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Weights of Evidence and Internal Conflict
for Support Functions

Nevin L. Zhang

Abstract. Shafer [1] defined weights of evidence and the weight of internal conflict
for separable support functions. He also formulated a conjecture, the weight-of-
conflict conjecture, which implies that these definitions can be extended in a natural
way to all support functions. In this paper I show that the extension to support
functions can be carried out whether or not the weight-of-conflict conjecture is true.

1 Prerequisites

This section reviews basic concepts and results needed for the theorems in the
next section. See Shafer [1] for details.

Let O be a finite set, called a frame of discernment. A function Bel : 2 —
[0,1] is called a belief function over © if

(1) Bel(@) =0, Bel(0) =1, and
(2) for every integer n and arbitrary subsets Aj, Ag, ..., A, of O,

Bel (Lnj Ai> > i (—1)F Z{Bel (ﬂ Ai> | =k, 1C{1,2, n}} .
=1 k=1

el

Given a belief function Bel over the frame O, there exists a unique map
m : 29 — [0, 1] (called the basic probability assignment for Bel) such that for
each subset A of ©,

Bel (4) =Y {m(B)|B C A}.
The function @ : 2© — [0, 1] defined by

QA)=) {m(B)[B2 A}

for each subset A of © is called the commonality function for Bel.
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Suppose Bel; and Bely are belief functions, with basic probability assign-
ments my and mo, respectively. If the number

K = Z{ml (Al)mg (AQ) |A1,A2 e 2®,A1 ﬂAQ 7é @}

is not zero, then we say that the orthogonal sum of Bel; and Bels exists. We
denote this orthogonal sum by Bel; & Bels; by definition, it is the function
over © whose basic probability assignment is given by

m (A) = Il( Z {m1 (Al)mg (Ag) |A1 NAy = A} .

The number — log K is called the weight of conflict between Bel; and Bel,. The
weight of conflict and the orthogonal sum are defined similarly for more than
two belief functions. They do not depend on the order of combination, and

Con (Bely, ..., Bel,) =Con (Bely, ..., Bel,_1)
+ Con(Bely @ --- ® Bel,,—1,Bel,,) , (1)

where Con(Bely,...,Bel,) stands for the weight of conflict among Bely, ...,
Bel,,.

A subset of © to which the basic probability assignment assigns a positive
number is called a focal element. If Bel; @ Belsy exists, then its set of focal
elements consists of all nonempty intersections of the form A; N Ay, where A,
is a focal element of Bel; and A is a focal element of Bels,.

The belief function whose only focal element is © is called the vacuous
belief function. If Bel; is vacuous, then Bel; @& Bel, = Bels. A belief function
with at most one focal element other than O is called a simple support func-
tion; the focal element not equal to © is called the focus. A belief function
which can be expressed as an orthogonal sum of simple support functions is
called a separable support function.

Suppose S is a simple support function focused on A. Then

w=—log[l—5(A)]

is called the weight of evidence focused on A.

The union of the focal elements of a belief function is called its core. If A
is the core of Bel, then Bel(B) = 1 if and only if B 2 A. If the core A of Bel
is a proper subset of ©, then it is sometimes convenient to replace the frame
O by A or by some other set B such that A C B C ©. (This means that we
work not with Bel : 2® — [0,1] but with the restriction Bel|2P, which is a
belief function over B whenever Bel(B) = 1.)

Given a subset A of O, let Bel 4 denote the belief function whose only focal
element is A; this means that Bel4(B) = 1 whenever B 2 A and Bely(B) =
0 otherwise. [The corresponding basic probability assignment m4 satisfies
ma(A) =1 and ma(B) = 0 when B # A.] If Bel is another belief function

over © with Bel(A) < 1, then Bel ® Bely exists and (Bel ® Bels)(A) = 1. The
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belief function Bel @ Bel can be thought of as a belief function over © or as
a belief function over A; in either case its values are given by

_ Bel (B U fl) — Bel ([l)

(Bel © Bela) (B) 1 — Bel (4)

(2)
Changing Bel to Bel @ Bely is called conditioning Bel on A.

The belief function Bels is idempotent with respect to the operation
@ : Bely @ Bely = Bely. This fact, together with the commutivity and asso-
ciativity of @, allows us to write

(Bel; @ --- @ Bel,) @ Bely = (Bel; @ Bely) @ --- ® (Bel, @ Bela).  (3)

In words: combining and then conditioning on A gives the same result as
conditioning on A and then combining.

If we condition a simple support function on A, then the result, considered
as a belief function over A, is again a simple support function. (Suppose S
is a simple support function focused on B. Then S has at most two focal
elements, B and O. Since Bel4 has only one focal element, A, the orthogonal
sum S @ Bels has at most two focal elements, BN A and ©N A = A If
BNA=@o BNA= A, then A is S @ Bela’s only focal element, and
therefore S @ Bely is the vacuous belief function over A.) It follows from this
and (3) that if we condition a separable support function on A, then the result,
considered as a belief function over A, is again a separable support function.

Suppose S is a separable support function over the frame ©; we assume,
without loss of generality, that © is the core of S. In this case there exists
a unique set S, ...,.5, of nonvacuous simple support functions with distinct
foci such that S = S; @ --- @ S,. The weight of conflict among these S; is
called the weight of internal conflict in S and is denoted by Wg. If we denote
the focus of S; by A; and denote the weight of evidence focused on A; by w;,
then the function V : 2 — [0, 00) defined by

Vs (A) = {wilA; 2 A}

is called the impingement function for S; V(A) is the total weight of evidence
impinging on A. It turns out that the commonality function Qg for S satisfies

Qs (A) = exp[Ws — Vs (4)],

Vs (A) = Ws —logQs (A), (4)

for every nonempty subset A of ©.

Suppose M is a field of subsets of the frame ©, and suppose A is a subset
of ©. Since O is finite, there is a smallest element of M containing A and a
largest element of M contained in A. We denote these elements of M by AT
and A~ , respectively:
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AT :U{B|B is an atom of M; BN A # o}

or
- =U{B|B is an atom of M; B C A}.

We say that Bel is carried by the field M if all the focal elements of Bel
are in M. This is equivalent to the requirement that Bel(A) = Bel(A™) for
all A C ©.

2 Main Results

Theorem 1. If Bel; and Bely are both belief functions over ©, and if Bely
and Bels agree on the field M generated by the focal elements of Bely, then
their commonality functions Q1 and Q2 satisfy Q1 > Q.

Proof. For any subset A of ©,
Bel; (A) = Bel; (A7) = Bely (A7)
=> {ma(B)|BC A"}
=Y {ma(B)|B* C A},

where ms is the basic probability assignment for Bels. This implies that the
basic probability assignment for Bel; is given by

=Y {ma(B)|B* = 4}.
Therefore
A) =" {mi (B)|B 2 4}
=" {ma(B)|B* 2 4}
>3 {ma(B) B2 A} = Q2 (A).

Theorem 2. If S and T are both separable support functions over ©, and if
S and T agree on the field M generated by the focal elements of S, then

Ws < Wr (5)

and
Vs < Vp. (6)

Proof. We will assume, without loss of generality, that © is the core of S.
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Let S =51 ®---® S, be the unique decomposition of S into nonvacuous
simple support functions with distinct foci, and let A;,..., A, denote these
foci. We will prove (5) by induction on n.

If n = 1, then (5) is immediate, because Wg = 0.

Suppose (5) is true for all k < n.

Consider the belief functions S @ Bels, and T @ Belya, . Since A; is in M,
it follows from (2) and from the agreement of S and T' on M that S @ Bela,
and T @ Bely, agree on M. In particular, they agree on

M’ = {ANA|A e M},

which is a subset of M. When S & Bels, and T & Bely, are considered as
belief functions over Aj, they are both separable support functions, and M’
is the field of subsets generated by the focal elements of S @ Bel 4,. Moreover,
the number of nonvacuous simple support functions with distinct foci in the
decomposition of S @ Bely, is less than n. To see this, use (3) to write

S @ Bels, = (S1 ®Bely,) @ --- @ (Sp @ Bely, ), (7)

and recall that the S; @ Bela,, considered as belief functions over A;, are
simple support functions. Since A; is the focus of Si, S1 @ Bely, is vacuous,
and others of the S; @ Bel4, may also be vacuous. If we omit these from the
right-hand side of (7), and if we then combine any of the \S; @ Bels, that have
a common focus to obtain a single simple support function with that focus,
then we will have reduced (7) to the unique decomposition of S @ Bel,, into
nonvacuous simple support functions with distinct foci, and the number of
these simple support functions will be less than n.
It follows from the inductive hypothesis that

WsaBela, < WraBela, -

But by (1),
Wsapel,, = Ws + Con (S, Bela, )
and
Wrae,, = Wr © Con (T, Bely, ) .
And
Con (S, Bely, ) = —log [1 -5 ([11)]
= —log [1 -T (fll)]
= —Con (T, Bely,).
So Wg < Wr.

From (5), (4), and Theorem 1, we immediately obtain (6).
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3 Support Functions

In this section we show how the weight of internal conflict and the impinge-
ment function can be defined for support functions.

Suppose O and 2 are two frames of discernment. We call a function w :
29 — 29 a refining if {w(#)|0 € O} constitutes a disjoint partition of 2, and
w(A) = U{w(0)|0 € A} for all subsets A of ©. If w : 2© — 2 is a refining,
then we say that €2 is a refinement of ® and © is a coarsening of (2.

If Bel is a belief function over  and w : 2° — 29 is a refining, then the
function Bel o w is a belief function over ©. If Bel; is a belief function over
Q, Bel; is a belief function over ©, and Bel, = Bel; o w for some refining w,
we say that Bel; is an extension of Bels.

If Bel is a belief function over ©, m is the basic probability assignment
for Bel, and w : 2® — 2 is a refining, then the belief function Bel“ over
which is given by the basic probability assignment

8
0 if thereis no B C © such that w (B) = A ®

m®(A) = {m(B) it BCOandw(B)=A4,
is an extension of Bel to €. It is called the vacuous extension of Bel to Q. It
is obviously carried by the image w(2®), which is a field of subsets of Q.

As (8) makes clear, a belief function and its vacuous extension have the
same structure, except that the vacuous extension is embedded in a finer
frame. In general, any operation on belief functions on a given frame gives the
same result when carried out on the vacuous extensions to a finer frame. For
example,

Con(Bely,...,Bel,) = Con(Bel{, ..., Bel?, 9)

and
(Bel; @ --- @ Bel,,)” = Bel{ @ - - - & Bel. (10)

A Dbelief function is called a support function if it can be extended to a
separable support function over some refinement. Given a support function S,
we let Ss denote the set of all separable support functions which are extensions
of S. We set

Wé — inf {WT|T S 85} )

and we define a function V/ on 2° by
VA(A) = inf{Vi(w(A)|T € Ss, § = T ow}.

We would like to call W/ and V. the weight of internal conflict in S and the
impingement function for S, respectively. Doing so is justified by the following
theorem.

Theorem 3. If S is a separable support function over ©, then W, = Wy, and
Vi=V..
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Proof. Consider an arbitrary extension 7' of S. Let w : 2 — 292 be the
corresponding refining, and let S“ denote the vacuous extension of S to €.
Since S = Tow = S ow, T and S* agree on the field of subsets w(2°). Since
the focal elements of S¢ are all in w(2®), it follows that 7" and S agree on
the field M generated by the focal elements of S“. Therefore, by Theorem 2,
Wsw < Wr and Vsw < V. Since T was an arbitrary element of Sg, and since
5S¢ is in Sg, it follows that W§ = Wsw and V§ = Vgw. On the other hand, it
is clear from (9) and (10) that Wsw = Wg and Vsw = V.

4 The Weight-of-Conflict Conjecture

Shafer [1] was unable to prove Theorem 3 because he did not have Theorem 2
available. His attempt to prove Theorem 3 led him to formulate the weight-of-
conflict conjecture: if the commonality functions 1 and Q2 for two separable
support functions S; and Sq satisfy Q1 > Q2, then Wg, < Wg,. By reasoning
equivalent to that in the proof of Theorem 1, he showed that this conjecture
implied Theorem 3.

The results in this paper do not tell us whether Shafer’s conjecture is
true. They do show, however, that the conjecture is not needed for Shafer’s
purposes.
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