system of rolling contact forces

In a first step, all experiments were accomplished at constant normal force
Fy=40 N on the wheel and constant reference velocity v,,,=40 mm/s of the wheel
center. Fig. 6.10-3 shows the comparison between simulations and experiments
for steady slippage. The reason for the relative small difference is probably the
lack of an appropriate local sliding friction characteristic. The qualitative progres-
sion of the simulated characteristically fits relatively well to the experimental re-
sults.
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Fig. 6.10-3 Normalized tangential forces for stationary rolling
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In the following, jump excitations of the slippage were chosen to investigate the
dynamical behavior of the system. For such a slippage jump the normalized tan-
gential force is shown in Fig. 6.10-4. To obtain a reference magnitude for the
model verification, an exponential characteristic is fitted to both experimental and
numerical data. The time constant of this exponential approximation represents the
delay of the dynamic contact behavior.
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Fig. 6.10-4 Identification of time constants

The comparison of simulations and experiments for instationary excitations by
slipping jumps is shown in Fig. 6.10-5. The time constant is plotted versus the val-
ues of the target slippage. For up-jumps, the results of the model fit well to the ex-
perimental data. For down-jumps, the simulation results differ stronger from the
experimental data. A more detailed description of the local friction characteristic
as presented in Chapter 3.6 will improve these calculations. Nevertheless, the
comparison between simulation and measurement is relative good.
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Fig. 6.10-5 Time constant of the longitudinal forces
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An alternative calculation procedure is developed to handle dynamical contact
problems with friction. Most of the technical systems with friction contacts can be
reduced to linear elastic bodies contacting each other, where the contact behavior
is modeled nonlinear. The modal description of the spatial vibrating elastic bodies
leads to a reduction of the degrees of freedom of the system and hence to a reduc-
tion of the numerical problem. Due to the non-linearity of the contact behavior and
the spatial motion, the generally expanded contact area is discretized. For each
discretized contact area, the developed point contact model is used to describe the
normal and tangential contact forces. The main assumption with respect to the
point contact model is that the point contacts are only coupled by the contact
kinematics. The connection of the modal description of the elastic bodies and the
point contact model leads to an efficient modeling of dynamical problems with
friction.

The point contact model includes the main parameters like the contact stiff-
nesses in normal and tangential direction. A mesoscopic contact model for rough
surfaces is developed with an extension to a hyperbolic contact law for relative
large deformations. The measured cumulative height distribution is used to de-
scribe the rough surface. Due to the roughness of the contact surfaces, the normal
contact force and the tangential contact stiffness are nonlinearly dependent on the
relative normal displacements. Both nonlinear effects are verified by experiments.
Commonly used contact laws for modeling roughness are recalculated. The de-
creasing characteristic of the friction coefficient with respect to the relative veloc-
ity is investigated experimentally and is explained theoretically by the dependency
of the friction coefficient on the temperature.

Parameter studies are carried out with respect to the developed point contact
model, which includes all the features described above. Limits of application of
the point contact model are related to yielding and to the first eigenfrequency of
the layer. The hysteretic behavior is investigated with respect to normal and tan-
gential displacements. Anisotropy with respect to the contact stiffnesses is mod-
eled and the possibility of separation of the contact is included in the contact
model and is analyzed. Microslip effects due to roughness lead to a smooth in-
crease of the tangential force relative to the displacement, whereby the tempera-
ture effect leads to a decreasing characteristic with respect to the tangential forces.

Friction leads always to a time dependent system, which is shown theoretically
by calculating the wear with respect to rough surfaces. The shape of the contact
surfaces changes because of wear and therefore the pressure distribution changes
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as well as the normal force-displacement relationship and the tangential contact
stiffnesses.

The developed procedure to model contacts is applied to real contact problems.
Experimental investigations are used to verify the numerical results. The investi-
gated problems include the application of the generalized point contact model, the
solution methods, the comparison of the measurements with the calculations and
parameter studies.

In a first step, the method is applied to two oscillators with a harmonic excita-
tion. On the one hand, an oscillator with elastic contacts is used to check the nor-
mal contact modeling. Using higher modes lead to an improvement of the calcula-
tion compared to the measurements. Measured multi-periodic and chaotic motions
are recalculated. For verifying the tangential contact model, the experimental data
of a self-sustained friction oscillator is used. Within the experiments it is observed,
that higher periodic motions occur and it is shown that the waviness is one reason
for this effect. The comparison of measurements and calculations show a good
agreement with respect to both oscillators.

Dry friction is a main factor of self-sustained oscillations in dynamic systems.
The mathematical modelling of dry friction forces result in strong nonlinear equa-
tions of motion. The bifurcation behaviour of a deterministic system has been in-
vestigated by bifurcation theory. The stability of stationary solutions has been ana-
lyzed by the eigenvalues of the Jacobian. Period doublings and Hopf-bifurcations
as well as turning points could be determined with the program package
BIFPACK. Phase plane plots of periodic and chaotic motions have been shown for
a better understanding of the bifurcation diagrams. Both, unstable branches and
stable coexisting solutions have been calculated. Several jumping effects, which
are typical for nonlinear systems, have been found.

Efficient solution methods for calculating the spatial forced vibration of elastic
structures with friction contacts including microslip effects due to roughness are
developed and applied to bladed disk assemblies with shrouds. The Harmonic
Balance Method is used to linearize the normal and tangential contact forces. This
leads to a complex stiffness matrix, where the components are nonlinearly de-
pendent on the relative displacements of the contact surfaces. An experimental
setup with three elastic structures and two macroscopic non-Hertzian contacts is
used to verify the numerical results. The measurements of the spatial motion for
bending as well as torsional vibration of the elastic structures show a good agree-
ment with the corresponding calculations. Parameter studies of a bladed disk as-
sembly with shrouds are performed with respect to the alternating stresses in the
blade foot to optimize the spatial dynamic behavior with respect to an increased
lifetime.

An approximate method is presented to calculate the envelopes of the fre-
quency response functions for statistically varying natural frequencies of the
blades. This method is based on a sensitivity analysis and the Weibull-distribution
of the vibration amplitudes. From here, a measure for the strength of localization
for mistuned cyclic systems is derived. Regions, where localization can occur with
a high probability, can be calculated by this method. The mean value and the stan-
dard deviation of the vibration amplitudes are calculated. The comparison between
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the approximate method and the Monte-Carlo simulations shows a good agree-
ment. Therefore, applying this method leads to remarkable reduction of computa-
tion time and gives a quick insight into the system behavior. The approximate
method can also be applied to systems, which include the elasticity of the disk
and/or the coupling by shrouds or other friction devices.

Furthermore, the general friction contact model is applied to the rolling contact
problem. The point contact model allows a fast calculation of the generalized con-
tact forces for a spatial motion of the wheel and rail. Therefore, the developed roll-
ing contact model can be used for the determination of the long time behavior of
wheel-track-systems. The comparison of measurements and calculations of the
contact forces show a good agreement. Since the temperature distribution affects
the contact parameters like the friction coefficient, a fast algorithm for calculating
the temperature distributions within the contact region for steady rolling is devel-
oped. Including the temperature effect, which decreases the friction coefficient
leads to a decreasing friction characteristic with respect to the slippage, which is
verified by a measurement. Based on a hypothesis the wear of railway wheels was
calculated. With the developed calculation procedure, one is able to analyze why
the railway wheels are getting unround.

An efficient model for unsteady rolling contact is presented. The model is ex-
perimentally validated by measurements of an autonomous vehicle. For the excita-
tion with slippage jumps, an exponential saturation behavior is approximated to
both, experimental data and simulation results. The characteristic time constant of
the system response is used to verify the model. For increasing target values of the
slippage, the time constant decreases. The time constant characteristics are repro-
duced quiet well by the model.

Due to the developed multi-scaling technique, it is possible to model friction
contacts on the micro up to the macro-scale in an efficient way. It could be shown
that with the modal reduction and the multi-scaling technique an efficient method
has been developed to be able to analyze the dynamics of large elastic multibody
systems with friction contacts.
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Nomenclature

Rare used parameters are defined within the text.

Cnsé

CN

CNo

Cr

CRro

A

gwgm;qaj\

Halfaxis of the ellipse [m]
Unit length [m1]

Contact area [m°]
Nominal contact area [m°]
Halfaxis of the ellipse [m]
Harmonic linearized
damping coefficient [N/m]
Width of nominal contact
area [m]

Harmonic linearized
stiffness coefficient [N/m]
Normal contact stiffness
[N/m]

Nominal normal contact
stiffness [N/m]

Tangential contact stiffness
[N/m]

Nominal tangential contact
stiffness [N/m]

Linear Kalker coefficient
[-]

Modal damping of the j*
mode [-]

Modulus of elasticity
[N/m’]

Frequency [Hz]

Force [N]

Friction force [N]
Ellipticity [-]

Shear modulus [N/m’]
Height [m]

Height of the nominal
contact area [m]

Complex unit [-]

Iy

SRS ST

4

mp

ny, .z

>l

Ry

Wear constant of the wheel
[m’/N]

Engine order [-]

Inertia [kgmz]

Slope parameter [s/m]
Contact coefficient [N/m]
Length of the deformed
layer [m]

Length of the undeformed
layer [m]

Peclet number or Speed
parameter [-]

Mass [kg]

Reduced point mass [kg]
Moment [Nm]

Number of area elements in
the x,y,z-direction [-]
Number of elastic
structures [-]

Probability density function
[-]

Normal pressure [N/m’]
Dimensionless parameter
[-]

Pressure parameter [s/m]
Frictional power [ W]
Distributed heat source
[W/m?]

Heat [J]

Displacement [m]

Radius of curvature [m]
Average surface roughness
[m]

Slip coefficient [-]



186  Nomenclature
t Time [s] Wy Angular excitation
T Temperature [K] frequency [rad/s]
Tr End temperature [K] on Angular eigenfrequency of
u, v, w Relative displacement in the /" mode [rad/s]
x, y, z-direction, & Coordinate [m]
respectively [m] % Spin parameter [-]
ug Position of equilibrium [m] % Torsional angle [rad]
UgR Surface helght [Wl] éf Coordinate [m]
vp Absolute velocity of the
point P [m/s]
Viyz Velocities in x,y,z-direction
[m/s]
4 Average VelOCityj [m/s] Vectors and Matrices
w Wear volume [r’] a Acceleration vector
W Work ,[J] A Transformation matrix
x,y,z  Coordinates [m] b Body force vector
Y Yielding stress [N/m’] B Operator matrix
E Unit matrix
I Generalized force vector of
body forces
Greek Symbols fr g(egfarggied force vector of
a Angle [rad] Jfo Generalized contact force
ORs Heat partitioning factor of vector
the wheel, rail [-] b Generalized force vector of
s Damping factor [s] external forces
o Transformation angle [rad] Fry  Contact force vector
A Increment F¢ Point contact force vector
& Strain [-] Fs Elastic force vector
¢ Angle [rad] Fgp Damping force vector
y Slope parameter [1/K] G Transformation matrix
n Coordinate [m] H Matrix of elasticity
Drye Relative angle [rad] K Stiffness matrix
K Thermal diffusivity [#%/s] My  Contact moment vector
1 Wave length [] N Matrix of Ansatzfunctions
£ .. f modal
AR Thermal conductivity of the 1 Z)e(frtccl)irnz tes
W}.lee.l [NAsK)) . r Vector of displacement
Y7, Friction coefficient [-] S System matrix
v P01ss.on’s rat1o3 [-] T Modal matrix
P Density [kgém ] u Vector of generalized
o Stress [N/m’] relative displacements
T Shear stress [N/m’] w Generalized displacement
5 Shear strength [N/m’] vector
10} Angular frequency [rad/s] X Vector of coordinates
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Indices

1 Complex

] Imaginary part

] Real part

17 Transposed of [ ]

] Dimensionless

I Related to points of
excitation

[1i Related to the i blade

[z Left, right

[1v  Related to the point M

[lvr  Normal, tangential

[lo Related to the point O

[1r Related to the point P

[ Irs Related to the wheel, rail

[ly: Inxyz-direction

[0 Related to the point 0

[1.2  Related to the body 7,2
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Ansatzfunctions 23
asperities 40

average surface roughness 42
ball bearings 4

body force 19

brake 2

brush model 31

Cauchy stress tensor 20
chaotic motion 84

contact area 45

contact stiffness 31

contact force 40

cumulative height distribution 43
discretization 99

divergence theorem 22
eigenfrequency 28
eigenvector 28

elastic body 22

elastic foundation model 9
elastic structure 26

energy balance 56

energy dissipation 65
equation of motion 20
frequency response function 106
friction characteristic 53
Gaussian distribution 43
grinding machine 2
half-space 9

Harmonic Balance Method 94
heat source 72

heat transfer equation 56
Hertzian contact 152
Hooke’s law 21

hysteresis 67

large deformations 50
limit cycle 64

lubricant 6

mass balance 20

mass matrix 24
mechanical interlocking 1
microslip 38

modal description 27
modal stiffness 45
molecular attraction 1
nodal displacement 31
noise 101

normal contact stiffness 42
penalty approach 14
pressure distribution 45
principle of Jourdain 30
principle stresses 43
rebouncing 94

rigid body 26

Ritz Ansatz 23
roughness 40
separation 45

shear strength 63
shrouded blades 94
smoothing function 64
stick-slip motion 72
stiffness matrix 103
surface profile 49
tangential contact stiffness 56
turbine blades 113
virtual power 22
waviness 95

wear rate 85

yielding 70



