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Preface

In mathematics generalization is one of the main activities of researchers. It
opens up new theoretical horizons and broadens the fields of applications.
Intensive study of generalized convex objects began about three decades ago
when the theory of convex analysis nearly reached its perfect stage of develop-
ment with the pioneering contributions of Fenchel, Moreau, Rockafellar and
others. The involvement of a number of scholars in the study of generalized
convex functions and generalized monotone operators in recent years is due
to the quest for more general techniques that are able to describe and treat
models of the real world in which convexity and monotonicity are relaxed.
Ideas and methods of generalized convexity are now within reach not only
in mathematics, but also in economics, engineering, mechanics, finance and
other applied sciences.

This volume of referred papers, carefully selected from the contributions
delivered at the 8th International Symposium on Generalized Convexity and
Monotonicity (Varese, 4-8 July, 2005), offers a global picture of current trends
of research in generalized convexity and generalized monotonicity. It begins
with three invited lectures by Konnov, Levin and Pardalos on numerical varia-
tional analysis, mathematical economics and invexity, respectively. Then come
twenty four full length papers on new achievements in both the theory of the
field and its applications. The diapason of the topics tackled in these contri-
butions is very large. It encompasses, in particular, variational inequalities,
equilibrium problems, game theory, optimization, control, numerical meth-
ods in solving multiobjective optimization problems, consumer preferences,
discrete convexity and many others.

The volume is a fruit of intensive work of more than hundred specialists
all over the world who participated at the latest symposium organized by
the Working Group on Generalized Convexity (WGGC) and hosted by the
Insubria University. This is the 6th proceedings edited by WGGC, an inter-
disciplinary research community of more than 300 members from 36 coun-
tries (http://www.gencov.org). We hope that it will be useful for students,
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researchers and practitioners working in applied mathematics and related ar-
eas.

Acknowledgement. We wish to thank all the authors for their contri-
butions, and all the referees whose hard work was indispensable for us to
maintain the scientific quality of the volume and greatly reduce the publica-
tion delay. Special thanks go to the Insubria University for the organizational
and financial support of the symposium which has contributed greatly to the
success of the meeting and its outcome in the form of the present volume.

Kazan, Avignon and Ballarat L.V. Konnov
August 2006 D.T. Luc
A.M. Rubinov
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Combined Relaxation Methods for Generalized

Monotone Variational Inequalities

Igor V. Konnov

Department of Applied Mathematics, Kazan University, Kazan, Russia
ikonnov@ksu.ru

Summary. The paper is devoted to the combined relaxation approach to construct-
ing solution methods for variational inequalities. We describe the basic idea of this
approach and implementable methods both for single-valued and for multi-valued
problems. All the combined relaxation methods are convergent under very mild as-
sumptions. This is the case if there exists a solution to the dual formulation of
the variational inequality problem. In general, these methods attain a linear rate of
convergence. Several classes of applications are also described.

Key words: Variational inequalities, generalized monotone mappings, com-
bined relaxation methods, convergence, classes of applications.

1 Introduction

Variational inequalities proved to be a very useful and powerful tool for in-
vestigation and solution of many equilibrium type problems in Economics,
Engineering, Operations Research and Mathematical Physics. The paper is
devoted to a new general approach to constructing solution methods for vari-
ational inequalities, which was proposed in [17] and called the combined re-
lazation (CR) approach since it combines and generalizes ideas contained
in various relaxation methods. Since then, it was developed in several direc-
tions and many works on CR methods were published including the book [29].
The main goal of this paper is to give a simple and clear description of the
current state of this approach, its relationships with the known relaxation
methods, and its abilities in solving variational inequalities with making an
emphasis on generalized monotone problems. Due to the space limitations, we
restrict ourselves with simplified versions of the methods, remove some proofs,
comparisons with other methods, and results of numerical experiments. Any
interested reader can find them in the references.

We first describe the main idea of relaxation and combined relaxation
methods.
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1.1 Relaxation Methods

Let us suppose we have to find a point of a convex set X* defined implicitly in
the n-dimensional Euclidean space R™. That is, X* may be a solution set of
some problem. One of possible ways of approximating a point of X* consists
in generating an iteration sequence {z*} in conformity with the following rule:

o The neat iterate ¥t is the projection of the current iterate x* onto a

hyperplane separating strictly x* and the set X*.
Then the process will possess the relazation property:

e The distances from the next iterate to each point of X™* cannot increase in
comparison with the distances from the current iterate.

This property is also called Fejer-monotonicity. It follows that the sequence
{x*} is bounded, hence, it has limit points. Moreover, due to the above relax-
ation property, if there exists a limit point of {z*} which belongs to X*, the
whole sequence {z*} converges to this point. These convergence properties
seem very strong. We now discuss possible ways of implementation of this
idea.

Fig. 1. The relaxation process

First we note that the separating hyperplane Hy, is determined completely
by its normal vector ¢ and a distance parameter wy, i.e.

Hy ={z eR" | (¢* 2" —z) = wi}.
The hyperplane Hj, is strictly separating if
k

(gF 2% — 2"y > wp >0 Vot e X*. (1)

It also means that the half-space
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{r e R" | (gk,xk —z) > w}

contains the solution set X* and represents the image of this set at the current
iterate. Then the process is defined by the explicit formula:

= b (gt )", 2)
and the easy calculation confirms the above relaxation property:
2"+t — 2| < Jla® = 2P = (i /6" 1) Vet e X

see Fig. 1. However, (1) does not ensure convergence of this process in general.
We say that the rule of determining a separating hyperplane is regular, if the
correspondence ¥ — wy, possesses the property:

(wr/llg") = 0 implies  2* € X*

for at least one limit point z* of {x*}.

e The above relaxation process with a regular rule of determining a separating
hyperplane ensures convergence to a point of X*.

There exist a great number of algorithms based on this idea. For linear equa-
tions such relaxation processes were first suggested by S. Kaczmarz [12] and
G. Cimmino [7]. Their extensions for linear inequalities were first proposed by
S. Agmon [1] and by T.S. Motzkin and I.J. Schoenberg [35]. The relaxation
method for convex inequalities is due to L.I. Eremin [8]. A modification of this
process for the problem of minimizing a convex function f : R™ — R with
the prescribed minimal value f* is due to B.T. Polyak [40]. Without loss of
generality we can suppose that f* = 0. The solution is found by the following
gradient process

ohHl gk (f(l‘k)/HVf(xk)||2)vf(xk)’ (3)

which is clearly an implementation of process (2) with g = Vf(2*) and
wr = f(z¥), since (1) follows from the convexity of f:

(Vf(z*), 2% — 2%y > f(z®) >0 Va* e X* (4)

for each non-optimal point z*. Moreover, by continuity of f, the rule of de-
termining a separating hyperplane is regular. Therefore, process (3) generates
a sequence {2*} converging to a solution. Note that process (3) can be also
viewed as an extension of the Newton method. Indeed, the next iterate zF+t!
also solves the linearized problem

F@®) +(Vf@a*),z —2*) =0,

and, in case n = 1, we obtain the usual Newton method for the nonlinear
equation f(x*) = 0; see Fig. 2. This process can be clearly extended for
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y=f(z)

\

T

Y

* $k+2 l’k+1 ZCk T

Fig. 2. The Newton method

the non-differentiable case. It suffices to replace V f(z*) with an arbitrary
subgradient g* of the function f at z*. Afterwards, it was noticed that the
process (3) (hence (2)) admits the additional relaxation parameter v € (0, 2):

k+1

" = 2F — y(wi/||g"]1?)g",

which corresponds to the projection of z* onto the shifted hyperplane

Hi(y) ={z € R" | (¢*, 2" — z) = ywi }. (5)

1.2 Combined Relaxation Methods

We now intend to describe the implementation of the relaxation idea in solu-
tion methods for variational inequality problems with (generalized) monotone
mappings. We begin our considerations from variational inequalities with
single-valued mappings.

Let X be a nonempty, closed and convex subset of the space R, G :
X — R”™ a continuous mapping. The variational inequality problem (VI) is
the problem of finding a point z* € X such that

(G(z*),x—2") >0 VxelX. (6)

We denote by X* the solution set of problem (6). Now we recall definitions of
monotonicity type properties.

Definition 1. Let Y be a convex set in R™. A mapping @ : Y — R" is said
to be
(a) strongly monotone if there exists a scalar 7 > 0 such that
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Q) - Qy),x—y) >Tllz—y|* Va,yeY;

(b) strictly monotone if

Q) -Qy),x—y) >0 Ve,yeYxFy;

(¢) monotone if

(Q(z) = Qy),z—y) >0  Vz,yeY;

(d) pseudomonotone if

QW)r—y) >0 = (Q),r—y) >0 VryeY;

(e) quasimonotone if

Q)z—y) >0 = (Qz),z—-y)>0 Vz,yeY;

(f) strongly pseudomonotone if there exists a scalar 7 > 0 such that

Q) -y 20 = (Q)z—y) =7z —yl> VayeY.
It follows from the definitions that the following implications hold:
(o) = (b)) = (¢) = (d) = (e) and (a) = (f) = (d).

All the reverse assertions are not true in general.

First of all we note that the streamlined extension of the above method
does not work even for general monotone (but non strictly monotone) map-
pings. This assertion stems from the fact that one cannot compute the normal
vector ¢gF of a hyperplane separating strictly the current iterate z* and the
set X* by using only information at the point z* under these conditions, as
the following simple example illustrates.

Ezample 1. Set X = R", G(x) = Az with A being an n x n skew-symmetric
matrix. Then G is monotone, X* = {0}, but for any x ¢ X* we have

(G(x),z — z*) = (Az,z) =0,

i.e., the angle between G(2*) and % — 2* with 2* € X* need not be acute
(cf.(4)).

Thus, all the previous methods, which rely on the information at the current
iterate, are single-level ones and cannot be directly applied to variational
inequalities. Nevertheless, we are able to suggest a general relaxation method
with the basic property that the distances from the next iterate to each point
of X* cannot increase in comparison with the distances from the current
iterate.

The new approach, which is called the combined relazation (CR) approach,
is based on the following principles.
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The algorithm has a two-level structure.
The algorithm involves an auxiliary procedure for computing the hyper-
plane separating strictly the current iterate and the solution set.

e The main iteration consists in computing the projection onto this (or
shifted) hyperplane with possible additional projection type operations
in the presence of the feasible set.

e An iteration of most descent methods can serve as a basis for the auxiliary
procedure with a regular rule of determining a separating hyperplane.

e There are a number of rules for choosing the parameters of both the levels.

This approach for variational inequalities and its basic principles were first
proposed in [17], together with several implementable algorithms within the
CR framework. Of course, it is possible to replace the half-space containing the
solution set by some other “regular” sets such as an ellipsoid or a polyhedron,
but the implementation issues and preferences of these modifications need
thorough investigations.

It turned out that the CR framework is rather flexible and allows one to
construct methods both for single-valued and for multi-valued VIs, including
nonlinearly constrained problems. The other essential feature of all the CR
methods is that they are convergent under very mild assumptions, especially
in comparison with the methods whose iterations are used in the auxiliary
procedure. In fact, this is the case if there exists a solution to the dual for-
mulation of the variational inequality problem. This property enables one to
apply these methods for generalized monotone VIs and their extensions.

We recall that the solution of VI (6) is closely related with that of the
following problem of finding x* € X such that

(G(x),x —z") >0 VzelX. (7)

Problem (7) may be termed as the dual formulation of VI (DVI), but is also
called the Minty variational inequality. We denote by X¢ the solution set of
problem (7). The relationships between solution sets of VI and DVI are given
in the known Minty Lemma.

Proposition 1. [34, 15]

(i) X is convex and closed.

(ii) X4 C X*.

(i4) If G is pseudomonotone, X* C X%,
The existence of solutions of DVI plays a crucial role in constructing CR
methods for VI; see [29]. Observe that pseudomonotonicity and continuity
of G imply X* = X< hence solvability of DVI (7) follows from the usual
existence results for VI (6). This result can be somewhat strengthened for
explicit quasimonotone and properly quasimonotone mappings, but, in the
quasimonotone case, problem (7) may have no solutions even on the compact
convex feasible sets. However, we can give an example of solvable DVI (7)
with the underlying mapping G which is not quasimonotone; see [11] and [29]
for more details.
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2 Implementable CR Methods for Variational
Inequalities

We now consider implementable algorithms within the CR framework for solv-
ing VIs with continuous single-valued mappings. For the sake of clarity, we
describe simplified versions of the algorithms.

2.1 Projection-based Implementable CR Method

The blanket assumptions are the following.

X is a nonempty, closed and conver subset of R™;
Y is a closed convexr subset of R™ such that X CY;
G :Y — R"™ is a continuous mapping;

X £,

The first implementable algorithms within the CR framework for VIs un-
der similar conditions were proposed in [17]. They involved auxiliary proce-
dures for finding the strictly separating hyperplanes, which were based on
an iteration of the projection method, the Frank-Wolfe type method, and
the symmetric Newton method. The simplest of them is the projection-based
procedure which leads to the following method.

Method 1.1. Step 0 (Initialization): Choose a point 2 € X and numbers
€(0,1), B€(0,1), v € (0,2). Set k := 0.
Step 1 (Auxiliary procedure):
Step 1.1 : Solve the auxiliary VI of finding z* € X such that

(Ga") +25 —aty—2*) >0 wyeX, (8)
and set p* := zF — zF. If p* = 0, stop.
Step 1.2: Determine m as the smallest number in Z, such that

(G* + 87p"), ") < (G ("), p"), (9)
set Oy := ™, y* == 2% + Opp". If G(y*) = 0, stop.
Step 2 (Main iteration): Set

k+1

g~ = G(yk),wk = (gk,mk - yk>,a: = WX[xk - V(Wk/||gk||2)gk]: (10)

k:=k+1 and go to Step 1.

Here and below Z denotes the set of non-negative integers and 7x[-] denotes
the projection mapping onto X.

According to the description, the method finds a solution to VI in the case
of its finite termination. Therefore, in what follows we shall consider only the
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case of the infinite sequence {z*}. Observe that the auxiliary procedure in
fact represents a simple projection iteration, i.e.

2F =1y [xk - G(xk)},

and is used for finding a point y* € X such that

Wy = <gk,xk fyk> >0

when z¥ ¢ X*. In fact, (8)-(10) imply that
we = (G(y"), 2" —y") = 0u(G(y"), 2" — 2F)
> alfp(G(xF), 2F — 2F) > afy||2® — 252
The point y* is computed via the simple Armijo-Goldstein type linesearch pro-
cedure that does not require a priori information about the original problem

(6). In particular, it does not use the Lipschitz constant for G.
The basic property together with (7) then implies that

(gF,a% —a*)y > wp >0 if 2f ¢ X9

In other words, we obtain (1) where the normal vector g* and the distance
parameter wy > 0 determine the separating hyperplane. We conclude that,
under the blanket assumptions, the iteration sequence {z*} in Method 1.1
satisfies the following conditions:

P = (B, 8 = 0k (/g P)et oy € 0.2, g
(gF,aF —a) > w, >0 Vate X%

therefore Z**1 is the projection of z* onto the shifted hyperplane

Hi(y) ={y e R" | (¢*,2" —y) = ywy},

(see (5)) and Hj(1) separates z* and X?. Observe that Hy(7), generally
speaking, does not possess this property, nevertheless, the distance from ##+!
to each point of X% cannot increase and the same assertion is true for 25+ due
to the projection properties because X¢ C X. We now give the key property
of the above process.

Lemma 1. If (11) is fulfilled, then
[z —a*[? < [|la* = 2| = (2 = wr/llg"])?  Vere X (12)
Proof. Take any z* € X¢. By (11) and the projection properties, we have
e e L e Al
—2y(wi /6" (1) (9", a* — ™) + (ywr /16" (1)?
< la® = 2|® = 29(2 = 7) (wi/llg" ),
e. (12) is fulfilled, as desired.

The following assertions follow immediately from (12).
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Lemma 2. Let a sequence {z*} satisfy (11). Then:
(i) {z*} is bounded.
o0

(i) kzo(wk/\lgkll)z < 00,
(i4i) For each limit point x* of {x*} such that z* € X% we have

lim z* = z*.
k—o0
Note that the sequence {z*} has limit points due to (i). Thus, it suffices to
show that the auxiliary procedure in Method 1.1 represents a regular rule of
determining a separating hyperplane. Then we obtain the convergence of the
method. The proof is omitted since the assertion follows from more general
Theorem 2.

Theorem 1. Let a sequence {x*} be generated by Method 1.1. Then:
(i) There exists a limit point * of {x*} which lies in X*.
(ii) If
X* =X (13)
we have
lim 2% = 2* € X*.

k— o0

2.2 General CR Methods and Their Modifications

The basic principles of the CR approach claim that an iteration of most de-
scent methods can serve as a basis for the auxiliary procedure with a regular
rule of determining a separating hyperplane and that there are a number of
rules for choosing the parameters of both the levels. Following these princi-
ples, we now indicate ways of creating various classes of CR methods for VI
(6).

First we extend the projection mapping in (10).

Definition 2. Let W be a nonempty, convex, and closed set in R"™. A mapping
P :R™ — R"™ is said to be a pseudo-projection onto W, if for every x € R”, it
holds that

P(z)eW and |P(z)—w| < |z —w|| YweW.

We denote by F(W) the class of all pseudo-projection mappings onto W.
Clearly, we can take the projection mapping my () as P € F(W). The prop-
erties indicated show that the projection mapping in (10) and (11) can be
replaced with the pseudo-projection P € F(X). Then the assertion of Lemma
1 remains true and so are those of Lemma 2 and Theorem 1. If the definition
of the set X includes functional constraints, then the projection onto X can-
not be found by a finite procedure. Nevertheless, in that case there exist finite
procedures of computation of values of pseudo-projection mappings; see [29]



12 1.V. Konnov

for more details. It means that the use of pseudo-projections may give certain
preferences.

Next, Method 1.1 involves the simplest projection-based auxiliary pro-
cedure for determining a separating hyperplane. However, we can use more
general iterations, which can be viewed as solutions of auxiliary problems ap-
proximating the initial problem at the current point x*. In general, we can
replace (8) with the problem of finding a point z* € X such that

(G(a®) + AT (2", 27),y = 27) > 0 Wy e X, (14)
where A > 0, the family of mappings {T} : Y x Y — R"} such that, for each
k=0,1,...,

(A1) Ti(z,-) is strongly monotone with constant 7" > 0 and Lipschitz
continuous with constant " > 0 for every x € Y, and Ty(z,z) = 0 for every

zeY.
The basic properties of problem (14) are given in the next lemma.

Lemma 3. (i) Problem (14) has a unique solution.
(ii) It holds that

(G(a®), 2k — 28 > XU (T (2, 2%), 28 — 2Py > X711 28 — 2|2 (15)
(iii) 2% = 2% if and only if 2% € X*.

Proof. Assertion (i) follows directly from strong monotonicity and continuity
of Ty (z,-). Next, using (A1) in (14) with y = 2, we have

<G(xk)axk - Zk> > /\71<Tk(xk7zk)7zk - 'rk>
= AN T (2", 2%) — Tp(a®, %), 28 — 2y > X717 2F — 2|2,

hence (15) holds, too. To prove (iii), note that setting z* = z* in (14) yields
z® € X*. Suppose now that ¥ € X* but zF # zF. Then, by (15),

(G(xh), 2% — 2%y < A 717|128 — 2%)% <0,

so that z* ¢ X*. By contradiction, we see that assertion (iii) is also true.

There exist a great number of variants of the sequences {7} } satisfying
(Al). Nevertheless, it is desirable that there exist an effective algorithm for
solving problem (14). For instance, we can choose

Ti(z, 2) = Ap(z — x) (16)

where Ay is an n X n positive definite matrix. The simplest choice Ay = I
in (16) leads to the projection method and has been presented in Method
1.1. Then problem (14) becomes much simpler than the initial VI. Indeed, it
coincides with a system of linear equations when X = R"™ or with a linear
complementarity problem when X = R”} and, also, reduces to LCP when X
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is a convex polyhedron. It is well-known that such problems can be solved by
finite algorithms.

On the other hand, we can choose Ay (or V,Ty(z¥,2%)) as a suitable
approximation of VG (z*). Obviously, if VG(2*) is positive definite, we can
simply choose A, = VG(uF). Then problem (14), (16) yields an iteration of the
Newton method. Moreover, we can follow the Levenberg—Marquardt approach
or make use of an appropriate quasi-Newton update. These techniques are
applicable even if VG (z*) is not positive definite. Thus, the problem (14) in
fact represents a very general class of solution methods.

We now describe a general CR method for VI (6) converging to a solution
under the blanket assumptions; see [21]. Observe that most of the methods
whose iterations are used as a basis for the auxiliary procedure do not provide
convergence even under the monotonicity. In fact, they need either G be co-
coercive or strictly monotone or its Jacobian be symmetric, etc.

Method 1.2. Step 0 (Initialization): Choose a point z° € X, a family of
mappings {1} satisfying (Al) with ¥ = X and a sequence of mappings
{Py}, where P, € F(X) for k =0,1,... Choose numbers o € (0,1), 5 € (0,1),
€ (0,2), A > 0. Set k := 0.
Step 1 (Auxiliary procedure):

Step 1.1 : Solve the auxiliary VI (14) of finding z*¥ € X and set
pF = 2P — 2k If p* = 0, stop.

Step 1.2: Determine m as the smallest number in Z; such that

(G +B™p"),p") < a{G(a"),p"), (17)
set Oy := ™, y* == 2% + Opp". If G(y*) = 0, stop.
Step 2 (Main iteration): Set
9" =G e = (G°), 2" =y« = Pila® — y(wr/llg")1%)g"),
k:=k+ 1 and go to Step 1.

We first show that Method 1.2 is well-defined and that it follows the CR
framework.

Lemma 4. (i) The linesearch procedure in Step 1.2 is always finite.
(i) It holds that

(gF, aF — 2"y > wp >0 it 2F ¢ x4, (18)

Proof. If we suppose that the linesearch procedure is infinite, then (17) holds
for m — oo, hence, by continuity of G,

(1 —a)(G(z"), 2" —2*) <o.

k

Applying this inequality in (15) gives 2% = z*, which contradicts the con-

struction of the method. Hence, (i) is true.
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Next, by using (15) and (17), we have

(gF 2" —a*) = (G(y"), 2" — ") + (G(y"), " — %)
> wy = 9k<G(yk), zF — zk> > a9k<G(xk),xk - zk) (19)

> afp X712k — 2R,

i.e. (18) is also true.

Thus the described method follows slightly modified rules in (11), where
wx(-) is replaced by P, € F(X). It has been noticed that the assertions of
Lemmas 1 and 2 then remain valid. Therefore, Method 1.2 will have the same
convergence properties.

Theorem 2. Let a sequence {x*} be generated by Method 1.2. Then:

(i) If the method terminates at Step 1.1 (Step 1.2) of the kth iteration,
oF e X* (y*F € X*).

(i3) If {x*} is infinite, there exists a limit point z* of {z*} which lies in
X

(iii) If {x*} is infinite and (13) holds, we have

lim z* = z* € X*.
k—o0

Proof. Assertion (i) is obviously true due to the stopping rule and Lemma 3
(iii). We now proceed to prove (ii). By Lemma 2 (ii), {z*} is bounded, hence
so are {zF} and {y*} because of (15). Let us consider two possible cases.
Case 1:limy_,o 0 = 0.

Set §* = 2% + (0x/B)p", then (G(7*),p*) > a(G(z*),p*). Select convergent
subsequences {z¥¢} — 2’ and {z%¢} — 2/, then {§*¢} — 2’ since {z*} and
{z¥} are bounded. By continuity, we have

(1—a)(G(z),2 — 2"y >0,
but taking the same limit in (15) gives
(G(a"),2" = 2') 2 X71r'||2" — o,
ie, 2’ = 2" and (14) now yields
(Gla')y—a') >0 VyeX, (20)
ie., ' € X*. 3
Case 2: limsup;,_, ., 0 > 0 > 0.

It means that there exists a subsequence {0y, } such that 6 > 6 > 0. Com-
bining this property with Lemma 2 (ii) and (19) gives

lim [|z* — zFa|| = 0.
q—00



Combined Relaxation Methods 15

Without loss of generality we can suppose that {zF¢} — 2’ and {zF¢} — 2/,
then 2’ = 2’. Again, taking the corresponding limit in (14) yields (20), i.e.
e X*.

Therefore, assertion (ii) is true. Assertion (iii) follows from Lemma 2 (iii).

In Step 1 of Method 1.2, we first solve the auxiliary problem (14) and
afterwards find the stepsize along the ray z* +0(z* — 2*). Replacing the order
of these steps, which corresponds to the other version of the projection method
in the simplest case, we can also determine the separating hyperplane and thus
obtain another CR method with involves a modified linesearch procedure; see
[22]. Tts convergence properties are the same as those of Method 1.2.

We now describe another CR method which uses both a modified linesearch
procedure and a different rule of computing the descent direction, i.e. the rule
of determining the separating hyperplane; see [24].

Method 1.3. Step 0 (Initialization): Choose a point #° € Y, a family of
mappings {7} satisfying (Al), and choose a sequence of mappings {Px},
where P, € F(Y), for k = 0,1,... Choose numbers o € (0,1), 8 € (0,1),
~€(0,2), § > 0. Set k := 0.
Step 1 (Auziliary procedure):
Step 1.1 : Find m as the smallest number in Z, such that

(G(*) — G(Fm), aF — 20m) < (1 - a)(FF™) " (Tu(a*, 22m), 22 — o),
where z¥™ € X is a solution of the auxiliary problem:
<G($k) + (éﬁm)_lTk(Qik,Zk’m),y _ Zk,m> >0 Vy cX.

Step 1.2: Set 0y := ™0, y¥ := ZFm If 2% = y* or G(y*) = 0, stop.
Step 2 (Main iteration): Set

g = GF) - Ga") — 05 T (", o),
wy = (gF, 2% — "),
"= Pyl — y(wi/)19"(17)g"],

k:=k+1 and go to Step 1.

In this method, g* and wj;, > 0 are also the normal vector and the distance
parameter of the separating hyperplane H (1) (see (5)). Moreover, the rule of
determining a separating hyperplane is regular. Therefore, the process gener-
ates a sequence {z¥} converging to a solution. The substantiation is similar
to that of the previous method and is a modification of that in [29, Section
1.4]. For this reason, the proof is omitted.

Theorem 3. Let a sequence {x*} be generated by Method 1.3. Then:
(i) If the method terminates at the kth iteration, y* € X*.
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(i3) If {x*} is infinite, there exists a limit point z* of {x*} which lies in
X,

(iii) If {x*} is infinite and (13) holds, we have

lim 2% = 2% e X*.
k—o0

The essential feature of this method, unlike the previous methods, is that
it involves the pseudo-projection onto Y rather than X. Hence one can simply
set Py to be the identity map if Y = R™ and the iteration sequence {z*} may
be infeasible.

The convergence properties of all the CR methods are almost the same.
There are slight differences in their convergence rates, which follow mainly
from (12). We illustrate them by presenting some convergence rates of Method
1.3.

Let us consider the following assumption.

(A2) There exist numbers p > 0 and k € [0,1] such for each point x € X,
the following inequality holds:

(G(2), 2 = mx-(2)) 2 p [lo = mx- (2) | F7. (21)

Observe that Assumption (A2) with x = 1 holds if G is strongly (pseudo)
monotone and that (A2) with x = 0 represents the so-called sharp solution.

Theorem 4. Let an infinite sequence {x*} be generated by Method 1.3. If G
is a locally Lipschitz continuous mapping and (A2) holds with k = 1, then
{l|lz* — 7x«(z%)||} converges to zero in a linear rate.

We now give conditions that ensure finite termination of the method.

Theorem 5. Let a sequence {.Z'k} be constructed by Method 1.3. Suppose that
G is a locally Lipschitz continuous mapping and that (A2) holds with k = 0.
Then the method terminates with a solution.

The proofs of Theorems 4 and 5 are similar to those in [29, Section 1.4]
and are omitted.

Thus, the regular rule of determining a separating hyperplane may be im-
plemented via a great number of various procedures. In particular, an auxiliary
procedure may be based on an iteration of the Frank-Wolfe type method and
is viewed as a “degenerate” version of the problem (14), whereas a CR method
for nonlinearly constrained problems involves an auxiliary procedure based on
an iteration of a feasible direction method. However, the projection and the
proximal point based procedures became the most popular; their survey can
be found e.g. in [48].

3 Variational Inequalities with Multi-valued Mappings

We now consider CR methods for solving VIs which involve multi-valued
mappings (or generalized variational inequalities).
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3.1 Problem Formulation

Let X be a nonempty, closed and convex subset of the space R™", G : X —
IT1(R™) a multi-valued mapping. The generalized variational inequality problem
(GVI for short) is the problem of finding a point z* € X such that

dg9* € G(z*), (¢, x—2")>0 VzelX. (22)

Similarly to the single-valued case, together with GVI (22), we shall consider
the corresponding dual generalized variational inequality problem (DGVI for
short), which is to find a point 2* € X such that

Vae X and Vg € G(x) : (g, —2") >0 (23)

(cf. (6) and (7)). We denote by X* (respectively, by X¢) the solution set of
problem (22) (respectively, problem (23)).

Definition 3. (see [29, Definition 2.1.1]) Let Y be a convex set in R”. A
multi-valued mapping @ : Y — IT(R") is said to be

(a) a K-mapping, if it is upper semicontinuous (u.s.c.) and has nonempty
convex and compact values;

(b) u-hemicontinuous, if for all z € Y, y € Y and « € [0, 1], the mapping
a— (Q(z + az),z) with z =y — x is u.s.c. at 0.

Now we give an extension of the Minty Lemma for the multi-valued case.

Proposition 2. (see e.g. [43, 49])

(i) The set X% is convex and closed.

(i1) If G is u-hemicontinuous and has nonempty conver and compact val-
ues, then X4 C X*.

(iii) If G is pseudomonotone, then X* C X<.

The existence of solutions to DGVI will also play a crucial role for conver-
gence of CR methods for GVIs. Note that the existence of a solution to (23)
implies that (22) is also solvable under u-hemicontinuity, whereas the reverse
assertion needs generalized monotonicity assumptions. Again, the detailed de-
scription of solvability conditions for (23) under generalized monotonicity may
be found in the books [11] and [29].

3.2 CR Method for the Generalized Variational Inequality
Problem

We now consider a CR method for solving GVI (22) with explicit usage of
constraints (see [18] and [23]). The blanket assumptions of this section are the
following:
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o X is a subset of R™, which is defined by
X ={zeR" | h(z) <0},

where h : R™ — R is a convex, but not necessarily differentiable, function;
o the Slater condition is satisfied, i.e., there exists a point T such that h(z) <

0;

G: X — II(R™) is a K-mapping;

X440,

The method also involves a finite auxiliary procedure for finding the
strictly separating hyperplane with a regular rule. Its basic scheme involves
the control sequences and handles the situation of a null step, where the aux-
iliary procedure yields the zero vector, but the current iterate is not a solution
of VI (22). The null step usually occurs if the current tolerances are too large,
hence they must diminish.

Let us define the mapping @ : R™ — IT(R") by

_ [ G(a) if h(z) <0,
Q) = {ah(x) if h(z) > 0.

Method 2.1. Step 0 (Initialization): Choose a point 2° € X, bounded positive
sequences {e;} and {m}. Also, choose numbers 6 € (0,1), v € (0,2), and a
sequence of mappings {Py}, where P, € F(X) for k = 0,1,... Set k := 0,
l:=1.
Step 1 (Auxiliary procedure) :
Step 1.1 : Choose ¢° from Q(z*), set i := 0, p' := ¢*, wh? := k.
Step 1.2: If ‘
Il < mi,

set ¥t := 2% k:=k+1,1:=1+1 and go to Step 1. (null step)

Step 1.3: Set wh i+l .= wk0 — gp/||p?||, choose ¢'T1 € Q(wki+1). If

(@ p") > olp'lI?,

then set y* := wh 1 gF := ¢+ and go to Step 2. (descent step)
Step 1.4: Set . o
P = Nr conv{p’,¢""'}, (24)

i:=14+ 1 and go to Step 1.2.
Step 2 (Main iteration): Set wy, := (gF, a* — yF),

aP = Pla® — y(wn/ll9"11*)g"),

k:=k+1 and go to Step 1.

Here NrS denotes the element of S nearest to origin. According to the
description, at each iteration, the auxiliary procedure in Step 1, which is
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a modification of an iteration of the simple relaxation subgradient method
(see [15, 16]), is applied for direction finding. In the case of a null step, the
tolerances ¢; and 7; decrease since the point u* approximates a solution within
€1, n;. Hence, the variable [ is a counter for null steps. In the case of a descent
step we must have wy > 0, hence, the point #**1 = 2% — y(wi/[Ig"[?)g"
is the projection of the point z* onto the hyperplane Hy(v), where Hy(1)
separates ¥ and X? (see (5) and (11)). Thus, our method follows the general
CR framework.

We will call one increase of the index 7 an inner step, so that the number
of inner steps gives the number of computations of elements from Q(-) at the
corresponding points.

Theorem 6. (see e.g. [29, Theorem 2.3.2]) Let a sequence {u*} be generated
by Method 2.1 and let {e;} and {n;} satisfy the following relations:

{a} 0 {m} \ 0. (25)

Then:
(i) The number of inner steps at each iteration is finite.
(i) There exists a limit point x* of {x*} which lies in X*.
(i) If
X* =X (26)
we have
lim 2 = 2* € X*.
k—o0
As Method 2.1 has a two-level structure, each iteration containing a finite
number of inner steps, it is more suitable to derive its complexity estimate,
which gives the total amount of work of the method, instead of convergence
rates. We use the distance to z* as an accuracy function for our method,
i.e., our approach is slightly different from the standard ones. More precisely,
given a starting point 2° and a number § > 0, we define the complexity of the
method, denoted by N(4), as the total number of inner steps ¢ which ensures
finding a point £ € X such that

17 = 2*||/[l+° — ™| < 6.

Therefore, since the computational expense per inner step can easily be eval-
uated for each specific problem under examination, this estimate in fact gives
the total amount of work. We thus proceed to obtain an upper bound for
N(9).

Theorem 7. [29, Theorem 2.3.3] Suppose G is monotone and there exists
z* € X* such that

for every x € X and for every g € G(x),
<g,$ - .I‘*> > [L”ﬂ]‘ - x*Hv
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for some p > 0. Let a sequence {x*} be generated by Method 2.1 where
g=ve m=n,1=01,...; ve(01).
Then, there exist some constants € > 0 and i > 0 such that
N(6) < Byv*(In(By/8)/Inv™t + 1),

where 0 < By, By < 00, whenever 0 < ¢’ <& and 0 <n' <17, By and By being
independent of v.

It should be noted that the assertion of Theorem 7 remains valid without
the additional monotonicity assumption on G if X = R™ (cf. (21)). Thus,
our method attains a logarithmic complexity estimate, which corresponds to
a linear rate of convergence with respect to inner steps. We now give a similar
upper bound for N () in the single-valued case.

Theorem 8. [29, Theorem 2.3.4] Suppose that X = R™ and that G is strongly
monotone and Lipschitz continuous. Let a sequence {x*} be generated by
Method 2.1 where

g=vl,m=v,1=0,1,...;¢ >0,/ >0; ve(01).

Then,
N(8) < Biv~%(In(By/8)/ Inv™t + 1),

where 0 < By, By < 0o, By and By being independent of v.
3.3 CR Method for Multi-valued Inclusions

To solve GVT (22), we can also apply Method 2.1 for finding stationary points
of the mapping P being defined as follows:

G(z) if h(z) <0,
P(z) =< conv{G(z)|JOh(z)} if h(x) =0, (27)
Oh(x) if h(x) > 0.

Such a method does not include pseudo-projections and is based on the fol-
lowing observations; see [20, 25, 29].
First we note P in (27) is a K-mapping. Next, GVI (22) is equivalent to
the multi-valued inclusion
0 € P(z"). (28)

We denote by S* the solution set of problem (28).

Theorem 9. [29, Theorem 2.3.1] It holds that

X* =5
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In order to apply Method 2.1 to problem (28) we have to show that its dual
problem is solvable. Namely, let us consider the problem of finding a point x*
of R™ such that

YueR", Vte P(u), (t,u—u*)>0,

which can be viewed as the dual problem to (28). We denote by 57, the
solution set of this problem. Clearly, Proposition 2 admits the corresponding
simple specialization.

Lemma 5. (i) 57, is convex and closed.
(ii) 87, C 57
(iii) If P is pseudomonotone, then Sz‘d) = 5*.

Note that P need not be pseudomonotone in general. Nevertheless, in
addition to Theorem 9, it is useful to obtain the equivalence result for both
the dual problems.

Proposition 3. [29, Proposition 2.4.1] X% = SEkd)'

Combining the above results and Proposition 2 yields a somewhat strength-
ened equivalence property.

Corollary 1. If G is pseudomonotone, then
* d __ ox __ Q%

Therefore, we can apply Method 2.1 with replacing G, X, and Py by P,
R™, and I, respectively, to the multi-valued inclusion (28) under the same
blanket assumptions. We call this modification Method 2.2.

Theorem 10. Let a sequence {z*} be generated by Method 2.2 and let {¢;}
and {n} satisfy (25). Then:
(i) The number of inner steps at each iteration is finite.
(i) There exists a limit point x* of {x*} which lies in X*.
(11) If (26) holds, we have
klim b =a2* e §F = X~
Next, the simplest rule (24) in Method 2.1 can be replaced by one of the

following:

pt = Nr conv{q’,...,¢" "'},
or

p't = Nr conv{p’, ¢"*, S;},

where S; C conv{q’,...,q'}. These modifications may be used for attaining
more rapid convergence, and all the assertions of this section remain true.
Nevertheless, they require additional storage and computational expenses.
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4 Some Examples of Generalized Monotone Problems

Various applications of variational inequalities have been well documented in
the literature; see e.g. [36, 29, 9] and references therein. We intend now to give
some additional examples of problems which reduce to VI (6) with satisfying
the basic property X% # (). It means that they possess certain generalized
monotonicity properties. We restrict ourselves with single-valued problems by
assuming usually differentiability of functions. Nevertheless, using a suitable
concept of the subdifferential, we can obtain similar results for the case of
multi-valued GVI (22).

4.1 Scalar Optimization Problems

We start our illustrations from the simplest optimization problems.
Let us consider the problem of minimizing a function f : R™ — R over the
convex and closed set X, or briefly,
min — f(z). (29)

If f is also differentiable, we can replace (29) by its optimality condition in
the form of VI: Find 2* € X such that

(Vf(x"),z —z*y >0 VexeX (30)

(cf. (6)). The problem is to find conditions which ensure solvability of DVI:
Find z* € X such that

(Vf(x),x—2*) >0 VreX (31)

(cf. (7)). It is known that each solution of (31), unlike that of (30), also solves
(29); see [14, Theorem 2.2]. Denote by X the solution set of problem (29)
and suppose that X; # (. We can obtain the solvability of (31) under a
rather weak condition on the function f. Recall that f : R™ — R is said to be
quasiconver on X, if for any points 2,y € X and for each A € [0, 1] it holds
that

fz 4+ (1= Ny) < max{f(z), f(y)}.

Also, f:R™ — R is said to be quasiconvex along rays with respect to X if for
any point x € X we have

fAz+ (1 =XN)z") < f(x) VAe€[0,1], Va* e Xy;

see [20]. Clearly, the class of quasiconvex along rays functions strictly contains
the class of usual quasiconvex functions since the level sets {z € X | f(x) < u}
of a quasiconvex along rays function f may be non-convex.

Proposition 4. If f : R™ — R is quasiconvex along rays with respect to X,
then the solution set of (31) coincides with X¢.
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Proof. Due to the above observation, we have to show that any solution
x* € Xy solves (31). Fix x € X and set s = 2* — z. Then we have

(VF(z), s) = lim LT 8) = /(@)

a—0 o
gy fl0aT £ a)) — f@)
a—0 (0%

i.e. z* solves (31) and the result follows.

So, the condition X # () then holds.

4.2 Walrasian Price Equilibrium Models

Walrasian equilibrium models describe economies with perfect competition.
The economy deals in n commodities and, given a price vector p = (p1,...,Dn),
the demand and supply are supposed to be determined as vectors D(p) and
S(p), respectively, and the vector

E(p) = D(p) — S(p)

represents the excess demand. Then the equilibrium price vector p* is defined
by the following complementarity conditions

p" €RY,—E(p*) € R}, (p*, E(p")) = 0;
which can be equivalently rewritten as VI: Find p* € R’} such that
(—E(p"),p—p") =0 VpeRY; (32)

see e.g. [2, 37]. Here R} = {p € R" | p; > 0 i = 1,...,n} denotes the
set of vectors with non-negative components. The properties of E depend
on behaviour of consumers and producers, nevertheless, gross substitutability
and positive homogeneity are among the most popular. Recall that a mapping
F: P — R"” is said to be

(i) gross substitutable, if for each pair of points p’,p” € P such that p’ —
p” € R} and I(p',p") = {i | p; = p}} is nonempty, there exists an index
ke I(p},p!) with Fy(p') > Fr(p");

(ii) positive homogeneous of degree m, if for each p € P and for each A\ > 0
such that Ap € P it holds that F'(Ap) = X™F(p).

It was shown by K.J. Arrow and L. Hurwicz [3] that these properties
lead to a kind of the revealed preference condition. Denote by P* the set of
equilibrium prices.

Proposition 5. Suppose that E : intR} — R™ is gross substitutable, posi-
tively homogeneous with degree 0, and satisfies the Walras law, i.e.

(p,E(p)) =0 Vp € intRY;



24 1.V. Konnov

moreover, each function E; : intR} — R is bounded below, and for every
sequence {p*} C intR" converging to p, it holds that

Ei(p) if Ei(p) is finite,

. (k) —
lim Ez(p ) {+oo otherwise.

k—o0

Then problem (32) is solvable, and
(p*,E(p)) >0 Vp e intR}\P*,Vp* € P*.

Observe that P* C intR’} due to the above conditions, i.e. E(p*) = 0 for
each p* € P*. It follows that

o[>0 VpeintR?\P*,
<_E(p)ap_p >{>0 V]];GP* +\

for each p* € P*, therefore condition X¢ # ) holds true for VI (32). Similar
results can be obtained in the multi-valued case; see [39].

4.3 General Equilibrium Problems

Let @ : X x X — R be an equilibrium bifunction, i.e. ®(x,z) = 0 for each
z € X, and let X be a nonempty convex and closed subset of R™. Then we
can consider the general equilibrium problem (EP for short): Find z* € X
such that

&(z*,y) >0 VyeX. (33)

We denote by X¢ the solution set of this problem. It was first used by
H. Nikaido and K. Isoda [38] for investigation of non-cooperative games and
appeared very useful for other problems in nonlinear analysis; see [4, 11] for
more details. If §(x,-) is differentiable for each z € X, we can consider also
VI (6) with the cost mapping

G(r) = Vyﬁp(x, y)ly:wv (34)

suggested by J.B. Rosen [41]. Recall that a function f : X — R is said to be
(i) pseudoconver, if for any points x,y € X, it holds that

(Vi(@),y—z)>0= f(y) > f(x);

(ii) explicitly quasiconvez, if it is quasiconvex and for any point z,y € X,
x # y and for all A € (0,1) it holds that

fQz + (1= A)y) <max{f(z), f(y)}.

Then we can obtain the obvious relationships between solution sets of EP
(33) and VI (6), (34).
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Proposition 6. (i) If &(x,-) is differentiable for each x € X, then X¢ C X*.
(ii) If (x,-) is pseudoconvex for each x € X, then X* C X°©.

However, we are interested in revealing conditions providing the property
X4 £ () for VI (6), (34). Let us consider the dual equilibrium problem: Find
y* € X such that

O(x,y*) <0 VreX (35)

and denote by X the solution set of this problem. Recall that @ : X x X — R
is said to be
(i) monotone, if for each pair of points x,y € X it holds that

P(z,y) + Dy, x) < 0;
(ii) pseudomonotone, if for each pair of points x,y € X it holds that
b(z,y) > 0= P(y,x) <0.

Proposition 7. (see [29, Proposition 2.1.17]) Let ®(x,-) be conver and dif-
ferentiable for each x € X. If @ is monotone (respectively, pseudomonotone),
then so is G in (34).

Being based on this property, we can derive the condition X% # () from
(pseudo)monotonicity of @ and Proposition 1. However, it can be deduced
from the existence of solutions of problem (35). We recall the Minty Lemma
for EPs; see e.g. [4, Section 10.1] and [6].

Proposition 8. (i) If (-, y) is upper semicontinuous for eachy € X, ®(x,-)
is explicitly quasiconvez for x € X, then X3 C X*°.
(11) If @ is pseudomonotone, then X°¢ C X§.

Now we give the basic relation between the solution sets of dual problems.

Lemma 6. Suppose that &(x,-) is quasiconver and differentiable for each x €
X. Then X C X,

Proof. Take any z* € X§, then &(z,2*) < &(z,z) = 0 for each z € X. Set
P(y) = P(z,y), then

(Vp(a), o — 2) = lim LEF U =) = ¥(@)

a—0 «

<0

)

ie a* e X4

Combining these properties, we can obtain relationships among all the
problems.
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Theorem 11. Suppose that @ : X x X — R is a continuous equilibrium
bifunction, ®(x,-) is quasiconver and differentiable for each x € X.

(i) If holds that X5 C X* C X*.

(i) If (x,-) is pseudoconvex for each x € X, then

X5CX1CX*=X°

(i11) If ®(x,-) is pseudoconvex for each x € X and P is pseudomonotone,
then
Xi=X'=X"=X°

Proof. Part (i) follows from Lemma 6 and Proposition 1 (ii). Part (ii) follows
from (i) and Proposition 6, and, taking into account Proposition 8 (ii), we
obtain assertion (iii).

Therefore, we can choose the most suitable condition for its verification.

4.4 Optimization with Intransitive Preference

Optimization problems with respect to preference relations play the central
role in decision making theory and in consumer theory. It is well-known that
the case of transitive preferences lead to the usual scalar optimization prob-
lems and such problem have been investigated rather well, but the intransitive
case seems more natural in modelling real systems; see e.g. [10, 44, 46].

Let us consider an optimization problem on the same feasible set X with
respect to a binary relation (preference) R, which is not transitive in general,
i.e. the implication

Ry and yRz = xRz

may not hold. Suppose that R is complete, i.e. for any points x,y € R™ at least
one of the relations holds: xRy, yRz. Then we can define the optimization
problem with respect to R: Find z* € X such that

"Ry Vye X. (36)
Recall that the strict part P of R is defined as follows:
2Py <= (zRy and —(yRx)).
Due to the completeness of R, it follows that
~(yRr) = Py,

and (36) becomes equivalent to the more usual formulation: Find «* € X such
that 7
dy € X, yPz™. (37)

Following [46, 42], consider a representation of the preference R by a bifunction
. X x X —=R:
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z'Re’ —= d(2",2") <0,
{x’Pm” — P(a",2’) < 0.
Note that the bifunction ¥ (z/,z") = —®(2”,2’) gives a more standard repre-
sentation, but the current form is more suitable for the common equilibrium
setting. In fact, (37) becomes equivalent to EP (33), whereas (36) becomes
equivalent to the dual problem (35).
We now consider generalized monotonicity of &.

Proposition 9. For each pair of points x', 2" € X it holds that
&2, 2") > 0= d(2",2") <0,
P(z',2") =0« P(z",2") = 0.

Proof. Fix z/,2" € X. If &(z/,2") > 0, then —(2”"Rz’) and z'Pz”, ie.

&(2”,2") < 0, by definition. The reverse implication @(2',2") < 0 =

&(z",x") > 0 follows from the definition of P. It means that the first equiva-
lence in (38) is true, moreover, we have

(38)

P(z',2") < 0= &(z",2") > 0.

Hence, @(z',2"”) = 0 implies &(z”,2’) > 0, but &(2”,2’) > 0 implies
&(z',2") < 0, a contradiction. Thus, ¢(z',2") = 0 < P(z",2’) = 0, and
the proof is complete.

Observe that (38) implies
S(x,x) =0 VreX,

i.e. @ is an equilibrium bifunction and R is reflexive. Next, on account of
Proposition 9, both @ and —& are pseudomonotone, which yields the equiva-
lence of (33) and (35) because of Proposition 8 (ii). The relations in (38) hold
if @ is skew-symmetric, i.e.

S, 2"+ (2", 2') =0 V', 2" € X;

cf. Example 1.

In order to find a solution of problem (36) (or (37)), we have to impose
additional conditions on @; see [20] for details. Namely, suppose that @ is con-
tinuous and that &(z,-) is quasiconvex for each € X. Then R is continuous
and also convex, i.e. for any points 2/, 2",y € X, we have

'Ry and 2" Ry = [M\2’ + (1 — \)2”|Ry VA € [0,1].

If @ is skew-symmetric, it follows that ®(-,y) is quasiconcave for each y € X,
and there exists a CR method for finding a solution of such EPs; see [19].
However, this is not the case in general, but then we can solve EP via its
reducing to VI, as described in Section 4.3. In fact, if &(x,-) is differentiable,
then (36) (or (37)) implies VI (6), (34) and DVI (7), (34), i.e., the basic
condition X% # () holds true if the initial problem is solvable, as Theorem
11 states. Then the CR methods described are also applicable for finding its
solution.
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4.5 Quasi-concave-convex Zero-sum Games

Let us consider a zero-sum game with two players. The first player has the
strategy set X and the utility function @(x,y), whereas the second player has
the utility function —@(x,y) and the strategy set Y. Following [5, Section
10.4], we say that the game is equalif X =Y and &(x,x) = 0 for each z € X.
If @ is continuous, &(-, y) is quasiconcave for each y € X, P(z, -) is quasiconvex
for each z € X, and X is a nonempty, convex and closed set, then this equal
game will have a saddle point (z*,y*) € X x X i.e.

D(z,y") < P(x*,y") < P(z"y) VreX,VyeX

under the boundedness of X because of the known Sion minimax theorem
[45]. Moreover, its value is zero, since

0=2(y"y") <P(a",y") < P(z",2") = 0.

Thus, the set of optimal strategies of the first player coincides with the solution
set X¢ of EP (33), whereas the set of optimal strategies of the second player
coincides with XJ, which is the solution set of the dual EP (35). Unlike the
previous sections, ¢ may not possess generalized monotonicity properties. A
general CR method for such problems was proposed in [19]. Nevertheless, if
®(z,-) is differentiable, then Theorem 11 (i) gives X$ C X C X*, where
X4 (respectively, X*) is the solution set of DVI (7), (34) (respectively, VI (6),
(34), i.e. existence of saddle points implies X # ). However, by strengthening
slightly the quasi-concavity-convexity assumptions, we can obtain additional
properties of solutions. In fact, replace the quasiconcavity (quasiconvexity) of
&(z,y) in z (in y) by the explicit quasiconcavity (quasiconvexity), respectively.
Then Proposition 8 (i) yields X© = X§, i.e., the players have the same solution
sets. Hence, X¢ # () implies X% # () and this result strengthens a similar
property in [47, Theorem 5.3.1].

Proposition 10. If the utility function ®(x,y) in an equal game is continu-
ous, explicitly quasiconcave in x, explicitly quasiconver and differentiable in
y, then

Xe=X5cxdcXx*.
If, additionally, ®(x,y) is pseudoconvex in y, then

Xe=Xj=X"=X".

Proof. The first assertion follows from Theorem 11 (i) and Proposition 8 (i).
The second assertion now follows from Theorem 11 (ii).

This general equivalence result does not use pseudomonotonicity of @ or
G, nevertheless, it also enables us to develop efficient methods for finding
optimal strategies.

Therefore, many optimization and equilibrium type problems possess re-
quired generalized monotonicity properties.
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Further Investigations

The CR methods presented can be extended and modified in several direc-
tions. In particular, they can be applied to extended VIs involving additional
mappings (see [30, 31]) and to mixed VIs involving non-linear convex functions
(see [29, 31, 33)).

It was mentioned that the CR framework is rather flexible and admits spe-
cializations for each particular class of problems. Such versions of CR methods
were proposed for various decomposable VIs (see [27, 28, 29, 32]). In this con-
text, CR methods with auxiliary procedures based on an iteration of a suitable
splitting method seem very promising (see [26, 29, 31, 33)).
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Abstract Convexity and
the Monge—Kantorovich Duality
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Summary. In the present survey, we reveal links between abstract convex analysis
and two variants of the Monge—Kantorovich problem (MKP), with given marginals
and with a given marginal difference. It includes: (1) the equivalence of the validity of
duality theorems for MKP and appropriate abstract convexity of the corresponding
cost functions; (2) a characterization of a (maximal) abstract cyclic monotone map
F:X — L C R¥ in terms connected with the constraint set

Qo(p) :=={u e R” : u(z1) —u(z2) < (z1,22) Vz1,22 € Z = dom F}

of a particular dual MKP with a given marginal difference and in terms of L-
subdifferentials of L-convex functions; (3) optimality criteria for MKP (and Monge
problems) in terms of abstract cyclic monotonicity and non-emptiness of the con-
straint set Qo(¢), where ¢ is a special cost function on X x X determined by the
original cost function ¢ on X x Y. The Monge—Kantorovich duality is applied then
to several problems of mathematical economics relating to utility theory, demand
analysis, generalized dynamics optimization models, and economics of corruption,
as well as to a best approximation problem.

Key words: H-convex function, infinite linear programs, duality relations,
Monge-Kantorovich problems (MKP) with given marginals, MKP with a given
marginal difference, abstract cyclic monotonicity, Monge problem, utility the-
ory, demand analysis, dynamics models, economics of corruption, approxima-
tion theory

1 Introduction

Abstract convexity or convexity without linearity may be defined as a theory
which deals with applying methods of convex analysis to non-convex objects.

*Supported in part by the Russian Leading Scientific School Support Grant NSh-
6417.2006.6.
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Today this theory becomes an important fragment of non-linear functional
analysis, and it has numerous applications in such different fields as non-
convex global optimization, various non-traditional duality schemes for par-
ticular classes of sets and functions, non-smooth analysis, mass transportation
problems, mathematical economics, approximation theory, and measure the-
ory; for history and references, see, e.g., [15], [30], [41], [43], [53], [54] [59], [60],
[62]...2

In this survey, we’ll dwell on connections between abstract convexity and
the Monge—Kantorovich mass transportation problems; some applications to
mathematical economics and approximation theory will be considered as well.

Let us recall some basic notions relating to abstract convexity. Given a
nonempty set 2 and a class H of real-valued functions on it, the H-convez
envelope of a function f : 2 — IR U {400} is defined to be the function
cop(f)(w) :=sup{h(w) : h € H(f)}, w € £2, where H(f) comprises functions
in H majorized by f, H(f) :=={h € H: h < f}. Clearly, H(f) = H(cog (f)).
A function f is called H-convex if f = coy(f).

In what follows, we take 2 = X XY or 2 = X x X, where X and Y
are compact topological spaces, and we deal with H being a convex cone or
a linear subspace in C(f2). The basic examples are H = {hyy, : huo(2,y) =
u(z) —v(y), (u,v) € C(X)x C(Y)} for 2 =X xY and H = {hy : hy(z,y) =
u(z) —u(y),u € C(X)} for 2 = X x X. These examples are closely connected
with two variants of the Monge—Kantorovich problem (MKP): with given
marginals and with a given marginal difference.

Given a cost function ¢ : X x Y — IR U {400} and finite positive regular
Borel measures, o1 on X and o5 on Y, 01X = 05Y, the MKP with marginals
o1 and o4 is to minimize the integral

/ () pld(z, y))
XXY

subject to constraints: p € C(X x Y)*, mipu = 01, maepu = 02, where 74 and
mop stand for the marginal measures of .

A different variant of MKP, the MKP with a given marginal difference,
relates to the case X =Y and consists in minimizing the integral

/ () wld(z,9))
XxX

subject to constraints: p € C(X x X)%, mipu — mop = 01 — 0.
Both variants of MKP were first posed and studied by Kantorovich [17, 18]
(see also [19, 20, 21]) in the case where X =Y is a metric compact space with

2 Abstract convexity is, in turn, a part of a broader field known as generalized
convexity and generalized monotonicity; see [14] and references therein.

3For any Borel sets By C X, Bo C Y, (mu)(B1) = u(B1 x Y), (mou)(B2) =
M(X X Bg)
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its metric as the cost function c. In that case, both variants of MKP are
equivalent but, in general, the equivalence fails to be true.

The MKP with given marginals is a relaxation of the Monge ‘excavation
and embankments’ problem [49], a non-linear extremal problem, which is to
minimize the integral

| clas@) o)
X
over the set (01, 02) of measure-preserving Borel maps f : (X, 01) — (Y, 02).
Of course, it can occur that ®(o1,02) is empty, but in many cases it is non-
empty and the measure iy on X x Y,

purB=o1{z:(z,f(z)) € B}, BCXXY,

is positive and has the marginals mpuy = o1, mops = o2. Moreover, if uy is an
optimal solution to the MKP then f proves to be an optimal solution to the
Monge problem.

Both variants of MKP may be treated as problems of infinite linear pro-
gramming. The dual MKP problem with given marginals is to maximize

[ ut@ertan) = [ vty

Y

over the set
Q'(c) == {(u,v) € C(X) x C(Y) : u(z) —v(y) < c(z,y) V(z,y) € X x Y},

and the dual MKP problem with a given marginal difference is to maximize

[ ut@) (@1~ o))
X
over the set
Qe) i ={ueCX): ulz) —uly) <c(z,y) Ve,ye X}

As is mentioned above, in the classical version of MKP studied by Kan-
torovich, X is a metric compact space and ¢ is its metric. In that case, Q(c)
proves to be the set of Lipschitz continuous functions with the Lipschitz con-
stant 1, and the Kantorovich optimality criterion says that a feasible mea-
sure p is optimal if and only if there exists a function u € Q(c) such that
u(z) — u(y) = c(x,y) whenever the point (x,y) belongs to the support of p.
This criterion implies the duality theorem asserting the equality of optimal
values of the original and the dual problems.

Duality for MKP with general continuous cost functions on (not necessarily
metrizable) compact spaces is studied since 1974; see papers by Levin [24,
25, 26] and references therein. A general duality theory for arbitrary compact
spaces and continuous or discontinuous cost functions was developed by Levin
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and Milyutin [47]. In that paper, the MKP with a given marginal difference is
studied, and, among other results, a complete description of all cost functions,
for which the duality relation holds true, is given. Further generalizations
(non-compact and non-topological spaces) see [29, 32, 37, 38, 42].

An important role in study and applications of the Monge—Kantorovich
duality is played by the set Q(c) and its generalizations such as

Qe B(X)) :==A{u € BE(X) : u(z) —u(y) <clx,y) Vo,ye X},

where F(X) is some class of real-valued functions on X. Typical examples
are the classes: IRX of all real-valued functions on X, [°°(X) of bounded real-
valued functions on X, U(X) of bounded universally measurable real-valued
functions on X, and £>(IR™) of bounded Lebesgue measurable real-valued
functions on IR™ (Lebesgue equivalent functions are not identified).

Notice that the duality theorems and their applications can be restated
in terms of abstract convexity of the corresponding cost functions. In that
connection, mention an obvious equality Q(c¢; E(X)) = H(c) where H = {h,, :
u € E(X)}. Conditions for Q(c) or Qo(c) = Q(c;IR?) to be nonempty are
some kinds of abstract cyclic monotonicity, and for specific cost functions c,
they prove to be crucial in various applications of the Monge—Kantorovich
duality. Also, optimality criteria for solutions to the MKP with given mar-
ginals and to the corresponding Monge problems can be given in terms of
non-emptiness of Q(¢) where ¢ is a particular function on X x X connected
with the original cost function con X x Y.

The paper is organized as follows. Section 2 is devoted to connections
between abstract convexity and infinite linear programming problems more
general than MKP. In Section 3, both variants of MKP are regarded from
the viewpoint of abstract convex analysis (duality theory; abstract cyclic
monotonicity and optimality conditions for MKP with given marginals and for
a Monge problem; further generalizations). In Section 4, applications to math-
ematical economics are presented, including utility theory, demand analysis,
dynamics optimization, and economics of corruption. Finally, in Section 5 an
application to approximation theory is given.

Our goal here is to clarify connections between the Monge - Kantorovich
duality and abstract convex analysis rather than to present the corresponding
duality results (and their applications) in maximally general form.

2 Abstract Convexity and Infinite Linear Programs

Suppose {2 is a compact Hausdorff topological space, and ¢ : 2 — RU{+o0} is
a bounded from below universally measurable function on it. Given a convex
cone H C C(£2) such that H(c) = {h € H : h < ¢} is nonempty, and a
measure o € C(£2)%, we consider two infinite linear programs, the original
one, I, and the dual one, II, as follows.
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The original program is to maximize the linear functional (h,pg) :=
Jo Mw) po(dw) subject to constraints: h € H, h(w) < ¢(w) for all w € £2.
The optimal value of this program will be denoted as vy (c; o).

The dual program is to minimize the integral functional

() == /Q () ()

subject to constraints: 4 > 0 (i.e., p € C(£2)%) and p € pg — H°, where H®
stands for the conjugate (polar) cone in C(£2)%,

H :={peC(2)*: (h,u) <0 forall he H}.

The optimal value of this program will be denoted as vrr(c; o).
Thus, for any pg € C(£2)% , one has

vr(¢; po) = sup{(h, po) : h € H(c)}, (1)

vrr(e; po) = inf{e(u) : p>0,p € po — H'}. (2)
In what follows, we endow C'(£2)* with the weak* topology and consider
vr(c;-) and vrr(c; -) as functionals on the whole of C(§2)* by letting vy (c; o) =
vrr(c; po) = +oo for pg € C(£2)*\ C(2)1.
Clearly, both functionals are sublinear that is semi-additive and positive
homogeneous. Furthermore, it is easily seen that the subdifferential of vy at 0
is exactly the closure of H(c),

Ovr(c;0) = cl H(c). (3)

Note that
vr(e; o) < wvrr(c po)- (4)

Also, an easy calculation shows that the conjugate functional v}, (c;u) =
sup{(u, po) —vrr(c; po) : po € C(2)*}, u € C(£2), is the indicator function of
clH(c),
« v J0, wecH(c);
vir(ew) = {+oo,u¢clH(c); (5)

therefore, the second conjugate functional v37}(c; o) = sup{(u, po)—v3;(c;u) :
u € C(2)} is exactly vr(c; o),

vr1 (¢ po) = vi(e; po)s po € C(£2)". (6)

As is known from convex analysis (e.g., see [47] where a more general
duality scheme was used), the next result is a direct consequence of (6).

Proposition 1. Given pig € domuvy(c;-) := {p € C(2)% : vi(e;p) < o0},
the following assertions are equivalent:

(a)vr(c; po) = vrr(c; po);

(b) the functional vrr(c;-) is weakly* lower semi-continuous (Isc) at po.
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Say c is regular if it is lsc on {2 and, for every po € domwvy(c;-),

vrr(e; po) = inf{e(p) : p >0, € po — H, ||ull < M]|poll}, (7)

where M = M(c;H) > 0. Note that if ugp ¢ domws(c;-) then, by (4),
vrr(e; po) = —4o0; therefore, for such pg, (7) is trivial. Thus, for a regular
¢, (7) holds true for all pg € C(£2)*.

Proposition 2. (i) If c is regular, then vy (c;-) is weakly* lsc on C(£2)% hence
both statements of Proposition 1 hold true whenever py € C(§2)%.

(i) If, in addition, pg € domwy(c;-) then there exists an optimal solution
to program II.

Proof. (i)It suffices to show that for every real number C the Lebesgue
sublevel set L(vrr(c;-);C) == {pmo € C(£2)% : wvrr(cipo) < C} is weakly™
closed. According to the Krein—Shmulian theorem (see [11, Theorem V.5.7]),
this is equivalent to that the intersections of L(vrr(c;-);C') with the balls
Be, (C(2)*) :={po € C(2)* : ||poll < C1}, C1 > 0, are weakly™ closed. Since
¢ is regular, one has

L(vrr(c;); €) N Be, (C(2)%) = {0 : (ko p) € L'(C, C1)}, (8)
where
L'(C,Cy) == {(po, p) € C(2)1 x CU)L ol < Cu lpll < M[poll, (9)
e(p) < Cop € po — H}.

Note that the functional p +— c(u) is weakly* les on C'(§2)% because of lower
semi-continuity of ¢ as a function on (2, and it follows from here that L'(C, C)
is weakly* closed hence weakly* compact in C(§2)* xC(§2)*. Being a projection
of L'(C,Cy) onto the first coordinate, the set L(vsr(c;+); C) N Be, (C(£2)*) is
weakly* compact as well, and the result follows.

(#i) This follows from the weak* compactness of the constraint set of (7)
along with the weak* lower semi-continuity of the functional p — c(u). a

We say that the reqularity assumption is satisfied if every H-convex func-
tion is regular.
The next result is a direct consequence of Proposition 2.

Corollary 1. Suppose the reqularity assumption is satisfied, then the duality
relation vi(c; o) = vrr(c; o) holds true whenever ¢ is H-convexr and py €
C(02)%. 1If, in addition, jg € domwvy(c;-), then these optimal values are finite,
and there exists an optimal solution to program II.

We now give three examples of convex cones H, for which the regularity
assumption is satisfied. In all the examples, {2 = X x Y, where X, Y are
compact Hausdorff spaces.
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Ezample 1. Suppose H = {h = hyy : hyy(2,y) = u(x) —v(y), u € C(X), v €
C(Y)}. Since H is a vector subspace and 1 € H, one has ||u|| = (1o, u) =
(1, po) = ||pol|| whenever u € po — H®, i > 0, pg > 0; therefore, (7) holds
with M = 1, and the regularity assumption is thus satisfied.

Remark 1. As follows from [42, Theorem 1.4, (b)<(c)] (see also [43, Theorem
10.3]), a function ¢ : 2 = X xY — R U {+o0} is H-convex relative to H
from Example 1 if and only if it is bounded below and Isc. (Note that, since
2 is compact, every lsc function ¢ is automatically bounded below.)

Ezample 2. Let X =Y and H = {h = hy : hy(z,y) = u(z) —uly), u €
C(X)}, then H® = {v € C(2)* : mv — mv = 0}, where mv and mv are
(signed) Borel measures on X as given by (u,mv) = [y u(z)v(d(z,y)),
(u, mav) = [,  uly) v(d(z,y)) for all u € C(X). Observe that any H-convex
function ¢ : 2 = X x X — IR U {400} is Isc (hence, bounded from below),
vanishes on the diagonal (c(z,z) = 0 Vz € X), and satisfies the triangle
inequality ¢(z,y) +c(y, 2) > ¢(x, z) whenever z,y, z € X. Moreover, it follows
from [47, Theorem 6.3] that every function with such properties is H-convex.
Let po, p € C(2)% and p € po — H°. Then v = p— g € —H® = H°, hence
Tl — Taft = 1o — Tapo, and (2) is rewritten as

vrr(c; po) = inf{e(p) : >0, mp — Top =m0 — T2po}- (10)

Furthermore, since c is Isc, vanishes on the diagonal, and satisfies the triangle
inequality, it follows from [47, Theorem 3.1] that (10) is equivalent to

vrr(e; po) = inf{e(p) + p >0, mp = mipo, Top = Topi0}- (11)

Therefore,

el = (1o, u) = (Ix,m1p) = (Ix,m1p0) = (Lo, o) = |0l

whenever p satisfies the constraints of (11); therefore, (7) holds with M =1,
and the regularity assumption is thus satisfied.

Ezample 3. Let X =Y and H = {h = hya : hua(z,y) = u(z) — uly) —
a,u € C(X), a € Ry}, then (—1g) € H, and for any u € po — H® one has
lleell = ol = (L2, ¢ — po) < 0. Therefore, (7) holds with M = 1, and the
regularity assumption is satisfied.

Remark 2. Taking into account Example 2, it is easily seen that any function
c: =X xX — RU{+o0} of the form c(z,y) = ¢(x,y) — o, where
a € IRy, ¢ is Isc, vanishes on the diagonal, and satisfies the triangle inequality,
is H-convex relative to H from Example 3. On the other hand, it is clear that
any H-convex function c satisfies the condition ¢(x,z) = const <0 Vz € X.

Now suppose that ug = ¢, is the Dirac measure (delta function) at some
point w € 2, (u,d,) := u(w) whenever u € C(£2). We shall show that in this
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case some duality results can be established without the regularity assump-
tion.
Observe that for all w € 2 one has v(c; d,,) = vi(cop(c);dy) = com(c)(w).

Proposition 3. Two statements hold as follows:

(i) If ¢ is H-convez, then the duality relation vi(c;d,) = vrr(c; o) is valid
whenever w € (2;

(i) If, for a given w € §2, vi(c;d,) = vrr(c;dy), then vi(cog(c);dy) =
vrr(c;0w) = vir(com(c);dy).
Proof. (i) By using the definition of v; and taking into account that ¢ is H-
convex, one gets vy(c;d,) = cog(c)(w) = c¢(w). Further, since u = 4, satis-
fies constraints of the dual program, it follows that v;r(c;d,) < ¢(w); hence
vr(e;0w) > vrr(c; 0y, ), and applying (4) completes the proof.

(44) Since ¢ > cop(c), it follows that vrr(c; d,) > vir(com(c); ., ); therefore,
vr(com(e);d,) = vi(c;dy) = vir(cdy) > vrr(cop(c);dy,), and taking into
account (4), the result follows. a

Let us define a function

e (W) = vrr(e;dy). (12)
Clearly, cx < c.
Lemma 1. H(c) = H(cy).

Proof. If h € H(c), then, for every u > 0,u € d, — H°, one has c(u) >
(h,p) > h(w), hence cy(w) = inf{c(u) : p > 0,u € d, — H°} > h(w), that is
h e H(C#).

If now h € H(cy), then h € H(c) because cx < c. a

The next result is a direct consequence of Lemma 1.

Corollary 2. For every w € §2, c¢(w) > cx(w) > cop(c)(w).

It follows from Corollary 2 that if c is H-convex, then cy = c.
Corollary 3. cy is H-convez if and only if cx = con(c).

Proof. If ¢4 is H-convex, then cx(w) = sup{h(w) : h € H(c4)}, and applying
Lemma 1 yields cx(w) = sup{h(w) : h € H(c)} = comp(c)(w). If cy fails to
be H-convex, then there is a point w € (2 such that cg(w) > sup{h(w) :
)

(
(

h € H(cy)}, and applying Lemma 1 yields c¢x(w) > sup{h(w) : h € H(c)} =
cop(¢)(w). O
Proposition 4. The following statements are equivalent:

(a)cy is H-conver;

(b) the duality relation vi(c;dy) = vH(c dw) holds true whenever w € (2;

(c) for all w € domcog(c) := {w : cop(€)(w) < 400}, the functional

vrr(c; ) is weakly* lsc at d,.
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Proof. Taking into account that vr(c;d,) = cop(c)(w), the equivalence (a) <
(b) is exactly the statement of Corollary 3. The equivalence (b) < (c) is a
particular case of Proposition 1. O

We now consider two more general mutually dual linear programs, as fol-
lows. Suppose that E,E’ is a pair of linear spaces in duality relative to a
bilinear form (e, e’} g, e € E, ¢’ € E’. We endow them with the corresponding
weak topologies: o(E, E’) and o(E’, E). Given a convex cone K in E, a func-
tional e, € E’, and a weakly continuous (i.e., continuous relative to the weak
topology in the Banach space C'(£2) and the weak topology o(F,E’) in E)
linear map A : E — C(£2) such that the set {e € K : Ae < ¢} is nonempty,
one has to find the optimal values

vi(c;ep) :=sup{(e,ep)p : e € K, Ae < c}, (13)
v (cieh) :=inf{c(u) : u >0, A€ ey — K, (14)
where K is the convex cone in E’ conjugate to K,
K':={ccE: (e,)p <0 forallec K}.

Clearly, both the functionals, (13) and (14), are sublinear, and v}(c;ef) <
v7;(c;ep). Similarly to Proposition 1, the next result is a particular case of
Lemma 5.1 (see also Remark 1 after it) in [47].

Proposition 5. Given e € domv}(c;-) := {e’ € E' : vi(c;€’) < +o0}, the
following assertions are equivalent:

(a)vi(c;ep) = vr(c;€n);

(b) the functional vi;(c;-) is weakly lower semi-continuous at ef).

Let us define H := AK; then H® = (A*)~}(K").
Remark 3. Note that if

domvf(c;+) C A*C(02)%, (15)
then, for every e} € domv}(c;-),
vi(esep) = vr(e; o) and vy (esef) = vrr(e; po)

whenever po € (A*)71(e}). Also note that, for e ¢ domwv)(c;-), one has
vr(e;ep) = vip(e;eq) = +oo.

The next result follows then from Corollary 1.

Corollary 4. Suppose the regularity assumption is satisfied. If (15) is valid,
then the duality relation vi(c;ep) = v (c;el) holds true whenever ¢ is H-

conver and e € E'. If, in addition, e € domv}(c;-) then there exists an
optimal solution to program II.
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3 Abstract Convexity and the Monge - Kantorovich
Problems (MKP)

In this section, we consider two variants of the Monge—Kantorovich problem
(MKP), with given marginals and with a given marginal difference. Both the
problems are infinite linear programs, and abstract convexity plays important
role in their study. Abstract cyclic monotonicity along with optimality criteria
for MKP will be studied as well.

3.1 MKP with Given Marginals

Let X and Y be compact Hausdorff topological spaces?, o1 and oo finite
positive regular Borel measures on them, 01X =02Y,and c: X xY — R U
{+0o0} an universally measurable function bounded from below. The natural
projecting maps of X x Y onto X and Y will be denoted as m; and mo,
respectively.

The MKP with given marginals is to find the optimal value

C(e;o1,09) :=inf{c(p) : p >0, mp =01, Top = 02} (16)
where
)= [ el o)) a7)
XXY
(mip) By = pry H(By) = u(By x Y) for every Borel set B; C X,
(mop) By = pmy *(By) = u(X x By) for every Borel set By C Y.
The dual problem is to find the optimal value

D(c;01,02) = sup{(u,01) — (v,02) : (u,v) € Q'(c)}, (18)

where
Q'(c) = {(u,v) € C(X)xC(Y) : u(z) —v(y) < c(z,y), (z,y) € X xY}. (19)
Clearly, always
D(c;01,02) < D'(c;01,02) < C(c;01,02), (20)

where D’(c¢; 01,02) stands for supremum of fX ) o1 (dx) fY ) o2 (dy)
over all pairs of bounded Borel functions (u, v) satlsfymg u( )—v(y) S c(z,y)
whenever z € X,y €Y.

Let H be as in Example 1, F := C(X) x C(Y), E' := C(X)* x C(Y)*,
(e,eVg := (u,01) — (v,04) for all e = (u,v) € E, ¢ = (0],04) €e B/, K .= E,

4For the sake of simplicity, we assume X and Y to be compact; however, the
corresponding duality theorem (Theorem 1 below) holds true for any Hausdorff
completely regular spaces; see [42, Theorem 1.4] and [43, Theorem 10.3]. See also
[29, Theorem 1].
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and A : E — C(X xY) is given by Ae(z,y) := u(z)—v(y), e = (u,v). Clearly,
H=AK, Q'(c) = A1 (H(c)), and

C(c;01,02) = v (ciep), Dlc;or,02) = v7(c;ep),

where e = (01,02), v;(c;ep) and v (c; ep) are given by (13) and (14), respec-
tively. Note that (15) is satisfied.

Theorem 1. ([42, Theorem 1.4]). The following statements are equivalent:

(a)c is H-convez;

(b) ¢ is bounded below and lsc;

(¢) the duality relation C(c; 01, 02) = D(c; 01, 02) holds for alloy € C(X)%,
o9 € C(Y)j_

Moreover, if these equivalent statements hold true then, for any positive
measures o1, oo with 01X = o3, there exists an optimal solution to the MKP
with marginals o1, o2.

Proof. (a) < (b) See Remark 1.

(a) = (c) Taking into account Example 1, this follows from Corollary 4.

() = (a)Since p = d(z,) is the sole positive measure with marginals
01 = 0y,02 = &y, one gets C(c;dy,0,) = c(z,y). Now, taking into account
Remark 3, we see that v7(c;6(5,y)) = D(c;0x,0y), V11(C;0(a,y)) = C(C;0z,0y);
therefore, ¢ = c4, and applying Proposition 4 completes the proof.

Finally, the latter statement of the theorem is a particular case of the
latter assertion of Corollary 4. a

3.2 MKP with a Given Marginal Difference

Let X be a compact Hausdorff topological space®, p € C(X x X)* a signed
measure satisfying pX := (1x,p) =0, and ¢: X x X — IRU {400} an uni-
versally measurable function bounded from below. As before, m; and 75 stand
for the projecting maps of X x X onto the first and the second coordinates,
respectively. The corresponding marginals of a measure u € C(X x X)7 are
designated as mpu and mopu.

The MKP with a given marginal difference is to find the optimal value

Ale; p) = inf{e(p) : p 20, mp—mop = p}, (21)

where

)= [ clay) utd(e.w)). (22
XxX
The dual problem is to find the optimal value

5For the sake of simplicity, we assume X to be compact; however, the correspond-
ing duality theorems (Theorems 2 and 3 below) hold true for more general spaces
(in particular, for any Polish space); see [32, Theorems 9.2 and 9.4], [42, Theorem
1.2] and [43, Theorem 10.1 and 10.2].
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B(c; p) := sup{{u, p) : u € Q(c)}, (23)

where
Qe) ={ue C(X) :u(z) —uly) <c(z,y) Vr,ye X}. (24)

(Note that A(c; p) = B(c; p) = +00 when pX #0.)

Suppose H is as in Example 2, E := C(X), E' := C(X)*, (e, ') g := (u,0)
foralle—uEEe—aeE’K E,and A: E — C(X x X) is given by
Ae(z,y) = u(x) —u(y), e = u. Clearly, H = AK, Q(c) = A~1(H(c)) (hence
H(c) is nonempty if and only if Q(c) is such), and

Ale;p) = vir(ciep),  Bleip) = vi(ciep), (25)

where e, = p, v}(c; ef)) and v}, (¢c; e}) are given by (13) and (14), respectively.
Note that

domvf(c;+) =dom A(c;-) C A*C(X x X)T ={pe C(X)": pX =0}

Let U(X) stands for the class of all bounded universally measurable func-
tions on X,

Q;UX)):={veU(X) :v(x)—v(y) <c(z,y) V(r,y) e X x X}.

Theorem 2. (cf. [47, Theorems 3.1, 3.2 and 4.4], [42, Theorem 1.2], [43, The-
orem 10.1]). Suppose that ¢ is an universally measurable function vanishing
on the diagonal D = {(z,z) : x € X} and satisfying the triangle inequality,
the following statements are then equivalent:

(a)c is H-convez relative to H from Ezample 2, that is Q(c) # & and

c(z,y) =sup{u(z) —u(y): we Q(c)} forall z,ye X; (26)

(b) c is bounded below and lsc;

(c)Q(c) # @, and the duality relation A(c; p) = B(c; p) holds for all p €

(1) Q(c;U(X)) # @, and the duality relation A(c;p) = B(c; p) holds for
all p e C(X)*, pX =0.

Moreover, if these equivalent statements hold, then, for any p, pX = 0,
and for any positive measures o1, oo with 01 — o9 = p, there is a measure p €
C(X x X)% such that myp = o1, mop = o2 and A(c; p) = C(c;01,02) = c(u).

Proof. (a) = (b) and (¢) = (d) are obvious; as for (b) = (a), see Example
2. The implication (a) = (c¢) and the latter statement of the theorem follow
from Corollary 4 if one takes into account Example 2 along with identities
(25). The proof will be complete if we show that (d) implies (a). Suppose (26)
fails; then

c(0,y0) > sup{u(zo) —u(yo) : u € Qc)} = B(c; 6z — byo)  (27)
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for some g, yo € X with z¢ # yo; hence, B(c; 0z, — dy,) < +00. We define the
function

c(z,y) = min{c(z,y) —v(@) + v(y), N} + v(z) — v(y), (28)
where v € Q(¢; U(X)),
N > max{0, B(c; 05, — 0y,) — v(z0) + v(y0)}- (29)

Clearly, it is bounded and universally measurable, and ¢’ < ¢. Furthermore,
¢ satisfies the triangle inequality (this is easily derived from non-negativeness
of ¢(z,y) — v(z) + v(y)); therefore, w(z) := ¢'(x,yo) belongs to Q(c; U(X)).
Consider

Ble: pi U(X)) = sup{(v), p) ' € Qe U(X))}

and note an obvious inequality
Ale;p) =2 Ble;p;U(X))  Vp, pX = 0. (30)
Now, taking into account (28) - (30), one gets

A(C; 5960 - 5?!0) > B(C; §$o - 53/0; U(X)) > w(wo) - w(yo)
Sy — 0

= CI(xO»yO) > B(C; yo)v

which contradicts the duality relation. O
The next Proposition supplements Theorem 2.

Proposition 6. . Suppose ¢ : X x X — IR is bounded universally measurable,
vanishes on the diagonal, and satisfies the triangle inequality, then Q(c; U (X))
18 nonempty.

Proof. Let us fix an arbitrary point yg € X and consider the function v(z) =
c(x,yo). Clearly, it is universally measurable, real-valued and bounded, and
as ¢ satisfies the triangle inequality, one has v € Q(¢; U(X)). O

Remark 4. Suppose that ¢ : X x X — IR U {+o0o} satisfies the triangle in-
equality and vanishes on the diagonal. As follows from [47, Theorem 3.3%],
Q(c; U(X)) is nonempty if ¢ is Baire measurable or if its Lebesgue sublevel
sets L(c;a) = {(z,y) € X x X : ¢(x,y) < a}, a € IR, are the results of
applying the A-operation to Baire subsets of X x X. (If X is metrizable, the
latter means that all L(c; «) are analytic (Souslin).)

Now consider the case where the cost function ¢ : X x X — R U {400}
vanishes on the diagonal but fails to satisfy the triangle inequality, and define
the reduced cost function c, associated with it as follows:

5See also [32, Theorem 9.2 (IIT)], where a more general result is proved.
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n+1
cx(zyy) 1 = infinf{ Sooelwimr, @) @ € X, 20 = T, Tpp1 = y}
n —
a1 (31)
= lim inf{ Soe(ric1,x) @ € X, 20 = T, Tpy1 = y}
n—00 i=1

Clearly, ¢« < ¢, ¢, satisfies the triangle inequality (we assume, by definition,
that 400 + (—00) = 4+00), and H(c.) = H(c); therefore, Q(c.) = Q(¢), and if
Q(c) is nonempty, then ¢, does not take the value —co and is bounded from

below. We get
B(c; p) = B(ca; p) < Alcssp) < Alesp) Vp e C(X)™ (32)

Proposition 7. Suppose c, is universally measurable. If Q(c) is nonempty
and A(c;p) = B(c;p) for all p € C(X)*, then c. is H-convex and c, =
cop(€) = cu where cy is given by (12). In such a case,

cx(zyy) = ZIQIJI()) (u(z) —uly)) forall xz,y € X. (33)

Proof. Tt follows from (32) that A(c.;p) = B(cs; p) for all p € C(X)*. Note
that c. vanishes on the diagonal because ¢ vanishes on the diagonal and
Q(c.) = Q(¢) # @. Now, applying Theorem 2 yields H-convexity of ¢,
and as H(c) = H(c.), one gets ¢. = cog(c). Finally, the duality relation
A(c; 6 — 0y) = B(c; 6, — 0,) may be rewritten as v7(c;6zy)) = V11(¢;0(a,y))
(see Remark 3), and applying Proposition 4 and Corollary 3 yields cx =
cop(c). O

Remark 5. As is proved in [47, Lemma 4.2], if the Lebesgue sublevel sets of ¢,
L(c;a) = {(z,y) € X x X : ¢(z,y) < a}, a € IR, are the results of applying
the A-operation to Baire subsets of X x X, then Lebesgue sublevel sets of ¢,
L(cy;a), a € IR, have the same property hence ¢, proves to be universally
measurable.

The next result is a direct consequence of (32) and Theorem 2.

Proposition 8. If ¢, is H-convex and A(c;p) = Alcs;p), then Alc;p) =
B(c; p).

Remark 6. As is established in [32, Theorem 9.6] and (for a metrizable case)
in [47, Theorem 2.1}, a reduction theorem is true: if the Lebesgue sublevel sets
of ¢ are the results of applying the A-operation to Baire subsets of X x X,
then A(c; p) = A(cy; p) provided that the equality holds

Alesp) = lim A(c AN;p), (34)

where (¢ A N)(z,y) = min{c(x,y), N}. (Note that, for a bounded ¢, (34) is
trivial.)
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Taking into account Remarks 5 and 6, the next result is derived from
Propositions 7, 8 and the reduction theorem.

Theorem 3. (cf. [47, Theorems 3.1 and 3.2], [32, Theorem 9.4], [43, Theorem
10.2]). Suppose that ¢ is bounded from below and vanishes on the diagonal,
and that its sublevel sets are the results of applying the A-operation to Baire
subsets of X x X. The following statements are then equivalent:

(a) the reduced cost function ¢, is H-convez, and condition (34) is satisfied
whenever pX = 0;

(b)Q(c) is nonempty, and the duality relation A(c;p) = B(c; p) holds for
all p e C(X)*.

Proof. (a) = (b) Taking into account the reduction theorem (see Remark 6),
this follows from Proposition 8.

(b) = (a) In accordance with Remark 5, ¢, is universally measurable; then,
by Proposition 7, it is H-convex. It remains to show that (34) is satisfied. First,
note that, being a bounded function, every u € Q(c) belongs to Q(c A N),
where N = N(u) > 0 is large enough; therefore,

B(eip) = lim B(c AN p).

Now, by using the monotonicity of A(c; p) in ¢, one gets

Ale; p) > limsup A(e A N; p) > li]r\lfnTinf A(e AN Njp)
NToo 0
> ]mi B(c A N;p) = B(c; p),

which clearly implies (34). O

Corollary 5. Suppose c¢ is Baire measurable, bounded from below, and van-
ishes on the diagonal. Then c, is H-convex if and only if Q(c) is nonempty
and A(c; p) = B(c; p) for all p € C(X)*.

3.3 A Connection Between Two Variants of MKP

Given compact Hausdorff topological spaces X and Y, we define X @Y to be
the formal union XUY of disjoint copies of X and Y with the topology of direct
sum: by definition, a set G is open in X Y if GNX is open in X and GNY is
open in Y. Clearly, X @Y is compact, both X and Y are open-closed in it, and
C(X®Y) =C(X)xC(Y). Furthermore, C(X®Y)* = C(X)*xC(Y)*, that is
a pair (o1,09) € C(X)* x C(Y)* is identified with a measure 6 € C(X @ Y)*,

6B=01(BNX)+02(BNY) for any Borel BC X @Y,

and every ¢ € C(X @ Y)* is obtained in such a way. We shall write this as
6’ = (0'1,02).
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Given 01 € C(X)% and 05 € C(Y)%, we associate them with the measures
01 = (01,0),62 = (0,02) € C(X @ Y)% . Similarly, every p € C(X x Y)7 is
associated with the measure € C((X @Y) x (X ©Y))*%,

iB :=pu(BN(X xY)) for any Borel BC (X @Y)x (XaY). (35)

Given a cost function ¢ : X x Y — IR U {+oo}, every pair (u,v) € Q'(c) is
identified with a function w € C(X @ Y), w|X = u, w|Y = v, which belongs
to Q(¢) for

é(z,2") =sup{w(z) —w(z') : w=(u,v) €Q'(c)}, 2,2 € XBY, (36)

where Q'(c) C C(X ®Y) is defined as in (19). Clearly, ¢ is lsc, vanishes on the
diagonal, and satisfies the triangle inequality, ¢ majorizes the restriction of ¢
onto X x Y, and Q(¢) = @Q'(c). Note that if ¢ coincides with the restriction of
¢ onto X x Y then C(c;01,02) = C(¢;61,62).

Proposition 9. (cf. [42, Theorem 1.5] and [26, Lemma 7]). I. Given a cost
function ¢ : X x Y — R U {400}, the following statements are equivalent:
(a)c is H-convez relative to H from Ezample 1;
(b)c is the restriction to X XY of a function ¢ on (X ®Y) x (X ®Y),
which is H-convez relative to H CC((X ®Y) x (X @Y)) from Example 2
If these equivalent statements hold, then Q(¢) = Q'(c) and

A(¢;61 — 62) = B(¢;,61 — 62) =C(c;01,02) = D(¢;01,02) > —00

whenever o1 € C(X),00 € C(Y)}, 01X = 02Y.
I If ce C(X xY), then there is a continuous function ¢ satisfying (b).

Proof. I. This follows easily from Theorems 1 and 2 if one takes ¢ as given by
(36).
11.Define ¢ as follows:

clz,y),if ;1 =x€X, o=yeY,;

oz, 29) = c1(x1, @), if 21 =21 € X, 20 = 29 € X
bz c2(y1,92),iff 21 =1 €Y, o=y €Y}
),

cs(y,x),if z1 =y €Y, zm=zeX,

where
Cl(xlaxQ) = max (C(xlv ) - C($27 )
yey

v)
ex(y1,92) = max (e(z,y2) = ez ).

cs(y,x) = m&iﬁey( c(z1,y1) — c(x1,y) — c(x,y1)) -

Clearly, ¢ is continuous, vanishes on the diagonal, and ¢/ xxy = ¢. More-
over, a direct testing shows that it satisfies the triangle inequality. Then ¢ is
H-convex with respect to H from Example 2, and the result follows. O

The next result supplements Theorem 1.



Abstract Convexity and the Monge-Kantorovich Duality 49

Proposition 10. (cf. [26, Theorem 5]). Suppose c € C(X xY), o1 € C(X)3,
oy € C(Y)%, and 01X = 03, then there is an optimal solution (u,v) €
C(X) x C(Y) to the dual MKP, that is, (u,v) € Q'(c) and

/Xu(x) o1(dx) —/Yv(y) o2(dy) = D(c;01,09).

Proof. Take a function ¢ € C((X ®Y) x (X @Y)) from Proposition 9, 1T (see
(37)) and fix arbitrarily a point 2o € X @Y. Since ¢ is continuous and vanishes
on the diagonal, the set

Q¢ 20) :={w € Q&) : w(zp) =0}

is compact in C(X ®Y) and there exists a function wy = (u,v) € Q(¢; z0)
such that (wo,d1 — 62) = max{{w, 1 — d2) : w € Q(¢ 20)}. Now, taking into
account an obvious equality Q(&) = Q(é; z0) + IR and applying Proposition 9,
one gets

[ @y ntin) = [ vt aatin) = (o, - )

=max{(w,d1 — d2) : w € Q(&)} = B(é 1 — 62) = D(c;01,02). O

3.4 Abstract Cyclic Monotonicity and Optimality Conditions for
MKP

Given a set X and a subset L in IR¥, a multifunction F : X — L is called
L-cyclic monotone if, for every cycle x1,...,Zpm,Tmye1 = 1 in dom F =
{r € X : F(x) # @}, the inequality holds

Z lk wk lk (Ek+1)) > 0 (38)
k=1

whenever I, € F(xg), k = 1,...,m. By changing the sign of this inequality,
one obtains the definition of L-cyclic antimonotone multifunction. Clearly, F'
is L-cyclic monotone if and only if —F' is (—L)-cyclic antimonotone.

We say a function U : X — RU{+4o00} is L-convez if it is H-convex relative
to

H:={hq: ha(z)=1l(z)—a, (l,a) € L x R}. (39)

A function V : X — IR U {—o0} is said to be L-concave if U = =V is (—L)-
convex.

Examples of L-cyclic monotone multifunctions are L-subdifferentials of L-
convex functions, U : X — L, where

OLU(x):={leL:1l(z)—l(z) <U(z) = U(z) forall ze X}. (40)

Similarly, examples of L-cyclic antimonotone multifunctions are L-super-
differentials of L-concave functions, 0¥V : X — L, where
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V(z)y:={leL:1(z)—1l(z) >V(z) = V(z) forall ze€ X}. (41)
It is obvious from the above definitions that, for every L-concave V/,
OV =0y (-V). (42)

Remark 7. The classic monotone (antimonotone) multifunctions can be con-
sidered as examples of L-cyclic monotone (resp., antimonotone) ones, an-
swering the case where X is a Hausdorff locally convex space, L = X*
is the dual space, and I(z) = (z,l),x € X,1 € L. Close notions of c-
monotonicity (c-antimonotonicity) and of c-subdifferentials of ¢-convex func-
tions (c-superdifferentials of c-concave functions) are widespread in literature;
e.g., see [12, 55, 63]. A connection between the corresponding L-concepts and
c-concepts is discussed in [40].

Given a multifunction F' : X — L, we denote Z = dom F := {z € X :
F(z) # @} and consider two functions Z x Z — R U {—oo} as follows:

er(z1,22) = prL(21,22) == inf{l(z1) = l(22) : L € F(z1)}, (43)
Yr(2z1,22) = Yr0(21, z2) == 1nf{l(z1) — l(22) : | € F(z2)}. (44)

Clearly, Y5 1.(21,22) = ¢(—F),(—L) (22, 21)-
Remark 8. Note that if sup |I(2)
lelL

< oo for every z € Z, then both the func-
tions are real-valued.

Given a function ¢ : Z x Z — IR U {—oc0} vanishing on the diagonal
({(z,2) =0 Vze Z), we consider the set

Qo(¢) :={u e R? : u(z) —u(z) < {(21,22) V21,20 € Z}. (45)

It follows from (45) that if Qg (¢) is nonempty, then ¢ is real-valued. Clearly,
Qo(¢) = Qo(¢s) where (, is the reduced cost function associated with ¢ (for
the definition of the reduced cost function, see (31)). Also, observe that if Z is
a topological space and ( is a bounded continuous function on Z x Z vanishing
on the diagonal, then Qo(¢) = Q(¢). (Here, Q(¢) is defined for a compact Z
as in (26), and if Z is not compact, we define Q(¢) to be the set of all bounded
continuous functions u satisfying (45).)

Theorem 4. ([40, Theorem 2.1]). A multifunction F : X — L is L-cyclic
monotone if and only if Qo(vr) is nonempty.

Theorem 5. ([40, Theorem 2.2]). Suppose F' : X — L is L-cyclic monotone.
Given a function v : Z = dom F' — IR U {+o0}, the following statements are
equivalent:

(a)u € Qolr);

(b)u is a restriction to Z of some L-convex function U : X — RU {+o0},
and F(z) COLU(z) forall z € Z.
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The next result extending a classical convex analysis theorem due to Rock-
afellar is an immediate consequence of Theorems 4 and 5.

Corollary 6. ([39], [40], [53]7). A multifunction F : X — L is L-cyclic
monotone if and only if there is a L-convex function U : X — R U {400}
such that F(x) C OLU(x) for allz € X.

Suppose F' : X — L is a L-cyclic monotone multifunction. We say F' is
mazimal L-cyclic monotone if F =T for any L-cyclic monotone multifunction
T such that F(z) C T(x) whenever z € X.

Theorem 6. ([40, Theorem 2.3]). A multifunction F' : X — L is mazimal
L-cyclic monotone if and only if F = OrU for all L-convex functions U :
X — RU{+oo} satisfying Uldom F € Qo(pr).

Remark 9. Theorem 6 is an abstract version of the corresponding classical re-
sult due to Rockafellar [58]. In classical setting, X is a Hausdorff locally convex
space, L = X* is the conjugate space, and I(z) = (x,[). In this case, L-convex
functions, their L-subdifferentials, and L-cyclic monotone multifunctions are,
respectively, convex lIsc functions, their subdifferentials, and classical cyclic
monotone multifunction X — X*. Rockafellar’s theorem says that maximal
cyclic monotone multifunctions are exactly the subdifferentials of lsc convex
functions, and if U; and U, are two such functions with OU; = 9Us, then
Uy — U, is a constant function. However, in general case both these asser-
tions fail: there is a L-convex function, for which d,U is not maximal, and
there are two L-convex functions, U; and Us, such that the multifunction
F = 0,U; = 0;,Us is maximal L-cyclic monotone but the difference U; — Uy is
not constant. The corresponding counter-example can be seen in [40, Example
2.1].

Let X, Y be compact Hausdorff topological spaces. Given a cost function
c € C(X xY), we consider the MKP with marginals o1 and o3, 01X = 09Y.
Recall (see subsection 3.1), that it is to find the optimal value

Cle;o1,02) =inf{c(p) : p € I'(01,02)},
where ¢(u) is given by (17),
I'(o1,00) ={p € C(X xY)L : mip =01, mops = 02}.
We consider the set of real-valued functions on X,
L:={—c(-,y): y € sptoa}. (46)

where the symbol spt stands for the support of the corresponding measure.
Every p € I'(01, 02) can be associated with the multifunction F, : X — L,

"See also [4, 12, 56, 61, 63], where close abstract results related to c-cyclic
monotonicity and c-subdifferentials of c-convex functions (c-cyclic antimonotonic-
ity and c-superdifferentials of c-concave functions) may be found.
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Fu(z) :={-c(-,y) : (z,y) € spt u}. (47)

(F), is well-defined because the projection of (a compact set) spt p onto Y is
exactly spt os.)
Note that for F' = F}, function (43) takes the form

¢r,(21,22) = inf  (c(z2,y) — c(21,9)). (48)
y:(21,y) Esptp

Furthermore, since ¢ is continuous and spt u is compact, infimum in (48)
is attained whenever z; € Z = dom F, = m(spt ) = spt o1, and the function
¢F, is continuous and vanishes on the diagonal in Z x Z; therefore, Qo(¢r,) =

Q(pE,)-

Theorem 7. (cf. [40, Theorem 5.1] and [44, Theorem 2.1]). Given a measure
w € I'(o1,02), the following statements are equivalent:

(a) u is an optimal solution to the MKP, that is ¢(u) = C(c;01,02);

(b) the set Qo(¢r,) = Q(¥F,) is nonempty;

(¢) F,, is L-cyclic monotone.

Proof. (a) = (b) By Proposition 10, there is an optimal solution (u,v) to
the dual MKP; therefore,

Dic; 01, 02) = /X u() o4 (dz) — /Y o(y) oa(dy), (49)

and taking into account the duality relation C(c;01,02) = D(c¢;01,02) (see
Theorem 1), (49) can be rewritten as

) = [ wle) o) = [ o) oalan) (50)
Furthermore, since 71 = 01, Top = 02, and (u,v) € Q'(c), (50) implies
u(x) —v(y) = c¢(z,y) whenever (x,y) € spt pu. (51)

Note that 71 (spt u) is closed as the projection of a compact set; therefore,
Z = dom F,, = m(spt ) = spt oy, and (51) means

u(z) —v(y) = ¢(z,y) whenever z € Z, | = —c(-,y) € F,.(2). (52)

Now, given any z,2’ € Z, and | € F,,(2) = {—c(:, y) (z,y) € sptu}, we
derive from (52) u(z’') —u(z) = u(z’) — c(z,y) —v(y) < (2, y) — ¢(z,y), and
taking infimum over all y with (z,y) € spt p, yields u(z') —u(z) < o, (2,2')
hence (—u) € Q(¢r, ).

(b) = (a) Since every measure from I'(o1,02) vanishes outside the set
spto1 X sptoa, one can consider p as a measure on X, x Y, (instead of
X xY), where X,, = sptoy, Y, = sptos. It suffices to show that p is an
optimal solution to the MKP on X,, x Y),.
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Note that u € Q(¢F,) means

u(z1) —u(z2) < c(z2,y) — c(21,9) (53)

whenever (z1,y) € spt u. Let us define

o(y) == inf o (u(z) +e(2,9)), y € Y. (54)

z:(z,y)Espt p

Since spt p is compact and u, ¢ are continuous, the infimum in the right-hand
side of (54) is attained and v proves to be a bounded Isc function on Y.
Moreover, it follows from (53) that

—u(=) —vly) < c(zy) V(z,y) € X, x Y, (55)

and
—u(z) —v(y) = c(z,y) V(z,y) € sptp. (56)
Note now that (56) implies

J,

We derive from (57) that D'(c;01,02) > ¢(u) > C(c;01,02), and as always
D'(¢;01,02) < C(c;01,03) (see (20)), p is optimal.
(b) & (c) This is a particular case of Theorem 4. O

(—u) (@) o1 (dx) — / v(y) oa(dy) = c(p). (57)

W Y.

Remark 10. A different proof of a similar theorem is given in [40, Theorem
5.1] and [44, Theorem 2.1], where non-compact spaces are considered. A close
result saying that optimality of p and c-cyclic antimonotonicity of spt p are
equivalent may be found in [12].

We now turn to the Monge problem. Recall (see Introduction) that it is
to minimize the functional

F(f) = /X (e, f(x)) o (da)

over the set (01, 02) of measure-preserving Borel maps f : (X,01) — (Y, 02).
(A map f is called measure-preserving if f(oq) = o9, that is o1 f~1(By) =
o9 By for every Borel set By C Y.) Any f € ®(01,09) is associated with a
measure py = (idx x f)(o1) € C(X xY)i, as given by

/ w(z,y) prld(z,y)) = / w(z, f(x))o1(dz) Yw e C(X xY),
XxY X

or, equivalently,
urB :=o1{r € X : (z, f(x)) € B}

whenever B C (X x Y) is Borel. It is easily seen that i € I'(01,02) and
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F(f) = clpy)- (58)

The measure £ is called a (feasible) Monge solution to MKP. It follows from
(58) that if there is an optimal solution to MKP which is the Monge solution
if, then f is an optimal solution to the Monge problem and optimal values
of both problems coincide,

Cco1,02) = F(f) = V(c;01,02), (59)

where V(c; 01,092) = inf{F(f) : f € $(01,02)}. In general case, C(¢;01,03) <
V(¢;01,09), and @(01,02) can be empty; however, in some particular cases
(59) holds true.

Remark 11. When X and Y are subsets in IR", some existence (and unique-
ness) results for optimal Monge solutions based on conditions of c-cyclic
monotonicity (antimonotonicity) may be found in [3], [5], [6], [12], [39],
[40], [55], [65]. In most of these publications, cost functions of the form
c(z,y) = ¢(x — y) are considered. (Note that, since a pioneer paper by Su-
dakov [64],8 much attention is paid to cost functions c(z,y) = ||z — y|| for
various norms || - || in IR™; for such cost functions the optimal solution is not
unique.) Several existence and uniqueness theorems for general cost functions
are established in [39, 40].

Notice that for a continuous f € &(o1,02) and p = py one has sptu =
{(z,f(2)) : z € sptoi}; therefore, F, as given by (47) is single-valued,
Fu(z) = —c(-, f(x)), and

¢F,(21,22) = @f(21, 22) = c(22, f(21)) — c(21, f(21)).
The next optimality criterion is then a direct consequence of Theorem 7.

Corollary 7. (cf. [44, Corollary 2.2]). Suppose f € &(o1,02) is continuous,
then iy is an optimal solution to MKP if and only if Q(py) is nonempty.

Remark 12.If f € ®(01,02) is discontinuous, then the support of py is the
closure of the set {(z, f(2)) : z € sptoi}. In some cases, Corollary 7 and
its generalizations following from Theorem 7 enable to find exact optimal
solutions to concrete Monge problems; see [44, 45].

3.5 Some Generalizations

In this subsection we consider briefly some examples of H-convex functions
similar to Example 2 and some sets of type Q(c) and Qo(c) for cost functions
¢ that can fail to vanish on the diagonal.

Given an arbitrary infinite set X, {*°(X) and [*°(X x X) will denote
the linear spaces of bounded real-valued functions on X and X x X, re-
spectively. They are dual Banach spaces relative to the uniform norms

8In spite of a gap in Sudakov’s proof (see [3]), its main idea proves to be fruitful.
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HUHOO = SupxeX |u(x)|, u € loo(X) and ||w||<>0 = Sup(w,y)eXXX |w($ay)|7 w e
[°(X x X):

1°(X) =1MX)*, I®(X x X)=1"X x X)*.
Here, ' (Z) stands for the space of real-valued functions v on Z with at most
countable set sptv := {2z € Z : v(z) # 0} and |Jv|l1 := > ¢, [0(2)] < o0,
and the duality between [(Z) and [°°(Z) is given by the bilinear form

(v,u) == Z v(2)u(z), u € 1®(2), v el (2).

z€sptv

Given a cost function ¢: X x X — IR U {+o0}, the reduced cost function
¢y 1s defined as follows:

n+1
¢« (z,y) :== min (c(x,y), inf inf E c(xil,a:i)> , (60)
N Ty, Th

i=1

where g = z,x,41 = y. Clearly, it turns into (31) when ¢ vanishes on the
diagonal. Also, ¢, satisfies the triangle inequality c.(z,y) + c«(y, 2) > ci(z, 2)
for all z,y,z € X if one takes, by definition, that (+o0) + (—o0) = (—o0) +
(+00) = +00.

Let us define a set

Qg 1°(X)) :=={u e l™(X): u(z) —uly) <c(z,y) Vr,ye X}.  (61)
Note that if u € Q(c¢;1*°(X)), then
u(xi—1) —u(z;) < c(wio1,z;), i=1,...,n+1,

and summing up these inequalities with o = z, ,4+1 = y yields

n+1 n+1
u(@) = u(y) £ Y- (ulwis) — () < 3 claior,a).

This implies u € Q(c«;1*°(X)), and as ¢ > ¢, it follows that Q(c;I*(X)) =
Qcx; 17(X)).
Proposition 11. (cf. [33, Lemma 2] and [37, Theorem 4.1].) Suppose c. is
bounded from above, the following statements are then equivalent:

(0) Qe (X)) # ;

(b)c, €1°(X x X);

(c)ex(z,y) > —o0 forall z,y€ X;

(d)ci(x,2) >0 for allx € X;

(e) for all integers | and all cycles xg, . .., x1—1,2; = x¢ in X, the inequality
holds 22:1 (i1, i) > 0;
(f) the function
b — C*(I7y),1fﬂf¢y,

is H-convex relative to H := {hy(z,y) = u(x) —u(y) : u €l®(X)}.
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Proof. (a) = (b) Suppose that u € Q(¢;I*°(X)). Since Q(¢;I>®(X)) =
Q(cs;1°(X)), one has u(z) — u(y) < c«(x,y); therefore, ¢, is bounded from
below, and as, by hypothesis, ¢, is bounded from above, ¢, € [*(X x X).

(b) = (a) Fix arbitrarily a point o € X and set u(z) := c.(x, zg). Clearly,
u € [°°(X), and by the triangle inequality, u(x) —u(y) = ci(x, zo) — s (y, x0) <
c(z,y) whenever x,y € X, ie., u € Q(cy; I1°(X) = Q(¢; I1°(X)).

(b) = (c) Obvious.

(c) = (b) Since ¢, is bounded from above, one has c,(z,y) < M < 400
for all (z,y) € X x X. Suppose ¢, ¢ [*°(X), then there are points (zn,yn) €
X x X such that ¢, (zn,yn) < —n, and applying the triangle inequality yields
ce(,y) < (@, xn)+Ca(Tny Yn ) i (Yn, y) < 2M —n; therefore e, (z,y) = —oc.

(c) = (d) It follows from the triangle inequality that c.(x,x) < 2¢.(z, )
whenever x € X. Therefore, if ¢,(zg,29) < 0 for some zy € X, then
¢« (x0, o) = —oo. (Moreover, in such a case, applying again the triangle in-
equality yields c.(z,y) < cu(z, o) + cu(z0, o) + (20, y) = —00.)

(d) = (c) Suppose c.(x,y) = —oo for some (x,y) € X x X, then applying
the triangle inequality yields ¢, (z,z) < ci(2,y) + ¢ (y, ) = —o0.

(d) & (e) Obvious.

(b) = (f) Take a point zy € X and define uy,(z) := c.(x, o). One has
By (0,9) = c2(2,20) — .(y,20) < c.(w,y) = cl(z,y) for any @ # y, and
hu,, (v,2) = 0 = ¢&(z,z) for all z € X. Thus, hy, € H(¢) whenever z¢ € X.
Moreover, for zg = y one gets hy, (z,y) = ¢(x,y), and H-convexity of ¢ is thus
established.

(f) = (a) Obvious. O

Remark 13. 1t is easily seen that Q(¢;I°(X)) = Q(¢1*°(X)) and H(¢) =
{hy : v e Qe 1®(X))}.

Remark 14. It follows easily from the proof of Proposition 11 that if ¢, is
bounded from above then either all the statements (a) — (f) hold true or
¢x(z,y) = —oo whenever (z,y) € X x X.

The following proposition is established by similar arguments, and so we
omit its proof.

Proposition 12. (cf. [32, 35]). Given a function ¢ : X x X — IR U {+o0}
such that c.(x,y) < 400 whenever x,y € X, the following statements are
equivalent:

(a)Qo(c) == {u € R¥ : u(z) —u(y) <c(r,y) Vr,ye€ X}#9I;

(b)ci(z,y) > —o0 for all x,y € X;

(c)ci(x,x) >0 for every x € X;

(d) for all integers [ and all cycles xq, ..., x1—1,2 = xo in X, the inequal-
ity holds 22:1 e(xi—1,2;) > 0.

(e) the function ¢, as given by (62), is H-convexr with respect to H =
{hu(xay) = u(m) - u(y) tuce IRX}

Remark 15. Tt is easily seen that H(¢) = {h, : u € Qo(c)}.
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Remark 16. If X is a domain in IR™ and c¢ is a smooth function vanishing
on the diagonal, then either Qq(c) is empty or Qo(c) = {u + const} where
Vu(z) = —Vye(z, y)|y=z; see [33, 35, 36]. Second-order conditions (necessary
ones and sufficient ones) for Qo(c) to be nonempty are given in [33, 35, 36, 46].

Let E(X) be a closed linear subspace in {*°(X) containing constant func-
tions, separating points of X (that is, for any z,y € X there is a function
u € BE(X), u(z) # u(y)), and such that u,v € E(X) implies uv € E(X). Then
E(X) is a (commutative) Banach algebra with respect to the uniform norm

|lu|]| = sup |u(x)| and the natural (pointwise) multiplication. (Also, E(X) is a
zeX
Banach lattice; see [43].) As is known from theory of Banach algebras [13, 51],

the set 3X of all non-zero multiplicative linear functionals on E(X) is a weak*
compact subset in E(X)*, X is dense in %X ?, and an isometry of Banach
algebras (Gelfand’s representation), A : E(X) — C(xX), AE(X) = C(xX),
holds as follows:

Au(6) == (u, ), u€ E(X),d € »X.

Let us give three examples of Banach algebras E(X). They are as follows:

1. C*(X) - the Banach algebra of bounded continuous real-valued functions
on a completely regular Hausdorff topological space X. (In this case, »X =
BX is the Stone-Cech compactification of X.)

2.U(X) - the Banach algebra of bounded universally measurable real-
valued functions on a compact Hausdorff topological space X (we have yet
met it in subsection 3.2).

3.L>*(IR") - the Banach algebra of bounded Lebesgue measurable real-
valued functions on IR" (Lebesgue equivalent functions are not identified).
This algebra will be of use in section 5.

Given a set X, a cost function ¢ : X x X — IRU {+o0}, and an algebra
E(X), one can define the set

Q(; BE(X)) ={ue E(X): u(x) —u(y) <clz,y) Ve,ye X}
and a class of functions on X x X,
H = {h: hu(e,y) = ulz) — u(y), u € B(X)}.
Clearly, H(c) = Q(c; E(X)) and ¢ is H-convex if and only if
c(z,y) = sup{u(z) —u(y) : v e Q(c; B(X))}

whenever z,y € X.

Moreover, Q(c; E(X)) proves to be the constraint set for an abstract (non-
topological) variant of the dual MKP with a given marginal difference, and H-
convexity arguments play important role in the corresponding duality results;
see [37, 38] for details.

9A point 2 € X is identified with the functional &, € »xX, (u,8,) = u(z), u €
E(X).
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Similarly, given a cost function ¢ : X x Y — IR U {400}, one can take two
algebras, F1(X) and F5(Y), and consider the set in their product,

Q' (¢ E1(X), E2(Y)) := {(u,v) : u(z) —v(y) < c(z,y) VreX,yeY}
and a class of functions on X x Y,
H = {hyy : hy(x,y) = u(z) —v(y), (u,v) € E1(X) X E2(Y)}.
Clearly, H(c) = Q'(¢c; E1(X), E2(Y)) and ¢ is H-convex if and only if
c(x,y) = sup{u(z) —v(y) : (u,v) € Q'(c; E1(X), E2(Y))}

whenever (z,y) € X x Y.

Moreover, Q'(c; E1(X), E2(Y)) is the constraint set for an abstract vari-
ant of the dual MKP with given marginals, and H-convexity arguments play
important role in the corresponding duality results; see [38].

4 Applications to Mathematical Economics

In this section, we present briefly several applications to mathematical eco-
nomics. In all the applications, properties of the sets Q(c) and Qq(c) for var-
ious particular cost functions ¢ are considered. The corresponding results are
based on conditions for these sets to be nonempty.

4.1 Utility Theory

A preorder on a set X is a binary relation < which is reflexive (x < x for all
z € X) and transitive (for any z,y,z € X, x < y,y = z imply = < z). A
preorder < is called total if any two elements of X, x and y, are compatible,
that is x < y or y < x. A preorder < on a topological space X is called closed
if its graph, gr(=X) := {(z,y) : = <y}, is a closed subset in X x X.

Any preorder < can be treated as a preference relation, and it determines
two binary relations on X: the strict preference relation <,

T <y<= 1z =<ybut not y Xz,
and the equivalence relation ~,
r~y<—zcyandy Iz

A real-valued function u on X is said to be an wutility function for a preorder
=< if for any z,y € X two conditions are satisfied as follows:

z 2y = u(r) <uly), (63)



Abstract Convexity and the Monge-Kantorovich Duality 59

z<y=uz) <uly). (64)

Clearly, it follows from (63) that x ~ y = u(z) = u(y).
The pair of conditions (63),(64) is equivalent to the single condition

z 2y < u(r) <u(y)

if and only if the preorder =< is total. (Moreover, if < is total, then z < y <
u(z) < u(y) and z ~ y < u(z) = u(y), that is, the preference relation is
completely determined by its utility function.)

One of fundamental results in the mathematical utility theory is the fa-
mous theorem due to Debreu [9, 10], which asserts the existence of a continu-
ous utility function for every total closed preorder on a separable metrizable
space. We'll give here (see also [27, 28, 32]) some extensions of that theorem
to the case where the preorder is not assumed to be total. The idea of our
approach is to use a specific cost function ¢ that vanishes on the graph of
the preorder and has appropriate semicontinuity properties. With help of the
duality theorem (Theorem 2) we’ll obtain a representation

gr(=2) ={(z,y) : w(z) <uly) Yue H} (65)
with H C Q(c). Moreover, sometimes it is possible to choose a countable
H={ug: k=1,2,...}, and in such a case

oo

ugla) = Yo 2k )

= ()]

proves to be a continuous utility function for <.

Theorem 8. ([22, 27]). Let < be a closed preorder on a compact metrizable
space X. Then gr(=X) has a representation (65) with a countable H; hence
there is a continuous utility function for <.

Proof.'% Consider on X x X the cost function

clz,y) = {

It satisfies the triangle inequality and vanishes on the diagonal because < is
transitive and reflexive. Also, it is lsc because =< is closed. It follows from
Theorem 2 that Q(c) is nonempty and

0, ifz=<uy;
400, otherwise.

c(x,y) = sup (u(z) —u(y));
u€Q(c)

therefore,
gr(2) ={(z,y) : w(z) <uly) YueQ(c)}.
Since C'(X) is separable, one can choose a dense countable subset H in Q(c).
Then (65) holds with that H, and the result follows. O
The next result is derived from Theorem 8.
9T his proof follows [27]; a proof in [22] is different.



60 V.L. Levin

Corollary 8.. ([28, 32]). Theorem 8 is extended to X being a separable metriz-
able locally compact space.

Theorem 9. ([31]). Let < be a preorder on a separable metrizable space X,
the following statements are then equivalent:

(a) a representation (65) holds with a countable family H C C*(X);

(b) =< is a restriction to X of a closed preorder =1 on X1, where X; is a
metrizable compactification of X.

If these equivalent statements hold true, then there is a continuous utility
function for <.

We consider now the following question. Given a closed preorder =<, de-
pending on a parameter w, when is there a continuous utility, i.e. a jointly
continuous real-valued function w(w,z) such that, for every w, u(w,) is a
utility function for <7 This question arises in various parts of mathematical
economics. In case of total preorders <., some sufficient conditions for the
existence of a continuous utility were obtained in [8, 48, 50, 52]. The cor-
responding existence results are rather special consequences of the following
general theorem.

Theorem 10. ([28, 32]). Suppose that 2 and X are metrizable topological
spaces, and X, in addition, is separable locally compact. Suppose also that for
every w € (2 a preorder <, is given on X, and that the set {(w,z,y) : = =, y}
is closed in 2x X x X . Then there exists a continuous utility u : 2xX — [0,1].

Proof (the case where {2 is separable locally compact).!! Let us define a pre-
order < on 2 x X,

(w1, 21) = (w2, T2) <= w1 = w2, 1 =, To.

It is obviously closed, and as {2 x X is separable locally compact, the result
follows from Corollary 8. O

Remark 17. Observe that if all <, are total then the condition that the set
{(w,z,y) : © =, y}is closed in 2 x X x X is necessary (as well as sufficient)
for the existence of a continuous utility w : 2 x X — [0, 1].

Let P denote the set of all closed preorders on X . By identifying a preorder
<€ P with its graph in X x X, we consider in P the topology ¢ which is induced
by the exponential topology on the space of closed subsets in the one-point
compactification of X x X (for the definition and properties of the exponential
topology, see [23]). Obviously, (P,t) is a metrizable space. The next result is
obtained by applying Theorem 10 to 2 = (P, ).

Corollary 9. (Universal Utility Theorem [28, 32]). There exists a continuous
function u : (P,t) x X — [0,1] such that u(=,-) is a utility function for <
whenever <€ P.

" For the sake of simplicity, we restrict ourselves to the case where {2 is separable

and locally compact. In the general case, the proof makes substantial use of a version
of Michael’s continuous selection theorem in a locally convex Fréchet space.
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4.2 Demand Analysis

Given a price set P C intIR", we mean by a demand function any map f :
P — int R} . We will say that an utility function U : IR"} — IR rationalizes
f if, for every p € P,

qeRY, p-q<p-f(p) = U(f(p)) = U(q). (66)

Theorem 11. (cf. [46, Corollary 3]). Given a function f : P — intIRY, the
following statements are equivalent:

(a) there is a positive homogeneous utility function U : RY — IRy, which
is strictly positive on f(P) and rationalizes f;

(b) there is a positive homogeneous continuous concave utility function U :
R} — IR, which is strictly positive on f(P) and rationalizes f;

(c) for a cost function & on P X P, as given by

E(p,p") :==n(p"- f(p)) —In(p" - f(p')),

the set Qo(§) is nonempty;
(d) for every cycle p',...,p' p!tt = pl in P, the inequality holds true

l 1
H kE+1 H
k=1 k=1
(e) there is a strictly positive solution to the system

p- f(p)
p- f(p)

u(p) > u(p') for all p,p’ € P. (67)
Proof. (b) = (a) Obvious.
(a) = (e) Define u(p) := U(f(p)), p € P. Since for every ¢ € IR"},

b P f(p)q

o4 p- f(p),

it follows from (66) that

L L)y = v (2100 < vir),

p-q p-q

which implies (67) for ¢ = f(p’).

(e) = (c) Since a solution u(p) to (67) is strictly positive, it follows that
v(p) := Inu(p) makes sense and belongs to Qo(§).

(¢) & (d) This is an easy consequence of Proposition 12.

(¢) = (e) Suppose v € Qq(&), then u(p) = e’ is strictly positive and
satisfies (67).

(e) = (b) Let us define
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_u@)
U(q) := inf
T
It follows easily from (67) that U(f(p)) = u(p) whenever p € P, hence U is
strictly positive on f(P). If now p-q < p- f(p), then

u(p)

p~f(p)p'qS

that is U rationalizes f. Since U is clearly upper semi-continuous concave
(hence continuous; see [57, Theorem 10.2]) and positive homogeneous, the
implication is completely established. O

Ulg) <

u(p) = U(f(p)),

Remark 18. Statement (d) can be considered as a particular (strengthened)
version of the strong revealed preference axiom, and (e) generalizes the corre-
sponding variant of the Afriat—Varian theory (see [1, 2, 66, 67]) to the case of
infinite set of ‘observed data’. Further results on conditions for rationalizing
demand functions by concave utility functions with nice additional properties
in terms of non-emptiness of sets Qo(y) for various price sets P and some
specific cost functions ¢ on P x P may be found in [46].

4.3 Dynamics Models

In this subsection (see also [35, 36, 37]), we consider an abstract dynamic
optimization problem resembling, in some respects, models of economic system
development.

Suppose X is an arbitrary set and a : X — X is a multifunction with
nonempty values. Its graph, gr(a) = {(z,y) : y € a(x)}, may be considered
as a continual net with vertices x € X and arcs (z,y) € gr(a), respectively.
A finite sequence of elements of X, x = (x(t))tho (where T' = T'(x) < +o0
depends on ), satisfying

Xt €alx(t—1)), t=1,....T,

is called a (finite) trajectory. We assume that the connectivity hypothesis is
satisfied: for any x,y € X, there is a trajectory x that starts at = (x(0) = )
and finishes at y (x(T) = y).

Given a terminal function [ : X x X — R U {400} with dom! # @ and a
cost function ¢ : X x X — R U {+oo} with dome¢ = gr(a), the payment for
moving along the trajectory x equals

T
900) = 1(x(0), x(T)) + > _ elx(t — 1), x(t)).

The problem is to minimize g(x) over the set 7 of all trajectories.
Observe that the connectivity hypothesis can be rewritten as
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ce(z,y) <400 forall z,y € X,

and the optimality of a trajectory ¥ means exactly

9(x) = min{l(z,y) + c.(z,y) : v,y € X}. (68)

Theorem 12. ([35, Theorem 7.1]). Suppose X is a compact topological space,
both functions on X x X, l and ¢, are lsc, and c(x,y) > 0 for all z,y € X.
Then there exists an optimal trajectory.

An important particular case of the above problem is to minimize the

functional
T(x)

g1(x) == ) clx(t—1),x(t)

=

o~
Il
—

over the set 7(X7, X5) of trajectories that start in X; and finish in X (i.e.,
x(0) € X1, x(T) € X3), where X; and X, are given subsets of X. This
problem is reduced to minimizing g(x) over 7 if one takes [ to be the indicator
function of X7 x Xo (i.e., I(z,y) = 0 for (z,y) € X7 x X3 and l(z,y) = 400
otherwise).

The next result is a direct consequence of Theorem 12.

Corollary 10. ([35, Corollary 7.1]). Let X and c be as in Theorem 12, and
suppose that Xy and Xo are closed in X. Then there exists a trajectory X €
(X1, X2) minimizing g1 over 7(Xy, Xa).

We now return to the general (non-topological) version of the problem.

Theorem 13. ([35, Theorem 7.2]). A trajectory X = ()’((t))Z;O is optimal in
7 if and only if: (a) the equality holds

1(x(0), X(T)) + e(x(0), X(T)) = min{l(z, y) + c.(z,y) : z,y € X}, (69)

and (b) there is a function u € Qo(c) satisfying
u(x(t = 1)) = u(x(t)) = c(x(t = 1), x(1), t =1,.... T. (70)
An infinite sequence of elements of X, x = (x(t));—,, satisfying

x(t) €alx(t—1)), t=12,...,

is called an infinite trajectory. Say an infinite trajectory x = (x(¢))2, is
efficient if there exists Ty = T1(x) < +oo such that, for every T > Tj, the
finite trajectory xT := (x(t))L, is optimal in 7.

The next result is derived from Theorem 13 with help of the Banach limit
technique; see [35, Theorem 7.4] for details.

Theorem 14. An infinite trajectory x = (x(t))52, s efficient if and only if:
(a) (69) holds for all T > Ty and (b) there is a function u € Qo(c) satisfying
(70) for all t.
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4.4 Economics of Corruption

Following [7] (see also [36, 56]), we briefly outline here some kind of principal-
agents models relating to economics of corruption and dealing with distorting
substantial economic information. Suppose there is a population of agents,
each of them is characterized by his state (a variable of economic information),
which is an element of some set X, and there is yet one agent called the
principal (State, monopoly, social planner, insurance company and so on).
The principal pays to an agent some amount of money u(x) which depends
on information x about agent’s state. It is assumed that the actual state of
the agent, y, cannot be observed directly by the principal; therefore, agents
have a possibility to misrepresent at some cost'? the relevant information
to the principal. Thus, we assume that an agent can at the cost ¢(z,y) to
misrepresent his real state y into the state x without being detected. In such
a case, his income equals u(x) — ¢(x,y). The cost function ¢ may take the
value 400, which occurs when z is too far from y for falsifying y into = be
possible without being detected. Also, it is assumed that ¢(y, y) = 0; therefore,
if an agent gives true information to the principal, then his income equals the
payoff u(y). If now there is an # € X such that u(z) —c(x, y) > u(y), then, for
an agent with the actual state y, it proves to be profitable to falsify his state
information. Say, in a model of collusion with a third party, an agent with the
actual state y and a supervisor may agree to report the state x maximizing
their total income u(z) — ¢(x,y) and then to share between them the surplus
u(z) — e(z,y) — u(y) > 0. Similar situations arise in other models (insurance
fraud, corruption in taxation); see [7] for details.

Thus, given a cost function ¢ : X x X — IRy U {+o0} vanishing on the
diagonal, a question arises, whether the payoff function v : X — IR is non-
manipulable or collusion-proof in the sense that it is in the interest of each
agent to be honest. The answer is affirmative if and only if u € Qq(c).

5 An Application to Approximation Theory

In this section, we deal with some best approximation problems.
Let us consider a linear subspace in [*°(X x X),

Hy = {u(z) —uly) : uvel®(X)}. (71)
Given a function f € [°°(X x X), the problem is to find the value

m(f; Ho) := Join If = hllo = LJn ) sup If (2, y) —u(z) +uly)|.  (72)

Note that the minimum in (72) is attained at some h = h, € Hoy,
hy(x,y) = u(x) — u(y), because closed balls in the dual Banach space {*°(X)

2For instance, by colluding with a third party (expert, supervisor, tax officer).
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are weak® compact and the functional on [*°(X), u + sup, ,ex |[f(z,y) —
u(x) + u(y)| is weak™ lsc. Moreover, (72) can be rewritten as

m(f; Ho) = min{a > 0: Q(c+ «;1%°) # 2}, (73)
where
c(z,y) == min(f(z,y), —f(y,2)), z,yeX, (74)

and there exists a function u in Q(c+ m(f; Hy);1>).
A topological analog of this problem is as follows. Given a completely
regular Hausdorff topological space X, a subspace Hy in C*(X x X),

Ho := {u(z) —u(y) : u € C*(X)}, (75)
and a function f € C®(X x X), one has to find the value

m(fiHo) = inf I ~hl = nf s |f(r.y) ~u(e) +u). (76)

Recall (see subsection 3.5) that, for every topological space X, C?(X) denotes
the space of bounded continuous real-valued functions on it with the uniform
norm ||u|| = sup,cx |u(z)|. Clearly, (76) is equivalent to

m(f;Ho) = inffa > 0: Qe+ s C(X)) £ o}, (77)
where ¢ is given by (74).
Theorem 15. ([37, Theorem 5.1]). For every f € [*°(X x X),

n

.1
m(f; Ho) = _lnfﬁgc(xiflaxi)a (78)
and if X is a compact space, then for every f € C(X x X),

n

m(f;Ho) = —inf % Zc(mi,l,mi). (79)

i=1
Here, both infima, in (78) and (79), are taken over all integers n and all cycles

Lo,y Tp1,Tn =g 0 X.

Proof. As follows from (73), for every a > m(f; Hp) there is a function u €
Q(c+ «;1%°). Then u(w;—1) — u(z;) < c(xi-1,2;), i = 1,...,n, and summing
up these inequalities yields

n n

O:Z(u(xi 1) — u(z;)) z": c(zi—1, ;) +Oz):ZC($i717$i)+na

i=1 1=1
(this follows also from implication (a) = (e) of Proposition 11); therefore,

n
o> —inf% Z:lc(wi,l,aci), and
1=
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n

m(f; Hp) = inf{a: Q(c+ ;1) # @} > —inf % Zc(xi_l,xi). (80)

i=1

Suppose now that o < m(f; Hy). Then Q(c + ;1) = &, and taking
into account Remark 14, one has (¢ + «), = —oo; therefore, there is a cycle
Loy ..y Tn_1,Tn = Xo such that Z?zl c(xi—1,2;) + na < 0. One obtains

n n

1 ol
a<—— > (@i, mi) < — inf ~ > clwia,@),

i=1 i=1
and as this holds true whenever a < m(f; Hy), one gets

n

m(f; Hy) < —inf % Zc(zi_l,xi), (81)

i=1

and (78) follows from (80),(81).

The proof of (79) is similar if one replaces Q(c + ;1) with Q(c + «)
and takes into account that for every ¢ € C(X x X) and every a € IR either
(c+a), € C(X x X) or (¢c+ a), = —o0 (see [47, Lemma 2.4], where a more
general result is established). o

Corollary 11. If X is a compact topological space and f € C(X x X), then
m(f; Ho) = m(f;Ho).

Remark 19. If X is a non-compact completely regular Hausdorff topological
space, one can pass to its Stone-Cech compactification X’ = 3X. Taking into
account the natural linear isometry C?(X) = C(X’), the next result is an easy
consequence of Theorem 15.

Corollary 12. Theorem 15 is extended to X being any completely reqular
Hausdorff topological space provided that f € C(X' x X'), C(X) in (75) is
replaced with C*(X), and max in (76) is replaced with sup.

Note that C'(8X x 3X) can be considered as the closure in C*(X x X) of the
subspace of finite sums f(z,y) = >°7 ar(2)bi(y), ak, by, € C*(X), k=1,...,n.

Say u € C%(X) is an ezact solution to the approximation problem if the
infimum in the right-hand side of (76) is attained at it, that is m(f;Ho) =
sup, yex |f(2,y) — u(z) + u(y)|. It follows from (77) that u € C*(X) is an
exact solution if and only if it belongs to Q(c +m(f;Ho); C?(X)); therefore,
exact solutions exist if and only if Q(c + m(f;Ho); C*(X)) is nonempty.

Let C™°° be the linear space of bounded infinitely differentiable real-valued
functions on IR®, HE° a subspace in C?™°,

HE == {u(z) —uly) : uwe C™>}.
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Theorem 16. Suppose f(z,y) = g(x —y), where g € C*(IR"). Then

m(f:Ho) = m(fiHE) = int_ | = hl.

and there is a function u € C™°, which is an exact solution to the approxi-
mation problem:

m(f;Ho) = m(fiHG") = If = hull,  hu(z,y) = u(z) — uly). (82)

To prove the theorem, some facts from the lifting theory [16]'* will be
needed. The main of them is the existence of a strong lifting of £L>°(IR"). Recall
(see subsection 3.5), that £>°(IR™) is the space (Banach algebra and Banach
lattice) of bounded Lebesgue measurable real-valued functions on IR™ with the
uniform norm on it, ||ul| = sup,crn [u(z)], v € L2(IR™). A homomorphism
of Banach algebras (i.e., a multiplicative linear operator) p : L®(R") —
L>(IR™) is said to be a strong lifting of £L>°(IR™) if four conditions are satisfied
as follows:

1.p is a projector, that is p? = p;

2. for every u € L®(IR"™), p(u) = u almost everywhere (a.e.), that is the
set {x € R" : p(u)(x) # u(z)} is Lebesgue negligible;

3.for every u € L*(IR™), v = 0 a.e. implies p(u) = 0;

4. p(u) = u whenever u € C*(IR").

It follows from these conditions along with linearity and multiplicativity of
p that p is also a homomorphism of Banach lattices, i.e. p(uVv) = p(u)V p(v)
and p(u Av) = p(u) A p(v) whenever u,v € L>*(IR™). Furthermore, u > v a.e.
implies p(u)(x) > p(v)(x) for all x € IR™.

The Lebesgue space L°°(IR™) is a Banach algebra and a Banach lat-
tice, and the operator 7w : L>*(IR") — L°°(IR"™) mapping every function
u € L®(IR™) into its Lebesgue equivalence class is a homomorphism both
of Banach algebras and of Banach lattices. Thus, 7 maps £*°(IR™) onto the
factor space L (IR™) = L>(IR"™)/Ny where N is the subspace in £°(IR™)
consisting of Lebesgue negligible functions, and the standard norm in L*° (IR™)
is precisely the factor-norm with respect to . Since p(u) = p(v) whenever
u—v € Ny, p generates a homomorphism of Banach algebras (and of Banach
lattices) p’ : L*°(IR™) — L>(IR™) (a strong lifting of L>°(IR™)) such that
7o p =idpe(grny and p' o = p.

Proof of Theorem 16. It follows from (77) that for every k there is a function
u, € Q(c+m(f; Ho)+1; C*(IR™)). Fix an arbitrary point zo in IR and assume
without loss of generality that ug(z¢) = 0. Then, for all x € IR™, one has

—c(xo, ) —m(f;Ho) — 1 Sug(x) < c(z,20) +m(fiHo) +1, k=1,2,..;

13See also [30, 43], where connections between the lifting theory and abstract
convexity are given.



68 V.L. Levin

therefore, the sequence (uy) is bounded in C®(IR™). Now, taking into account
that C*(IR™) is a closed linear subspace in L>®(IR") and that L>®(IR") =
LY(IR™)* is a dual Banach space, (uy) is bounded hence weak* precompact in
L>®(IR™). We shall assume by passing, if needed, to a subsequence!* that
the sequence (uy) converges weakly* to an element of L°°(IR™). In other
words, there exists a function v € £L°(IR™) such that uy converges weakly* to
7(v). It follows that the sequence (up(z) — ux(y)) € C(IR*™) C L*>(IR?")
converges weakly* in L>(IR?") to the element of L°°(IR*"), which is the
Lebesgue equivalence class of the function v(z) —v(y). Now, as ug () —ug(y) <
c(z,y) +m(f; Ho) + +, and the positive cone L (IR?") is weakly* closed, one
gets

v(x) —v(y) < clz,y) +m(f; Ho) a.e. in R?"™. (83)

Let us define
N(y) = {z € R™ : v(x) — 0(y) > c(z,9) + m(f; Ho)}, y € R™.
It follows from (83) that the set
N :={y € R": N(y) is not Lebesgue negligible}

is Lebesgue negligible. Consider y as a parameter and observe that, for every
y ¢ N, the inequality

v(@) —v(y) < e(z,y) + m(f; Ho)

holds true for almost all z € IR™. Applying a strong lifting p to both sides of
that inequality yields

p(v)(z) —v(y) < c(x,y) +m(f; Ho) (84)

for all z € IR™ and all y ¢ N. Now, considering x as a parameter and applying
p to both sides of (84) yields

p(v)(x) = p(v)(y) < c(,y) + m(f; Ho) Va,y € R”, (85)

that is p(v) € Q(c+m(f; Ho); L°(IR™)).
We define u to be the convolution of p(v) and 7,

) = () )@ = [ po)e — nte)a 0
where n(z) = 7 "/2e77% = gon/2e=GEH4E) 4 = (2., 2,) € R"

Since n € C™* and [, p(v)(x — 2)n(2) dz = [R. p(v)(2)n(z — 2)dz, (86)
implies u € C™°.

Since L' (IR™) is separable, the restriction of the weak* topology to any bounded
subset of L (IR") is metrizable.
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Now, taking into account the form of the function f, one has ¢(z,y) =
min(g(x — y), —g(y — x)); hence, c¢(z — 2,y — z) = ¢(x,y), and (85) implies

pv)(@ —z) = p(v)(y — 2) < c(z,y) + m(f; Ho) Vo,y e R™  (87)

Multiplying (87) by n(z), integrating the obtained inequality by dz, and taking
into account that [, 7(z)dz = 1, one gets u(x) — u(y) < c(z,y) + m(f; Ho)
for all z,y € R™. Thus, u € Qo(c+m(f;Ho)) N C™, and the result follows.
O
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Summary. In this chapter, we present a unified formulation of generalized convex
functions. Based on these concepts, sufficient optimality conditions for a nondiffer-
entiable multiobjective programming problem are presented. We also introduce a
general Mond-Weir type dual problem of the problem and establish weak duality
theorem under generalized convexity assumptions. Strong duality result is derived
using a constraint qualification for nondifferentiable multiobjective programming
problems.
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1 Introduction

Convexity plays an important role in the design and analysis of successful al-
gorithms for solving optimization problems. However, the convexity assump-
tion must be weakened in order to tackle different real-world optimization
problems. Therefore, several classes of generalized convex functions have been
introduced in the literature and corresponding optimality conditions and du-
ality theorems for mathematical programming problems involving these gener-
alized convexities have been derived. In 1981, Hanson introduced the concept
of invexity in [10]. Optimality conditions and duality for different mathe-
matical programming problems with invex functions have also been obtained
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by other researchers. For example, Bector and Bhatia [4] studied minimax
programming problems and relaxed the convexity assumptions in the suffi-
cient optimality in Schmitendorf [26] using invexity. Jeyakumar and Mond
[12] introduced the concept of v-invexity, which can be seen as an exten-
sion of invexity, and derived optimality conditions and duality theorems for
multiobjective programming problems involving the generalized convexity.
Some other extensions of these generalized convexities can be found in [13],
[5] and [22]. Other classes of generalized convex functions were defined in
[27, 28, 11, 24, 27, 28, 5, 9, 18, 25, 6, 1, 32].

Liang et al. [14], [15] and [16] introduced a unified formulation of general-
ized convexity so called (F, «, p, d)-convexity. Recently, Yuan et al. [33] de-
fined (C, «, p, d)-convexity, which is a generalization of (F, «, p, d)-convexity,
and established optimality conditions and duality results for nondifferentiable
minimax fractional programming problems involving the generalized convex-
ity. Chinchuluun et al. [7] also considered nondifferentiable multiobjective
fractional programming problems under (C, «, p, d)-convexity assumptions.

On the other hand, Hanson and Mond [11] defined two new classes of
functions called type I and type II functions.

Based on type I functions and (F, «, p, d)-convexity, Hachimi and Aghez-
zaf [9] defined (F, «, p, d)-type I functions for differentiable multiobjective
programming problems and derived sufficient optimality conditions and dual-
ity theorems.

In this chapter, motivated by [9], [11] and [33], we introduce (C, a, p, d)-
type I functions. Based on the new concept of generalized convexity, we es-
tablish optimality conditions and duality theorems for the following nondif-
ferentiable multiobjective programming problem:

(VOP)  min f(z)= (fi(2), -, fi(z))
st. zeS={zecR" g(x) = (91(2), - ,g4(x)) < 0},

where f; : R" — R, i =1,2,...,l,and g; : R® — R, j = 1,2,...,q, are
Lipschitz functions on R™.

Throughout this chapter, we use the following notations. Let L = {1, ...}
and @ = {1,...,q} be index sets for objective and constraint functions, re-
spectively. For xg € S, the index set of the equality constraints is denoted by
I(zo) = {jlgj(z0) = 0}. If z and y € R™, then

x§y®x1§y1a221a7nv
r<yeryand z £ y;
r<yer <y,i=1,...,n.

We denote the Clarke generalized directional derivative of f at x in the direc-
tion y and Clarke generalized gradient of f at z by f°(z;y) = (fY(x;y),.. .,
fP(x;y)) and 0° f(z) = (0° f1(x), ..., 0° fi(x)), respectively [8].

Definition 1. We say that o € S is an (a weak) efficient solution for problem
(VOP) if and only if there exists no x € S such that f(x) < (<) f(zo).
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This chapter is organized as follows. In the next section, we introduce a
unified formulation of generalized convexity. Sufficient optimality conditions
for the multiobjective programming problem involving the new generalized
convexity are established in Section 3. In Section 4, we extend a constraint
qualification in [23] in terms of Hadamard type derivatives, relaxing some
assumptions. In the last section, we present the general mixed Mond-Weir
dual program for (VOP) and derive weak and strong duality results.

2 Definitions

Convexity plays a central role in mathematical programming. In addition,
several problems with nonconvex functions still have properties similar to
convex problems. By defining more general classes of functions, we are able
to understand the structures of more general optimization problems.

In this section we introduce a unified formulation of generalized convex
functions, which are extensions of (F, p, a, d) type-I functions presented in [9]
and (C, p, a, d)-convex functions presented in [33].

Let C: X x X x R" — R be convex with respect to the third argument
such that C(; 5,)(0) = 0 for any (z,70) € S x S. Let p = (pt, p?), where
pt=(pt,...,p1) €RL p* = (p},....p2) € RY. Let o = (o', 0?), where o' =
(af,...,0), &® = (af,...,a2), and af(-,-) : R" x R" — Ry \{0}, i = 1,2,
j € LorQ.d=(d"d?) is a vector function, where d* = (di,...,d}), d* =
(df,...,d3), and d(-,-) is pseudometric on R™, i = 1,2, j € L or Q. We

assume that, for any a, b, ¢ € R*, the symbol %b denotes (“éfl yee asbS), and

the symbol C‘TH’ denotes (‘“C—tbl, cee “ci) If &= (&,...,&) € 0°(xg), then
Clz,20) (&) denotes the vector (C(g;,zo)(é), ooy Cla,z0)(&)). We are now ready
to present the new classes of functions.

(p,v) is (C, a, p,d)-type I at xg, if for all x € S we have

¢(x) = p(x0) ptd" (x, o) o
W 2 C(w,zo)(f) =+ maV§ € 0°¢(x0)
—(z0) p?d*(x, xo)
a?(x,xo) a?(x,xq)

2 C(x,xo)(n) + ,Vn € 301/}(550)

(¢, ) is pseudoquasi (strictly pseudoquasi) (C,a, p,d)-type I at xg, if for
all x € S we have

pla) < (Selro) = C(z,m0>(§)+m

2 72
P d (.%xo) < o

< 0,V¢ € 0°p(xg) (1)

—@/J(.’Eo) § 0 = C(T,£o)(n) +

(¢, ) is weak strictly-pseudoquasi (C, a, p,d)-type I at xg, if for all z € S
we have
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1d1
(7)< plzo) = C(x,zo>(£)+m

p2d2($, ‘TO)
a?(x, xg)

< 0,V¢ € 0°¢p(xo)

71/}(550) é 0 = C(w,lo)(n) + § 07VT’ € 801,[)(170)

(p, ) is strong pseudoquasi(weak pseudoquasi) (C, «, p,d)-type I at xq, if
for all x € S we have

p(z) < (p(zo) = Cluwe (&) + /m

P2d2($, xO)
a?(x, xg)

<0,V€ € 0°p(wo) (2)

“P(@0) S0 = Clawy(n)+ < 0,V € 9% (xo)

(p, ) is weak quasi-strictly-pseudo (C, «, p, d)-type I at xg, if for all z € S
we have

1d1
Pa) < plan) = Ol (@) + S5 0

deZ(x, 330)
a2(x7 .’Eo)

é O,Vﬁ € aosp(xo)

—w(l‘o) § 0 = C(m,wo)(n) + < O,V’ﬂ € 801/)(950)

We note that we can derive many different classes of generalized convex
functions by changing the inequalities of these conditions.

3 Sufficient Optimality

Aghezzaf and Hachimi [1, 9] considered multiobjective programming problems
with (F,p)-convex functions and (F,a, p,d)-type I functions, and established
a number of sufficient optimality conditions. We adapt these results to the
classes of generalized (C,a, p,d)-type I functions.

Theorem 1. Assume that there exist a feasible solution x¢ for (VOP) and

vectors @ = (ui1,...,u) € Rt and v = (v1,...,9,) € R such that
0€a"d°f(x) + 0" 8°g(x0), (3)
’DTg<x0) =0, (4)
a>0,9=20. (5)
If (f, g1) is strong pseudoquasi (C, a, p, d)-type I at xo, and
—Tpldl(x"ro) —Tp%d%(:r?xo) 2 O7 (6)

al(x,zo) I a?(z, o)

then xq is an efficient solution of (VOP).
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Proof. Suppose to the contrary that x is not an efficient solution of (VOP).
Then there exists a feasible solution z such that

f(x) < f(xo) and gr(xg) = 0.
Hence,
f(z) < f(xo) and — gr(zo) = 0.

Since (f, gr) is strong pseudoquasi (C, a, p, d)-type I at z(, we can write
pldl (ZL’, iL'())
al(z,xo)
p%d%(l’, 'TO)

C
(z,x0) (7]1) + O[%((E, x())

C(:c,aco)(g) + < O,V 5 € aof(xO)a

<0,V nr € 0%r(xo).

l
Let us denote 7 = > @; + > ©;. Multiplying the above inequalities with ?112
i=1 jel
and ?117 1, respectively, and using the convexity assumption of C', we have

1_ 1_ 1 _pptdi(z,m0) 1 _5p3d3(x,x0)
C Aop,  Logp A7 ) Lo pPra7\7, 0
wow (F7E i) + o o(w.z0)
V€ € 0°f(xo),n1 € 0°gr(x0),
since @ > 0. From the last inequality, using (3) and (4), we have
—T pldl(xaxo) —Tp2d2(x7x0)
<0,
al(x7x0) Oéz(xvm())
which contradicts (6). O

The next theorems will be presented without proofs since they can be proven
using the similar argument as in the proof of Theorem (1).

We can weaken the strict inequality requirement that @ > 0 in the above
theorem but we require different convexity conditions on (f, gr). This adjust-
ment is given by the following theorem.

Theorem 2. Assume that there exist a feasible solution xo for (VOP) and
vectors 4 € R! and v € RY such that

0¢e ﬂTaof(xo) + ﬁTaog(xo), (7)
o7 g(z0) = 0, (8)
W= 0,52 0.

If (f, g1) is weak strictly-pseudoquasi (C, a, p, d)-type I at xg, and

_pptd' (z,m0) | _ppidi(z,xo)

Oél(xvm()) ! a%(m,xo)

>0, 9)

then g is an efficient solution of (VOP).
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Since an efficient solution is also weak efficient, the above formulated theorems
are still valid for weak efficiency, however, we can weaken the convexity as-
sumptions for weak efficient solutions. Therefore, the following theorems can
be formulated.

Theorem 3. Assume that there exist a feasible solution xq for (VOP) and
vectors @ € R! and v € R? such that the triplet (vo,u, ) satisfies (3), (4) and
(5). If (f, gr) is weak pseudoquasi (C, «, p, d)-type I at xo, and

_pprd(z,x0) | _ppidi(z,w0)
al(x,xo) I a?(z, o)

>0,

then g is a weak efficient solution of (VOP).

Theorem 4. Assume that there exist a feasible solution xo for (VOP) and
vectors 4 € R! and v € R? such that the triplet (xo,u,v) satisfies (7), (8) and
(9). If (f, gr) is pseudoquasi (C, a, p, d)-type I at xo with

ZUzpr A —&-Zz@p )) 0,

l jeI

then o is a weak efficient solution for (VOP).

4 A Constraint Qualification

For some necessary optimality conditions of multiobjective programming
problems, constraint qualifications are used in order to avoid the situation
where some of the Lagrange multipliers vanish [17, 23]. In this section, we
weaken assumptions of constraint qualification in Preda [23] in terms of
Hadamard type derivatives, relaxing some assumptions. The Hadamard deriv-
ative of f at xg in the direction v € R™ is defined by

f(wo + tu) = f(x0)

lim
(t,u)—(01,v) t

df('r()a )

f is said to be Hadamard differentiable at xq if df (zo,v) exists for all v € R™.
Obviously, df (zg,0) = 0.
Following Preda and Chitescu [23] we use the following notations. The
tangent cone to a nonempty set W at point x € clW is defined by
TWiz)={veR"|H{z"}CW: z= lim 2™

m— 00

"™ >0 v= lm t"(a™ —x)},

m— 00

where clWV is the closure of W.
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Let zp be a feasible solution of Problem (VOP). For each i € L, let
Lt = L\{i}, and let the nonempty sets Wi(zo) and W(zo) be defined as
follows: W (zo) = {x € S|f(z) < f(zo)}, Wilzg) = {z € S|fu(z) <
fr(zo), for k € L}(1 > 1), and Wi(xg) = W(xo)(l = 1). Then, we give
the following definition.

Definition 2. The almost linearizing cone to W (xg) at xo is defined by
H (W (zo);z0) = {v € R"|df;(z0,v) <0, i € L, and dg;(x¢,v) <0, j € I(zo)}

Proposition 1. If df;(xo,-) i € L, and dg;(xo,-) j € I(x0) are convex func-
tions on R™, then H (W (xo);20) is a closed convez cone.

Proof. The proof is very similar to that of Proposition 3.1 in [23]. So we omit
this. g

The following lemma illustrates the relationship between the tangent cones
T (W(z0); z0) and the almost linearizing cone H (W (z); o).

Lemma 1. Let z be a feasible solution of Problem (VOP). If df;(xo,-) i € L,
and dg;(xo,-) j € I(xo)(# @) are convex functions on R™, then

() cleo T (W (xo); o) © H (W (0); 20) (10)
i€l

Proof. Here, we give a proof for only part [ > 1 since the proof for part [ =1
is similar. For ¢ € L, let us define

H (Wi(xo);xo) = {v € R"| df(x0,v) <0, k € L% and
dgj(xo,v) <0, j€I(xg)}

According to Proposition 1, H (Wi(:co); xo) is closed and convex for all ¢ € L.
We know that '

m H (W’(J;O);xo) C H (W (xo);x0)

ieL

Next, we show that, for every ¢ € L,
T (Wl(fbo), xo) Q H (Wi(.%'o); :L‘()) . (11)

Let ¢ € L and v € T (W¥(zo);20). If v = 0, it is obvious that v = 0 €
H (W(zg); o). Now, we assume v # 0. Therefore, we have a sequence {z™} C
W(xg) and a sequence {t™} C R, with ™ > 0, such that

lim 2™ = xg, lim t™ (2™ — x9) = v.
m— 00 m—00

Let us take v™ =t (2™ — x¢). Then, %= — 0 as m — oo. Since v — v and
v # 0, for any positive real number ¢, there exists a positive integer number
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N such that v™ € B(v,¢) for all m > N. Therefore ||v| —e < |[v™] < ||v||+¢
for all m > N. Hence, for all m > N, we have

_ m
bl =& _ o™l _
tm T fm

Since e is an arbitrary positive number, selecting € as a sufficiently small
number, we can deduce that 7 — 0. Then for all j € I(z) and for all

sufficiently large m, we have

1 .
gj (l’o + tmv’”) = g;(z™) < 0= g;(w0), j € I(z0), (12)
1 m m 7
fi (04 ™) = ™) < fuleo), ke L (13)
By definition of Hadamard derivative, we have
dgj(xo,v) <0, j € I(xg), (14)
dfk(xmv) < 07 ke Li' (15)

This shows v € H (W(zg);z0) or (11) is true. Hence, due to the fact that
every H (Wi(;vo); xo) is convex and closed, one obtains

clcoT (Wi(xo);xo) CH (Wi(xo);:ro) , VielL.
Thus (10) holds. O

Definition 3. We say that Problem (VOP) satisfies the generalized Guignard
constraint qualification (GGCQ) at xg if

ﬂ cleo T (W (zo); o) 2 H (W (z0); 20) - (16)
ieL

holds.

Theorem 5. Let xy € S be an efficient solution of Problem (VOP). Suppose
that I > 1, and

(A1) constraint qualification (GGCQ) holds at xo;

(A2) there exists i € L such that df;(xo, ) is a concave function on R™

(A3) dfi(z0,"),k € L' and dg;(xo,-),j € I(xo) are convex function on R™.
Then the system

dfy(z0,v) <0,k € L (17)
dfi({Eo, 1}) <0 (18)
dgj(fL'o, ’U) <0,j€ I(mO) (19)

has no solution v € R™.
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Proof. Suppose to the contrary that there exists v € R™ such that (17)—
(19) hold. Obviously, v # 0. Thus, we have 0 # v € H (W (xp); o). Using
Assumption (A1), we have v € clco T (W¥(z¢); zo). Therefore, there exists a
sequence {vs} C T (W¥(xo); zo) such that

lim vs = (20)
S— 00
For any vs, s = 1,2,..., there exist numbers ks, A\, > 0, and vy €

T (Wi(zo);20) ,7 =1,2,..., ks, such that

ks ks
Z)\sr =1, Z AsrVsr = Vs (21)
r=1 r=1

Since v € T(Wi(xo) 0), by definition, there exist sequences {z7.} C
Wi(xg) and {t7} C R, t™ > 0 for all n, such that, for any s and r,

’ S’I’

lim 1’?,1, =z, lim t;ﬁ(‘rg« - l'O) = VUsr (22)

m—00 m—00

Let us denote v = ¢ (2™ — ). Similarly to the corresponding part of the

"
tm,

large m, we have
i (704 goth) =0s(aB) S0= i), G € M), (29

fk <$0 +— $m s’r‘) fk( sr) < fk(wo)’ ke LZ (24)

ST

and

fi (0 + o) = £a) = oo, (25)

sT

since zg is an efficient solution to Problem (VOP). Using (22)—(25), by defin-
ition of Hadamard derivative, we can have

dgj(x()avsr) S 07 j S I(I'O), (26)
dfy(zo,vsr) <0, k€ L, (27)
dfi(an Usr) 2 0 (28)

From this system, (20), (21) and Assumptions (A2), (A3), it follows that

dgj(xo,v) <0, j € I(xg),
dfy(z0,v) <0, k€ L,
dfi(xg,v) > 0.

This contradicts the system (17)—(19). O
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Theorem 6. Suppose that the assumptions of Theorem 5 hold. Then, there
exist vectors X € Rl and p € RY such that, for any v € R,

)‘Tdf(x(h U) + /’(’ng(x07 ’U) z 0 (29)
u"g(xo) =0 (30)
)‘:(Ala"'a)‘l)T>07/L:(,LL17~~';,U'¢1)T§0 (31)
Proof. The proof is similar to that of Theorem 3.2 in [23]. O

Remark 1.1t is easy to check that if f is Hadamard differentiable then f is
also directional differentiable at zg, but, we do not need the assumption that
f and g are quasiconvex at zg of [23].

Theorem 7. Suppose that the assumptions of Theorem 5 hold, and suppose
that dfi(zo,v) = f(xo;v) and dg;(xo,v) = gj(xo;v) for all i € L,j € I(xo).
Then, there exist vectors A € R and u € R? such that

0 € ANT0° f(xg) 4+ uT8°g(z0)
1" () =0,
A= ()\17.._’)\1)T >0, p= (Ml;n-“Uzq)T 20

Proof. By Theorem 6, we have
Ao (xo,0) + u' g% (x0,0) 2 0, (32)

for all v € R™. If f;, g; are Hadamard differentiable, then they are directional
differentiable at g, and

fio(xOQU) = dfi(‘TO’U) = fi/(x()vv)’

g5 (zo;v) = dg;j(wo,v) = g (0, v),

Thus, f; and g; are regular for all ¢ € L and j € I(xzo). By assumption, for
any v € R", we have

0 < NTf°(x0,0) + 1" g°(x0,0) = (\"f + 1"g)" (20,0),
or
07y < ()\Tf + ,uTg)o (20,v).
So, according to the definition of Clarke’s generalized gradient, we have

0 € A'0° f(wo) + u" 0°g(xo).
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5 General Mixed Mond-Weir Type Dual

Duality theory plays a central role in mathematical programming. In this
section, we introduce a general mixed Mond-Weir dual program of Problem
(VOD) and establish the corresponding dual theorems under the generalized
convexity assumptions. However, in order to derive strong duality result, we
use the constraint qualification discussed in the previous section. Weakening
the assumptions of constraint qualification would be helpful to establish more
general strong duality result.

Let My, My, ..., M, be a partition of @, i.e., |J My = Q, My, (M, =
k=0

() for k; # ky. Let ¢; be the vector of R! whose components are all ones.
Motivated by [3, 16, 9], we define the following general mixed Mond-Weir
dual of (VOP).

(VOD)  max f(y) + i, garo (y)en

!
st. 0€ Y Nofily) + >0 (Whn9nn) W), (33)
i=1 k=0
hi(y) 2 (uan gan) () 2 0, k= 1,2,
!

DN=LXN>06G=12...0,A=,....\)7,

i=1

= (:ub:u?a"'vuq)T € Riay € anNMk € kal
Theorem 8 (Weak Duality). Let xg be a feasible solution of (VOP), (yo, A,
i) be a feasible solution of (VOD) and ho(y) = fing, 9o (y). Let us use the fol-
lowing notations: h(y) = (h1(y), ..., h(y)). Suppose that any of the following
holds:
((l)(f + ,[_LTMOg]qul,h) is (C7a7p7 d)-typ@ I at Yo, fi (Z = la e ?l) and hO are
reqular at yo and

N Pldl(fcmyo) TPQdQ(ﬂfo,yo)
Oél(ivo,yo) " az(x(hyo)

>0, (34)

(b) (f + ﬁﬂUgMOel,h) is strong pseudoquasi (C,a, p,d)-type I at yo, fi (i =
L,---,1) and ho are regular at yo and (34) is true

(¢) AT f + kg, 900> 2o pe1 Hag, 90,.) 18 pseudoquasi (C, a, p,d)-type I at yo, f;
(t=1,---,p)and hy (k=0,1,...,r) are reqgular at yo and

pldl(anyO) p2d2(x0,y0)

> 0.
al(zo,yo) a?(xo,y0) —

Then the following cannot hold.

fxo) < fyo) + g, 9aze (Wo)er. (35)
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Proof. Here we give the proofs of (a) and (b) since (c) can be proven similarly.
Suppose to the contrary that (35) holds. Since zg is feasible for (VOP) and
i =0, (35) implies that

F(x0) + Firry gy (x0)er < f(yo) + Fing, 9as, (yo) e (36)
holds.

(a) By (35), (36) and the hypothesis (a), we can write the following state-
ment for any & € dfi(yo) and 7, € Ohk(yo)-

i /_\? (fi(zo) + ho(zo)) — (fi(yo) + ho(yo)) N XT: EL@O)

at(zo, o) ?ai(woayo)

-1 k=1
1 ) 1 (< prd (zo, y0) p*d*(x0,yo)
2 Cm - )\T T - )\T . r ’ ’
(%0,y0) (f( §+€r+177)) + T ( al(xg,yo) T a?(xo, o)

where 7 = r + 2. From (33), (34) and the above inequality, it follows that

§ A (i) + ho(e)) = (lao) + ho(u0) | §~1 —hulwn) o

T at(zo, o) =T o2 (o, o)

Since (yo, A, fi) is a feasible solution of (VOD), it follows that —h(yg) < 0.
Therefore, by (36), we have
l

Z i (fi(o) + ho(0)) = (fi(yo) + ho(yo)) +i1 —hi(yo)

7 al(zo, o) T ai (w0, Yo)

<0,
i=1 k=1
which is a contradiction to (37).

(b) By (36), —h(yo) < 0, the hypothesis (b) and the convexity of C, we

obtain

1 o - 1 (~pptd (zo,90) p?d* (o, yo)
C - )\T T _ )\T ? T ’ 0.
(@0.30) (T( £+€r+177)> + T < at(zo,y0) T a?(xo,Yo) =

Therefore, Cyy o) (2 (AT + €L, 1)) < 0, which is a contradiction to (33).
O

Theorem 9 (Strong Duality). Let the assumptions of Theorem 7 be sat-
isfied. If o € S is an efficient solution of (VOP), then there exist A € R!,
i € RY such that (o, A\, i) is a feasible solution of (VOD) and the objective
function values of (VOP) and (VOD) at the corresponding points are equal.
Furthermore if the assumptions about the generalized convezity and the in-
equality (34) in Theorem 8 are also satisfied, then (xo,\, i) is an efficient
solution of (VOD).

Proof. By Theorem 7, it is obvious that (zg,\,fi) is a feasible solution of
(VOD). Moreover the objective function values of (VOP) and (VOD) at the
corresponding points are equal since the objective functions are the same.
Therefore (xg, A, i) is an efficient point of (VOD) due to the weak duality
result in Theorem 8. O
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6 Conclusions and Future Work

In this chapter we have defined some generalized convex functions. For math-
ematical programming problems with such functions, we have established suf-
ficient optimality conditions for nonconvex nondifferentiable multiobjective
programming problems with the generalized convex functions. We have also
introduced a general mixed Mond-Weir type dual program of a multiobjective
program and proved a weak duality theorem under the generalized convexity
assumptions. Therefore, a strong duality theorem has been proved using a
constraint qualification, which was derived after relaxing some assumptions
of the constraint qualfication in [23] in terms of the Hadamard derivative, for
nondifferentiable multiobjective programming. Weakening the assumptions of
constraint qualification would be helpful to establish more general strong du-
ality result. The chapter mainly focuses on theoretical aspects of the gener-
alized convexity. We have not discussed any applications. Future work will
include the solutions of real world engineering problems associated with the
generalized convexities.
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Summary. We consider multi-valued variational inequalities defined on a Carte-
sian product of finite-dimensional subspaces. We introduce extensions of order
monotonicity concepts for set-valued mappings, which are adjusted to the case where
the subspaces need not be real lines. These concepts enable us to establish new
existence and uniqueness results for the corresponding partitionable multi-valued
variational inequalities. Following a parametric coercivity approach, we obtain con-
vergence of the Tikhonov regularization method without monotonicity conditions.

Key words: Partitionable variational inequalities, multi-valued mappings,
order monotonicity, existence and uniqueness results, regularization method.

1 Introduction

Many equilibrium problems arising in Mathematical Physics, Economics, Ope-
rations Research and other fields possess a partitionable structure which ena-
bles one to essentially weaken the conditions for existence and uniqueness
results of solutions and for convergence of solution methods. Usually, such
results are based on order monotonicity type assumptions, however, they are
restricted with the case where subspaces are one-dimensional; see e.g. [1, 2] and
references therein. Moreover, most papers in this field are devoted to the clas-
sical variational inequalities with single-valued mappings such as the standard
complementarity problem, whereas many problems arising in applications in-
volve either multi-valued mappings or non-smooth nonlinear functions; see
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e.g. [3, 4] and references therein. In two recent papers [5] and [6], several
existence and uniqueness results for solutions of such problems involving P
type mappings and convex and separable but not necessarily differentiable
functions were established. These properties allowed for developing effective
solution methods based on the D-gap function approach. In [7], some of these
results were extended to mixed variational inequalities defined on a Cartesian
product of arbitrary finite-dimensional subsets.

In this work, we suggest extensions of order monotonicity concepts for
multi-valued mappings to the case where subspaces also need not be real lines
and establish new existence and uniqueness results for partitionable multi-
valued variational inequalities. We also obtain convergence of the Tikhonov
regularization method under weakened order monotonicity conditions.

Let M be the index set {1,...,m}. We consider a fixed partition of the
real Euclidean space R™ associated to M, i.e.

R"=[[ R =R" x--- x R™, (1)
seM

hence for each element x € R™ we can define its partition
T =21 X+ X Ty,

where z;, € R™. For brevity, we will also use the notation z = (x5 | s € M)
of this partition associated to M. Let X, be a nonempty closed convex set in
R™ for every s € M, and let

X = HX

seM

i.e., X admits the partition associated to M. Let @ : X — II(R"™) be an
arbitrary multi-valued mapping (Here and below IT(R™) denotes the family
of all nonempty subsets of a set R™). Although each its value Q(z) is not the
Cartesian product set in general, we can still define the partition associated
to M for each element ¢ of Q(x), i.e., ¢ = (¢s | s € M) with ¢; € R"* for
s € M. We consider the partitionable variational inequality problem (VI for
short) of the form: Find z* = (z* | s € M) € X such that

3" = (gl [ seM)€Q(x"): Y (¢, zs—15) >0 @)
seM
Vrs € X, Vs € M.

We intend to present existence and uniqueness results of solutions and to
obtain convergence of the Tikhonov regularization method for this problem
under new order monotonicity type assumptions on the cost mapping.



Partitionable Variational Inequalities with Multi-valued Mappings 93

2 Theoretical Background

So, we fix the partition associated to M of the space R™ and consider VI (2)
under the following standing assumptions.

(A1) Q: X — II(R™) is a given mapping.

(A2) X admits the partition associated to M, i.e.,

X =1 X

seM

where X is a nonempty, convex and closed subset of R™s for every s € M.

Note that X is obviously convex and closed. As usual, the partitionable
VI (2) can be replaced with a system of partial variational inequalities, which
are not however independent in general.

Proposition 1. The following assertions are equivalent:

(i) z* = (x% | s € M) is a solution to (2);

(i) it holds that x* = (z% | s € M) € X and there exists ¢* = (¢} | s €
M) € Q(z*) such that

(gh,xs —at) >0 Vas € X,, Vs M. (3)

Proof. It is clear that (3) implies (2). Conversely, let 2* solve (2) and there
exist an index [ and a point y; € X; such that

<ql*ayl _'1:7) <0.

Set & = (7,...,2/_, Yy, %] q,.--,2;) € X, then we have

D ag & —ay) = (g7 m — 7) <0,
seM

which is a contradiction. Hence, (2) implies (3). O

Definition 1. Let M be an index set such that (1) holds, and let G : X —
II(R™) be a mapping with the partition associated to M. Then the mapping
G is said to be

(a) a Py(M)-mapping, if for each pair of points o/, 2" € X, 2/ # 2, and
forall ¢ = (g, | s€ M) e G(z'), ¢" = (g7 | s € M) € G(x"), there exists an
index ¢ such that o} # z and

(@i — i gi — 9i) = 0;

(b) a P(M)-mapping, if for each pair of points z’,2" € X, 2’ # 2", and
forall ¢ = (g, | s€ M) e Ga'), ¢" = (g7 | s € M) € G(z"), there exists an
index 7 such that

(x; — i, g; — gi) > 0;
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(c) a strict P(M)-mapping, if there exists v > 0 such that G — I, is a
P(M)-mapping, where I, is the identity map in R";

(d) a uniform P(M)-mapping, if for each pair of points z’, 2" € X, o’ #
2" and for all ¢’ = (¢, | s € M) € G(2'), ¢’ = (g7 | s € M) € G(z"), there
exists an index ¢ such that

(@i —ai 91— 9i) = pllz -yl
for some constant p > 0.

It is clear that each P(M)-mapping is a Py(M)-mapping, each strict
P(M)-mapping is a P(M)-mapping, and that each uniform P(M)-mapping
is a strict P(M)-mapping. At the same time, the sum of Py(M)-mappings
is not a Py(M)-mapping in general, and this is the case for other classes of
mappings given in Definition 1. However, we can present particular classes
whose addition does not change the class of the resulting mapping.

Definition 2. Let M be an index set such that (1) holds, and let G : X —
IT(R™) be a mapping with the partition associated to M. Then the mapping
G is said to be an (M)-diagonal mapping, if

G(z) = (Gs(zs) | s € M).

In case ny = 1 for s € M we obtain the usual diagonal mapping. Clearly, each
(M)-diagonal mapping G is (strictly, strongly) monotone if and only if so is
G, for each s € M. From the definitions we obtain the following properties
immediately.

Proposition 2. Suppose that (A2) is fulfilled, G : X — II(R™) is a Py(M)
(respectively, P(M), strict P(M), uniform P(M)) -mapping, and F : X —
II(R™) is a monotone (M)-diagonal mapping. Then G + F is a Poy(M) (re-
spectively, P(M), strict P(M), uniform P(M)) -mapping.

Moreover, the resulting order monotonicity property can be strengthened.
We first give a simplified version, which is very useful for the regularization
method.

Proposition 3. Suppose that (A2) is fulfilled. If G : X — R™ is a Py(M)-
mapping, then, for any e >0, G + €I, is a strict P(M)-mapping.

Proof. First we show that G(¢) = G'4¢I,, is a P(M)-mapping for each & > 0.
Choose z/,2" € X, o' # 2", set S = {s | z/, # 2!/} and fix ¢ > 0. Since G is
Py(M), there exists an index k € S such that z} # z} and

(g — gr> 2, —2g) 2 0
forall ¢ = (¢, | se M) e G(z'), ¢’ = (¢ | s € M) € G(z"), moreover,

e(x), — ay,x), —xy) > 0.
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Adding these inequalities yields
<t;c - t;cl7x;c - $g> >0
for all t' = (. | s € M) € GO (2), t" = (t” | s € M) € G©)(2"), hence, G(*)
is a P(M)-mapping. Since G = G) — (¢/ —¢")I,, = G +£"1,, is a P(M)-
mapping, if 0 < £” < &', we conclude that G(*) is also a strict P(M)-mapping.
0

Thus, the regularized problem becomes well-defined. Of course, we can
replace the identity map with an arbitrary strongly monotone (M)-diagonal

mapping.

Corollary 1. Suppose that (A2) is fulfilled, G : X — II(R"™) is a Py(M)-
mapping, and F : X — II(R") is a strongly monotone (M)-diagonal mapping.
Then, for any e >0, G+ ¢F is a strict P(M)-mapping.

Observe that the above regularization is not sufficient for obtaining the
uniform P(M) property. Thus, the concept of the strict P(M)-mapping is
essentially weaker than the strong monotonicity.

3 General Existence and Uniqueness Results

In this section, we establish existence and uniqueness results for VI (2). First
we remind that a mapping G : X — IT(R"), is said to be a K-mapping if it
is upper semicontinuous on X and has nonempty convex and compact values;
see e.g. [4, Definition 2.1.1].

Proposition 4. (see [8]) Suppose (A1) and (A2) are fulfilled, X is a bounded
set, and Q is a K-mapping. Then VI (2) has a solution.

Proposition 5. Suppose (A1) and (A2) are fulfilled and Q is a P(M)-
mapping. Then VI (2) has at most one solution.

Proof. Suppose for contradiction that there exist at least two different solu-
tions 2’ and z” of VI (2). Then, by definition

3¢ = (¢ |ie M) eQ), (g,z—x;)>0

and
A" = (¢ [ie M)eQa"), (¢ ,x;—2])>0

for all i € M. Adding these inequalities gives
(q; — ¢/, x! —a;) >0 for all i € M.

Hence @ is not a P(M)-mapping, a contradiction. O
Combining both the propositions yields the following result.
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Corollary 2. Suppose (A1) and (A2) are fulfilled, X is a bounded set, and Q
is a K- and P(M)-mapping. Then VI (2) has a unique solution.

Now we present an existence and uniqueness result for the unbounded
case.

Theorem 1. Suppose (A1) and (A2) are fulfilled, Q is a K-mapping and a
strict P(M)-mapping. Then VI (2) has a unique solution.

Proof. Due to Proposition 5, it suffices to show that VI (2) is solvable. If X
is bounded, then this is the case due to Proposition 4. Hence, we have to only
consider the unbounded case. Fix a point z = (25 | s € M) € X. For a number
p > 0 we set

By(zs,p) = {zs € R} | [|zs — 2] < p}

for each s € M. Let 2” denote a unique solution of the problem (2) over the
set
X,={zeR" |z, € XsﬂBs(zs,p),s € M}.

By Corollary 2, this is the case if X, is nonempty. Then, by Proposition 1,
there exists ¢° = (¢? | s € M) € Q(x”) such that

<Q§7$s_m§> 20

for all zs € X Bs(zs,p), s € M.

We now proceed to show that ||zf — zs|| < p, s € M for p > 0 large
enough. Assume for contradiction that ||z” — z|| — 400 as p — +o00. Choose
an arbitrary sequence {p;} — +oo and set y* = x°*. Choose the index set
J={s| ||y¥|| — oo as k — oo}. Letting

Zk: y?a lfsgjv
s zs, if s € J,

we have
(ye, — 2b db —ab) >llvs, — 28117 V¢" € QWM), vi* € Q(E"),  (4)

for some si. Since sy, is taken from the finite set M = {1, ..., m}, without loss
of generality we can suppose that s is fixed, i.e. s = I. Note that (4) yields
l € J, hence

W —zna’ —a) >yl —all® ve* e QY), v§* € Q(ZF),
or, equivalently,
(@ o —2) >y — 2l = (@' 20— )

Since {z*} is bounded, we must have ||§F|| < C for all §* € Q(z*). Hence, it
holds that ||yF — 2| — 400 and
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7||yf—21||2—<(1f,21—yf> — 400 as k — oo,

ie.
(@ yf —21) >0 V¢" € Qy")
for k large enough, which contradicts the definition of y*.
Thus there exists a number &’ such that ||y¥ — 2| < pi for all i € M if
k > k'. Take an arbitrary point z = (x5 | s € M) € X, then there exists a
number § > 0 such that

xf +6(x; —af) € XiﬂBi(zi,p) for i € M,
if p > pis. It follows that
3G=(qs | se M) e Q(z"), (G,zf +6(x; —al)—al)>0forie M,

or, equivalently,
(Giyx; —xf) >0 for i € M.
Therefore, z” solves VI (2) and the result follows. O
Observe that the existence and uniqueness results above extend those in
[5]-[7] from the cases of mixed box- constrained variational inequalities and
partitionable mixed variational inequalities.

4 Regularization Method

Many equilibrium type problems, which can be formulated as partitionable
mixed variational inequalities and arise in applications, do not possess streng-
thened P(M) type properties; see e.g. [6]. The regularization approach allows
us to overcome this drawback by replacing the initial problem with a sequence
of perturbed problems with strengthened order monotonicity properties. For
the usual box-constrained variational inequalities, this method was investi-
gated by many authors; see e.g. [2] and references therein. Here we follow the
approach suggested in [9, 10], which ensures convergence of the regularization
method without monotonicity conditions in the case when the feasible set is
unbounded.

We also consider VI (2) under assumptions (A1) and (A2). Given a number
€ > 0, we define the perturbed VI: Find 2 = (25 | s € M) € X such that

3¢° = (g5 [ s € M) € Q) : Y (g5 +ea,@s —a5) 20 (5)
seM
Ve, € X, Vs € M.

From Proposition 1 it follows that VI (5) can be rewritten equivalently as
follows: there exists ¢ = (¢ | s € M) € Q(z°) such that

(¢§ +ext,zs—25) >0 Vr, € X,

for all s € M.
We first consider convergence of the sequence {z°} in the bounded case.
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Theorem 2. Suppose (A1) and (A2) are fulfilled, X is a bounded set, and
Q: X — R"is a K- and Py(M)-mapping. Then VI (5) has the unique
solution x¢ for each ¢ > 0, the sequence {x°*}, where {ex} \, 0, has some
limit points, and all these points are contained in the solution set of VI (2).

Proof. From Proposition 3 it follows that @ + 1, is a strict P(M)-mapping.
By Corollary 2, for each € > 0, VI (5) has the unique solution z¢. Since the
sequence {z°} is contained in the bounded set X, it has some limit points. If
x* is an arbitrary limit point of {z°}, then taking the corresponding limit in
(5) gives

d¢" =(q) | se M) e Q(z"): Z(q:,xs —z5) >0 Vz,eX,, Vse M.
seM
ie. 2* solves VI (2). O
In the unbounded case, we follow the approach suggested in [9], which is
based on introducing an auxiliary bounded VI and on the parametric coerciv-
ity conditions. Let us define the set
X=T] %
seM
where X, is a nonempty compact convex set in R", X, C X, for every s € M,
i.e. it corresponds to the same fixed partition of the space R™ associated to

M. Let us consider the reduced partitionable VI: Find z* = (2} | s € M) € X
such that

3G=(Gs | s€eM)€Q(z*): Y (Gorrs—25) 20 Va,€X,, Vs M. (6)
seM
We denote by X* and X* the solution sets of VIs (2) and (6), respectively. Let
us also consider the corresponding regularized VI: Find 2 = (25 | s € M) € X
such that
3= (3 [ s €M) €Q(): Y (G +exi,ws—25) 20 (7)

seM

Va, € X,, Vs € M.

It is clear that X* # @ and that (7) has a unique solution under the corre-
sponding assumptions on Q. However, the strict inclusion X* [ X c X+ may
prevent to convergence of the regularization method to a solution of VI (2).
We now give sufficient conditions, which ensure the precise reduction of the
solution set X*.

(A3) There exist sets D C D C R" such that, for each point y € X\D
there exists a point € D N X such that

I;g;(qs,ys —z5) >0 VYg= (g |i€M)eQy).

The sets D and D may be called the absorbing and blocking sets for the
solutions of VI (2), respectively.
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Proposition 6. Suppose (A1)-(A3) are fulfilled, moreover, D C X and
DOX C X*NX. Then X* = X X*.

Proof. First we note that X* C X ] D due to (A3). Next, clearly, XNXx*
X*. Suppose that there is a point y € X*\X*, then y € X and y ¢ D
Applying (A3), we see that there exists a point = € X such that

gg\}((fzs,ys —x5) >0 Vg=1(q; | i€ M)eQy),

ie.yé¢ X*, so we get a contradiction, and the result follows. O

Observe that the solution set X™* need not be bounded in the above propo-
sition. Thus, replacing the unbounded VI (2) with a suitable bounded VI (6),
which has the same solution set, we obtain convergence for the regularization
method to a solution of the initial problem.

Theorem 3. Suppose (A1)-(A3) are fulfilled, Q : X — R" is a K- and
Py(M)-mapping, moreover, D C X and D(\X = X*(X. Then VI (7) has
the unique solution z° for each € > 0, the sequence {z°%}, where {ex} \, 0,
has some limit points, and all these points are contained in the solution set of

VI (2).

Proof. Following the proof of Theorem 2, applied to the reduced VI (6), we
see that VI (7) has the unique solution 2z for each e > 0, and that the sequence
{2%+} has some limit points and all these points belong to X*. Since all the
assumptions of Proposition 6 hold, we obtain X* = X* ﬂf( and the result
follows. O
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Summary. We prove that the formulae of the conjugates of the precomposition
with a linear operator, of the sum of finitely many functions and of the sum be-
tween a function and the precomposition of another one with a linear operator hold
even when the convexity assumptions are replaced by almost convexity or nearly
convexity. We also show that the duality statements due to Fenchel hold when the
functions involved are taken only almost convex, respectively nearly convex.

Key words: Fenchel duality, conjugate functions, almost convex functions,
nearly convex functions

1 Introduction

Convexity is an important tool in many fields of Mathematics having appli-
cations in different areas, including optimization. Various generalizations of
the convexity were given in the literature, so a natural consequence was to
verify their applicability in optimization. We mention here the papers [3], [4],
[6], [8], [9], [10], [12], [13] and [15], where properties of the convex functions
and statements in convex analysis and optimization were extended by using
functions and sets that are not convex but nearly convex, closely convex, con-
vexlike, evenly convex, quasiconvex or weakly convex. Comparisons between
some classes of generalized convexities were also performed, let us remind here
just [6] and [9] among many others.

Within this article we work with three types of generalized convexity. Our
main results concern almost convex functions, which are defined as they were
introduced by Frenk and Kassay in [9]. We need to mention this because there
are in the literature some other types of functions called almost convex, too.
We wrote our paper motivated by the lack of known results concerning almost
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convex functions (cf. [9]), but also in order to introduce new and to rediscover
some of our older ([3]) statements for nearly convex functions. Introduced
by Aleman ([1]) as p-convex functions, the latter ones were quite intensively
studied recently under the name of nearly convex functions in papers like [3],
[4], [6], [10], [12], [15] and [17], while for studies on nearly convex sets we
refer to [7] and [14]. Closely convexity (cf. [2], [17]) is used to illustrate some
properties of the already mentioned types of functions. We have also shown
that there are differences between the classes of almost convex functions and
nearly convex functions, both of them being moreover larger than the one of
the convex functions.

Our paper is dedicated to the extension of some results from Convex Analy-
sis in the sense that we prove that they hold not only when the functions
involved are convex, but also when they are only almost convex, respectively
nearly convex. The statements we generalize concern conjugacy and duality,
as follows. We prove that the formulae of some conjugates, namely of the
precomposition with a linear operator, of the sum of finitely many functions
and of the sum between a function and the precomposition of another one
with a linear operator hold even when the convexity assumptions are replaced
by almost or nearly convexity. After these, we show that the well-known du-
ality statements due to Fenchel hold when the functions involved are taken
only almost convex, respectively nearly convex. The paper is divided into
five sections. After the introduction and the necessary preliminaries we give
some properties of the almost convex functions, then we deal with conjugacy
and Fenchel duality for this kind of functions. Some short but comprehensive
conclusions and the list of references close the paper.

2 Preliminaries

This section is dedicated to the exposition of some notions and results used
within our paper. Not all the results we present here are so widely-known,
thus we consider necessary to recall them.

As usual, R™ denotes the n-dimensional real space, for n € N, and Q is
the set of all rational real numbers. Throughout this paper all the vectors
are considered as column vectors belonging to R™, unless otherwise specified.
An upper index 7 transposes a column vector to a row one and vice versa.
The inner product of two vectors x = (:cl, ...,l’n)T and y = (yl, ...,yn)T in
the n-dimensional real space is denoted by 27y = S yi. The closure of
a certain set is distinguished from the set itself by the preceding particle cl,
while the leading ri denotes the relative interior of the set. If A : R™ — R™ is
a linear transformation, then by A* : R™ — R™ we denote its adjoint defined
by (Az)Ty = 2T (A*y) Vz € R™ Vy € R™. For some set X C R™ we have the
indicator function 6x : R® — R = RU {#o0} defined by

5x(z) = 0, ifzeX,
X = 40, if 2 ¢ X.
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Definition 1. For a function f : R* — R = R U {+oo} we consider the
following notions

(i) epigraph: epi(f) = {(z,7) € R" x R: f(z) < r},

(ii) (effective) domain: dom(f) = {z € R": f(z) < o0},

(#it) f is called proper if dom(f) # 0 and f(x) > —oo0 Va € R™,

(iv) f is called the lower-semicontinuous hull of f if epi(f) = cl(epi(f)).
(v) subdifferential of f at = (where f(x) € R):

Of(x) ={peR": f(y) — f(z) > p"(y — x) Vy € R"}.

Remark 1. For any function f : R® — R we have dom(f) C dom(f) C

cl(dom(f)), which implies cl(dom(f)) = cl(dom(f)).

Definition 2. A set X C R"™ is called nearly convex if there is a constant
a €)0, 1] such that for any x and y belonging to X one has ax+(1—a)y € X.

An example of a nearly convex set which is not convex is Q. Important
properties of the nearly convex sets follow.

Lemma 1. ([1]) For every nearly convezx set X C R™ the following properties
are valid

(¢) ri(X) is convex (may be empty),
(i) cl(X) is convex,
(31) for every x € cl(X) and y € ri(X) we have tx + (1 —t)y € ri(X) for each
0<t<1.

Definition 3. (/6/, [9]) A function f:R™ — R is called

(1) almost convex if f is convex and ri(epi(f)) C epi(f),
(ii) nearly convex if epi(f) is nearly convez,
(#i7) closely convex if epi(f) is convex (i.e. f is convex).

Connections between these kinds of functions arise from the following observa-
tions, while to show that there are differences between them we give Example
1 within the next section.

Remark 2. Any almost convex function is also closely convex.

Remark 3. Any nearly convex function has a nearly convex effective domain.
Moreover, as its epigraph is nearly convex, the function is also closely convex,
according to Lemma 1(i%).

Although cited from the literature, the following auxiliary results are not
so widely known, thus we have included them here.

Lemma 2. ([4], [9]) For a convex set C C R™ and any non-empty set X C R™
satisfying X C C we have ri(C) C X if and only if ri(C) = ri(X).
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Lemma 3. ([4]) Let X C R"™ be a non-empty nearly convex set. Then ri(X) #
0 if and only if ri(cl(X)) C X.

Lemma 4. ([{]) For a non-empty nearly conver set X C R™, ri(X) # 0 if
and only if ri(X) = ri(cl(X)).

Using the last remark and Lemma 3 we deduce the following statement.

Proposition 1. If f : R® — R is a nearly convex function satisfying
ri(epi(f)) # 0, then it is almost conver.

Remark 4. Each convex function is both nearly convex and almost convex.

The first observation is obvious, while the second can be easily proven. Let
f:R" — R be a convex function. If f(x) = +oco everywhere then epi(f) = 0,
which is closed, so f = f and it follows f almost convex. Otherwise, epi(f)
is non-empty and, being convex because of f’s convexity, it has a non-empty
relative interior (cf. Theorem 6.2 in [16]) so, by Proposition 1, is almost convex.

3 Properties of the Almost Convex Functions

Within this part of our paper we present some properties of the almost convex
functions and some examples that underline the differences between this class
of functions and the nearly convex functions.

Theorem 1. ([9]) Let f : R" — R having non-empty domain. The function f
is almost convex if and only if f is convex and f(x) = f(x) Vz € ri(dom(f)).

Proof. ”=" When f is almost convex, f is convex. As dom(f) # (), we have

dom(f) # (. It is known (cf. [16]) that

ri(epi(f)) = {(z,7) : f(x) <7,z € ri(dom(f))} (1)
so, as the definition of the almost convexity includes ri(epi(f)) C epi(f),
it follows that for any z € ri(domf)) and ¢ > 0 one has (z, f(z) + ¢) €
epi(f). Thus f(x) > f(x) Vz € ri(dom(f)) and the definition of f yields the
coincidence of f and f over ri(dom(f)).

"«<” We have f convex and f(z) = f(z) Vr € ri(dom(f)). Thus

ri(dom(f)) € dom(f). By Lemma 2 and Remark 1 one gets ri(dom(f)) C
dom(f) if and only if ri(dom(f)) = ri(dom(f)), therefore this last equal-
ity holds. Using this and (1) it follows ri(epi(f)) = {(z,7) : f(z) < r,z €
ri(dom(f))}, so ri(epi(f)) C epi(f). This and the hypothesis f convex yield
that f is almost convex. 0O
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Remark 5. From the previous proof we obtain also that if f is almost convex

and has a non-empty domain then ri(dom(f)) = ri(dom(f)) # 0. We have

also ri(epi(f)) C epi(f), from which, by the definition of f, follows
si(cl(epi(f))) C epi(f) € cl(epi(f)).

Applying Lemma 2 we get ri(epi(f)) = ri(cl(epi(f))) = ri(epi(f)).

In order to avoid confusions between the nearly convex functions and the
almost convex functions we give below some examples showing that there is
no inclusion between these two classes of functions. Their intersection is not
empty, as Remark 4 states that the convex functions are concomitantly almost
convex and nearly convex.

Ezample 1. (i) Let f : R — R be any discontinuous solution of Cauchy’s
functional equation f(x +y) = f(z) + f(y) Va,y € R. For each of these
functions, whose existence is guaranteed in [11], one has

r+yy  flx)+ fly)
f( 2 )f 2 Yoy € R,

i.e. these functions are nearly convex. None of these functions is convex be-
cause of the absence of continuity. We have that dom(f) = R = ri(dom(f)).
Suppose f is almost convex. Then Theorem 1 yields f convex and f(z) = f(z)
Vz € R. Thus f is convex, but this is false. Therefore f is nearly convex, but
not almost convex.

(ii) Consider the set X = ([0,2] x [0,2])\({0}x]0,1[) and let g : R* — R,
g = 6x. We have epi(g) = X x [0,+00), so epi(g) = cl(epi(g)) = [0,2] x
[0,2] x [0,+00). As this is a convex set, § is a convex function. We also
have ri(epi(g)) =]0, 2[x]0, 2[x]0, +00), which is clearly contained inside epi(g).
Thus g is almost convex. On the other hand, dom(g) = X and X is not a
nearly convex set, because for any a €]0, 1] we have a(0,1) + (1 — «)(0,0) =
(0,a) ¢ X. By Remark 3 it follows that the almost convex function g is not
nearly convex.

Using Remark 4 and the facts above we see that there are almost convex and
nearly functions which are not convex, i.e. both these classes are larger than
the one of convex functions.

The following assertion states an interesting and important property of the
almost convex functions that is not applicable for nearly convex functions.

Theorem 2. Let f : R* — R and g : R™ — R be proper almost convez
functions. Then the function F' : R"xR™ — R defined by F(x,y) = f(x)+g(y)
18 almost convez, too.

Proof. Consider the linear operator L : (R” x R) x (R™ x R) — R™ x R™ xR
defined as L(x,r,y,s) = (z,y,7+s). Let us first show that L(epi(f)xepi(g)) =
epi(F).
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Taking the pairs (x,r) € epi(f) and (y, s) € epi(g) we have f(z) < r and
g(y) < 5,50 F(z,y) = f(z) +g(y) <7 +s, ie (z,y,7 + s) € epi(F). Thus
L(epi(f) x epi(g)) C epi(F).

On the other hand, for (x,y,t) € epi(F') one has F(z,y) = f(x)+g(y) < t,
so f(z) and g(y) are finite. It follows (z, f(z),y,t — f(xz)) € epi(f) x epi(g),
ice. (2,9,1) € L(epi(f) X cpi(g)) meaning epi(F) C L{epi(f) X cpilg)).

Therefore L(epi(f) xepi(g)) = epi(F'). We prove that cl(epi(F')) is convex,
which means F' convex.

Let (z,y,r) and (u, v, s) in cl(epi(F')). There are two sequences,

(@, Yr, "R k>1 and (ug, Uk, Sk)k>1

in epi(F), the first converging towards (z,y,r) and the second to (u,v,s).
Then we also have the sequences of reals (r})k>1, (17)k>1, (55)k>1 and (s2)k>1
fulfilling for each k > 1 the following 7 + r7 = ry, sp + s3 = sk, (v, 74) €
epi(f), (yk,73) € epi(g), (uk,st) € epi(f) and (vk, s3) € epi(g). Let X € [0,1].
We have, due to the convexity of the lower-semicontinuous hulls of f and
g, (\p 4 (1= Nug, A+ (1— A)sh) € cl(epi(f)) = epi(f) and (g + (1 —
Nvg, Ari+(1—X)s?) € cl(epi(g)) = epl( ). Further, (Azg+(1—A)ug, Ayp+(1—
A)v, Arg + (1 = A)sp) € L(cl(epi(f)) x cl(epi(g))) = L(cl(epi(f) x epi(g))) S
cl(L(epi(f) x epi(g))) for all k > 1. Letting k converge towards +o0o we get
Az+(1=Nu, Ay+(1—=N)v, \r+(1—X)s) € cl(L(epi(f)xepi(g))) = cl(epi(F)).
As this happens for any A € [0,1] it follows cl(epi(F)) convex, so epi(F) is
convex, i.e. F' is a convex function.

Therefore, in order to obtain that F' is almost convex we have to prove
only that ri(cl(epi(F))) C epi(F). Using some basic properties of the clo-
sures and relative interiors and also that f and g are almost convex we
have ri(cl(epi(f) x epi(g))) = ri(cl(epi(f)) x cl(epi(g))) = ri(cl(epi(f))) X
ri(cl(epi(g))) C epi(f) x epi(g). Applying the linear operator L to both sides
we get L(ri(cl(epi(f) x epi(g)))) € L(epi(f) x epi(g)) = epi(F). One has
cl(epi(f) x epi(g)) = cl(epi(f)) x cl(epi(g)) = epi(f) x epi(g), which is a con-
vex set, so also L(cl(epi(f) x epi(g))) is convex. As for any linear operator
A:R"™ - R™ and any convex set X C R™ one has A(ri(X)) = ri(A(X)) (see
for instance Theorem 6.6 in [16]), it follows

H(L(EA(epi(f) x epil9)))) = LOT(EA(epi(S) x epilg))) € epi(F). (2
On the other hand, epi(F) = L(epi(f) x epi(g)) C L(cl(epi(f) x epi(g))) C
Cl(g(fepi(hf) x epi(g))), so cl(L(epi(f) x epi(g))) = cl(L(cl(epi(f) x epi(g))))
and further
H(Cl(L(epi(f) x epi(9)))) = ri(el(L(el(epil ) x epilg)))).

As for any convex set X C R"™ ri(cl(X)) = ri(X) (see Theorem 6.3 in [16]), we
have ri(cl(L(cl(epi(f) x epi(g))))) = ri(L(cl(epi (f) X epi(g)))), which implies
ri(cl(L(epi(f) x epi(g)))) = ri(L(cl(epi(f) x epi(g)))). Using (2) it follows that
ri(epi(F)) = ri(cl(epi(F))) = ri(L(cl(epi(f) x epi(g)))) C epi(F). Because F
is a convex function it follows by definition that F' is almost convex. O
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Corollary 1. Using the previous statement it can be shown that if f; : R™ —
R, i=1,...,k, are proper almost convex functions, then F': R"* x ... x R"" —
R, F(z',...,2%) = 3% | fi(z?) is almost convez, too.

Next we give an example that shows that the property just proven to hold
for almost convex functions does not apply for nearly convex functions.

Ezample 2. Consider the sets
=U{£:0<k<2"} and Xo={ {§£:0<k<3")
n>1 n>1

They are both nearly convex, X; for « = 1/2 and X5 for a = 1/3, for
instance. It is easy to notice that dx, and dx, are nearly convex functions.
Taking F : R? — R, F(z1,72) = 6x,(71) + dx,(72), we have dom(F) =
X1 x X3, which is not nearly convex, thus F' is not a nearly convex function.
To show this, we have (0,0), (1,1) € dom(F) and assuming dom(F') nearly
convex with the constant & €]0,1[, one gets (@,@) € dom(F). This yields
a € X1 N X, and, so, @ € {0,1}, which is false. Therefore F' is not nearly
convex.

4 Conjugacy and Fenchel Duality for Almost Convex
Functions

This section is dedicated to the generalization of some well-known results
concerning the conjugate of convex functions. We prove that they keep their
validity when the functions involved are taken almost convex, too. Moreover,
these results are proven to stand also when the functions are nearly convex
and their epigraphs have non-empty relative interiors.

First we deal with the conjugate of the precomposition with a linear op-
erator (see, for instance, Theorem 16.3 in [16]).

Theorem 3. Let f : R™ — R be an almost convex function and A : R® — R™
a linear operator such that there is some ' € R™ satisfying Az’ € ri(dom(f)).
Then for any p € R™ one has

(foA)"(p) =inf {f(q) : A"q¢ = p},
and the infimum is attained.

Proof. We first prove that (f o A)*(p) = (f o A)*(p) Vp € R”. By Remark 5
we get Az’ € ri(dom(f)). Assume first that f is not proper. Corollary 7.2.1
in [16] yields f(y) = —oo Yy € dom(f). As ri(dom(f)) = ri(dom(f)) and
f(y) = f(y) Yy € ri(dom(f)), one has f(Az') = f(Az') = —oo. It follows
easily (f o A)*(p) = (f o A)*(p) = +oo Vp € R™.

Now take f proper. By definition one has (fo A)(z) < (fo A)(z) Vx € R"
and, by simple calculations, one gets (fo A)*(p) > (fo A)*(p) for any p € R™.
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Take some p € R™ and denote 5 := (fo A)*(p) €] — 00, +00]. Assume 5 € R.
We have 8 = sup,cgn {p”z — f o A(x)}. Let € > 0. Then there is an z € R"
such that pT7 — fo A(Z) > 3 — ¢, so AZ € dom(f). As Az’ € ri(dom(f)), we
get, because of the linearity of A and of the convexity of dom(f), by Theorem
6.1 in [16] that for any A €]0,1] it holds A((1—M\)z+Az') = (1-A)AZ+\AZ’ €
ri(dom(f)). Applying Theorem 1 and using the convexity of f we have

pT (1 =Nz +A2") — fFA((1 = NZ + M')) = p" (1 — Nz + \a')

—FOAWL = 07+ 2a) 2 57 (1 = Nz +2a') = (1= N)f o A()

Ao A)=pTz — fo AZ) +A[pT(x’ —Z)— (fo A(a') — fo A(z))].
As Az’ and Az belong to the domain of the proper function f, there is a
A €]0,1] such that A[p”(z/ — z) — (fo A(z) — fo A(Z))] > —&.

The calculations above lead to

(foA) (p) 2 p" (1 =Nz + ') — (fo A)(1 = N)Z + Aa') > 8 — 2.

As ¢ is an arbitrarily chosen positive number, let it converge towards 0. We
get (f o A)*(p) > B = (f o A)*(p). Because the opposite inequality is always

true, we get (f o A)*(p) = (f o A)*(p).
Consider now the last possible situation, = +o0o. Then for any k£ > 1

there is an z € R™ such that pTzp — f(Axy) > k + 1. Thus Az € dom(f)
and by Theorem 6.1 in [16] we have, for any A €]0, 1],

Pl (1= Nap +A2') — fo A((1 = Nazg + Az’) = pT (1 = Nz + Az')
—fo A((1 = Nz + A2") > p" (1 = Mg +A2’) — (1 = \) f o A(zy)
~Afo A() = pTay — fo Alwr) + Alp" (o — ax) — (F o A(2') = f o A(x))].

Like before, there is some A €]0, 1] such that
Mp (e = @) = (fo A(z) = fo A(zx))] > ~1.

Denoting z; := (1 — Nz + Az’ we have 2, € R™ and pTz — f o A(z) >
k+1—1=k. As k > 1 is arbitrarily chosen, one gets

(fo4)"(p) = sup {p"z— foAx)} =+oo,

o (foA)*(p) = 4+o0o = (f o A)*(p). Therefore, as p € R" has been arbitrary
chosen, we get )

(fod)(p)=(foA)"(p) VpeR". (3)
By Theorem 16.3 in [16] we have, as f is convex and Az’ € ri(dom(f)) =

ri(dom(f)), B B
(foA) (p) =t {(f)"(a) : A" = p},
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with the infimum attained at some g. But f* = (f)* (cf. [16]), so the relation
above gives

(foA) (p) =inf {f*(q) : A"q = p}.
Finally, by (3), this turns into
(foA)"(p) =inf {f*(q) : A"¢ = p},

and the infimum is attained at g. O

The following statement follows from Theorem 3 immediately by Proposi-
tion 1.

Corollary 2. If f : R™ — R is a nearly convex function satisfying ri(epi(f))
# 0 and A : R* — R™ is a linear operator such that there is some ¥’ € R"
fulfilling Az’ € ri(dom(f)), then for any p € R™ one has

(foA)(p) =inf{f*(q) : A"q = p},
and the infimum is attained.

Now we give a statement concerning the conjugate of the sum of finitely
many proper functions, which is actually the infimal convolution of their con-
jugates also when the functions are almost convex functions, provided that
the relative interiors of their domains have a point in common.

Theorem 4. Let f; : R® — R, i = 1,....k, be p roper and almost convex
functions whose domains satisfy NE_ 1rl(dom( fi)) # 0. Then for any p € R
we have

k
(it o+ i) mf{Zf :Zpizp}, (4)

with the infimum attained.

Proof. Let F: R" x...xR" - R, F(2!,...,2%) = Zle fi(z%). By Corollary 1
we know that F'is almost convex. We have dom(F') = dom(f1) X ... x dom(fx),
so ri(dom(F)) = ri(dom(f1)) x ... x ri(dom(fx)). Consider also the linear
operator A : R" — R" x ... x R", Az = (z, ..., z). The existence of the element

k
2’ € NF_ ri(dom(f;)) gives (2, ...,2') € ri(dom(F)), so Az’ € ri(dom(F)). By
Theorem 3 we have for any p € R"

(F o A)*(p) =inf {F"(q) : A"¢ = p}, (5)

with the infimum attained at some § € R™ x ...R". For the conjugates above
we have for any p € R”

k *
(F o A)*(p) = sup {p x*Zfl } (Zf) (p)

zER™
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and for every ¢ = (p!,...,p¥) € R" x ... x R",

k k k
Q= {zw%uzw)} S0,
x"€eR™, i=1 i=1 i=1

i=1,...k

so, as A*q = Zle p', (5) delivers (4). O

In [16] the formula (4) is given assuming the functions f;, i = 1,...,k,
proper and convex and the intersection of the relative interiors of their do-
mains non-empty. We have proven above that it holds even under the much
weaker than convexity assumption of almost convexity imposed on these
functions, when the other two conditions, i.e. their properness and the non-
emptiness of the intersection of the relative interiors of their domains, stand.
As the following assertion states, the formula is valid under the assumption
regarding the domains also when the functions are proper and nearly convex,
provided that the relative interiors of their epigraphs are non-empty.

Corollary 3. If fi : R* = R, i =1, ..., k, are proper nearly convex functions
whose epigraphs have non-empty relative interiors and with their domains
satisfying NE_ ri(dom(f;)) # 0, then for any p € R™ one has

k k
(fi + .+ f)"(p) = inf { Zfi*(pi) D> pi= p},

i=1
with the infimum attained.

Next we show that another important conjugacy formula remains true
when imposing almost convexity (or near convexity) instead of convexity for
the functions in discussion.

Theorem 5. Given two proper almost convex functions f : R® — R and
g :R™ = R and the linear operator A : R" — R™ for which is guaranteed the
existence of some ' € ri(dom(f)) satisfying Az’ € ri(dom(g)), one has for
allp e R™

(f +goA)*(p) =inf {f*(p— A"q) + ¢"(q) : ¢ €R™}, (6)
with the infimum attained.

Proof. Consider the linear operator B : R — R™ x R™ defined by Bz =
(2, Az) and the function F : R* xR™ — R, F(z,y) = f(2)+9(y). By Theorem
2, F is an almost convex function and we have dom(F') = dom(f) x dom(g).
From the hypothesis one gets

Bz’ = (2, Az") € ri(dom(f)) x ri(dom(g))
= ri(dom(f) x dom(g)) = ri(dom(F)),
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thus Bz’ € ri(dom(F')). Theorem 3 is applicable, leading to

(FoB)*(p) = inf {F*(q1,¢2) : B*(q1,42) =, (q1,q2) € R* x R™}

where the infimum is attained for any p € R™. Since for each p € R"
(FoB)(p) = sup {p"w— F(B(x))} = sup {p"w— F(z, Ax)}
TER™ zeR™

= sup {p"a — ) — g(4n)} = (F +95 ) ().

F*(q1,92) = f*(q1) + g*(¢2) Y(q1,¢2) € R™ x R™ and
B*(q1,q2) = q1 + A%q2 V(q1,¢2) € R" x R™,

the relation above becomes

(f+g0A)*(p) =inf {f*(q1) + 9" (2) : 1 + A*q2 = p}
=inf {f*(p— A"q2) + 9" (q2) : @2 € R},

where the infimum is attained for any p € R", i.e. (6) stands. O

Corollary 4. Let the proper nearly convex functions f : R* — R and
g : R™ — R satisfying ri(epi(f)) # 0 and ri(epi(g)) # O and the linear
operator A : R" — R™ such that there is some x' € ri(dom(f)) fulfilling
Az’ € ri(dom(g)). Then (6) holds for any p € R™ and the infimum is at-
tained.

Remark 6. Assuming the hypotheses of Theorem 5, respectively, Corollary
4 fulfilled, one has from (6) that the following so-called subdifferential sum
formula holds (for the proof see, for example, [5] )

I(f +goA)(x) = 0f(x) + A*0g(Ax) Yr € dom(f) N A~ (dom(g)).

After weakening the conditions under which some widely-used formulae
concerning the conjugation of functions take place, we switch to duality where
we prove important results which hold even when replacing the convexity with
almost convexity or near convexity.

The following duality statements are immediate consequences of Theorem
5, respectively Corollary 4, by taking p = 0 in (6).

Theorem 6. Given two proper almost conver functions f : R" — R and
g : R™ — R and the linear operator A : R™ — R™ for which is guaranteed the
existence of some x’ € ri(dom(f)) satisfying Az’ € ri(dom(g)), one has

inf [f(z)+ g(Ax)] = —(f + g0 A)*(0) = i {-rAq) -g (-9}, (0

rER™

with the supremum in the right-hand side attained.
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Remark 7. This statement generalizes Corollary 31.2.1 in [16] as we take the
functions f and g almost convex instead of convex and, moreover, we remove
the closedness assumption required in the mentioned book. It is easy to notice
that when f and g are convex there is no need to consider them moreover
closed in order to obtain the formula (7).

Remark 8. Theorem 6 states actually the so-called strong duality between the
primal problem (P4) infyern [f(2) + g(Az)] and its Fenchel dual (D)

suPgepm { — f*(A%q) — 9" (—q)}.
Using Proposition 1 and Theorem 6 we rediscover the assertion in Theorem
4.1 in [3], which follows.

Corollary 5. Let f : R® — R and g : R™ — R two proper nearly convex
functions whose epigraphs have non-empty relative interiors and consider the
linear operator A : R™ — R™. If there is an x’ € ri(dom(f)) such that Az’ €
ri(dom(g)), then (7) holds and the dual problem (D) has a solution.

In the end we give a generalization of the well-known Fenchel’s duality
theorem (Theorem 31.1 in [16]). It follows immediately from Theorem 6, for
A the identity mapping, thus we skip the proof.

Theorem 7. Let f and g be proper almost convex functions on R™ with values
in R. If ri(dom(f)) Nri(dom(g)) # 0, one has

inf [f(x) +g(x)] = sup { - f*(a) —g"(-) },
e gE€Rn

with the supremum attained.

When f and g are nearly convex functions we have, as in Theorem 3.1 in
[3], the following statement.

Corollary 6. Let f and g be proper nearly convex functions on R™ with values

in R. If ri(epi(f)) # 0, ri(epi(g)) # 0 and ri(dom(f)) Nri(dom(g)) # B, one

has
Jnf, [/ (@) +g(@)] = Sup, {—r(@-9"(-9},

with the supremum attained.

Remark 9. The last two assertions give actually the strong duality between the
primal problem (P) inf,cgn [f(2)+g(z)] and its Fenchel dual (D) SUP,cpm {—
f*(¢) — g"(—q)}. In both cases we have weakened the initial assumptions
required in [16] to guarantee strong duality between (P) and (D) by asking
the functions f and g to be almost convex, respectively nearly convex, instead
of convex.

Remark 10. Let us notice that the relative interior of the epigraph of a proper
nearly convex function f with ri(dom(f)) # ) may be empty (see for instance
the function in Example 1(7)).
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As proven in Example 1 there are almost convex functions which are not
convex, so our Theorems 3-7 extend some results in [16]. An example given
in [3] shows that also the Corollaries 2-6 generalize indeed the correspond-
ing results from Rockafellar’s book [16], as a nearly convex function whose
epigraph has a non-empty interior is not necessarily convex.

5 Conclusions

After recalling the definitions of three generalizations of the convexity, we have
shown that there are differences between the classes of almost convex functions
and nearly convex functions, both of them being indeed larger than the one of
the convex functions. Then we proved that the formulae of some conjugates,
namely of the precomposition with a linear operator, of the sum of finitely
many functions and of the sum between a function and the precomposition of
another one with a linear operator hold even when the convexity assumptions
are replaced by almost (or near) convexity. The last results we give show that
the well-known duality statements due to Fenchel hold when the functions
involved are taken only almost convex, respectively nearly convex.
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Summary. In this paper we will establish some necessary and/or sufficient condi-
tions for both a nonsingular and a singular matrix A (interpreted as a linear map) to
be pseudomonotone. The given results are in terms of the sign of the determinants
of the principal submatrices and of the cofactors of A in the nonsingular case and
in terms of the structure of A in the singular case. A complete characterization of
pseudomonotonicity in terms of the coefficients of a 3 X 3 matrix is given and a
method for constructing a merely pseudomonotone matrix is suggested.
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1 Introduction

Pseudomonotonicity of a linear map on the interior of the positive orthant
is of particular interest for its relationship with the pseudoconvexity of a
quadratic function over a cone and because of its relevance in complementarity
problems. Starting from the pioneer work of Karamardian [2], this subject has
been studied by several authors (see for instance [3], [5] [6], [7] and [8]) which
have established various characterizations involving the bordered Hessian or
the Moore-Penrose inverse or copositive and subdefinite matrices. The given
approaches are interesting but not very useful in constructing or in testing
pseudomonotonicity in an easily way. The aim of this paper is to move in
this direction. By means of some reformulations of a result given by Crouzeix
in [6], we will establish some necessary and/or sufficient conditions for both
a nonsingular and a singular matrix A (interpreted as a linear map) to be
pseudomonotone. The given results are in terms of the sign of the determinants
of the principal submatrices and of the cofactors of A in the nonsingular
case and in terms of the structure of A in the singular case. In particular, a
complete characterization of pseudomonotonicity in terms of the coefficients of
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a 3x3 matrix is given and a method for constructing a merely pseudomonotone
matrix is suggested.

2 Preliminary Results

In this section we will establish two main results which are fundamentals in
characterizing the pseudomonotonicity of a linear map in the interior of the
positive orthant.

Let B be a square matrix of order n. Following [1] we introduce a concise
notation for determinants formed from elements of B:

bzlkl bilkZ ..... bllkp
R S N
B <k1 o ... kp> O (L)
biky Dipky oo bik,
The determinants (1) in which 4; = k1,42 = ko, .... i, = kj, are called principal

minors of order p. In particular we will use the following notations:

d, = B <1 ; Z), |Bi;| is the determinant of the submatrix obtained by
deleting the i-th row and the j-th column of B; (—1)"7 |By;|,i # j,

1,7 =1,...,n are the cofactors of B.

Applying the algorithm of Gauss, B is reduced, after p steps, to the following

matrix:

_bll b12 ..... blp b1p+1 bln
0 C22 ..... C2p C2p+1 ---- C2n
CP =10 0.. Cpp Cpp+1 -+ Cpn . (2)
0 O0.... 0 Cp+1p+1 «--- Cp+1n
10 0. 0 cppt1 oonnee Cnn

This reduction can be carry out if and only if in the process the pivot elements
b11, €22, ..., Cpp turn out to be different from zero. Set

Cp+1p+1 -+ Cp+in

Cop = | oo . (3)

It is known [1] that

12..pk
B(12....pk‘>
y I<k<p+1; cpr =

k—1 dp

C _7dk
kk—d

L k>p+1 (4)

and
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B<12....pzi>

B 12....p3J s ) .

Cij—d—7 i,j=p, i#]
P

B(l?....i)
12....7
Cij:le, 1<i<p, j>i

In the particular case p = n — 2, (3) reduces to

02 — 1 [ |Bnn‘ |Bnn—1‘ :|

o dn_g |Bn—1n| |Bn—1n—1|

Csy =

1 {|Bn_1n_1| - Bn_1n|]‘1
dn,Q - |Bnn71| |Bnn|

More generally, if the algorithm of Gauss involves p = n — 2 pivot elements
css With s #£ 14,3, i < j and B is a symmetric matrix, we obtain

1 | Byl (=1 |Bz"|]
Cyp— —— Bij il 5
> s [(—1)”] | Bij| | Bis | (5)

where Bj; (B;;) is the submatrix of order n — 1 obtained by deleting the j-th
(i-th) row and the j-th (i-th) column of B.
Our first result is stated in the following theorem.

Theorem 1. Let B a symmetric matriz with |B| < 0 and assume that the
principal submatrices of order n — 1 are positive semidefinite. Then the prin-
cipal submatrices of order n — 2 are positive definite.

Proof. Let B,_o be a principal submatrix of order n — 2. Without loss of
generality we can assume that B,,_o is obtained by deleting the last two
rows and the last two columns of B. If B,,_5 is not positive definite, a pivot
element ¢;; in C™=2) turns out to be zero so that we have ¢;; = Ciigl = oo =
Cin—z = 0. Consider now the principal submatrix B, _; obtained by deleting
the last (second-last) row and the last (second-last) column of B. Since By,_1
is positive semidefinite we obtain ¢;, 1 = 0 (¢, = 0). Consequently C("~2)
turns out to have a null row so that |B| = 0 and this is a contradiction.

Consider now the quadratic form ¥(y) = y* By; 1 (y) can be interpreted as a
trinomial in the variable ¢; and its discriminant %(yg, ceesy Yp) turns out to
be a quadratic form in the variables ys, ...., y,,. Analogously, the discriminant
%(yg, veey Yn) Of %(yz, ..o, Yn ) With respect to yo turns out to be a quadratic
form in the variables ys,....,y,. We obtain, after p steps, a quadratic form
%(ypﬂ, ..o, Yn) depending to n — p variables. This process can be carry out

if and only if the coefficient of the variable y,,y = 2,...,p+ 1 in % turns
out to be different from zero.
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Denotes with D,,_1,...., D,,—;, the symmetric matrices associate to the quad-
. A . . . .
ratic forms %, e 1 respectively. When B is a symmetric matrix we are

interested to find a relation between C,_, and D,,_,. With this aim we will
establish a preliminary result.
Let F' be a symmetric matrix of order m and assume that f1; # 0. Setting

P {fu (f)"

] and performing a pivot operation on the first element %

f* mel
. . . fu UHT
of the matrix -, a # 0, we obtain the matrix I' = | « a
m—1

Let D,,—1 be the symmetric matrix associate to the discriminant of the
quadratic form 1 (v) = v Fv with respect to the variable v;.
Set y11 = L2 0T = (vy, (v9)T).

o )

Lemma 1. We have D,,_1 = —a® y11 Hp_1.

Proof. ¢(v) = fi1vf + 2((J“‘)T o1 + (0)T Fpu_10%, so that 52 (ya, ..., yn) =
((f)T0*)? = fri ()T Frpyv* = ()T (f*(f*)" = firFm—1)v* and thus Dy,
= f*(f*)T - fi1Fin—1. On the other hand performing a pivot operation on the
element 711 of the matrix g we obtain H,,_1 = —}%(f*)T—f— % = —%.
Since fi1 = ary11 the thesis is achieved.

Now we are able to state the following fundamental result (the convention
2P =0if j <0 is used).

Theorem 2. Let B be a symmetric matrix of order n and assume the validity
of (2). Then
Dp—p = *b]fl_Q ’ dg_g e dp - G (6)

Proof. Firstly we prove the following relation between D, _, and C,_, in
terms of the pivot elements:

-1 —2
Dn—p = —(b11)2p . (CQQ)ZP et Cpp . Cn_p. (7)
The proof is given by induction. When p = 1, applying Lemma 1 to the case
F =B, a=1, wehave D,_; = —b11C,_1 so that (7) is verified. Assume

Dn_s
a

- Cs5, We have Dn s 1= —0%Cey15110,_s_1 that
n (7) (see (4)) we obtain (6).

the validity of (7) for p = s. Applying Lemma 1 to the case F =

a = (b11)2571 (622)25—2
is (7) for p=s+1. Substltutmg Crk =

d71

Remark 1. In Theorem 2 we have assumed, for the sake of simplicity, that the
pivot elements are associate to indices 22, ..., pp. If the algorithm of Gauss is

applied with respect to the indices %171, 7272, ...., ipip, denoting with d; ;,. 4, =
B (Zl 12 l.k), (6) is substituted with
11 12 ... UL

Dy p=—b72-d72 . d

1141 i1 i182...0p

. Cn—p- (8)
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In particular, if the principal submatrices of order n—1 of B are positive semi-
definite, we have d;,i,.. 4, > 0,k = 2,...,p (see Theorem 1) and furthermore
the diagonal elements of C,,_, are positive (see (4)).

Remark 2. Let B a symmetric matrix with |B| < 0 and such that the principal
submatrices of order n — 1 are positive semidefinite. Taking into account The-
orem 1, we can perform n — 2 steps of the algorithm of Gauss on the matrix B
with respect to n — 2 diagonal elements (pivots) choosen arbitrarily; so that
we can calculate, according to (8), n — 2 discriminants of the quadratic form
(v) = vT Bv with respect to the n — 2 variables associate to the choosen
pivots.

3 Equivalent Formulations of Pseudomonotonicity

Through the paper we will use the following notations:

o RN ={x=(21,...,2,) €N 2, 20,i=1,....,n};
o intR} ={x=(x1,...,0,) ER" :2; >0,i=1,....,n}.

Let A be a square matrix of order n. We recall that the linear map A : R" —
R" is pseudomonotone on intR? if the following logical implication holds:

z,y€ ntRy, (y—2)TAz>0= (y—2)TAy >0 (9)
The definition (9) is equivalent to the following implication ([6]):
ze intRE, veR", vIAz=0=0v"Av>0. (10)

We will say that A is pseudomonotone on intR? if it is pseudomonotone on
intR7, as a linear map.
In order to describe the structure of a pseudomonotone matrix, in what follows
we will utilize the following reformulation of (10):
amatrix A is pseudomonotone on int#’} if and only if the following implication
holds:

veR, ATv=y, zc intRY, yle=0 =yTv>0. (11)

This reformulation will be used in section 5 to find an explicit form of the
scalar product y7 v with the aim to study the pseudomonotonicity of a singular
matrix.

When A is a nonsingular matrix, (11) assume one of the simple forms stated
in the following theorem.

Theorem 3. The nonsingular matriz A is pseudomonotone on intR" if and
only if (12) or (13) holds:

r € antRY, yle=0 =yTAy>0 (12)

y'A ™y < 0= ye R URT (13)
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Proof. The equivalence between (11) and (12) follows by noting that ATv =y
if and only if v = (AT)"ly = (A~1)Ty and that yT (A=) Ty = yT A~ 1y.

The equivalence between (12) and (13) follows taking into account that for
any fixed y ¢ R7 UR" there exists some z € intR7 such that y"z = 0.

Remark 3. Condition (12) implies that the study of the pseudomonotonicity
of a nonsingular linear map is equivalent to the study of the sign of a quadratic
function subject to a complementarity condition; condition (13) implies that
a matrix A is pseudomonotone if and only if the quadratic form y7 A~y is
semidefinite positive or its assume negative values for vectors having non null
components of the same sign.

Let us note that any matrix A such that M = # is positive semidefinite
verifies (10) so that the main problem in finding pseudodomonotone matrices
is related to matrices for which M is not positive semidefinite. We will refer
to these last matrices as merely pseudomonotone matrices.

By means of (10) we will establish an important property of a pseudomonotone
matrix. Denote with Aj a principal submatrix of A of order k, that is the
submatrix obtained by removing n — k rows and n — k columns of the same
indices. In what follows we will consider proper principal matrices, that is
k # n. The following theorem holds.

Theorem 4. If A is pseudomonotone on intR?y then Ay, k = 2,..,n —1 is
pseudomonotone on int@?’i.

Proof. Obviously, it is sufficient to give the proof for k = n— 1 (by iterations,
the proof is valid also for k = n — 2,n — 3,..,2) . Without loss of generality
Ap— . .
set A = [ nch 3] with a,c € R"~!, a € ® and assume that A,,_; is not
pseudomonotone on int?Ri*l. Then there exist z* € int%ﬁfl, v* € R~ such
that
()T Ap_12* =0 and (v)TA,_1v* <0. (14)

If (v)Ta = 0, setting z = ((z*)T,0)T € intR?, v = ((v*)T,0)T € R»
we have vI' Az = 0, vTAv = (v*)TA,_1v* < 0 and this contradicts the
pseudomonotonicity of A.

If (v*)Ta # 0 we can suppose, without loss of generality, (v*)Ta > 0 sub-
stituting in (14) v* with —v* if necessary. Setting z = (Bz* 4+ v*,t)T, v =
(v)T,0)T, we have vT Az = (v)TA,,_1v* + (v*)Tat, so that vT Az = 0 for
= —% > 0. It follows that T = ((Bz* + v*)T,t*)T belongs to
intR? for (8 large enough, v’ Az = 0, vTAv < 0 and this contradicts, once
again, the pseudomonotonicity of A.

Let us note that the converse of Theorem 4 does not hold as it is shown in
the following example.
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102
Example 1. Consider the matrix A = | 014 |. It is easy to verify that the
001

o . 10 12 14 o
principal submatrices [ 0 1] , [ 0 1} , [ 0 J are pseudomonotone on intf7 but

A is not pseudomonotone on intR3. since for 27 = (10,1,1), v = (1, -5,13)
we have vT Az = 0 and vT Av < 0 contradicting (10).

4 Pseudomonotonicity of a Nonsingular Matrix

In this section we will characterize the pseudomonotonicity of a nonsingular
matrix by means of our reformulations (12) and (13).

4.1 Pseudomonotonicity of a Nonsingular 2 x 2 Matrix

This case has been studied recently in [9] and the following characterization
in terms of the elements of the matrix are obtained (further details can be
also found in [4]).

a c

bd

Theorem 5. Consider the nonsingular matriz A = {

hold.
i) A is merely pseudomonotone on intR% if and only if (15) or (16) holds.

} Then i) and ii)

|A|>0,a>0,d>0,b+c>0, A= (b+c)*—4ad >0 (15)

|A|<0, a<0, d<0, b+c¢<0. (16)
ii) A is pseudomonotone (not merely) on intR% if and only if (17) holds.

a>0,d>0, A= (b+c)*—4ad <O0. (17)

4.2 Pseudomonotonicity of a Nonsingular Matrix of Order (> 3)

The following theorem establishes a necessary condition for a nonsingular
matrix to be pseudomonotone in terms of the symmetric matrix associate to
its inverse.

Theorem 6. Let A be a nonsingular matriz of order n > 3.
If A is 1pseucllorTnonotone on intRY then all proper principal submatrices of
B = % are positive semidefinite.

Proof. Tt is sufficient to prove the theorem for a principal submatrix of order

n—1.Set A7l = [Bnc% Bb] with b,c € R*71, 3 € R. We must prove that the

quadratic form associate to B, _1 is non negative that is (y"_l)TBn_lyn_1 >
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0, Vyr L.
Consider z € intRY and y € N™ such that y,, =
(12) we have

- 27":_11 TiYi

Tn

, ¥i € R. From

Yy AT Yy = (") By (DT (b + )y + Byl > 0. (18)

The thesis trivially holds if b+c = 0 and 3 = 0. Assume the existence of ()" !
such that (y"—l)TBn,ly”—l < 0. Settingz; =1, ¥y, =7y;, i=1,...,n—1and
taking into account that y,, — 0 when z,, — 400, we can choose ¥,, such that
@ HT(b+ )y, + 672 < =@ 1)TB,_17" " and this contradicts (18).

The following example shows that the necessary pseudomonotonicity condi-
tion stated in Theorem 6 is not sufficient.

-3-31
Ezample 2. Consider the matrix A = —% —% % . We have
1 50
1-21
B=A"1=|[-2 40]|. It is easy to verify that the principal submatrices
1 03

of B are positive semidefinite but A is not pseudomonotone on int@?i since
for 7 = (1,2,4), yT = (=2,-1,1) we have yTz = 0 and yTA"ly < 0
contradicting (12).

Now we are able to state a necessary and sufficient pseudomonotonicity con-
dition for a nonsingular matrix.

Theorem 7. Let A be a nonsingular matriz of order n > 3 and let A~" be its
inverse. Then A is pseudomonotone on intR" if and only if i) or i) holds.
i) B= w is positive semidefinite;

1) detB < 0, the principal submatrices of B of order n — 1 are positive semi-
definite and all the cofactors (—1)"9 | By; |, i # j are positive.

Furthermore A is merely pseudomonotone if and only if ii) holds.

Proof. If detB > 0, from Theorem 3 and Theorem 6, the pseudomonotonicity
of A is equivalent to condition i). Assume now that the principal submatrices
of B of order n — 1 are positive semidefinite and furthermore that detB < 0.
Referring to Section 2 and in particular to Remark 1 and Remark 2, set-
ting ¢ (y) = y* By, we can calculate the n — 2 discriminants %(yg, oy Un),s
%(yg,...7yn), ey #(yhyj).

Since B is indefinite, there exists a solution y* = (yi,v3,...,y;) of the in-
equality 1(y) < 0. It follows that yi is a solution of ¥(y1,¥3,...,v5) < 0
and since the coefficient of y; is negative (see Remark 1) necessarily we have
%(yg,...,y;) > 0. It follows that yj is a solution of ¥ (y2,y3,...,y%) > 0
and since the coefficient of y, is negative (see Remark 1) necessarily we have
22(y3, -, y5) > 0. After n — 2 times we arrive to have A’:’l‘g (y;,y;) >0, that
is (see (5))
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— Byl (yi)? + 2(=1)""7 |Byj| yiy; — |Bail (y})? >0, i £, (19)

where |Bj;| > 0, |By;| > 0. If A is pseudomonotone then from (13) we have

y* € RN UR" so that necessarily we have (—1)"7 |B;;| > 0 and this im-

plies ii) taking into account Theorem 6. Viceversa, the validity of ii) implies

yiy; >0, 4,5 = 1,...,n, i # j; consequently y* € R URT and thus A is

pseudomonotone.

A—l+(A—1)T
2

The last assertion of the theorem follows by noting that is semi-

A4+ AT
2

definite positive if and only if
complete.

is semidefinite positive. The proof is

Remark 4. In order to deduce y* € ® UR” in the proof given in Theorem 7
it is sufficient to consider the couples (i,i+1),7 = 1,2, ...,n— 1. Consequently,
the condition “the cofactors (—1)"™7 | B;; |, i # j are positive” in ii) can be
substituted with the less restrictive condition “the cofactors — | Byy1 |, i =
1,...,n — 1 are positive”.

4.3 On Constructing a Nonsingular Pseudomonotone Matrix of
Order 3

In this subsection we suggest, as an application of Theorem 7, the way of
constructing a merely pseudomonotone matrix of order 3.

First Step

Construct a symmetric matrix B such that:

B11, By, Bss are positive semidefinite submatrices;

|Blg|<0, ‘B13 |>0, |ng|<0; |B|<O

Second Step

Any nonsingular matrix A such that M = B is merely pseudomono-
tone.
1-2-1
Ezample 3. Consider the symmetric matrix B= | -2 4 0
-1 0 3

The proper principal submatrices B11, Bao, Bssz are positive semidefinite and
furthermore | B13 |= =6 <0, | Bi3|=4>0, | Bas |=—2<0.

1-6-3
The matrices A™' = B, A™!' = |2 4 —2| verify the condition w
1 2 3
—6 -3 -2 8 6 12
:BsothatA:B_lzé -3-1-1 ,Azé -4 3-2| or
—-2-1 0 0—-4 8

12
, k > 0 are merely pseudomonotone.

N

I

~

|
o W
A w o

-2
8
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5 Pseudomonotonicity of a Singular Linear Map

In this section we will study the pseudomonotonicity of a singular matrix by
means of our reformulation (11).

First of all we will prove that if A is a singular pseudomonotone matrix with
rank(A) > 2, then there exists a proper principal submatrix having the same
rank of A. More exactly we have the following theorem.

Theorem 8. Let A be a singular matriz of order n > 3 with rank(A) = s > 2
and let k be the mazimum of the ranks of the proper principal submatrices of
order s. If A is pseudomonotone on intR'} then s = k.

Proof. Assume that rank(A) = s > k and consider the system ATv = y;
without loss of generality we can suppose rank(A;‘g) =k.

From Kronecker’s theorem there exists a submatrix of order s containing A7 .
Set I ={1,..,k,i1,....05—r}, with k < iy < .. < is_, the indices of the s rows
in AT which are linearly independent and consider the matrix ASTJL whose
rows are a;, ¢ € I. Since the proper principal submatrix whose rows and
columns are associated to the indices of I has rank k with k < s, the variables
Vi, s ;. cannot be explicited in the system ATv = y.

For the sake of simplicity assume that I = {1,..,k,k+1,.., s}.

Set I* = {1,2,....,n}, Iy = {1,2,....k}, Is—r = {k+ 1L, k+2,....8}, J =
{41,792, -y Js—k } with s < j; and H = I*\ (Ix UI;_; U J) (H may be empty).
Partitioning the vector v according to the described indices, that is v =
(F, vk ol DT with oF = (vq, ..., 00)7, v* 7% = (Vpg1,...,0) T, V! =
(Vjy -y v5. )7, the solutions of the system ATv =y are of the kind

o = Biy* + Cros Tk 4+ Dol + Eysk (20)

vl = Boy¥ + Dovl ! 4 oy =* (21)

yrt=Fy° (22)

where y* = (y1, .., y6)T, Y% = (Wkt1s 0 05) Ty YV = (Yst1, - Yn)? and

the dimensions of the matrices B;,C;, D;, E;, F, i = 1,2, are according the
product rule between matrices (notes that v/l does not depend from v*—*
since the variables vy 1, ..., vs cannot be explicited in the system ATv = y).
Taking into account (20) and (21), y%v is of the following kind:

yo = (" )T+ M) F + 1y, o). (23)

Choose § = (1,0, ..,0, yk+1,0, .., 0,y %) with y"~* verifying (22) and yr4+1 <
0, such that yx11 + c11 < 0 where ¢q7 is the first element of C;. Then it is
possible to find & € intR’} such that Yl =z +yr12rer + (") Tan =% = 0.
On the other hand we have 77v = (yg41 + c11)vks1 +¢(F, v1) — —o0 when
Vg+1 — +00 and this contradicts (11). The proof is complete.



Pseudomonotonicity of a Linear Map 125

Remark 5. The assumption rank(A) > 2 in Theorem 8 cannot be relaxed.
000

Consider for instance the matrix A = [ 100 |. It is easy to prove that A is
000

pseudomonotone on intR3. but rank(A) =1 while k = 0.

Now we are able to establish a necessary and sufficient condition for a singular
matrix A to be pseudomonotone on intR’} in terms of its structure. With
this aim let & > 2 be the rank of A. From Theorem 8 there exists a proper
principal submatrix Ay with rank(Ay) = k. Without loss of generality assume
that Ay is obtained by deleting the last n — k rows and columns of A. Set
A Akn—k - _

A= / n cx = (2%, 2" F)T and y = (%, y**)T.

Anfk,k Anfk,nfk ( ) Yy (y Yy )
The following theorem holds.
Theorem 9. Let A be a singular matriz with rank(A) = rank(Ay) = k > 2.
A is pseudomonotone on intR' if and only if the following conditions hold:

Ap—tn—t = An—k x Ap Ak (24)
An_kvk = Ag,n—k(Alzl)TAk (25)
z e intRy, (YT (@ + A Ap g 2" F) = 0= (yF)TA Y >0 (26)

Proof. First of all observe that (24) follows from the assumption rank(A) =
rank(Ag) = k.
From the system ATv =y, we have

o = (A Y - (A?)TAZ*/C,W”_IC (27)

" = )AL A (28)

so that the pseudomonotonicity of A is equivalent to the following conditions:
ylo = 5 [a" + A Apnia™ ¥ =0, (29)

yho= (") TATY + )T > 0, (30)

where I' = A, ' Ag g — (A,;l)TAz:fk’k. We are going to prove that I is
the null matrix. With this aim let 4/, j = 1,..,n — k be the columns of
I' and assume that v,; # 0 for some s € {1,...,k}. Setting in (29), (30)
yn, =0, h # 1,5, with obvious notations we obtain

n n
vi(er+ Y Biwi) +ys(za+ Y biwi) =0 (31)
i=k+1 i=k+1
n—k
a1y} + agyrys + asyl + Z(yni + YsVe) Vi = 0 (32)

=1
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From (31) we can choose x1,...,z, > 0 such that yl'y{ + ysy? # 0 and this
is absurd since vg4; is a free variable and thus the inequality (32) cannot be
verified for all vyy; € R. Then necessarily we have v/ =0, = 1,..,n — k and
this implies I" = 0; consequently (25) and (26) hold. Vice versa (25) and (26)
imply (29) and (30). The proof is complete.

The assumption rank(A) = k implies the existence of a k x (n — k) matrix
Cr.n—k such that Ay ,_p = ApCh n—p. From (25), (24) we have:

Anpp = CL AT A, = CF Ak An—pn—ie = O3 AkCrion—r,
so that A has the following structure:

Ap ArCron—k

A=
C;{n kAk Ckn kAk?Ckn k

(33)

A simple interpretation of (33) is the following: if the j — th column of the
matrix Agn—k, J = k+1,..,nis a linear combination of the columns of A; with
multipliers o, ..., oy, then the j —th row of the matrix A, i, 7 =k+1,..,n
is a linear combination of the rows of Ay with the same multipliers asq, ..., aj.
Theorem 9 can be specified with respect to pseudomonotone matrices which
are not merely (that is % is semidefinite positive) and with respect to
merely pseudomonotone matrices.

Theorem 10. Let A be a singular matriz with rank(A) = rcmk(Ak) =k>2.

i) A is pseudomonotone (not merely) if and only if ’“+A"

definite and (33) holds.
1) A is merely pseudomonotone if and only if (33) holds, Ay is merely
pseudomonotone and furthermore

18 positive semi-

x € intRYy, (yk)T(av’C + Crn—k :c”*k) =0= (yk)TAglyk >0 (34)

6 Special Cases

In this section, as an application of Theorem 10, we specialize condition (34)
to the case rank(A) = 2 and, in particular, we characterize a 3 x 3 merely
pseudomonotone matrix. At last, for the sake of completeness, we will consider
also the case rank(A) = 1. Set:

. AQZ{ZE} (ﬁ) the columns of Cy 2, 7 =3, ..

J={i:a; <0, 8; <0} U{i:q; <0, 8; <0}
L ={i:0; >0, ; >0}
I={i:a; >0, 8; <0}
I3—{z a; <0, 6l>0

as = maX’LEIz a; ? (ch

Y(m) = |A2| m? — |X2‘m—|— |A2|, A= (b+c)? - 4ad > 0;

7

_ —Bi.
—mlnzejs s
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e 0 < my < my where my, mgy are the roots of the trinomial ¢ (m) when

d #0.
The following theorem holds.

Theorem 11. Let A be a singular matriz with rank A = 2. Then A is merely
pseudomonotone if and only if the following conditions hold.
i) A= Ay A2Co 2

Cg?n 2A2 02 n— 2A202 n—2 ’
ﬁ)ﬁ;zo,‘j‘>o fjj>o A= (b+¢c)? — dad > 0;
iii) J = 0;

iv) one of the following conditions holds:

-a-d#0, ;ﬁs <mq <m2<;ﬁ’“;

~d#0,a=0, I, =0, 2= > tde;

~d=0, a#0, I;=0, 2 < ;%;
-d=0,a=0, I, =1I3=0.

Proof. Taking into account of ii) of Theorem 10 and i) of Theorem 5, it remains
to prove that ii3), iv) are equivalent to (34) which becomes

xr € intRYy, yi(xr + Z oy + Z ;T + Z ;x5 + Zam) +

tely i€l JEI3 leJ
tya(ma+ Y Bewe+ Y Biwi+ Y Biwg+ Y fa) =
tely i€ls VIS E) leJ
b+
= (. ) = 2 _ + 2>0 (35
(yl y2) | AQ |y1 | A |y1y2 | A ‘y2 ( )

Setting m = y the inequality ¥(y1,y2) > 0 is equivalent to the inequality
Yim) = 2’(/}(y1, yg) > 0 which is verified when:

- m%(ml,mg)lfa d#0ord#0,a=0;
-m< 2 ifd=0, a#0;

iii), iv) = (35)
From the left hand side of (35) we have
=2 = Y er, Bir = Yier, Bimi — D jer, BiTj

m= (36)
T4 D per, T+ D ieq, G+ Y e QT

that is

maxy + o+ Z(mat + 0+ Z(mai + Gi)x; + Z (maj;+08;)z; = 0. (37)

tel i€l VIS

Consider the case d # 0; we must prove that any m verifying (37) is such that
m ¢ (my1,msa). A positive value of m is a solution of (37) if and only if for
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some ¢ € Iy and/or for some j € I3 we have ma; + 3; < 0, may; + 85 < 0 that
ism < _(fzs, m > _a—ﬁk’“, so that m ¢ (_a—ﬁ, _a—ﬁk"), from iv) m ¢ (mq, ma).

In the case d = 0,a # 0,I3 = 0, any m verifying (37) is such that
m < 55 < b+c,sothat1/)( )>0

In the case a = d = 0, Iy = Is = (37) implies m < 0 so that ¥(m) > 0.
(35) = iii), iv)

Consider the principal submatrix of A obtained by deleting all rows and

columns with index k # 1,2,4; (36) becomes

o —%2— Bix; (38)
T1 + o
Case i € J.
If B; = 0,; < 0, setting in (38) 1 = z2 = 1 we have m = ﬁ so that
m — 0 when z; — +00 and m — 400 when z; — (——) It follows that

m € (0, +00) contradicting (35).
If B; < 0,a; <0, setting in (38) ; = 1, a9 = _Qﬁi, we have m — 0% when
r1 — +oo and m — +oo when 7 — —04;." . Tt follows that m € (0,+00)

contradicting (35) once again and thus J = 0.

Case i € I5.

Since m = Ifiaﬁf < f’;’ = _a—ﬁ we have ¢y(m) >0 Vm < _a—ﬁ and this
implies ~ Bb < mj and , in particular, _aﬁs < mj. When a =0, d # 0 we have
my = 0 so that I, = () since ;ﬁ > 0.

Case i € I3.

Since % = % < 7:1» we have m > _T[jl so that the validity of ¢¥(m) >

0 Vm¢ (mi,my) implies ~ B‘

Ifa#0, d=0, m<—andm> ’?1 imply I3 = 0.
At last if a = d = 0, w( ) > 0 for m < 0 and since ;5'*, _Ofik are positive,
necessarily we have Iy = I3 = (). The proof is complete

> mg and , in particular, % > ma.

As a particular case of the above theorem, we have the following characteri-
zation of a merely pseudomonotone matrix of order 3 with rank 2.

ace
Corollary 1. Consider the following matric A= | b d f | where
gh

Ay = [Z (ﬂ is non singular and set (a, )T = Ay (e, f)T.

Then A is merely pseudomonotone if and only if i), ii), iti) hold.
i) (9, h, Z‘),a (a, ¢, €) + (b, d, [).

i) 5 =0, ‘A >0, fA 20, A=(b+c)*—4ad > 0.

iit) one of the following conditions holds:

a=0, =0;
a-d#0,a>0, <0

<m
a-d#0,a<0, >0 >m

2|
Q‘mgm



Pseudomonotonicity of a Linear Map 129

_ -8 btc.
d#0,a=0,a>0, 3<0, == 2> 5 ;
d=0, a#0,a<0, 320, <o
d=0,a=0,a>0, 8>0.
0—-1-2
Ezxample 4. Consider the matrix A = |3 2 1|. We have that Ay, =
6 5 4
0-1] . . . «
3 of I5a 2 X 2 merely pseudomonotone principal submatrix, 3 =
At (‘?) = (‘%) —1(0,—-1,-2) + 2(3,2,1) = (6,5,4), the trinomial

(m) > 0 is verified for m ¢ (0,1), 7’3 =2 > mg = 1 and thus A is merely
pseudomonotone.

1-1 6 -3

Ezample 5. Consider the matrix A = 7(13 73 22 71§ . We have that
11 946 7

Ay = é _i is a 2 x 2 merely pseudomonotone principal submatrix,

Q3 o —1 6 . 5 o
() =t ) = () (5) = (73] = ()=o)
13 = {4},5(1,-1,6,—3)—1-(6,4, 26,2 9,4,-17), —1-(1,—-1,6,-3)+

- (6,4,26,2) = (11,9,46,7), the trlnormal ¢( ) 2 is verlﬁed for m ¢
(11) 7ﬁ3:%<m1:%<m2:1<;—€4:2 and thus A is merely

pseudomonotone.

At last, for sake of completeness, we consider the case rank(A)=1. A very
simple sufficient condition for pseudomonotonicity can be found in [7], Propo-
sition 3.3.

In what follows, the columns of A (which are all proportional), are denoted
by aia, asa,..., ana, a # 0, ag, as,..., &, not all zero.

Theorem 12. Let A be a matrixz with rank(A) = 1. Then A is pseudomono-
tone if and only if i) or ii) hold.

i)a; >0, i=1,..,n;

it) # s positive semidefinite.

Proof. . Setting x = (z1,...,7,)T, aT = (a1, ..., ), we have Ar = (aTz)a.

If @; > 0, i = 1,...,n (this implies that at least one of them is positive),

then a”2 > 0 so that vT Az = 0 if and only if v“a = 0 and this implies
vl Av = 0 Vo € R" and thus A is pseudomonotone (see (10)). If there exist
oy, o5 with oz < 0 then it is possible to choose z* = (z7,...,x},) € intR’}
such that a2} + el + ..., apzl = 0, so that Az* =0, vT Az* =0 Vo € §R”

and consequently A is pbeudomonotone if and only if the quadratic form v” Av
is semidefinite positive (see (10)).
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Remark 6. Let us note that if rank(A) = 1 then # is semidefinite (positive
or negative) if and only if A is symmetric; in such a case A assume a particular
form: let 7 be the index corresponding to the first non null column of A. Then
al = (0,..,0,ai,...,a;,) with a;; # 0 and we have A = aza*(a*)T where
a* = a%ia = (0, ..,O7 1, Qi 1y eeey Ozn).

Remark 6 and Theorem 12 imply the following characterization of the pseudo-
monotonicity of a matrix with rank(A) = 1.

Theorem 13. Let A be a matriz with rank(A) = 1. Then A is merely
pseudomonotone if and only if i) or i) hold.

1) A is not symmetric and a;; >0, i =1,...,n;

1) A is symmetric, a; < 0, ;15 > 0, s = 1,...,n — i where a;; is the first
diagonal element different from zero.

In the following example we present some merely and not merely pseudomono-
tone matrices having rank equal to 1.

Ezxample 6. Merely pseudomonotone matrices:

1 2 4 1 a B
A=|-3-6-12|, A=p|laa?aB|,p<0,a>0,8>0.
510 20 BaB
Some canonical form of not merely pseudomonotone matrices:
1 a 8 00 0
A=plac?af|,u>0, A=p|01 a|,pu>0,
| B aB 32 0 o o?
(000
A=p 000, u>0.
1001
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Summary. A notion of convexity for discrete functions is first introduced, with
the aim to guarantee both the increasing monotonicity of marginal increments and
the convexity of the sum of convex functions. Global optimality of local minima is
then studied both for single variable functions and for multi variables ones. Finally,
a concrete optimal fleet mix problem is studied, pointing out its discrete convexity
properties.

Key words: Discrete programming, discrete convexity, optimal fleet mix.

1 Introduction

Concrete problems are often discrete, in the sense that the variables are de-
fined over the set of integers. This happens, for instance, whenever the vari-
ables represent the number of units, such as workforce units, number of am-
bulances, number of vehicles, and so on.

Due to their importance in applications, discrete problems have been
widely studied in the mathematical programming literature, especially from
the algorithmic point of view. Some approaches to convexity properties of
discrete functions have been proposed too (see for example [2, 3, 5]), pointing
out the difficulty of this research field.

The aim of this paper is twofold. First, we propose an approach to the
notion of convexity for discrete functions, with the aim to guarantee both
the increasing monotonicity of marginal increments and the convexity of the
sum of convex functions. Some properties of the defined class of functions are
then studied, especially with respect to the global optimality of local minima.
Then, a concrete problem of optimal fleet mix is analyzed. In particular, we
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consider a model involving both internal workforce units and external tech-
nicians; quality of service requirements and penalties for unfulfilled services
are also considered. The model is then studied from a theoretical point of
view, pointing out that some of the variables can be parametrically fixed to
their optimal value, thus obtaining a parametrical discrete convex objective
function.

2 Discrete Convex Functions

Convexity property has been widely used in Mathematics and in Economics
due to its usefulness in optimization problems (both critical points and local
minima are global optimum points). As it is well known, such a concept re-
gards to functions defined over convex sets. Unfortunately, many applicative
problems arising in Operations Research and in Management Science deal
with integer programming. As a consequence, some efforts have been done in
the literature in order to determine a convexity concept suitable for discrete
problems.

In this section, we aim to propose a new definition of discrete convexity by
using an approach different from the ones already appeared in the literature. In
particular, our aim is to guarantee two properties which results to be useful in
Economics and in applicative problems, that are the increasing monotonicity
of marginal increments and the discrete convexity of the sum of two discrete
convex functions.

2.1 A Brief Overview

For the sake of completeness, let us now briefly recall some of the results
already appeared in the literature.

Favati and Tardella in [2] introduced the concept of integer convexity ex-
tending a function f, defined over a discrete rectangle X C Z", to a piecewise-
linear function f defined over the convex hull of X, denoted with co(X) C R".

Definition 1. A set X C Z" is said to be a discrete rectangle if there exist
a,b e Z" such that:

X={xeZ":aq;<a; <b;, i=1,...,n}

Given a number x € R it is denoted with N(x) the so called discrete neigh-
borhood of x, defined as the set

N@)={2€2":|z; —z|<l,i=1,...,n}

Definition 2. Let f : X — R, where X C Z" is a discrete rectangle. The so
called extension of f is the function f : co(X) — R defined as follows:
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k k k
f(y) = min {Zazf(zz) 12t e N(y),Zaizi = y,Zai =1,0; > 0}
i=1 i=1 i=1

where y € co(X) and k = card(N(y)). Then, function f is said to be integrally
convez if its extension f:co(X) — R is convex.

This discrete convexity property is not easy to be verified. In any case, the
authors have been able to state some useful properties and a global optimality
results, which deserve to be recalled for the sake of completeness.

Proposition 1. Let f,g: X — R, where X is a discrete rectangle, then
fla) +3(z) < (f +g)(2), Yo € co(X) (1)

Jurthermore, if over any unit hypercube contained in co(X) at least one of the
functions f(x) and g(x) is linear, then

f(@) +3(@) = (f+9)(@), Yz € co(X) (2)

Proposition 2. A point © € X is a local minimum point for f over co(X) if
and only if it is a local minimum point for f over X.

Proposition 3. Let f be an integrally convex function on a discrete rectangle
X. If x is a local minimum point for f over X, then x is a global minimum
point.

Unfortunately, the class of integrally convex functions is not closed under
addition (see Proposition 1). However, if f and g are integrally convex on X
and condition (2) holds, then f + g is also integrally convex. This happens,
for example, when f and g are submodular integrally convex functions.

A branch of the literature, then has concentrated its attention to this
particular class of functions. Murota in [3] defines a concept of convexity for
integer valued functions and investigates its relationship to submodularity.
Yiiceer in [5] establishes the equivalence of discrete convexity (in the sense
of Yiiceer) and increasing first forward differences of functions of a single
variable.

Definition 3. Let S be a subspace of a discrete n-dimensional space. A func-
tion [ : S — R is discretely convex (in the sense of Yiiceer) if for all x,y € S
and for all o € (0,1)

of(@) +(1=a)f(y) > min f(u)

where N(z) ={u € S :||lu—z| <1}, 2 = ax+(1—a)y and ||u|| = max {]usl}-

Then, Yiiceer proposes the concept of strong discrete convexity by impos-
ing additional conditions to discrete convexity such as submodularity.
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2.2 A New Approach

Let us now introduce a new notion of convexity for discrete functions by means
of an approach not based neither on extended functions nor on submodular
ones, hence different from the ones proposed in [2, 3, 5]. With this aim, let us
first introduce the definition of discrete reticulum.

Definition 4. Let ret(z,y) be the set
ret(z,y) ={z € Z" :min{wx;,y;} < z; <max{z;, v}, i =1,..,n}
A set X C Z™ is said to be a discrete reticulum if ret(z,y) C X Va,y € X.

Obviously, any discrete rectangle is also a discrete reticulum; notice also
that Z7 is a discrete reticulum but not a discrete rectangle.

From now on the infinite norm will be used to determine the length of
vectors, that is to say that the norm of an m-dimensional vector x will be
denoted as follows:

]l = [le]lo =  max |
i=1,...,n

As usual, if ||z|| = 1 then z is said to be an unitary vector.

The following further notations will be used in the rest of the paper.

Definition 5. Let f : X — R, where X C Z" is a discrete reticulum. The
following first and second order differences are introduced:

Af(z;v) = f(z +0) - f(z) (3)
A% f(x30) = flw +20) = 2f(w +0) + f(2) (4)
where x € X, v € Z™ with ||v]| =1, and x +2v € X.

Notice that it is A2f(z;v) = Af(x+v;v)— Af(x;v). Let us now introduce
the definition of discrete convex function.

Definition 6. Let f : X — R, where X C Z™ is a discrete reticulum. Func-
tion f is said to be a discrete convex function if for allx € X, for allv € Z",
lvll = 1, such that x4 2v € X, it is:

A? f(2;0) >0 (5)

Let us point out that any continuous convex function restricted over a
discrete reticulum verifies the proposed definition.

Remark 1. Let f : X — R, where X C Z" is a discrete reticulum, and let
xz € X and v € Z", ||v|| = 1, be such that © +2v € X and z — 2v € X. By
simply renaming the variables (Z = x + 2v), it follows that:

Af(z;0) 20 & A*f(z;—v) >0

In other words, if inequality (5) holds for a certain direction v then it is
necessarily verified also for the direction —v.
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First of all, it is worth noticing that from Definition 6 it follows straight-
forward that the sum of two discrete convex functions is discrete convex too.

Theorem 1. Let f,g : X — R, where X is a discrete reticulum, be two
discrete convex functions and let « € R, a > 0. Then, (f + g)(z) and af(z)
are discrete conver functions.

Let us now prove the following characterization of discrete convex func-
tions which points out that the proposed definition guarantees the increasing
monotonicity of marginal increments.

Theorem 2. Let f : X — R, where X C Z" is a discrete reticulum. Function
f is a discrete convex function if and only if for all x € X, for all k,h € Z,
with h > 0 and k > h, for allv € Z™, ||v|]| = 1, such that x + (k+1)v € X, it
Af(x + kv;v) > Af(x + hv;v) (6)
Proof. The sufficiency follows just assuming h = 0 and k = 1 since (6) holds
for any k > h > 0.
The necessity is proved noticing that the result is trivial when k = h, while
in the case k > h from the discreteness of the function it yields:

Af(x + kv;v) — Af(x 4 hv;v) = ‘ (Af(z+ (5 + Dov;v) — Af(x + ju;v))

E
[u

>~ <
[l
- >

A2 f(x + jvsv)

<
I
>

so that the result follows directly from the discrete convexity of f.

The following further result will be useful in the next section in order to
prove some global optimality conditions.

Theorem 3. Let f : X — R, where X C Z" is a discrete reticulum, be a
discrete convex function. Then, for all x € X, for all k,h € Z, with h > 0
and k > h, for allv € Z™, ||v|]| =1, such that x + kv € X, it is:

flx+kv) = f(x + hv) > (k= h)Af(x + hv;v) (7)

Proof. If k = h the result is trivial; if & > h notice that the discreteness of
the function yields:

k—1 k—1
fla+hkv) = fle+ho) =Y (fla+ G+ 1) = fla+5v) = Y Af(z+jv;v)
j=h j=h

The result then follows by noticing that Theorem 2 implies for any j > h that
Af(z + joyv) > Af(z + ho;v).
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3 Local and Global Optimality

In this section we aim to study the global optimality properties of discrete
convex functions; in particular we are going to deepen on the behavior of local
minima.

3.1 Definitions and Preliminary Results

For the sake of convenience, let us first introduce the following notations and
definitions.

Definition 7. Given a point x € Z™ the following sets are defined:

H(z)={yeZ": y=az+v, veZ" |v|=1}
S@)={yez": y=a+kv, ke Z, veZ", |v|=1}

The set H(x) represents the surface of a sort of discrete unitary hypercube
around point x, so that it may be intended as a sort of neighborhood of z
itself; S(x) is a discrete star shaped set centered in x and generated by the
discrete unitary directions. Obviously, it is H(z) C S(x).

Definition 8. Let f : X — R, where X C Z" is a discrete reticulum. A point
x € X is said to be a local minimum if:

fx) < fly)  VyeXNH(z)
while it is said to be a global minimum if:

fl@)<fly) WeX

The next preliminary result follows straightforward from Theorem 3.

Corollary 1. Let f : X — R, where X C Z" is a discrete reticulum, be a

discrete convex function. If x € X is a local minimum then f(x) < f(y) for
ally € X N S(z).

Proof. The result follows from Theorem 3 assuming h = 0 and noticing that
the local optimality assumption implies that Af(z;v) = f(z+v) — f(z) > 0.

3.2 Convexity and Optimality in Z

It is worth focusing on the attention to single variable discrete functions, due
to their usefulness in applicative problems. First of all, it is worth noticing
that for Remark 1 the first and second order differences can be simplified as
follows:
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Af(x) = f(z+1) = f(x) (8)
A f(x) = flz +2) = 2f(z +1) + f(2) 9)

Let us now show that single variable discrete convex functions can be charac-
terized with properties which result to be easier to be verified with respect of
the general definition.

Theorem 4. Let f : X — R, where X C Z is a discrete reticulum. Function
f s discrete convex if and only if for all x € X such that x +2 € X, it is:

A?f(z) 20 (10)
Proof. The result follows directly from Definition 6 and Remark 1.

Corollary 2. Let f: X — R, where X C Z is a discrete reticulum. Function
f is discrete convex if and only if for all x,y € X such that y > x and
y+1eX, itis:

Af(y) = Af(x)

Proof. The sufficiency follows trivially assuming y = = + 1. The necessity
follows from Theorem 2 by assuming v =1 and y = = + k.

Let us finally point out that for single variable functions the discrete con-
vexity property guarantees the global optimality of local optima.

Corollary 3. Let f : X — R, where X C Z is a discrete reticulum, be a
discrete convex function. If x € X is a local minimum then it is also a global
one.

Proof. Follows directly from Corollary 1 since in the single variable case it is
S(z) =Z.

As a conclusion, it is worth noticing that in the case of single variable
functions the proposed definition of discrete convexity verifies all the typical
properties of continuous convexity, such as the increasing monotonicity of
the marginal increments, the global optimality of local optima, the discrete
convexity of the sum of discrete convex functions.

3.3 Convexity and Optimality in Z", n > 2

Unlike the single variable case, when two or more discrete variables are in-
volved then the discrete convexity of the function is not sufficient to guarantee
the global optimality of a local optima. With this regard, it is worth noticing
that Corollary 1 is not a complete global optimality result, since it states the
global optimality of a local optimum only with respect to the set X N S(z).
This behavior is pointed out in the next example.
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Ezample 1. Let us consider the following function defined over X = Z2:

1
f(x1,22) = (29 — 221)* + 3 |2 + -2

2

This is clearly a convex function over ®? and hence it is also discrete convex
over Z2. Point z = (0,0) is the unique global minimum, but by means of
simple calculations it can be seen that, for example, the points (1,2), (2,4),
(3,6), are local optima (with respect of Definition 8) but not global ones.

As a consequence, some additional regularity assumptions are required to
extend the optimality range of a local optimum. A first tentative regularity
assumption is proposed in the next definition.

Definition 9. Let f : X — R, where X C Z™ is a discrete reticulum. Let
also be W = {w(l), e ,w(”)} C Z™ be a set of n linearly independent unitary
vectors. The following reqularity condition (R1) is then defined:

e forallz€ X, foralli,j=1,...,n, i+ j, such that x + v +wl) € X,
it is Af (x4 w5 w®) > Af(z;0®)

In the case of discrete convex functions property (R1) can be characterized
as follows.

Theorem 5. Let f : X — R, where X C Z" is a discrete reticulum, be a
discrete convex function. Let also be W = {w(l), e ,w(”)} C Z™ be a set of
n linearly independent unitary vectors. The regularity condition (R1) holds if
and only if for allz € X, for alli=1,...,n, for ally € Z™ Ncone{W}, such
that x 4+ y +w® € X, it is:

Af(z+yw?) > Af(z;w®)

Proof. The sufficiency follows immediately by setting y = w). For the ne-
cessity, let us first prove the result for y = kw(), k € X; in other words let us
first prove that:

Af(z + kw5 0®) > Af(z;0D) (11)
In the case j = i inequality (11) follows directly from Theorem 2 by assuming
v = w® and h = 0. Consider now the case j # i; for k = 0 the result is
trivial, while for k = 1 it follows directly from condition (R1). Let now be
k > 1 and assume by induction that the inequality holds for k—1. By applying
the regularity condition (R1) and the induction assumption it yields:

Af(z+ kw0 D) = Af(z + (k- Dw? + 0w ;0®)
fle+ (k= 1Dw;w®)
Fla;w)

Let now y be any vector in cone{W}; then, it can be expressed in the form

A
A

AVARLY,
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y=3 K0
j=1

where k) € X, j =1,...,n, so that the thesis that we are going to prove can
be rewritten as follows:

Af(z 4y w®) = Af(z + kDw® 1. (), ()
> Af(z;w™)

The result then follows directly by applying n times, one for every component
EGDwl) of y, the preliminary result (11).

The previous result allows us to improve the range of optimality of a local
minimum.

Theorem 6. Let f : X — R, where X C Z" is a discrete reticulum, be
a discrete convex function. Assume also that the regularity condition (R1)
holds. If x € X is a local minimum, then x is a global minimum with respect
to the sets © + cone{W} and x — cone{W}.

Proof. Assume by contradiction that x is not a global minimum with respect
to & + cone{W}, that is to say that there exists z € X N (z + cone{W})
such that f(z) < f(x). It is now possible to construct a finite sequence of k
elements {2} € (z+cone{W1})N (2 —cone{W}) such that 2(*) =z, 2(*) = »
and zUtY) — 20) ¢ W for all j = 0,...,k — 1. Since f(z) < f(x) there exists
k€ [0, k—1] such that f(2®)) > f(z++D). Let us define y = 2(*) —z and let i
be such that w(® = z(*+1) —2(¥) € ; then we have f(z+y) > f(z+y+w®),
that is Af(z+y;w®) < 0. From Theorem 5 and from the local optimality of
x it then yields:

0< flz+w?) — fz) = Af (z;0D) < Af(z +y;wD) <0

which is a contradiction. Analogously, it can be proved that x is a global
minimum with respect to & — cone{W}.

4 Convexity in an Optimal Fleet Mix Problem

Discrete optimization has many applications in everyday life and for this rea-
son it has been widely studied in the literature.

This kind of problems are algorithmically difficult to be solved from a com-
plexity point of view and are usually approached with integer programming
techniques, branch and bound algorithms, local search, genetic algorithms.

In this section we aim to study a concrete optimal fleet mix problem,
which is a discrete variables model related to the management of internal and
external workforce units.
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A theoretical study will point out that this problem can be solved with a
polynomial complexity by means of a sort of parametrical approach. It will
be also proved that this approach will provide a discrete convex parametrical
objective function. This property allows to solve the problem very efficiently,
that is with a very small CPU time, so that it could be used in a real time
environment, such as in connection with real time routing problems.

4.1 Optimal Fleet Mix: An Integer Programming Problem

This concrete problem is referred to routing of maintenance units (see for
example [1, 4]). The firm employes internal and external technicians for re-
pairing ATMs. Customers signal technical malfunctions to the call center.
After the signalling the company has a contractual time window to repair
the machine. If the time elapses the firm has to pay a penalty. Main targets
are: to minimize call rates, repair time, travel time, and penalty costs. Call
rates depend on product reliability, repair times on service diagnostic and ser-
vice tools, while the travel time is dependent on transportation methods and
environmental conditions. The first three aspects concern internal politics of
renovating machines and personal training. The last one is the one we treat
in this work.

We introduce a suitable objective function that takes into account both
fixed and variable costs. The aim is to minimize this objective function subject
to quality of service (QoS) constraints. Let us study the problem with respect
to a particular geographic area and within a period of one year and let us
denote by I the set of days of the year. The variables represent the number
of internal and external technicians to be employed. The input data are:

the daily cost of the technicians
the penalty costs
the minimum service level the firm wants to guarantee.

First of all we examine the available historical series of calls for failures
(without distinguishing among different types of failures) and we establish two
benchmarks: the minimum and the maximum number of calls per day. From
these parameters we can extrapolate the range of workforce necessary to reply
to the failure calls. In particular, M; and m; are, respectively, the maximum
number of calls that the firm’s call center receives the day i according to the
data of the historical series and the minimum number.

These two values determine the unique constraint of the model; in fact,
the total number of calls that an employee is able to fulfill cannot be less than
the minimum m; for each 4, that is S,x > m; Vi = 1,...,I. Actually, in order
to guarantee a sort of quality of service, the firm may want to guarantee a
higher minimum level of calls fulfilled; this can be represented by means of a
parameter p € [0, 1]. In order to define more in detail the model structure, let
us introduce the following definition.
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Definition 10. Let us consider the following data and parameters:

M e R : estimated mazimum number of calls

m € X! : estimated minimum number of calls

I € X : number of working days under consideration

x € N : the number of employees of the firm

zi €N i =1,....1: number of external technicians employed

at the i-th day
B € N : average number of calls fulfilled per single technician
in a working day

p € Ry : daily cost of the single internal technician

cw € R4 1 penalty cost, proportional to the lack of technicians
to repair the faults

c, € Ry : cost per call of the external technician.

p € [0,1] : penalty coefficient.

The optimization problem can be modeled as follows:

r{ses

where the objective function represents the cost of the internal and/or ex-

ternal crews of technicians employed and is given by:

1
f(z, 2) :pr—&—czz,zi—i-cww(z,z) (12)

=1

and the number of not fulfilled calls is:

I
w(x,z) = Zmax {0; M; — Box — 2}

i=1

DN | =

(M; = Box — 2z + |M; — Brx — z])
1

I
i=

while the feasible region is given by the following daily constraints:

S={zeNzeR |M—p(M; —m;) < Box+2 Vi=1,...,I} (13)

External technicians are employed not every day. In the days during which
the call center receives many calls, the firm can decide to employ an unlimited
number of external technicians and it pays them for the whole day. On the
other hand, if internal employees can cover all the demand peaks, z; will be
equal to zero. This kind of mixed fleet is usually employed in firms with a
high volatility of demand and a stochastic trend.
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Remark 2. Since (x,z) € S, i.e. M; — fox — z; < p(M; —m;) Vi =1,...,1,
then w(x, z) < PZZ-I:l(Mi — m;). In this light, pizl(Mi —m;) is the max-
imum number of calls which might be left unfulfilled. Note also that, since
the objective function has to be minimized, we can restrict the study of the
problem to the following interval of variable x:

0<z <M= a)'({PMi—‘}. (14)

4.2 Fundamental Properties of the Problem

Problem P is a discrete variable minimum problem, and can be solved with
any of the known discrete programming algorithms. Clearly, due to the great
number of variables (I 4+ 1 with I equal to the number of working days in the
year), the complexity of such algorithms could make impossible the use of this
problem in real time environments.

Actually, deepening the study of the problem, we can state properties
which will allow to solve it with just a linear complexity and a very small
CPU time requirement. First of all, let us notice that the objective function
of problem P can be rewritten as

I
flw,2) = Ipr+ Y (e, 2)
i=1
where for all 4 =1,..., I it is:
W(x, z;) = cpzi + ¢y max {0; M; — By — 2}

In other words, the z; variables are independent one each other, so that when-
ever x is considered as a parameter then problem P can be solved separately
with respect to each variable z;. This suggest us to state the following result.

Theorem 7. Let us consider problem P and assume x to be a fized parameter.
For any i € {1,...,I} the optimal solution of the following problem:

min 9(zi) = .z + ¢y max {0; M; — Bz — 2}
zi > My — p(M; —m;) — Bz

is given by:

. _ max {0, M; — B,x} if ¢, < ¢y
filw) = {max{O7 M; — Bex — |p(M; —my) |} if e > ey (15)

Proof. (Case c, > c,,) We just need to prove that g(z;) is monotone increasing
for z; > 0, that is to say that g(z; +1) — g(z;) > 0 for all z; > 0. Noticing that
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9(zi +1) — g(2) = ¢ — ¢ (max {0; M; — Bz — 2;}
—max {0; M; — B,z — z; — 1})

and taking into account that M; — B,x — z; is an integer value, it results:

Cs if M; — Bzx— 2 <0
g(ziJrl)g(zi){cz—cw ifMi—gwa:—zi>l

and the result is proved since ¢, > 0 and ¢, > ¢, taking into account that
[M; — p(M; —my;) — Bex] = M; — Bz — [p(M; —m;)] since B, and z are
nonnegative integers.

(Case ¢, < ¢, ) Being z; a nonnegative integer it yields:

o N 0 if z; > max {0, M; — By}
max {0; M; — fow — 2} = {Mi — Bpw — 2z if 0 < z; < max {0, M; — Byx}

and hence:

() = C27%; if z; > max {0, M; — Gyx}
S zi(cz — cw) + cow(M; — Bpx) if 0 < z; < max {0, M; — B,x}

Taking into account that ¢, > 0 and ¢, — ¢, < 0, the minimum is reached in
the feasible value Z;(x) = max {0, M; — Bz}

Remark 3. 1t is worth pointing out an economic interpretation of the previ-
ously obtained results.

In the case ¢, > ¢, the cost of an additional external technician is greater
than the cost of the penalty. This means that, from the firm’s point of view, it
is better to pay the penalty than to employ an additional external technician;
as a consequence the optimal value of z; corresponds to the lower value it can
assume, that is max{0, M; — Byz — | p(M; —m;)]}.

On the other hand, in the case ¢, < ¢, it is better for the firm to avoid
penalties fulfilling all of the daily calls. In this light the firm employs all the
necessary external technicians, given by max {0, M; — S,x}.

Theorem 7 and Remark 2 allow to rewrite problem P as follows:

P {mln %(? ;Sf% Z(x)) (16)
where 2(z) = (21(z),..., 21(x)) as given in (15). Just notice also that
o(x) =Izp+ec, Z Zi(z) + cpw(z, 2(x)) (17)

i=1

I
=TIzp+ Y ¥(z, 4i(x)) (18)

i=1
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and that in the case c, < ¢, it is w(z, 2(x)) = 0 for all = € [0, M], while in
the case ¢, > ¢, it is

I
w(z, 2(x)) = Zmax {0; M; — Bz — max{0, M; — B,z — [p(M; —m;)]}}

= Zmax {0; min{M; — Brx; [p(M; —m;)]}}

As a conclusion, problem P has become a problem of a single variable and
can be solved by simply comparing the values of p(z) for all z € [0, M].

4.3 Discrete Convexity of the Objective Function ¢(x)

In the previous subsection we have shown that problem P can be easily solved,
from a mathematical point of view, with a single variable discrete problem.

In order to improve the use of this problem as part of a real time system,
it is important to determine the optimal solution with a CPU time as small
as possible.

In this light, we now aim to study the discrete convexity of function p(z),
in order to use the global optimality of local minima (see Corollary 3) as an
efficient stopping criterion.

Theorem 8. Consider problem P and function ¢(x) as defined in (16) and
(17). Then, function p(x) is discrete conver.

Proof. By means of Theorem 4 function ¢(z) is discrete convex if and only
if A2p(z) > 0 for all x € [0, M]. Two exhaustive cases are now going to be
considered.

(Case c, < ¢,) Since w(z, 2(x)) = 0 for all x € [0, M] it results

I
Np(x) =c. Y [f(w +2) + Zi(x) — 22 (2 + 1)]

i=1
1
=c, Z A?%(x)
i=1

By means of simple calculation, for all : = 1,..., I we get:

so that A%2;(x) > 0 for all i = 1,..., I which implies A%p(x) > 0 too.
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(Case ¢, > ¢, ) For the sake of convenience, let us introduce the following
notation:

hi(z) = c,2;(x) + ¢ max {0; min{M; — B,x; | p(M; —m;)|}}

so that ¢(x) = Ixp + Zle hi(z) and hence A2p(z) = Zle A%h;(z). Some
exhaustive subcases have now to be considered for any ¢ =1, ... e
Assume M; — B,z — | p(M; —m;)| > 28,. Then, it results A%h;(z) = 0.
Assume (8, < M; — B,z — | p(M; — m;)] < 23,. Then, by means of simple
calculations and taking into account that ¢, > ¢,,, we have:
A?hi(z) = ¢, [~ M; + o + 26, + |p(M; — my)]] +
+c [max{0; M; — Box — 2B, } — |p(M; — m;)]]
> Cw [_Mz + 5:5:3 + 2/895 + max{O; M; — ﬁxm - 2ﬁm}]
= ¢y max{0; —M; + B,z +26,} >0
Assume 0 < M; — B,z — |p(M; —m;)] < B. Then, by means of simple
calculations and taking into account that ¢, > ¢,,, we have:
A?hi(z) = c. [M; — Box — |p(M; — m3) || + co [p(M; — mi)| +
+ey [max{0; M; — Bz — 206, } — 2max{0; M; — Bz — G, }]
> ¢y [M; — Bz 4+ max{0; M; — Box — 26, }
72111&)({0; Ml - ﬁzx - ﬂz}]
By means of the exhaustive cases M; — B,x > 208, By < M; — B,z < 23, and
M; — Bz < B, and recalling that M; — 8,2 > |p(M; — m;)] > 0, it can then
be easily verified that A%h;(x) > 0.
Assume M; — Byx — |p(M; —m;)| < 0. Then, it results

Azﬁi(x) = ¢y max{0; M; — Byx — 26, } + ¢, max{0; M; — Bz} +
—2cy max{(); M; — Byx — ﬂm}

so that

cw(zﬁw — M; + ﬁwx) if B, < M; — B <20,
Cw(Mi - ﬂa:x) if0 < M; — Bex < fBe
0 if M; — Bz <0

which implies the nonnegativity of A2h;(z).
As a conclusion, we have stated that A%h;(z) >0 for all i = 1,...,I, and
this implies A%p(x) > 0 too. The result is then proved.

Finally, let us conclude our study pointing out how the optimal solution
can be found by using the discrete convexity of the function as an efficient
stopping criterion.
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Algorithm Structure

1) Determine M and let z* =0, ' := 0 and local := false;
2) While not local and 2’ < M do
2a)x’ =2’ 4+ 1;
2b)if p(z') < p(z*) then z* := 2’ else local := true
3) The optimal solution of problem P is (x*, Z(z*)) with optimal value @(z*).
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Summary. The aim of this paper is to show how a wide class of generalized
quadratic programs can be solved, in a unifying framework, by means of the so-called
optimal level solutions method. In other words, the problems are solved by analyz-
ing, explicitly or implicitly, the optimal solutions of particular quadratic strictly
convex parametric subproblems. In particular, it is pointed out that some of these
problems share the same set of optimal level solutions. A solution algorithm is pro-
posed and fully described. The results achieved are then deepened in the particular
case of box constrained problems.

Key words: Generalized quadratic programming, fractional programming,
optimal level solutions.

1 Introduction

The aim of this paper is to study and to propose a solution method for the
following class of generalized quadratic problems:

p.Jint o(z) = f (327 Qz + ¢"x + q0) g1 (AT + do) + g2 (dTx + dy)
’ zeX={zeR": Az > b}

where A € R™*" ¢, d € R",d £ 0,b € R™, qo,dp € R, Q € R™*" is symmetric
and positive definite, g1, g2 : 2 — R, f : 2y — R, with g1 positive over (2,
and f strictly increasing over {2y, where

Qg:{yG%:y:de—I—do,xeX} ,

1
2y = {ye?R:yZQxTQm—&—qTx—i—qo,xeX} .

Various particular problems belonging to this class have been studied in the
literature of mathematical programming and global optimization, from both
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a theoretic and an applicative point of view ([2, 12, 13, 14, 20]). In particular,
it is worth noticing that this class covers several multiplicative, fractional,
d.c. and generalized quadratic problems (see for all [4, 6, 7, 8, 11, 16, 18])
which are very used in applications, such as location models, tax programming
models, portfolio theory, risk theory, Data Envelopment Analysis (see for all
1,9, 11, 15, 16, 21)).

The solution method proposed to solve this class of problems is based on
the so called “optimal level solutions” method (see [3, 4, 5, 6, 7, 8, 10, 17, 18,
19]). It is known that this is a parametric method, which finds the optimum
of the problem by determining the minima of particular subproblems. In par-
ticular, the optimal solutions of these subproblems are obtained by means of
a sensitivity analysis aimed to maintain the Karush-Kuhn-Tucker optimality
conditions.

Applying the optimal level solutions method to problem P we obtain some
strictly convex quadratic subproblems which are independent of functions f,
g1 and go. In other words, different problems share the same set of optimal
level solutions, and this allow us to propose an unifying method to solve all
of them.

In Section 2 we describe how the optimal level solutions method can be
applied to problem P; in Section 3 a solution algorithm is proposed and fully
described; finally, in Section 4, the obtained results are deepened on for the
particular case of box constrained problems.

2 Optimal Level Solutions Approach

In this section we show how problem P can be solved by means of the optimal
level solutions approach [3, 5, 6, 7, 10, 17]. With this aim, let £ € R be a
real parameter. The following parametric subproblem can be obtained just by
adding to problem P the constraint d”z + dy = &:

P inf f (327 Qz + ¢Tx + q0) g1(£) + 92(§)
ClreXe={zeR: Az >bdTa+dy =&}

The parameter ¢ is said to be a feasible level if the set X is nonempty, that
is if £ € §2,. An optimal solution of problem Fr is called an optimal level
solution. Since g; is positive over {2, and f is strictly increasing over {2, then
for any given £ € (2, the optimal solution of problem P; coincides with the
optimal solution of the following strictly convex quadratic problem fg:

P. . inf%xTQx—i—qTx—&—qo
& rE€Xe={xeR": Az > b,d"x +dy = &}

In this light, we say that function ¢ is parametrically-convezifiable.
For the sake of completeness, let us now briefly recall the optimal level
solutions approach (see for example [10]). Obviously, the optimal solution of
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problem P is also an optimal level solution and, in particular, it is the optimal
level solution with the smallest value; the idea of this approach is then to scan
all the feasible levels, studying the corresponding optimal level solutions, until
the minimizer of the problem is reached or a feasible halfline carrying ¢(x)
down to its infimum value is found.

Starting from an incumbent optimal level solution, this can be done by
means of a sensitivity analysis on the parameter £, which allows us to move
in the various steps through several optimal level solutions until the optimal
solution is found.

Remark 1. Let us point out that problems Fg are independent of the functions
f, g1 and go. This means that different parametrically-convexifiable problems,
either multiplicative or fractional or d.c. quadratic ones, share the same set of
optimal level solutions and can then be solved by means of the same algorithm
iterations. In this light, it can be said that the solution method we propose in
this paper represents an unifying framework for various classes of generalized
quadratic problems.

2.1 Starting Problem and Sensitivity Analysis

Let 2’ be the optimal solution of problem P¢/, where d”z’ + dp = &', and let
us consider the following Karush-Kuhn-Tucker conditions for Pg/:

Qx' +q=ATp+d\

del + dO — fl
Az'>b feasibility (1)
1>0 optimality
uT(Az' —b) =0 complementarity
AER, peR™

Since Py is a strictly convex problem, the previous system has at least one
solution (p/, \').

By means of a sort of sensitivity analysis, we now aim to study the optimal
level solutions of problems ?£/+g, 0 € (0,¢€) with € > 0 small enough. This can
be done by maintaining the consistence of the Karush-Kuhn-Tucker systems
corresponding to these problems.

Since the Karush-Kuhn-Tucker systems are linear whenever the comple-
mentarity conditions are implicitly handled, then the solution of the optimal-
ity conditions regarding to Pgurg is of the kind:

Z(0) =2’ + 04, , N(O) =N +04,, 1/(0) =y +04, 2)

so that it results:
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Q' +0A,)+q=AT (W +0A,)+d(N +0A4))
d¥(2' +0A,) +do =& +0,
Az +0A,)>b 3)
(W +64,)>0
(e +0A,,) (a; (@' +0A,) —b;) =0Vi=1,...,m
AyeR, A, eR™, Ay e R

where a;, i =1,...,m, is the i-th row of A.

It is worth pointing out that the strict convexity of problem Pg g
guarantees for any 6 € (0,¢) the uniqueness of the optimal level solution
2'(6) = 2’ + 0 A,; this implies also the following important property:

vector A, is unique and different from 0.

Let us now provide an useful preliminary lemma which suggests how to
study system (3). With this aim, let us define, the following sets of indices
based on the binding and the nonbinding constraints:

B={i: ax'=b;,i=1,....m} , N={i: a;’ >b;, i=1,...,m} .

Lemma 1. Let (i//, \') be a solution of (1). Then, for 6 € (0,¢€) system (3) is
equivalent to:
QA = ATA, +dA,
drA, =1,
Ax' + 0AAL>D (4)
w4+ 60A,>0
wi=24, =0Vie N
piaiAy =0, Ay a;A, =0 YVieB

Proof. The first and the second equations follow directly from (1) taking into
account that 6 # 0. From (1) we have also that the complementarity conditions
of (3) can be rewritten as:

wiaildy + Ay (aix’ — b)) +04,,0a,A, =0Vi=1,....,m . (5)

For any index ¢ € N and for 6 > 0 small enough it is (a;(z’ + 0A,) —b;) # 0,
so that from (3) it results p} + 6A,, = 0. This last equation holds for any
6 > 0 small enough if and only if p; = A,, = 0; in other words it is:

w, =24, =0 VieN
which also yields:
Aui(aix’—bi)zo Vi:l,...,m.

This equality implies that condition (5) holds for any 8 € (0, ¢) if and only if
foralli=1,...,m it is:

wiaidy =0, Aya;d, =0

and the result is proved.
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Note that from the positivity of 6, the feasibility conditions and the opti-
mality ones, we also have:

A, >0 VieB,
A,, >0 Vie B suchthat p,=0.

As a conclusion, we can compute the values of the multipliers X, p/, Ay, 4,
A, by solving the following overall system (which has 2 4+ 2m + n variables):

Q$,+q:ATﬂl+d>\/
QA, = ATA# + dA,
dtA, =1,
wi=24, =0 VieN
pi, >0 VieB (6)
aiAxZOViEB
pia; Ay =0Vie B
A#iaiAz =0Vv:ieB
Ay >0 VieB st pu,=0
N, Ay eR, (/A e R, Ay € R

This system is suitable for values of § > 0 verifying the following conditions:
feastbility conditions : Ax' +0AA,>b
optimality conditions : p' +60A,>0 .

Notice that system (6) is consistent if and only if the feasible regions X¢/ g
of problems P¢/ ¢ are nonempty for 6 > 0 small enough.

In the case system (6) is consistent, we are finally able to determine the
values of # > 0 which guarantee both the optimality and the feasibility of
2/(0). Let N~ = {i € N: a;A, < 0} (1); since Az'>b, from the feasibility
conditions we have:

0< P {minieN {bla%zlf,} it N~ #£0Q
a +00 N =90

where ' > 0. On the other hand, let B~ = {i € B: A,, < 0} (recall that
A,, =0VYie N); from the optimality conditions we have:

0<O— minieB—{Z‘:j} it B-#0
+o0 if B~ =0

where O > 0 (since 6 > 0 then inequalities A,, < 0 and y} +6A,, > 0 imply
u; > 0). Hence, 2/(0) is an optimal level solution for all § such that:

0<6<80, = min{ﬁ’,@}
where 0,, > 0 (obviously, when system (6) is consistent).

1Since # > 0 then inequalities a; A, < 0 and a;z’ +0a; Az >b; imply b; —a;x’ <0,
that is to say that ¢ € N.
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2.2 Solving the Multipliers System

The aim of this subsection is to show how system (6) can be improved in order
to determine its solutions. For the sake of convenience, from now on the rows
of A and the components of b and p’ will be partitioned accordingly to the
set of indices B and N.

Multiplying the first and the second equations of (6) by A, # 0 and taking
into account that @ is positive definite, it follows:

N=(Qz+q"A, and Ay=AIQA,>0. (7)

Multiplying the first equation of (6) by d # 0 and after simple calculations
we also get:

)\/: ﬁdT (Qx’—i—q—AT,u/) .
Let us now define the matrix D = (I — ﬁddT); note that D is symmet-
ric, singular (since Dd = 0) and positive semidefinite (the n — 1 nonzero
eigenvalues are all equal to 1 since Dy = y Vy € d'). Noticing that
ax = (I — ﬁ) (Qa’ 4+ q— ATp') and that pfy = 0, we can rewrite the first

equation of (6) as follows:
DALy = D (Qaf +q) -
The solution of this system is not unique in general; in particular note that:
rank(DAL) < min{n — 1,rank(4p)} .

For the sake of convenience, let us now define the scalar § = m >0
and the symmetric matrix Qq = (Q ' —6Q1dd" Q") which results to be
singular (since 4d = 0) and positive semidefinite (for Theorem 2.1 in [8] (?)).
Since @ is nonsingular then, from the second and the third equations of (6),
we get:

1—-dTQ~1ATA,
Ay =
dTQ-1d
Ay = QTATA, + Q1A = 6Q Y+ QuAT A, .

=5-06d"Q'ATA, |

As a conclusion, we have the following explicit solutions of system (6), some
of them depending on A, :

2Theorem 2.1 [8] Let Q € R™*™ be a symmetric positive definite matrix, let
k € R and let h € R™. Then, the symmetric matrix A = (Q + khhT) is positive

semidefinite if and only if £ > —WE%.
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iy =0
Auy =0
A, =0Q7 4+ QuALA,,
N =(Qz+q)"A,
Ay = ATQA,

Note that the uniqueness of vector A, implies the uniqueness of A’ and Aj.

We are now left to compute the values of vectors pp and A, ;. With this
aim, for the sake of convenience, let vg = ApQ~'d and Rp = ApQ.A%L =
(ABQ_lAg — (51131%). MatrAiX Rp is symmetric and positive semidefinite (due
to the semipositiveness of ()y) with:

rank(Rp) < min{n — 1,rank(Ap)}

notice also that the i-th component of vg is v; = a;Q~'d while the i-th row of
Rp is given by r; = (a,Q 1AL — v;v%), so that a; A, = ;A + 0v;. Vectors
up and A, are then solutions of the following system:

DALup =D (Qz' +q)

pp=0
RBAMB + 5’0320 (8)
[LZ‘(T@A“B + (S’UZ) = 0 Vl € B

Aui(TiAuB + 5’01) =0VvieB
Ay, >20Vie Bst.opy =0

Notice that the number of variables in system (8) is just 2card(B), where
card(B) is the number of elements in the set B.

2.3 Optimal Level Solutions Comparison

The optimal level solutions z’(#) obtained by means of the sensitivity analysis
can be compared just by evaluating the function z(0) = ¢ (2/(6)). Defining
2= %x’TQ:c’ +qT2' + qo and recalling equations (7) it then results:

%x’(G)TQx’(H) +q¢72'(0) + qo = %A)\92 + N0+ 2.

Hence, since d7 2’ () + do = &' + 0, we get:

0) = 0('0) = 1 (34024 X0+ ) 01 (€4 0) + 2 (€ +0)

d df (1
d%(e) - d% <2A,\92 +X9+z’) (ANO+X)g1 (€ +0)+

L2 vpr o) 9L o g2 (s
+f<2AA9 +)\9+z> 7 €3 +9)+d9 (& +90)
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so that, in particular:

dz df dg dgs
“e — Ny / n Y91 e 292 (ery
As it is very well known, the derivative %(O) can be useful since its sign

implies the local decreasing or increasing behavior of z(6).

Level optimality is helpful also in studying local optimality, since a local
minimum point in a segment of optimal level solutions is a local minimizer of
the problem. This fundamental property allows to prove the following global
optimality conditions in the case of a convex objective function ¢(x).

Theorem 1. Consider problem P, assume ¢(x) conver and let x'(6) be the
optimal solution of problem P¢ i g.

i) If %(0) > 0 then ¢(z') < ¢(x) for all x € B such that d"z > d"z’.
i) If 0, < 400 and § = argmingeop,,] {2(0)} is such that 0 < 6 < O,,, then
2'(0) is the optimal solution of problem P.

Proof. Since ¢(x) is convex any local optimum is also global. The results then
follow since a local minimum point in a segment of optimal level solutions is
also a local minimizer.

3 A Solution Algorithm

In order to find a global minimum (or just the infimum) it would be necessary
to solve problems Fg for all the feasible levels. In this section we will show
that, by means of the results stated so far, this can be done algorithmically
in a finite number of iterations.

The solution algorithm starts from a certain minimal level and then scans
all the greater ones looking for the optimal solution, as it is pointed out in
the next initialization process.

Initialization Steps
Compute, by means of two linear programs, the values (*):

Emin = Inf d¥z4+dy , Emas = supdz+dy .
reX zeX

One of the following cases occurs.

1) If&in > —oo then solve problem P from the starting feasible level £gpqrt =
Emin up to the level &epg = Emaz-

3Obviously, it may be &min = —00 and/or &mas = +00.
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2) If &min = —00 and &Emar < Fo00 then let §1(&) = ¢1(—¢) and §2(§) =
g2(=&), so that the objective function of P can be rewritten as:

o(z) = f (;xTQx +q"x+ QO> g1 (—dTCU —do) + G2 (—de —dp) .

We can then solve problem P using g; and go and scanning the feasible

levels from the starting value gart = —Emaz > —00 Up t0 Eeng = +00.
3) If &nin = —o0 and &nar = +00 then solve sequentially the next two
problems from the starting level £g4-+ = 0 up to the level &g = +00:
inf f(z) inf f(x)
Py:{dfz+dy >0 and P :{ dfz+dy<0
reX reX

where P_ is defined using §; and gs.
O

Once the starting feasible level €44, 1s found, the optimal solution can be
searched iteratively by means of the following algorithm.

Algorithm Structure

1) Let & := &tare; @’ := argmin{ P, , }; UB := ¢(2'); z* := 2/; unbounded
:= false; stop:= false;
2) While not stop do
2a) With respect to {’ and z’ determine g/, X', Ay, A,, Ay, F,0;0,, =
min{F, O};
2b)If infyejo,9,,) {2(0)} = —oo then unbounded:= true
else § = arg mingeo,9,.] 12(0)};
2¢) If unbounded= true or {¢(z) is convex and %(0) > 0}
then stop:= true
else begin
- Ifz (5) < UB then z* := 1’ (5) and UB := 2 (?);
- I & + 0, > Eena or {p(x) is convex and 0 < 6 < 6,,,}
then stop:= true
else 2’ ;= 2’ +0,,A,; & =& +0,,;
end;
3) If unbounded= true then inf,c x ¢(x) = —oo else z* is the optimal solution
for problem P.

Variable U B gives in the various iterations an upper bound for the optimal
value with respect to the levels & > &', while 2* is the best optimal level
solution with respect to the levels £ < £’. Let us also point out that:

e in Step 1) we have to determine the optimal solution of the strictly convex
quadratic problem P,  .; actually, this is the only quadratic problem
which needs to be solved within the solution algorithm;
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e in Step 2a) the multipliers have to be determined by solving a system
whose dimension has been reduced as much as possible (see Subsection
2.2 and system (8)); notice that these multipliers do not depend on the
chosen functions f, g1 and go; in the next section we will show that this
step can be improved in the case of box constrained problems;

e in Step 2b) we have to determine the minimum of z(6) for 6 € [0,6,,];
notice that z(#) is a single variable function and that its minimum over
the segment [0,6,,] can be computed with various numerical methods;
notice also that Step 2b) is the only step which depends on the chosen
functions f, g1 and gs;

e finally, it is worth noticing that for particular classes of functions this solu-
tion algorithm can be improved and detailed; in other words, for particular
functions f, g1 and go, the algorithm can be optimized for convex func-
tions ¢, and/or the multipliers in Step 2a) and the value of § in Step 2b)
can be determined analytically (see for all [4, 6, 7, 8, 18]).

Once Step 2b) is implemented, the correctness of the proposed algorithm
follows since all the feasible levels are scanned and the optimal solution, if it ex-
ists, is also an optimal level solution. As regards to the convergence (finiteness)
of the procedure, note that in every iteration the set of binding constraints
B changes; note also that the level is increased from &’ to £ + 6,,, so that it
is not possible to obtain again an already used set of binding constraints B;
the convergence then follows since we have a finite number of sets of binding
constraints.

In particular, if 6,, = +oo an halfline of optimal level solutions is found
and the algorithm stops. Consider now the case ,, < +oo; if 6,,, = F' then at
least one non binding constraint enters the set B; if 8,, = O then at least one
of the positive multipliers corresponding to a binding constraints vanishes, so
that the related constraint will leave the set B in the following iteration.

4 Box Constrained Case

The aim of this section is to deepen the results stated so far in the particular
case of box constrained problems:

p. inf p(z) = f (327 Qx + ¢"x + qo) g1 (d"x + do) + g2 (d"x + do)
' reXB={zeR":i<z<u}

where [,u,d € R", d > 0 (*). Obviously, all the other hypotheses required in
Section 1 are assumed too. By means of the general approach described in
Section 2 we have:

4Notice that the d > 0 assumption is not restrictive, since it can be obtained
by means of a trivial change of the variables x; corresponding to the components
d; < 0.
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B, . min%xTQerqTerqo
¢ ve X ={reR":i<ezu,d"z +dy = £}

Note that the feasible region X gB is no more given by box constraints.

Clearly, this class of box constrained problems can be solved by means of
the solution algorithm described in Section 3. With this aim, notice that it
results Estart = Emin = dTl+ do and &eng = Emar = d"u + dp, and that the
only strictly convex quadratic problem which has to be explicitly solved in
Step 1) is:

- min %:ETquLqTerqo
Pe i z;=1l; Vi=1,...,n suchthat d; >0
i <z; <wu; Vi=1,...,n suchthat d; =0

In the rest of this section we will point out how the solution method can be
improved in the case of box constrained problems, in particular with respect
to the calculus of the multipliers in Step 2a).

4.1 Incumbent Problem

Let 2’ be the optimal solution of problem Pg, with ¢ = dT2’ + dy €
[Emins Emaz), and let us define, for the sake of convenience, the following par-
tition LU U U N U Z of the set of indices {1,...,n}:

L={i: i=x2,<w} , N={i:li<z<u},
U:{i:li<$;:ui} s E:{le:l‘;:uz}

Since ?5/ is a strictly convex problem, z’ is its unique optimal solution if and
only if the following Karush-Kuhn-Tucker conditions hold (°):

Qr'+q=M+a-0

Az +do = ¢,
I<a'<u feasibility )
a>0, 520, optimality
al'(z' —1) =0, T (u—12'") =0 complementarity
AER, o, R

Denoting with @Q; the i-th row of @, we can rewrite these Karush-Kuhn-Tucker
conditions as follows:

51f | £ u, that is ; = u; for some indices 4, the Karush-Kuhn-Tucker conditions
are sufficient but not necessary since no constraint qualification conditions are ver-
ified. These indices will be handled implicitly in the rest of the paper by properly
choosing the values of the multipliers.
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a;i=0, ;i =0, Quz' +¢ =0 VieNst.d =0
a; =0, ; =0, A= 7 (Qiz' + ;) Vi€ N s.t. d; #0
B; =0, Ozi:Qi.T/ﬁ*qi*)\diZO VieL

a; =0, fi=MM; —Qix' —¢; >0 VieU

a; =max{0,Q;x' +¢; — A\d;} >0 Vie E

Bi = max{0,\d; — Q;x' —¢;} >0 Vie E
dTz+dy=¢ , I<z<u

Let Z = {i: d; # 0}. Since d > 0 it results:

+(Qir'+q)VieNNZ
+ Q' +q)VieLnZ
T Q' +q)VieUNZ

i

S

3

A:
A<
Az

Given the optimal level solution 2’ for problem Pe the multipliers X', o/, 3’
can then be computed as follows. First, notice that when (LUNUU)NZ = ()
then the linear function d” z + dy is constant on the box feasible region, that
is to say that the problem admits one unique feasible level and is then trivial.

Assuming (LUN UU) N Z # (), we can determine the value of X as
described below:

%f‘“?foranyieNﬂZifNﬂZ;é@
N = minieLnZ{%fqi} UNNZ=0and LNZ #0 (10)
maxievnz { L4 ENNZ=0and LNZ =0

Then, the components of o’ and 3’ can be obtained as follows:

0 Vie NUU
Ol; = Qi.’EI +q; — )\/dl VielL (11)
max{0,Q;x' + ¢ — Nd;} Vi e E
0 Vie LUN
Bl = Nd; — Q2 — q; VieU (12)

max{0,N'd; — Q;2' —q;} Vie E

Let us remark that, unlike the general case of Subsection 2.1, we have been
able to determine explicitly the values of all the multipliers of the Karush-
Kuhn-Tucker conditions regarding to Pe.

4.2 Sensitivity Analysis

In the light of the optimal level solution parametrical approach we now have
to study the optimal solution of problem ﬁgq_g, with 6 > 0. In order to avoid
trivialities, we can assume & < &qz. Since the Karush-Kuhn-Tucker system
is linear whenever the complementarity conditions are implicitly handled, then
the solution of the optimality conditions regarding to P¢r ¢ results:
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20)=2"+0A4,, N(O)=N+0A,,
d0)=ad +0A,, B0)=p+ 04z,
so that it follows:

Q@' +0A,)+q=(o/ +0A,) — (8 +0A45) +d(N +0A))
dV (2" +0A4,) +dy =€ +6
<z’ +60A,<u (13)
o +0A,>0, F +60A5>0
(@ +0A)T (2" +0A, = 1) =0, (B +045) (u—2'—0A,) =0

Since 2’, N, o/ and 3’ are known, we are left to compute A,, Ay, Ay, Ag.
With this aim, let us provide the following lemma.

Lemma 2. Let (N, o/, 3") be a solution of (9). Then, for 6 € (0,€) system
(13) is equivalent to:

QA, = A, — Ag + dA,
d"A, =1
I<a’+60A,<u
o +0A,>0, §+60A3>0
A, =0Vie E (14)
Ay, =0Vie NUU
Aﬁi =0Vie LUN
afAy, =0, Ay, Ay, =0 Viel
BidAy, =0, Ag, Ay, =0 VieU

Proof. The first and the second equations follow directly from (9) taking into
account that 6 # 0, while A,, = 0 Vi € E follows directly from the definition
of E. From (9) we have also that the complementarity conditions of (13) can
be rewritten as:

A, (= 1)+ 0fAy, +0A,, A, =0 Vi=1,....n,
Ap,(uy —ah) — BlA,, — 045, A, =0 Yi=1,...,n.

Since 6 € (0, €) these conditions hold if and only if for alli =1,...,n:
Ap, Ay, =0, Ag Ay, =0, (15)

i

Ao, (= 1)+ ajAy, =0, Ag,(u; —x}) — BlA;, =0. (16)

Noticing that a} + 0A,, < u; for all i € LU N and for 8 > 0 small enough,
from the complementarity conditions (3} 4+ 0Ag,)(u; —x} —0A,,) = 0 it yields
B+ 60As, = 0; analogously, we also have o +60A,, = 0 for all i € U U N.
Since 6 > 0, for (11) and (12) these conditions imply:

Ao, =0¥ie NUU , Az =0¥ieLUN,
so that:

Ay, (2t — 1) = Ag,(u; —2;) =0 Vi=1,...,n

and the result is proved.
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Note that from the first and the second equations of (14) and from the
positive definiteness of () we obtain again A, # 0 and:

A/\ = AEQA;L >0 )
while from (11), (12) and (14) we have:

As, > 0Vie LUE such that o =0,
Ap, > 0Vie UUE such that 3, =0 .

From the two last conditions of (14) it yields:
Ay, =0VieLsta,>0,VieUst 3;>0.

As a conclusion, we have the following explicit solution, depending on A,, of
the multipliers in (14):

Ay = A7QA,
0 Vie NUU
Aai = QZAI —d; Ay Vi e L
max{0,Q; A, —d;A\} Vi€ E
0 Vie LUN
Aﬁi = d; Ay — QZAI VieU

max{0,d; Ay — Q;A,} Vi€ E

In order to determine vector A, it is worth using the partitions L = L, U Lg
and U = U, U U, defined as follows:

Lp:{iGLZ a;>0} R L():{iEL; 04;:0}7
Up={ieU: B;>0} , Uy={icU: B =0}.

Vector A, is then the unique solution (recall that Pgurg is a strictly convex
problem) of the following system:

d'A, =1
Ay, =0Viel,, VieU,, VieFE
(Q,Aw — dzAgQAx)A;cb =0 Vie LyuU

(17)

which is suitable for values of 6 > 0 which verify the following conditions:

feasibility conditions : [<(z' + 0A,)<u ,
optimality conditions : of; + 0A,, > 0Vi € L, B, +0Ag, >0VieU .

Notice that only the components A, such that i € Lo U N U Uy are left
to be determined in (17). Notice also that the assumption & < &4, implies
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LUN # (. We are finally able to determine the values of # > 0 which guarantee
both the optimality and the feasibility of 2/(6). From the feasibility conditions
we have:

. . . u; — X . l; — ]
0 < F = min min , min .
i€LoUN: Ay, >0 | Ay, iENUU: Ay, <0 | Ay,
Let us recall that whenever £ < &4z then A, # 0, LUN # @ and hence

F > 0. On the other hand, denoting L, = {i € L, : A,, < 0} and U, =
{i e U, : A, <0}, from the optimality conditions we have:

: . o . JeX . _ _
9<0= {mln{mlnieL; {Tai}mmnieU; {7&%}} if Ly VU, #

0
150 if Ly uU, =0

so that O > 0.
As a consequence, 2/(#) is an optimal level solution for all  such that:

0§9§9m:min{ﬁ,é}

where 0,, > 0 whenever & < &,,4z-

4.3 Box Constraints and Diagonal Matrix Q

In the case matrix () is diagonal several further improvements can be done to
the solution method. In particular, it is possible to explicitly determine all of
the multipliers in the Karush-Kuhn-Tucker system. Notice that the particular
case of f(y) =y, g1(y) =1 and g2(y) = 3ky* has been already studied in [8].
The following results can be proved analogously to the ones in [8]. First of all,

notice that the parametric subproblem Fg becomes:

B, . min %zTDas +q¢Tz+ qo
¢ xGXfB:{meﬂ?":l§x§u,de+d0:§}
where D = diag(d1,...,d,) € R"*", §; > 0Vi =1,...,n. As a preliminary

result, it is worth pointing out that it is possible to determine explicitly the
optimal value for all the variables z; such that d; = 0.

Theorem 2. Consider the subproblems P¢, with & € [Emins Emaz]. Then, for

all indices i = 1,...,n such that d; = 0 the optimal level solution is reached
at
L if —§<l
=9 ui if —§FZ=u
7(% ’Lf li<f%<ui

As a consequence, the feasible region can be reduced a priori, without
loosing the optimal solution, by means of the following commands:
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o if —5 <; then set u; :=1; ,
o if —5 > w; then set [; :=u; ,
o ifl; <% <w;thensetl;:=—F and u; == —§ .

i

From now on we can then assume that:
i€ Eforalli=1,...,n such that d; = 0. (18)
where LUUUNUE ={1,...,n} with:

L={i: =2x,<w} , N={i:l<z,<u},

Notice that assumption (18) implies also Xgm,n = {i} and Xgm = {u}, so
that there is no need to solve the starting quadratic problem P¢,, ., in Step
1) since we can simply choose 2’ := .

By means of assumption (18) and the results stated in the previous sub-
sections, the following explicit solutions of the Karush-Kuhn-Tucker systems
can be determined:

m forany it € N if N #0

d;
N = min;ey, 5"137?‘”} ifN=0and L #0
max;cy ‘si“diijqi} ifN=0and L=10
0 Vie NUU
maX{O, il + q; — )\/di} Vie B
0 Vie LUN

max{0, N'd; — d;u; — q;} Vi € E
By defining the following further partition of indices L = L+ U LY:
Lt={ieL: a;>0} , L°={icL: a,=0},

we also have that:

1
Ay=es——75>0
ZiELOUN Ed?

A = 0 ific LYUUUE
T\ ANE>0ifie L°UN

A - 0 ifi¢ LT

R —Axd; <0 ifi e Lt

An = 0 ifie LUN
Bi =) Ad; >0 ific UUE
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Finally, notice that it is:

F: {mlnleLoUN{ulA_f;} lfLOUN#Q)

0 if IPOUN =0
O: minieL+{Z—jz} lfL+7é(Z)
+oo if Lt =0

where 6, > 0 if and only if 2’ # w.

As a conclusion, let us point out that:

in Step 2a) all of the parameters of the solution algorithm can be computed
explicitly without the need of solving any further system;

since 2/(0) and o/(0) are, respectively, increasing and decreasing with re-
spect to € (this follows from the nonnegativity of A, and the nonpositivity
of A,) then, it can be proved that the algorithm stops after no more than
2n — 1 iterations.
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Summary. We introduce new invexity-type properties for differentiable functions,
generalizing (F, p)— convexity. Optimality conditions for nonlinear programming
problems are established under such assumptions, extending previously known re-
sults. Wolfe and Mond-Weir duals are also considered, and we obtain direct and
converse duality theorems.
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1 Introduction

The theory of mathematical programming has grown remarkably after gen-
eralized convexity has been used in the settings of optimality conditions and
duality theory. In 1981, Hanson [3] showed that both weak duality and Kuhn-
Tucker sufficiency for optimum hold when convexity was replaced by a weaker
condition. This condition, called invexity by Craven [1], was further studied
for more general problems and was a source of a vast literature.

After the works of Hanson and Craven, other types of differentiable func-
tions have been introduced with the intent of generalizing invex functions
from different points of view. Hanson and Mond [4] introduced the concept of
F—convexity and Jeyakumar [2] generalized Vial’s p—convexity ([7]) introduc-
ing the concept of p—invexity. The concept of generalized (F, p)—convexity,
introduced by Preda [6] is in turn an extension of the above properties and
was used by several authors to obtain relevant results.

The (F, p)—convexity is now generalized to (&, p)—invexity, and we will
show that the main theoretical results of mathematical programming hold
under this new condition.
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2 (P, p)—invexity

We begin by introducing a consistent notation for vector inequalities and for
derivative operators.

In the following, R™ denotes the n— dimensional Euclidean space. If z,y €
R™, then & > y means x; > y; for all i = 1,2, ...,n, while z > y means x; > y;
for all i = 1,2,...,n. An element of R"*! may be regarded as (¢,7) with t € R"
and r € R.

Let ¢ : D C R"™ — R be a differentiable (twice differentiable) function of
the independent variable x, and a € D.

We will denote by V,|.—, the gradient of ¢ at the point a, and V2_p|,—q4
stands for the matrix formed by the second order derivatives of ¢. When
any confusion is avoided, we will omit the subscript, writing simply Vo(a),
respectively, V2p(a).

In the next definitions, p is a real number and @ is a real-valued func-
tion defined on D x D x R™"1 such that &(z,a,.) is convex on R"*! and
&(z,a,(0,7)) > 0 for every (z,a) € D x D and r € R,

Definition 1. We say that ¢ is (D, p) — invex at a with respect to X C D, if

p(r) —pla) = P(z,a,(Ve(a),p)), Vo € X (1)
¢ is (D, p) —invex on D if it is (P, p) — invex at a, for every a € D.

Remark 1. If ¢y is (P, p1) —invex and @ is (D, p2) —invex,then Ao+ (1—X)p2
is (P, Ap1 + (1 — \)p2) — invex, whenever A € [0,1]. In particular, if ¢1 and ¢o
are (P, p) —invex with respect to the same @ and p, then so is Ap; + (1 —N)pa.

The following two definitions generalizes (P, p)—invexity.

Definition 2. We say that ¢ is pseudo (P, p) — invex at a with respect to X,
if whenever ®(x,a,(Ve(a),p)) > 0 for some x € X, then o(x) — ¢(a) > 0.

Definition 3. We say that ¢ is quasi (D, p) — invex at a with respect to X,
if whenever o(x) — @(a) <0 for some x € X, then &(x,a,(Ve(a),p)) <0,

Remark 2. For &(z,a, (y,r)) = F(z,a,y) + rd*(x,a), where F(z,a,.) is sub-
linear on R™, the definition of (@, p)—invexity reduces to the definition of
(F, p)—convexity introduced by Preda [6], which in turn generalizes the con-
cepts of F'—convexity ([2]) and p—invexity ([7]).

More comments on the relationships between (@, p)—invexity and invexity
and their earlier extensions are in the next two sections
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3 Optimality Conditions
The typical mathematical programming problem to be considered here is:

(P): inf{f(z) | z € Xo, gj(x) <0, j=1,2,...,m}
where Xy is a nonvoid open subset of R", f : Xo — R, g; : Xg — R,

i=1,2,....m.
Let X be the set of all feasible solutions of (P);

X ={z e Xy, gj(z) <0, j=1,2,...,m}

Everywhere in this paper f and g;, j = 1,2,...,m are assumed to be
differentiable on Xy, and we will refer to a Kuhn-Tucker point of (P) according
to the usual definition.

Definition 4. (a,v) € X x RT is said to be a Kuhn-Tucker point of the
problem (P) if:

Vf(a)+ Zvngj(a) =0 (2)
j=1

Z vjgj(a) =0 (3)

Denoting by J(a) = {j € {1,2,...,m} | gj(a) = 0}, then summation in (2)
and (3) is over J(a).

First, we use (@, p)—invexity to prove the sufficiency of Kuhn-Tucker con-
ditions for the optimality in (P).

Everywhere in the following, we will assume invexity with respect to the
set X of the feasible solutions of (P), but for the sake of simplicity we will
omit to mention X.

Theorem 1. Let (a,v) be a Kuhn-Tucker point of (P). If f is pseudo (P, po)—
invex at a, and for each j € J(a), g; is quasi (P, p;)—invex at a, for some po,
pjs J € J(a) such that po + Zje.](a) vjp; 2> 0, then a is an optimum solution

of (P).
Proof. Set \g =1/(1+ Z;nzl Vi), Aj = Aovy, § = 1,2, ...,m. Obviously,

> Aipi=Xopo+ > Ajp =0
=0 j€J(a)

and .

)\on(a) + Z )\ngj(a) =0

Jj€J(a)
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Then, it follows from the definition of @ that

0 < d(x,a,( MoVfia Z A;Vg;(a), Xopo + Z Ajpj)) <
jeJ(a) Jj€J(a)

Xo®(z,a,(Vf(a),p0) + D A®(w,a,(Vg;(a),p;))

j€J(a)

for every z € R".

Now, let x € X be a feasible solution. Since g;(x) — gj(a) < 0 and g, is
quasi (@, p;)—invex , it results that &(x, a, (Vg,(a), p;)) <0, for each j € J(a).
Hence, the above inequalities imply @(z, a, (Vf(a),po)) > 0, and the pseudo
(P, po)—invexity of f implies f(z) — f(a) > 0.

With this theorem we have established that a sufficient condition for any
Kuhn-Tucker point to be a minimum solution of (P) is that there exists a
function @ with the properties specified in Section 2, and a set of positive real
numbers pg, p1, .-, Pm such that for every z,a € X,

®(x,a,(Vgj(a),p;)) < 0,75 € J(a) (A1)

®(z,a,(Vf(a),po)) 20 = f(z) = f(a) 20 (A2)

Martin [5] obtained first a necessary and sufficient condition for the suf-
ficiency of Kuhn-Tucker conditions in terms of modified invexity. He have
established that any Kuhn-Tucker point is a minimum solution of (P) if and
only if there exists a function 1 : Xy X Xy — R such that for every z,a € X,

(n(z,a),Vgj(a)) <0,Vj € J(a) (B1)

f(@) = fla) = (n(z,a),Vf(a)) (B2)

Obviously, our conditions (A;), (Az) are weaker than those of Martin, and
are satisfied whenever Martin’s condition are satisfied, if @ is defined by:

@(m,a, (yﬂ")) = <77(9C7a),y> ,V(LU,G/) € XO X Xan € Rnar eR

On the other hand, if a is a Kuhn-Tucker point of (P) and (A;), (Az2) hold
for all z € X, then a is a minimum point of f on X and (Bj), (B2) are also
trivially satisfied for n = 0.

Likewise all earlier generalizations of the invexity, (P, p)-invexity reduces
to invexity when it is used to establish optimality conditions. However, (2, p)-
invexity enlarges the set of scale functions which can be used for proving the
sufficiency of Kuhn-Tucker conditions. Moreover, as the example of the next
section shows, the (&, p)-invexity could be strictly weaker that the invexity
when duality conditions are checked.
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Remark 3. Unlike Martin’s conditions, where the properties of all functions
involved in the problem, ( f and g;), are defined in respect to the same
scale function 7, our conditions are allowed to be satisfied for different scale
functions. In fact, considering different values of p, f and each g; should satisfy
different invexity conditions. Thus in the definitions of Section 2, p should be
interpreted as a parameter, and @ generates a family of functions, one for
each value of p. Similar situation appears in the case of (F, p)—convexity (or,
p—invexity), but in that case the sign of p determines explicitly the properties
of the function subjected to such condition. As we can observe in the proof of
Theorem 1 (and in all results bellow), all that we need is that &(., ., (0,7)) is
non-negative for some values of r. We have asked this condition to be satisfied
whenever r > 0, but this is a convention which can be replaced by any other
one.

Now, we will establish the necessity of Kuhn-Tucker conditions, under
(P, p)—invexity.

Theorem 2. Let a be an optimum solution of (P). Suppose that Slater’s con-
straint qualification holds for restrictions in J(a) (i.e. there exists z* € Xy
such that gj(xz*) < 0, for all j € J(a) ). If, for each j € J(a), g; is
(@, pj)—invex at a for some p; > 0, then there exists v € R such that (a,v)
is a Kuhn-Tucker point of (P).

Proof. Since f and g; are differentiable, then there exist Fritz-John multipliers
u € Ry and A € R such that:

uV f(a) + Z AiVg;(a (4)
Z Ajgi(a) =0 (5)

pEY X>0 (6)
j=1

All that we need is to prove that p > 0.
Suppose, by way of contradiction, that g = 0. Then, Zje](a) Aj > 0 from

(6), and we can define p1; = A;/ > c ) Aj- Obviously, 3°,c ;) wigj(a) = 0

and 3¢ 5y HiPi 2 0.
Hence, since each g; is (P, pj)—invex,

0 < P(z*,a, Z w;iVy;a Z wip;)) <
jeJ(a) JeJ(a)

> Pt a,(Vg(a),p) < Y (g (x") — g5(a))

jeJ(a) j€J(a)
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But 3¢ j(o) Higi(a) = 0 by (5), so that 3. ;. #;(g;(2") — gj(a)) <0,
contradicting the above inequalities.

4 Wolfe Type Duality

Let us consider the Wolfe dual of (P) :

(WD) :sup{f(y) + > _v;9;(y) | y € Xo,v € R,V f(y) + > v;Vg;(y) = 0}
j=1 =1

The main duality results also hold under our invexity type conditions.
We establish first, the general duality property.

Theorem 3. Let (y,v) be a feasible solution of (W D). If f is (D, po)— invex
at y, each g; is (P, p;) -invex at y, and po + Z;nzl vjpj > 0, then

f(x) > fly) + Zngj(y) (7)

for every feasible solution x € X of (P).

Proof. Likewise in the proof of Theorem 1, setting Ao = 1/(1 + X7, v;),
Aj = Aovj, j = 1,2,...,m, it follows that

0.< X®(x,y, (V) p0)) + Y NPy, (Vg (y), p;) (8)
j=1

Further, since f is (P, pp)— invex and g; is (P, p;) -invex, it results:

m

0 < Xo(f(@) = F(®) + D Ai(g;(2) — 9;(»)

j=1

Hence,

flz) + Zngj(x) > f(y)) + Zngj(y)

and, since z € X, the inequality (7) holds.

Corollary 1. If the equality holds in (7), then x is optimal for (P). Moreover,
if fis (P, po)— invex on Xy, each g; is (P, p;) -inver on Xy, and the equality
holds in (7), then (y,v) is also optimal for (W D).



(@, p)-invexity 173

The example below shows that the weak duality holds when assumptions
of the previous theorem are verified, even if the usual invexity conditions fail.
Thus, (P, p;) -invexity is actually strictly weaker than the invexity. For the
sake of simplicity, we have considered a pathological optimization problem
where X is a singleton.

Example 1. Let us consider the problem (P) defined in R? by the objective
function

f(z) = —(21 +4 x 1073 (22 + 4 x 1073)

and the three restriction functions:

g1(z) = (1 + 4.5 x 1073) (w2 + 5.5 x 107%) — 35.75 x 10~¢
g2(w) = (21 + 5.5 x 1073) (w2 + 4.5 x 1073) — 35.75 x 10~°
g3(r) = (11 =5 x 10732 4 (23 — 5 x 1073)2 = 32 x 1076

It is easy to check that X = {2}, where 2° = (1072,1073), and (a,v) is a
feasible solution of the dual, where a = (2x1073,2x107%), and v = (3, 3, 3)-
Let @ be defined on R? x R? x R3 by

B(z,a,(t,r)) =r+ 1+ (8] +13) — /(1 +12)> + 1

& has all properties required in Definition 1, f is (@, pg)—invex and each
gj is (P, pj)—invex at a, with respect to X, for po = 10.9 x 1076, p; = ps =
—13.6 x 1075 and p3 = 13.9 x 10~°. Since pg +Z§’=1 vjp; 2> 0, all assumptions
of the theorem are satisfied.

Hence, inequality (7) holds at (a,v).

To illustrate the elementary but not easy calculation needed for the above
assertion, consider the case of f. By definition, f is (@, pg)—invex at a iff

po+1+72x107% — /144 x 106 +1 < 11 x 1076

Since v/144 x 106 +1 > 71.9 x 1075 + 1, it follows that py = 10.9 x 106
satisfies this inequality.

On the other hand, the functions involved in this problem are not invex
at a, for any scale function 7. For, if such a function exists then the following
inequalities should be simultaneously satisfied:

n(x°,a),Vf(a)) < flz )—f(a)
(2°,a),Vgi(a)) < 91( %) — g1(a)
(2°,a), Vga(a)) < ga(z°) — g2(a)

Since —V f(a) = & (Vg1 (a) + Vga(a)), £(2°) — f(a) = 11 x 1075, g, (2) —
g1(a) = g2(2°) — ga(a) = —13 x 1075, we arrive to the impossible inequality
—-11 < £(-26).
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Remark 4. Following the same line as in the above, it is easy to verify that
the functions f, g1 and g are not (F, p)— convex at a, for positive values of
p. Obviously, so are f, g1, g2 and g3, but our example is not conclusive for the
(F, p)— convexity when the values of p are restricted only to the inequality

3
po+ D i1 vipi 2 0.
Now, let us establish a direct duality result.

Theorem 4. Let a be an optimum solution of (P). Assume that Slater’s con-
straint qualification holds. If f is (P, po)— invex and each g; is (P, p;) -invexr
on Xo, for some po, p1, ..., pm > 0, then there exists v € RT', such that (a,v)
is an optimum solution of (W D).

Proof. According with Theorem 2, there exists v € R such that (a,v) is a
Kuhn-Tucker point of (P). Therefore, (a,v) is a feasible solution of (WD)
and 377" vjg;(a) = 0. Then, as it was stated in Corollary 1, (a,v) is optimal
for (WD).

The converse duality theorem can be also proved under (&, p)— invexity.
Let us denote, as usual, by L the Lagrangian of (P), L(y,v) = f(y) +

>ie19i ().

Theorem 5. Let (y*,v*) be an optimum solution of (W D). Suppose that f
and g; are twice differentiable and det(V3, L(y, v*)|y=y~) # 0. If f is (P, po)—
invex on X, each g; is (P, p;) -invex on Xo, and py + ZT:l vipj > 0, then
y* is an optimum solution of (P).

Proof. Since (y*,v*) is a feasible solution of (WD), it is a solution of the
system:
vyL(y7’U) = Oa (ya U) € XO X RT
Since det(V3, L(y, v*)|y=y+) # 0, this system can be explicitly solved with
respect to y, in some neighborhood of v*. Therefore, there exists the open
neighborhood V,« C R’'of v* and the continuous function y : V4, — Xg such
that y(v*) = y* and
V,L(y(v),v) = 0,Yv € V,» (9)

Particularly, this means that (y(v),v) is a feasible solution of (WD), for
every v € V,«. Now, since (y*,v*) is optimal for (WD), it follows that v*
maximizes L(y(v),v) on V. Then,

VUL(y(U)7U)‘v:v* S 0 (10)

and

<U*7va(y(v)?U)|v:v*> =0 (11)
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But,

VoL(y(),v) = (VyL(y: v)ly=y()s Voy (0)) + Vo Ly, 0)ly=y)
and then, it follows from (9) that

Vo L(y(v), v)o=ve = Vo L(y",v")

Thus, by (10), y* should satisfy the mequahtles gi(y*) <0,j=1,2,...,m,
and by (11) it should satisfy the equality Z _1v79;(y*) = 0. Subsequently,
y* is a feasible solution of (P), and f(y*) = L(y*,v*). Then, Theorem 3,
(Corollary 1), shows that y* is optimal for (P).

5 Mond - Weir Duality

Consider now the Mond-Weir dual of (P).
(MWD) : sup{f(y)ly € Xo, v € RT, Vf(y)+ > 7_,v;Vg;(y) =0,
> vigi(y) = 0}
Theorem 6. Let (y,v) be a feasible solution of (MWD). If f is pseudo
(@, po)— invex at y, each g; is (P, p;) -invex at y, and py + 27:1 vip; > 0,
then

f(x) = f(y) (12)
for all z € X.

Proof. As in the above, inequality (8) follows from the properties of @. Since
gj is (@, pj) -invex at y, and = and (y,v) are feasible it results:

ZA D(x,y, (Vg;(y Z —g;(y) =D _ Njgi(x) <0
Jj=1 j=1 j=1
Thus, &(x,y, (Vf(y),po)) > 0, and then the pseudo ( D, py)—invexity of
1, give us f(z) — f(y) = 0.

Corollary 2. If the equality holds in (12), then x is optimal for (P). More-
over, if f is pseudo (P, po)— invex on Xo, each g; is (P, p;) -invex on Xy, and
the equality holds in (12), then (y,v) is also optimal for (MW D).

With a slight modification of the proof of Theorem 4, we state the following
result.

Theorem 7. Let a be an optimum solution of (P). Assume that Slater’s con-
straint qualification holds. If f is (P, po)— invex and each g; is (P, p;) -invex
on X, for some po,p1, ..., pm > 0, then there exists v € R, such that (a,v)
is an optimum solution of (W D).
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Summary. Using a very recent approach based on the Charnes-Cooper trasforma-
tion we characterize the pseudoconvexity of the sum between a quadratic fractional
function and a linear one. Furthemore we prove that the ratio between a quadratic
fractional function and the cube of an affine one is pseudoconvex if and only if the
product between a quadratic fractional function and an affine one is pseudoconvex
and we provide a sort of canonical form for this latter class of functions. Benefit-
ing by the new results we are able to characterize the pseudoconvexity of the ratio
between a quadratic fractional function and the cube of an affine one.
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1 Introduction

Since the early sixties, the strict relationship between generalized convexity
and fractional programming has been highlighted and from the beginning,
fractional programming has benefited from advances in generalized convexity,
and vice versa (see for instance [14, 16] ). Generalized fractional program-
ming and in particular quadratic and multiplicative fractional programming
are extremely important even for their numerous applications such as Data
Envelopment Analysis, tax programming, risk and portfolio theory, logistics
and location theory (see for instance [2, 3, 11, 12, 15] ). Among the differ-
ent classes of generalized convex functions, the pseudoconvex one occupies a
leading position in optimization for its good properties. Nevertheless pseudo-
convex functions have no algebraic structure and this lack of structure causes
many difficulties to establish whether a function is pseudoconvex or not.
There are several characterizations for continuously differentiable function
and for twice differentiable functions [1, 13]. Since these conditions are not
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very easy to be checked, some more operative characterizations, dealing with
quadratic fractional functions, have been recently proposed [4, 8]. According
with a very recent approach the pseudoconvexity of fractional functions is
studied by means of the generalized Charnes-Cooper transformation. It is
shown [6, 7] that this transformation maintains the pseudoconvexity so that
the fundamental idea behind this study is the following: if an unknown class
of functions can be transformed in a class of pseudoconvex functions, it is
possible to determine necessary and sufficient conditions guaranteeing the
pseudoconvexity of the unknown class of functions.

Following this idea, we prove that the sum between a quadratic fractional
function and a linear one is pseudoconvex if and only if a suitable quadratic
fractional function is pseudoconvex. Therefore, using the known results for
this latter class of functions we establish a new characterization and we give
a simple algorithm in order to test the pseudoconvexity for the sum between
a quadratic fractional function and a linear one.

Furthermore we address our attention to the pseudoconvexity of the ratio
between a quadratic function and the power p of an affine one. Since the cases
p = 1 and p = 2 have been handled in [8, 9] we deal with the case p = 3.
Performing the Charnes-Cooper transformation, we prove that this class of
functions is pseudoconvex if and only if the product between the quadratic
function and a suitable affine one is pseudoconvex. As far as we know, even
for this latter class of functions there are no easy to be checked conditions for
testing the pseudoconvexity. Consequently, we first characterize the pseudo-
convexity for the product between a quadratic function and an affine one:
more precisely we prove that a function belonging to this class is pseudocon-
vex if and only if it has a suitable canonical form. The obtained result allows
to provide a new characterization for the ratio between a quadratic function
and the cube of an affine one.

2 Preliminary Results and Notations

Throughout the paper we will use the following notations and properties.

e Aisanxn symmetric matrix such that A # [0] where [0] is the null
matrix;

e v_(A) (vy(A)) denotes the number of negative (positive) eigenvalues of a

matrix A;

ker A denotes the kernel of A i.e., ker A = {v: Av =0};

dim W denotes the dimension of the vector space W

ImA denotes the set ImA = {z = Av, v € R°};

vt denotes the orthogonal space to a vector v i.e., vt = {w : vTw = 0}.

For the sake of completeness we recall the definition of pseudoconvex func-
tions and the related properties we are going to use in the next section (for
further details see for instance [1]).
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Definition 1. Let f be a differentiable function on the open and conver set
C CR™. f is pseudoconvez if for z,y € C

f(y) < f(x) implies that V f(z)” (y — x) < 0.

e f is pseudoconvex if and only if for every zg,v € R™ the restriction of f
on the line x = x¢ + tv, t € R, is pseudoconvex.

e Let C C R™ an open and convex set f is pseudoconvex if and only if
Vz € C, Vv € R*\{0}, such that V f(z)Tv = 0 the function p(t) = f(x+tv)
attains a local minimum at ¢t = 0.

o Let C C R™ an open and convex set and let f be a twice continuously
differentiable. f is pseudoconvex if and only if Vzo € C, Vv € £ \ {0},
such that Vf(x¢)Tv = 0 either v H(x¢)v > 0 or v H(x¢)v = 0 and the
function ¢(t) = f(2° + tv) attains a local minimum at ¢ = 0.

Consider the Charnes-Cooper transformation [10]

B T
o bTZL'+b0

y(x) (1)

defined on the set S = {x € R" : bTx + by > 0} where b € R" and by € R,
bo # 0. It is well known that this map is a diffeomorphism and its inverse is

o) = =0 @

defined on the set S* = {y € R™ : 17bl;)Ty > 0}. As it is shown in [6, 7]

the Charnes-Cooper transformation preserves the pseudoconvexity of f. More
precisely the following theorem holds.

Theorem 1. Let f be a differentiable function defined on R"™ and let ¥(y) be
the function obtained by applying the inverse of the Charnes-Cooper transfor-
mation (2) to f(x).

Function f(x) is pseudoconver on S if and only if function ¥ (y) is pseudo-
convex on S*.

In some cases, the study of the pseudoconvexity of the transformed func-
tion ¥ (y) may be easier than the study of the pseudoconvexity of f. Therefore,
thanks to the previous theorem, by means of the results on ¢ (y) we can char-
acterize the pseudoconvexity of f in terms of its initial data. Following this
approach in the next section we aim to study the pseudoconvexity of some
classes of generalized quadratic fractional functions.

The following Lemma will be also useful.

Lemma 1. Consider a non-null symmetric matriz A of order n and a non-
null vector a € R"™. Then there exists d € R"™ such that d” Ad # 0 and a¥'d # 0.
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Proof. Suppose on the contrary for every d € ®" a”d # 0 implies d” Ad = 0.
Since a # 0, setting d = a we get [|al|*> # 0 and hence a”Aa = 0. Take
r=ta+w,w € att €RN; we have

L r 1 T T L r

7% Az = i(ta—&—w) A(ta+w) =ta Aw+§w Aw.
Since aTx = t ||a||> # 0 for every t # 0 it results ta” Aw+FwT Aw = 0 for every
t # 0. Then necessarily we have a” Aw = 0 and w” Aw = 0 for every w € a™.
From the second equality it follows Aw = ka and since a” Aw = k ||a||* = 0
we obtain k = 0, so that Aw = 0 for every w € a*. Taking into account
that A # [0], we get A = Xaa” and then a”Aa = Ml[a]®> # 0 which is a
contradiction.

3 New Classes of Pseudoconvex Fractional Functions

3.1 Pseudoconvexity of the Sum Between a Quadratic Fractional
Function and a Linear One

Consider the following function

1..T
517 Ax T
=27 7 3
f@) = 0" 3)
on the halfspace S = {z € R" : bTx + by > 0}, by # 0. Performing the
Charnes-Cooper transformation (2) we obtain the following function defined

on the halfspace S* = {y € R™ : 1_beTy >0}

bg TA
2aTy?Y Y bo 1 bo 1 5 -
= — . A
9(y) by + Tty Y T Ty \2Y y+p'y
that is, setting ¢ = —&, co = &
1 TA T
1yl Ay +pTy )
==—— yecs. 4
9(y) Tyt Y (4)

From Theorem 1, the pseudoconvexity of f on S is equivalent to the pseudo-
convexity of g on S*. A characterization of the pseudoconvexity for such a
class of functions is given in [4]. More precisely the following theorem holds.
% on the halfspace S* =
{ye R : cly+co >0}, cg #0. g is pseudoconvex if and only if one of the
following conditions holds:

a)v_(A) =0,

Theorem 2. Consider function g(y) =
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b)v_(A) =1, 37,57 € R" such that AT =p and Ay =c, Ty =0, TZ = ¢y
and p f<0
c)v_(A) = 1, 3,5 € R™ such that AT = p and Aj = ¢, ¢’y < 0 and

T = (co— cTa:)2 —cTy(pTz) <O0.
Thanks to the Charnes-Cooper transformation, Theorem 2 allows us to
characterize the pseudoconvexity of f in term of its initial data.
1..T
Theorem 3. Consider function f(x) = ;fl_ixo + pTx on the set S = {x €
R bTw + by > 0}, by # 0. f is pseudoconvex if and only if one of the
following conditions holds:

a) V,(A) = 0;
b)v_(A) =1, 37,7 € R" such that AT = p and AZ =b, b1z =0, b1 = -1
and pTT < 0;

c)v_(A) = 1, 3,7 € R" such that AT = p and AZ = b, b'Z < 0 and
4 =1+bT7)2-0T2(pT7) < 0.

Proof. From Theorem 1 f is pseudoconvex on S if and only if g is pseudo-
convex on S* and so if and only if one of conditions a), b), ¢) in Theorem 2
holds. Recalling that b = —é, by = é, by means of simple calculations it can
be proved that conditions a), b), ¢) are equivalent to the corresponding ones
given in Theorem 2.

The following example shows that function f(z) in (3) can be pseudocon-
vex even if the fractional quadratic function is not pseudoconvex.

Ezample 1. Consider function f(z,y) =

20
m+$+y7that15A |: :|

0-2|

1 1
p= ( > , b= < 1 ) It is easy to verify that —°_ s not pseudoconvex

1 r+y+2
on S. On the other hand v_(A) = vy (4) =1,z = (-5, %)T, = (3 —%)T
and so bz = 0, bTz = —1 and p”Z = 0. Hence condition b) in Theorem 3

holds and f is pseudoconvex on S.

According with the previous result, we suggest the following algorithm
for testing the pseudoconvexity of the sum between a quadratic fractional
function and an affine one.

ALGORITHM

STEP 1

Calculate the eigenvalues of A. If v_(A4) > 1, STOP : f is not pseudoconvex.
If v_(A) =0, STOP : f is pseudoconvex; otherwise go to STEP 2.

STEP 2

Solve the linear systems Ax = p and Az = b. If one of these systems has no
solutions STOP: f is not pseudoconvex; otherwise go to STEP 3.

STEP 3
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Let z such that Az = b. Calculate b”z. If b7z > 0 STOP : f is not pseudo-
convex. If b7z = 0 go to STEP 4, otherwise go to STEP 5.

STEP 4

Let Z such that AZ = p. Calculate b7 z. If 72 # —1 STOP: f is not pseudo-
convex, otherwise calculate p?z. If p’z > 0 STOP: f is not pseudoconvex
otherwise STOP: f is pseudoconvex.

STEP 5

Let Z such that Az = p. Calculate £ = (1 + b7z)2 — bT2(pTz). If A > 0
STOP : f is not pseudoconvex otherwise f is pseudoconvex.

3.2 Pseudoconvexity of the Ratio Between a Quadratic Function
and the Cube of an Affine One

Consider now the following function

1 2TAz
hz) = = —— 22
@) = sy €5

where p € N\{0}, by # 0.
Performing the transformation (2) we get

b5 T 1 1 7 (1 - bTy)p_Q
gly) =3 y Ay =y Ay
2(1-0Ty)’ (e bTy+b0>p 2 b

1-bTy

(5)

When p = 1 and p = 2, the pseudoconvexity of the function h(z) has been
completely characterized in [7, 9]. In this section we aim to study the case
p =3, that is

1 zTAz
h(z) =5 ———3. (6)
2 (bTil' -+ bo)
Setting p =3, a = —% and ag = —% in (5) we obtain
L r T
9(y) =5y Ay (a"y — ao) . (7)

In order to study the pseudoconvexity of h, we first deal with the pseudocon-
vexity of its transformed function g. In this light, the next subsection is de-
voted to the study of the pseudoconvexity of the product between a quadratic
function and a linear one. The obtained results will allow us to characterize
the pseudoconvexity of function (6).

Pseudoconvexity of the Product Between a Quadratic Function
and a Linear One

Let us consider the following function
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f(z) = %xTAx (a2 —ap). (8)
Taking into account Lemma 1, we can easily prove that f in (8) is not pseudo-
convex on R". More precisely take a vector d € " such that d” Ad # 0
and aTd # 0; the restriction of f along the line z = td is p(t) = f(td) =
3 (t2dT Ad) (ta”d — ag) and ¢’ (t) = 33t? (a”d) (d¥ Ad) — 2a0d” Adt. ()
has two distinct critical points so that it is not pseudoconvex and hence f is
not pseudoconvex on R™. Due to this, we study the pseudoconvexity of f on
the halfspace S* = {x € R" : a’z — ag > 0}.
Preliminary and useful computations are the following

Vf(z)= Az (a"z —ao) + %xTAxa (9)

H(x
o (t
o (t

Moreover for every d € (Vf(z))" we get

) =
) = A(a"z —ag) + 2Aza”

) = f(xo+td) = ; (zo" Az + 228 Adt + t°d" Ad) (o + ta” d) (10)
) =

3t (a"d) (d" Ad) + 2 (ad” Ad + 2 (a” d) (d" Azy)) . (11)

§ (1) = 5t (ad) (4" Ad) + (0d" Ad +2 (4" Awo) (aTd)) t (12)

where o = a”xy — ag. Before presenting a complete characterization of the
pseudoconvexity of f, we state the following necessary conditions.

Theorem 4. Consider function f in (8). If f is pseudoconver on S* = {z €
R :alz —ag > 0} then

Z) ap > 0.

it) A is not indefinite.

Proof. i) Suppose ag < 0. From Lemma 1 there exists u € %" such
that uTAu # 0 and a”u # 0. Consider the line x = tu, t € R. It re-
sults o (t) = f(tu) = 120" Au (ta"u — ag), ¢’ (t) = FuT Au (3taTu — 2ay),
¢ (t) = uT Au (3ta”u — ap). ¢ (t) has two distinct critical points ¢; = 0 and
ty = %G‘IT—OU with ¢ (t;) = —u” Auag, ¢" (t2) = uT Auag. Since t; and t, are
both feasible, ¢ (¢) has a feasible maximum point and so it is not pseudocon-
vex. Consequently f is not pseudoconvex and this is a contradiction.

ii) By contradiction suppose that A is indefinite and take a unit norm eigen-
vector u associated with a negative eigenvalue A\. We first show that a”u # 0;
suppose on the contrary that a”u = 0 and take x = ka + tu, k,t € R. Since

(aTz —ag) = (k I ao), for a sufficiently big k we get x € S* for every
t € ®. The restriction of f along the line z = ka + tu, t € R is the following

(Y2 L2 2 _
@(t)—(2)\t +2ka Aa> (kHaH a0>.
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Since A < 0, ¢ (t) has a feasible maximum point and so it is not pseudoconvex.
Therefore f is not pseudoconvex and this is a contradiction.

Without any loss of generality we can assume a” v > 0. Let v be an eigenvector
associated with a positive eigenvalue p, such that ||v]| = 1, uTv = 0. We are
going to prove that a”’v = 0. Suppose on the contrary that a”v # 0; take
k € R such that zo = kv € S*, that is & = ka”v — ag > 0 and consider
x = xo + tu = kv + tu. Observe that x € §* for every ¢t > ——7— and that the
restriction of f along the line = kv + tu, t € R is the following

p(t) = <;>\t2 + ;W) (ta"u+ o)

so that 3 1
o (t) = éAaTth + dat + i,ukzaTu :

Since A = a?)\? — 3\ (aTu)2 pk? > 0 and 3Xa”u < 0, then ¢ (t) has a feasible

maximum point at t; = — g7 — 5307 Vﬁu and so ¢ and f are not pseudoconvex,

which is a contradiction. Consequently a’v = 0.

At last consider z =t (u — |2|v> +kv, k,t € R. It results x € S* for t > -

and for every k € R; the restriction of f along the line x = ¢ (u — 4/ |2v> +kv

is the following

[|A 1 [|A 1
() = —kaTup th + (kzpaTu + agk Hu) t — —k*pag
o 2 " 2
and hence
)\‘ 1 ap ‘)\|
/() = kaTup (2| Dy 4 Ly 2o JRL)
@' (t) a” up ( \/: + 2 + o\
k [Al

Consequently ¢ (t) as a critical point at t; = —=+ sog—. For k > % =
4

m
t; € §* and it is a feasible maximum point for ¢ (¢). This implies ¢ and f are

not pseudoconvex, which is a contradiction.

Theorem 5. Consider function f in (8). If f is pseudoconvex on S* then
i) 2T Az > 0 for every x € a*.

i) v_ (A) < 1.

Proof. i) Suppose there exists d € a' such that d7 Ad < 0. Take zo € S* and
the line z = zg + td, t € R. Observe that x € S* for every t € R and since
d” Ad < 0 the restriction

1
p(t) = f(wo+1d) = 5 (t*d" Ad + 2d" Azot + x{ Axo) (a” 20 — ao)
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has a feasible maximum point. Therefore ¢ (¢) is not pseudoconvex and this
is a contradiction.

ii) Suppose by contradiction that v_ (A) > 1 and let w,v be two orthogonal
eigenvectors of A associated with two distinct negative eigenvalues Ap, Ao.
Since dim{u,v} = 2 and dima® = n — 1, there exists d = au + Bv such that
d € at. Consider © = 7o + td t € R and the corresponding restriction () of
f. By means of simple calculations we get

1
p(t) = 5()\1152042 ||u|\2+)\2t252 ||u||2+2(au+5v)TAxot+ngxo)(aTxo —ap).

Since A1, A2 < 0, ©(t) is not pseudoconvex and this is a contradiction.

The following theorem presents a complete characterization of the pseudo-
convexity of f.

Theorem 6. Consider function f in (8). f is pseudoconvex on S* if and only
if f is of the following form

f(z) = %)\ (aTas)2 (aTx — ao) where ag > 0, A € R. (13)

Proof. =From Theorem 4, ag > 0 and A can not be indefinite. We are left
to deal with the case A is semidefinite. We first assume that A is negative
semidefinite. From ii) of Theorem 5, if follows that A has exactly one negative
eigenvalues and so A can be rewritten as A = puu? with g < 0. From i)
of Theorem 5 d” Ad = 0 for every d € a~ and so we necessarily have that
u = ka, i.e., a is an eigenvector of A associated with the negative eigenvalue
pt. Therefore f(z) = 1A (aTx)2 (ax — ag) where A = k?pu < 0.

Finally consider the case A positive semidefinite. Let be xg € S* such that
V f(z0) # 0. Since A is semidefinite positive, Azg = 0 if and only if 21 Az = 0
and so from (9) it follows that 27 Azy # 0. We are going to prove that a’d = 0
for every d € (Vf(xo))L. Suppose on the contrary there exists d € (Vf(aso))L
such that a”d # 0. Without any loss of generality we can assume a”d > 0.
It results d”Vf(zo) = 0 if and only if d¥ Azrga + %ngxodTa = 0 where
a = aTzg — ag. Consider x = ¢ + td where t > — g, L.e, x € §%; the
corresponding restriction of f is

o(t) = f(xog +td) = % (thTAd +2d" Azgt + xf Azo) (ta’d + @)
and from (12)
Q(t) = th (a”d) (d"Ad) + (ad” Ad + 2 (d" Azg) (a"d)) t .

Observe that d” Ad # 0; in fact if d” Ad = 0 then Ad = 0 and hence d” Azy =
0. This can not be true since dX' V f(zo) =0 and zf Azo # 0.
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T T T
Since dTAd > 0, ¢'(t) = 0 for t; = 0 and ty = — o AdéZQT(Xd(if“(;))(a J
2

Obviously t; € S* and t, is feasible if and only if

ad” Ad + 2 (d* Az) (o™ d) ey

%dTAd (aTd) aTd

that is 1

iadTAd —2(d" Azo) (a"d) > 0. (14)
Since dTV f(z¢) = 0 we have dT Azy = —imgAxodTa and so condition (14)
becomes

TA
sad" Ad+ =022 (a7 a)’

which is always verified because A is positive semidefinite. Therefore ¢(t) has
a feasible maximum point and this contradicts the pseudoconvexity of f.

Since a”d = 0 for every d € (Vf(:co))L, V f(xo) is proportional to a; from
(9) it results that for every x € S* with V f(zo) # 0 we have Azg = ha, for
some h € R. We are going to prove that a is an eigenvector of A associated
with a positive eigenvalue A and that A is the unique positive eigenvalue of
A. Consider zg = k1a and observe that zg € S* if and only if k; > o H2 It

follows that Az = kiha and hence Aa = AZ* = k a = Aa. Let yp > 0 be a
positive elgenvalue of A, with u # X and let u be a correspondmg eigenvector
such that u € a*. Take z9 = k1a + w with &k > o HQ’ ie xg € S*. It is

easy to verify that V f(xg) # 0, so that there exists h such that Azg = ha.
On the other hand, Azg = Aki1a + pu and therefore ha = Akia + pu that is
(B — /\k‘l) a = pu which contradicts u € at. Consequently a is an eigenvector
associated with the unique positive eigenvalue A and hence f is of the form
n (13).

«— It results Vf(z) = M2(aTz)? — (az)ag)a, H(z) = A(3aTz — ag)aa”.
Since ag > 0, then the critical points of f do not belong to S* and so it
remains to prove that for every d € (Vf(a:))L we get d H(z)d > 0. Since d €
(Vf(z))" if and only if d € at we get dTH(z)d = X (3a"z — ag) d¥aa’d =0
and the proof is complete.

Remark 1. It is worth noticing that f in (13) is also pseudoconcave on S*;
in fact the critical points do not belong to S* and for every d € (Vf(z))"
we get d”H(x)d = 0. Therefore, the second order characterization for the
pseudoconcave function is verified and so f is pseudolinear.

Recalling that function f is the Charnes-Cooper transformed function of
h, by means of the previous result we can characterize the pseudoconvexity
of function h.
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12T Ax
2 (bTz+bo)® "
{z € R" : bTx + by > 0} if and only if h is of the following form

Theorem 7. Consider function h(x) = h is pseudoconvex on S =

1 ()
h(x) = 7/1(7@3 where by < 0, p € RN.
2 (bT$+b0)
Th 8. Consider th on h(z) = 1) hereby <0, z € § =
eorem 8. Consider the function h(x) = 2 0T atny® Wherebo <0, z €5 =

{zx € R" : bTx + by > 0}. Then h(x) is convex if u > 0 and it is concave if
w<0.

Proof. Consider the function p(z) = 5 =1+ ( - ) defined on z+by > 0.

T z+bg z+bg
Since by < 0, p is convex and hence the function p(bT'z) is convex on S.
T 2
Moreover it results ih(aj) = (Z(Tbxifg()] which is the ratio of a squared convex

function and an affine positive one; such a kind of function is convex (see for
instance [1]), so that the function h is convex if y > 0 and concave if < 0.

4 Concluding Remarks

In this paper we have characterized the pseudoconvexity of two new classes
of generalized fractional functions using the Charnes-Cooper transformation.
The problem of characterizing pseudoconvex functions is not yet sufficently
studied in the literature because of its difficulty. We hope that the given ap-
proach, applied also in [6, 7, 9], provides further developments in this direction.
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Summary. Inspired by some results from nonsmooth critical point theory, we pro-
pose in this paper to study equilibrium problems by means of a general Palais-Smale
condition adapted to bifunctions. We introduce the notion of critical points for equi-
librium problems and we give some existence results for (EP) with lack of compacity.

Key words: Equilibrium problems, critical points, Palais-Smale condition,
Ekeland variational principle.

1 Introduction and Motivation

Let X be a real normed space, K C X be a nonempty convex set, D C X is
an open set containing K and ¢ : K x D — IR be a given function satisfying
&(x,2) =0 for all z € K. We consider the following Equilibrium Problem

(EP) Find T € K such that #(z,y) >0 Vye K

From its formulation, equilibrium problems theory has emerged as an in-
teresting branch of applicable mathematics. This theory provides a general
and convenient format to write and investigate many problems and becomes
a rich source of inspiration and motivation for the study of a large number of
problems arising in economics, optimization, and operation research in a gen-
eral and unified way , see [1, 2]. There are a substantial number of papers on
existence results for solving equilibrium problems based on different relaxed
monotonicity notions and various coercivity assumptions, see [3, 4, 5, 6]. In
a noncoercive framework, equilibrium problems have been studied by using
arguments from the recession analysis, see [7, 8, 9, 10].

In this paper, we study the existence of solutions for equilibrium problems
by using an approach inspired from the nonsmooth critical point theory and
an adapted Palais-Smale condition for bifunctions. Our approach is of two
types, the first one is by using some kind of monotonicity assumption and a
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recent result by Bianchi-Kassay-Pini [11] on an Ekeland variational principle
for equilibrium problems. The second approach is without any monotonicity
assumption and which will be developed in the last section of this paper.
First of all, we need to introduce the concept of critical points for equilibrium
problems and its connection with the solutions of equilibrium problems. In
the following, we give a motivation for introducing this notion for (EP).

Motivation

If we assume that the function y +— ®(x,y) is convex for all z € K and T is a
solution of (EP), then

Pz, T+ 1ty —7)) - (7,7
t
Taking the limit when ¢t — 07, we get

(z,7)(h) >0 YVhe K — 7,

>0 Vte (0,1, ye K

where ®° denotes the directional derivative of @ with respect to the second
variable.

On the other hand, suppose Z,7 € K are such that &(Z,y) > 0, ¢ is quasi-
convex with respect to the second argument and

%7, 5)(h) >0 Yhe K -5 with h # 0. (1)
Consider ¢t € (0,1] and y € K with y # 7. Since &(Z, -) is quasiconvex, then
(T, 5+ t(y — 7)) < max{P(z,y),2(7,7)}

Therefore
B(F,g+1ty—7) —d@y) 1
(T, 7+ 1ty ty)) (T,7) < = max{9(7. ) ~ $(7.7). 0}
B(Z, 7+ t(y — 7)) — BT, 7
Since lin%+ @7+t " 9) (.9) = ¢°%(Z,7)(y—7), then for each £ > 0,
t—s

with 2¢ < @°(Z,9)(y — ¥), there exists 7 > 0 such that for 0 <t < n

(7,5 +ty —y) — 2(z,9)
t

> TGy —9) <
1
It follows that n max{P(z,y) — ¢(Z,7),0} > ¢ for 0 <t < n. Hence

max{®(T,y) — P(7,7),0} > t[2"(T,7)(y —7) — ] > 0

Therefore &(z, y) — &(Z,7) > t[d°(Z,7)(y —¥) —¢] > 0. We conclude (T, y) >

&(T,y) >0 Yy € K with y # 7. Since &(Z,T) = 0, it follows that § = T and

&(T,y) > 0 for all y € K. Hence T is a solution of (EP).

Note that if we assume @ is convex with respect to the second argument, then

the strict inequality in relation (1) can be replaced by a large one.
Motivated by the arguments above, we shall introduce in the next section

the notions of critical points and strict critical points for equilibrium problems.
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2 Notion of Critical Points for Equilibrium Problems

Definition 1. The bifunction @ is said to be locally Lipschitz with respect to
the second variable if Vy € K there exists Ly > 0 and a neighborhood U, C D
of y such that

[2(2,y") — (z,y")| < Lylly —y"|
forally',y" €Uy and x € KNU,.

The family of all bifunctions @ : K x D — IR with the above property
will be denoted by Lipjoc(K).

Remark 1. Let @ a bifunction defined by &(x,y) = (T'(z),y — ), where T is a
nonlinear operator. Then Definition 1 is satisfied when T is locally bounded.

Definition 2. Let & € Lip;oe(K). For x € K and h € X, the generalized
Clarke-type derivative of @ at the point (x,x) with respect to the second vari-
able in the direction h is defined by

D(u,v + th) — (u,v)

P(z,z)(h) = limsup .

t—s 0T
(U,U) —>(SL’,$)
veK

In the next lemma, some properties of ¥ that we will need in the sequel
are presented.

Lemma 1. Let @ € Lip;o.(K). Then

(i) For each x € K, the function h — @°(z,x)(h)is sublinear Lipschitz con-
tinuous on X ;

(ii) The function (x,x,h) — @°(x, z)(h) is upper semicontinuous on K x K x
X.

Proof. Let © € K fixed. One can verify easily that the function h +—
@Y (x,x)(h) is positively homogeneous. We need only to show the subaddi-
tivity of the function h — @°(z,x)(h). To this aim, let h,w € X then
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D(u,v + th + tw) — (u,v)

P(z,x)(h+w) = limsup ;

t— 0T
(u7v) I (SL‘,I)
veK

®(u,v + th + tw) — P(u,v + tw)
t

< limsup
t— 0t
(u,v) — (x,x)
ve K
& (u,v + tw) — &(u,v)

+ limsup ;

t— 0t
(u,v) — (z,2)
veK
= 9(z,x)(h) + °(z, 2)(w)

On the other hand, from the local Lipshitz property of @, one has
@%(x,x)(h) < Ly||h|| Yhe X.
Taking account of the subadditivity property, one has
|8° (2, 2)(h) — (2, 2)(w)| < Ly||h —w| Vh,w € X.

Which completes the proof of (i).

Now to prove (ii), let € K, h € X and consider {z,}, {h,} sequences in K,
respectively in X, such that x,, — 2 and h,, — h. From the definition of ¢°,
there exist sequences t, > 0, Z,, € K, g, € K such that

1 _ 1 - 1
th < =, NZn =2l < =, G0 — 20l < =
n n n

b ~na ~n tnhn - Nn; ~n
and ¢0($m$n)(hn) _ 1 (117 Yn + ) (I Y )

n —

[2%
For n € IN sufliciently large, one has g, + t,h, € U,. Hence
G+ tuhn) — B + )] < Ly [lhy — B
It follows

B (@0, yn)(n) = — = LI = h| < t .

By passing to the limsup when n — +oo in the above inequality, one obtain

7 ~n7 ~n tnh - ~77,, ~n
lim sup 8°(z,,, 2, ) (hy,) < limsup (T, G + tnh) (Zn, Gn)

n——+00 n—+00 tn

< @Yz, z)(h).

Which completes the proof of (ii). O

Now we introduce the notion of critical points for equilibrium problems.
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Definition 3. T € K is said to be a critical point (resp. strict critical point)

of @, if
o'z, %)(h) >0 Vhe K —T

( resp. ?°(Z,T)(h) >0 Vhe K —T with h#0).

Proposition 1. Let @ € Lip;,.(K) and T a strict critical point of &. Assume
that

(i) Vo € K fized, y — D(z,y) is quasiconvex in K ;
(i)) Vy € K fized, x — &(x,y) is continuous on K.

Then T is a solution of (EP).
Proof. Since 7T is a strict critical point of @, then
(7, 7)(h) >0 Yhe K —F with h#0.

Let {t,}, {z,} and {y,} be sequences such that t, \, 07, z,, = T, y, — T
and
@ — Bz,
#°(z,7)(h) = lim (@ Yn + tnh) = P(Tn, yn)

n—s—+o0o tn

>0

Since y — @(z,y) is quasiconvex, then
(2, Yn + tnh) < max{P(@n, yn + h), P(zn,yn)}

Hence

@(l'na Yn + tnh) - @(mm yn)
ty

1
< ? max{é(l‘m Yn + h) - QS(Im yn)a O}' (2)
On the other hand, let e > 0 with ¢ < ®%(Z,Z)(h), then there exists
N € IN such that Vn > N one has

@(xnv Yn + tnh) — @(l'n» yn)
tn

> &%z, 7)(h) — ¢

Therefore by taking account of (2), one deduces
max{@(:cm Yn + h) - Q)(xnv yn)a 0} > tn(QSO(f7 T)(h) - 5) >0
Hence &(zp, Yn + h) — P(zn,yn) > 0 for all n > N. Therefore

limsup @(xp, yn + h) > limsup @(xy,, yn)-

n—-+4oo n—-+4oo
Taking account of (ii), one deduces
o(T, 7+ h) > o(T,7) = 0.

Hence, T is a solution of (EP). O
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Proposition 2. Let ¢ € Lipjo.(K) and T a critical point of ®. Assume that

(i) Vx € K fized, y — D(x,y) is conver in K;
(i) Yy € K fized, v — &(z,y) is continuous on K.

Then T is a solution of (EP).

Proof. Since T is a critical point of @, then ®°(Z,%)(h) >0 Vh € K — 7. On
the other hand since y — ®(x,y) is convex, then

D(u,v +th) < tP(u,v + h) + (1 — t)P(u,v).

Hence
D(u,v + th) — &(u,v)

t

< d(u,v + h) — P(u,v).
Consequently
limsup [@(u,v + h) — &(u,v)] > (T, 7)(h) > 0.

(u,0)—(Z.7)
Taking account of (ii), one deduces
&z, T+ h)>P(T,x)=0 Vhe K—z. O

Definition 4. [18] Let f : K — IR be a locally Lipschitz function. Then f
is called pseudoconvez, if for every x,y € K the following implication holds

Pla)y—2)20 = Vzelryl f(2)<f(y)

Inspired by the definition above, we shall introduce in the next definition
the notion of pseudoconvexity to the class of bifunctions @ € Lip,.(K).

Definition 5. Let & € Lip;oc(K), @ is said to be pseudoconvez if Vx,y € K
the following implication holds

P(z,x)(y—x) >0 = Vte[0,1] Dz, tx+ (1—1t)y) < d(x,y).

Remark 2. 1f &(z,y) = f(y) — f(x) where f: K — IR is a locally Lipschitz
function, then one can easily verify that f is pseudoconvex is equivalent to @
is pseudoconvex.

Proposition 3. Let & € Lip;o.(K) and T a critical point of ®. Assume that
@ is pseudonconvez, then T is a solution of (EP).

Proof. Since T a critical point of @, then #°(Z,%)(y — ) > 0 for all y € K.
On the other hand, the bifunction @ is pseudonconvex, then for y € K one
has for all ¢ € [0, 1],

(@, ty + (1 - 1)7) < (7, y). (3)
Set t = 0 in relation (3), one obtain
0= 6(7,7) < B(7.y).

Hence 7 is a solution of (EP). O
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Definition 6. [14] Let f : X — IR be a locally Lipschitz functional. We say
that f satisfies the Palais-Smale condition if for every sequence {u,} C X
such that {f(u,)} is bounded and

FPlun) (v —up) > —eplv — Un||, for allv e X,

for a sequence {e,} C R* with liH_il_ en = 0, {u,} contains a convergent
n—m0oo

subsequence, where fO is the Clarke derivative.

An extension of the Palais-Smale condition to the case of bifunctions can
be given by the following definition

Definition 7. Let & € Lip;,.(K), we say that ¢ satisfies the Palais-Smale
condition if for every sequence {u,} C K such that the sequence { in}f{ D(un,v)}
ve

s bounded from below and
DO (up, un ) (h) > —en||h|, for allh € K — uy,

for a sequence {e,} C Rt with lirri en = 0, {u,} contains a convergent
n—-—10oo

subsequence.
Recall the following coercivity definition

Definition 8. [1] A bifunction @ : K x K — IR is said to be coercive if there
exists a € K such that ®(u,a) — —oo when |Ju — a|| — +o0.

One has the following property

Proposition 4. Let & € Lip,,.(K), if @ is coercive then it satisfies the
Palais-Smale condition.

Proof. Suppose the contrary, then there exists a sequence {u,} C K such that
{ in}?{ &(up,v)} is bounded from below and
ve

D (U, un)(h) > —e,||h||, for all h € K — u,,

for {e,} C R" with lim &, =0, and {u,} has no convergent subsequence.
n

— 400
Since @ is coercive, then ®(u,,a) — —oo when n — +o0. On the other
hand, since
vlg}f{ D (U, v) < P(up,a)
then inlf( & (U, v) — —00 when n — +o0o. Which contradicts the fact that
ve

{ in}f{ &(up,v)} is bounded from below. O
ve



196 O. Chadli, Z. Chbani, H. Riahi

3 Existence Results for (EP) - The Monotone Case

In this section we shall study the existence of critical points and solution points
for equilibrium problems. Our approach will be based on a recent result by
Bianchi-Kassay-Pini [11] on an extension of Ekeland’s variational principle to
the setting of equilibrium problems.

Lemma 2 (Ekeland). Assume that f is a proper lower semicontinous func-
tion on a Banach space X. Suppose that e > 0 and that f(xo) < 1é1)f( f(z)+e.
Then for any A with 0 < X\ < 1 there exists z € dom(f) such that

(i) Mz = zo| < f(xo) — f(2);

(ii) |z — wol < e/A;
(iii) f(z) < f(x) + M|z — z|| whenever z # z.

Lemma 3. [11] Assume that K C X be a closed set, where X 1is a normed
space and @ : K x K — IR. Suppose that @ satisfies the following assumptions

(i) for x € K fized, the function ®(x,-) is lower bounded and lower semicon-
tinuous;

(i) for every v € K, &(z,z) =0;

(iii) for every x,y,z € K, ®(z,y) < P(z,2) + D(z,y).

Then, for every e > 0 and for every xo € K, there exists T € K such that

(a) @(xo,T) + €llzo — 7| <0,
(b) P, x)+el|T—z|| >0, VeeK, z#T.

The main result of this section is the following

Theorem 1. Let ¢ € Lipjo.(K), where K is a closed convex subset of a
normed space X . Suppose that ® satisfies the following assumptions

(i) for x € K fized, the function ®(x,-) is lower bounded;
(i) for all x € K, &(z,z) =0;

(i) there exists xo € K such that ®(xo,-) is bounded above;
() for every x,y,z € K, &(z,y) < P(x,2) + D(2,y);

(v) @ satisfies the Palais-Smale condition.

Then, @ has a critical point T. Furthermore, if  is assumed to be pseudoconver
then T is a solution of (EP).

Proof. Let {e,} be a sequence of positive numbers such that €, — 0. From
Lemma 3, one has for ¢, > 0 there exists z., € K such that

D(z.,,x) +epllze, —xl| >0, Ve e K, x # z.,.
Hence for x = x., + th with h € K — z, and ¢t > 0, one has

D(ze,, Te,, +th) — P(ze,,7c,) > —ent|[h|
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Therefore
b(ze,, e, + tf;) — &(ze,, Te,) ]

By passing to the limit in the above relation when ¢ goes to 0T, one obtain
'z, ,x.,)(h) > —en|lh|| VhEK —ax.,. (4)

On the other hand, from assumptions (iii) there exists a € IR such that
b(z,2.,) <o VYne N.
Let x € K, then from (iv) one has

QS(I'OVT) < ds(an xen) + @(x€n7x)
<a+P(z.,,x)

Hence, &(ze,,x) > P(xo,2) — a for all z € K. Taking account of (i), one
deduces that { 1g}f{ &(z., ,x)} is bounded from below.
T

Then from the Palais-Smale condition, one deduces that ., — T € K. By
passing to the limit in relation (4) and from Lemma 1, one deduces

' (z,7)(h) >0 VYheK—-7
and since @(Z,T) = 0, one conclude that T is a critical point of ¢. O

Remark 3.

1- Condition (iii) in Lemma 3, as mentioned in [11], implies the cyclic mono-
n

tonicity of —@, i.e. for every z1, - ,x, € K we have Z¢($i7xi+1) > 0.
Therefore, Theorem 1 can be seen as an existence resuft %or critical points
for equilibrium problems in a monotone framework.

2- Condition (iii) in Lemma 3 and Theorem 1 has been initially introduced by
Blum-Oettli [1, Theorem 3] for studying equilibrium problems in complete
metric spaces.

3- If the bifunction @ is of the form &(x,y) = p(y) — ¢(x) then condition (iii)
in Lemma 3 and Theorem 1 is easily satisfied. We point out that there is
other types of bifunctions which are not of the previous form and satisfy
condition (iii). For example (see [11]), take @ defined as the following

B(z,y) = {g—lxi;ylii(y) —plz) if £y

then @ is lower bounded and lower semicontinuous.
4- Let @ defined by &(z,y) = (T(x),y —x) where T': K — X* is an operator,
X* is the topological dual of X. Then condition (iv) can be written

Vo,y,z € K, (T(z) —T(z),z—y) <0.

Note that if &(z,y) = (T'(x),y —x) satisfies condition (iv), then it satisfies
condition () in Brézis-Haraux [12] with A = —T.
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4 Existence Results for (EP) - The Nonmonotone Case

In this section we shall investigate under which conditions we can have the ex-
istence of a solution point for equilibrium problems when K is not necessarily
compact and without a monotonicity assumption. In our approach, we follow
the method used in [15] which was devoted to establish some local minimax
theorems without compactness for functionals which are of class C*.

In the following, we shall suppose that the bifunction @ is locally Lipshitz
with respect to the second argument. For x,y € K, the Generalized Clark-
type derivative of @ at the point (z,y) with respect to the second argument
in the direction h is defined by

D(u, v+ th) — P(u,v)
t

?°(z,y)(h) = limsup
t— 07

(u,v) — (z,y)
veK

In this context, the definition of the Palais-Smale condition will be as the
following

Definition 9. We say that @ satisfies the Generalized Palais-Smale condition
if for every sequence {(un,vn)} C K x K such that &(un,v,) = sup P(u,v,),
ueK

the sequence {®(uy,vy)} is bounded and
D (un,vn)(h) > —enl|lhll, for allh € K — vy,

for a sequence {e,} C R" with lim &, = 0, then {(un,v,)} contains a

n—-s—4oo

convergent subsequence.

We will need some preliminary results which are listed below.

Lemma 4. [1] Let E be a convex, compact set, and F be a conver set. Let
p: Ex F — IR be quasiconcave and upper semicontinuous in the first
argument, and convex in the second argument. Assume that

>0 VycF
Igleagp(&y)_ ye

Then there exists £ € E such that p(€,y) >0 for ally € F.

We shall need the following two lemmas

Lemma 5. Let K be a closed convex set of a Banach space X and let f :
K — IR be a locally Lipschitz function bounded from below and satisfies the
Palais-Smale condition. Then the set

S={z € K: f(z) = min f(2)}
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is nonempty and compact. Moreover, if f is quasiconvex then S is conver.
If N is an open set containing S and ON its boundary, then

inf f(x)> inf f(z).

zEKNON zeK

Proof. From the Ekeland variational principle, one has for A\,, > 0 with A\, —
07T, there exists z,, € K such that

Al = znl| + f(2) > f(2n) Vo # 20 (5)
For h € X and ¢t > 0, set © = x,, + th. Then from (5), we have

f(xn +th) — f(xn)

Hence

P (en)(h) > limsup LTt = F(@n)

t—0+ t

> =2

Taking account of the Palais-Smale condition, one deduces that {z,} has a
convergent subsequence x,, — Z. From (5), we have T € S.
Now let {Z,,} be a sequence in S. For §,, \, 0 and z # T,, one has

f@n) < f(z) +onllz —Zn|  Vz#£z,
It follows

fo(fn)(h) > lim sup f(@y +th) — f(Tn)

t—s0t 3

Hence from the Palais-Smale condition, {Z,} has a convergent subsequence
Ty, — 2 and one can easily see that T € S.

To see that S is convex, consider Z,7 € S, A € [0,1] and let us show that
AT+ (1 - Ny e S. Since T,y € S, then f(Z) = f(y) = ar;rélir% f(z). On the other

hand from the quasiconvexity of f, one has
JOT + (1= N)g) < max{ (@), f7)} = min f(z) < FOT+ (1 - N)p).

Hence AT+ (1 - ANy € S.
Now, let N be an open set such that S C N Let us denote by a = dist(S, N,
exists since S is compact. By contradiction suppose

el 1) = B S(0)

Let {z,} € K NIN be a sequence such that lin[}r flzyn) = 1g{f(a:) and

let €, > 0 such that
flz,) < 1éllf<f(:v) + &n.
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Then by the Ekeland variational principle with \,, = %en, there exists w,, € K
such that ®(w,) < ®(x,), ||wy — 24| < § and

flwy) — %%Hx —wy|l < flx) Vz#w,.

Therefore, f(wy)(h) > —2&,||h||. Hence from the Palais-Smale condition,
one deduces w,,, — W for a subsequence. Since f(wy,) < f(x,, ), then

f(w) =lim f(wy,) <lm f(2,,) = inf f(z).
Hence w € S§. On the other hand

. . . _ . (0%
dist(w, ON) < |[@ — @l < [@ — wnll + [wn = @nll < @ = wnll + 5

Therefore dist(w, ON') < § and hence dist(S,0N) < §. Which is absurd. O

Lemma 6. Suppose that for ally € K, the function x — —®(x,y) is bounded
below, locally Lipschitz, quasiconver and satisfies the Palais-Smale condition.
Then the set-valued mapping S : K — 2K defined by

Sy)={Te K:9(z,y) = 83113@(%11)}

is upper semicontinuous with nonempty compact convex values.

Proof. From Lemma 5, S(y) is nonempty, compact and convex set for each y €
K. Tt remains to show that the set-valued mapping S is upper semicontinuous.
We need to show that for yp € K and N an open set containing S(yo), there
is an open neighborhood U (y) of yo such that Yy € U(yo) one has S(y) C N.
By contradiction, suppose there exists yg € K and an open set A such that
Yn € IN*, Jy, € B(yo,%)7 Az, € S(yn) with z, ¢ N. Let z9 € S(yg) C N.
Since x,, ¢ N, then there exists a,, € (0, 1) such that w, = (1—a,)zo+a,z, €
ON the boundary of /. One has

sup P(wn,yo) < sup  P(z,y0) < sup D(z,y0) = P(xo,Y0)- (6)
nelN NNK K

z€0. z€

On the other hand from the local Lipschitz property of @, there exists L, > 0
such that

¢(wn7 yn> - @(’LU»,“ yO) S Lyllyn - yOH
From the quasiconcavity of  — —&(x,y), one has
D(wny Yn) = P((1—an)To+0nTn, Yn) > min{P(zo, Yn), P(Tn, Yn)} > @(T0, Yn)-
Therefore

P(20,yn) < P(wn,yo) + Lyllyn — vol|-

Hence

Qj(;];O’yO) S hmlnf@(x(byn) S hmlnf@(wnayO) S sup Qj(wnayO) < Qj(anyO)a
neIN

which is absurd, hence S is upper semicontinuous. 0O
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Remark 4. Note that if @ satisfies the assumptions in Lemma 6. Then the
set-valued mapping S is closed graph, i.e. if {z,,} and {y, } are sequences such
that x,, € S(y,) with z,, — T and y,, — 7, then T € S(7).

Lemma 7. Let X and Y be two metric spaces and S : X — 2¥ be a mul-
tivalued mapping upper semicontinuous with nonempty compact values. Let
{zn} C X be a sequence such that x, — T. For n € IN, consider y, € S(xy).
Then the sequence {yn} has a convergent subsequence to a point § € S(T).

Proof. For p € IN*, consider the open set N, defined by N, = {y € Y :
dist(y,S(z)) < %} Since §(Z) C N, S is upper semicontinuous and z, — 7,
then there exists N(p) € IN such that for all n > N(p) one has S(z,,) C N,.
Hence there exists z, € S(T) such that dist(yn(p),2p) < %. Since S(T) is
compact, then the sequence {z,} has a convergent subsequence to § € S(Z).
From the triangular inequality

one deduces yn(,) — ¥. Which completes the proof. O
Definition 10. [16] The bifunction ® is said to be regular at (T,7) if

&(u,v + th) — P(u,v) (T, g+ th) — (T, 7) .

oY(z,7)(h) = limsup = lim sup
t— 0t t t—0% t
(u,v) — (z,y)
veK

Now we can state our main result on existence of solution points for equi-
librium problems in the noncompact case.

Theorem 2. Suppose that @ is regular and the following assumptions hold

(i) there exists xg € K such that the function y — ®(xo,y)is bounded below;

(ii) for y € K fized, the function x — —®&(x,y) is bounded from below, locally
Lipschitz, quasiconvex and satisfies the Palais-Smale condition;

(iii) P satisfies the Generalized Palais-Smale condition.

Then there exists T,y € K such that #°(%,5)(h) >0 Vh € K — 3. Moreover,
if Ve € K the function y — ®(x,y) is pseudoconver then T is a solution to
(EP).

Proof. Consider the function V : K — K defined by V(y) = sup &(x,y).
reK

One can easily see that V' is lower semicontinuous and bounded from below.
From the Ekeland variational principle, one has Ve > 0 there exists y. € K
such that
V(ye) < inf V(y) +e, (7)
yeK
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Vige) <V(y) +elly —vell Yy #ve. (8)

Consider h € K — y. and let y = y. + th, with ¢ > 0. Then from relation (8),

one has
V(ye +th) — V(y.)

t

> —¢||h]|.

Hence

> —el|h|.
t—0t t

Let {t,} be a sequence of positive numbers such that ¢, \, 0, then

lim V(ys +tuh) — V(ye) > Tim inf V(ye +th) — V(ye)

n—-+o0 tn P

> —ellAll. - (9)

On the other hand, by Lemma 5, S(y. + t,h) # 0 and hence there exists
x, € K such that V(y. + t,h) = ®(zy, ye + tph). Since V(ye) > P(xn,ye),
then from relation (9) one deduces

lim inf Qj(xnays + tnh) - @(xnvys)

n—s—+00 tn

> —el|hll

For {,} C IR" such that &, \, 0", one has

@(J:T“ Ye + tnh) - Qs(x’m ye)
tn

< @O(mn, ye)(h) +ep

Hence
liminf [@°(x,,, ye)(h) +e,] > —¢]|R|. (10)

n—-s—+oo

On the other hand, z, € S(y. + t,h) and since S is upper semicontinuous
with nonempty compact values then from Lemma 7 one deduces that {z,}
has a convergent subsequence x,, — = € S(y.). Therefore, from relation
(10) and Lemma 1, one deduces

(2, y.)(h) = —eh].
We have then established the following
Vhe X, 3z € K suchthat &°(z,y.)(h) > —¢l||h|.
Now consider the following bifunction ¢, : S(y.) X (K —y.) — IR defined by
pe(, h) = Oz, ye) (h) + el ||

The set S(y.) is compact and (K —y.) is convex. It is easy to see that ¢.(z, )
is convex, let us show that ¢ (-, h) is quasiconcave. To this aim, let « € [0, 1]
and z,y € S(y:). We need only to show that

(x4 (1 — )y, ye)(h) > min{®°(z,y.)(h), 2°(y, y-) (h)}.
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Since @ is regular, then

Pz + (1 — )y, y:)(h)

(3 1-— — @ 1-—
= lim sup (0@ + (1 = a)y.ye + ﬂ? (az + (1 = @)y, ye) )
t—0t

Since P(-, ye + th) is quasiconcave, then
S(ar + (1 — @)y, ye + th) > min{P(z,y: + th), P(y,ye +th)}.
On the other hand, since S(y.) is convex then az + (1 — a)y € S(y.) and
P(ax + (1 - @)y, ye) = (2,y:) = Py, Ye)-

Therefore

Plax + (1~ a)yye +th) — Bloz + (1~ a)y,y.) _

t
(z,ye +th) — P(x,y:) P(y,y. +th) — D(y, y:)

. D
min{ . , .

}.
Hence by passing to the limit when ¢t — 0%, one deduces that
(az + (1 — a)y,y.)(h) > minf @ (z, y.) (), 8 (y, y.) (h)}.
Consequently, ¢. satisfies assumptions of Lemma 4. Then
Jz. € S(y.) such that ¢°(x.,y.)(h) +¢||h| >0 Vhe K —y..
For €, — 07, one has
P(@e,, Ye,)(h) = —enl|hl| (11)

with z., € S(ye,) and h € K —y,_. Hence, from the generalized Palais-Smale
condition, ., — T and y., — ¥ for subsequences. Moreover T € S(7).
Passing to the limit in (11), one deduces

'z, 7)(h) >0 VYhe K —7.
On the other hand Z € S§(7), then &(%,7) = sup ¢(z,7) > ¢(y,y) > 0. Since
reK

the function y — @(Z,y) is pseudoconvex, then one can easily verify that
d(z,y)>0forallye K. O

Remark 5. Under the assumptions of Theorem 2, it has been established the
following

37,7 € K such that &(7,7) > 0 and °(7,7)(h) >0 YVhe K —75.  (12)

Note that if 5§ = 7, then T is a critical point of the bifunction @ according
to Definition 3. Hence, relation (12) could be a more general formulation of a
critical point for a bifunction.
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Example

For an illustration of our approach, we give the following example. Let A be
a bounded closed convex set of IR containing the origin and let {2 C IR™ be
a bounded open set. We consider the subset K of W0(£2, IR™) defined by

K={zxecW" (R, R™) :2(¢) €A ae. on 2}

Consider ¢ € C1(K x K, IR) and the bifunction @ defined on K x K as the
following

1 1
#(a.9) = [ (5199l = 51Val* + plalds.

We shall verify that for y € K fixed, the function z — —@(z,y) satisfies the
Palais-Smale condition and the bifunction @ satisfies the generalized Palais-
Smale condition.

To this aim, let yo € K fixed and {x,} be a sequence in K such that
{=®(xn,yo)} is bounded and

(—D)° (@, y0)(h) > —eu||h|| forall he K —x,.

Hence, the sequence

1
/ §|Vxn|2 — @(xn,y0) d€  is bounded (13)
Q

/ V, - Vh— @ (xn,yo)(h) d§ > —e,||h|| forall he K —xz,. (14)
Q
From relation (13), one deduces that {x,} is bounded in W9(£2, IR™). Hence,

for a subsequence one has x,, — T for the weak topology on W10(§2, IR™)
and x,, — T a.e. on {2 and thus 7 € K. Let hg € K — 7, we shall prove that

Vz-Vhy — (p;(f, yo)(ho) d€ > 0.
9]

To this aim, set z,, =T + ho — z,. Then
/ VzZ-Vhy d§ = / — T, ) - Vho d§ +/ Van, - Vhy d§
Q2
/ V(T —zp,) - Vho d§+/ Van, - Van, d+ [ Vo, -V(r,, —7T)d§
2

(%}

where 0(Z — z,,,) — 0 since x,,, — T for the weak topology on W0(£2, IR™).
On the other hand

/%@m%@%=/%ﬂwmmw%+Wm—ﬂ
0N 0
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Hence

/ VZ - Vho = ¢, (T, y0) (ho) d§

2

> / V-Tnk vznk df _/ @;(xnkvyO)(hO) d§ + e(x’ﬂ/k _E)
2 2

> / v-rnk . vznk d£ _/ @;(xnkvyo)(znk + (E_ xnk)) df + H(xnk _E)
2 2

> / V.Ink . vznk df _/ @Ix(ngyO)(an) d€ + 0('rnk _E)
2 2
> —Eny Hznk ” + a(xnk - f)
It follows that

Y VZ - Vho = ¢, (T, yo) (ho) d€ > 0. (15)

Set h =T — x,, in relation (14) and hg = x,, — T in relation (15). Then

/ Vitn - V(T — ny) — @ (@ns o) (T — ) dE >~ [T — 0my |

fo- V(@n, =) = (T, y0) (€n, —T) d€ = 0.
2

By adding the above two relations, one obtain

- / V@ — a0y )? — / [ (2 40) (T — ) + 2 (n 90) (F — Ey)] dE
(93 0

> —&n, |7 — 2, |-

Therefore
[ 19 =) d < 0, 7= 20, | + 0, — D).
It follows that x,, — T in W19(02, R™).

Now, let {(zn, yn)} be a sequence in K x K such that &(z,,, y,) = sup D(z, yn),
reK

{®(20,yn)} is bounded and @°(x,,,y,)(h) > —e,||h|| for all h € K — y,,. It
follows that the sequence

1 1
/ [§|Vyn|2 — §|Vacn|2 + o(zn,yn)]dE  is bounded (16)
Q

/ Vyn, - Vh+ w'y(xn,yn)(h) d¢ > —eu||h|| for all he K —y,. (17)
I7)
On the other hand, since ®(z,,,yn) > P(x,y,) for all x € K, then

O (Tn,yn)(h) <0 forall heK —ux,.



206 O. Chadli, Z. Chbani, H. Riahi

Hence
—/ Va, - Vh+ @ (n,yn)(h) d6 <0 forall heK —ux,. (18)
0

For zy € K fixed, set h = ¢y — x,, then

- /Q Vi, - V(xg — ) + 0o (Tn, yn) (w0 — ) dE < 0.
It follows
[ 192 + Gl o ~ ) d [ ViV d <0
Thus
/Q —|Vau|? d¢ < |lzall lzoll + c(llznll + [lzoll)

where c is a positive constant. It follows that {z,, } is bounded in W9(£2, IR™).
From relation (16), one deduces that {y,} is bounded in W°(£2, IR™). Hence,
for a subsequence one has z,, — T and y,, — ¥ for the weak topology on
wt9(2, R™). Thus z,, — T and y,, — ¥ a.e. on {2.

Similarly as before, we can show that z,7 € K and

/ Vy - Vh+go;(f,y)(h) d¢ >0 forall he K—7. (19)
2

From relations (17) and (19), one can verify

||ynk _yH2 < _EnkHy"k _y” + a(y"k _y)

Hence y,, — 7 in WH0(§2, IR™). Similarly, we have relation (15) and therefore
one can deduce z,, — 7 in W0(Q2, R™).
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Summary. Minty variational inequalities are studied as a tool for vector optimiza-
tion. Instead of focusing on vector inequalities, we propose an approach through
scalarization which allows to construct a proper variational inequality type problem
to study any concept of efficiency in vector optimization.

This general scheme gives an easy and consistent extension of scalar results, provid-
ing also a notion of increasing along rays vector function. This class of generalized
convex functions seems to be intimately related to the existence of solutions to a
Minty variational inequality in the scalar case, we now extend this fact to vector
case.

Finally, to prove a reversal of the main theorem, generalized quasiconvexity is con-
sidered and the notion of *-quasiconvexity plays a crucial role to extend scalar
evidences. This class of functions, indeed, guarantees a Minty-type variational in-
equality is a necessary and sufficient optimality condition for several kind of efficient
solution.

Key words: Minty variational inequalities, vector optimization, generalized
quasiconvexity, scalarization.

1 Introduction

Variational inequalities (for short, VI) provide suitable mathematical models
for a range of practical problems, see e.g. [3] or [29]. Vector VI were introduced
first in [20] and thereafter studied intensively. For a survey and some recent
results we refer to [2, 8, 17, 21, 47, 30]. Stampacchia [41] and Minty [37] type
VI are the main versions which are studied. One of the most challenging field
of research studies relations among solutions of a “differential” VI and those of
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a primitive optimization problem. This task has been the core of investigation
for vector extension of the variational inequalities since the beginning [5, 6, 9,
31, 32, 46, 47]. Nowadays, when the problem focuses on Minty VI (both scalar
and vector) and optimization, the guideline for the research is the well known
“Minty Variational Principle” (see e.g. [21]). The principle provides a test of
goodness for any formulation of a vector Minty VI. Namely an inequality is a
differentiable Minty VI if and only if its solution is an optimal solution (of a
certain type) to the primitive multiobjective optimization problem. This must
hold without any assumption on the objective function, but differentiability.
In [10, 12] and [16], two different approaches have been proposed. First in
[10] and [16] a vector inequality has been related to efficiency and proper
efficiency (for differentiable vector optimization problems), filling a gap left
by the formulation given by Giannessi. Then in [12] the same gap has been
filled by means of generalized scalar Minty VI, that is without using vector
inequality but a scalar VI involving set-valued maps. Meanwhile, also the
Minty variational principle in the scalar case has been deeply investigated. By
means of lower Dini derivatives we enlarged the class of optimization problems
to be studied through the inequalities and we pointed out a more detailed
form of the principle itself (see e.g. [13, 11]), which involves also the notion of
Increasing-Along-Rays (IAR) functions as generalized convex. The next step
has been to go back to vector optimization to try to prove a vector version of
this principle. However, as several notions of vector-optima can be given, also
different results on the Minty VI can be proved. Some attempts can be found
in [14] and [15]. Basically one could think to develop a theorem for each kind
of efficient solution known in the literature based on a suitable inequality for
the vector-valued formulation. Here we wish to prove that results known and
new ones can be basically related to a common scheme, based on scalarization.
To see this, in Section 2 we define vector solution through general scalarization,
as a mean to construct the general approach to the problem. Once this result
is achieved, next sections are devoted to show how very special results can
be obtained within this scheme and one shall recognize how classical vector
concepts lay behind those in Section 2. Clearly when the problem is scalar,
the classical results come as a special case. To clarify the idea, we stress that
notions as ideal, efficient, weak efficient and the wide variety of proper efficient
solutions are well established in the literature. Several of them are also studied
by means of a proper scalarization technique. On the contrary, in the field of
(Minty) variational inequalities, we think the theory is not yet established and
what are the notions of solution is still to be clarified. For some of the results
we also discuss relation (if any) with concept of solution to a vector Minty
VI introduced by other authors. Finally the concept of vector IAR function is
far to be a classic in optimization and generalized convexity community. Only
few results can be guessed by analogy with classical monotonicity for vector
valued functions. Here we propose a more rigorous approach to the definition
of this property. To complete the exploration we also extend the properties
of quasiconvex functions as related to Minty VI. We show that some widely
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accepted concepts of vector quasiconvex functions can be fitted within the
scalarization scheme we develop in Section 2.

2 A General Scheme

In the sequel X denotes a real linear space and K is a convex subset of X.
Further Y is a real topological vector space and C' C Y is a closed convex
cone.

In [11] we consider the scalar case Y = R and investigate the scalar (gen-
eralized) Minty VI of differential type

fl(l’,l’o*’l})go, IIZGK, (1)

0 0

were f(x,x" —z) is the Dini directional derivative of f at z in direction 2" —z.
For x in K and u € X we define the Dini derivative

1
) = limind © (o + 1) — 1) 2)
t—
as an element of the extended real line R = RU {—occ} U {+00}.
The following result is established in [11].

Theorem 1. Let K be a set in a real linear space and let the function f :
X — R be radially Isc on the rays starting at ° € ker K. Then 2° is a
solution of the Minty VI (1) if and only if f increases along rays starting at
20, In consequence, each such solution z° is a global minimizer of f.

Recall that f : K — R is said radially lower semicontinuous on the rays
starting at 20 if for all uw € X the composition function ¢ — f(z°+tu) is Isc on
the set {t > 0] 2° + tu € K}. We write then f € RLSC(K,z°). In a similar
way we can introduce other “radial notions”. We write also f € TAR(K,z")
if f increases along rays starting at z°, the latter means that for all u € X
the function t — f(x + tu) is increasing on the set {¢t > 0 | 2° + tu € K}.
We call this property the TAR property. The kernel ker K of K is defined
as the set of all 2° € K, for which € K implies that [z°,2] C K, where
[ 2] = {(1 — t)a® +tx | 0 < t < 1} is the segment determined by z° and
z. Obviously, for a convex set ker K = K. Sets with nonempty kernel are
star-shaped and play an important role in the abstract convexity [39].

In [14] we generalize some results of [11] to a vector VI of the form
Fl@,a®—a)n(-C) £0, aekK, (3)

where the Dini derivative f/(z,u) is defined as

§' ) = Limsup, e 3 (e + tu) — £(2) @
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and the Limsup is intended in the sense of Painlevé-Kuratowski.

Let us underline some of the difficulties, which arise in the previous formu-
lation. First, due to the use of infinite elements, the vector Dini derivative (4)
is not exactly a generalization of the scalar Dini derivative (2). This motivated
us to study in [14] infinite elements in the topological vector space Y and sub-
sequently to introduce slightly different notions of the vector Dini derivative
and the vector VI. Second, IAR property for vector-valued functions can be
introduced in various ways. In [14] we propose two such generalizations, called
respectively IAR™ and IAR™ properties, based on alternative understandings
of vector inequalities. Third, since a global minimizer (point of efficiency) for
a vector function can be defined in different ways, Theorem 1 can be extended
to copy with any of these.

We recall here some of the most standard points of efficiency. The point
2% € K is said to be an ideal (or absolute) efficient point for f : K — Y
if f(K) C f(2°) + C. We call the ideal efficient points a-minimizers. The
point #° € K is said to be an efficient point (e-minimizer) for f : K — Y if
FK)N(f(z°)—C\{0}) = 0. The point 2° € K is said to be a weakly efficient
point (w-minimizer) for f: K — Y if f(K) N (f(2°) —intC) = 0.

In [14] we studied the vector VI (3) and the extension of Theorem 1 requires
the notion of a-minimizers. Despite they might be unlike to happen, if the
vector optimization problem

mian(x) y T E Ka (5)

possesses a-minimizers, we certainly wish to distinguish them, since they rep-
resent a rather nice property.

Since problem (5) possesses rather e-minimizers (or w-minimizers) than
a-minimizers, the natural question is whether f can define a type of VI and a
type of IAR property, so that the equivalence of the properties 2° is a solution
of the VI and f is increasing-along-rays starting at x° remains true, and z°
is either e-minimizers or w-minimizers. A step further appears in [15], where
the notion of w-minimizer is characterized by a Minty VI. However [14] and
[15] reveal a common approach in the proofs, which motivates our interest
to develop a general scheme which may define the suitable Minty VI for any
point of efficiency.

Since in both [14] and [15] proofs are based on scalarization, we need first to
set a general notation for this technique.

Let the function f: K — Y be given and = be a set of functions £ : ¥ —
R. For 2° € ker K put &(=Z,2°) is the set of all functions ¢ : K — R such
that ¢(x) = £(f(x) — f(2)) for some € € Z. Instead of a single VI we consider
the system of scalar VI

(v, 2" —2) <0, xzcK, forall ¢cd(=,2°). (6)

A solution of (6) is any point z°, which solves all the scalar VI of the
system.
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Now we say that f is increasing-along-rays with respect to = (Z-IAR) at
20 along the rays starting at 2° € ker K, and write f € Z-TAR(K,2?), if
¢ € TAR(K, 2°) for all ¢ € &(=,2%). We say that 2° € K is a Z-minimizer
of f on K if 2% is a minimizer on K of each of the scalar functions ¢ €
@(=,2°). We say that the function f is radially Z-lsc at the rays starting at
20, and write f € Z-RLSC(K,2°), if all the functions ¢ € ¢(=,2°) satisfy
¢ € RLSC(K,z").

Under this formulation we extend every concept involved in Theorem 1 to
the vector case by using a family of scalar VI, which depends upon =. The
main idea is similar to the approach we proposed in [12], that is, to avoid
troubles with vector inequalities, we look for scalar counterparts. The price
we pay is that the scalar problem may not be easy to solve.

Remark 1. The variational inequality (1), where Y = R, can be treated within
this scheme if we put = = {£} to be the set consisting of the identical function
£: R — R, £(y) = y. Now the system (6) consists of just one VI, in which
é(z) = f(z) — f(2°), € K. Obviously ¢/(z,u) = f'(z,u) for all x € K and
uec X.

Let us underline that there is certain advantage in defining (6) through
compositions &(f(z) — f(x°)), in which the inner function f(x) is translated
by f(2°), as we can deal with some applications.

The main advantage to deal with families of scalarized inequalities is that
we can easily apply scalar results as Theorem 1. Although trivial to prove,
the following theorem is the general scheme we are looking for.

Theorem 2. Let K be a set in a real linear space and = be a set of functions
£ :Y — R on the topological vector space Y. Let the function f: K — Y
satisfy f € Z-RLSC(K,2°) at the point 2° € ker K. Then 2° is a solution of
the system of VI (6) if and only if f € Z-TAR(K,2°). In consequence, any
solution 2° € ker K of (6) is a Z-minimizer of f.

Proof. The system (6) consists in fact of independent VI
§,a®~2)<0, zeK, (7)

where ¢ € #(Z,2"). The assumption that f is radially Z-Isc along the rays
starting at ° means that the function ¢ in each of scalar VI (7) is radially Isc
along the rays starting at 2°. According to Theorem 1 the point 2° € ker K is
a solution of (7) if and only if ¢ € TAR(K,z°). In consequence x° is a global
minimizer of ¢. Since this is true for each of the inequalities of the system (6),
we get immediately the theses.

The generality of = find a reason in the following sections, where it is clear
that, given a choice of which points of efficiency we are willing to study, we
can find a class = to construct a Minty VI and a concept of IAR function.
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Remark 2. Despite when dealing with VI in the vector case an ordering cone
should be given in advance (see e.g. [20, 16], C' does not appear explicitly
neither in the system of VI (6) nor in the statement of the theorem. Therefore,
the result of Theorem 2 depends on the set =, but not on C. Actually, since
the VI is related to a vector optimization problem, the cone C' is given in
advance because of the nature of the problem itself. The adequate system of
VI claims then for a reasonable choice of = depending in some way on C'. In
such a case the result in Theorem 2 depends implicitly on C' through =.

Remark 3. When = = {¢°} is a singleton, then Theorem 2 easily reduces to
Theorem 1, where f should be substituted by ¢ : K — R, ¢(z) = £°(f(z) —
f(2%)), and the VI (1) by a single scalar VI of the form (7). Obviously, now f
radially Z-lsc means ¢ radially lsc, f € Z-TAR(K, 2°) means ¢ € TAR(K, x°),

2% a Z-minimizer of f means z° a minimizer of ¢.

Another problem faced in [11] is the reversal of Theorem 1. namely we
cannot ensure that when a minimizer exists, it is the solution of Minty VI 1.
A counter example can be stated even in a differentiable case.

Ezample 1. Consider the scalar VI (1) with f : R> — R given by

Fe1,0) = z%x%,xlzoorxgzo,
b2 0, 1 <0 and zo <0.

The function f is C1. The scalar VI (1) has a solution z° = 0, hence the set of
solutions is non-empty (we have f’(z,2° — z) = —42323 if 21 > 0 or x5 > 0,
and f'(z,2° —x) = 0 if z; < 0 and x5 < 0). The set of the global minimizers
of fis {x € R*| x; <0, o < 0}. At the same time a point = with z; < 0
and zo < 0 is not a solution of the VI, since for such a point the TAR property
does not hold. (There is a ray starting at x, which intersects the coordinate
axes in the different points 2! and x2. The function f takes value 0 at both
z' and 22, and f is strictly positive at the relative interior of the segment

determined by x! and 22.)

Reversal of Theorem 1 hold only with further assumptions on f, namely
quasiconvexity. We say that f : K — R is radially quasiconvex along rays
starting at 20 € ker K if the restriction of f to any such ray is quasiconvex.
If this property is satisfied we write f € RQC(K, z°).

The following assertion is a straightforward consequence of the definitions
of quasiconvexity.

Theorem 3. The function f : K — R defined on a set K in a real linear
space is quasiconvez if and only if K is conver and f € RQC(K,x°) for all
points z° € K.

The following theorem together with Theorem 1 establishes the equivalence
among solutions of the scalar VI (1) and minimizers of f.



Efficiency, IAR and MVI 215

Theorem 4. Let K be a set in a real linear space and let the function f : X —
R have the property f € RQC(K,z") at 2° € ker K. If 2° is a minimizer of
f, then 2° is a solution of the scalar VI (1). In particular, if f is quasiconvez,
then any minimizer of f is a solution of VI (1).

Proof. The properties that 2° is a minimizer of f and f € RQC(K, z°) imply
that f € TAR(K,2°). In consequence, according to Theorem 1 the point 2°
is a solution of the VI. Let us remark that in Theorem 1 for this implication
the assumption for radial lower semicontinuity is superfluous.

To generalize Theorem 4 from the scalar VI (1) to the system of VI (6) we
introduce Z-quasiconvexity.

Let = be a set of functions € : Y — R. For z° € ker K define the func-
tions ¢ € ®(=Z,2%) as in (6). For any such 2° we say that f is radially =-
quasiconvex along the rays starting at 20, and write f € Z-RQC (K, x°), if
¢ € RQC(K,2°) for all ¢ € (=, 2°). We say that f is S-quasiconvex if K is
convex and f € Z-RQC (K, z°) for all 2° € K. Clearly, for scalar f, the choice
of = as in Remark 1 guaranties =-RQC(K, z°) reduces to RQC (K, z°).

The following theorem generalizes Theorem 4. The proof follows straight-
forward from Theorem 4 and is omitted.

Theorem 5. Let K be a set in a real linear space and = be a set of functions
£:Y — R on the topological vector space Y. Let the function f: K — Y
have the property f € Z-RQC(K,z") at the point 2° € ker K. If 2° is a
Z-minimizer of f, then z° is a solution of the system of VI (6). In particular,
if [ is Z-quasiconvex, then any Z-minimizer of f is a solution of (6).

3 a-Minimizers

We assume that the topological vector space Y is locally convex and denote
by Y its dual space. The positive polar cone of C' is defined by

C'={ecY'|{y) >0 forall yeC}.

Due to the Separation Theorem for topological vector spaces, see Theorem
9.1 in [40], for the closed and convex cone C' we have C = {y € Y | ({,y) >
0 for all £ € C'}.

Consider the system of VI (6) with = = C’. Now &(Z,2°) is the set of
functions ¢ : K — R such that ¢(x) = (¢, f(x) — f(2°)), € K, for some
el

Under this setting, Theorem 2 allows to characterize a-minimizers by
means of Minty VI. We first recall in [14] it was named IAR™ the property
of a function f : K — Y to increase along rays starting at 2° € K, when for
every 0 <t < to

(@ +tou) € f(2° + tyu) + C.

This fact has been denoted as f € TART (K, 20).
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Theorem 6. Let K be a set in a real linear space and C be a closed convex
cone in the locally conver space Y. Let the function f: K — Y be such that
all the functions x € K — (&, f(z)) € R, £ € C’, are radially lsc along the
rays starting at the point 2° € ker K. Then 2 is a solution of the system
of VI (6) with = = C’ if and only if f € IARY(K,2°). In consequence, any
solution 2° € ker K of (6) is an a-minimizer of f.

Proof. Now f € Z-TAR(K, ") means that for arbitrary v € X and 0 < #; <
ty in the set {t > 0| 2° + tu € K}, it holds

(€ [z + tiu) = f(2° +tau)) <0

for all ¢ € C’. The latter gives that f(20 + tyu) — f(a® + tou) € —C, or
equivalently f(z° +tau) € f(2° + tju) + C, ie. f € TART(K,2°). Similarly
we get that 20 is a S-minimizer of f if (¢, f(2°) — f(z)) < 0 for all z € K
and ¢ € (', which is equivalent to f(x) € f(z") +C for all z € K, i.e. 20 is
an a-minimizer of f on K.

The next example shows an application of this result.

Ezample 2. Let X = R, Y = R* C = Ri and K = Ry. The function
f(z) = (x,2y/x) defines, for z° = 0 the VI system

(6+£2) o=@ ravm <o vack
Since this inequality holds true for any choice of £ € C’, we conclude z° = 0
is an a-minimizer, as can be easily checked directly.

Remark 4. The Minty VI we are using is not a vector inequality. However
it can be related to some vector inequality similar to VI 3. More problems
arise than just those involved by the order. Indeed to copy with the infinite
values allowed by scalar VI 2, it is necessary to explore the concept of infinite
elements for vectors. In [14] this effort has been done and the relations with
scalarized inequalities are studied. Leaving details to [14], here we stress that
Theorem 6 provides a more straightforward result to handle similar cases
which are presented in [14].

The approach we just have used bases on linear scalarization. One may
complain that in real world applications the feasible values of £ may be given
in advance, following some constraints. In Remark 2 we have stressed it is not
necessary to know C' in advance to have optimality. We can start from =

Let = be an arbitrary set in the dual space Y. Now ®(Z,2°) is the set
of functions ¢ : K — R such that ¢(z) = (£, f(x) — f(2°)), z € K, with
some ¢ € =. Define the cone Cz = {y € Y | ({,y) > 0forall & € =}. Its
positive polar cone is C% = ¢l cone conv =. We note that, despite = C C%, the
solutions of system of VI (6) coincide with those of the system of VI obtained
from (6) by replacing = with CL. However the new system allows to recover
the case already described, with the cone C= replacing C
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Corollary 1. Let K be a set in a real linear space, Y be a locally convex space,
and Z be an arbitrary set in the dual space Y'. Let the function f: K —Y
be such that all the functions x € K — (&, f(z)) € R, £ € =, are radially lsc
along the rays starting at the point 2° € ker K. Then 2° is a solution of the
system of VI (6) with the chosen Z if and only if with respect to the cone C=
it holds f € TART(K,z"). In consequence, any solution 2° € ker K of (6) is
an a-minimizer of f with respect to the cone C=.

We shall now exploit some possibilities, for given closed convex cone C'
and linear scalarization.
If = C C’, then C C Oz and CL C C’. The system of VI is a subset of that
defined at the beginning of the section.
Often in optimization happens to deal with the set = = {¢ € C' | (€, y°) = 0},
where y° € C. Then Cz is the contingent cone (see e.g. [1]) of C at ¢, at
least when Y is a normed space.
It is worth to mention the case = = {¢°}, €0 € C, a singleton. Then (6) reduces
to the single equation (7) with ¢(z) = (£°, f(x) — f(2")) to which Theorem 1
directly can be applied. If ¢ is radially Isc along the rays starting at 20, then
20 € ker K is a solution of (7) if and only if ¢ € TAR(K,z"). Consequently,
20 is a minimizer of ¢, and therefore (£°, f(2°)) = min{(¢°, f(x)) | = € K}.
In the literature sometimes the points z° satisfying this condition are called
linearized (through &Y € C) efficient points.

We can also study the reversal of Theorem 6, through the scheme of The-
orem 5. Now the core question is which kind of vector quasi-convexity lay
behind Z-RQC. We see that now f € Z-RQC(K,x°) at 2" € ker K if all the

functions
zeK — (& fx)— f(a°), ¢eC, (8)

are radially quasiconvex along the rays starting at z°. The function f is =-
quasiconvex if K is convex and the functions (8) are quasiconvex for each
20 € K. Clearly, the latter is equivalent to require that functions

veK —( f(z), e, 9)

are (radially) quasiconvex. This generalized quasiconvexity was introduced in
[28] as #-quasiconvexity. Further studies on the subject and detailed references
can be found in [18, 42].

It becomes straightforward that the following version of Theorem 5.

Theorem 7. Let K be a set in a real linear space and C be a closed convex
cone in the locally convex space Y. Let the function f : K — Y be radially
x-quasiconver along the rays starting at z° € ker K. If 2° is an a-minimizer
of f, then z° is a solution of the system of VI (6). In particular, if f is
x-quasiconvez, then any a-minimizer of f is a solution of (6).

We omit the easy proof, to focus on the study of the weaker assumption
of C-quasiconvexity. Recall that a function f : K — Y is said to be C-
quasiconvex on the convex set K C X if for each y € Y, the set {z € K| f(z) €
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y—C'} is convex. Similarly, we call f radially C-quasiconvex along rays starting
at 20 € ker K, if the restriction of f on each such ray is C-quasiconvex. It is
well known (see e.g. [28]), that the class of (radially) C-quasiconvex functions
is broader than that of (radially) x-quasiconvex functions.

The following proposition, which is in fact Theorem 3.1 in [4], shows that,
eventually diminishing the set =, we still get equivalence of =-quasiconvexity
and C-quasiconvexity. We make use the following standard notions. The pair

(Y, C) is directed if, for arbitrary y',4? € Y, there exists y € Y, such that
y—y' € Cand y—y? € C.If Y is a Banach space, and the closed convex
cone C has a nonempty interior, then the pair (Y, C) is directed. There are
however important examples [4], of directed pairs in which int C' = (). Given
aset P CY, apoint x € P is said to be an extreme point of P, when there
exist no couple of points 2! # z? € P, such that x can be expressed as a
convex combination of 2! and 22 with positive coefficients. Recall also that a
vector £ € C” is said to be an extreme direction of C’ when ¢ € C"\{0} and
for all £1,£2 € C’ such that & = €' + €2, there exist positive reals A;, Ay for
which &1 = \1€, €2 = X\p€. We denote by ext P the set of extreme points of P
and by extd C’ the set of extreme directions for C’.

Proposition 1 ([4]). Let Y be a Banach space, and C be a closed convex
cone in'Y, such that the pair (Y,C) is directed. Suppose that C' is the weak-x
closed conver hull of extd C’. Then, f is C-quasiconvex if and only if f is
E-quasiconver with & = extd C’.

Remark 5. A “radial variant” of this statement can be formulated straightfor-
ward.

Now, as an application of Theorem 5 and Proposition 1, we get the fol-
lowing result.

Corollary 2. Let K be a set in a real linear space and Y be a Banach space.
Let C be a closed convex cone in'Y, such that (Y,C) is directed and C' has a
weak-+ compact convez base I' (in particular these assumptions hold when C
is a closed convex cone with nonempty interior). Let the function f: K —Y
be radially C-quasiconvex along the rays starting at z° € ker K. If 2° is an
a-minimizer of f, then x° is a solution of the system of VI (6). Moreover, if
f is C-quasiconvez, then each a-minimizer of f is a solution of (6).

Proof. Together with (6), with = = C’, we consider the system of VI
¢ (x,2° —2) <0, zcK, forall ¢ &I NextdC’, 2°). (10)

The two systems are equivalent, in the sense that 20 is a solution of (6) if and
only if 2% is a solution of (10). Indeed, since I Nextd C’ C C’, we see that if
20 is a solution of (10), then z¥ is a solution of (6). The reverse inclusion in

true, since according to Krein-Milman Theorem, C’ = cl cone co (I'Nextd C’),



Efficiency, IAR and MVI 219

hence each inequality in the system (6) is a consequence of the inequalities
n (10). Suppose that f is radially C-quasiconvex along the rays starting at
20 € ker K. This assumption according to Proposition 1 is equivalent to the
condition f € = — RQC(K,z"), with & = I' NextdC’ (replacing extd C’
with I' N extd C’ does give any change). Therefore, the condition that 20 is
an a-minimizer of f is equivalent to the condition that z° is a S-minimizer
(with & = I'Nextd C"). The =-quasiconvexity of f and Theorem 5 give that
20 is a solution of the system of VI (10). Finally, the equivalence of (10) and

(6) gives that 2¥ is a solution of the system of VI (6), with = = C".

4 w-Minimizers

Let Y be a normed space and C be a closed convex cone in Y. The dual space
is also a normed space endowed with the norm ||£|| = sup (¢, v)/||y]|), £ € Y.
We choose now = = {¢°} to be a singleton with £ : Y — R given by

& (y) = sup{(&,y) £ € T, Il =1} (11)

In fact £°(y) = D(y, —C) is the so called oriented distance from the point
y to the cone —C. The oriented distance D(y, A) from a point y € ¥ to a
set A C Y is defined by D(y,A) = d(y,A) — d(y,Y \ A). Here d(y,A) =
inf{|ly — a|| | @ € A}. The function D, introduced in [25, 26], has found
various applications to optimization. It is shown in [23] that for a convex
set A it holds D(y, A) = sup|¢=1 ({§,y) — sup,ea(§, @), which when C is a
convex cone gives (11).

According to Remark 2 the system (6) is the single VI (7) with ¢ : K — R
given by

¢(x) = E°(f(x) — f(2%)) = D(f(z) - f(a°), =C). (12)
Obviously, we have ¢ € RLSC(K,2°) provided that each of the functions
ze K — (& f(zx) - f(=), €eC’, (13)

has the same property. The property ¢ € ITAR(K,z") means geometrically
that the oriented distance D(f(x) — f(2°),—C) is increasing along the rays
starting at 2°. Further, 2° is a minimizer of ¢ if and only if 2° is a w-minimizer
of f (see e.g. [22, 48]. Theorem 2 gives now the following result, related to VI
considered in [12] and [15].

Theorem 8. Let K be a set in a real linear space X, Y be a normed space,
and = = {£%} be a singleton with £° 1Y — R given by (11). Let the function
f i K — Y be such that the functions (13) are radially lsc along the rays
starting at x° € ker K. Then x° is a solution of VI (7) with ¢ given by (12) if
and only if p € IAR(K, ), which means that the oriented distance D(f(z)—
f(2°), —C) is increasing along the rays starting at z°. In consequence, any
solution x° € ker K of (7) is a w-minimizer of f.
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Ezample 3. Let X = R, Y = R* and K = R.. The function f(z) = (1, 2*)
is differentiable. fix 20 = 0, then

o) =€ ((L,2%) = (1,0)) = D((0,27),-C)

which is TAR(K,0). Therefore, from Theorem 8, we gain 2° = 0 is solution of
VI system 1 and w-minimizer for f over K. This can be easily seen by direct
calculations.

In [15] we refer to the = — TAR(K,z°) property with = = {¢°}, where
€ is given by (11), as VIAR(K,x°) property. It is clear from (11) that &°
depends on the norm chosen on Y, as shown by the next example, which we
quote from [15] for the sake of completeness.

Ezample 4.1) Consider the function f : R — R?, defined as f(z) = (z, g(z)),
where g(z) = 2z if z € [0,1] and g(z) = =32+ § if v € (1,+00) and let
C = Ri, K = R, and ¢ = 0. Then it is easy to show that function
f € VIAR(K, x) if R? is endowed with the Euclidean norm 2, but f ¢
VIAR(K,x) if R? is endowed with the norm [°°.

ii) Consider the function f : R* — R?, defined as f (x1,x2) = (z1, g (1), 0),
where g(z) is defined in the previous point i). Let C C R® be the
polyhedral cone generated by the linearly independent vectors ¢! =
(—1/30, 1, 0), €2 = (1, 1/30, 0) and & = (0, 0, 1) (hence it is easily
seen that C' = C). Let K = Ri and 2 = 0. Then f € VIAR (K,2°) if
R? is endowed with the Euclidean norm [, while f ¢ VIAR (K , xo) if R
is endowed by the [Z norm.

We now move to explore the reversal of Theorem 8. Again it turns out
that we can make a fruitful use *-quasiconvexity.

Corollary 3. Let K be a set in a real linear space, Y be a normed space, C
be a closed convex cone in the normed space Y, and = = {£°} with £° given
by (11). Let the function f: K — Y be radially x-quasiconvez along the rays
starting at x° € ker K. If 20 is a w-minimizer of f, then 2° is a solution of the
system of VI (6). In particular, if f is x-quasiconvez, then any w-minimizer
of f is a solution of (6).

Proof. The proof is an immediate consequence of Theorem 5. It is enough
to observe that if f is *-quasiconvex, then f € & — RQC(K,z°) with = =
{¢%}. This comes immediately, since ¢(x) = £°(f(z) — f(z%)) = D(f(x) —
f(2), —C) is the supremum of radially quasiconvex functions and hence is
radially quasiconvex.

Since the class of (radially) C-quasiconvex functions is broader than that of
(radially) *-quasiconvex functions, it arises naturally the question whether a
result similar to Corollary 7 holds under radial C-quasiconvexity assumptions.
We are going to show that in this case a result analogous to Corollary 7 holds
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when Y is a Banach space and its dual Y* is endowed by a suitable norm,
equivalent to the original one. From now on we assume that C' is a closed
convex cone in the normed space Y with both int C' # 0 and int C’ # 0. Fix
c € intC. The set G = {€ € C'|[(§,¢c) = 1} is a weak-* compact convex base
for €' [27]. Let B = {G U (—@)}. Since B is a balanced, convex, absorbing
and bounded set, with 0 € int B (here we apply int C’ # )), the Minkowsky
functional v5(y) ={A € RIA >0,y € AB} is a norm on Y*, see e.g. [43, 27].
We denote this norm by || - ||;. Since int B # @ and B is bounded, it is easily
seen that the norm || - ||; is equivalent to the original norm || - || in Y™*.

Theorem 9. Let K be a set in a linear space and 'Y be a normed space. Let
the function f : K — Y be radially C-quasiconvex along the rays starting
at ¥ € ker K and assume Y* is endowed with the norm | -||1. If 2° is a w-
minimizer of f, then ¢(x) = D(f(x)—f(z°), —C) is radially quasiconvex along
the rays starting at 2° (i.e. f € & — RQC(K,z°)) and hence x° is a solution
of the VI (7), with ¢ given by (12). In particular, if | is C-quasiconvez, then
any w-minimizer of f is a solution of such VI.

Proof. To prove the theorem it is enough to show that if f is radially C-
quasiconvex and Y* is endowed by the norm || - |1, then ¢(z) = D(f(x) —
f(29), —C) is radially C-quasiconvex along the rays starting at z¥. Indeed, we
recall that

¢(x) = sup{(¢, f(z) — f(2°)|€ € C", €]l =1}, (14)

and we observe that {{ € C'|||¢]l1 = 1} = G. Hence the supremum in (14)
is attained, since G is weak-* compact, and, in particular, this happens at
extreme points of GG, which in turns are extreme vectors of C’. We have

$(w) = max{(¢, f(z) = f(z")) |€ € ext G} (15)

Due to Proposition 1, we get that ¢ is the maximum of radially quasiconvex
functions and hence is radially quasiconvex.

Next example shows that the previous theorem does not hold if Y* is not
endowed with the norm || - ||;.

Ezample 5. Let K C R = [1/2,400) and consider the function f : K — R?
f = (f1, f2), defined as fi(z) = —%x, if x € [1/2,1], fi(x) = —%x3, if x €
(1,400) and fo(z) = z. Further, let C = R%. Clearly, here Y = Y* = R?
and if we fix (1,1) € int C, we obtain that the norm || - ||; coincides with the
I' norm on R?, so that ¢°(z) = max{fi(x), f2(z)} (see e.g. [15, 23]). Clearly,
20 is a w minimizer and by Theorem 9, if R? is endowed with the I norm,
20 is a solution of the VI (7), with ¢ given by (12), which it is also easily seen
directly.

Assume now that R? is endowed with a different norm, constructed as follows.

Consider the set A = {(z1,72) € R*|za = —21 + 3,21 € [1,2]} and let
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A = conv (AU (—A)). The Minkowsky functional of the set A defines a norm
on R? and direct calculations show that when this norm is considered, ¢° o4
TAR(K, 2°), so that 2° does not solve the VI (7), with ¢ given by (12).

Let us underline, that in the previous theorem we proved in fact, that when
Y* is endowed with the norm || - |1, if 2° is a w-minimizer of f, and f is
C-quasiconvex along the rays starting at 2%, then f € Z-RQC(K,2°). Easy
examples show however, that the converse is not true.

We close this section with a remark on the choice of = = {50}. Indeed, as
a tool for w-minimizer, it is more common the Gerstewitz’s function (see e.g.
[7, 19, 24, 33, 34, 49], defined as

E(y)=inf{t € R|y € tc—C},

where ¢ € intC' is fixed. However the scalarizing function ¢ is just a special
case of &Y.

Proposition 2. If Y* is endowed with the norm || -||1, then £° (y) = &(y), for
allyeY.

Proof. We have

E(y)=if{tec Rly—tce -C} =
=inf{te R|(,y—tc)<0,VE€C'} =
=inf{te R|({y)—t<0,VEeC' NS} =
=inf{te R|t> (,y —tc), VE€ '} =
=sup{({,y),£ € C'NS}.

5 p-Minimizers

In this section for the sake of simplicity we assume Y is a finite dimensional
normed space and C'is a closed convex pointed cone with nonempty interior.
However, the results can be easily extended to the infinite dimensional case.
We recall that, besides the notions of efficiency presented in the Section 2, in
problem (5) it is widely studied also that of proper efficiency. A point 2° € K
is a proper efficient point (p-minimizer) for f : K — Y when there exists a
closed convex and pointed cone C with C'\ {0} C int C such that z° is a w-
minimizer with respect to C. Let @ = sup{a > 0|3y € C'NS, D(y,C") < —a}
and for a given a € (0,a) consider the set

Aa) ={€ € C"| D(,C") < —all¢]} -

We easily have that A(a) is a nonempty closed pointed cone with A(a) C int C’
(observe A(a) is not necessarily convex). We choose = = {£1} to be a singleton
with
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€' (y) = max{(&,y)[¢ € A(a) N S}.

Taking into account that &'(y) = max{({,y)|¢ € conv(A(a) N S)} =
max{(£,y)|¢ € conv A(a) N S} we obtain

'(y) = D(y,—C(a)), (16)

where C(a) = [cone conv (A(a) N S)]" and C\{0} C int C(a). Hence the point
2% is a p-minimizer of f if and only if there exists a positive number a such
that 2% is a minimizer of

o(x) =& (f(2) = f(=°)) (17)

Therefore, next result follows as a rephrasing of Theorem 8 with respect to
the cone C(a).

Theorem 10. Let K be a set in a real linear space X, Y be a finite dimen-
sional normed space, and = = {£'} be a singleton with &' : Y — R given
by (16) for some positive number a. Let the function f : K — Y be such
that the functions (13) are radially lsc along the rays starting at x° € ker K.
Then if 20 is a solution of VI (7) with ¢ given by (17), the oriented dis-
tance D(f(x) — f(2°), —C(a)) is increasing along the rays starting at 2°. In
consequence, any solution x° € ker K of (7) is a p-minimizer of f.

The following result gives a reversal of Theorem 10 under *-quasiconvexity
assumptions. We omit the easy proof.

Theorem 11. Let K be a set in a real linear space, Y be a finite dimensional
normed space, and = = {£} with &' given by (16). Let the function f: K —
Y be radially *-quasiconver along the rays starting at z° € ker K. If 2° is
a p-minimizer of f, then there exists a positive number a such that 20 is a
solution of the system of VI (6).

6 Conclusions

In this paper we present a general scheme to define Minty variational in-
equalities to study vector optimization. The guideline is the Minty variational
principle for the scalar case, as deepened in [13]. Other researches have in-
troduced Minty vector variational inequalities. Here we follow the suggestion
in [12] to associate to a primitive vector optimization problem suitable scalar
inequalities. The key of such an approach is scalarization. Despite the Minty
inequality which comes from our Theorem 2 may look too abstract, we show
it can be related even to vector Minty inequalities. However we have the ad-
vantage that some gap which was in [21] is filled by this formulation.

We trust this result may be a reference for new researches in the field of
differentiable variational inequalities.
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Summary. We consider the constrained vector optimization problem min¢ f(x),
g(z) € —K, where f: R" — R™ and g : R"™ — RP are given functions and C C R™
and K C R? are closed convex cones. Two type of solutions are important for
our considerations, namely i-minimizers (isolated minimizers) of order k and p-
minimizers (properly efficient points) of order k (see e.g. [11]). Every ¢-minimizer
of order k£ > 1 is a p-minimizer of order k. For k = 1, conditions under which the
reversal of this statement holds have been given in [11]. In this paper we investigate
the possible reversal of the implication i-minimizer = p-minimizer in the case
k = 2. To carry on this study, we develop second-order optimality conditions for
p-minimizers, expressed by means of Dini derivatives. Together with the optimality
conditions obtained in [13] and [12] in the case of ¢-minimizers, they play a crucial
role in the investigation. Further, to get a satisfactory answer to the posed reversal
problem, we deal with sense I and sense II solution concepts, as defined in [11] and
[5].

Key words: Vector optimization, locally Lipschitz data, properly efficient
points, isolated minimizers, optimality conditions.

1 Introduction

In this paper we consider the vector optimization problem
ming f(z), g(z) € —K, (1)

where f: R" — R™, g: R” — RP. Here n, m and p are positive integers and
C CR™ and K C RP are closed convex cones.

Usually the solutions of problem (1) are called points of efficiency. We
prefer, as in scalar optimization, to call them minimizers. In particular we
call w-minimizers the weakly efficient points of problem (1).
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We focus on two kinds of solutions of problem (1), introduced in [8] and
[11], namely those of isolated minimizer (i-minimizer) and properly efficient
point (p-minimizer) of a given order k& > 1. In particular, the concept of i-
minimizer extends to the vector case a notion known in scalar optimization
[3], [25], [28], while p-minimizers of order k generalize the classical notion of
properly efficient point [19]. Further generalizations of these concepts to set-
valued optimization are given in [6]. As it will be clear from the definitions,
p-minimizers give informations on the behavior of the image of the objective
function f, while i-minimizers involve an interplay between the domain and
the image of f and hence give a more complete picture for the problem data
near the solution. These features are strengthened by the study of the stabil-
ity properties of p-minimizers and ¢-minimizers of a given order (see [5], [9]).
Indeed, while p-minimizers of a given order are stable under perturbations of
the ordering cone, -minimizers show stability with respect both to the order-
ing cone and the objective function f. Further, the i-minimizers are the most
appropriate notion of a solution when one has to deal with optimality condi-
tions. Indeed, for such solutions, the necessary conditions appear (changing
the weak inequalities to strict ones) to be also sufficient [10], [13], [12].

At this point it is not surprising that, when f is of class C!, every i-minimizer
of a given order is also a p-minimizer of the same order [11]. Recall that a
function is said to be of class C*! when it is k times Fréchet differentiable,
with locally Lipschitz k-th derivative. The C%! functions are the locally Lip-
schitz functions.

Further, from the considerations above, arises naturally the question under
what conditions the implication ¢-minimizer = p-minimizer admits a rever-
sal, that is under what conditions a p-minimizer is also an ¢-minimizer.

A satisfactory answer to the problem of comparison of p-minimizers and i-
minimizers of first order is given in [11]. A key role in this comparison is
played by the first order optimality conditions given in [10] for C°! functions.

In this paper, we concentrate on the comparison between the second order
notions. Similarly to the first order case some optimality conditions are cru-
cial in this investigation. For this reason we establish second order optimality
conditions for p-minimizers of order 2, which, together with those given in [13]
and [12] for the case of -minimizers, constitute the main tool for the compari-
son. In order to achieve a unified treatment of necessary optimality conditions
for p-minimizers, we prove also some first order optimality conditions.
Finally, we show that as in [11], our investigation leads us to relate to the
original constrained problem an unconstrained one and to speak about sense
I and sense II optimality concepts (i.e. respectively those of the original con-
strained problem and those of the associated unconstrained one). Relations
between sense I and sense II concepts are obtained.

The outline of the paper is the following. Section 2 is devoted to notions
of optimality for problem (1) and their scalarization. In Section 3 we prove
necessary optimality conditions for p-minimizers of first and second order,
respectively in the case of C%! and ! data. The given first order necessary
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conditions extend the classical Kuhn-Tucker optimality conditions for properly
efficient points (see e.g. [24]). In section 4 we show that the first order necessary
conditions for a p-minimizer become sufficient under convexity assumptions
on the functions f and g. In Section 5, as a consequence of the obtained
optimality conditions we discuss the reversal of the implication é-minimizer
= p-minimizer, in the case k = 2. In section 6 we show that a satisfactory
solution to the reversal problem leads to consider sense I and sense II concepts.

2 Vector Optimality Concepts and Scalar
Characterizations

We denote by || - || and (,-) the Euclidean norm and the scalar product in
the considered finite-dimensional spaces. The open unit ball is denoted by
B, while S stands for the unit sphere. From the context it should be clear
to which spaces these notations are applied. The results of the paper can be
immediately extended to finite dimensional real Banach spaces.

There are different concepts of solution for problem (1). In the following
definitions we assume that the considered point z° is feasible, i.e. g(z%) € —K
(equivalently 29 € g~1(—K)). The definitions below are given in a local sense.
We omit this specification in the text.

The feasible point 20 is said to be weakly efficient (efficient), if there is a
neighborhood U of 2°, such that if z € U N g ' (—K) then f(x) — f(2°) ¢
—int C' (respectively f(z) — f(2°) ¢ —(C\{0})).

In this paper the weakly efficient and the efficient points of problem (1)
are called respectively w-minimizers and e-minimizers.

We say that the feasible point 2 is a strong e-minimizer if there exists
a neighborhood U of 2 such that f(z) — f(2°) € —C, for z € U\{z°} N
9 (—K).

The unconstrained problem

mine f(z), z €R", (2)

is a particular case of problem (1) and the defined notions of optimality con-
cern also this problem.

For the cone M C RF its positive polar cone M’ is defined by M’ = {¢ €
R¥| (¢, ¢) > 0 for all ¢ € M}. The cone M’ is closed and convex and it is
well known that M" := (M’)" = clconv cone M, see e. g. [23, Chapter III, §
15]. Here cone A stands for the cone generated by the set A. In particular, for
a closed convex cone M we have M = M" = {¢ € R¥| (¢, ¢) > 0 for all ¢ €
M'}.

If ¢ € clconeM, then (¢, ¢) > 0 for all { € M’. We set M'[¢] = {¢ €
M'| (¢, ¢y = 0}. Then M'[¢] is a closed convex cone and M'[¢] C M’. Con-
sequently its positive polar cone M[¢] := (M’[¢])’ is a closed convex cone,
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M C M|¢] and its positive polar cone satisfies (M[¢])’ = M'[¢]. In fact it can
be shown that M[¢] is the contingent cone [2] of M at ¢. In this paper we
apply the notation M|[¢] for M = K and ¢ = —g(2°). In other words we will
denote by K[—g(z°)] the contingent cone of K at —g(z?).

The solutions of problem (1) can be characterized in terms of a suitable
scalarization. Given a set A C R¥, then the distance from y € R* to A is given
by d(y, A) = inf{|ja — y|||a € A}. This definition can be applied also to the
set A = @ with the agreement d(y,?) = inf() = +o0o. The oriented distance
from y to A is defined by D(y, A) = d(y, A) — d(y,R¥ \ A). This definition
gives D(y, A) = +o0o when A =) and D(y, A) = —oc when A = Rk,

The function D is introduced in Hiriart-Urruty [17], [18] and is used later
in Amahroq, Taa [1], Ciligot-Travain [4], Miglierina, Molho [21], Miglierina,
Molho, Rocca [22]. Zaffaroni [29] gives different notions of efficiency and uses
the function D for their scalarization and comparison. Ginchev, Hoffmann [15]
use the oriented distance to study approximation of set-valued functions by
single-valued ones and in the case of a convex cone C prove the representation
D(y, —C) = supjj¢|=1,¢ec (€, y) - Turn attention that this formula works also
in the case of the improper cones C' = {0} (then D(y, —C) = sup¢=1(§, y) =
Iyl and € = R™ (then D(y, ~C) = supgey(é, ) = —o0))

Proposition 1 ([10]). The feasible point z° € R"™ is a w-minimizer for
problem (1), if and only if there exists a neighborhood U of 2°, such that
D(f(z) — f(a°),-C) >0,V e Ung ' (-K).

Proposition 2 ([10]). The feasible point x° is a strong e-minimizer of
problem (1) if and only if there exists a neighborhood U of x°, such that
D(f(d?) - f(xo)vfc) > 0: Vz € Uﬂgil(iK)) €z 7é IO'

The concept of an isolated minimizer for scalar problems has been popular-
ized by Auslender [3]. It is natural to introduce a similar concept of optimality

for the vector problem (1) (see e.g. [13], [11], [12]).

Definition 1. We say that the feasible point x° is an isolated minimizer (i-
minimizer) of order k for the wvector problem (1) if and only if there ex-
ists a neighborhood U of x° and a positive number A, such that D(f(x) —
f(2%),-C) > Aljlz —2°F, Ve e Un g~ (- K).

When m = 1 the notion of the isolated minimizer of order k from Definition
1 coincides with the known in the scalar case notion of an isolated minimizer of
order k (see [3]). This remark justifies the importance of the oriented distance
D for vector optimization problems.

Applying the oriented distance function we can generalize also the concept
of proper efficiency. We recall that when C' is a closed convex pointed cone,
the feasible point 2 is said to be properly efficient (in the sense of Henig) for
problem (1), when there exists a closed convex pointed cone C, with C'\ {0} C
int C, such that z° is w-minimizer with respect to C' [16].
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For given k > 1 and a > 0, we define the set
C*a) ={y €eR™ | D(y,C) < aly|"}.

It is easily seen that when k = 1 the set C'(a) is a closed cone (not
necessarily convex, see e.g. [6]).

Definition 2. We say that the feasible point x° is a properly efficient point
(p-minimizer) of order k > 1 for problem (1) if there exist a neighborhood U
of 2% and a constant a > 0 such that if v € UN g~ (—=K) then f(z)— f(2°) ¢
—int C*(a).

In [14] it has been proved that when C' is a closed convex pointed cone,
then p-minimizers of first order are just properly efficient points in the sense
of Henig. In the same paper, the Geoffrion characterization [7] of properly
efficient points has been generalized to p-minimizers of higher order.

Although the notions of é-minimizer and p-minimizer are defined through
the norms, it can be shown [12] that in fact they are norm independent, as a
consequence of the equivalence of any two norms in a finite dimensional space
over the reals. As a consequence of this, when C' = R, we can replace the
function D(y, —C') with the function ¢(y) = max{y1, - ,ym}-

When f is a C%! function, the following relation holds between i-minimi-
zers of order k and p-minimizers of order k.

Theorem 1 ([11]). Let f be of class C®1. If a point 2° is an i-minimizer of
order k > 1 for problem (1) then x° is a p-minimizer of order k.

3 First and Second Order Optimality Conditions for
p-Minimizers

In [10], [13], [12], we obtained first and second order optimality conditions for
w-minimizers and i-minimizers of order 1 and 2, given in terms of suitable
Dini directional derivatives for C%! or C':! functions. In this section we give
similar necessary optimality conditions for p-minimizers of first and second
order.

Given a C%! function @ : R® — R¥ we define the Dini directional deriva-
tive (we use to say just Dini derivative) @, (2°) of @ at x° in direction u € R",
as the set of the cluster points of (1/t)(®(x? +tu) — &(2°)) as t — 0T, that is
as the Kuratowski limit

@/ (2°) = Limsup % (P(2° + tu) — &(2?)) .

t— ot

It can be shown (see e.g. [10]) that if @ is of class C%!, then @/ (z) is a
nonempty compact subset of R* for all u € R™.
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In connection with problem (1) we deal with the Dini directional derivative
of the function @ : R® — R™*? &(x) = (f(z), g(x)) and then we use to write
@ (2°) = (f, g)!,(x0). If at least one of the derivatives f/ (x°) and g¢/,(z°) is
a singleton, then (f,g), (%) = f/(2°) x ¢/, (z"). Let us turn attention that
always (f, g),(2°) C f/(2°) x ¢/, (z"), but in general these two sets do not

coincide.

Given a CM! function @ : R® — RF, we define the second-order Dini
directional derivative @/(z%) of ® at z° in direction u € R™ as the set of the
cluster points of (2/t2)(®(z" + tu) — &(z°) — &'(2°)u) as t — 0T, that is as
the upper limit

P (2°) = Limsup t% (P(2° + tu) — &(z°) — &' (2")u) .
t— 0

If @ is twice Fréchet differentiable at 20 then the Dini derivative is a
singleton and can be expressed in terms of the Hessian @/ (2°) = &" (2°)(u, u).
In connection with problem (1) we deal with the Dini derivative of the function
¢ : R" — R™P &(z) = (f(x), g(z)). Then we use the notation @/ (2°) =
(f, 9)"(2°). Let us turn attention that always (f, g)(z%) C f/(z°) x g//(«°),
but in general these two sets do not coincide. In the sequel we need the next
result [10], [12].

Proposition 3. i) Let ® : R" — R* be Lipschitz with constant L in 2°+rcl B,
where 2% € R™ and r > 0. Then for u, v € R™ and 0 < t < r/max(||ul|, |Jv]|)
it holds

1 0 0 1 0 0

. (B(2° + tv) — D(2?)) — n (B(2° + tu) — &(a))|| < L v —ul, (3)
In particular for v=0 and 0 < t < r/||lu| we get

1
|3 @+ ) - 2| < L. ()

ii) Let & : R" — RF¥ be a OV function and &' be Lipschitz with constant L

on the ball {z | |z —2°|| < 7}, where 2° € R™ and r > 0. Then, for u,v € R™
and 0 < t < r/max(||ul],||v|) we have

‘ tz (B(2° + tv) — B(2°) — t@ (2°)v) — t% (D(2° + tu) — &(2°) — &' (z°)u)

2
< L([lull + vl [lo = ull-
In particular, for v =0 we get

2 (B(2° + tu) — &(2°) — &' (2°)u)

- < Lul?.
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In the formulation of Theorem 2 below we use the following constraint
qualification, which is a generalization for C%! constraints of the well known
Kuhn-Tucker constraint qualification (compare with Mangasarian [20, page
102]).

00 (a0, 1190 € K and & (g(a” + 150) = 9(a) = 2 € ~K[-g(a")]
0.1 ' then Ju* — u® : Fky € N:Vk > ko : g(2° + tpuf) € K.

Theorem 2. Assume that in the constrained problem (1) f and g are C°!
functions. If 2° is a p-minimizer of first order and the constraint qualification
Q0,1(x°) holds, then for each u € R"\{0} and for every (y°,2°) € (f, g).,(z°),
we have

NPo: (¥°,2%) & = (C\{0} x K[-g(a")]).
Proof. Let (y°,2°) € (f,g),(z°), that is

1
(4", 2%) = lim — (f(2° + tyw) = f(2"), 9(2" + tu) — 9(2"))
for some sequence t, — 0+. If 2° ¢ —K[—g(z")], then clearly (y°,2°) ¢
— (C\{0} x K[—g(2)]). Assume now that 20 € —K[—g(z")]. Since the con-
straint qualification Qg 1(x°) holds, there exist a sequence u” — u, such that
g(z + t,u’) € —K. Since f is of class C%!, using Proposition 3, we can
assume )

UG+t~ F@) = P € fila0),

v

and since x° is p-minimizer, for v large enough we have
D(f(z° +tyu”) — f(2°),=C) = a|| f(2° + t,u") = f(")],

for some positive number a. Dividing by ¢, and passing to the limit we get
D(y°,—C) > ally’||, whence y° & (~C\{0}).

The conclusion of Theorem 2 holds also obviously for u = 0, then y° =
0¢ —(C\{0}) and 2° = 0. This trivial case is however not interesting for the
next Theorem 3 stating necessary optimality conditions in dual form.

Theorem 3. Let in problem (1) f and g be C%' functions and assume that
the constraint qualification Qo 1(z°) holds. If z° is a p-minimizer of first
order for problem (1), then for every u € R™\ {0} and for every couple
(¥°,2%) € (f,9).(2°), such that y° # 0 whenever 2° € —K[—g(z°)], one can
find (€2,1%) € C" x K'[~g(a®)], (¢%,1°) # (0,0), such that

ND/O,l : <£07 y0> + <7707 ZO> > 0.
Proof. From Theorem 2 we know that (y°,2°) ¢ — (C\{0} x K[—g(2?)]). If

20 ¢ —K[—g(2°)], then one can find an element 7° € K'[—g(z?)], n° # 0,
such that (n°, 2°) > 0. Choosing £ = 0 € C’ we get the desired inequality.
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Assume now 20 € —K[—g(2°)]. Then we must have y° ¢ —C\{0}. If y° # 0,
there exists a vector £ € C’\{0}, such that (£ 4°) > 0 and for n° = 0 €
K'[—g(2%)] the conclusion is obtained.

Remark 1. When C is a closed convex pointed cone with nonempty interior,
then in Theorem 2, we can assume £° € int C'.

Constraint qualification Qg 1(z°) is essential in order that Theorems 2 and
3 hold, as shown by the next example.

Ezample 1. Let f: R? — R?, g : R? — R? be defined as f(z1,x2) = (21, —2%),
ifz; <0, f(x1,22) = (23, —22), if 21 > 0 and g(z1, 72) = (—2} + 22, —22). Let
C=K-= Ri. The point 2° = (0, 0) is a p-minimizer of first order for problem
(1), but constraint qualification Qg 1(z") is not satisfied and the necessary
optimality conditions of Theorem 2 and 3 do not hold at z°.

Indeed, consider the vector u = (—1,0). We have ¢/, (z°) = 0 € —K[—g(2°)],
but it is easily seen that constraint qualification Qg 1(2") does not hold. The
optimality conditions of Theorems 2 and 3 are not satisfied since we have

fu(@®) = (=1,0).

Let us underline that in A ’Dg’l the multipliers (£, n°) depend on the
direction u and differently from some known results the inequality is strict.
The strict inequality applied to p-minimizers gives similarly looking neces-
sary conditions and sufficient conditions, compare Theorems 3 and 5. The
eventual independence of the multipliers on the direction when f and g are
differentiable is discussed in [10]. Then the optimality conditions of Theorems
2 and 3 show similarity with the classical Kuhn-Tucker conditions for properly
efficient points (see e.g. [24]).

Now we establish second order necessary optimality conditions when f and
g are C1! functions. We give directly the dual formulation of the proposed
conditions. In the next theorem we use the following second order constraint
qualification.

9Q1,1(2%) :  The following is satisfied, in the sense that provided z°, u?, #
and 2° are such that 19, 2°, 3% and the first line of 4° are satisfied, then the
last line of 4° must hold

10: g(z¥) € - K,
2 9'(2%)u’ € —(K[-g(z")] \ intK[—g(z")]),
30: 2 (9(2° + tpu”) — g(2°) — trg' (2°)u’) — 2°,

2
(Vn e K'[-g(2")], (Vz € img'(2°) : (n,2) = 0) : (n,2°) <0) =

0.
Vuw € R™ Jwb — w: Ikg € N1 Vk > ko : g(a® + tyu® + Euk) € —K.
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Roughly speaking the geometrical meaning of the constraint qualification
Q,1(x?) is the following. If the differential quotient of g determines a tangent
direction z° in the the contingent cone —K|[—g(z")], then the same tangent
direction can be determined by the differential quotient constituted by feasible
points. Though the definition of the constraint qualification Qs 1(z") is more
complicated, the geometrical meaning is similar. Namely, if the second-order
tangent direction 2" belongs to the second-order contingent cone, then this
direction can be determined by a second-order quotient of feasible points.

For 20 € R™ we put
A(z?) =

{(&.m) eC" x K| (&n) #0, (n, g(a°)) =0, & f'(2°) + ng'(a°) = 0} .

Theorem 4. Let in problem (1) f and g be C*! functions and assume C and
K are closed convex cones with nonempty interior. If 20 is a p-minimizer of
second order for problem (1) and the constraint qualification Q1 1(z%) holds,
then for every u € R™\{0} one of the following conditions is satisfied

NP, (f’(xo)u g'(%)u) ¢ —(C\{0} x K[-g(2°)]),
(f' (%), g'( = ((C\{0} x Klg(z )])\(intC x intK[—g(2°)]))
NDY Cde(y 2% € (£,9)0(2°) : 3 (6%, n°) € A(2®) -

(€, 9% + (n°, >>0

Proof. Let 2° be a p-minimizer of order two for problem (1), which means
that g(z°) € —K and there exists r > 0 and A > 0 such that g(z) € —K and
|z — 2% < r implies

D(f(x) — f(a°),=C) = Al| f(z) — f(=°)|>. (5)
Therefore it satisfies the condition
N (f'(@%)u, ¢'(2%)u) ¢ —(int C x int K[—g(z")]),

(see [10], [12]). Now it becomes obvious, that for each u = u° one and only one
of the first-order conditions in NP} ; and the first part of N'DY | is satisfied.
Suppose that NP} ; is not satisfied. Then the first part of condition N'DY
holds, that is

(f' (@), g'(2%)u’) € — ((C\{0} x K[—g(z)]) \ (int C x int K[—g(a")])) -

We prove, that also the second part of condition N D/1/,1 holds. Let t, — 0T
be a sequence such that

t% (F(@° +t,u®) = f(z°) — t, f'(2z%)u’) — °

v

and
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2

o (90 + %) = g(a°) — tug' (1)) — 2°.
14

One of the following two cases may arise:

19, There exists n° € K[—g(x°)]’ such that (n°, 2) = 0 for all z € im ¢’ (z°)
and (n°, 2%) > 0.

We put now £ = 0. Then we have obviously (£°,7°) € C'x K'[—g(2°)] and
(€%, f/(@))+(n° ¢g'(a°)) = 0. Thus (£%,7°) € A(a®) and (£, y°) + (1%, 2%) >
0. Therefore condition N'DY ; is satisfied.

20, For all n € K'[—g(2°)], such that (n, z) = 0 for all z € img¢'(z"), it
holds (n, 2°) <O0.

This condition coincides with condition 4° in the constraint qualification
Q1,1(2%). Now we see that all points 1°-4° in the constraint qualification
Q1.1(2°) are satisfied. Therefore, for every w € R™, there exists w” — w and

2
a positive integer v such that for all v > vy it holds g(xo—f—tl,uo—f—%w”) e —-K.
Passing to a subsequence, we may assume that this inclusion holds for all v.

We have )
D (f (xo +t,u + té’w”) — f(z%), —C)
2

2
> A Hf (xo +t,u’ + té’w”) — f(a:o)

and hence, since f’'(z%)u’ € —C

D (f (mo +t,u’ + tj’w”) — f(2%) —t, f (2")u?, —C)

>D (f (:co +tu’ + tjw”) — f(2%), —C)

2 2
> A Hf (wo +t,ul + é’w”) — f(z%)

We get further

2 0 0o, t 0 (0N, 0
t?,(f<x +tu +2w)—f(x)—t,,f(x)u>

= t% (f (xo +t, (u® + tgw”)) — f@®) =t f () (u® + %’w”)

2"-IQ/V/ 0 v
HE )

and since f is of class C':!, the second term in this equality converges to
Y + f'(2%)w, while
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1 t
(i (2 + ) - ) = 100

(this is an easy consequence of Proposition 3). From

2 t
t—2D (f (J;O +t,u’ + 2”w") — (@) = t, f' (2°)u®, —C)
24 0 oty . 0 ’
>t?"f(x +tu —1—5111 — f(z")
we obtain

D(y" + f'(2%)w, =C) = 24| f'(«°)ul* > 0
since f’(z°)u # 0. Because w is arbitrary, we obtain
inf{D(y°+f'(z°)w, —C) |w € R"} := D(y°+im ' (z°), —=C) > 2A|| f' (x*)u|?,

which implies 0 ¢ cl (y° + im f’(z°) + C). Hence, according to Theorem 11.4
in [23], the convex sets —C and y° +im f’(2°) are are strongly separated, i.e.
there exists a vector £ € R™, such that

inf{(€,y) |y € y° +1im f'(2°)} > sup{(&,y) [y € ~C}.
Let 8 = sup{({,y) |y € —C}. Since —C is a cone, we have
(&, \y) < B, Vye—C, YA >0.

This implies 5 > 0 and (£,y) < 0 for every y € —C. Hence =0 and £ € C'.
Further, from inf{(¢, y)|y € y* + im f/(z°)} > 0, we get easily £°f/(2°) = 0.
Indeed, otherwise we would find a vector w € R™ such that (€, f/(2°)w) < 0
and hence we would have

(€0 + A (2®)w) >0, VA>0,

but this is impossible, since the left side tends to —oo as A — +o00, while the
right side does not depend on A. This completes the proof.

Theorems 2, 3 and 4 are valid and simplify in an obvious way when we
consider the unconstrained problem (2). Let us underline that in this case we
do not need the constraint qualifications Qg 1(2°) and Q1 1(x°).

4 Optimality Under Convexity Conditions

In this section we revert the necessary conditions of Theorem 2, under con-
vexity assumptions on the functions f and g. We recall that given a con-
vex cone D C R*, a function & : R* — R* is said to be D-convex when
D((1 — t)a! + t2?) € (1 — t)@(zt) + td(x?) — D, for every t € [0,1] and
2t 22 € R™. We recall also that a set A C R* is D-convex when A + D is
convex.

We need the following lemma.
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Lemma 1. Let C be a closed convex pointed cone with nonempty interior and
let f:R™ — R™ be a C-convex function. Then

i) f is of class C%',

ii) for every u € R™ and every 2° € R™, f/(x°) is a singleton, i.e.

£ = lim L (f@® + tu) — £(2%)) |

Proof. 1) The proof is analogous to that of Lemma 2.1 in [27] and hence is
omitted.

ii) It is well known that f is C-convex if and only if for every A € C’, the
scalar function fy(z) = (A, f(z)) is convex and hence directionally differen-
tiable. That is the limit lim, o+ 3 (fa (2 + tu) — fa(2%)) = (fa),(z) exists
and is finite for all x € R™ and u € R™. It follows that for every y € f/(z)
and A € C’ it holds (fy),,(z) = (\,y). Since C is a pointed cone, then C’
has nonempty interior and hence it is possible to find m linearly independent
vector A\',...,A\™ € C'. Thus the system

(ALy) = (fo)u(@)
A" y) = (fam ) (2)

(6)

admits a unique solution. This proves that there exists a unique y € f/ (x°),
whence

1
fo(a%) = lim - (f(2° + tu) — f(29)) .
Remark 2. Results similar to that of Lemma 1 ii) can be found in [26].

Theorem 5. Let in problem (1) C and K be closed convex pointed cones with
nonempty interior. Assume f is C-convex and g is K-convez. If the first order
necessary optimality conditions of Theorem 2 hold at the feasible point x°, then
2V is a p-minimizer of first order.

Proof. From the previous lemma we know that both f/(2°) and ¢/, (z°) are
singletons. Since g is K-convex, the sets A = {z : g(z) € —K} and T'(2°, A) =
cleco (A — 2%) are convex. We observe that if u € T(2°, A), then ¢/, (2°) €
—K[—g(2°)]. Indeed, if u € co (A—1°), we have u = a(z —2°) for some o > 0
and x € A. If t, — 0T we have, since g is K-convex

g(2° +t,u) — g(2°) = g(2° + t,a(x — 2°)) — g(2°) € t,ag(x) —t,ag(=’) — K.

Let ¢ € K'[—g(2?)] be arbitrarily chosen. Hence from the previous inclusion
we obtain (¢, g(2°+t,u)—g(2°)) <0, that is g(z°+t,u)—g(2°) € —K[—g(z)].
Dividing by t,, passing to the limit and taking into account that K|[—g(z)]
is a closed cone, we get g, (z") € —K[—g(x?)]. Let now u € T(z°, A), i.e.
u = limu”, with u* € co (A —2°). Since g/,(x°) is single valued, Proposition 3
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gives g, (27) — g (29)]| < Lflu—u[, whence gl (a2) — gl (a), a5 ¥ — +oo
From g/, (2°) € —K[—g(2°)], we get g/, (2°) € —K[—g(x")]. Consider the set

P={yecR":y=f (2", uecT(’A)}.

Clearly P is a cone. We show that it is closed and C-convex. The set P; =
{y e R™ 1y = fl(2°),u € T(z, A) N S} is closed. Indeed, let y” € Py,
y¥ — y. We have y” = f.,(2°), u¥ € T(2° A) NS and since T'(z°, A) N S is
compact, we can assume u” — u € T(z%, A)NS. Using Proposition 3, we have
y” — f1(2%), whence y € P;. From Proposition 3 it follows that P is also
bounded and hence compact. The closedness of the cone P now follows since it
is generated by the compact base P; and easily we obtain that P+ C is closed
too. Now, trivial calculations show that f/ (z%) is C-convex as a function of
the direction u € T'(z°, A) and this gives that P + C is convex.

The first order condition of Theorem 2 implies (P + C) N (—C) = {0}. Hence
(see e.g. [24]), there exists a vector £ € int C’, such that (§,w) >0, Vw € P+
C. From the C-convexity of f we get (¢, f(x)—f(2°)) > (&, f'(2°,2—2°)) > 0.
The existence of such vector ¢ proves that x° is a p-minimizer (see e.g. [19],
[24)).

Remark 3. The previous theorem holds under the weaker requirement that g
is K[—g(z")]-convex (see e.g. [5]).

5 p-Minimizers and z-Minimizers of Second Order

In [11] we investigated the problem under which conditions Theorem 1 admits
a reversal in the case k = 1, that is under which conditions a p-minimizer of
first order is also an i-minimizer of first order. In particular, we obtained the
following result, in whose proof play a crucial role the first order optimality
conditions in terms of Dini derivatives.

Theorem 6. Let f and g be C%' functions and let z° be a p-minimizer of
first order for the constrained problem (1), which has the property

(1°,2°) € (f.9),,(2°) and 2 € ~K(a") implies y° # 0. (7)

Then 2° is an i-minimizer of first order for (1). If in particular we consider
the unconstrained problem (2), then every p-minimizer of first order is an
i-minimizer of first order under the condition 0 & f!(z°).

In this section and in the next one, we apply the second order optimality
conditions of Section 3 in order to solve a similar problem for p-minimizers
and i-minimizers of second order. We leave as an open problem the reversal
of Theorem 1 for arbitrary real k > 1.

We begin observing that a reversal of Theorem 1 is not possible in general,
as shown by the following example.
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Ezample 2. Consider the unconstrained problem (2) and let f : R — R?
f(@) = (fi(x), f2(x)), with fi(z) = —a?sin 3 —2” and fo(z) = [fi(2)]?, if
x # 0, and f1(0) = f2(0) = 0. The point xg = 0 is a p-minimizer of any order
k > 2, but there exists no positive number k, such that xq is an i-minimizer
of order k.

Together with the optimality conditions of Section 3, we need the following
result.

Theorem 7 ([12]). Consider problem (1) with f and g being C*' functions
and C and K closed convex cones with nonempty interior. Let z° be a feasible
point for problem (1). Suppose that for each v € R™\ {0} one of the following
two conditions is satisfied:

St (f'(2%)u, g'(2%)u) & —(C x K[-g(2°)]),

gr . (f'@)u, g @) € — ((C x K[=g(")]) \ (int C x int K[—g(2°)]))
L and Y (y°,2°) € (£, 9)u(2%)3 (€%, n°) € A(z?) : (€%, 4°) + (1°, 2°) > 0.

Then x° is an i-minimizer of order two for problem (1). Conversely, if x° is
an i-minimizer of second-order for problem (1) and the constraint qualification
Q1,1(2°) holds, then one of the conditions Si | and Sy, is satisfied.

Theorem 7 is valid and simplifies in an obvious way when instead of prob-
lem (1), we consider the unconstrained problem (2). Let us underline that in
this case the reversal of the sufficient conditions does not require the use of
the constraint qualifications.

Theorem 8. Consider problem (2) with f being a CY1 function and C a
closed convex cone with nonempty interior. Let 20 be a feasible point for prob-
lem (2). Suppose that for each u € R™\{0} one of the following two conditions
is satisfied
19: (% ¢ -C,
f(@%ue —-C\intC and

Vil e fi(2%) 136" € C"\{0} : £°f'(a") = 0 and (£°, ) > 0.

Then x° is an i-minimizer of order two for problem (2).

Conwersely, if 2° is an i-minimizer of second-order for problem (2) then one
of the conditions above is satisfied.

20,

Theorem 9. Let f and g be C1! functions, C and K be closed convex cones
with nonempty interior and let ° be a p-minimizer of second order for the
constrained problem (1), which has the property Yu € R™\{0}

g'(2%)u € —K[-g(«%)] and f'(x)u=0
implies ¥(y°,2°) € (£, 9)7(z°) 3(£",1°) € A(z), 8)
with (£°,4%) + (n°, 2%) > 0.

If constraint qualification Q1 1(z°) holds, then 2 is an i-minimizer of second
order for (1).



Higher Order Properly Efficient Points 241

Proof. Since z° is a p-minimizer of second order and the constraint qualifi-

cation Q1 1(x") holds, then the necessary optimality conditions of Theorem
4 are satisfied. Under the made assumptions these conditions coincide with
the sufficient conditions of Theorem 7, whence z° is an i-minimizer of second
order.

As an immediate consequence of the previous result we get the following

Corollary 1. Let f and g be C1! functions, C and K be closed convex cones
with nonempty interior and let z° be a p-minimizer of second order for the
constrained problem (1), which has the property

g (@ € —K[—g(x®)] implies f'(z")u#0 Yu € R™\{0} 9)

and assume that the constraint qualification Qq1(x°) holds. Then 2 is an
i-minimizer of second order for (1).

Remark 4. If we formulate the previous theorem with regard to the uncon-
strained problem (2), then we get that a p-minimizer of second order is an
i-minimizer under the condition

f'(@%u =0 implies Vy° € f/(2%) 3¢° € C"\{0},
with £0f'(2°) =0 and (€% 4y°) >0. (10)

6 Two Approaches Towards Proper Efficiency

In the unconstrained case, as observed in [11], condition 0 ¢ f/,(2°) is both
necessary and sufficient in order that a p-minimizer of first order is also an
t-minimizer of first order and analogously condition (10) is also necessary in
order that a p-minimizer of second order is an 4-minimizer of second order (this
is shown by Theorem 8). Easy examples show, instead, that when dealing with
the constrained problem (1), both conditions (7) and (8) are not necessary
in order the previous implication holds. This problem has been investigated
in [11] for p-minimizers of first order. In this section we deal with a similar
problem for p-minimizers of second order.

In the constrained case one observes that the sufficient optimality conditions
of Theorem 7 involve the condition

(f'(2%)u, g'( O) ) =
implies ¥(y°, 2°) € (f, )"( %) ( 1°) € A(a?), (11)
with <§0,y Y+ (n°, 2% >0, Vu G R"\{O}.

(which is weaker than (8)). Therefore one is led to wonder whether this con-
dition is necessary and sufficient in order that a p-minimizer of second order
20 is also an i-minimizer of second order. The next examples show however

that this is not the case.
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Ezample 3. Consider the constrained problem (1), with f : R — R, f(x) =
—22, C =Ry, g: R — R, g(xr) = 2*, K = R,. The point zp = 0 is the
only feasible point and hence it is both a p-minimizer and an ¢-minimizer of
second order. Anyway, for every u € R™ we have (f/(2%)u, ¢’(z%)u) = 0 and
(f,9)"(z°) = (—2u,0), and hence condition (11) is not satisfied.

Ezample 4. Consider problem (1), with f: R? — R? f(z) = (2] + 23, —2f —
23), C = R%, g : R? = R? g(z) = (—zi,—21), K = R and let 20 =
(0,0). For u = (0,1), we have (f'(z%)u,g'(x°)u) = (0,0) and (f,g)"(z") =
((2,-2),(0,0)), whence condition (11) is satisfied. Further, constraint quali-
fication Q; 1(z°) holds and 2° is a p-minimizer of second order, but not an
¢-minimizer of second order.

In virtue of Example 4, to obtain a result similar to Theorem 9 under
condition (11), we need a new approach toward the concepts of i-minimizer
and p-minimizer. In [11], while investigating the links between é-minimizers
and p-minimizers of first order, we have related to the constrained problem
(1) and the feasible point z°, the unconstrained problem

min oy g—gz0y (f(2),9(x)), = cR". (12)

Definition 3. We say that 2° is a p-minimizer of order k in sense II for the
constrained problem (1) if 2° is a p-minimizer of order k for the unconstrained
problem (12).

Similarly, we say that x° is an isolated minimizer of order k in sense II
for the constrained problem (1) if 2° is an isolated minimizer of order k for
the unconstrained problem (12).

We will preserve the names for the concepts used so far, but sometimes
we will refer to them as sense I concepts, saying e. g. p-minimizer in sense I,
instead of just p-minimizer.

As an immediate application of Corollary 1 we get the following result.

Theorem 10. Let f and g be C*' functions, C and K be closed convex cones
with nonempty interior and let x° be a p-minimizer of second order in sense
II for the constrained problem (1), which has property (11). Then z° is an
i-minimizer of second order in sense II for (1).

Next, under the hypotheses of Theorem 10, we show that 2% is an i-
minimizer in sense I. We state also relations between sense I and sense II,
i-minimizers and p-minimizers.

Theorem 11. Let f and g be C*t functions, C' and K be closed convex cones
with nonempty interior and let 20 be a p-minimizer of second order in sense
II for the constrained problem (1), which has property (11). Then x° is an i-
minimizer of second order in sense I for (1) and hence 2 is also a p-minimizer
of second order in sense I.



Higher Order Properly Efficient Points 243

Proof. According to Theorem 10, z° is an i-minimizer of second order. The
reversal of the sufficient conditions of Theorem 8 applied to problem (12) gives
a condition which coincides with the sufficient condition Sy'; of Theorem 7,
whence z° is an i-minimizer of second order in sense I for the constrained
problem (1). Theorem 1 gives now that z° is also a p-minimizer of second
order in sense I for (1).

Thus, within the set of points satisfying (11) the set of the p-minimizers
of second order in sense II is a subset of the p-minimizers of second order in
sense I. The reversal does not hold. In fact, the following reasoning shows,
that in Example 4 the point z° is a p-minimizer of second order in sense I
(indeed is a p-minimizer of first order), but it is not a p-minimizer of second
order in sense II. Now, for the corresponding problem (12) we have

(fag) : R2 - R47 (f(x)vg(x)) = (lel +$§,7xéll - xgvfxéllaix%)

and C x K[—g(z0)] = R3 x R? = R4 . Each point 2 € R? is feasible and we
have max{x}+ 23, —o{ — 22, —2}, —2}} = 2} + 23, whence z° is an i-minimizer
of order 4 in sense II, but it is not an i-minimizer of second order in sense
II. Therefore, according to Theorem 10, in spite that x° is a p-minimizer of
second order in sense I, it is not a p-minimizer of second order in sense II (the
assumption that 20 is a p-minimizer of second order in sense II would imply

that 2 is an é-minimizer of second order in sense II).

Let us now make some comparison between Theorems 9 and 10. In spite that
condition (11) is more general than condition (8), Theorem 10 does not imply
Theorem 9. Indeed, the assumption in Theorem 10 is that z° is a p-minimizer
in sense II, which does not imply the more general assumption in Theorem 9
that 20 is a p-minimizer in sense I.

Next we compare the ¢-minimizers in sense I and II.

Theorem 12. Let f and g be C>' functions, C' and K be closed convex cones
with nonempty interior. If 20 is an i-minimizer of second order in sense II
for the constrained problem (1), then x° is an i-minimizer of second order in
sense I for (1). If the constraint qualification Q1 1(x°) holds, then also the
converse is true.

Proof. Let 2° be an i-minimizer of second order in sense II. The reversal of
the sufficient conditions of Theorem 8 gives the sufficient condition Sy of
Theorem 7, whence 2 is an i-minimizer of second order in sense I.

Conversely, let 2° be an i-minimizer of second order in sense I. Under the
constraint qualification Q1 1(2°), we can apply the reversal of the sufficient
conditions of Theorem 7, getting condition S{’ 1, which is identical with the
sufficient conditions of Theorem 8 applied to the unconstrained problem (12),
whence z is an i-minimizer of second order in sense II.
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We conclude the paper with the following comments. The comparison of
the p-minimizers and the i-minimizers has led us to ”duplicate” the notions
of optimality, introducing sense II concepts.

Indeed, we have to underline that the points we call sense II minimizers
are not minimizers of the considered constrained problem but of a related un-
constrained vector problem and one prefers probably to deal with this simpler
unconstrained problem instead of the constrained one. The name is justified
since we find a connection between the properties of a point to be sense I or
sense II minimizer. This connection has been obtained in [11] for p-minimizers
and 7-minimizers of first order and has been investigated in this section in
the second-order case. A crucial role in this study plays the observation that
the optimality conditions for the related unconstrained problem (12) coincide
with the optimality conditions of the constrained problem (1). A motivation
to introduce sense II concepts give also the stability properties obeyed by the
p-minimizers and the isolated minimizers. In [5] and [9] we have shown that
sense I concepts are stable under perturbations of the objective data, while
sense Il concepts are stable under perturbations of both the objective and
constraint data. From this point of view sense II concepts are advantageous,
since it is preferable to deal with a problem, which is stable with respect to
all data, than with one which is stable with only part of the data.
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Summary. In terms of n-th order Dini directional derivative with n positive integer
we define n-pseudoconvex functions being a generalization of the usual pseudoconvex
functions. Again with the n-th order Dini derivative we define n-stationary points,
and prove that a point z° is a global minimizer of a n-pseudoconvex function f if and
only if z° is a m-stationary point of f. Our main result is the following. A radially
continuous function f defined on a radially open convex set in a real linear space is
n-pseudoconvex if and only if f is quasiconvex function and any n-stationary point
is a global minimizer. This statement generalizes the results of Crouzeix, Ferland,
Math. Program. 23 (1982), 193-205, and Komlési, Math. Program. 26 (1983), 232—
237. We study also other aspects of the n-pseudoconvex functions, for instance their
relations to variational inequalities.

Key words: Pseudoconvex functions, n-pseudoconvex functions, stationary
points, n-stationary points, quasiconvex functions.

1 Introduction

Within nonsmooth setting in terms of n-th order Dini directional deriva-
tive with n positive integer we define n-th order pseudoconvex (for short,
n-pseudoconvex) functions generalizing in such a way the usual pseudo-
convex functions. In fact, the class of 1-pseudoconvex functions coincides
with the class of the nonsmooth pseudoconvex functions, and the class
of n-pseudoconvex functions is strictly contained in the class of (n + 1)-
pseudoconvex functions. Again with the n-th order Dini derivative we define
the notion of n-th order stationary (for short, n-stationary) point, and prove
that a point 2% is a global minimizer of a n-pseudoconvex function f if and
only if 20 is a n-stationary point of f. For a radially continuous function f
defined on a radially open convex set in a real linear space we prove, that f is
n-pseudoconvex if and only if f is quasiconvex function and any n-stationary
point is a global minimizer. For smooth functions with open domain the char-
acterization that a function is pseudoconvex if and only if it is quasiconvex and
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each stationary point is a global minimizer is obtained in Crouzeix, Ferland
[5]. This statement has been extended to nonsmooth functions in Komlési
[12], where pseudoconvexity and stationary points of a nonsmooth function
are defined through the first-order Dini derivative. Hence, we propose a gener-
alization of the above results. We study also other aspects of n-pseudoconvex
functions, for instance their relations to variational inequalities and the par-
ticular class of the twice continuously differentiable 2-pseudoconvex functions.

2 Dini Derivatives and n-Pseudoconvex Functions

In this paper E denotes a real linear space and f : X — R a finite-valued
real function defined on the set X C E. Here R is the set of the reals and
R=RU{-oc}U{+00}. Let f: E — RU {400} be the extension of f such
that f(z) = +oo for z € E\ X.

The lower Dini directional derivative fil)(ac, u) of f at € X in direction
u € E is defined as an element of R by

f(1 (x,u) = hmlnf (?(w +tu) — f(x)).

The difference in the right-hand side has sense in R, since eventually only
f(z + tu) is infinite. Applying f instead of f we get some convenience in
handling the case = +tu ¢ X. Still, we may use f(x + tu) instead of f(z + tu)
in the case when 0 is an accumulating point of the set {¢ > 0| z + tu € X}.
If this condition has place, we say that u is a feasible direction of X at z. As
a consequence of the definition, if u is not a feasible direction of X at x we
have fil)(x, u) = 4o00.

For a given positive integer n > 1 we accept that the n-th order lower
Dini directional derivative fﬁn) (z,u) exists as an element of R only if for

1 =1,...,n — 1 all the lower Dini directional derivatives fii)(x,u) exist as
elements of R, and then we put

n—1 ,;
(n) it ™ (T )
£ () = Timinf 5 (F(o+tu) = Y = £ @, w).

=0

In the sum we accept f(_o) (z,u) = f(x). From this definition we see, that if

the higher-order derivative f&n)(x,u) exists, then u is a feasible direction of
X at z. Indeed, if u is not a feasible direction of X at x, then as it was said

f&l)(;v, u) = 400 ¢ R, whence from the definition the higher-order derivative

f(_”)(:v,u) does not exist. For short we will say Dini derivatives instead of
lower Dini directional derivatives. The above definition follows Ginchev [7],
where in terms of the Dini derivatives higher-order optimality conditions for
nonsmooth problems are derived.
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The function f : X — R is said to be pseudoconvex if 2%, 2! € X and
f(2%) < f(x') implies fil)(xl,xo — ') < 0. We accept this definition after
Diewert [6] as a convenient modification for nonsmooth functions of the clas-
sical definition [14] of a pseudoconvex function. Let us specially underline,
that in opposite to the commonly accepted restriction, we do not assume in
advance that the domain X of f is convex. Still, the given here definition
of a pseudoconvex function gives some implicit restriction on X. Namely, if
x! € X and there exists 2° € X such that f(z°) < f(z!), then 2° — 2! is a

feasible direction of X at x'. Indeed, now fil)(gcl7 2% — 2') < 0 and not +oo.

We generalize the notion of a pseudoconvex functions as follows.

Definition 1. For a positive integer n we call the function f : X — R
pseudoconver of order n (for short, n-pseudoconvex) if for any 2°, 2* € X
such that f(z°) < f(x') there exists a positive integer m < n such that

f@ (1,2 — 1) = 0 for all positive integers i < m and f&m)(atl, 20 —21) <0.

In this definition the derivative f™ (z!,2° — 1) exists. When m > 1 this
follows from the existence with values 0 of all the derivatives of lower order.
The existence of n-th order Dini derivatives of f is not required.

We do not assume in advance that the domain X of f is convex. Still, as
in the case of a pseudoconvex function we have the implicit restriction on X,
that if ! € X and there exists 2° € X such that f(z%) < f(«!), then 2° — 2!
is a feasible direction of X at z!'. Now f£1)(as1, 2% — ') < 0 and not +o0, as it
would be if u were not feasible. With regard to this remark one can define the
following class of sets, call them convex-like, as the natural sets to serve for
domains of n-pseudoconvex functions. We call the set X in E convex-like, if
for all 20, ! € X the direction 2° — 2! is feasible of X at x!. Obviously each
convex set is convex-like. A convex-like set is also each radially open set, see
the definition of a radially open set in Section 4. Some of the following results
as Theorems 1 and 8 do not use convexity assumptions for X. However, the
convexity of X plays a role in the most of the forthcoming considerations.
Whenever this is the case, we say explicitly that X is convex. We think, that
these results admit generalizations to convex-like sets. For simplicity, we do
not discuss these possibilities.

In the above definition when n = 1 the only possible choice of the positive
integer m < n is m = 1. Since then the set of the positive integers i <
m is empty, the equalities claiming the vanishing of the i-th derivatives do
not occur. Therefore the definition of 1-pseudoconvex function reduces to the
definition of a pseudoconvex function, hence the classes of 1-pseudoconvex
functions and pseudoconvex functions are identical.

It is obvious from the definition, that for a positive integer n each n-
pseudoconvex function is (n+ 1)-pseudoconvex. The following example shows
that this inclusion is strict.

Ezxample 1. The function f,, : R — R, n positive integer, defined by
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_ ", x>0,

fulz) = { (-l 2 <0.
is n-pseudoconvex, and when n > 2 it is not (n — 1)-pseudoconvex.

For n odd the function f, in Example 1 is the power function f,(x) = 2™,
x € R. For n even the function f, is of class C"~! but not of class C".

3 Stationary Points and n-Pseudoconvex Functions

We introduce the notion of a n-stationary point as follows.

Definition 2. For a positive integer n we call x € X a stationary point of
order n (for short, n-stationary point) of the function f: X — R, if for each
direction u € E and arbitrary positive integer m < n the equalities

f(j)(x, u) = 0 for all positive integers i < m imply fgm) (xz,u) > 0.
Let us turn attention, that in particular for m =1 it holds fil)(a:,u) >0 for
alluw € E which is a consequence of the nonexistence of positive integers i < 1.

The notion of 1-stationary point coincides with the usual notion of a sta-
tionary point applied in minimization of nonsmooth functions, e. g. in [9] and
[12]. Stationary points of order two, usually in a smooth aspect, are used in
the literature. The definition of n-stationary points for nonsmooth functions
given here seems to be a new one.

It is obvious, that for n > 2 each n-stationary point is (n — 1)-stationary
point. Example 1 shows that the converse is not true, there the point z = 0
is (n — 1)-stationary but not n-stationary.

The following theorem characterizes the global minimizers of n-pseudo-
convex functions in terms of n-stationary points.

Theorem 1. Let f : X — R be a n-pseudoconver function with n positive
integer. Then 2° € X is a global minimizer of f if and only if 2° is a n-
stationary point of f.

Proof. Suppose that 2° € X is a global minimizer of f. Take arbitrary direc-
tion u and let m < n be a positive integer. Assume that fﬁz)(xo, u) = 0 for all
positive integers ¢ < m. Then

Fom (2%, u) = lirgi%f tﬁm' (f(2° +tu) — f(2°)) > 0.

Therefore z2° is a m-stationary point. Moreover, replacing in the inequality

m < n the number n with arbitrary positive integer ny and repeating the
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above reasonings, we see that 20 is a ng-stationary point for arbitrary positive
integer ng.

Conversely, assume that z¥ is a n-stationary point of f. Suppose in the
contrary, that z° is not a global minimizer of z°, hence there exists 2' € X
such that f(z') < f(z). Since f is n-pseudoconvex, therefore there exists a
positive integer m < n such that f@ (20,21 — 20) = 0 for all positive integers
i < m and ffm) (29, 2! — 2°) < 0. Therefore, the condition in the definition of

a n-stationary point fails with z = 2° and u = 2 — 20, a contradiction. O

4 Characterization of n-Pseudoconvex Functions

We deal with functions f : X — R, where X is a subset of the real linear space
E. No topological structure on E is assumed. At the same time topological
notions can be involved, when we consider restrictions on straight lines in E.
For such notions we apply the adjective radial.

For any 2%, 2! € E we put X(2%,2!) = {t e R| (1 —t)a® + tz! € X}. We
say, that the set X is radially open (radially closed) if for any 2%, ! € E the
set X (20, 21) is open (closed) in R.

Further we use the abbreviations lsc and usc respectively for lower semi-
continuous and upper semi-continuous. We say that the function f: X — R
is radially lsc (radially usc) if the function

e X% o) o R, o(t) = f((1-t)a’ +ta')

is Isc (usc) for all 2°, 2! € X. If f is both radially Isc and radially usc,
we say that f is radially continuous. Let us underline, that the definition
given requires that ¢ is Isc (usc) with respect to the relative topology on
X (2%, 2') C R. This remark is to avoid confusions of the following type. Let
E =R and X C R be an open proper set in R (X proper in R means X # ()
and X # R). Consider the function f: X — R, f(z) = 0. Then f is (radially)
Isc. At the same time the function f being the indicator function of the open
set X is not (radially) Isc as a function from R into R.

A mean value theorem for lsc functions appears in Diewert [6]. In the
following precise formulation it is proved in Crespi, Ginchev, Rocca [3] and is
used there to study nonsmooth variational inequalities.

Theorem 2 (Mean Value Theorem). Let ¢ : [to, t1] — RU{+00} be a lsc
function of a real variable, such that ¢(tg) # +oo. Then there exists a real &,
to < € <t1, such that <p(_1)(§,t0—t1) > @(to) —p(t1). Moreover, this inequality
holds at the point &, tg < & < t1, which supplies the minimum of the function
P 1 [to, t1] = RU {+oo} defined by

o(t1)- (1)
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The following theorem applies the mean value theorem to establish monoto-
nicity properties of the lsc n-pseudoconvex functions.

Theorem 3. Let n be a positive integer and let ¢ : I — R be a lsc n-
pseudoconvex function defined on the interval I C R. Denote by I the set
of the global minimizers of ¢ on I. Then either I= 0, in which case @ is
strictly monotone on I, or Iisa nonempty interval, in which case ¢ is a
constant on I, strictly increasing on I ={tel|t=> i forallt € I} and

strictly decreasing on I_ = {t € I |t <{ for all € I}.

Proof. We prove, that if t_ <t witht_,t4y € I, and p(t—_) < p(ty), then
@ 1s strictly increasing on the interval I N [ty, +00). Assume in the contrary,
that this is not true. Then there exists £ € I N (t,,+o0) such that ¢ is not
strictly increasing on the interval [ty , f]. Denote by ¢y the supremum of the
set M of all ¢ € [t4, €] such that ¢ is strictly increasing on the interval [t, t].
We will show some properties of to. Since ty € M, obviously M # () and
to > t4. Also tg € I, since tg € [t4, ] C I. From the definition of ty, ¢ is
strictly increasing on the interval [t to). We will show more, that ¢ is strictly
increasing on the closed interval [ty, to]. To show this, it is enough to prove
that o(t) < @(to) for allt € [t4, to). Indeed, if this is true, and t; < t < to,
then for ¢’ € (¢, tp) we would have p(t) < p(t') < ¢(to), which shows that ¢
is strictly increasing on the interval [ty, tg]. Now we show that ¢(t) < ¢(to)
for all t € [ty to]. Assume that this is not true. Then ¢t < to (if t4 = to
then the interval [t4, to) is empty, hence we would have the truthfulness of
the claimed property), and ¢(¢4+) > ¢(to) for some t4 <t < tp. Since ¢ is
n-pseudoconvex, there ex1sts m < n, such that (p( )(t+,t0 —1t4) = 0 for all

positive integer i < m and <p_ )(t+, to —t4) < 0. On the other hand, since ¢
is increasing on [t , tp), we have

m! _ _
o (Eroto — £) = liminf = (p(Es +7(to — 14)) — @(f4)) 20,
T
a contradiction. Thus, ¢ is strictly increasing on the interval [t ,to], whence
with respect to the assumptions for ¢, we have ¢ty < t. Hence, the interval
IN[tg, +00) contains the non-degenerate interval [to, t].

Resuming, from the assumption that ¢ is not strictly increasing on the
interval I N [ty, +00), it follows that there exists to > t4 with the properties:
to € I and IN[ty, +00) contains a non-degenerate interval [to, t|; the function
@ is strictly increasing on the interval [t4, to]; on any larger interval [, t],
t > tg, the function o is not strictly increasing.

We will show that the above properties lead to a contradiction. Since ¢
is Isc, we can choose t1 > tg, such that p(tg) > ¢(t1) and still p(t_) < ¢(t)
for any t € [tg, t1]. Moreover, we can choose ¢; with these properties in a way
that the following alternative holds: either ¢(to) > @(t1) or @(to) = ¢(t1) =
min{p(t) | to < t < t1}. Take now &, to < £ < t1, such that & supplies the
minimum of the function ¥ : [tg, t;] — R in (1), whence in particular
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§—to
t1 —to

o)< 178

t
,tl_tOSO(o)-F

p(t1) < p(to) -

The Mean Value Theorem gives @9)(§, to—t1) > o(to) — ©(t1). On the other
hand p(t-) < (&), whence from the n-pseudoconvexity of ¢, there exists

m < n, such that gp(_i) (&,t— — &) = 0 for all positive integers i < m and
w&m) (&, t— — &) < 0. By the choice of ¢; the following cases may occur:

19 p(to) > ¢(t1).

This leads immediately to a contradiction, since the positive homogeneity
of the Dini derivative gives

0> oM, t_ff):%

E—t_

ty —to

eW(e, to —t1) > (olto) — (t1)) > 0.

2°. o(to) = ¢(t1) = min{p(t) | to <t < t1}.
Now ¥(t) = ¢(t) — ¢(to), and the point &, to < £ < ti, supplies the
minimum of ¢ on the interval [t, t1]. We obtain easily the contradiction

|
0> @ (g, - =) = lminf == (p(& +s(t- —§) —¢(€)) > 0.

Similarly, if t_ <ty witht_, ty € I, and p(t_) > @(t1), then @ is strictly
decreasing on the interval I N (—oo, t_]. This case is reduced to the already
proved by changing the variable ¢ to —t.

The set I is an interval, possibly empty. We can show this by proving, that
for any t_ <ty with t_, t, € I it holds [t_, t]  I. If this is not the case,
then there exists a point tg, t— < to < t4, such that ¢(t_) < @(tg). Since
 is strictly increasing on I N [tg, +00), we see that ¢(t_) < ¢(tg) < @(t4).
On the other hand, since both ¢t_ and ¢t are global minimizers, of ¢, we have
p(t-) = ¢(t4), a contradiction.

Iff % 0, then ¢ is strictly increasing on Iy and strictly decreasing on I_.
We prove the first assertion, the proof of the second is similar. The case when
I, =0 or I, is a singleton is obvious. Suppose now that I is neither empty
nor a singleton. Let ¢~ € I and t, € I, be such that t, > inf I,. We have
t, ¢ I, otherwise the whole interval [t_, ;] would be contained in I and the
strict inequality ¢4 > inf I, would not be satisfied. Therefore p(t_) < p(t4),
whence ¢ is strictly increasing on the interval I N [ty, +00). Since the strict
monotonicity holds for any ¢, > inf I, and ¢ is Isc, we see that ¢ is strictly
increasing on I .

If I =0, then @ is strictly increasing or strictly decreasing. Choose in
I a sequence {t,}5%, such that o(to) > @(t1) > -+ > @(tn) > ..., and
lim,, o(t,) = inf{p(t) | t € I}.

Suppose that to > t; (the case ¢y < t; is considered similarly). We prove
that then {t,} is a strictly decreasing sequence and the function ¢ is strictly
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increasing on I (when tg < ¢ the sequence {t,} is strictly increasing and the
function ¢ is strictly decreasing on I). To see that {¢,} is strictly decreasing, it
is enough to show that to < t; (similarly ¢o < t; implies t3 < t2 etc.). Indeed,
it holds to ¢ [to,+00), since for ¢ € I N [ty, +00), we have p(tg) < ¢(t) (the
inequality (1) < ¢(to) implies that ¢ is strictly increasing on I N [tg, +00)),
while by choice p(t2) < ¢(to). Also t2 ¢ [t1, to]. Otherwise, if t1 < t3 < to,
from ¢(t1) > p(t2) < p(to), it would follow that ¢ is strictly decreasing on
I N (=00, t1] and it is strictly increasing on I N [tg,+00). Therefore, since
I is the set of global minimizers of ¢, we have I = {& € [ty, to] | p(&) =
miny, <;<¢, ©(t)}. The contradiction is that once I = @ by assumption, and
otherwise the set in the right hand side is not empty, since any lsc functions
achieves its minimum on a compact interval.

Now ¢(tnt1) < @(t,) implies that ¢ is strictly increasing on the interval
IN[ty, +00), hence also on the set J = |J;—, (I N [t,, +00)). It remains to show
that J = I. If this is not the case, then there exists a point ¢ € I'\ J, whence
t_ <t, forn=0,1,.... We have ¢(t_) < ¢(t,) for all n. Otherwise for
some n we would have p(t_) > ¢(tn+1) < @(tn), which as we have observed
leads to a contradiction with I = 0. Now ¢(t_) < ¢(t,) for all n implies that
o(t_) < inf{p(t) | t € I'}, whence t_ € I, which contradicts again to I = . O

The assumption that ¢ is Isc is essential for the validity of Theorem 3.
This is seen in the following example borrowed from Crespi, Ginchev, Rocca

[3]-

Ezample 2. Define the function ¢ : R — R by ¢(z) = 0 for z = 0 or =
irrational, and ¢(x) = —q for x # 0 rational with z = p/q, ¢ > 0 and p and
q relatively prime. The function ¢ is not Isc. The first-order Dini derivative
is go(_l)(z,u) = —oo for each z € R and u € R\ {0}. Therefore ¢ is 1-
pseudoconvex. For the set I of the global minimizers of ¢ we have I = (). At
the same time ¢ is neither increasing nor decreasing.

Recall that a function f : X — R is said to be quasiconvex if its domain
X is convex and for all z°, 2! € X and ¢ € [0, 1] it holds

F((1=1)2° +ta') < max (f(°), f(2h)) -

The function f : X — R is called semistrictly quasiconvex if its domain X
is convex and for all 2°, 1 € X such that f(2°) # f(z') and t € (0,1) the
strict inequality f((1 —t)a® + tz') < max (f(z"), f(z')) is satisfied.

In general a semistrictly quasiconvex function is not quasiconvex, but each
semistrictly quasiconvex radially lsc function is quasiconvex [11].

The following theorem generalizes a well-known relation between pseudo-
convex and quasiconvex functions, see Diewert [6].

Theorem 4. Let f : X — R be radially lsc and n-pseudoconvex function
with n positive integer on the convex set X in a real linear space. Then f is
quasiconvex, and moreover, f is semistrictly quasiconvex.
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Proof. We prove that f is quasiconvex. Let 2°, ' € X be such that f(2°) <
f(al). Put z(t) = (1 — t)a° + tz!. Define the function ¢ : [0, 1] = R, ¢(t) =
f(z(t)). We must show that for each ¢ € (0, 1) it holds ¢(f) < ¢(1). The
function ¢ is Isc and n-pseudoconvex on I = [0, 1]. Therefore ¢ satisfies the
hypotheses of Theorem 3. Since I is a compact interval, the set I C I of the
global minimizers of ¢ is a nonempty compact interval [t_, ¢t]. The function
¢ strictly decreases on the interval I_ = [0, t_] and strictly increases on the
interval Iy = [t4, 1]. Now our claim follows observing that for ¢ we have the
possibilities:

19. £ € I, then (from I the set of global minimizers) p(f) < ¢(1);

20, ¢ € I_\{0}, then (from ¢ strictly decreasing on I_) ¢(%) < (0) < ¢(1);

30. t e I, \ {1}, then (from ¢ strictly increasing on 1) ¢(f) < ¢(1).

To show the semistrict quasiconvexity of f, we must show in the above no-
tations that ¢(0) < (1) implies () < ¢(1). This can be shown by repeating
up to obvious small changes the same reasonings. For instance, in the case 1°
we have p(t) < ¢(0) < ¢(1). O

The following example shows that Theorem 4 cannot be reverted.
Ezample 3. The function f : R — R defined by

exp(—%)7 x>0,

flz) = 0,z=0,
1

—exp(3), ¢ <0,

is semistrictly quasiconvex, but for any positive integer n it is not n-pseudo-
convex.

Our main result is the following characterization of the radially continuous
n-pseudoconvex functions with radially open convex domains.

Theorem 5. Let f : X — R be a radially continuous function on the radially
open convex set X in a real linear space. Then f is n-pseudoconvexr with n
positive integer if and only if f is quasiconver and each n-stationary point of
f is a global minimizer.

Proof. The necessity holds under the weaker assumption that f is radially Isc
function on the convex set X. Let f be n-pseudoconvex. Then f is quasiconvex
according to Theorem 4. Further, each n-stationary point of f is a global
minimizer according to Theorem 1.

The sufficiency holds under the weaker assumption that f is radially usc on
the radially open convex set X. Let f be quasiconvex and let each n-stationary
point of f be a global minimizer. We prove that f is n-pseudoconvex. Take
20, 2t € X with f(2°) < f(z!). Hence x! is not a global minimizer. By the
hypotheses ! is not a n-stationary point. Therefore there exists a positive
integer m < n and a direction v such that f@(aﬁl,v) = 0 for all positive
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integers i < m and f™(21,v) < 0. We may assume that m is the minimal
with the above property, that is for each £ < m and arbitrary direction u the
inequalities fﬁi)(xl, u) = 0 for all positive integers ¢ < k imply fgk)(ajl, u) > 0.
Now we show that £ (21,20 — 21) = 0 for i <m and f"™ (21,20 — 21) < 0.
Indeed, by the quasiconvexity of f we have

FP (! a® —at) =lminf 7 (f(" + (a0 — ) — fla") <0,

Using the minimality of m and induction we conclude that £ (xt,2%—2!) =0
for all ¢ < m. Since f is radially upper semicontinuous and X is radially
open, there exists 7 > 0 such that f(p) < f(x!) where p = 2° — 7v. Put
2(t) = b + t(2® — 2!) with t € (0,1). Let w(t) = 2! + a(t) v be the point
of intersection of the ray {z! + tv | ¢ > 0} and the straight line passing
through p and z(t). An easy calculation gives that a(t) = ¢7/(1 —t). Since f
is quasiconvex, we have

f(z(t)) < max (f(p), f(w(t))) for 0<t<1.

Therefore

T (f(2(1) = f(2h)) < max (7" (f(p) — f@h)), 7 (F(w(?) — f(z"))).

Since f(p) < f(z1), if t tends to 0 with positive values, then the first term of
the above maximum tends to —oo. Let the sequence a,, be such that

fﬁm) (z,v) = liminf m! o, ™ (f (2" + a,v) — f(z1))

n—oo

and ¢, = a,/(a, + 7). Therefore

St a® —at) = lminfml " (£(=(0)) — f(o")

< lminf ml £ (F(w(t,) — f(z")). (2)
Using the equality
flw(t) — f(=') _ fle' +a(t)v) — f(a!) a™(t)

tm am(t) tm

where «(t) = t7/(1 —t) we get that

liminf m!¢, ™ (f(w(tn)) — f(x1)))

n—oo

= liminfm! o, ™(f(z + anv) — f(z1) ot ™ = 7™ £ (21, v) < 0.
n—oo

The above inequality along with (2) yields that f is n-pseudoconvex. O
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The close relation between pseudoconvex and quasiconvex functions is un-
derlined in Crouzeix [4]. In Crouzeix, Ferland [5] it is shown that a smooth
function on an open convex set is pseudoconvex if and only if it is quasicon-
vex and attains a minimum at each stationary point. This characterization
is extended to nonsmooth functions by Komlési [12] and Giorgi, Komlési [9].
The Dini derivatives are the main tool in this extension and the coincidence
of the stationary points and the global minimizers is shown. Later this char-
acterization is analysed in Giorgi [8], Tanaka [15], Aussel [1] and Ivanov [10].
Theorem 5 above is a generalization of the results mentioned.

The proof of the Sufficiency in Theorem 5 is made under the assumption
that f is radially usc and X is radially open and convex, while the Necessity
is done for radially Isc functions and does not apply the radially openness of
X. The following two examples show that the Sufficiency fails to be true for
radially lsc functions, or if the radially openness of X is not assumed.

Ezample 4. Consider the function f : R? — R defined by

arctan(zs/z1), x1 >0,

. 7T/2,£L‘1:07.%‘2>0,

oy, w2) = —m/2, 21 =0, 29 <0,
/2 — a1, r1 <0.

Then f is Isc and quasiconvex on RZ, that is on an open set, and each 1-
stationary point is a global minimizer, but f is not 1-pseudoconvex.

It is easy to check that each level set L(f,r) = {(z1,22) € R? | f(x1,72) <
r} is closed and convex, whence f is Isc and quasiconvex. Take the points
20 = (0,0) and 2! = (0, 1). We have f(2°) = —7/2 < 7/2 = f(2!) and
fgl)(ml,xo —z1) = 0, hence f is not 1-pseudoconvex. The set of the global
minimizers is {x = (0,22) | 22 < 0} and coincides with the set of 1-stationary
points. To check this we put = (z1,22), v = (u1,uz2), and observe that
fgl)(x,u) = —1 in each of the cases: if z1 = 0, x5 > 0, u; = xa, us = 0; if
x1>0,u; =0, upg = — (22 +23)/xy; and if 11 <0, ug = 1, ug = 0.

Example 5. Consider the function f: X — R, where
X={r=(x1,22) ER?*|0< 2, <1, 0< 25 <1 -1}

and
1, 1,
f(x17372):1—332—*$1—x1 To + —x7.
2 4
Then f is continuous and quasiconvex on X, which is a not radially open set,

and each 1-stationary point is a global minimizer, but f is not 1-pseudoconvex.

In this example the level sets L(f,r) = {(z1,72) € R? | f(z1,22) < r} are
the convex sets L(f,r) =0 for r < 0, L(f,r) = X for r > 1 and
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L(f,r)={(z1,z2) e X |t13V1—r+a2 >1—7r} for 0<r<1,

whence f is quasiconvex. Obviously f is also continuous. The function f is
not 1-pseudoconvex, since for z! = (0, 0) and z° = (1, 0) we have f(z!) =
1 >0 = f(2°) and at the same time f)(z!,20 — 2') = 0. The point 2!
is not 1-stationary point, since fﬁl)(xl, (0, 1)) = —1. The set of the global
minimizers is {(x1,22) € X | 1 + 22 = 1}, where f attends value zero, and
this set coincides with the 1-stationary points. To show this it remains to
observe that for (z1,22) € X with 21 + x2 ¢ {0, 1} we have
PO (@1, 22), (0, 1) = =1 = — =2 —— < 0.
24/x9 + ix%

Though we consider functions f defined on an arbitrary real linear space,
the n-pseudoconvexity is in fact one dimensional notion in the sense, that it is
determined by a property, which is supposed to hold on one-dimensional affine
manifolds. That is why the most phenomena occurring for n-pseudoconvex
functions we observe on one-dimensional examples. Theorem 5 is however of
another nature due to the involvement of the concept of n-stationary point,
which is not one-dimensional. This difference causes that the assumptions of
Theorems 4 cannot be kept in Theorem 5, as it has been shown in the Exam-
ples 4 and 5. In the next Theorem 6 applying one-dimensional n-stationarity,
we are still able to prove the sufficiency within the hypotheses of Theorem 4,
without the additional assumptions f to be radially usc and X to be radially
open.

Theorem 6. Let f : X — R be quasiconvexr function defined on the convex
set X in a real linear space and let f obey the following property: For arbitrary
20, 2t € X such that f(z°) < f(z') the point t; = 1 is not n-stationary point
with n positive integer for the function of one variable ¢ : X (2°,2') — R,
o(t) = f(z(t)), where z(t) = (1 — t)z® + tz! and X (2%, 2') = {t e R | z(t) €
X}. Then f is n-pseudoconver.

Proof. Let 2V, ' € X be arbitrary such that f(2°) < f(x!). Since X is
convex, then the closed interval [0, 1] belongs to the domain of ¢. If ¢t = 1 is

boundary of the domain of ¢, then ga(_l)(l, 1) = 400. By the hypothesis of the
theorem there exists integer m < n such that £ (21,20 — 2!) = 0 for i < m
and fﬁm) (!, 2% — 2') < 0. Consider the case when t = 1 is an interior point
of the domain of ¢. For all sufficiently small values ¢ > 0, by quasiconvexity,
©(1) < max(p(0), (1 + t)). Using that ¢(0) < ¢(1) we get the inequality
©(1+1t) > p(1). Therefore for every integer ¢ equality 909‘1) (1,1) = 0 implies
wg)(l, 1) > 0. Since ¢t = 1 is not a n-stationary point, then there exists integer
m < n such that f@(ml,xo — ') =0 for i < m and fﬁm)(:rl,mo —z1) < 0.
Therefore f is n-pseudoconvex. m|
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In Example 1 the n-pseudoconvexity of f,, can be established from the
definition of this notion, but also directly from Theorem 5 (or Theorem 6).
Indeed, f, is continuous and quasiconvex and the set of its n-stationary points
is empty (hence we can endorse the elements of this empty set with the prop-
erty that they are global minimizers). From the Sufficiency of Theorem 5 we
establish that f,, is n-pseudoconvex.

5 Twice Continuously Differentiable Functions

For n > 1 odd the function f,(z) = 2™, € R, is of class C*, and as it
was noticed in Example 1 it is n-pseudoconvex and not (n — 1)-pseudoconvex.
For an even n the function f, is not of class C". Therefore, one can pose
the question, whether if n is even there exists a n-pseudoconvex function de-
fined on an open set in a finite-dimensional Euclidean space, which is C" and
not (n — 1)-pseudoconvex. In this section we show that the answer is negative
when n = 2. We show in fact, that the set of the 2-pseudoconvex twice contin-
uously differentiable functions defined on an open set in the finite-dimensional
Euclidean space R™ coincides with the set of the pseudoconvex twice contin-
uously differentiable functions. For such a function the Dini derivatives of
order one and two coincide with the usual directional derivatives of first and
second order and are expressed through the Jacobian f&l)(:m u) = f'(z)u and

the Hessian f(_2)(x,u) = f"(z)(u,u). With this remark, the following lemma
becomes obvious.

Lemma 1. Let X C R™ be an open set and f € C*(X). Then v € X is a
2-stationary point of f if and only if the following conditions hold:

f(@)=0, 3)
/" (x)(u,u) >0 forall ueR" (4)

The following claim gives characterizations of 2-stationary points of a qua-
siconvex function.

Lemma 2. Let f € C*(X) be a quasiconvex finite-valued function defined on
the open set X C R™. Then x € X is a 2-stationary point of f if and only if
it 15 a stationary point.

Proof. 1t is obviously that each 2-stationary point is a stationary point.
Conversely, suppose that © € X is a stationary point, which means that x
satisfies assumption (3). Thanks to quasiconvexity x fulfills condition (4),
since for twice continuously differentiable quasiconvex function as it is proved
in Avriel [2] it holds

f'(x)u=0 implies f"(x)(u,u) > 0. (5)
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This completes the proof. O

The following theorem characterizes the 2-pseudoconvex twice continu-
ously differentiable functions.

Theorem 7. Let X C R™ be an open convex set and f € C*(X). Then f is
2-pseudoconver on X if and only if it is pseudoconvexr on X.

Proof. 1t is obvious that each twice continuously differentiable pseudoconvex
function is 2-pseudoconvex.

Conversely, assume that f is 2-pseudoconvex. We show that it is pseudo-
convex. According to Theorem 4 f is quasiconvex. It follows from Theorem 1
that the set of global minimizers of f coincides with the set of 2-stationary
points. Taking into account that X is open, by Lemma 2, we conclude that
the set of the stationary points coincides with the set of 2-stationary points.
Therefore the set of the global minimizers coincides with the set of stationary
points. Hence from the Theorem of Crouzeix, Ferland [5], which is particular
case of our Theorem 5, we obtain that f is pseudoconvex. O

Let us underline, that the conclusion of Theorem 7 fails to be true in the
class of C! functions, where the class of 2-pseudoconvex functions is larger
than the class of pseudoconvex functions. For instance the function f5 in
Example 1 is C! and 2-pseudoconvex, but it is not pseudoconvex.

6 Pseudoconvex of Infinite Order Functions

The classical pseudoconvex functions are defined as C' functions, for which
the directional derivative f’(z!)(z° — 1) is negative each time when f(z%) <
f(2'). Remaining in the classical setting, we would have to call 2-pseudoconvex
functions each C? function, for which each time when f(2°) < f(z') we would
have either f'(z!)(z"—21) < 0or f/(2!)(2°—2') = 0 and f"(2')(2®—2t, 29—
x!) < 0. Then, as it is seen from the results of the previous section, we would
have that the class of the “classical” 2-pseudoconvex functions is essentially
smaller than the class of the pseudoconvex functions. The reason is that the
latter contains C! functions, which are not C? functions. This is seen on the
following example.

Example 6. The function f: R — R defined by

22, x>0,

@)= {7520

is C!' and pseudoconvex, but not C? function.

In opposite to the “classical approach”, in the framework of the “non-
smooth approach” accepted in this paper, we get strictly increasing classes
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of functions F,, C Fpy1, n = 1,2, .... Here F,, denotes the class of n-
pseudoconvex functions as defined in Definition 1.

Wishing to extend the class of functions being in some sense similar to n-
pseudoconvex functions defined in the paper, we come easily to the definition
of pseudoconvex of infinite order functions.

Definition 3. We call the function f : X — R pseudoconver of infinite order
(for short, +oco-pseudoconvez) if for each z°, x' € X such that f(z°) < f(xt!)
there exists a positive integer m such that (', 2% — ) = 0 for all positive

integers i < m and fﬁm)(arl, 20 —2!) <0.

Obviously, each n-pseudoconvex function is +oo-pseudoconvex. A natural
question is, whether the class of +oo-pseudoconvex functions coincides with
the union of the classes of n-pseudoconvex functions with n positive integer.
The next example gives a negative answer to this question.

Ezample 7. Consider the function f : (0, +00) — R defined by
f@y=n+14frri(z—nmn—-1), n<z<n+1l, n=0,1,...,

where f, are the functions from Example 1. Then the function f is +oo-
pseudoconvex but it is not n-pseudoconvex for arbitrary positive integer n.
The latter follows from Theorem 1, since the point x,, = n+ 1 is n-stationary
but not a global minimizer of f.

A central place in our investigation play the relations between n-pseudo-
convex functions and n-stationary points obtained in Theorems 1 and 5. To
discuss the possible extension of these relations to +oo-pseudoconvex func-
tions we introduce the notion of +oo-stationary point.

Definition 4. We call x € X a stationary point of infinite order (for short,
+oo-stationary point) of the function f: X — R, if for each direction u € E
and arbitrary positive integer m the equalities
fii)(m,u) = 0 for all positive integers i < m imply fﬁm) (z,u) > 0.
Theorem 1 remains true if n is replaced by 400, which follows by repeating
nearly the same proof.

Theorem 8. Let f : X — R be a +oo-pseudoconves function. Then z° € X
is a global minimizer of f if and only if 2° is a +oo-stationary point of f.

In Example 3 function f possesses a +oo-stationary point 20 = 0. Since
this point is not a global minimizer, in view of Theorem 8 this function is not
~+o0-pseudoconvex.

Theorem 5 also remains true if n is replaced by +oo, which follows by
repeating nearly the same proof.
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Theorem 9. Let f : X — R be a radially continuous function on the radially
open conver set X in a real linear space. Then f is +oo-pseudoconvex if
and only if [ is quasiconver and each +oo-stationary point of f is a global
minimizer.

In Example 7 the function f is continuous and quasiconvex, and while
it possesses n-stationary points for arbitrary positive integer n, it does not
posses +oo-stationary points. Therefore it satisfies the hypotheses of Theorem
8 and on this base we can conclude that f is +oo-pseudoconvex. In fact, the
lack of +oo-stationary points implies that f is +oo-pseudoconvex. The next
example is of a function which possesses +oo-stationary points.

Ezxample 8. The function f : R™ — R defined by

is +oo-pseudoconvex, since it is continuous and quasiconvex and the unique
+oo-stationary point 2° = 0 is a global minimizer.

7 The Related Variational Inequality

To a function f : X — R we can relate the variational inequality of differential
type in Dini derivatives

f&l)(xl,xo—xl)go, e X. (6)

When the set X is convex and f is radially lsc it is shown in Crespi,
Ginchev, Rocca [3] that 20 is a solution of (6) if and only if f increases along
rays starting at 2°. Consequently, if 2° is a solution of (6) then z° is a global
minimizer of f. In general the set of the global minimizers of f is larger than
the set of the solutions of (6). However, when f is quasiconvex, these two
sets coincide. Since according to Theorem 4 under the assumptions made,
a n-pseudoconvex function is quasiconvex, we get immediately the following
result.

Theorem 10. Let f : X — R be radially lsc and n-pseudoconvex function
with n positive integer on the convex set X in a real linear space. Then z° € X
is a global minimizer of f if and only if x° is a solution of the variational
inequality (6).

Theorem 10 is true with both n positive integer and n = +oc0. Denote
by S(f,X) the set of the solutions of (6). Let us underline, that if f is n-
pseudoconvex, then any point z° € S(f, X) satisfies the following property:

. Vel € X\ S(f,X): Im<n:
f@(xl,xo —a!) =0 for i < m and fﬁm)(xl,xo —21)<0.

(7)
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Now problem (6)—(7) is the problem to find the solutions of (6), which
satisfy also (7). This problem can be considered as some refinement of the
variational inequality. When X C R is convex and f is Isc, then problem
(6)—(7) has a solution if and only if f is n-pseudoconvex with nonempty set
of its global minimizers. When X is a convex subset of a real linear space
and f is radially Isc, then problem (6)—(7) has a solution if and only if f
has a nonempty set of its global minimizers and f is radially n-pseudoconvex
along rays starting at 2°. Obviously, one can look for other relations between
problem (6)—(7) in the case when it possesses solutions and the notion of
n-pseudoconvexity.

8 Final Remarks

The pseudoconvex functions were introduced in Tuy [16] and Mangasarian
[13] in an attempt to find out a larger class of functions preserving the good
properties of the convex functions. For instance each local minimizer of a con-
vex function is a global minimizer. The same property obey the pseudoconvex
functions and n-pseudoconvex functions introduced here. Also programming
problems with pseudoconvex data preserve some of the good properties of the
convex programming problems, see e. g. [14]. Among these properties is the
relation between local solutions and Kuhn-Tucker points. The Kuhn-Tucker
points appear in programming in connection with necessary optimality con-
ditions. In convex programming these conditions turn to be also sufficient,
that is each Kuhn-Tucker point is a minimizer, moreover, it is a global min-
imizer. Similar properties obey programming problems with pseudoconvex
objective functions and quasiconvex inequality constraints. The possibility of
further extensions of these results motivates us to introduce the notion of
n-pseudoconvex function. Naturally, then we need to introduce higher order
Kuhn-Tucker points instead of the usual ones. In a future work we intend to
discuss programming problems with n-pseudoconvex functions.

Acknowledgement: The authors thank the anonymous referees for the
appreciation and the valuable remarks.
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Summary. We consider a multiobjective optimization problem in R™ with a fea-
sible set defined by inequality and equality constraints and a set constraint. All
the involved functions are, at least, directionally differentiable. We provide suffi-
cient optimality conditions for global and local Pareto minimum under several kinds
of generalized convexity. Also Wolfe-type and Mond-Weir-type dual problems are
considered, and weak and strong duality theorems are proved.
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1 Introduction

In this paper, the next multiobjective optimization problem is considered:
(MP) Min f(z) subject to g(z) <0, h(z) =0, z € Q,

where f, g, h are functions from R" to RP, R™ and R", respectively, and @
is a subset of R™.

*This research for the second and third authors was partially supported by Min-
isterio de Ciencia y Tecnologia (Spain), project BMF2003-02194. The authors are
grateful to the referee for his comments.
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There are many papers dealing with optimality criteria of Fritz John type
or Kuhn-Tucker type (K-T). Singh [16] obtained a necessary K-T type op-
timality condition for the problem (MP), with @ = R™ and f, g and h dif-
ferentiable, under the Abadie constraint qualification (CQ), which establishes
that the contingent cone (from now on tangent) to the feasible set equals the
linearized cone:

T(S,x0) = C(5), (1)

where C'(S) = {v e R": Vg;(zo)v =0Vj € Jo, Vhg(zo)v=0k=1,...,7},
Jo=1{j: gj(xo) =0}

Di and Poliquin [2] supposed that g and h are differentiable at o and
continuous on a neighborhood and obtained equality (1) under the linear
independence CQ, that is, the linear independence of the gradients for the
active constraints and equality constraints.

None of these works incorporated a set constraint. Giorgi and Guerraggio
[4] considered different kinds of scalar problems with C! functions and incor-
porated a set constraint, but in the most general case they considered (with
the three constraint types) they did not give K-T type conditions.

Di [1] with the same kind of functions as that of [2] proved condition
(1) using a Mangasarian-Fromovitz CQ (Theorem 3.3). In the same work,
this author also considered a closed convex set constraint () and obtained the
following expression for the tangent cone to the feasible set of (MP) (Theorem
4.1):

using a CQ, that is a generalization of the Mangasarian-Fromovitz one.

In [9] (see also [6]), Jiménez and Novo generalized the result of Singh
obtaining a very general necessary K-T type condition, because they incor-
porated a set constraint and considered directionally differentiable functions
(in the sense of Hadamard for the objective functions) with convex derivative
(linear derivative for the equality constraints). Such a necessary condition is
satisfied under the so called extended Abadie CQ (with “D” in (2) instead
of “=" and changing the gradients by the Dini derivatives in the definition
of C(5)). In [5], the authors obtained different necessary optimality condi-
tions for the problem (MP) considering a (convex or arbitrary) set constraint
(. These necessary optimality conditions generalize the ones obtained by the
previously aforementioned authors.

In this work, we are going along this way and, after introducing in Section
2 the notations and some previous results, in Section 3 several sufficient opti-
mality conditions are provided. Most of them require some kind of generalized
convexity (quasiconvexity or Dini-pseudoconvexity) for the functions or lin-
ear combinations of its components. On the other hand, the requirements on
the derivatives are, generally, less restrictive than those which are needed in
the necessary conditions. These sufficient conditions generalize some results
considered by Singh [16], Islam [8], Di [1] and Majumdar [12]. In Section 4,
we suppose that @ is an open set and study Wolfe-type and Mond-Weir-type
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dual problems. For these problems we obtain both weak and strong duality
theorems.

2 Notations and Preliminaries

Let z and y be in R” and A C R™. Let us denote x < yifax; <y;, i=1,...,n
and r <yifx; <y, i =1,...,n. We use cl A, co A and cone A to denote the
closure, convex hull and generated cone by A, respectively. We denote by v”
the transpose vector of a column vector v.

Given a point g € A and a function f : R" — RP, we consider the
multiobjective optimization problem

Min{f(z): = € A}.

A point zg € A is said to be a local Pareto minimum, denoted by zo €
LMin(f, A), if there exists a neighborhood U of z( such that

AfNANU =0, (3)

where Ay = {z € R" : f(z) < f(zo), f(z) # f(zo)}. The definition of
(global) Pareto minimum is obvious (take U = R™). A point xg € A is said to
be a weak Pareto minimum if there exists no x € A such that f(z) < f(xo).
We denote by Min(f, A) and WMin(f, A) the sets of Pareto minimum points
and weak Pareto minimum points, respectively.

Given the considerable difficulty to verify condition (3), different approx-
imations to A and A at x¢ are usual. These (first order) approximations are
the so-called “tangent cones”. In Definition 1 we recall the notion of contingent
cone. If the sets, we want to approximate (locally) by means of some cone,
are defined through functional constraints, the related approximate cone will
be also defined via some directional derivative of the functions (see Definition
2 and the definition of the cone C(S5)).

Definition 1. Let A C R"™, x¢ € cl A. The tangent cone to A at xq is defined
as follows:

T(A,zg) ={v eR™: Tty >0, i € A, z, — xo such that t(xp—x0) — v}

If D C R", the polar cone to D is D* = {v € R": vTd < 0Vd € D}.
The normal cone to A at xzy is the polar to the tangent cone, that is,
]\/Y(A7 SL'()) = T(A, (E())*.

Definition 2. Let f : R™ — RP, xg,v € R".
(a) The Dini derivative (or directional derivative) of f at xq in the direction

v 18
Df(xg,v) = lim f (o +tv) — f(ffo).

t—0+
(b) The Hadamard derivative of f at zq in the direction v is
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t —
df(z0,v) =  lim flao +tu) — f(zo)
(t,u)—(0F,0) t

(¢) f is Dini differentiable or directionally differentiable (resp. Hadamard dif-
ferentiable) at xqo if its Dini derivative (resp. Hadamard derivative) exists
finite in all directions.

Definition 3. The Dini subdifferential of f : R® — R at xg is
Opf(xe) ={¢ €R": Tv < Df(wg,v) Yo € R"}.

If Df(zg,-) is a convex function, then there exists the subdifferential (9) of
the Convex Analysis of that function at v = 0. This set is nonempty, compact
and convex in R™ and it satisfies

(i) Op f(xo) = OD f (o, -)(0),

(ii) Df(zo,v) = Max{¢Tv: ¢ € Opf(z0)}.

If D f(zo,v) is not convex, then dp f(zo) can be empty.

In this work the following generalized convexity notions will be used.

Definition 4. Let I' C R™ be a convex set, f: ' - R, and xg € I'.
(a) f is quasiconver at xg if

Ve el f(z) < f(zg) = f(Ax+ (1—Nxo) < f(zo) VA€ (0,1).
(b) f is Dini-pseudoconvex at xq if

Veel, f(z) < f(xo) = Df(xo,x —x0) <O0.
(¢) f is strictly Dini-pseudoconvex at

if Ve € '\ {zo}, f(z) < f(z0) = Df(zo,x —xz0) <O0.
(d) f is Dini-quasiconvex at xg if

Vee ', f(z) < f(xg) = Df(xg,x —x9) <O0.
(e) f is quasilinear, Dini-pseudolinear or Dini-quasilinear at xo, if f and —f
are quasiconvex, Dini-pseudoconvex or Dini-quasiconvex at xq, respectively.
(f) f is quasiconvex on I' if f is quasiconvez at each point of I'. Analogously
for the other concepts.
(9) f=(f1.f2,--., fp) : I = RP is quasiconvex at ¢ if f; is quasiconvex at
xo for each v =1,2,...,p. Similarly for the other concepts.

The most relevant properties for our purposes, related to these notions,
are collected in the following proposition.

Proposition 1.

(a) If f is Dini differentiable at x¢ and quasiconvex at xg, then f is Dini-
quasiconvex at xg.

(b) ([7, Theorem 8.5]) If f is Dini-pseudoconver at xo and continuous on I,
then f is quasiconvex at xg.

(¢) ([7, Theorem 3.2]) If f is Dini-quasiconvez at each point of I' and contin-
wous on I', then f is quasiconvex on I.

In [9] the following generalized Motzkin Theorem is shown, that will be
used later.
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Theorem 1. ([9, Theorem 8.12]). Let Q C R™ be a convex set with 0 € Q,

h:R™ — R" be a linear function of components hy, k € K ={1,...,r} given

by hy(u) = cFu with ¢, € R™, f1,..., fp and g1, ..., gm be sublinear functions

from R™ to R and f = (f1,...,fp), 9 = (91,-..,9m). Consider the following

propositions:

(@) 0. € 327_ N0 fi(0) + 3252, 1j0g;(0) + 305y vkew + N(Q,0), (A, ) > 0 =

A=0.

(b) S Nifilw) + Sy p05(0) + Sy v () > 0 Yu € Q, (M) >0 =

A=0.

(¢) There exists v € R™ such that f(v) <0, g(v) <0, h(v) =0, v € Q.
Then:

(1) (a ) and (b) are equivalent.

(i0) () = (a).

Consider the problem (MP) of Section 1, with @ an arbitrary nonempty
set. We will use the following notations. Let

S={zxeR": g(z) <0, h(z) =0} (4)

the set defined by the constraint functions.

The feasible set of (MP) is SN Q. Let f;, i€ I ={1,...,p}, g;, j€J =
{1,...,m}, hg, k € K ={1,...,r} be the component functions of f, g and
h, respectively. Given zy € S, the active index set at g is Jo = {j € J :
gj(xo) = 0}.

Assuming that the functions are Dini differentiable at xg, another cone
that will be used to approximate S at xg is the linearizing cone, defined as
follows:

C(S) ={veR": Dgj(xo,v) <0Vj € Jy, Dhy(zg,v) =0Vk € K}.

3 Sufficient Optimality Conditions

If the functions involved in the problem have certain kinds of generalized
convexity, some of the necessary conditions studied in [6] are also sufficient.
Furthermore, we state other sufficient conditions that extend previous results
from differentiable problems to directionally differentiable problems. Also a
sufficient condition of local minimum without convexity requirements (Theo-
rem 6) is given.

Theorem 2. Let Q C R™ be a convex set and xo € SN Q, where S is given
by (4). Let us suppose the following conditions are verified:

(a) f, g5, j € Jo, h are Dini differentiable at x¢ with convex derivatives.

(b) f is Dini-pseudoconvex at xo and g;, j € Jo and h are Dini-quasiconvex
at xg.

(¢) There exist multipliers (\, 1, v) € RP x RIVol x R such that (c1) (A, p,v) >
0, (2) A#0 and



270 G. Giorgi, B. Jiménez, V. Novo

(€3) 0 € 320, Nidpfi(zo) + e, HiOpgj(20) + 3oh_y vkOphi(zo) +
N(Qa "L‘O)'
Then o € WMin(f, SN Q).

Proof. Let us suppose that xg is not a weak minimum of f on SN@. Then there
exists x € SNQ such that f(z) < f(xg). Because of the Dini-pseudoconvexity
of f, Dfi(xo,x — x9) < 0 Vi € I; by the Dini-quasiconvexity Dg;(zo, 2z —
xg) < 0 V) € Jy since g;(z) < g;j(zo) = 0 and also by Dini-quasiconvexity
Dhy(zg, 2 —x0) < 0Vk € K since hi(z) =0 < hi(xg) = 0. Consequently, the
system

Dfi(zg,v) <0Viel

Dg;(xo,v) <0 Vj € Jo

Dhy(zg,v) <0Vk e K

vEQ -1

is compatible (it has at least the solution v = x — zy). By the generalized
Motzkin theorem (Theorem 1(i%)), there exist no multipliers (A, u, V) satisfying
conditions (cl), (¢2) and (c3), obtaining a contradiction. 0O

Remark 1. This theorem is stated in a more general setting than Theorems 3.1
and 3.3 of Majumdar [12] and it corrects Theorems 3.1 and 3.3 of Majumdar
[12], because Majumdar supposes that all the functions are differentiable at
T, does not consider the set constraint ) and concludes that zg is a Pareto
minimum (instead of weak Pareto minimum). But this is a mistake, as it is
shown in the following example. For other remarks on the results of Majumdar
see [10].

Example 1. Let us consider the functions f : R? — R? given by f(z,y) = (x,v)
and g : R? — R given by g(x,y) = —x. The point x¢ = (0, 1) is a weak Pareto
minimum but it is not a Pareto minimum as it can easily be checked.

Remark 2. In Theorem 2, Dini-pseudoconvexity of each f; can be substituted
by Dini-pseudoconvexity of fy = Y7 A;fi. If in this theorem we want to
obtain a Pareto minimum, either we have to consider A > 0 instead of X # 0
requiring f to be Dini-quasiconvex, or to postulate f to be strictly Dini-
pseudoconvex, in this case it is enough to have a nonzero multiplier.

Theorem 3. Under the hypotheses of Theorem 2 it follows that xo € Min(f,
SNQ), with each one of the following (independent) modifications:
(i) Supposing, in addition, that f is Dini-quasiconvezr at xy and changing in
(2) A£0 by A > 0.
(ii) f is strictly Dini-pseudoconvex at xo (instead of Dini-pseudoconvex at
390).
(#91) Changing (b) by

) f, 954, h are strictly Dini-pseudoconvex at xq,
and requiring that the multipliers fulfil (\, p,v) # 0 instead of A # 0.
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Proof. (i) It is similar to the previous one making a refinement for the index
of I that correspond to components of f(z) strictly less than f(zp). In fact,
let us suppose that zo ¢ Min(f, S N Q). Then there exists z € S N Q such
that f(z) < f(zo) and f(z) # f(zo). Let 1 = {i € I : fi(x) < fi(xo)} and
Iy = {Z cl: fl(m) = fl(l‘o)} Obviously I = I; U Iy with I # 0.

By Dini-pseudoconvexity, (Definition 4(b)), Df;(xo,x — x9) < 0 Vi € I; and
by Dini-quasiconvexity, D f;(xo,z — x¢) < 0 Vi € Ij.

As in the previous proof Dg;(xo,x — x¢) < 0Vj € Jy and Dhy(xg,x — xo) <
0 Vk € K. Therefore, the system

Dfi(l'o,’U) <0Viel
Dfi(zo,v) <0 Vi€ I
Dg;(zo,v) <0Vj e Jy
th(.%‘o,’l}) <0Vke K
vE QR —x

is compatible (it has at least the solution v = = — x).

By the generalized Motzkin theorem, there exist no multipliers (Ar,, Az, i, V)
€ R x RIol x RIYol x R™ such that (Af,, Az, g, v) >0, A7, # 0 and (c3) is
satisfied. This is a contradiction with hypothesis (¢), because I; C I and the
fact that there are not multipliers with A;;, # 0, contradicting the existence
of A€ RP with \; >0VielI=1Ul.

(i) It can be proved analogously, taking into account that f;(xz) < fi(zo)
implies D f;(xg,x — x9) < 0 Vi € I.

(9t) Tt is similar, since under these conditions it follows that

Df(xg,x—x0) <0, Dgj,(x0,2—20) <0, Dh(zg,2—20) <0, 2—20 € Q—10
and by the generalized Motzkin theorem we obtain a contradiction. O

Remark 8. Part (i) of this theorem generalizes Theorem 4.1 of Islam [8] who
supposes that all the functions are convex, and does not consider equality con-
straints. In fact, since the functions are convex, they are Dini-pseudoconvex,
quasiconvex and Dini differentiable at each point with convex derivative.

This result also extends Theorem 3.2 of Singh [16], who considers convex
differentiable functions and does not use a set constraint.

In the same way, it is possible to extend Theorems 3.3 and 3.4 of Singh
into this context. Next we give the generalization of the first result of Singh.

Theorem 4. Let Q C R", zg € SN Q, and let us suppose the following:

(a) f, g5, j € Jo, h are Dini differentiable at xo.

(b) There exist multipliers (X, pu,v) € RP x RI7ol x R" X\ >0, u > 0 such that
DL(xg,x —x9) > 0 for each x € SN Q, L being the Lagrangian function:

p T
LZZ)\ifi-l- Z /ljgj'f'Zthlv (5)
i=1 k=1

Jj€Jo
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(¢) L is Dini-pseudoconvex at xg.
Then xo € Min(f, SN Q).

Proof. Let us suppose that xg ¢ Min(f, S N Q). Then there exists € SN Q
such that f(z) < f(zo) and f(x) # f(zo). Since z € S, we have g;(z) <
gj(zo) Y5 € Jo, h(zx) = h(zo), and consequently

Do Nifil@) + Y ngi(a) + ) vihi(x)
i=1 k=1

Jj€Jo

P T
<D Nifilwo) + D wigi(wo) + D vih (o),
=1 k=1

Jj€Jo

that means, L(z) < L(xg). Since L is Dini-pseudoconvex at xq, it follows that
DL(xzp,x — z9) < 0, contradicting hypothesis (b). O

In the following result we extend Theorem 3.4 of Singh [16]. Its proof is
similar and so is omitted.

Theorem 5. Let Q C R”, zg € SN Q, and let us suppose the following:
(a) f, g5, j € Jo, h are Dini differentiable at xo.
(b) There exist multipliers (X, p,v) € RP x RIVol x R" X\'>0, u > 0 such that
(b1) fa=>"Y_ Nifi is Dini-pseudoconver at x.
(02) 9u = > e, 1i9; and hy, = > r—q Vkhi are Dini-quasiconvez at x.
(¢) DL(zg,x—xg) > 0 for each x € SNQ, where L is the Lagrangian function
given by (5).
Then xo € Min(f, SN Q).

If all the functions involved in Problem (MP) are Hadamard differentiable,
the convexity requirements can be suppressed and we get a local minimum.
The following result generalizes Theorem 5.2.11(¢) of Di [1].

Theorem 6. Let Q C R", g € SNQ and let us suppose the following condi-
tions are verified:
(a) For each j € Jo, g; is either Hadamard differentiable at xo or Dini-
quasiconvez at xo with Dini derivative Dg;(xo,-) continuous.
(b) For each k € K, hy is either Hadamard differentiable at xo or Dini-
quasilinear at xo with Dini derivative Dhy(xg,-) continuous.
(¢) There exist multipliers (\, j1,v) € RP x RIVol x R™ (X 1) >0, A # 0 such
that

(c1) fr =" Nifi is Hadamard differentiable at x.

(€2) dfr(zo,v) + Dgu(xo,v) + Dhy(z9,v) >0 Yo e T(SNQ,x0) \ {0},

being gy = 3, 14395 and by, = 371 vihy.

Then xo € LMin(f, SN Q).



Sufficient Optimality Conditions and Duality 273

Proof. We have T(S N Q,z9) C T(S,z9) N T(Q,z9) C C(S) N T(Q,xo),
where the last inclusion is true by [6, Proposition 3.2]. Then, for each
v e T(SNQ,xz0), we have that v € C(S), so that, Dg;(xo,v) < 0Vj € Jy
and Dhy(z9,v) = 0 Vk € K. Therefore, Dg,(zo,v) < 0 and Dh,(zg,v) = 0.
From here, by (¢2) it follows that df(zg,v) > 0Vv € T(SNQ, zo). Using [17,
Corollary 2.1], zg is a strict local minimum of order 1 of f) on SN Q.

Suppose that xg ¢ LMin(f, SNQ), then there exists a sequence x,, € SNQ,
£ — g such that f(2n) < (o), f(2n) # f(z0). Therefore, S7_, Asfi(in) <
SF_ Nifi(wo), that means, fi(z,) < fi(zo), contradicting the fact that x is
a strict local minimum of fy. O

Remark 4. Obviously, if f is R-valued (p = 1), the conclusion means that xg
is a strict local minimum of f on S N Q. Note that this theorem is almost
a converse of Theorem 4.1 in [6], since condition (i¢) of this theorem, by
Theorem 1(¢), is equivalent to:

dfx(zo,v) + Dgu(zo,v) + Dhy(20,v) >0 Vv € Q — xo,
and thus, the inequality is true Vv € T(Q, o).

Note the difficulty in Theorem 5 of proving (¢) (since S must be deter-
mined). It can be given alternatives using 7'(SNQ, xo ), instead of SNQ, since, if
a constraint qualification holds, this cone is easily obtained as C'(S)NT(Q, xo).
These alternatives require stronger hypotheses. Thus, we can finally give the
following intermediate sufficient conditions between Theorems 2, 5 and 6.

Theorem 7. Let Q C R™ be a convex set, xg € SNQ, and let us suppose the
following:
(a) gj, j € Jo are quasiconvex at xo and Dini differentiable at xg.
(b) h is quasilinear at xo and Dini differentiable at .
(¢) There exist multipliers (A, i, v) € RP x RIVol x R™ (X, 1) >0, A > 0 such
that
(el) fx =211 Nifi is Dini-pseudoconver at x.
(¢2) Dfr(xo,v) + Dgu(xo,v) + Dhy(z0,v) >0 Yo e T(SNQ,xo).
Then o € Min(f, SN Q).

Proof. Let us suppose that there exists € SNQ such that f(z) < f(z¢) and
f(x) # f(zo). Then fi(z) < fa(zo). Since x € S, g;(x) < 0= g;(zo) Vj € Jo,
and since g; is Dini-quasiconvex at zy because is quasiconvex at xo, it follows
that Dg;(zo,x — z9) < 0. Analogously for h, we have Dhy(zo,z — o) = 0.
Consequently, multiplying each one of these inequalities by the corresponding
multiplier and adding, it follows that D fx(zo,z — x0) + Dgu(xo,z — x0) +
Dhy(zg,x — x9) < 0. Let us see that z — z¢p € T(S N Q,xp), obtaining a
contradiction, by condition (c2).

By [9, Lemma 2.6], there exists a ball By centered at z such that

T(SNQ,x0) = clcone (SNQN By — o) and gj(xz) < 0Vx € By, Vj € J\ Jo.
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Let o, = az + (1 — a)xg with a € [0,1]. Since Q is convex, x, € Q. As
gj, j € Jo, is quasiconvex at zg, g;(zo) < 0. By continuity, there exists
ai € (0,1] such that o, € By Va € [0,a1] and by election of By, g;(za) <
0 Vo € [0,01], Vj € J\ Jp. Since h is quasilinear, h(zo) = 0 Yo € [0, 1]. Then
Zo € SNQN By Va € [0,a4], in particular 1 = 24, = a1z + (1 —aq)xzg €
SN QN By, following

T —x0=a; (x1 —20) € cone (SNQN By —x0) CT(SNQ,x0).
O

Theorem 8. Under the hypotheses of Theorem 7, if fx is Dini-quasiconver at
Zo, then, substituting the weak inequality in (c2) with a strict one for v # 0,
we obtain the same conclusion, i.e., xg € Min(f, SN Q).

Proof. If conclusion were not be true (see proof of Theorem 7), would exists
xo € SNQ such that fr(z) < fr(zo), Dgu(zo,x—x0) <0, Dhy(xg,2—20) =0
and x —x¢ € T(SNQ, zp). By Dini-quasiconvexity of fx, Dfx(zo,z—xz¢) <O0.
Then D fx(xo,x — z0) + Dgu(zo, x — xo) + Dhy(z0, 2 — x0) < 0, contradicting
(c2). O

Remark 5. As a final remark to the present section, clearly we can give
other combinations of the hypotheses used in the last theorems in order
to obtain other sufficient conditions. For example, if there exist (A, u,v) €
RP x RI7ol x R™, (X, 1) > 0, such that f, g, and h, are Dini-quasiconvex at
xzo and DL(zg,x — z9) > 0 Vo € SNQ, x # xp, then zo € Min(f, SN Q).

4 Duality

In this section we consider two types of dual problems for (MP): a Wolfe-
type dual problem and a Mond-Weir-type dual problem (see [19] and [14] for
the original formulations). Duality is a very common topic in multiobjective
optimization under generalized convexity (see for example [3, 11, 13, 15, 18]).

For simplicity, in (MP) @ C R™ is considered an open set, so T'(Q, z) = R"
and N(Q,z) = {0} for all x € Q. In this section, we assume that f and g
are Dini differentiable with convex derivative and h is Dini differentiable with
linear derivative.

We begin with a Wolfe-type dual problem for (MP).

(WD) Max (fi(y) +n"g(y) +v h(y), ..., foly) + n"g(y) + v h(y))

subject to:
p m T
0€ Z ANiOp fily) + Z 130pg;(y) + Z vkOphi(y), (6)
i=1 j=1 k=1

yeR", NeRP, A>0, NTe=1, peR™, >0, veR"
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(here e = (1,...,1)T € R?). We now obtain weak and strong duality results
for (MP) and (WD).

Theorem 9. (Weak duality) For all feasible points x for (MP) and all feasible
(y, \, p,v) for (WD), if AT f + uTg 4+ vTh is Dini-pseudoconvex, then

f@) £ fy) +n"g(y)e + v h(y)e,
(Here x £ y is the negation of v < y).

Proof. Suppose that f(z) < f(y) +u’g(y)e+vTh(y)e. As z is a feasible point
of (MP) we have

f(@) +u"g(x)e + v h(z)e < f(x) < f(y) + " g(y)e + v h(y)e.
Multiplying by A > 0, (A # 0 and A'e = 1 by assumption) we deduce that

A f(a) +pTg(x) + v h(z) < N f(y)+u"g(y) +v"h(y). As XN f+p"g+v"h
is Dini-pseudoconvex we obtain that

DOATf+uTg+0v"h)(y,z —y) <0. (7)

On the other hand, from equation (6) it follows that there exist

a; € anZ(y)7 1= 17' B 2 bj S 6Dg](y)7 j = 17‘ .., Mm, (8)
ek € Ophi(y), k=1,...,r
such that .
0= Z \ia; + Z /ijj + Z ViCL . (9)
i=1 j=1 k=1

By the definition of Dini subdifferential, from (8) we derive
alu < Dfi(y,u) Yu€R", i=1,...,p,
b?ungj(y,u) YueR" j=1,...,m,
ctu = Dhy(y,u) YueR" k=1,...,7

Multiplying these inequalities by A;, p; and vy, respectively, adding up, and
taking into account (9) we obtain

» m , T
0= ( > Aiai + 30 pibi 4+ X0 chk> u< DT f + g +v"h)(y, u),
i=1 j=1 k=1

which, considering u = x — y, contradicts (7). O

Remark 6. We can obtain the same thesis under other assumptions. For ex-
ample, we can assume that the function f(-) + u?g(-)e + vTh(-)e is Dini-
pseudoconvex.
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Remark 7. If we replace the Dini-pseudoconvexity hypothesis by strict Dini-
pseudoconvexity (or, e.g., assuming that f(-) + uZg(-)e + vTh(-)e is strictly
Dini-pseudoconvex), or assuming that A > 0, we can assert that the following
cannot hold:

file) < fily) + 1"g(y) + vTh(y), Viel={1,2,....p}, i #s,
fs(x) < fo(y) + uPg(y) + v h(y), for some s € I.

In [6], necessary optimality conditions are given that ensure A > 0.

Corollary 1. Asume that (zo, \, i, ) is feasible for (WD) with pu* g(zg) =
0 and xq is feasible for (MP). If \XTf + uTg + v*h is Dini-pseudoconvez,
or f(-) + pTg(-)e + vTh(-)e is Dini-pseudoconvez, then xq is a weak Pareto
minimum of (MP) and (xg, A\, pi, V) is a weak Pareto solution of (WD).

Proof. Suppose that z( is not a weak Pareto minimum of (MP), then there
exists a feasible point x such that

f@) < f(xo). (10)

As pTg(zo) = 0 (by assumption) and v7h(zg) = 0 (since g is feasible), it
follows that f(z) < f(zo) + uTg(wo)e + vTh(zg)e. This contradicts Theorem
9 because (zg, A, p, v) is feasible for (WD).

Now suppose that (xg, A, i, ) is not a weak Pareto solution of (WD). Then

there exists a feasible point (y, A, fi, 7) such that

fzo) + " g(zo)e + v h(zo)e < f(y) + " g(y)e + v h(y)e.

As pTg(z9) = 0 and vTh(zo) = 0, we deduce that f(zo) < f(y) + il g(y)e +
T h(y)e, but this contradicts Theorem 9. O

Theorem 10. (Strong duality) Let x¢ be a weak Pareto minimum for (MP)
at which a constraint qualification holds [9]. Then there exist X € R, p €
R and v € R" such that (xo, A\, p,v) is feasible for (WD). If, in addition,
M f + uTg + vTh is Dini-pseudoconvez, or f(-) + urg(-)e + v h(-)e is Dini-
pseudoconvex, then (xg, A\, p,v) is a weak Pareto solution of (WD) and the
optimal values of (MP) and (WD) are equal.

Proof. From Theorem 4.1 (or Theorem 4.5) in [9] we see that there exist
(A, i, v) such that A >0, A # 0, u > 0, uTg(x9) = 0 and (6) holds. Without
loss of generality we can assume that ATe = 1. Thus, (2, \, u,v) is feasible
for (WD). Now we get the conclusion by Corollary 1 (the optimal values are
equal because f(rg) = f(xo) + pLg(zo)e + v h(xg)e). O

We now prove weak and strong duality results between (MP) and the
following Mond-Weir-type dual problem:
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(MWD) Max (fl(y)7 LR fp(y))
subject to:

0e€ Z)\ Op fi(y) + Z,ujapgj (y) + ZVkath(y)a

i=1 j=1 k=1
1 g(y) + v h(y) 20,
yeR", NeR?, A>0, NTe=1, pecR™, n>0, veR".
Theorem 11. (Weak duality) Let x be feasible for (MP) and (y, A, u,v) be

feasible for (MWD). If f is Dini-pseudoconvex and pu’g + v'h is Dini-
quasiconvex, then it cannot be

flx) < f(y).

Proof. Since x is feasible for (MP) and (y, A, i, v) is feasible for (MWD) we
have

Tg(a) + v h(z) < n"g(y) + v h(y).
As uTg 4 v"h is Dini-quasiconvex we derive that

m

E ;i Dg;(y, © —y) + kZ v Dhy(y,z —y) < 0. (11)
j=1 =1
Suppose that f(z) < f(y). As f is Dini-pseudoconvex it follows that D f(y, y—
P
x) <0,and so >, \Dfi(y,z —y) <0. Adding this to (11) it results that
i=1

) NiDfi(y,x —y) + Zl 1;Dgi(y,x —y) + kZ v Dhi(y, 2 —y) < 0.
j= =1

e

K2

Now we continue as in the proof of Theorem 9. 0O

For this theorem we can make the same remarks made for Theorem 9.
The proofs of Corollary 2 and Theorem 12 are similar to that Corollary 1
and Theorem 10, respectively, and are omitted.

Corollary 2. Under the hypothesis of Theorem 11, assume that xq is feasible
for (MP) and (zo, A, 1, v) is feasible for (MWD). Then xo is a weak Pareto
minimum of (MP) and (xq, A, i, V) is a weak Pareto solution of (MWD).

Theorem 12. (Strong duality) Let xg be a weak Pareto minimum point of
(MP) at which a constraint qualification holds [9]. Then there exist A € RY,
p € R and v € R" such that (zo, A, pu,v) is feasible for (MWD). If, in
addition, f is Dini-pseudoconvex and p’g + v h is Dini-quasiconvez, then
(zo, \, pt,v) is a weak Pareto solution of (MWD) and the optimal values of
(MP) and (MWD) are equal.

About another necessary conditions and constraint qualifications, the
reader is referred to [5, 6].
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Summary. In this work, approximate solutions of vector optimization problems
in the sense of Tanaka [18] are characterized via scalarization. Necessary and suf-
ficient conditions are obtained using a new order representing property and a new
monotonicity concept, respectively. A family of gauge functions defined by gen-
eralized Chebyshev norms and verifying both properties is introduced in order to
characterize approximate solutions of vector optimization problems via approximate
solutions of several scalarizations.
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1 Introduction and Preliminaries

Approximate solutions of vector optimization problems, known as e-efficient
solutions, are important from both the practical and theoretical points of view
because they exist under very mild hypotheses and a lot of solution methods
(for example, iterative and heuristic methods) obtain this kind of solutions.
The first and more widely used e-efficiency concept was introduced by
Kutateladze [11]. This notion is useful to approximate the weak efficiency
set (see Definition 1), but not for the efficiency set (see, for example, [9,
Section 3.1]). In [19] Valyi defined an e-efficiency concept based on a previously
fixed scalar function that allows us to approximate the efficiency set (see, for
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example, [9, Section 3.2]). However, there are a lot of problems in which it
is difficult to choose such a scalar function. In [18] Tanaka introduced an e-
efficiency concept that approximates the efficiency set and is independent of
any scalar function. In Pareto optimization problems, this notion is equivalent
to a previous concept defined by White [20] (see [22, Proposition 3.2]). In
[20, 9, 22, 23, 5, 8] the reader can find more relations concerning these &-
efficiency concepts.

When a vector optimization problem is solved using an associated scalar
optimization problem (i.e., via a scalarization process), it is important to
know if improved e-efficient solutions are obtained when the scalar objective
decreases and viceversa (see [20, Section 1] for a complete discussion of this
motivation). In [5, Theorems 3.1.3 and 3.1.4] Gopfert et al. prove relations
between e-efficient solutions following a similar definition as that introduced
by Kutateladze and approximate solutions obtained in a scalarization process
given by a gauge functional.

In this work, Tanaka’s concept is analyzed from this point of view. Specif-
ically, two conditions (see Definitions 4 and 6) are introduced that allow us to
obtain relations between the sets of approximate solutions of both problems.

The work is structured as follows. In Section 2, the vector optimization
problem is fixed. Moreover, several notations and some preliminary results are
given. In Section 3, necessary and sufficient conditions for Tanaka’s approx-
imate solutions are established via scalarization. A new monotonicity notion
is introduced in obtaining sufficient conditions, while necessary conditions are
attained by using a generalized order representing property in nonconvex vec-
tor optimization problems and by separation theorems in cone-subconvexlike
vector optimization problems. In Section 4, from the previous necessary and
sufficient conditions and by using gauge functions and generalized Chebyshev
norms, a characterization for e-efficient solutions is obtained, which attains
the same precision in the vector problem as in the scalar problem.

2 Approximate Solutions of Vector Optimization
Problems

In the sequel, we denote the interior, the closure and the complement of a
set A of R? by int(A), cl(A) and A°, respectively. We say that A is solid if
int(A) # 0. We write the nonnegative orthant of R” by RE .

In this paper, the following vector optimization problem is considered:

Min{f(x):x € S}, (1)

where f : R — R?” and S C R", S # . As it is usual in solving (1), a
partial order is introduced in the final space as follows, which models the
preferences of the decision-maker. Consider a convex cone D C RP, which is
pointed (D N (—=D) = {0}) and solid. Then,
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Yy, 2€ERP. y<z < y—2z€ —D. (2)

If D = R" then problem (1) is called Pareto problem.
Let us recall the notions of efficient and weak efficient solution of (1).

Definition 1. A point x € S is an efficient (resp. weak efficient) solution of
(1) if (f(x) = D\{0}) N f(S) =0 (resp. (f(x) —int(D)) N f(S) = 0).

We denote the set of efficient (resp. weak efficient) solutions of (1) by E(f,S)
(resp. WE(f,9)).

The following e-efficient concept was introduced by Tanaka [18]. We denote
the closed unit ball of R? by B and we consider € > 0.

Definition 2. A point x € S is an e-efficient (resp. weak e-efficient) solution
of (1) if (f(z) = D)N f(S) C f(zx) +eB (resp. (f(x) —int(D)) N f(S) C
f(z)+eB).

The set of e-efficient (resp. weak e-efficient) solutions of (1) is denoted by
AE(f, S,e) (resp. WAE(f,S,¢)). Let us observe that Definition 2 depends on
the norm considered in RP by means of the closed unit ball B. Moreover it is
clear that if 0 < g7 < &9 then

AE(f, S,e1) C AE(Y, S, e2), (3)

and for ¢ = 0 we recover the sets of efficient and weak efficient solutions:
AE(f,S,0) = E(f,S) and WAE(f, S,0) = WE(f, 5).

Next, Tanaka’s e-efficient solutions are considered as approximations to
the efficient and weak efficient sets.

Theorem 1. Let f : R® — RP be a continuous function at xg € S and let
(en) C Ry, (z,) C S be such that e, | 0 and x,, — xg.

(¢) If x, € WAE(f, S,ey) for each n, then xg € WE(f,S).
(#) If (f(zn)) is a nonincreasing sequence (i.e., f(xm) € f(zn)—D,¥Ym > n),
xn € AE(f, S, en) for each n and D is closed, then xo € E(f,S).
(4i) Suppose that f(S) is externally stable with respect to the efficient set (i.e.
f(S) € f(E(f,S))+ D). If z,, € AE([, S,ey,) for each n, then f(xo) €
A(f(E(f, 9))-

Proof. (i) Suppose that g ¢ WE(f,S). Then, there exists € S such that
f(xo) — f(z) € int(D). As f is continuous at xg and xz,, — o, it follows that
f(zn)— f(zo) — 0 and so, there exists m € N such that f(x,)— f(x) € int(D),
Vn > m. Then, using that x, is a weak ¢,-efficient solution we deduce that
Ilf(zn) — f(2)|| < epn, YN > m. Thus, f(z,) — f(x), which is a contradiction
since f(z) # f(zo).

(i1) Consider z € S such that

f(x) € f(zo) = D. (4)
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As f(xn) — f(zo), (f(zn)) is a nonincreasing sequence and D is closed we
deduce that f(zo) € f(zn) — D, ¥n. From (4) we see that

f(@) = flan) = (f(x) = f(20)) + (f(z0) = f(zn)) € =D —D =—D, Vn

and using that x,, is an e,-efficient solution we have that || f(z,) — f(2)] < en,
Vn. Therefore, f(z,) — f(x) and so f(z) = f(xo). It follows that (f(zg) —
D)n f(S) ={f(z0)} and we conclude that zy € E(f,S).

(iit) As f(S) is externally stable with respect to E(f,S) we deduce that
there exists a sequence (z,) C E(f,S) such that f(z,) — f(zn) € —D, Vn,
and using that x,, is an e,-efficient solution we see that || f(z,) — f(2n)| < €n.
Therefore,

1f(zo) = f(z)ll < [1f(w0) — f(an)ll + [1f(2n) = fzn)l
< 1f (o) = flan)ll +&n

and it follows that f(zo) € cl(f(E(f,S))), since f(x,) — f(zo) and &, | 0.
O

Let us observe that Kutateladze’s e-efficiency concept gives approximate solu-
tions which are not metrically consistent, i.e., it is possible to obtain feasible
sequences (x,,) such that x,, — g, z, is an e,-efficient solution in the sense
of Kutateladze, e, — 0 and the image f(zo) is far from the set of efficient
objectives f(E(f,S5)) (see [9, Example 3.2]). Theorem 1 shows under very mild
hypotheses that Tanaka’s e-efficiency solutions are metrically consistent.

3 Conditions for e-Efficient Solutions via Scalarization

Let ¢ : RP — R be a scalar function. The scalar optimization problem

Min{(p o f)(z): z € S} (5)

is called a scalarization for (1) if solutions of problem (5) are also efficient solu-
tions of problem (1). Following this idea, in this section approximate solutions
of (1) and (5) are related.

Definition 3. A point xg € S is an approximate solution of (5) (with preci-
sion e > 0) if

(po i) —e < (pof)(z), Vzels.

The set of approximate solutions of (5) is denoted by AMin(p o f, .5, ¢). Then,
our goal in the sequel is to relate the sets AMin(p o f,S,¢), AE(f, S,e) and
WAE(f, S, e).
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3.1 Necessary Optimality Conditions

In obtaining necessary conditions for weak e-efficient solutions, the following
approximate order representing property is considered.

Definition 4. A function ¢ : RP — R satisfies the approrimate order repre-
senting property (AORP) at yo € RP if

{y €R”: p(y) <0} = yo — (nt(D) N (cB)®).

In Section 4, a wide class of functions satisfying this property is considered.
Let us note that the usual order representing property (see, for example, [21,
Section 5]) is obtained from property (AORP) taking ¢ = 0. In the literature,
the order representing property has been used to prove necessary conditions
for weak efficient solutions via scalarization (see, for example, [21, Theorem
10]). Next, these necessary conditions are extended to weak e-efficient solu-
tions via property (AORP).

Theorem 2. Let g € S and let ¢ : RP — R be a function verifying property
(AORP) at f(xo). If xvo € WAE(f, S,€) then o € AMin(p o f, S, o(f(x0))).

Proof. Consider zyg € WAE(f, S, ). From Definition 2 it follows that
[f (zo) — (int(D) N (B))] N f(S) =0,

and by property (AORP) at f(zo) we have that o(f(z)) > 0, Vo € S. In
particular, o(f(xg)) > 0,

o(f(z0)) — p(f(x0)) =0 < o(f(x)), VYzeSs
and we conclude that g € AMin(p o f, S, o(f(x0))). O

Let us observe that when ¢ = 0 and ¢ is a continuous function at f(xo)
verifying property (AORP) at f(xz¢) it follows that ¢(f(xg)) = 0 and so,
if zy € E(f,S) then z( is an exact solution of problem (5). This necessary
condition is well-known (see, for instance, [21, Theorem 10] and [14, Corollary
1.7]).

Under subconvexlikeness hypotheses and by using separation theorems,
a necessary condition for weak e-efficient solutions can be obtained. Similar
results on Kutateladze’s e-efficiency concept are [15, Theorem 3], [1, Theorem
2.1] and [2, Theorem 2.1]. The (positive) polar and strict polar cone of D are

Dt ={leRP:(l,d)>0,Vdec D}

and
Dt* ={leRP: (I,d) > 0,Vd e D\{0}},

respectively. We denote the dual norm of || || by || ||+, i-e., [|l]l« = sup {|{I,y)|}.
llyll<1
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Definition 5. [3, Definition 2.4] It is said that a function f : R™ — RP is
D-subconvezlike on a nonempty set S C R™ if f(S) + int(D) is a convex set.

Theorem 3. If problem (1) is externally stable with respect to the weak ef-
ficiency set (i.e., f(S) C f(WE(f,S)) + (int(D) U {0})) and the objective
function f is D-subconvexlike on the feasible set S then

WAE(f,S,e)c ()  AMin({I, f(),5,e), Ve=>0.

leD+ ||| =1

Proof. Consider o € WAE(f,S,¢). As (1) is externally stable with respect
to the weak efficiency set, we deduce that there exist x € WE(f,S) and
d € int(D) U {0} such that

f(xo) = f(z) +d. (6)

By Definition 2 we deduce that ||d|| < e. From Definition 1 and by using that
int(D) is a convex cone it follows that

(f(z) —int(D)) N (f(S) + int(D)) = 0.

As f is a D-subconvexlike function on the feasible set S then f(S)+int(D) is
a convex set and by applying the Separation Theorem (see, for example, [10,
Theorem 3.14]) it follows that there exists [ € D\{0} such that

(I, f(x) —d1) <(l,f(z)+ds2), Vze€SVdi,ds €int(D). (7)

We can suppose that ||I||. = 1 since [ # 0 and by continuity we can extend
(7) to vectors dy, dy € D. Taking z = = and d; = 0 we deduce that [ € DT,
Moreover, from (6) and taking d; = da = 0 it follows that

(I, f(xo) —d) < (I, f(2)), VzeS.

As |(I,d)| < |[1]]<||d|l < € we see that

<l,f($o)> —e< <l,f((E0) - d> < <l,f(Z)>, Vze S,

and the proof is completed. ]

3.2 Sufficient Optimality Conditions

It is well-known for practitioners and researchers in vector optimization that
one can obtain sufficient conditions on efficient solutions of problem (1) via
solutions of problem (5) when the scalar function ¢ : R? — R is monotone with
respect to the order considered in the final space (see relation (2)). Following
this idea, we obtain sufficient conditions for e-efficient solutions of (1) through
approximate solutions of scalarizations whose scalar functions satisfy a new
monotonicity concept introduced in Definition 6(ii).
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Definition 6.

(i) A function ¢ : R? — R is D-monotone on a set F C R? if p(y) < ¢(2),
Vy,z€ Fy—z¢€ —D.

(i) A function ¢ : RP — R is strictly local D-monotone (SLM) at yo € RP
(respect to the norm || ||) with constants a > 0 and p > 0 if it is D-
monotone on RP and

o(yo) = ¢(y) +ally —yol, Yy €yo— (DNint(pB)). (8)

Let us observe that a D-monotone function ¢ : RP — R verifies property
(SLM) at yo if and only if g is a strict local solution of first order of the scalar
problem

Max{¢(y) : y € yo — D}.

Ezample 1. Let us suppose that the cone D is closed. For each yy € RP and
p > 0 it is easy to prove that any | € DT* is strictly local D-monotone at
with constants p and

a = min l,d)}.
deD,HdH:l{< )}
By the Weierstrass theorem, it is clear that a > 0. In Section 4, another wide
class of strictly local D-monotone functions is considered.

Theorem 4. Let zyp € S and let ¢ : RP — R be a strictly local D-
monotone function at f(xg) with constants o and p. If 0 < § < ap and
xo € AMin(po f,S,9) then o € AE(f, S, /).

Proof. Let us suppose that zo ¢ AE(f,S,d/a). Consequently, there exists
x € S such that

f(z) € f(xo) =D (9)
and || f(x) — f(zo)]| > 0/a. As 0 < ap we can select v > 0 verifying

o0+v

allf@) — faoy] < OFrSer 1o
Let us consider the point

— e _ 0+v o) — fla
vm @)+ (1= ) U = f@)
= flao) + e (7 () — (o)) (12

T Al @) = o)l

From (9)-(11) we see that y € f(z) + D, and as 9 € AMin(p o f,5,0) and ¢
is D-monotone on R? it follows that
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e(f(20)) =0 < o(f(2)) < @(y). (13)
By (10) and (12) we deduce that

o
Iy = faoll = 2 < p, (14

and from (9) and (12) we have that y € f(xo) — D. Therefore, y € f(x0) —
(D Nint(pB)), and so

o(f(x0)) =z (y) + ally — f(zo)l, (15)
since ¢ is strictly local D-monotone at f(x¢) with constants a and p. From
(14) and (15) it follows that ¢(f(xo)) > ¢(y) + 4, contrary to (13). O

4 Characterization of e-Efficient Solutions

In this section, a class of functions verifying properties (AORP) and (SLM) is
obtained. Next, by means of these functions and the results attained in Section
3 we characterize the e-efficiency set of (1) through approximate solutions of
scalar problems as (5).

The following result due to Gerth and Weidner and Lemma 2 are used to
obtain functions with the property (AORP).

Lemma 1. [{, Theorem 2.1] Let C C RP be a solid set such that C # RP
and cl(C) + int(D) C int(C). For a fized vector q € int(D), the function
@ :RP — R defined by

ply) =inf{s e R:y € sq—cl(C)} (16)
is continuous, D-monotone on RP and
{y e R” : p(y) < 0} = —int(C). (17)

The function ¢ was introduced by Rubinov [16] and is called “the smallest
strictly monotonic function” by Luc [14] due to property (17).

Lemma 2.
(4) (D N (eB)¢) = cl(D) N (int(eB))¢, Ve > 0.
(i1) If the norm || || is D-monotone on D then

cl(D N (eB)°) + int(D) C int(D N (eB)°), Ve > 0. (18)

Proof. (1) For each € > 0 it is clear that cl(D N (¢B)°) C cl(D)N(int(eB))°. In
proving the reciprocal inclusion, let us take a point y € cl(D) N (int(eB))°. As
y # 0 we deduce that there exists a sequence (d,,) C D\{0} such that d,, — y.
Therefore,
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llyll 1> ( [yl 1)
+— ) d, € DN (eB)°, +—)dy—y
<||an| n ldnll ~ n

and so y € cl(D N (eB)°).
(i1) As D is a solid convex cone it follows that

cl(D) + int(D) = int(D)

(see, for example, [14, Chapter 1, Proposition 1.4]), and so (18) holds for
e=0.
Let £ > 0 and M := DN (eB)°. It is easy to see that

M +int(D) C M, (19)

because if y € M and d € int(D) then ||y +d| > [Jy|| > ¢ since the norm || |
is D-monotone on D, and so y +d € M. Also we have that

cl(M) + int(D) C cl(M). (20)

Indeed, let y € cl(M) and d € int(D). Then there exists a sequence (y,) C M
such that y,, — y, and therefore y,, +d — y+d. But y, +d € M by (19), and
consequently y + d € cl(M).

Now, as the set cl(M) + int(D) = U (y +int(D)) is open, from (20) it
yEcl(M)
follows that
cl(M) + int(D) C int(cl(M)),
and we obtain the conclusion if we see that

int(cl(M)) = int(M).

As a matter of fact, cl(M) = cl(D) N (int(eB))° by part (7), and int(cl(D)) =
int(D) since D is a solid convex set. Hence

int(cl(M)) = int(cl(D)) N (eB)¢ = int(D) N (eB)¢ = int(M) .
O

Proposition 1. Let yo € RP, ¢ € int(D), e > 0, M = DN (eB)¢ and the
function

we0(y) =inf{s e R:y € sq—cl(M)}. (21)
Then the function

Pe,yo (y) = @E,O(y - yO) (22)

is continuous, D-monotone on RP and verifies property (AORP) at yo.
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Proof. Tt is clear that ¢, is the function defined in (16) with C' := M.
Moreover, M is a solid set, M # RP and from Lemma 2(ii) we see that
cl(M)+int(D) C int(M). Then, by Lemma 1 it follows that the function ¢, o
is continuous, D-monotone on RP and

{y € RP : 0. 0(y) < 0} = —int(M) = —int(D) N (B)". (23)

From here it is clear that the function ¢, 4, is continuous, D-monotone on R?
and by (23) we conclude that

{yeRP 1o, (y) <0} ={y € R” : . o(y — yo) < 0}
= yo — (int(D) N (¢B)®).

O

Let us observe that function ¢, ¢ is different from the gauge functional
considered in [5, Section 3.1] (for example, 0 ¢ cl(M) when € > 0).

In the sequel, we assume that the cone D is closed and ¢ € int(D). In
order to obtain functions satisfying property (SLM), the following generalized
Chebyshev norm is considered (see [10, Lemma 1.45] for more details on these
norms):

lylly = inf{s >0:y € (=sqg+ D) N (sq — D)}.
We denote
Re(y) ={s>0:y€(-s¢g+D)N(sq— D)}

and we write B, to denote the closed unit ball defined by the norm || ||,. The
function ¢ 4, is denoted by ¢, .., when the closed unit ball considered in
(21) via the set M is B,.

Next, we prove that the function ¢, . ,, verifies property (SLM). The fol-
lowing lemma is necessary.

Lemma 3.

(4) If d € D then Ry(d) = {s > 0:d € sq — D}.

(%) || llq is a D-monotone function on D.

(i) flallq = 1.

() Ifde D, t € R and d+tqg € D then ||d+tq|lq = ||d||q + ¢
Proof. (i) As D is a convex cone it is clear that

d=—-sq+(d+sq) € —sq+D, VYdeD,Vs>0

and the result follows.
(4i) The result is easily deduced from the inclusion

Rq(dl + dz) C Rq(d1)7 Vdy, dy € D. (24)
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To prove (24), let us take any di, do € D and any s € Ry(d1 + d2). Then

dy+dy € s¢ — D and so dy € sq — (d2 + D) C sq— D, since D is a convex

cone. Hence, by part (7) it follows that s € R4(d1) and relation (24) holds.
(i11) For each s > 1 it is clear that

g=sq—(s—1)g€sq—D.

Then, by part (i) it follows that [1,00) C R,4(q). Conversely, if s € (0,1) and
q € sq— D then ¢ € DN (—D), which is a contradiction since D is pointed
and g # 0. Therefore R,(q) = [1,00) and so ||g|, = 1.

(iv) Let de D,t e Rand d+tqg € D. If d =0 then tg € D and so t > 0,
since D is pointed. Thus, by part (iii) we see that ||tq||; = t||g|| = t and the
result follows for d = 0.

Suppose that d # 0. In this case we have that

Ry(d +tg) = Ry(d) + 1. (25)

Indeed, if s € Ry(d + tq) then s > 0 and d € (s —t)g — D. As D is pointed
and d # 0 it is clear that s —¢ > 0 and so s —t € R4(d). Therefore we have
that

Rq(d+tq) C Ry(d) +t. (26)

From (26) we see also that Rq((d + tq) — tq) C Rq(d + tg) — t. Then (25)
follows and so

d+ tqlly = inf{R,(d + tg)} = inf{Ry(d) + 1} = mE{Ry(d)} + ¢ = |d]], +*.
O

Proposition 2. Consider € > 0.

(1) Pa.e,50 (Y0) = gm0 (Yo — ) + ||dl|q, Vd € D Nint(eBy).
(#@) The function g, verifies property (SLM) at yo with constants a = 1
and p = €.

Proof. (i) Let d € D Nint(eBy,). From (21) and (22) we have that
Paen (0 — d) = Gqeo(—d) = inf{s € R : d -+ g € D (int(cB,))°}. (27)
It follows that
{seR:d+sqe DN (int(eBy))°} = [¢ — ||d||q, 00). (28)

Indeed, let s € R such that d + sq € D N (int(eB,))°. By Lemma 3(iv) we
see that ||d + sql|q = ||d|lq + s and s > ¢ — ||d||4, since d + sq € (int(eBy))°.
Conversely, if s > ¢ —||d||; then s > 0 since d € int(eB,), and so d + sq € D.
Moreover, by Lemma 3(iv) we deduce that ||d + sq|, = ||d||; + s and as
s >¢e — ||d|l; we deduce that d + sq € (int(eB,))°.
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In particular, taking d = 0 in (28) we see that

Pa,e,y0(Y0) = €. (29)
By (27) and (28) we conclude that

Paeyo(Wo —d) + |ldllg =€ = |ldllg + l|dllg = € = ¥g.e.40(Y0)-

(#) From Proposition 1 we have that ¢, . ,, is a D-monotone function on
R? and by part (i) we deduce that condition (8) holds for « = 1 and p = e.
Then, it follows that the function ¢, . ,, is strictly local D-monotone at g
respect to the norm || ||, with constants o = 1 and p =e. O

Next, a characterization for Tanaka’s e-efficient solutions is obtained. Let
us observe that in both conditions, the precision attained is equal to the
precision assumed as hypothesis. Similar results for various Kutateladze type
weak e-efficient solutions have been proved in convex (resp. nonconvex) Pareto
problems [1, Theorem 2.1], [2, Theorem 2.1] (resp. [12, Theorem 1]) and in
convex (resp. nonconvex) vector optimization problems [15, Theorem 3] (resp.
[17, Corollary 1]).

Theorem 5. Consider € > 0, g € int(D) and assume that R? is normed by
the generalized Chebyshev norm || ||4.

(i) If xo € AE(f, S, €) then xg € AMin(cpq’E,f(mo) of,S, 5).

(i) If e > 0, 29 € AMin(@ge, f(zo)© f,5,0) and 0 < § < & then xy €
AR(f, 5,5).

Proof. (i) Consider xy € AE(f,S,¢). By Proposition 1 we have that the
function @, . ¢(a,) verifies the property (AORP) at f(zo). Hence, from The-

orem 2 we deduce that xg € AMin(cpq@f(ro) of,S, <pq,57f(z0)(f(x0))), since
AE(f, S,e) C WAE(f, S,e). Then, the result follows if we show that

Pa.e.f(z0) (f(20)) = €.
Indeed,

©g.e.f(zo) (f(20)) = ©q.e,0(0) = inf{s € R: sq € cl(M)},

where M = DN (eB,)¢. If ¢ = 0 then cl(M) = D and

©q,0,f(zo) (f(x0)) = inf{s € R:sq € D} = 0.

If € > 0 then by (29) we have that ¢, . t(,)(f(20)) = € and the result holds.

(ii) Suppose that z¢ € AMin(apq’E,f(mo) of,S, (5) and 0 < § < €. By Propo-
sition 2(ii) we see that the function ¢g . (4, satisfies property (SLM) at
f(xo) with constants & = 1 and p = €. Then, from Theorem 4 it follows that
xo € AE(f, S, 0). O
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Remark 1. Let us consider € > 0. From (3) and under the hypotheses of The-
orem 5 it follows that

U {z €eR™:z e AMin(p4ec p(o) © £, 5,6)} C AE(f, S,¢).
0<é<e

This inclusion is in general strict (see Example 3).

Ezample 2. Let us obtain the expression of the function ¢, ,, in Pareto prob-
lems. Consider D = Rﬁv q= (QIJIZ’ vy qp) € lnt(Ri)7 Yo = (y?7y87 s 71/2)7
e >0 and M = RE N (eB,)°. Firstly, let us calculate the expression of the
generalized Chebyshev norm || ||,. For each s > 0 and y = (y1,¥2,...,¥p) € R?
it is clear that

ye(=sq+RU)N(sq—RY) <= s>=+y/q, i=1,2,...,p

and so
Iylle = max {Jyil/q:}-
Let us observe that || ||4 is the I norm when ¢ = (1,1,...,1).

Moreover, if e = 0 then y — yo € sq — cl(M) = sq — R", if and only if

.0
s> max {H} (30)
1<i<p qi

and if € > 0 then y — yo € sq — cl(M) = sq — (R} N (int(¢B,))¢) if and only if
(30) holds and

|yi - y? - SQi|
o — = m v Ji LS
ly — o — sqllq 1<?§p{ " >€

Therefore, for each y € RP and € > 0 it follows that

Yy —yo € sq —cl(M) —

Y Y
s>max{max {M},e—i— min {M}} (31)
1<i<p q; 1<i<p qi

Hence, by (30) and (31) we conclude that

0 0
©q.e,u0 (Y) :max{max {yl Yi },5—|— min {M}}, Ve >0.(32)

1<i<p q; 1<i<p qi

Ezample 3. Let us characterize the e-efficiency set of the problem (1) given
by the following data: n =p =2, D =R%, ¢ = (1,1), 0 <e <1, f(z1,22) =
(z1,22) and

S = {(x1,22) €R?: z1 >0, x5 > 0, max{wy,zo} > 1}.
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By applying Theorem 5(i) and (32) it follows that if xg = (29,29) € S is an
e-efficient solution of this Pareto problem then x( is an approximate solution

with precision ¢ of the scalarization (5) given by the same feasible set S and
the following objective function:

(@q,e,f(wo) © f)(x)
_ 0 in Lo 20 _ 2
_max{gl%);{xl xl},5+ir:r1%${xz xl}}, Vo= (r1,22) € R
As (g, (o) © f)(w0) = € then zg € AMin(¢y ., ¢(z0) © f, 5, €) if and only if
20 i 20 =
max{l_r?%)é {z; — 2}, e+ min {z; xl}} >0, Va=(z1,22)€ S.(33)

It is clear that

mex {zi—al} <0 = (21,22) € 7o — int(R?)

and so (33) holds if and only if g € WE(f, S) or 9 ¢ WE(f, S) and
€+ 12111112 {z;—ad} >0, (21,22) € (wo —int(RL))NS.

Let us denote g, (z1,22) = € + ‘mlinz {z; —2?} and consider that z, ¢
=1,

WE(f, S). Easy calculations give that

inf {90 (21, 22)}
(zl,rg)e(mgfint(Ri))ﬁS o

e+l—a) if 0<29<1 and 29 >29+1
e—2 if 0<2{<1 and 1 <2l <al+1
e—az9 if 1<af and 9 > )

- e—a2f if 1<y and 2§ < 29
e—xy if 0< 2 and 1 <29 <a2d+1

<1
e+1—a% if 0<29<1 and 29 >2§+1
Then, as ¢ < 1 it follows that (33) holds if and only if (29, 29) € WE(f, S), or

(:z:(l),xg) € {(x1,x2) ER?:0<z;<e,z1+1<az3 < 1+¢}
U{(xl,mg)e]RQ:Olege, 1<y <ax1+1}

U{(z1,22) €ER?:0< a9 <, 1 <y <29+ 1}

U{(z1,22) €ER?:0< 2y <e,zp+1< 2, <146}

— [((0,1) + £B,) U ((1,0) + =B,)] N .

where B, is the closed unit ball with the [,, norm. Therefore, the feasible
points satisfying the necessary condition proved in Theorem 5(%) are
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To obtain e-efficient solutions through the sufficient condition proved in
Theorem 5(#7) (see Remark 1), we look for feasible points =g € S such that

Y i 0 =
max{i@%);{xz 901}75+if21111f12{$z xl}}>0, Vo= (x1,22) € S.(35)

Following a reasoning as the previous one used in applying the necessary
condition it is easy to prove that the feasible points satisfying (35) are
(21, 23) € E(f, 5), or

(20, 29) € {(z1,22) ER?*:0< 1 <e,x1 +1<ap <146}
U{(z1,20) ER?:0< 2y <e, 1 <ap <y +1}

U{(z1,22) ER?*:0< a9 <6, 1 <y <ap+1}

U{(z1,12) €R?:0< a9 <6, 20+ 1 <21 <1+¢}

This set of e-efficient solutions can be written as
({(1,0), (0,1)} + int(eBg)) N S. (36)
From (34), (36) and Definition 2 is easy to check that
AE(f,S,e) = ({(1,0), (0,1)} +eB,) N S.

Under subconvexlikeness hypotheses, the e-efficient solutions of a vector
optimization problem can be characterized via linear functions. This fact is
shown in the following theorem, whose proof is direct from Theorem 3, Ex-
ample 1 and Theorem 4.

Theorem 6. Let us consider that problem (1) is externally stable with respect
to the weak efficiency set and the objective function f is D-subconvezlike on
the feasible set S. Then,

(4) If zo € AE(f,S,e) then there exists | € DV, ||[l|l. = 1 such that o €
AMin({l, f(-)), S, ¢).
(i) Let 1 € D5, If xg € AMin({l, f(-)),S,¢€) then zg € AE(f, S,e/a), where

{{l.d)}.

min
deD,||d||=1

5 Conclusions

In this paper, approximate solutions of vector optimization problems are an-
alyzed via an e-efficiency concept introduced by Tanaka [18]. This kind of
solutions is important from both the practical and theoretical points of view
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since they exist under very mild hypotheses and they are obtained by a lot of
solution methods (for example, by iterative and heuristic methods).

An interesting problem concerning e-efficient solutions is to relate the ap-
proximate solutions of a vector optimization problem with approximate so-
lutions obtained by solution methods based on scalarization processes. This
question has been widely studied in the literature [2, 5, 6, 7, 12, 13], but using
e-efficiency concepts based on a previously fixed scalar function or via not
metrically consistent e-efficiency notions.

In this work, Tanaka’s concept is analyzed from this point of view. Specif-
ically, necessary and sufficient conditions for these approximate solutions are
established via properties (AORP) and (SLM). Property (AORP) extends
the classical order representing property and (SLM) is a new generalized
monotonicity notion.

As Tanaka’s e-efficiency concept is metrically consistent, properties (AORP)
and (SLM) ensure that improved e-efficient solutions are obtained when the
scalar objective decreases and reciprocally. Moreover, from these properties
it is possible to estimate the precision ¢ of an approximate efficient solution
obtained by scalarization, through the precision of this solution in the scalar
problem.

By using gauge functions and generalized Chebyshev norms, we get a
family of functions satisfying properties (AORP) and (SLM), and from the
previous results we obtain a characterization for e-efficient solutions which
attains the same precision in the vector problem as in the scalarization.
Also, e-efficient solutions are characterized by separation theorems in cone-
subconvexlike vector optimization problems.
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More than five years ago, Professor Oettli died prematurely at the age of 62.
He was a highly productive scholar. He authored about one hundred pub-
lications in nonlinear analysis and optimization, devoted to topics such as
convex and variational analysis, duality and minimax theory, quadratic pro-
gramming, optimization methods, nonconvex and global optimization, vector
and set optimization, mathematical economics, networks, variational inequali-
ties and equilibria, generalized convexity and generalized monotonicity. As an
active researcher in generalized convexity, he participated in several of the In-
ternational Conferences on Generalized Convexity/Generalized Monotonicity,
including the first one in Vancouver in 1980.

It is the purpose of this paper to give a review of the work of the late W.
Oettli in generalized convexity and nonconvex optimization. So only a small
part of the whole ouvre will be covered. In particular we do not enter his work
in generalized monotonicity. On the other side, we also discuss some possible
extensions and sketch out various relations to the more recent literature in
generalized convexity. Thus we intend to give some perspectives of his work.

We shall subdivide this paper in 4 sections. In section 1 we begin with papers
of W. Oettli together with co-authors that combine optimization theory and
optimization methods for the solution of some difficult nonconvex optimiza-
tion problems. In section 2 we turn to his work on numerical methods for
various nonconvex optimization problems, in particular to the versatile joint
work with Le Dung Muu on branch and bound algorithms in global optimiza-
tion. Then we switch to the achievements of W. Oettli in nonconvex and global
optimization theory. In section 3 we focus on the seminal work of W. Oettli
and co-authors, in particular with V. Jeyakumar on solvability theorems for
nonconvex functions and their applications in quasiconvex and dc (difference
convex) programming. Section 4 concludes with conjugate duality and opti-
mality conditions in nonconvex optimization, including his profound work on
abstract quasiconvex programming via a perturbation approach and the im-
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portant joint work with Flores-Bazan that presents an axiomatic approach to
nonconvex vector optimization.

1 Solution of Some Nonconvex Optimization Problems

1.1 A Quasiconvex Problem from Information Theory

In their joint paper [21] B. Meister and W. Oettli treat an optimization prob-
lem from information theory that originated from their then work at IBM
Zirich Research Laboratory. They are concerned with the relative capacity of
a discrete constant channel which is given as the maximal transmission rate
over all admissible input distributions. To attack this problem by methods
of mathematical programming, they rewrite this problem as the optimization

problem
max T(z) := {a,2) — {y.logy) = f(z)

{t,z) 9(2)
with given vectors a and ¢ > 0 (i.e. all components ¢; > 0) on the compact
convex polyhedron

Z:={e=(y)le >0 a;=1,y=Pr}.
J

Here (logy); = logy;, (-, ) denotes the scalar product, and P is a transition
matrix with conditional probabilities as entries where P can be assumed to
contain no zero now. The functions f and g are positive in Z, further the
target function 7' is continuous in Z and continuously differentiable in the
nonempty set

7% :={z € Zly>0}.

The numerator function f is known to be concave. However due to the linear
denominator g, T is only a quasiconcave function in Z.
In order to build an iterative solver for quasiconcave maximization, suitable for

target functions of the form T = i with differentiable f and g (not necessarily
linear), they linearize numerator and denominator, separately, and introduce
the function ) . )
+ 2 —
() = LRGN,z =Y
g9(z!) +{g'(z1),z = 21)

Thus they are able to characterize (Theorem 1) an optimal solution 2 of the
problem by

~ 0 . (3
z e Z" and Iileaéi’rz(z) T:(2) .

Then they propose the following iterative solver (that modifies the well-known
Frank-Wolfe algorithm for quadratic programming):
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1. Start with 2! € Z° arbitrarily
2. Given z¥ € Z°, determine ¥ € Z such that

T (2%) = max 7 (2)

3. Determine z**1 in the line segment [Z*, 2¥] such that

() = zer[g%)ik] Tiz)

Note that the auxiliary problem in step 2 is a fractional linear programming
problem which is directly solved in [21]. Theorem 2 of this paper and its longer
proof tell us that the proposed method converges to an optimal solution of the
problem, with the extra benefit of converging lower and upper bounds for the
sought capacity. Moreover, it is remarked that the characterization result, the
iterative solver, and its convergence proof extend to a larger class of nonlinear
denominators.

1.2 A Reverse Convex Optimization Problem

In their joint work [35] W. Oettli together with P.T. Thach and R.E. Burkard
consider the optimization problem

(P) min f(z) such that z € G and Tz ¢ int D,

where
G # () compact (and convex) C R™

f : G — R lower semicontinuous (and convex)
T : R" — R? continuous (but not necessarily linear)
D # () closed convex C R? with int D # () .

The difficulty of (P) comes from the last constraint Tz ¢ int D, “a reverse
convex constraint”’. Therefore (P) is a hard optimization problem; e.g. with
G a polytype, D the unit ball in R" (T = 1,d = n), (P) becomes a set
containment problem, known to be NP-complete.

The size of reverse convex programs that are solvable to optimality is very
limited. Let us take from [35] the subsequent ezample.

Let G be a convex subset of R}; T = (T4, Ty) with T1(z) = 'z, Th(z) =

1
d'z;c,d € R}, D = epi ¢ for p(v1) = —,v; > 0. Then Tz & int D is equiva-
U1

lent to (¢T'z)- (d¥x) < 1. Such constraints involving the product of two linear
functions occur in various applications. Nonconvex optimization problems of
this kind have been considered by several authors (see the references in [35]
and the more recent papers [13, 31, 20, 17, 14, 32]).

The key for the effective solution of (P) is a reduction to a quasiconcave pro-
gram as follows. Assume that the feasible set {x € G : T(x) ¢ int D} # 0.
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Let w € argmin {f(z) : € G} (Note that the latter is a convex program and
there exists a minimizer w). If T'(w) ¢ int D, then w solves (P), stop.
Therefore consider in the following the case T'(w) € int D. Let V := D—T(w).
Then V is convex with 0 € int D and the polar E := V? is # (), convex and
compact.

Now rewrite the reverse convex constraint by the separation theorem: T'(x) ¢
int D<o JueE: (u,T(z)—T(w)) > 1. Thus

inf(P) = inf {f(x) 2€G; Juc E: (u,T(z) - T(w)) > 1}

= Jggngf{f(x) cx € G, (u,T(x) — T(w)) > 1} = inf{h(u) tu € E},

where for u € R?

h(u) := inf {f(:z:) Lz € G, (u,T(z) — T(w)) > 1} = inf(Qu).

Note that (Q.) has an optimal solution because of continuity and compact-
ness; moreover (@, ) is a convex program, provided T is linear. Then with
inf ) = +o0, h : R? — RU {+o0} and is seen to be quasiconcave. In addition,
h is lower semicontinuous. Hence

(P) minh(u) such that u € E

has an optimal solution. Altogether [35] concludes that inf(P) = inf(P); if u*
is an optimal solution of (P) and z* solves (Q,+), then z* solves (P).
The solution method in [35] uses the concept of approximate solutions. Let
{D. : £ > 0} be a family of subsets C R? such that Dy = int D; for ¢ > 0, D,
is closed C int D. Then the constraint T'(z) ¢ D, is a relaxation of T'(x) ¢
int D. In this sense z € R™ is called (n,¢)-optimal (with n > 0,e > 0), if
x € G,T(x) € D, and f(x) < inf(P) + .
The algorithm in [35] is essentially an outer approximation method based on
cutting planes specialized to (ﬁ) and is proved to terminate for any given
n > 0,e > 0 after finitely many iterations with an (7, €)-optimal solution.
Possible Extensions and Some Relations to More Recent Work
There is a duality theory due to Thach [34] between

quasiconvex minimization with a reverse convex constraint
and quasiconvex maximization over a convex set.
In this vein, (P) can be considered as a primal program, (P) as its dual.

More recently, in [15] Lemaire develops a duality theory for the general problem
of minimizing an extended real-valued convex function on a locally convex
linear space under a reverse convex constraint. More precisely, he considers

(Pz) mingg(x) such that he(z) > 0,
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where g, and ho are extended real-valued and convex. The original program
(P) can be rewritten as a program of the form (Pz) under extra conditions
as follows. Assume that the implicit constraint x € G is subsumed in the
objective function f and that inf(P) is finite; however, we have to suppose
that f is upper semicontinuous. Moreover, suppose that T is linear.

Then using the above construction involving the minimizer w and the polar
E =V°, we obtain that

(P) min f(z) such that z € R™ and Tz ¢ int D

is equivalent to
(P>) min f(x) such that he(z) >0,

where hz(z) = max{{u, Te—Tw) : u € E}—11is convex. Now ho(w) = -1 < 0
and by continuity and convexity arguments, inf (P>) = inf (Ps) follows with

(P> )min f(x) such that hz(z) > 0.

Indeed, inf (Ps) > inf (P>) = inf (P) € R. Assume § = inf (Ps)— inf
(P>) > 0. We find some x1 with he(z1) > 0 and f(z1) <inf (P>) + 2.
If he(zq) > 0, then inf (Ps) < f(z1) < inf (P>) +J = inf (P5) and a
contradiction is reached. If otherwise h,(x1) = 0, consider z) = Aw+(1—\)xy
for A < 0. Then by convexity of he,he(xy) > 0 for A < 0. Finally, since f is
usc, f(xa) < inf (Ps) + 0 for ) = 21 + Mw — 21) and |A| > 0 small enough
leading to a contradiction.

On the other hand, when one changes the original constraint T'(x) ¢ int D
in (P) to Tz ¢ D (with T linear), then the duality theory of [15] directly
applies. Then one chooses

gg(l‘) _ {f(l‘) €G;

+00 else
he(x) = max { (T u,z —w) :u € B} — 1

and thus obtains
(Pz) min f(x) subject toz € G, Te —Tw ¢ V.
Then by the classical minimax theorem, one computes

vy Jyw+1ify e THE;
hely) = {+oo else
Y ={yeR": (y,x) > h;(y) for some z € G}

= {T*u: (T*u,x — w) > 1 for some z € G}

and
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igpo{/\hZ(y) —gr(y)} =inf {f(2) 2 € G, (y,2 —w) > 1}
and by Theorem 4.1 in [15] one arrives at the duality relation inf(P;) =
inf(D,) for the dual problem

(Dz) min inf {f(z):2z € G, (y,z —w) > 1}
subject to y € Y.

Note that (D,) is equivalent to

minh(u) = inf {f(z) 1z € G,(T"u,z —w) > 1}
subject to T*u € Y

which coincides with (P) apart from the strict inequality in the definition of
the set Y.

Concerning the numerical solution note that the dual (ﬁ) can be solved much
easier than the primal (P), if d << n. There are algorithms for linearly
constrained quasiconvave minimization subproblems in d dimensions at each
iteration (see the monograph [7] of Horst and Tuy). As an alternative to the
outer approximation method employed in [35] for the solution of (}5) one can
think of branch and bound methods which was also a field of research of W.
Oettli together with Le Dung Muu as we shall see in the next section.

2 Some Numerical Methods for Various Nonconvex
Optimization Problems

2.1 Decomposition Methods for Saddle Points of
Quasi-convex-concave Functions

In [27] Oettli presents decomposition methods for finding saddle points of
a quasi-convex-concave function ¢ : X xY — R (i.e. ¢(,y) : X — R is
quasiconvex for all y € Y and ¢(x,-) : Y — R is quasiconcave for all x € X),
where X,Y are nonvoid closed convex sets in some linear normed spaces.
Here decomposition methods consist in an alternating succession of master
programs and subprograms.

In the master programs, the proper iteration points are determined as approx-
imate saddle points over a subset X™ x Y™ of the given domain X x Y. In the
subprograms auxiliary points are calculated that serve to update the subset
under consideration. For certain structured problems the subprograms may
decompose; this fact accounts for the name and enhances its practical usage of
decomposition methods, but this is not the impetus of the convergence theory
as presented in [27].

By this paper Oettli succeeds in unifying and extending prior decomposition
methods that are in particular due to Auslender, Cohen, Dantzig, Huard and
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Zangwill. Here starting from Sion’s celebrated minimax theorem, the compact-
ness assumption for the underlying domain is relaxed and also regularizations
in solving the subproblems are admitted. The decomposition principle is de-
scribed in terms of a variational inequality problem and thus the extension to
Nash equilibrium points in n-person games becomes straightforward.

Moreover under the extra hypothesis that ¢(z,-) is unimodal on Y for all z €
X, versions of the original method are obtained that do not need the storage
of the auxiliary points and instead allow for the deletion of auxiliary points.
By this hypothesis, the master program can be drastically simplified towards
a method of feasible directions. Under additional compactness assumptions
(but not requiring X x Y to be compact) every cluster point of the sequence
generated by the algorithm is proved to be a saddle point of ¢ on X x Y.
Even, in a more specialized version, estimates of the rate of convergence can

be established.

2.2 Some Branch and Bound Methods in Global Optimization

In this subsection we summarize joint work of W. Oettli with Le Dung Muu in
[22, 23, 24, 25] on branch and bound algorithms [7] for solving various classes
of global optimization problems.
In [22] the authors present a new branch and bound method for minimizing
an indefinite quadratic function

flzy)=pTaz+2"My+q"y

on a given closed convex non-empty set S C R™ x R™, where p € R" and
q € R™ are given vectors and M is a given n x m matrix. The branching here
is a simplex bisection and the bounding is obtained by the solution of (m + 1)
convex subprograms and in the case if S is a polyhedron these subprograms
are even linear.

In [23] the authors propose a branch and bound method for minimizing a
convex-concave function over a convex set. The bounding operation is essen-
tially the same as in the previous paper. The difference here is the branching
operation that is based on bisection of rectangles, taking into account the cur-
rent iteration point obtained by the bounding operation. An important special
case is the minimization of a de-function (i.e. a function representable as the
difference of two convex functions). In this case, the subproblems occurring
in the bounding operation can be solved effectively as shown by a numerical
example.

In [24] the authors exhibit unified branch and bound and cutting plane algo-
rithms for global minimization of a function f(x,y) over a certain closed set.
By formulating the problem in terms of two groups of variables and two groups
of constraints they arrive at new relaxation bounding and adaptive branch-
ing operations. The branching operation takes place in y-space only and uses
the iteration points obtained through the bounding operation. The cutting
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is performed in parallel with the branch and bound procedure. The method
can be applied implementably for a certain class of nonconvex programming
problems.

Finally in this subsection we review more detailed the paper [25] that gives
an interesting link between global optimization and vector optimization. First
generalizing the well-known notion of Pareto efficient points the authors call
a point x in some given set X an equilibrium point iff, for some A € A (a
nondegenerate p—simplex in RP)

c(\z)>ce(\y), Vye X,

where ¢ : 4 x X — R is given. Note that even if X is convex and c¢(},-) is
linear the set of equilibrium points of X is generally not convex. Therefore the
problem of maximizing a function f over the set of equilibrium points leads
to a difficult problem of global optimization.

Prior work on maximization over the Pareto efficient points was done under
the assumption that essentially f is quasiconvex, thus obtaining the maximum
at an extreme point. Here the authors drop this assumption and present a
branch and bound method in the criteria space for approximately solving the
problem

P=PA) max{f()\,x)\)\ ceAzxe X, c(\x)>c\y) Vye€ X}.

To describe the method, let v(A) denote the optimal value of problem P(A),
likewise v(S) the optimal value of problem P(S), where A is replaced by a
p-simplex S C A. In iteration k, we have a family I of subsimplices S C A
and some (wy, z) feasible for P such that (wg, z,) U UJ{S : S € I';} contains
a solution of P. The value fi := f(wk, zi) < v(A) is the best lower bound for
v(A) available in the current step. For all S € T, let there be given an upper
bound «a(S) > v(S). Set oy := sup {a(S) 1S € Fk}. Then max{0, ax} >
v(A). If ap < B, then B = v()\), hence (wg, 2x) solves (P), and the method
terminates. Otherwise, if ap > O, then delete from [} all S € I} with
a(S) < B. This gives a reduced family Ry C I, Ry # 0, of subsimplices
S C A. Select those Sy, € Ry such that a(Sy) = ay > v(A). Then bisect those
Sy into two subsimplices Si,1 and Sy 2. Determine upper bounds a(Sk,;) >
v(Sk,;) (1 = 1,2) such that o(Sk;) < oy and determine (wg41, zx+1) feasible
for P such that Sr11 := f(wgt1, 2k+1) > Ok. Finally delete Sy from Ry and
add Si,1 and Si 2, thus obtaining the family I41 for the next iteration, with
a1 < ay.

For bisection the authors employ a simplex bisection devised by Horst and
later refined by Tuy. For bounding the authors suggest the solution of two sim-
pler structured optimization problems, a “feasibility problem” (to construct
(Whk+1, 2zk+1) above) and a “relaxed subproblem” for each bisected S ;.

In this general setting the authors prove that for any € > 0 the method
terminates after a finite number of steps either with an exact solution or with
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an e-solution (that is e—feasible and e—optimal), if ¢ = 0 and there is no
termination, then a suitable subsequence of the generated sequence converges
to a solution.

The paper concludes with the discussion of an implementable version under
additional assumptions: X is convex, f(\,x2) = f(z) is concave, ¢(\, ) is
affine in A and concave in z. Then the feasibility problem becomes a standard
concave maximization problem and the relaxed subproblem reduces to p + 1
standard concave maximization problems.

Still the global optimization problem over efficient sets is in the fore of re-
search. Let us only mention the recent paper of Le Thi Hoai An, Le Dung
Muu, and Pham Dinh Tao [16] who formulate optimization problems over
efficient and weakly efficient sets as dc problems over a simplex and develop
a decomposition algorithm using an adaptive simplex subdivision.

3 Nonconvex Solvability Theorems with Applications in
Quasiconvex and DC Programming

Solvability theorems (also called transposition theorems or theorems of the
alternative) have been established by the use of the Hahn-Banach theorem
(or its equivalents) or of an appropriate minimax theorem. These theorems
have become an important tool to derive various results in optimization the-
ory, e.g. the existence of Lagrange multipliers and first order F. John or Kuhn
Tucker optimality conditions, duality results, scalarization of vector-valued
objectives. Here we focus on the work of W. Oettli and co-authors on solv-
ability theorems for nonconvex functions and their applications to some classes
of nonconvex optimization problems and review the papers [4, 5, 12].

3.1 Towards Optimality Conditions in Quasiconvex Optimization

Here we summarize the joint work of W. Oettli with V. Jeyakumar and M.
Natividad in [12]. In the adopted setting of topological vector spaces X,Y with
C C X convex and P C Y closed convex cone, the notion of a quasiconvex
(real-valued) function on C' extends readily to a quasiconvex map f: C — Y
by imposing V z1,20 € C,y € Y

fx))ey—PAf(za) €y—P= f(§) €y— P, VEE [ry,22].

However, as the authors show by a counterexample, already in finite dimen-
sions with a polyhdreal cone, quasiconvex maps do not satisfy a solvability
theorem that typically states that either the system

i) xeC, YAe P\{0} (\f(z))<0O

has a solution, or
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i1) Jy* e P\{0}, VzeC (y*, f(x)) > 0.

Therefore the authors have to identify a suitable subclass of quasiconvex
maps. They introduce socalled “x-quasiconvex” (x-qv) maps f by imposing
the function (y*, f(-)) to be quasiconvex for all y* € P*. Moreover, they as-
sume that the map f : C — Y is “xlIsc¢”, i.e. V y* € P* the function
(y*, f(-)) is Isc (lower semicontinuous). For this subclass, under the assump-
tion that the nonnegative polar PT admits a o(Y™*,Y)-compact base B (i.e.
0 € B, P* = R, B), the solvability theorem is shown to be true. Its proof is
based on the application of the celebrated minimax theorem of Sion to the
function p(z,y*) = (y*, f(z)) on C x B.

The solvability theorem obtained is used in two ways. First in the global
theory considering the constrained problem

(CP) min fo(z) subject to xz € C,g(z) € —P

assume that (fo,g) : C — R X Y be *-qv with respect to Ry x P*, moreover
let fp Isc and g #-Isc. Suppose, inf (CP) is finite. Then under a Slater type
constraint condition it is shown that there exists a Lagrange multiplier \* €
P* that satisfies

inf (CP) < fo(x) + (A\*,g9(z)), Vz e C.

Secondly, necessary optimality conditions for a local minimum of (CP) can be
presented. To this end, consider h : C' — Y;a € C; thenamap ¢ : C = Y
is called a “x—upper approximation” to h at a, if ¢(a) = h(a) and V z €
C3Jo():]0,1] = R:

{y" h(re+(1-1)a)) < 7(y" (@) +(1=7){y", p(a))+o(7),v7 € [0,1],y" € B.

By this generalized differentiability approach the authors arrive at the fol-
lowing F. John type result: Assume (CP) attains a local minimum at a € C.
Suppose, ¢o : C' — R is Isc and an upper approximation to fy at a. Suppose,
@ :C — Y is xIsc and a *-upper approximation to g at a. If (g, p) is *-qv,
then 3 (Ao, A) € R x P* (Ao, A) # 0 such that

Ao fo(a) = Aowo(a) < Aowo(z) + (A", 0(z)), V2 € C.

Clearly, the multiplier A\g can be shown to be nonzero under an appropriate
Slater type constraint qualification.

Some Comments on Quasiconvexity for Vector-Valued Functions
and Related Recent Work

Note that there are quasiconvex maps that are not x-qv , but satisfy the
solvability theorem. This comes out from the following simple
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Ezample. Let Y = R?* C =R, P = P* =R3. Consider f = (fi, f2), f1(z) =

x, fo(x) = —2% Then f; and fo are qv and so f is qv. But f is not *qv
(consider y* = (2,1)) On the other hand, i) is not true and ii) holds with
y* = (1,0).

Thus it may be worthwhile to revisit optimality in quasiconvex optimiza-
tion. Another generalization of the classical notion of quasiconvex real-valued
functions to the vector-valued case is the geometrically appealing concept of
cone-quasiconvexity, introduced by Dinh The Luc, which states that for all
y €Y the level set {x € C|f(z) € —P} is convex. The difficulty in scalarizing
such vector-valued functions lies in the fact that this concept is not stable
under composition with linear forms from the nonnegative polar of P (what
per definitionem holds true for *-quasiconvex functions). Nevertheless, in the
particular case where P is generated by an algebraic base in R™, Dinh The
Luc [18] could characterize cone-quasiconvexity by the stability property that
the scalar function [ o f is quasiconvex for every extreme direction [ of PT.
This characterization has been recently extended to closed convex cones in a
Banach space by Benoist, Borwein, and Popovici [1] assuming that (Y, <p) is
directed (i-e. (y1 + P) N (yo + P) # O for all y1,y2 € Y) and that the polar
PT coincides with the weak-star closed convex hull of the set of its extreme
directions.

3.2 Towards Optimality Conditions in DC Optimization

In [4] the authors lift the class of almost dc (difference convex) functions due
to Gorokhovik [6] and Margolis [19] connected with the order structure of a
normed Riesz space to a higher level of abstraction and introduce the class
of almost S-DC functions with respect to a order cone S in a general locally
convex topological vector space. These almost S-DC functions encompass dif-
ferences f = p — ¢, where p is S-convex and ¢ is regularly S-sublinear,but
nonconvex functions that are the difference of S-convex functions may not be
almost S-DC. Solvability theorems for this new class of nonconvex functions
are formulated in terms of subdifferentials and established both without as-
suming any regularity condition and under a Slater-type regularity condition,
using the Ky Fan minimax theorem.

In [5] the authors present new versions of theorems of the alternative, includ-
ing a generalized Farkas lemma, for systems of functions bounded above by
sublinear mappings and in particular for (possibly infinite) systems of differ-
ence sublinear functions. Here (possibly infinite dimensional) vector functions
g : X — Y are considered such that Ag : X — R is bounded above by some
sublinear mapping p,, respectively is a difference sublinear function for any A
in the dual cone of the ordering cone in Y. This scalarization permits to ex-
press their theorems of the alternative in terms of the subdifferential dpy(0),
respectively in terms of the subdifferential 9(A\g)(0) and the superdifferential

9(Ag)(0).
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In the second part of [5] the authors apply their new theorems of the alter-
native and derive first order optimality conditions of Karush-Kuhn-Tucker
type for weak minima of general quasidifferentiable vector optimization prob-
lems with vector-valued quasidifferentiable objective and constraint functions.
They illustrate their theory by some short examples discussing some special
problems of dc programming, (finite dimensional) quasidifferentiable program-
ming, infinite dimensional concave minimization,and nonsmooth semi-infinite
programming. In addition they study their presupposed constraint qualifica-
tion of local solvability in the setting of finite-dimensional locally Lipschitz and
directionally differentiable functions and are able to extend the well-known
Robinson stability condition to this nonsmooth setting.
Some Relations to More Recent Work

As the authors already remark, the stability investigations in [5] are essen-
tially finite-dimensional, since they rely critically on the Clarke generalized
derivative. The extension to some infinite dimensional (Banach) space setting
seems to be still open. In this context we refer to the recent deep study of
Jeyakumar and Yen [11] on stability theory of nonsmooth continuous systems
in finite dimensions where the recent theory of approximate Jacobians is em-
ployed and a new extension of the Robinson regularity condition is used.

On the other hand, the approach to optimality conditions in global optimiza-
tion via generalized theorems of the alternative, due to W. Oettli, B.M. Glover
and V. Jeyakumar, has been extended to general dc minimization in various
ways by V. Jeyakumar, A.M. Rubinov, B.M. Glover, Y. Ishizuka [10], respec-
tively by V. Jeyakumar and B.M. Glover [8, 9].

4 Conjugate Duality and Optimality in Nonconvex
Optimization

Here we report on the work of W. Oettli in [26], moreover on his more recent
work together with Schléger in [28] and with Flores-Bazan in [3].

4.1 Optimization with Quasiconvex Maps via a Perturbation
Approach

In [26] the abstract program
(P) min f(z) subject to Oy € I'(z),z € X

is investigated, where X,Y are real topological vector spaces, f : X — RU
{+00},I" : X = Y is a multimap. With I'(z) := {G(z)} - C,z € X for a
map G : X — Y and a convex cone C' in Y, one obtains ordinary programs
with operator constraints.

Here, a perturbation approach to optimality conditions and conjugate duality
is given using the perturbation function
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a(y) := inf{f(as) cxeX,y€ F(m)}, yevy.

Recall that f is qv (quasiconvex), iff the strict level sets {x c f(z) < a} are

convex for all @ € R. Here a multimap I" : X = Y is called qv (quasiconvex),
iff
AL (21) + (1= N (@2) € (J{1(©) : € € [or, 2]}

for all x1,z5 € X;\ € [0,1]. This definition not only includes convex mul-
timaps (i.e. multimaps with a convex graph), but is also the “right” extension,
since the perturbation function ¢ is shown to be qv for f qv and I" qv.
Then under convexity and interior point conditions with respect to the convex
core topology, the separation theorem is applied to achieve the extension of the
classical optimality condition of Luenberger in finite dimensional quasiconvex
programming to general programs of the form (P): There exists a multiplier
l € Y* such that

(0C)  ¢(0) <o(y) for all y € Y satistying I(y) <O0.

The required assumptions are in particular satisfied for qv f with f|j,, f
upper semicontinuous along lines and qv I" with int I'(z) # () under a Slater
type condition (32° € X such that 0 € int I'(z°)). Note that (OC) relaxes
the Kuhn-Tucker condition for (P)

d(0) <o(y) +1(y), Vo €dom fNdom I,y € I'(z).

The optimality condition (OC) motivates to introduce the dual functional
c*:Y* — R by

o"(y") := inf {U(y) yeY {yhy) < 0}
= inf{f(m) rxeX,yel'(x), Yy, y) < 0}.

Indeed, [26] proves the duality result that (OC) holds, iff 0(0) = o*(I) =
max{a*(y*) tyt e Y*}.

Clearly, o* is positively homogeneous (of degree 0), and moreover shown to
be quasiconcave.

In a further step towards biduality, Y* is endowed with some vector space
topology that is finer than o(Y™*,Y) and the bidual function o** : Y** =
L(Y*,R) — R is defined by

o™ (y**) := sup {0*(;1/*) Yyt e Y (yttyt) < O} .
From above, o** is qv and positively homogeneous of degree 0.

With ¥ C Y**, one is led to compare o and ¢** on Y and [26] proves the
biduality result that o**(y) < o(y), V y € Y; moreover, if (OC) holds, then
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0**(0) = ¢(0). This situation can be interpreted as follows: c**|y is a qv and
positively homogeneous (of zero degree) support functional to o at 0. Thus,
o**|y can be considered as a qv “subgradient” of o.

Finally again employing the separation theorem, now assuming that the qv
function ¢ : Y — R is lower semicontinuous at y = 0 in the locally convex
space Y, [26] establishes that o**(0) = o(0).

Possible Extensions and Some Relations to More Recent Work
At the first sight, some concepts and results above (in particular definition
and quasiconcavity of o*) extend to more general coupling functions ¢ on
Y* x Y instead of the natural coupling (y*,y). This gives a connection to the
modern theory of Abstract Convexity in the treatises of Rubinov [30] and of
Singer [33].

However, as already the definition of a qv multimap indicates, [26] works with
the inner definition of convexity based on the notion of convex combination.
On the contrary, the outer definition of convexity based on the separation
property leads to the modern abstract convexity theory of Rubinov ([30]).
This might be the key for the extension of some of the hard results (proved in
[26] by the separation theorem) to the more general general setting of abstract
convexity with the potential of further applications to global optimization.
Another direction of extension is to consider perturbations in the constraints
by subsets of a given set Y instead by elements of Y. Thus instead of (P) one
can study perturbed programs and associated perturbation functions

on(B) ::inf{f(x):xGX,BﬂF(x)#@},BGB;

oc(B) == inf{f(:c) z€X,BC F(m)}, BeB

with B a given system of subsets of Y. Clearly, the constraint B N I'(x) # ()
rewrites Oy € I'(z), the constraint of (P), with the modified multimap I"(x) =
I'(x) — B. This reformulation, however, hides the dependence of the perturbed
program and its value on the perturbation B.

Instead of B = {{y},y € Y} one can consider B = 2Y the set of subsets
of Y, or more generally a complete lattice B C 2¥ ordered by containment.
The introduction of a complete lattice B gives a connection to the concepts
of abstract (quasi)convexity in [33].

More recently Penot and Volle [29] studied the more conventional quasiconvex
program of minimizing a quasiconvex function on a convex subset in a Banach
space under convex operator constraints. They were able to relax the Slater
condition to the now standard constraint qualification of convex optimization
and obtain a “surrogate” multiplier, i.e. a multiplier that satisfies (OC).
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4.2 Axiomatic Approach to Optimality and Conjugate Duality in
Global Optimization

In [28] the authors study conjugate duality with arbitrary coupling functions.
Their only tool is a certain support property, which is automatically fulfilled in
the two most widely used special cases, namely the case where the underlying
space is a topological vector space and the coupling functions are the contin-
uous linear ones, and the case where the underlying space is a metric space
and the coupling functions are the continuous ones. They obtain thereby a
simultaneous axiomatic extension of these two classical models. Also included
is a condition for global optimality, which requires only the mentioned support

property.

The axiomatic approach to optimality conditions in global optimization in
[28] is extended and deepened in [3]. There nonconvex vector minimization

problems min { glx)—h(z):zeX } are considered, where g and h are func-

tions defined on an arbitrary set X and taking values in an topological space
Z, ordered by some convex cone P with nonempty interior. To mimic the
standard case Z =R, P = R, (Z,>p) is assumed to be order-complete (i.e.
every nonempty subset of Z that has an upper bound, also has a supremum)
and two artificial elements +o0o and —oo are adjoined to Z.

Further g and h are allowed to be proper extended-valued, i.e. g,h : X —

Z U{+o0} with dom g = {a: €EX:g(x) e Z} # (), dom h # (). To extend the
classical subdifferential in convex analysis, a nonempty family @ of functions

from X to Z are fixed. Then following earlier work by Flores-Bazan and
Martinez-Legaz, for any Z € dom ¢ and € € Z with € > 0,

0.9(z) = {6 € 0 g(x) — 9(2) = 0(2) — p(z) —=, Vo € X }.

Since this definition makes sense only when Z € dom g, minorants besides
subgradients are introduced by

Haf (@) = {9 €@ g() = a+ p(x) — p(7), Vo € X}

for any 7 € X and a € Z with a < g(Z).
In this order-theoretic setting, the authors put the following assumptions into

play:

(H1) Vze X, a€ZAh(Z)—a€ int P= ph(z)#0,
(H2) VZeX, a€ZAh(T)—a€P = uh(z)#0.

These hypotheses are verified in various examples. Namely, with Z = R, con-
vex analysis guarantees (H1), respectively (H2) for convex proper functions
h with @ = X*, provided h is lower semicontinuous, respectively continu-
ous. Classic analysis provides the stronger condition (H2) for proper lower
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semicontinuous functions on a metric space with @ given as the family of all
continuous functions on X. These instances are extended to general ordered
spaces in further examples.
Thus unifying previous work and proceeding to a new level of abstraction the
authors arrive at the following global optimality condition:
Assume (H1), let 2° € dom g N dom h. Then x° solves the above minimization
problem in the sense that

g9(x) — g(a°) Zp h(z) — h(z®), Vo € X,

if and only if
(%) O:h(2°) C 0:g(z°), Ve >p 0.

If (H1) is replaced by (H2) and @ satisfies an extra condition, then the opti-
mality condition (%) can be simplified to

(#x)  Goh(z°) C Bog(z°).

Furthermore the authors are able to reformulate the optimality conditions
(¥) and (xx) as duality results of Singer-Toland type involving @-conjugate
functions (compare also with [33], especially chapters 8, 10).

The paper under review gives an essential contribution to the axiomatic opti-
mality and duality theory in nonconvex vector optimization. It clearly demon-
strates the role that lattice theory and sandwich theorems for vector functions
[2] play in this field.
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Summary. Several kinds of continuous (generalized) monotone maps are character-
ized by partial gradient maps of skew-symmetric real-valued bifunctions displaying
corresponding (generalized) concavity-convexity properties. As an economic appli-
cation, it is shown that two basic approaches explaining consumer choice are behav-
iorally equivalent.
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1 Introduction

In order to explain consumer behavior, two basic models coexist in the eco-
nomic literature: the local and the global theory [10].

The global theory, described in more detail in Section 2, is the standard ap-
proach which assumes that a consumer is able to rank any two alternative
commodity bundles in a convex consumption set X C R". By contrast with
the usual textbook version, we do not suppose this ranking to be transitive.
According to Shafer[9], it is formalized by a continuous and complete binary
relation R on X that can be numerically represented by a continuous and skew-
symmetric real-valued bifunction r on X, i.e. zRy if and only if r(x,y) > 0
where this is interpreted as "z is at least as good as y”. We call R a global
preference on X.

Assume now that the consumer faces a nonempty set of feasible alternatives
Y C X from which he is allowed to choose. Then, the interpretation of R
implies a choice of an z € Y such that x is as least as good as any other

*I would like to thank Nicolas Hadjisavvas and Juan Enrique Martinez-Legaz
for helpful discussions. In particular, I am grateful to N. Hadjisavvas for a valuable
suggestion leading to an improvement over an earlier version.



316 R. John

alternative y € Y. In terms of the numerical representation r of R, the choice
set assigned to Y in the global theory is given by

C"(Y)={xe€Y|VyeY  :r(x,y) >0},

i.e. C"(Y) is the solution set of the equilibrium problem EP(r,Y") defined by
ronY.

The local theory has been introduced by Allen[1] and further developed by
Georgescu-Roegen[4],[5] and Katzner[6]. By contrast with the global approach,
a local preference only requires that the consumer is able to rank alternatives
in a small neighborhood of a given bundle relative to that bundle. As will be
explained in Section 3, this idea can be represented by a continuous function
g : X — R” such that y in a neighborhood of x is interpreted to be better
than z if and only if g(z)%(y — x) > 0. For Y C X the choice set assigned to
Y in the local theory is then characterized by

CIY)={zeY|vyeY :g(x)"(y —z) <0},

i.e. C9(Y) is the solution set of the Stampacchia variational inequality problem
VI(g,Y) defined by g on Y.? Furthermore, as argued by Allen and Georgescu-
Roegen, stable choices require g to be at least pseudomonotone.
Conceptually, the local approach seems to be weaker than the global one.
However, as shown in Section 5 (Theorem 2), both are behaviorally equivalent
if the global preferences are represented by a class of bifunctions which are
defined as diagonally pseudo-concave-convex in Section 4. It means that any
such global preference representation r yields a local preference representation
gr such that C9(Y') = C"(Y') for every convex Y C X and that, conversely, for
any given local preference defined by g there is a diagonally pseudo-concave-
convex global preference representation r9 such that g,.s = g. Put differently,
for every convex Y C X the solutions to EP(r,Y) and VI(g,,Y) coincide as
well as those to VI(g,Y) and EP(r9,Y"). Since g, is obtained as the partial
gradient map given by g.(x) = Vi r(z,z), this result confirms that VI can
be viewed as the differential form of EP” (I. Konnov in [7], p. 560).

Taking this view for granted, it is natural to extend the well known rela-
tionship between (generalized) convexity properties of real-valued functions
and cyclic (generalized) monotonicity properties of their gradients to the case
of non-gradient maps. In Section 4 several kinds of diagonally (generalized)-
concave-convex skew-symmetric bifunctions are introduced (Definition 1). It
is shown that their partial gradient mappings characterize continuous maps
with corresponding (generalized) monotonicity properties (Theorem 1). From
a purely mathematical viewpoint, this section contains the main results. They
provide the essential steps for the intended application to consumer theory in
Section 5.

2Notice the reverse inequality compared to the usual definition. This convention
is employed throughout the paper.
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2 Global Preferences

Consider an economy with a finite number n of commodities. A vector
z = (x;)]~; € R" is called a consumption bundle and interpreted as the
consumption of x; units of commodity i for ¢ = 1,...,n where positive com-
ponents represent inputs (e.g.consumption goods) and negative components
represent outputs (e.g.labor services). In general, not all consumption bun-
dles are physically possible. We assume that the feasible ones are given by an
open convex subset X of R™, the consumer’s consumption set. For example,
X =R?_ in case that only consumption goods are considered.

A consumer’s taste is described by a binary relation R on X where xRy is
interpreted as "z is at least as good as y” or as "z is (weakly) preferred
to y”. x is called strictly preferred (resp. indifferent) to y if xRy but not
yRx (resp. xRy and yRx). A basic assumption in the global theory is the
completeness of R, i.e.

xRy VvV yRx forall z,y € X.

Equivalently, any two consumption bundles x and y can be ranked in the sense
that either x is strictly preferred to y or y is strictly preferred to x or x and
y are indifferent.
In contrast to the standard textbook model (see e.g.[8]) we do not assume
that R is transitive, i.e. that R is a total preorder. However, as usual in that
model, we always require R to be continuous, i.e. R is a closed subset of X x X,
and call a complete and continuous relation R a global preference on X.
In case that R is transitive, it is well known (see e.g.[3]), that R can be
represented by a continuous wutility function uw : X — R in the sense that for
all z,y € X

2Ry < u(z) > u(y).

In the general case, Shafer[9] has shown that R has a continuous numerical
representation, i.e. a real-valued function r defined on X x X such that for all
z,y € X

2Ry & r(z,y) >0
r(z,y) = —r(y, ).

Observe that a utility function yields such a representation by defining
r(@,y) = u(z) — u(y).

Conversely, it is obvious that any continuous skew-symmetric real-valued bi-
function r on X defines a global preference that is represented by r and,
therefore, is called a global preference representation.

Let us now describe a consumer’s behavior. If the consumer is allowed to make
a choice between the alternatives in a nonempty subset Y of X, it is natural
to assume that he will choose a bundle « € Y such that zRy for all y € Y. If
R is represented by r this is obviously equivalent to r(z,y) > 0 for ally € Y.
Put differently, the choice set
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C"Y)={xz€Y|VyeY :r(z,y) >0}

consists of all solutions to the equilibrium problem EP(r,Y") defined by the
representing bifunction r on Y.

It is clear that, in general, the existence of such a bundle is not guaranteed.
In order that the concept of a preference can be considered as an operational
definition of a consumer, it should meet at least the requirement that the
choice set is nonempty for all nonempty, compact, and convex subsets Y of
X, in particular, for all compact budget sets.

In the transitive case, this property is implied by continuity. In general, an
additional assumption is needed. As it is well known, a sufficient condition
is that the representation r is quasiconvex in the second variable or, equiv-
alently, quasiconcave in the first variable (see e.g.[7], Theorem 13.1). At the
same time, this condition also ensures the convexity of C"(Y) which is an-
other indispensable property for developing a meaningful equilibrium theory.
For that reason, the utility function u in the standard model is usually also
assumed to be quasiconcave.

Most textbook presentations actually suppose that u is differentiable and
pseudoconcave in order to derive the well known first order characterization

reC"(Y)eVyeY :Vulx)(y—z) <0.

In the general case with a differentiable and pseudoconcave-pseudoconvex
representation r one obtains the analogous characterization (see [7], Theorem
13.10)

reC(Y)eoVWweY Vir(z,z)T(y—2)<0
esVyeY :Vor(e,z)T(y—x)>0.

These results replace the global viewpoint embodied in the definition of C"(Y)
by a local one in the sense that knowledge of R is only required near z.
As will be shown in Section 5, they even hold under weaker conditions on
r. Furthermore, they suggest to base a theory of choice directly on a local
preference concept to which we turn in the following section.

3 Local Preferences

Consider a consumer with a consumption set X as in the previous section
who faces alternative consumption bundles in a neighborhood of some given
bundle z € X. Assume that the consumer is able to distinguish three kinds
of possible directions in which he can move away from x according to his
taste: Preference, nonpreference, and indifference. Allen[1] has formalized this
idea by postulating the existence of a vector g(x) € R™ such that a direction
v € R™ is a preference (resp. nonpreference, resp. indifference) direction if and
only if
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g(x)Tv > 0 (resp. < 0,resp. = 0).

Observe that multiplying g(x) by some positive number does not change the
local preference, i.e. provided that g(x) # 0 for all z € X we could normalize
g by requiring ||g(x)|| = 1 for all # € X. However, in order to be as general as
possible, we do not exclude the case g(x) = 0 which is interpreted as a local
satiation point.

According to Allen[1] and Georgescu-Roegen[4],[5], a consumer’s choice is de-
scribed as follows. Assume that z is contained in some given set Y C X that
represents the consumer’s feasible bundles. They have called x an ” equilibrium
position” relative to Y if no direction away from x to any other alternative y
in Y is one of preference, i.e. if

g(x)T(y—x) <0 forallyey.

Thus, z is an equilibrium consumption bundle iff z is a solution to the Stam-
pacchia variational inequality problem VI(g,Y") defined by g on Y.

Allen also required the equilibrium to be stable. He added an assumption on g
that was made more precise by Georgescu-Roegen who called it the ”principle
of persisting nonpreference”:

If the consumer moves away from an arbitrary bundle x to a bundle z + Ax
such that Az is not a preference direction, then Az is a nonpreference direction
at x + Azx. Formally stated, this principle says

g(x)T Az <0 implies g(z + Az)T Az < 0,
or, by denoting x + Az = y,
g9(z)"(y—x) <0 implies g(y)" (y—x) < 0.

Clearly, this property is now called strict pseudomonotonicity of g, where, in
contrast to most of the literature, we use this notion in the sense of generalizing
a decreasing real valued function of one real variable.

Later, Georgescu-Roegen|[5] generalized his principle of persisting nonprefer-
ence by only requiring g to be pseudomonotone, i.e.

g(x)"(y—z) <0 implies g(y)"(y —x) <0.

Not surprisingly, he also assumed continuity of g. Thus, we call a continuous
and pseudomonotone mapping g : X — R"™ a local preference representation
on X.

It is important to notice that the local approach yields a satisfactory choice
behavior. Indeed, continuity and pseudomonotonicity of ¢ imply that for any
nonempty, convex, and compact subset Y of X the choice set in the local
theory

CIY) = {ze Y|y e Y : ga)T(y—2) <0}

is nonempty, convex, and compact (see e.g.[7], Theorem 13.6).
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4 Main Results

In the sequel, X denotes a nonempty, open, and convex subset of R”.

Let r : X x X — R be a bifunction on X and define for arbitrary = € X and
h € R™ the single variable real valued functions ri(x, h) and rq(x, h) on the
set Iy, ={t e Rlz +th € X} by

ri(z,h)(t) = r(z+th,z) and ro(x,h)(t) =r(z,z + th).

We call r diagonally differentiable if for all z, h and ¢ the derivatives r1(x, h)'(t)
and ro(x, h)’ () exist and are continuous in z, h, t and if the partial gradients
Vir(z,x) and Var(z,z) exist for all x € X, i.e. for all z,h

ri(z,h)'(0) = Vir(z,2)Th and ro(x, h) (0) = Vor(z,z)Th.

A basic derivation of such a bifunction from a continuous mapping g : X — R"
is given in

Proposition 1. Let g : X — R"™ be continuous. Then the bifunction r9 :
X x X — R defined by

1
r9<y,x>:/0 g+ sy — )T (y — z) ds

is skew-symmetric, continuous, and diagonally differentiable.® More precisely,
for every x € X and every h

r{(z,h) (t) = g(x + th)"h = —r§(z,h)' (1)
and, in particular,
Vird(z,z) = g(x) = —=VarI(z, ).

Proof. Tt is easy to see that r9 is skew-symmetric and continuous. Moreover,
for x, h and t such that x + th € X we obtain

r{(z,h)(t) = r9(z + th,z) =

1 t
/ g(x + sth)Tthds = / g(x + sh)Thds.
0 0

Since the derivative of the definite integral with respect to the upper limit of
integration is equal to the value of the integrand at that limit, g(x +th)Th =
r{(z,h) (t) = —r§(z, h)'(t) which is continuous in z, h,t. By definition of the
partial gradients, Vyr9(z,z) = g(z) = —Vari(z,x). O

3This function was suggested by Nicolas Hadjisavvas.
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The next proposition shows that (generalized) monotonicity properties of g
imply (generalized) concavity-convexity properties of the bifunction r9 which
are introduced in the following definition. We emphasize that all notions of
(generalized) monotonicity are defined in the sense of generalizing a nonin-
creasing real valued function of one real variable.

Definition 1. A skew-symmetric and diagonally differentiable bifunction r on
X s called

(a) diagonally quasi-concave-convez, if for everyx € X and h # 0 the function
ri(x, h) is quasiconcave,

(b) diagonally (strictly) pseudo-concave-convez, if for every x € X and h #0
the function ri(x, h) is (strictly) pseudoconcave,

(c) diagonally (strictly) concave-convez, if for every x € X and h # 0 the
function rq(x, h) is (strictly) concave.

Proposition 2. Let g : X — R” be a continuous function.

(a) If g is quasimonotone, then r9 is diagonally quasi-concave-convez.

(b) If g is (strictly) pseudomonotone, then 9 is diagonally (strictly) pseudo-
concave-conver.

(c) If g is (strictly) monotone, then r9 is diagonally (strictly) concave-convet.

Proof. Tt is well known (see e.g.[2]) that all mentioned (generalized) monoto-
nicity properties of g are characterized by the corresponding property of the
single variable functions g,  : I ,, — R, defined by g, 1(t) = g(z +th)Th. By
Proposition 1, g, 5, is the derivative of 7{(z, h) which implies the corresponding
(generalized) concavity property of r{ (x, h) (see e.g. Proposition 2.5 in [2]). O

Conversely, we shall show the (generalized) monotonicity of the partial gra-
dient map = — Vi r(z,z) for a skew-symmetric and diagonally (generalized)
concave-convex bifunction r. It turns out that this is already implied by weaker
(generalized) concavity-convexity conditions on r. These are, in a sense, local
versions of the well known characterizations for differentiable functions and
introduced in

Definition 2. Let r be a skew-symmetric bifunction on X. If the partial func-
tion r(-, x) is differentiable at x € X then r is called

(i) quasi-concave-convex at x, if for ally € X
Vir(z,2) (y—2) <0=r(y,z) <0, (1)
(ii) pseudo-concave-convex at x, if, in addition to (1), for ally € X
Vir(e,2) (y — ) <0=r(y,z) <0, (2)
(iii) strictly pseudo-concave-convez at z, if for ally € X,y # x

Vir(z,z)T(y —2) <0=r(y,z) <0, (3)
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(iv) (strictly) concave-convez at z, if for ally € X,y # x
r(y,x) < (<) Vir(z,z)" (y — z). (4)

Observe that (ii) in Definition 2 also requires (1) to be satisfied. Actually, it
is not difficult to show that in general (1) does not follow from (2). On the
other hand, (2) trivially implies

Vir(z,2)"(y—2) <0=r(y,z) <0 (5)

which means that in general (5) is weaker than (1).

However, in the special case where r(y,z) = f(y)—f(z) such that (2) describes
pseudoconcavity of f, (1) and (5) are equivalent and characterize quasicon-
cavity of f (see e.g.Proposition 2.1 in [2]). For our purpose, the stronger
condition (1) is the appropriate one as shown by the next two results. On the
one hand, (1) turns out to be necessary for a diagonally quasi-concave-convex
r, on the other hand, it is needed in the proof of quasimonotonicity of the
partial gradient mapping in Proposition 4.

Proposition 3. Let r be a skew-symmetric and diagonally differentiable bi-
function on X. Then the partial gradients Vi r(x, ) are continuous in x and

(a) If r is diagonally quasi-concave-convex, then r is quasi-concave-convex at
every x € X.

(b) If r is diagonally (strictly) pseudo-concave-convex, then r is (strictly)
pseudo-concave-conver at every x € X.

(c) If r is diagonally (strictly) concave-convex, then r is (strictly) concave-
convez at every x € X.

Proof. The partial gradients are continuous by the definition of diagonal dif-
ferentiability. We only prove (a) and (c). The statement (b) is shown analo-
gously.

(a): By Definition 1, r is diagonally quasi-concave-convex if for every z € X
and every h # 0 the function r(z, h) is quasiconcave, i.e. for all t1,t5 € I, 5
the inequality r1(x, h) (t1)(t2 —t1) < 0 implies that ri(x, h)(t2) < r1(z, h)(t1).
By setting h = y —x for y € X,y # z and t; = 0,t5 = 1 we ob-
tain ri(z,h) (t1)(t2 — t1) = Vir(z,2)T(y — x),71(z,h)(t2) = r(y,z) and
ri(xz, h)(t1) = r(z,z) = 0 which yields (1).

(c): r is diagonally (strictly) concave-convex if for every € X and every
h # 0 the function rq(z, h) is (strictly) concave, i.e. for all ¢1,t2 € I, such
that tl 7é t2 the inequality T1 (1‘, ]’L) (tz) —T (1‘, h) (tl) S (<) 71 (ZC, h)/(tl)(tg —tl)
holds. Setting h, t1,t2 as before yields (4). O

Proposition 4. If the bifunction r on X is quasi-concave-convez (resp. (stric-
tly) pseudo-concave-convex, resp. (strictly) concave-convex) at every x € X
then the gradient mapping g, defined by

gr(z) = Vir(z,z)

is quasimonotone (resp. (strictly) pseudomonotone, resp. (strictly) monotone).
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Proof. 1f r is quasi-concave-convex at every z, V; r(z,z)T (y — z) < 0 implies
r(y,z) <0 by (1). From skew-symmetry of r it follows that r(x,y) > 0 and,
again by (1), that V r(y.4)7 (z—y) > 0 or, equivalently, Vy r(y, )7 (y—) <
0. Hence, g, is quasimonotone.

Assume now that r is pseudo-concave-convex at every z. If Vi r(z,2)% (y —
x) < 0 then, by (2), r(y,z) < 0 or, equivalently, r(x,y) > 0. Hence, (1) implies
Vir(y,y)T(x—y) >0, ie Vir(y,y)T (y—x) <0. Thus, we have proved that
g is pseudomonotone.

In the strict case, by (3), Vi 7(x,2)T (y—x) < 0and z # y imply r(y, z) < 0 or,
equivalently, 7(z,y) > 0. It follows again from (3) that V1 r(y,y)T(z —y) >0
or Vir(y,y)T (y — ) < 0. Hence, g, is strictly pseudomonotone.

Finally, assume that r is (strictly) concave-convex at every x. (4) implies the
inequalities

r(y,x) < (<) Vir(e,2)" (y — )
<

r(z,y) < (<) Vir(y,y) (@ —y).

Adding these inequalities and using skew-symmetry yields
0 < (<) [Vir(z,z) = Vir(y, )] (y — )
or, equivalently,
[Vir(z,z) = Vir(y,y)]" (@ —y) < (<)0.
Thus, g, is (strictly) monotone. 0O
The previous results can be summarized by the following

Theorem 1. Let g : X — R"™ be defined on an open and convex subset X of
R™. Then the following statements are equivalent:

(i) g is continuous and quasimonotone (resp. (strictly) pseudomonotone, resp.
(strictly) monotone).

(ii) There is a skew-symmetric, continuous, and diagonally quasi-concave-
convez (resp. diagonally (strictly) pseudo-concave-convex, resp. diagonally
(strictly) concave-convex) bifunction r : X x X — R such that for every
reX

Vir(z,xz) = g(z).

(iii) There is a skew-symmetric and continuous bifunction r : X x X —
R which is quasi-concave-convex (resp. (strictly) pseudo-concave-convez,
resp. (strictly) concave-conver) at every x € X such that Vi r(z,z) = g(z)
18 continuous in T.

Proof. By Propositions 1 and 2, (i) implies (ii) by choosing r = r9. (iii) follows
from (ii) by Proposition 3. Finally, by Proposition 4, (iii) implies (i). O
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Remark: In an earlier version of this paper the implication (i) = (iii) was
obtained more easily by assigning to g the bifunction r, defined by

ro(w,7) = 5(9(9) + 9(2) 7 (y ).

The use of r9 enables the proof of the stronger implication (i) = (ii). The
question remains whether (ii) can be further sharpened.

5 Behavioral Equivalence of the Local and the Global
Approach

In order to prove the behavioral equivalence of the local and the global theory
we need a further step that is provided by the following

Proposition 5. Let r be a skew-symmetric and continuous bifunction on X
that is pseudo-concave-conver at every x € X and let' Y be a convex subset of
X with T € Y. Then the following statements are equivalent:

(i) r(Z,y) >0 forally €Y.
(ii) Vir(z,2)T(y—z) <0 forally €Y.
(iii) Vor(z,2)T(y—z) >0 forally €Y.

Proof. By (2) and skew-symmetry of r, (i) is immediately implied by (ii).
Assume now that (i) holds. Convexity of Y implies that Z +¢t(y — ) € Y for
t € [0,1]. Thus, it follows from (i) that 7(zZ,Z + t(y — z)) > 0 for all ¢ € [0, 1].
Hence, for all ¢t > 0

Jr@, 3+ ty =) ~r(z,2)] 2 0

and, consequently,

Vor(z,z)" (y — ) = lim 1[7“(9%, T+ty—=z))—r(xx)] >0,

i.e., we have shown that (i) implies (iii).
Finally, Vo r(z,z) = —V17(Z,Z) by skew-symmetry of r, i.e. (iii) and (ii) are
equivalent. 0O

Assume that the behavior of a consumer with the consumption set X is de-
scribed by a choice correspondence C' on X which assigns to each nonempty
and convex subset Y of X a (possibly empty) choice set C(Y') C Y. Then the
local and the global approach are behaviorally equivalent in the sense of the
following

Theorem 2. If C' is a choice correspondence on X, the following conditions
are equivalent:
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(i) C = C9 for some local preference representation g on X.
(ii) C = C" for some diagonally pseudo-concave-convex global preference rep-
resentation v on X.

Moreover, the equivalence also holds for strictly pseudomonotone local rep-
resentations and diagonally strictly pseudo-concave-convex global representa-
tions.

Proof. If (i) holds, then, by Theorem 1, (i) = (ii), there is some diago-
nally pseudo-concave-convex global preference representation r9 such that
Vir9(z,z) = g(x) for every x € X. This implies for every Y that z € C9(Y)
iff ()T (y—2) <Oforally € Y,ie Vi79(z,2) (y—z) <0forally € Y. By
Proposition 5, the latter statement is equivalent to r9(z,y) > 0 for ally € Y,
ie. tox e C™(Y).

Conversely, if (ii) is satisfied then we obtain for every Y that z € C"(Y) iff
r(Z,y) > 0 for all y € Y. By Proposition 5, this is equivalent to the inequality
Vir(z,2)T(y—z) <0forally €Y, ie. tox € C9(Y) for g.(x) = Vyr(z, ).
By Theorem 1,(ii) = (i), g, is continuous and pseudomonotone, i.e. a local
preference representation.

The strict case is proved analogously. 0O
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1 Introduction

In this paper we study optimality conditions for vector functions by means of
mollified derivatives. This type of generalized derivative was introduced first
by Ermoliev, Norkin and Wets (see [8]) in the area of stochastic optimization
and then studied in recent papers by Burke, Lewis and Overton [2] and by
Crespi, La Torre and Rocca in [6, 7]. The earliest use of these tools in the con-
text of nonsmooth optimization is probably due to the work of Craven [4, 5].
The main idea behind this technique consists of building smooth approxi-
mations of nonsmooth data and using these to obtain first and second order
generalized derivatives. The smoothness techniques based on mollifiers seems
to be a good tools for this purpose; they allow to have sequences of smooth
functions with the same regularity of the mollifier. So if it is at least twice
differentiable one can consider sets of cluster points of classical derivatives as
use these to obtain generalized optimality conditions. Necessary conditions
for nonsmooth multiobjective problems have been proved by Crespi, La Torre
and Rocca in [7]; here we conclude the analysis of the vector case studying
sufficient conditions and some characterizations of convex vector functions.
These results follow a componentwise approach; the analysis of the vector
case is reduced to the study of the properties of each component. In partic-
ular, section 2 recalls the notion of mollifier, and the definitions of first and
second order mollified derivatives. Section 3 deals with optimality conditions
for nonsmooth vector functions with and without convexity.
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2 Preliminaries

We now recall some important definitions and results which will be useful in
the following. From now on all the functions considered will be assumed to be
locally integrable. The following two definitions recall the notion of mollifier
and mollified functions. These are built taking the convolution between the
nonsmooth data and the mollifier.

Definition 1. [1] A sequence of mollifiers is any sequence of functions . :
R™ — Ry, €| 0, such that:

i) supp e :={x € R™ | ¢ (x) > 0} C peclB, pe |0,
i) [ wdepds =1,
R™

where B is the unit ball in IR™, clX means the closure of the set X and dx
denotes Lebesgue measure.

Definition 2. [1] Given a locally integrable function f : R™ — IR and a
sequence of bounded mollifiers, define the functions fe(x) through the convo-
lution

fe(z) == . fz = 2)1e(2)dz.
The sequence fe(x) is said a sequence of mollified functions.

A crucial point in this technique is the convergence of sequence of mollified
functions f. to f. This is stated in the following results.

Theorem 1. [1] Let f € C(IR™). Then f. converges continuosly to f, i.e.
fe(ze) — f(x) for all ze — x. In fact f. converges uniformly to f on every
compact subset of R"™ as e | 0.

Definition 3. [10] A sequence of functions f, : R™ — IR epi-converges to
f:R™ > 1R at z, if:

i) liminf, 4o fn(zn) > f(2) for all z, — x;
it) limy, 400 fn(zn) = f(x) for some sequence x, — x.

The sequence f,, epi—converges to f if this holds for all x € R™, in which case
we write f = e — lim f,.

Definition 4. /8] A function f : R™ — TR is said strongly lower semicon-
tinuous (s.l.s.c.) at x if it is lower semicontinuous at x and there exists a
sequence x, — ¢ with f continuous at x,, (for all n) such that f(x,) — f(z).
The function f is strongly lower semicontinuous if this holds at all x.

The function f is said strongly upper semicontinuous (s.u.s.c.) at x if it is
upper semicontinuous at x and there exists a sequence x, — x with f con-
tinuous at x,, (for all n) such that f(x,) — f(x). The function f is strongly
lower semicontinuous if this holds at all x.
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Theorem 2. [8] Let £, | 0. For any s.u.s.c. function f: R™ — IR and any
associated sequence fc, of mollified functions, we have for any x € R™:

i) limsup,,_ o fe,(xn) < f(x) for any sequence x, — x;
it) limy,— 400 fe, (xn) = f(x) for some sequence x,, — x.

Proposition 1. [11, 12] Whenever the mollifiers 1. are of class C*, so are
the associated mollified functions f..

The following definitions recall the notion of first order mollified derivatives
(upper and lower).

Definition 5. [8] Let f : R™ — IR, ¢, | 0 as n — 400 and consider the
sequence f., of mollified functions with associated mollifiers 1., € C'. The
upper mollified derivative of f at zo in the direction d € R™, with respect to
(w.r.t.) the mollifiers sequence ., is defined as:

D, f(20,d) := sup limsupVf., (v,)'d.
Tp—To N— 400
Definition 6. Let f : R™ — IR, €, | 0 asn — 400 and consider the sequence
fe., of mollified functions with associated mollifiers 1., € C*. The lower molli-

fied derivative of [ at zq in the direction d € IR™, w.r.t. the mollifiers sequence
Ve, s defined as:

Dy f(wo,d) == inf liminf Vf., (2,)"d.

Ty —To N—400

In [8] it has been defined also the following generalized gradient

Oy f(zo) == {L =limsup Vfe, (z), Tn— xo} .
n—-+oo

The following proposition states a relationship between this and the Clarke’s

generalized gradient.

Proposition 2. [§] Let f : R™ — IR be locally Lipschitz at x; then Oy f(x)
coincides with Clarke’s generalized gradient and Dy f(zo,d) coincides with
Clarke’s generalized derivative ([3]).

The following two propositions recall the properties of the first order deriva-
tives.

Proposition 3. [7] Let f : IR™ — R and x € R™. Then:

i) Dy f(+;d) is upper semicontinuous (u.s.c.) at x for all d € R™;
it) Dy f(-;d) is lower semicontinuous (I.s.c.) at x for all d € R™.

Proposition 4. [7/ D , f(z;-) and D, f(x; ) are positively homogeneous func-
tions. Furthermore, if D f(x;-) (Dyf(x;-) respectively) is finite then it is
subadditive (resp. superadditive) and hence convex (resp. concave) as a func-
tion of the direction d.
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We now recall the notion of second order mollified derivative. As in the first or-
der, we use the regularity of the mollifier to build these generalized derivatives
(upper and lower).

Definition 7. [7] Let f : R™ — R, €, | 0 and consider the sequence of
mollified functions f. , obtained from a family of mollifiers 1., € C%. We
define the second—order upper mollified derivative of f at xq in the directions
d and v, w.r.t. to the mollifiers sequence 1., , as:

512/)f(x;d, v) := sup limsupd' Hf, (z,)v,

Tp—T N——400
where H f., (x) is the Hessian matriz of the function f., € C? at the point x.

Definition 8. [7] Let f : R™ — IR, €, | 0 and consider the sequence of
mollified functions f.,, obtained from a family of mollifiers 1., € C?. We
define the second—order lower mollified derivative of f at xq in the directions
d and v, w.r.t. the mollifiers sequence ., , as:

D7 f(x;d,v) == inf liminf dTHf. (x,)v.

Ty —T N—+00
Proposition 5. [7] Let f : IR™ — IR and z € R™.
i) If A >0, then:

DI (x;d,d) = XD f (a3 d, d);
DINf(x;d,d) = XD, f(w;d, d).

Moreover, if A < 0 we get:
DiAf(x;d,d) = XD f(;d, d).

1) The maps (d,v) — fif(x;d,v) and (d,v) — Qif(x;d,v) are symmetric
(that is Dif(x;ji,u) = D?pf(:c;v,d) and D7, f(x;d,v) = Qif(x;v,d)).

iii) The functions Dif(x; d,-) and Qif(a:; d,-) are positively homogeneous,
whenever d € IR™.

w) If D?pf(x; ) (Qif(:c, -,+) resp.) is finite, then it is sublinear (superlin-
ear).

v) Bif(ac;d, —v) = =D? f(x;d,v).

vi) D?pf(g d,v) is upper semicontinuous (u.s.c.) at x for every d, v € R™.

vii)bef(-; d,v) is lower semicontinuous (l.s.c.) at x for every d,v € R™.

Using these notions of derivatives it is possible the following generalized Tay-
lor’s formula which will be useful for proving optimality conditions.

Theorem 3. [7] Let f : R™ — IR be a s.L.s.c. (resp. s.u.s.c.) function and
lete, | 0,t>0 and d € R™.
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i) Ifv., € Clis a sequence of mollifiers, there exists a point £ € [Jco, Z —|—td]

such that: .
f(zo +td) — f(z0) <tDy f(&;d).
(f(zo +td) — f(zo) > Dy f(§;d))

ii) If 9. € C? is a sequence of mollifiers, there exists & € [xq, xo + td] such
that:
[ +td) = f(w0) < 1Dy f(wo;d) + 5D (€ d)
(f(xo +td) — f(z0) > tDy f(w0;d) + 5D f(&;d))

assuming that the righthand sides are well defined, i.e. it does not happen
the situation +0o0 — oo (in which the first term is 400 and the second in
—00).

3 Convex Vector Functions and Optimization

In this section we recall a characterization of convex vector functions and nec-
essary conditions proved in [7] by means of second—order mollified derivatives.
Then we study sufficient conditions with and without convexity. The following
definition recalls the notion of convexity for vector functions.

Definition 9. A vector function f : R™ — R! is said to be 1Rl+—comiea: if
each component f;, i =1...1, is convex.

Lemma 1. [9] Let f : R™ — IR be a continuous function. Then f is convex
if and only if the mollified functions f., obtained from a sequence of mollifiers
Ve, are convex for every e > 0.

Lemma 2. [13] Let f : R™ — IR be a continuous function. Then f is convex
if and only if:

flx+td) —2f(x) + f(x —td) -0
2 -7

Vz,d € R™, vt € R.

Theorem 4. [7] Let f : R™ — R be a continuous function and let €, | 0
and 1p., € C2. A necessary and sufficient condition for f to be conver is that:

D f(x;d) >0, Yo e R™, vdeR™

Corollary 1. [7] Let f : R™ — R be a continuous function and let €, | 0
and 1., € C%. A necessary and sufficient condition for f to be ]Rﬂ_—com)ex 18
that:

D7 fi(x;d) >0, Vze R™,Vde R™,Vi=1...1.
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Given f : R™ — IR! and a subset X C IR™ we now consider the following
vector optimization problem:
VP i .

) min f(z)

We recall that a < bif and only if b—a € lRlJr. For this type of problem the
notion of of (weak) solution is recalled in the following definition.

Definition 10. xy € X s a local (weak) solution of VP) if there exists a
neighborhood U of x such that [f(UNX)— f(zo)] N (~RL.\{0}) = 0. (f(UN

X) — f(xo)] N (—int RL) = 0).

In the sequel, the following definitions of first order set approximations will
be useful.

Definition 11. Let z¢y € cl X, where cl X is the closure of the set X. We
define the following sets

o WF(X,20)={deR"3t, | 0,20+ tod € X}
o T(X,20)={de€R"3t, | 0,dy — d,xo+ tndy, € X}

which are called, respectively, the cone of weak feasible directions and the
contingent cone.

Theorem 5 (First order necessary condition). [7] Assume that f;, i =
1,...,1, are s.l.s.c. functions. Let €, | 0, ., € C', and zg € X be a weak
local solution of VP). Then the following system has no solution on the set
WF(X,x0): B

Dwfi($0§d)<0> 1=1,...,1,

that is: -
iinaxlDwfi(xo;d) >0, Vde WF(X, ).
Theorem 6 (First order sufficient condition). Assume that f;, i =
1,...,1, are s.u.s.c. functions and the function (x,u) — Q¢fi(x,u) s lower
semicontinuous, ¥i = 1...1. Let €, | 0, 1, € C1. If for all d € T(X,xq) we
have:
maxlgwfi(wo;d) >0

i=1,...,

then xq is a local minimum point.

Proof. Suppose that x( is not a local minimum point; then there exists x,, —
xg such that f(z,) € f(xo) — (IRT'\{0}). Then x,, = x¢ + tpd, with t,, | 0,
d, — dand d € T(X,xg). So, for all i = 1...1, we have
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where &, € [xg,%¢ + tndy,]. Taking the limit when n — 400 and using the
lower semicontinuity property, we obtain

0> 2¢fi(x0;d)
which is absurdo.

Lemma 3. Let X be a convex subset of R™ and f : R™ — R be a IRlJr
convez function. Then

f@) = fy) =Dy fly;z—y) € Ry
for all x,y € R™.

Proof. By using the previous lemma 1, we obtain

fiﬁ(‘f) - fz,e(y) Z sz,e(y)(m - y)
If y, — y and €, | 0, then

fi,en (1‘) - fi,sn (yn) > vfi,sn (yn)(x - yn)
= vfi,a" (.%)(33 - y) - Vfi@ﬂ (yn)(yn - y)

Since f; is convex then it is locally Lipschitz at the point y with a Lipschitz
constant K. This implies that Vf; . (y») is bounded by K, when n is suffi-
ciently large. So

lim Vfi,sn (yn)(yn - y) =0

n—-+o0o

and then we prove that
f@) = fy) =Dy f(y;2 —y) € R,

Theorem 7. Let X be convex subset of R™ and xo € R™. If f : R™ — IR!
is IRlJr—convex and

maxlﬁwfi(xo;d) >0, Vde WF(X,x).

i=1,...,
then xqg is a weak minimum point.
Proof. The hypothesis implies that
D, f(xo;d) C (—int IRL)C

Vd € WF(X,z0) and so using the previous lemma
f(x) € f(x0) + Dy f(xo; — x0) + ]Rl+

C f(xo) + RY + (—int R, )°
C f(xo) + (—int RY)®.
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Definition 12. The sets of the descent directions D< and D for [ at xg
are:

D<(f.w0) ={d € R™ : D f(x0:d) € ~R} },
D (f,z0) ={d € R™ : D, f(zo;d) € fIRl_F},

where D, f(xo;d) = {D,fi(zo;d),..., D, fi(xo;d)} and D, f(xo;d) :=
{wal(l'o;d),..., q/;fl(xm )}

Theorem 8. [7] Assume that f;, i = 1,...,1, are s.l.s.c. functions, €, | 0,
e, € C?. If zo € X is a local weak minimum point then

“max D fi(zo;d) > 0
1€1(xo;d)

for all d € WF(X,x0) N D<(f,x0), where
I(xzo;d) = {i: D ,fi(xo;d) =0,i=1...1}.

Theorem 9. Assume that f;, i = 1,...,l, are s.u.s.c. functions and €, |
0, ¥, € C?. Suppose that the functions (x,u) — D, fi(z,u) and (z,u) —
Qifi(a:,u) are lower semicontinuous, ¥i = 1,...,1. If for all d € T(X,z0) N
D_(f,z0) we have:

max D?pfi(xo;d) > 0,

i€l(zo,d)
where
I(zo;d {z wfzxo, )—O,i:l...l}.
then xq is a local minimum point.
Proof. Suppose that zy is not a local minimum point; then there exists a
sequence z, — xo such that f(z,) € f(z9) — (R} \{0}). If we build d,, =

(xn —x0)/||Tn — 20| then d,, € S* ={d € R™ : ||d|| = 1} and so d,, — d € S*.
In other words z,, = z¢ + t,d, and d € T(X, zg). So

f(-rn) - f(l‘o) > thl/Jf(gn; dn)

and using the lower semicontinuity we have d € D(f, z¢). For all i € I(xo, d),
we have

M‘:m

0= fi(zn) = filzo) — taD 4 fi(o; d) > D3 filénidn)

where &, € [xg,z¢ + tndy]. Taking the limit when n — 400 and using the
lower semicontinuity property, we obtain

0> D7 fi(wo; d).
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Summary. In this paper arcwise connected convex multifunctions are introduced
and studied. Optimality conditions involving this type of data are analyzed.
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1 Introduction

The notions of convexity and generalized convexity have been studied by many
authors in literature for the crucial role they play in analysis and optimization.
The present paper generalizes to multifunctions the work by Fu and Wang [3]
for vector functions. A multifunction F': R® = R™ is a function from R"™ to
the power set 28", We introduce a generalized definition of arcwise connected
multifunction and we study nonsmooth optimization problems involving this
type of data. In the following definitions the notions of local and global (weak)
minimum point are recalled. Let C' C R™ be a closed convex pointed cone.

Definition 1. A point (zo,y0) with yo € F(xo) is said to be a local weak
minimum point if there exists a neighbourhood U of xy such that F(x) C
yo + (—int C)¢ for allz e UN K. A point (xg,y0) with yo € F(xg) is said to
be a global weak minimum point if F(x) C yo + (—int C)° for all x € K.

Definition 2. A point (zg, yo) with yo € F(x0) is said to be a local minimum
point if there exists a neighbourhood U of xg such that F(x) C yo+ (—C\{0})¢
for allz € UN K. A point (z9,y0) with yo € F(xg) is said to be a global
minimum point if F(x) C yo + (=C\{0})¢ for allz € K.

Given a subset K of R™ we will focus the attention on constrained optimization

problems as

in F(z).
min ()

We recall that the graph of F' (see [1]) is the following subset of R™ x R™
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graph F = {(z,y) e R" xR™ : y € F(x)}

If F(z) is a closed, compact or convex we say that F is closed, compact or
convex value, respectively. A function f : R — R™ is a local selection of
F at xz¢ if there exists a neighbourhood U(f,x¢) such that f(z) € F(x),
Vo € U(xg). We denote by F,, the set of all local selections of F at zq. If
F:R™®" = R™ and ¢ € R™ then the level set lev . F is defined as

lev.FF ={z €R":ce F(z)+ C}.

Several definitions of generalized convexity for multifunctions has been pro-
posed in literature. Here we listed some of these and we show some relations
among them.

Definition 3. Let F : R™ = R™ be multifunction. F is said to be

e (i) weak C-convex if
[tF(x1) + (1 — ) F(z2)| N [Ftxy + (1 — t)as) + C] £ 0

whenever x1, xo9 € R™ and t € (0,1);
o (ii) almost C-convex if

tF(21) + (1 — ) F(2) C cl [F(tzy + (1 — t)as) + O]

whenever x1, o € R™ and t € (0,1);
o (iii) C-convez if

tF(x1) + (1 —t)F(x2) C F(txy + (1 —t)za) + C

whenever x1, x9 € R™ and t € (0,1);
o (iv) convez if

tF(Il) + (1 — t)F(l‘Q) Q F(txl + (1 — t)SCQ)

whenever x1, x2 € R™ and t € (0,1).
e (v) quasi convez if the lev.F is convex for all c € R™.

Notions (i) and (iii) have been firstly introduced in [4, 9] and the notion (ii)
have been studied in [6]. Other works concerning the classical notion of convex
multifunctions are [5, 7]. Other definitions of convexity for multifunctions that
have been omitted here can be found in [4]. For notion (v) one can see [2]. It
is trivial to prove the following relationships among the above definitions

almost C—convexity

convexity = C' — convexity = {weak C—convexity.

Furthermore if F' is C-convex then it is quasi convex.
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2 Arcwise Connected Cone Convex Multifunctions

The aim of this section is to extend the definition of arcwise connected cone
convex function (AC functions), introduced by Fu and Wang [3] for vector
functions, to multifunctions. The following definition recalls the notion of
arcwise connected set (AC set).

Definition 4. [3] The subset K C R™ is to be arcwise connected set (AC
set) if for any x,y € K there exists a continuous function, called arc, Hy , :
[0,1] — K such that H, ,(0) = = and Hy, 4(1) = y.

It is trivial to show that a convex set is an AC set and a convex multifunction
is an AC multifunction. We now recall the definition of AC function.

Definition 5. /3] Let K C R™ be an AC set and f : K — R™. f is called
an arcwise connected cone convex function (shortly, AC function) if for any
x,y € K there is and arc Hy , C K such that

tf(x) + (A —1)f(y) € f(Hay(t) +C
for all t € [0,1].
Definition 6. [3] Let K C R™ be an AC set and f : K — R™. f is called

an arcwise connected cone convex function (shortly, AC function) if for any
z,y € K there is and arc H, , C K such that

tf(z) + (1 =1)f(y) € f(Hey(t) +C
for all t € ]0,1].

The following definitions recall two notions of generalized derivatives for vector
functions. We introduce the notion of Dini AC directional derivative for the
first order and Peano AC directional derivative for the second order. These
types of derivatives are built taking the set of cluster points of sequences of
particular incremential ratios.

Definition 7. Let K C R™ be an AC set, f: K — R™ and ¢y € K. Given
x € K the Dini AC directional derivative of f with respect to Hy, 5 is defined

as
f/(‘TO;on,z) — {l = lim f(Ha:o,:z(tn)) — f(‘TO) St l 0} )

n— oo tn

We say that f is AC directional differentiable (see [3]) if

lim f(H:vow(t)) — f(=o)
tl0 t

exists.
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The following definition of second order derivative follows the initial idea
due to Peano; generalized derivatives can be built by considering generalized
Taylor expansions without introducing the second order incremential ratio
(that is the incremential ratio of the first order derivative). This idea has been
studied by many authors for vector functions, usually under hypotheses of
differentiability of the involve data. Here this definition is introduced without
any request on the data; we only need that the Dini AC derivative is nonempty.

Definition 8. Let K be an AC set, xo,x € K and 29 € f'(xo; Hyyn). The
Peano AC directional derivative of f at (xo, z0) with respect to Hy, . is defined
as

(w0, 205 Hyy ) = {l = lim 2f(Hx°’I(t")) — fl@o) = tnzo it | O} .

n—-+4oo t%
The following result characterizes an AC function by directional derivative.

Theorem 1. [3] Let K C R"™ be an AC set and f : K — R™ be an AC
function. If f is AC directionally differentiable then

f(z) = f(xo) € f’(fl?o; on,x) +C.

2.1 Extensions to Multifunctions

We now introduce the notion of arcwise connected cone convex multifunctions
(AC multifunctions).

Definition 9. Let K be an AC set. A multifunctions F' : R™ = R™ is called
an arcwise connected cone convex multifunctions (shortly, AC multifunction)
if for any x,y € K there is arc Hy , such that

tE(x) + (1= t)F(y) € F(Hey(t) +C
for all t € ]0,1].

It is easy to see when F' is single valued this notion reduces to the definition
of AC function.

Definition 10. A set valued map F' : R™ = R™ is said to be arcwise connected
quasi convex multifunction (ACQC multifunction) if the lev.F is arcwise con-
nected for all c € R™.

Definition 11. A given multifunction F' : K = R™ is said to be convexlike
(briefly, CL multifunction) if for all z,y € K and for all € [0,1] there exists
a zz € K such that

tF(x)+ (1 —-t)F(y) C F(z) + C.
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It is clear that an AC multifunction is also a CL multifunction. As for single-
valued functions, for multifunctions it is possible to define several kind of
derivatives. Here we extend the previous definitions of AC Dini derivative and
AC Peano derivative to multifunctions.

Definition 12. Let K be an AC set, xg € K and yo € F(zp). Given x € K
the Dini AC' directional derivative of F' with respect to Hy, , is defined as

f(Hzy 2 (tn)) =y
t

n

F/(x()vyo;H”I:mm) = {l = lim

n—-+4oo

O:tnlO,fefmo}.

Definition 13. Let K be an AC set, xg,x € K, yo € F(xg) and zg €
F'(x0,y0; Hyy.). The Peano AC directional derivative of F with respect to
Hy, » is defined as

F/,($07y07ZO;on,z)
_ {z S PN EACLENRACEY) i TR T N IE fmﬂ} .

3 Preliminary Properties

Theorem 2. Let K C R"™ be an AC set and F : K = R™. If F is AC
multifunction then it is ACQC multifunction.

Proof. Let ¢ € R™ and x1,x9 € lev.F. Since F' is AC then there exists an arc
H,, ., such that

tF(x1) + (1 —t)F(x2) C F(Hy, 4,(t)) + C.

Then

c=tc+(1—-t)cet(F(x1)+C)+ (1 —t)(F(x2) +C)
= tF(z1) + (1 = t)F(22) + C C F(Hy, 4, (1)) + C

that is Hy, 4, (t) € lev F for all t € [0, 1].

Theorem 3. Let K be an AC set and F : R™ = R™ be an AC multifunction.
If (x0,90) is a local weak minimum then it is a global weak minimum.

Proof. If (z9,yo0) is a local weak minimum then there exists a neighbourhood
U of xg such that
F(z) C yo + (~int C)°

for all z € KNU. Given x € K, there exists an arc H, , such that

tF(z) 4+ (1 = t)F(xz0) € F(Hy, o (t)) +C
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for all ¢ € [0,1]. For ¢ sufficiently small we have
F(Hyg,o(t) + C C yo + (—int O)°.

Then
tF(z) + (1 —t)yo C yo + (—int C)°¢

and this implies
F(x) Cyo + (—int C)°

that is the thesis.

Theorem 4. Let K be an AC set and suppose that F(z) C f(x) + C for all
x € K. If f is a selection of F' and f is an AC function then F is an AC
multifunction.

Proof. In fact for all x € K there exists an arc H, , such that
tf(x)+ (1 =) f(y) = f(Hupa(t) €C

for all ¢ € [0,1]. So we have

tF(z)+ (1 -t)F(y) Ct(f(z) + C)+ (1 =) (f(y) + C)
Ctfl)+(1-0)f(y)+C
C f(Ha () +C
C F(Hzyo(t) +C

for all t € [0,1].

Theorem 5. Let K be an AC set and suppose that F(x) C f(x) + C for all
x € K. If f is a selection of F' and F is an AC multifunction then f is an
AC function.

Proof. In fact we have
tf(zo) + (1 — 1) f(z) C tF (o) + (1 — ) F(z)

C F(Hg,0(t) +C
C f(Hap (1) + C.

4 Necessary Optimality Conditions

We now prove necessary optimality conditions involving this type of general-
ized convex multifunctions. These conditions involve the first order and second
order generalized directional derivatives we have introduced in section 2.
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Theorem 6. Let K be an AC set, xg € K. Suppose that (xo,yo) be a weak
local minimum point. Then

F/($03y07Hx0,m) N—intC =0

for all x € K and for all arcs Hyyp @ [0,1] — K, Hy, »(0) = xo and
Hyp (1) = 2.

Proof. Suppose that there exists a x € K and an arc H,, , such that
F'(z0,y0, Hyy,z) N —int C' # 0.
So there exist a selection f € Fy,, t, | 0 and | € F'(zo, Yo, Hyge) N —int C

such that
= lim f(on,:c(tn)) - yO.

n—-—4oo tn

Since (2, yo) is a local weak minimum point we have for n large enough

f(Hzo,z(tn)) _

% (“intO)
t'l’L

and this implies | € (—int C)°.

Theorem 7. Let K be an AC set, xyp € K. Suppose that (zo,yo) be a weak
local minimum point. If there exists x € K and an arc Hy, 5 : [0,1] — K,
Hy, »(0) = xo and Hy, (1) =z and F'(xo,yo, Hyy,z) € —C\ — int C then

F//(anyOaZO; ng,a:) N—intC = (Z)
for all zo € F'(x0,Y0, Hyp,z)-

Proof. If 3z9 € F'(x0, Yo, Hzy,) such that F”(zo,vo, 20; Hyy ) N —int C' # 0
then there exists a selection f € Fy,, t, | 0 and | € F"(xo,x, 20; Hyy,z) N
—int C such that

= lim Qf(HxO’x(tn)) — Yo — tn20
n—-+00 t727,

€ (—int C)° 4+ C\int C = (—int C)°.

5 Sufficient Optimality Conditions

In this section we prove sufficient conditions for the existence of minimum
points for an AC multifunction.

Theorem 8. Let K be an AC set, xg € K and suppose that F is an AC
multifunction at xo. Furthermore suppose that f is a selection of F and
F(z) C f(x)+ C for all x € K. If f is AC directionally differentiable at
xo for all arcs Hy, ; then

F(z) —yo C F'(xo, f(20); Hyo,x) + C.
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Proof. From previous theorems we have that f is an AC function, that is for
all z € K there exists an arc Hy, , (see [3]) such that

f(l‘) - f(-'IJO) - f/(mo;H:v07:v) S C.
So

z) — f(z0) + C C f'(w0; Hyp o) + C

F(z) = f(zo) C f(z) —
g Fl anf(xO);Hzg,x) + C

In the following we will denote by B(z,d) the ball of radius § centered at x.
Theorem 9. Let K be an AC set, 9 € K, yo € F(xo). Suppose that

o for all z,y € K and for all arcs Hy, we have H; ,([0,1]) C B(z, ||z —
yl) U By, llz — yl);

o there exist constants K., > 0 and 6 > 0 such that F(z) C yo + Ky ||z —
xo||B(0,1) for all x € B(xg,d);

o forallz € B(xg,0) and for all arcs Hy, 5 we have F'(xo, yo; Hyy o )N—C =
0.

Then (xo,Yo) s a local minimum point.

Proof. Ab absurdo, suppose that there exists z, — xg9 and y, € F(x,),
Zn € K, such that y, € yo — C\{0}. Eventually by extracting a subsequence,
we suppose that ||z, — zo|| < 2. Since K is an AC set between two points =,
and x,41 there is an arc H,, A function H* from x1 to xg can be built
by

s Tn+41°

Hyy o () = Hop oy (=0 (n 4 1) (8= 1/n))

with ¢ € [I/n,1/(n +1)], n € N. So Hy, () = 2, and Hy 2o (ﬁ) =
Zp+1. From the first hypothesis easily follows that H,, ,, is an arc (that is
continuous) starting from x; € B(xg,d) N K. So we have

Yn — Yo
1/n

= Ky, |lzn — x0l|bn

and b, — b, bg € B(0,1). Then

Yn — Yo e F(H;I,zo(l/")) — Yo
1/n 1/n

and, eventually by extracting subsequences, y"l/;nyﬂ —le—-C.

Theorem 10. Let K be an AC set, v € K and yg € F(xg). Suppose that
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o for all x € K there exists an arc Hy, , such that
F(z) Cyo+ F'(x0,y0; Hyy ) + C
o F'(z0,y0; Hyy ) N —int C =0 for all x € K and for all arcs Hy, ,.
Then (xo,yo) is a weak minimum point.

Proof. Given x € K, there exists an arc H, , such that

F(.’L‘) C Yo + F/(moayO;Hmo,a:> +C
Cyg+ C+ (=int C)° C yo + (—int C)°

that is (zo,yo) is a weak minimum point.

References

1. Aubin JP, Frankowska H (1990) Set-valued analysis Systems & Control: Foun-
dations & Applications. Birkhuser, Boston, MA

2. Benoist J, Popovici N (2003) Characterizations of convex and quasiconvex set-
valued maps Mathematical Methods of Operation Research 57:427-435

3. Fu JY, Wang YH (2003) Arcwise connected cone-convex functions and mathe-
matical programming Journal of Optimization Theory and Application 118:339—
352

4. Kuroiwa D (1996) Convexity for Set-Valued Maps Applied Mathematics Letters
9:97-101

5. Robinson SM (1972) Normed convex processes Transaction of the American
Mathematical Society 174:127-140

6. Sach PH, Yen ND (1997) Convexity criteria for set-valued maps Set Valued
Analysis 5:37-45

7. Ursescu C (1998) Multifunctions with convex closed graph Czechoslovak Mathe-
matical Journal 7:438-441

8. Yang XM, Li D, Wang SY (2001) Near-subconvexlikeness in vector optimiza-
tion with set valued functions Journal of Optimization Theory and Application
110:413-427

9. Yang XQ (1998) Directional derivatives for set-valued mappings and applications
Mathematical Methods of Operations Research 48:273-285



A Sequential Method for a Class of Bicriteria
Problems

Laura Martein! and Valerio Bertolucci?

! Department of Statistics and Applied Mathematics, University of Pisa, Italy
Imartein@ec.unipi.it

2 Department of Statistics and Applied Mathematics, University of Pisa, Italy
bertolucci@ec.unipi.it

Summary. The aim of the paper is to suggest a sequential method for generating
the set E of all efficient points of a bicriteria problem Pp where the feasible region
is a polytope and whose criteria are a linear function and a concave function which
is the sum of a linear and the reciprocal of an affine function. The connectedness of
FE and some theoretical properties of Pp allow to give a finite simplex-like algorithm
based on a suitable post-optimality analysis carried on a scalar parametric problem
where the linear criteria plays the role of a parametric constraint.

Key words: Fractional programming, pseudoconcavity, bicriteria problems,
parametric optimization.

1 Introduction

The bicriteria problem, that is the constrained problem of maximizing two ob-
jective functions, is widely studied and several algorithms have been suggested
for several classes of functions [8]. A particular attention has been devoted to
a bicriteria linear fractional problem, that is the problem where one criteria f;
is a linear fractional function and the second one f5 is linear since this occurs
frequently in optimization problems involving criteria that are rates or ratios,
such as return on investments, dividend coverage, margin on sales, produc-
tivity measures [4, 8, 9, 10, 12, 16]. For such a kind of bicriteria problem a
sequential method has been suggested by one of the authors [4].

The aim of the paper is to extend this sequential method when f; is the sum
of a linear and a linear fractional function (such kind of functions occurs in
many applications and it has been studied by several authors [1, 9, 12, 15, 16]).
Unfortunately, for this class of problems the set E of all efficient points is in
general disconnected since fi; can have several local maximum points not
global. For such a reason we limit ourselves to consider the case where f; is
also concave.
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The concavity of the two criteria ensures the connectedness of F which can be
characterized as the union of optimal solutions of a scalar parametric problem
P(a) having the concave fractional function f; as the objective function while
the second linear criteria fo plays the role of a parametric constraint.

A sequential method for generating E is obtained performing a suitable post-
optimality analysis on P(«) which is based on some theoretical properties of
the bicriteria problem. The post-optimality analysis utilizes a finite algorithm
(suggested in Section 3) for solving the scalar problem of maximizing f; on a

polytope.

2 Statement of the Problem and Preliminary Results

In this paper we consider the bicriteria problem where the first objective
function is the sum between a linear and a linear fractional function, the
second one is linear and the feasible set is a polytope.

It is known [14] that in order to guarantee the connectedness of the set E of
all efficient points we must require the strictly quasiconcavity of the nonlinear
function. .

Recently it has been shown [2] that fi(z) = hTx+ ;T;ig?) is pseudoconcave (in
particular strict quasiconcave) on the halfspace H = {z € R" : d'x +dy > 0}

. . . T .
1f.and only if fi(x) = hfz — T Wlfjh v > 0, or f1(x) = kd'x + gTiiZ;
with £ < 0. In particular the first function is concave and the second one is
pseudoconcave.

From now on we consider the following concave bicriteria problem

max(fi(2) = KTz — 72, fole) = ¢7a)
PB :
reSs

where h, d € R", dp € R\{0}, v >0, S={x e R*": Az =b, x >0} isa
compact set, A is m x n matrix with rank(A) =m < n, b€ R™, d z+dy > 0,
VxS and z >0 means xz € R7.

The sequential method that we will suggest in Section 4 can be easily adapted
to the case where the nonlinear criteria in Pp is substituted with fi(x) =

T cTa:+co
kd* x + Tatde:

In order to state some fundamental properties of Pg, consider the parametric
problem

max fi ()
P(a): zes

Tr=a
with & € [Qmin, ¥max] Where

Omax = {max ¢’z : 2z € S}
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Omin = {maqux cx €S, fi(x) =M}
M = {max fi(z) : x € S}.

Let S(«) be the set of all optimal solutions of the problem P(«).
The following theorem holds.

Theorem 1. Consider problem Pg. Then:
i) E is not empty and connected;
ii) 20 € ENintS if and only if there exists 3 < 0 such that

d
hr (dT:zl PRER @

ii1) problem P(«) is equivalent to the problem

max f1(z)
reS (2)
fo(z) > o

iv)
E= U S(c)

Q€ [Omin;X¥max]

Proof. i) Tt follows from the compactness of the feasible set and from the
concavity of the objective functions.

1) Tt follows applying the Kuhn-Tucker conditions to problem Pp which are
necessary and sufficient since the two criteria are concave.

The proof of ii3) and iv) can be found in [13].

Remark 1. Condition ii) points out that any optimal solution of problem (2)
is binding to the parametric constraint; condition ¢v) holds in general when
one of the objective functions of a bicriteria problem does not have a local
maximum point different from the global one.

The algorithm that we will describe in Section 4 requires the knowledge of
a sequential method for solving problem P(«); this will be done in the next
section.

3 A Sequential Method for Calculating M

In order to suggest a sequential method for generating the set of all efficient
points of problem Pp we need of an algorithm for solving the following concave
maximization problem:
max f1(z) = hTa — Tord
P
zes
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Set:
Emin = {minde +do:x €S}, Emax = {maxde +do:xz €S}

Some fundamental properties of problem P are stated in the following theo-
rem.

Theorem 2. Consider problem P. Then:

i) f1 is concave on S;

1) a local mazimum point is also global;

iii) x° € intS is an optimal solution if and only if h = Bd, B < 0, —% €
(fmin7 gmax);

i) there exists an optimal solution x° of P belonging to an edge of S (in
particular x° can be a vertex of S).

Proof. i) The Hessian matrix of f; is H(x) = —MﬁddT so that H(x) is
negative semidefinite on the halfspace H = {z € R" : dz + dy > 0}.

11) It follows from the concavity of f;.

i7i) The concavity of f; implies that 20 € intS is a global maximum point if
and only if Vf;(z°) = h — W = 0. Setting 8 = —m and taking
into account the feasibility of 2° the thesis is achieved.

i) Let 2* be an optimal solution for problem P; then the linear program

b T
Tora max h' x

reSn{zeR:dlx=dTz*} = S*

has an optimal solution on a vertex x° of S* which belongs to an edge of S
and such that f(z%) = f1(z*).

Following [7], we solve problem P by means of a suitable post-optimality
analysis performed on the parametric problem

max(hT2 — 2)
P(&): res
dz +dy = 13

where € € [{min, Emax)-

We will refer to every £ € [{min, Emax) as a feasible level and to any optimal
solution of problem P(§) as an optimal level solution.

The following theorem holds.

Theorem 3. i) An optimal solution * of P is also an optimal level solution
corresponding to the level & = dTx* + do;

it) if an optimal level solution x* is a local mazimum point with respect to an
edge of S, then x* is a global mazimum point of P.
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Proof. See [7].

The previous theorem suggests a procedure which generates a path of optimal
level solutions the last of which is a global maximum point for P.
The basic ideas of the procedure are the following: we start from a vertex x
which is an optimal level solution (the first one will be an optimal solution of
P(&min))- If the directional derivatives of f; with respect to the edges starting
from z" are not positive then z° is the global maximum point for P, otherwise
we choose an edge sy, such that any of its points is an optimal level solution. We
consider the restriction of f; on the edge s;; if there exists a feasible maximum
point for such a restriction then it is a global maximum point for P, otherwise
we move on a suitable adjacent vertex and we repeat the analysis.
In order to describe analitically the procedure we introduce the following
notations and we state some theoretical results.
Let 2° be a vertex of the feasible region S with corresponding basis matrix
Ap. We partition the matrix A as A = [Ap, Ax] and the vectors z, h, d as
SL‘T = (,TB,JJN), hT = (hB,hN), dT = (dB,dN). Set:

Ay = Wl — WG AR Ay, dy = d% — dG ARG Aw;

EO = h£A§1b7 Eo = dgAélb + d();

a; = in{= a;r > 0} where a; is the i—th element of the

0

Ask

column A;AE\?);

I'=dhy +vdy;
J={j:I; >0}

It is easy to verify that 72 is the vector of the directional derivatives of f

with respect to the dlI‘eCtIOnb associated to the feasible edges starting from
0

Y.

Let z(xn, ) be the restriction of the function f; on the feasible edge s, starting

from z°. We have:

v

2(zn,) = hny o, +ho — In In + o
k k

_ dn
( Nk) Nk (deme + d0)2
The following theorem holds.

Theorem 4. Let z° be a vertex of S which is an optimal level solution. Then
i) ° is an optimal solution of P if and only if J = ();
i) let k be the index such that

Then any point of the feasible edge s, starting from x°

an optimal level solution;

associated to Ty, 15
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i) If hy, > 0 then z(xy, ) is increasing in [0, ) with ag = +00;

. - . . EUEN.“F\/W
w) If hyy, <0, then z(xzy, ) has a mazimum point at cg = — e
Nk N

Now we are able to summarize the algorithm given in [7] with respect to our
class of functions.

ALGORITHM 1

STEP 1 Let 2° € S be a vertex which is an optimal solution of the problem
{mindTz + do, z € S}. Go to step 2.

STEP 2 Calculate I' = E(QJEN +~dy. If J = then z° is an optimal solution
of P : Stop. Otherwise go to step 3.

STEP 3 Calculate k, a1, as and set @ = min(ay, o). If @ = a1 go to step
4. If o = ay then T = (rp(ag), az,0) is an optimal solution of P : Stop.

STEP 4 The non-basic variable zp, enters the basis by means of a pivot
operation on the element agy. Let 2° be the new vertex. Go to step 2.

Remark 2. The set of optimal solutions of problem P is a convex set contained
in the hyperplane d”z + dy = d”z° 4+ dy where ¥ is the optimal solution
generated by the algorithm.

Example 1. Consider the following problem

195

max(?:nl — 5%2 — m)

2I1—21‘2 S 1
3%17&52 §3
$2§3
x1,22 >0

Step 1 The denominator d” = + dy = 3x1 + 412 + 2 reaches its minimum at
(0,0) which is a vertex and an optimal level solution. The associated simplex-
tableau is the following:

02-5000

323 4000
z3] 122100
24| 3[3-1010
z5| 30 1001

Go to Step 2.
Step 2 It results

o2 om()- ()

Since J # () go to Step 3.
Step 3 Since max{%,—%} = %, we have k = 1, o = min{%,l} = %, Qg =
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400, so that @ = ay = % Go to Step 4.
Step 4 The nonbasic variable x; enters the basis and z3 leaves the basis.

—1[0 3 ~100

—70 7-300
zi[ 3T-1 100
w| 3o 2-310
ws| 30 1 001

Go to Step 2.
Step 2 It results

Since J # ) go to Step 3.
Step 3 We have k =1, a; = min{%,S} =3 = _ DY 16T

(=3)7
—5 + = 14/455 so that o = a; = 3. Go to Step 4.
Step 4 The nonbasic variable .132 enters the basis and z4 leaves the basis.
3 00— 4 % 0
—o0 10
x 2110 =% =20
:cl 3 01 301 0
2l % 3 1

Go to Step 2.
Step 2 It results

35, (1 3 30875

- & () e - ()
2 2 32

We have k = 1; oy = 3, ag = (%)(7%”\/@ =3

4/a
=32 We have (z1,22,75) = (3,2,9)+ 2(1,2,-3) = (3,2,1), so that the
€ pro

g 1401
pomt (3,2) is the optimal solution of th

4 A Sequential Method for a Generalized Fractional
Bicriteria Problem

The procedure illustrated in the previous section allows us to propose a se-
quential method for solving the bicriteria problem Pg.

The theoretical properties established in Section 2 allow us to suggest a simple
simplex-like procedure for generating the set F of all efficient points by means
of a suitable post-optimality analysis performed on the parametric problem
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P(a) starting from P(Qmin)-

In order to calculate M and to determine auyiy, it is necessary, firstly, to solve
problem P and it can be done by means of Algorithm 1.

If there exists a unique optimal solution 2 for P, then oumin, = g 2°, otherwise
we must solve the following problem

T T 2 T,0 v
maxqg r:r €S, h"e— ———=h"2" — ——— 3
{ 1 dTx + dgy dT 20 + do} ®)
which presents a nonlinear constraint.
The following theorem shows that problem (3) is equivalent to a suitable linear
problem; more exactly we have the following theorem.

Theorem 5. Let 2° be an optimal solution of P. Then problem (3) is equiv-
alent to the following problem

max ¢’z
hWlo = hTa0
d"z +dy = d"z° + dy
reSs

Proof. Tt is sufficient to note that the constraint fi(x) = M is verified for
every T € S such that d77 + dy = d*2° + dy (see Remark (2)).

Taking into account Theorem 1, we have
E = U S(t)
te[oyamax_amin]

where S(t) is the set of optimal solutions of the parametric problem

T, v
max h' x T d
Az =D
T, — .

q" T = Qpin + ¢
x>0

P(t):

In order to solve problem P(t) for every fixed ¢t we apply the Algorithm 1 where
now A is substituted with ( é) and b is substituted with ( b ) .

q Qmin + 1
The post-optimality analysis is performed by studying the optimality condi-
tion I'(t) < 0 and the feasibility condition zp(t) > 0.
Set O ={t:I'(t) <0} and F ={t:zp(t) > 0}.
For any t which belongs to the intersection of O and F, (xp(t),0) is the opti-
mal solution of P(t) and consequently it is an efficient point of Pg.
When t does not belong to O we can restore the optimality applying Theorem
4. When t does not belong to F' we can restore the feasibility by means of a
suitable pivot operation.
Now we are able to describe a sequential method for generating E.
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Let us note that the slack variable associated to the parametric constraint
must be a non basic variable in any step of the algorithm so that the column
of the simplex tableau associated to such a variable is not involved in the
process (it will be deleted in the next examples).

ALGORITHM 2

STEP 0 Determine M and i, and consider problem P(t); set £ = 0 and
go to Step 1.

STEP 1 Determine the sets O and F'; if O N F = ) go to step 4, otherwise
set f = max{t:t € ONF}; (xp(t),0) is an efficient point of P ¥V t € [£, 1],
set £ =t and go to Step 2.

STEP 2 If £ is an endpoint of F go to step 3; otherwise go to Step 4.

STEP 3 Let i be such that zp,(f) = 0; if a;; > 0, V j : Stop. Otherwise
perform a pivot operation on the element a;; such that

Le®) _ min{rj(t), aij < 0}

Aij

and go to Step 1.

STEP 4 Let k be such that —k = maxjej e ; calculate:
Eo(t)ﬁNk + \/ _’YEN;@ENk
Oég(t) = — ——
hn,dn,

t* =max{t: zp(t) = zp(t) — aa(t)Ag A ) > 0}.

Then (zp(t), aa(t),0) is an efficient point for Pg, ¥ t € [t,t*]. Let s be
such that Zp, (t*) = 0. Set £ = t*, perform a pivot operation on ay and
go to Step 1.

Ezample 2. Consider the following bicriteria problem:

195

maX(2$1 - 5.’1}'2 BT IE T x2)

2$1721’2 § 1
3LE1—.’E2 §3
l‘2§3
x1,22 >0

Step 0 Referring to Example 1 we have M = fl(%, 2), so that amin = 2. The
introduction of the parametric constraint gives the following parametric
problem:
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195 )

maX(Qxl - 51’2 T 3pi4dra12

2$1721’2S1
P(t) 3wy — 12 < 3
{,C2§3
To =2+t
z1,m2 >0

We insert the parametric constraint in the tableau corresponding to the

vertex (2,2) and after a suitable update we obtain:

T+ 554000-20
—15-5t000 —10
x| S+ 100 %0
x|  2+t010 00
zs|  1-t000 01
zs| S+ 34001-20

Go to Step 1.

Step 1 Taking into account that ¢ > 0, we have F = [0, 1],
I(t) = (15+5t)*(—2) 4+ 195(—1), O = [0, +00), so that ONF = [0, 1] and
t =max{t:t € ONF} = 1. Every point of the segment having S = (3,2),
T = (2,3) as its endpoints is an efficient point. Set £ = 1 and go to Step
2.

Step 2 t =1 is an endpoint of F so that we go to Step 3.

Step 3 Any coefficient of the row corresponding to the variable x5 is non-
negative so that the algorithm terminates. It results E = T'S.

Example 3. Consider the following bicriteria problem:

max(2x; — bxa — m, —3z1 + x2)
21‘1 — 2%2 S 1
3£E1 — T2 < 3
X2 S 3
x1,22 20

Step 0 Referring to Example 1 we have M = fl(%,Z), so that oy, = —3.
The introduction of the parametric constraint gives the following para-
metric problem:

maX(le - 51’2 - %)
21‘1 — 21’2 § 1
P(t): 3xy —22 <3

$2§3
—3rx14+x2=-3+1
z1,m2 >0
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We insert the parametric constraint in the tableau corresponding to the

vertex (2,2) and after a suitable update we obtain

—5t+200-2200
Z7&—%00 %OO
r1|—2t+2[10 —100
l‘g—?t‘f'%()l —-200
Is §t+100 201
T4 tl00 010

and go to Step 1.

Step 1 We have F' = [0, 3], I'(t) = (=5t + 33)2(—12) + 195(L2),
O = [, +00), so that O N F = () and we go to Step 4.

Step 4 We have k =1,

. (t)ii(—%tJr%)(—lff)Jr —195(= ) () 4, 5
o ) BECHEE
1 5 1 4 5
) s () [EY
_ . 3 1i 4
= 2 4 i 4 — 5
Tl =1 Gyg | TE )| Sl
¢ 0 t

and t* = max{t : Tp(t) > 0} = 5 with Zp_(¢*) = 0. For ¢ € [0, 5] the point
(—%t + %, %t + 2) is an efficient interior point belonging to the segment
of endpoints S; = (g,?), T = (%,3). We have x5 = 0 when ¢ = 5, so
that x5 leaves the basis and z3 enters the basis. We obtain the following
simplex tableau:

Zt+ 110000 &
t—20[0000—5
z1[—5t+2[1000 £
T2 30100 1
x3| 3t+3/0010 3
T4 t0001 0

Set £ =5 and go to Step 1.

Step 1 We have F = [5,6], I'(t) = (5t — 2)?(4}) +195(=5), O = [5,35], so
that O N F = [5,6] and ¢ = max{t : t € O N F} = 6. Every point of the
segment having Sy = (%, 3),T> = (0,3) as endpoints is an efficient point.
Set £ = 6 and go to Step 2.

Step 2 t = 6 is an end point of F so that we go to Step 3.

Step 3 Any coefficient of the row corresponding to the variable 7 is non-
negative so that the algorithm terminates. It results £ = 51717 U SyT5.




358

L. Martein, V. Bertolucci

References

10.

11.

12.

13.

14.

15.

16.

. Cambini A (1981) An algorithm for a particular class of generalized convex pro-

grams. In: Schaible S, Ziemba WT (eds) Generalized concavity in optimization
and economics, Academic Press, New York.

. Cambini A, Crouzeix JP, Martein L (2002) On the pseudoconvexity of a

quadratic fractional function. Optimization 51:677-687.

Cambini A, Martein L (1986) A modified version of Martos’s algorithm for the
linear fractional problem. Methods of Operation Research 53:33-44.

Cambini A, Martein L (1988) The linear fractional and the bicriteria linear frac-
tional problem. In: Cambini A, Castagnoli E, Martein L, Mazzoleni P, Scaible S
(eds) Generalized Convexity and Fractional Programming with Economic Ap-
plications, Springer Verlag, Berlin Heidelberg New York.

Cambini A, Martein L (1990) Reciprocity in optimization and efficiency in the
bicriteria problem: a unified approach. In: Biihler W, Feichtinger G, Hartl RF,
Radermacher FJ, Stahly P (eds) Operations Research Proceedings, Springer
Verlag, Berlin Heidelberg New York.

Cambini A, Martein L (1992) Equivalence in linear fractional programming.
Optimization 23:41-51.

Cambini A, Martein L, Schaible S (1989) On maximizing a sum of ratios. Journal
of Information and Optimization Sciences 10:65-79.

Cambini A, Martein L, Stancu-Minasian (1996) Some developments in bicriteria
fractional programming. In: Ding-Zhu DU, Xiang-Sun ZHANG, Kan CHENG
(eds) Operations Research and its Applications, World Publishing Corporation.
Cambini A, Martein L, Stancu-Minasian (1999) A survey of bicriteria fractional
programming. Electronic International Journal Advanced Modelling and Opti-
mization 1:9-46.

Choo EU, Atkins DR (1982) Bicriteria linear fractional programming. Journal
of Optimization Theory and Applications 36:203-226.

Ellero A (1996) The optimal level solutions method. Journal of Information and
Optimization Sciences 17:355-372.

Frenk JBG, Schaible S (2005) Fractional programming. In: Hadjisavvas N, Kom-
losi S, Schaible S (eds) Handbook of Generalized Convexity and Generalized
Monotonicity, Springer.

Martein L (1988) On the bicriteria maximization problem. In: Cambini A,
Castagnoli E, Martein L, Mazzoleni P, Schaible S (eds) Generalized Convex-
ity and Fractional Programming with Economic Applications, Springer Verlag,
Berlin Heidelberg New York.

Schaible S (1983) Bicriteria quasiconcave programs. Cahiers du C.E.R.O. 25:93-
101.

Schaible S (1981) A survey of fractional programming. In: Schaible S, Ziemba
WT (eds) Generalized concavity in optimization and economics, Academic Press
New York.

Schaible S (1995) Fractional programming. In: Host R, Pardalos PM (eds) Hand-
book of Global Optimization, Kluwer Acadamic Publishers.



Decomposition of the Measure in the Integral
Representation of Piecewise Convex Curves

Mariana Nedelcheva

Technical University Varna, Department of Mathematics
9010 Varna, Bulgaria, mariana@mnet.bg

Summary. The notions of a convex arc and piecewise convex curve in the plane
generalize the notion of a convex curve, the latter is usually defined as the boundary
of a planar compact convex set with nonempty interior. The integral representation
of a piecewise convex curve through a Riemann-Stieltjes integral with a correspond-
ing one-dimensional measure is studied. It is shown that the Minkowski operations
known from the convex sets can be generalized to piecewise convex curves. It is
shown that the decomposition of the measure in the integral representation of the
piecewise convex curve leads to a decomposition of the piecewise convex curve into
a sum of corresponding piecewise convex curves. On this base, applying the natural
decomposition of the one-dimensional measure into an absolutely continuous func-
tion, a jump function, and a singular function, the structure of a piecewise convex
curve is investigated. As some curious consequences, the existence of polygons with
infinitely many sides and no vertices, and polygons with infinitely many vertices and
no sides is shown.

Key words: Convex arcs, convex curves, piecewise convex curves.

1 Introduction

The convex sets and convex curves in two dimensions are important topics
in convex set theory. The convex curves usually are defined as boundaries of
planar compact convex sets with nonempty interiors (we call such sets convex
figures). By mean of this definition a convex curve is a simple closed curve in
the plane. However the closedness of the curve gives restrictions in applica-
tions of the tool of integral representation introduced initially in Vitale [11].
Vitale [11] associates to a compact convex set a measure with the purpose to
characterize its support function. Even though Vitale’s paper appeared only
as a preprint, it gained some popularity and its results have been used by other
authors, say in [7], [9], [6] and [5]. The tool of the integral representations is
developed and clarified later in [10]. For this purpose the notion of a convex
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curve is generalized in [10], where convex arcs and piecewise convex curves are
defined. We recall these definitions in Section 2. The present paper continues
the study of the integral representation of piecewise convex curves. In Sec-
tion 3 it is shown that Minkowski operations known from the convex sets can
be generalized to piecewise convex curves. In Section 4 it is shown that the
decomposition of the measure in the integral representation of the piecewise
convex curve leads to a decomposition of the piecewise convex curve into a
sum of corresponding piecewise convex curves. On this base, applying in par-
ticular the natural decomposition of the one-dimensional measure into a jump
function, an absolutely continuous function and a singular function, in Section
5 the structure of piecewise convex curves and convex curves in particular is
investigated. Some curious consequences are the existence of convex curves
being either polygonal curves with infinitely many sides and no vertices, or
polygonal curves with infinitely many vertices and no sides.

In the present paper the author continues after [10] to develop the tool of
the integral representation of piecewise convex curves, with the intention to
apply it later to explain phenomena, which occur in the approximation of
convex curves by polygonal curves, like the ones described in [2], [3] and [9].
Other applications are also in sight. For instance the developed tool could
give another point of view to some of the problems concerning convex curves,
say the ones exposed in [12]. As possible interdisciplinary application, let us
mention that in economics the indifference curves and the level lines of the
utility functions possess convexity properties, hence their analysis could be
based on the developed here tool.

2 Convex Arcs and Piecewise Convex Curves

All considerations in this paper concern the Euclidean plane R?. The points
in R? and their radius-vectors are identified with pairs of reals. We make use
of the transformations TF : R? — R?, a = (a1,a2) — THa = (—az,a;) and
T~ :R? - R? a = (aj,a2) — T~ a = (az, —ay) being in fact rotations on a
right angle respectively in counter-clockwise and clockwise directions. For any
two points ¢!, ¢ € R? we denote by clc? the segment with an initial point
¢! and a final point ¢2. We denote also by ey = (cos,sin ) the unit vector
constituting with the x-axis an angle with measure 6.

We call an arc each set I' C R? homeomorphic to a compact interval
[, 8] C R. In this convention the points in R? are also arcs, since each point is
homeomorphic to a degenerate interval. The homeomorphism A : [a, 8] — I’
introduces an ordering < on I' with the agreement h(t;) < h(ts) if t1 < to.
We write also h(t1) < h(te) if t; < t2. The arc with the introduced ordering
is called an oriented arc. The points h(«) and h(3) are called initial and final
points of the oriented arc I'.

We call the oriented arc I' a convez arc if for any three points ¢* = (ci,cb) € I',
i=1,2,3, such that c* < ¢ < c3, it holds
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letcd
(ch, ) =133 >0. (1)
1c$es

The above determinant gives the doubled value of the oriented area of the
oriented triangle c'c?c?, hence it is nonnegative if this triangle is counter-
clockwise oriented. Roughly speaking, we call the oriented arc convex if it is
counter-clockwise curved.

Here there are some examples of convex arcs. Each point in R? is a convex arc.
The segment ab is a convex arc with an initial point a and a final point b. The
graph of a continuous convex function of one variable defined on a compact
interval is a convex arc.

Denote by I' a convex arc, and by a and b its initial and final points. Given
any two points ¢! < ¢? in I', then we put I .2 = {c € I' | ¢! < ¢ < ¢?}. Since
I.1.2 is the image of the restriction of the homeomorphism determining I" on
a compact interval, we see that I.1.2 is a convex arc.

Following [12] we call a convex figure any convex compact set in the plane
with nonempty interior. The next theorem determines the structure of the
convex arcs.

Theorem 1 ([10]). Let I" be a convex arc with a and b being its initial and
final points. Then the following cases may occur:

a) If a = b, then I' degenerates to a point.

b) If a # b and (ct,c2,c®) = 0 for any three points ¢t < ¢? < ¢ of I, then I’
is the segment ab.

¢) If a # b and (ct, c?,¢3) > 0 for at least one triple of points ¢t < ¢ < ¢® of
I, then I U ba is the boundary of a convex figure.

For a convex arc I' we introduced the set & = colI'. After Theorem 1 we
see that @ is a point in case a), a segment in case b), and a convex figure in
case ¢). In each case @ is a compact convex set in the plane. Recall that the
boundary of a convex figure is usually called a convex curve [12]. Therefore,
each convex arc is either a point, or a segment, or a connected and closed
proper subset of a convex curve. In the last case the convex curve can be
taken as the boundary of coI.

It is shown in [1] that each convex figure possesses a perimeter, that is each
convex curve is rectifyable. Consequently, each convex arc I is rectifyable and
therefore it admits an equation in natural parameter

Ir: r=f(s), 0<s<L, (2)

where the natural parameter s is the length of the arc from the initial point
a to the current point. Here L is the length of I'. The function f is contin-
uous. In fact, as in differential geometry, it can be shown easily, that f is
Lipschitz with constant 1. Since I" has no multiple points, the function f is
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injective. It is well known that each continuous and injective mapping with
domain a compact set is a homeomorphism. Therefore (2) is a homeomorphic
representation of the arc I'. Further, it can be shown that the passing from
a parameter t determining the convex arc I' to the natural parameter s is
realized by a monotonely increasing function s = s(¢). This shows that the
natural parameter s determines the same ordering on I" as the parameter ¢,
that is property (1) holds with respect to the ordering determined by the pa-
rameter s. Therefore (2) is a representation of I" as a convex arc, which can
be referred to as representation in natural parameter.

In Theorem 2 below we describe the function f in (2) in terms of a parameter 6
being connected with the support function of @ in direction eg. The support
functions are an important tool when treating problems concerning convex
figures. The representation obtained in Theorem 2 could play similar role
when studying convex arcs. Further we will introduce the notion of a piecewise
convex curve as a generalization of both the notion of a convex arc and a
convex curve, and will extend the representation from Theorem 2 to piecewise
convex curves. We need first the following notations.

Let K be a convex set in R?. We call a support function of K the function
A:R—-R, A@)=sup{r-e|reK}.

Here r - ey denotes the scalar product of the radius-vector r and the vector eg.

The straight line py : r-eg = A(0) is said to be a support line of K in direction
eg. We will consider py as an axis with orientation determined by the vector
Tteg being colinear to py.

Suppose that I"is a convex arc with initial point a, final point b and parametric
representation in natural parameter given by (2). When a # b we denote by
7 a real number, for which e, = T~ (a — b)/|la — b||. Here || - || denotes the
Euclidean norm. When a = b, which according to Theorem 1 has place only
if I degenerates to a point, we denote by v any real number.

Let 6 € [y,v+2n] and py is the support line of @ in direction eg. Let @ Npy
be the segment with end points r~ () and r* () where the direction from
r~(0) to r*(0) coincides with the orientation on pg.

We put

—oy a, 0=", by JrT(0), v <0 <y +2m,
¢ (9)_{r_(9),7<9<7+27r, c (9)—{ b, 0=~ +2m.

We determine the functions s=, s : [y, + 27| — R by

where f is the function from the representation (2) of I" in natural parameter.
In fact s~ () gives the length of I',.—(g) and sT(0) gives the length of I',.+g).
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Theorem 2 ([10]). Let I" be a convex arc with initial point a and final point
b. We put 0, =~ and 0, = v+ 2w. Now a = ¢~ (6,) and s~ (0,) = 0.
a) The following integral representation has place:

0
¢+ (8) = ¢ (B0) + T eq, (5™ (B0) — 5~ (60) +/ Tteydst (),
0 fo (3)
c (0) =c (90) + / T+€)\ ds™ ()\) y

fo

for all 0y € [04,0,) and 0 € [0y, 0] (the integrals are in the sense of Riemann-

Stieltjes).

b) The function f from the representation (2) in natural parameter is given

by

¢ (0), s7(0),
f(s) = +(9) _ _ 7E;_)(9) ’ ’ s*(@),
c‘(@)m + c+(ﬁ)m .5 (0) <s< S+(9).(4)

¢) The support function A of Pr satisfies
AO) =ep-c(0)=eg-ct(0), 0,<6<0,.
The obtained result is illustrated by the following example.

Ezample 1. Let K be the triangle K = {(z,y) | -1 <2 <0, - 1—2z <y <
1 + z}. Define the convex arc I' to be the counter-clockwise oriented part
of the boundary of K from the point (0, 1) to the point (0, —1). We have
a=1(0,1),vy=0, and s7, st : [0, 2r] — R are given by

0, 0<60<3r/4, 0, 0<60<3n/4,
s7(0)={ V2,3n/4<0<51/4, sT(O)=<¢ V2,37/4<0<5n/4,
22, 5r/d<6<2rm. 202, br/4<6<2m.

Formula (3) gives

(0,1), 0<6<3n/4, (0,1), 0<6<3n/4,
c(0) =< (-1,0),3nr/4 <0 <5m/4, ¢ (0) =< (-1,0),3m/4 <0 < 51/4,
(0, -1), b5m/4<6<2m, (0, 1), bw/4<6<2r.

For the function f we get

_ (—s/v2,1-35/V2), 0<s<V2,
=1,

/ —245/V/2,1—5/v2),v2<s5<2/2.
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Concerning Example 1 we can make the following remark. The function s~
and s are defined on the interval [0, 27]. The function s~ starts as a constant
on the interval [0, 37/4]. Similarly s* finishes as a constant on the interval
[57/4, 27]. In such a situation the function f can be obtained if the calcula-
tions in Theorem 2 are done with any 6, € [0, 37/4] and any 6, € [57/4, 27],
in particular with 6, = 37/4 and 6, = 57/4. While Theorem 2 was formu-
lated with interval [0,,0,] with length 27, Example 1 shows that sometimes
the same calculations can be done applying a smaller interval.

Formula (3) with 6y = 6, transforms into

0
ct (@) =a+T e, sT(0,) + / TtexdsT()),
0 Oa (5)
c (@) =a+ / Ttexds ()),
Oa

true for all § € [0,,6,]. This can be considered as an integral representation
of the convex arc I', since in virtue of (4), once we have got the functions
¢~ and c¢t, we can restore I'. Let us underline, that the essential information
in (5) is the knowledge of the initial point a, the interval [f,,0;] and the
function s* : [0,, 6] — R, which is monotonely increasing, nonnegative, and
continuous from the right. The latter is seen from the next Theorem 3, where
it is shown that the function s~ can be expressed by s*. Turn attention there,
that the knowledge of only s~ is not enough to restore s, for the value s*(6;)
cannot be obtained by s.

Let us underline that the Riemann-Stieltjes integral from a continuous func-
tion with respect to an increasing function exists always [4]. The function
A — Ttey = (—sin A, cos)) is continuous. Therefore, the integrals in (5) exist
always.

Theorem 3 ([10]). Let s+ : [0, 0] — R be monotonely increasing, nonneg-
ative, and continuous from the right function and a € R?.

Determine the function s= : [0,,6,] — R from the condition
_ 0, 0=20,,
5 (0) B {limgl_,go S+(91) = S+(9 - 0), Ha <0 S 91, . (6)

Determine ¢t (0) and ¢~ (0) from (5) for all 6 € [0,,6,).

Under these conditions it holds:

The limit in (6) exists. The function s~ is monotonely increasing, nonnega-
tive, and continuous from the left, moreover

sT(0)=s"(0+0),0, <0<, 7
s7(0) <sT(0), 0,<0<0,.

The function ¢t is continuous from the right, and ¢~ is continuous from the
left, moreover
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ct(0)=c(040),0, <0 <06, (8)
c(0)=ct(0-0),0, <0<6,.

In Example 1 we determined initially the convex curve I' and on this base we
obtained the point a, the interval [0,,6,] and the function s*. Now we pose
the reverse question:

Given the point a, the interval [04,0y] and the function s™ : [0,,6,] — R being
monotonely increasing, nonnegative, and continuous from the right. Define
the function s~ : [04,0s] — R as s~ (0,) = 0 and s=(0) = s (0 — 0) for
0, < 0 < 0y,. The question is: What can be said for the curve I' having
equation (2) with function f determined by the integral representation (5)
and formula (4)? In particular:

A. Is I' a convex arc, at least when 0, — 0, < 27w ?
B. Is s a natural parameter for the obtained curve, i. e. is s the length of the
arc from the initial point a to the current point?

In connection with Question A, let us say that in Theorem 2 it was 6, — 6, =
2w, but the possibility to take 6, — 6, < 27 was noticed as a remark after
Example 1. Still, let us say that the answer of Question A is negative as the
following example shows.

Ezample 2. Let 0, be any real and let a = (0, 0). Put 6, = 6, + 7 and define

1,0, <0 <6,
s Bt~ R, o) = {2 =P
Then (5) does not represent a convex arc, since we get multiple points. In
fact, the curve I' corresponding to the representation (5) is the segment ab
walked twice, once from a to b, and once from b to a. Here b is the point
b= (—sinb,, cosf,) =TT ey,.

Example 2 shows that the answer of Question A is negative when 6, — 6, >
7. The next theorem shows however, that the answer is still positive when
0, — 0, <.

Theorem 4 ([10]). Suppose that a € R? is a given point, [0,,0,] is a given
interval with length 6, — 0, < 7, and s : [0,,0,] — R is a given monotonely
increasing function, which is nonnegative and continuous from the right. De-
fine the function s~ : [0,,0,] — R as s™(0,) =0 and s~ () = sT(0 — 0) for
0o < 0 < 0y. Then the curve I' given by equation (2) with function f deter-
mined by the integral representation (5) and formula (4) is a convex arc and
the parameter s in equation (2) is the natural parameter of T

Theorem 4 clarifies the answer of the posed problem. The curve I" determined
by a € R? and s* : [0,,0,] — R is for sure a convex arc only if 0, — 0, < .
In the case, when this inequality is not satisfied, we can take a partition
0o = 6y < 61 < ... < 0, = 6, of the interval [0,,0;] with ; — 0;,_1 <
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m, ¢ = 1, ..., n. These inequalities show that the restriction of the integral
representation (5) to the interval [6;_1,0;] gives a convex arc. More precisely,
the convex arc that we have in mind when speaking for a restriction of (5)
to the interval [0;_1,6;] is obtained from (5) by obvious change of the initial
point and diminishing s™ by a constant, the latter in order for s to play the
role of a natural parameter. In fact this representation is the one given by (3),
where 6y must be replaced by 6;_; and the measures in the integrals must
be diminished by s~ (0;_1), see further (9). The variable 6 then ranges in the
interval [6;_1, 6;].

The made observation makes natural the following definition.

We call a piecewise convexr curve any curve, which admits a representation
given by (5) in the explained above sense, with some point a € R?, interval
[0a, 0], and a monotonely increasing, nonnegative and continuous from the
right function sT : [04,0,] — R.

3 Operations with Piecewise Convex Curves

According to the definition given in the previous section a piecewise convex
curve I' can be identified with a triple I' = (a, I, s7), where a € R? is a
given point, I = [0,, 0] is a given interval, and s : I — R is a nonnegative,
continuous from the right, and monotonely increasing function. Since all the
components of I" appear in formulae (5), where 6 € [0,, 6], we may consider
(5) as an integral representation of I'. We say then that the corresponding
parametric curve (2) is generated by the piecewise convex curve I'. The rea-
soning made at the end of the previous section and based on Theorem 4 form
the following result.

Theorem 5. Suppose that I' = (a, [04, 0], s7) is a piecewise convex curve,
which generates the parametric curve (2). Then the parameter s in (2) is the
natural parameter.

To interpret geometrically a piecewise convex curve I' = (a, I, sT), where
I = [0,,0p], we take a partition 8, = 0y < 61 < --- < 6, = 6, of the interval
I, for which 6; — 6,1 < m, i =1,...,n. For i = 1,...,n, we consider the
piecewise convex curves I = (¢~ (0;_1), [fi—1,0:],s]), where

sT(0) — s (0iz1), 01 <0<6;,
s;r i [0ic1,60:] — R, sj =< s (0;)—s(0;i—1),0=06;,i=1,...,n—1,
sT(0:) — s~ (0i-1), 0 =0 i=n.

(9)
Let v¢ : 7 = fi(s), 0 < s < L;, be the parametric curve generated by I"*. Then
I generates the parametric curve v being the sum of y' + ... +~", the latter
means that the initial point of each succeeding curve 4 is the final point of
the preceding curve v'~'. More precisely, ~ is the parametric curve given by
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y:r=f(s),0<s<L, where L=1Ly+---+L,, and f(s) = fi(s— 2;11 L;)
for Li—1 < s < L;j,i=1,...,n (here we accept Ly = 0 and 2?21 L; =0).
Since further we define a sum of curves in other sense, the described here
sum will be denoted v = y' @ --- ® ™ and we will call v an oriented sum of
Y, ..., 4™ (since the sign @ is used here only in this meaning, there will be no
confusion with other accepted practices of usage of this sign). Similarly, we
write I’ = I'' @ --- @ I'™ (and call it oriented sum) for the piecewise convex
curves (even when not necessarily 6; — 0;,_1 < m, i = 1,...,n). This notation
is justified, since as we show below, when 6; — 6,1 < 7, the piecewise convex
curve I'* can be identified with ~*.

Theorem 6. Let the piecewise convex curve I' = (a, I, sT), with interval I =
[0a, 0] having length 0, — 0, < 7 generate the parametric curve v : r = f(s),
0 < s < L. Then, having fixed in advance the interval I, we can identify I’
with 7y, in other words v determines uniquely a and s™.

Proof. The equality a = f(0) shows that v determines uniquely the initial
point a. Now we show that also sT is determined uniquely. According to
Theorem 4 « is a convex arc. According to Theorem 1 the following cases may
occur:

a) v = {a}, that is v is a point. Then necessarily s*(6) =0, 6 € I.

b) v = ab, b # a, that is 7 is a nondegenerate segment.

Let 6. be any real, such that eg, = T~ (b —a)/||b — al||. We claim that then
there exists a uniquely determined 6y € I, such that

0,0 € [0a,00)
+ _ 3 ) 5
s (9>‘{|ba|, 0 ¢ (00,0,

It holds 6y = 0. + 2kom with some ko € Z (with Z we denote the set of the
integer reals).

To show this we observe that s* is a constant on each interval [0',60"] C I,
such that [6,60”] N {0, +mn | m € Z} = (). Assume in the contrary, that this
is not true. Since v is the segment ab, we would have

o
0=eq, - (c7(0") —c(0)) = / co. - Thexds™ (M) (10)

s
= / sin(A — 60,)dsT(\) #0,
a contradiction (the integral has the sign of sin(A—#6,), which does not change
for X € [#’,0"]). Therefore sT is a jump function, whose jumps are only on
the set I N {f. +mm | m € Z}. This set is a unique point §y = 6. + mom,
because the length of I is less than 7. Now a direct calculation shows that I
generates the segment ab only if my = 2k for some ky € Z and the jump of
st at 0y is ||b — al|.

¢) v Uba is the boundary of a convex figure &.,, where b # a is the final point
of ~.
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Let [04,0;) be an interval with less possible length, such that eg, and eg,
are support directions for &, at the points a and b respectively. For any
0 € [04,0s) we denote by py the support line of ., in direction eg. Let &, N
po = r—(0) r(0), where the direction from r~ () to r(#) coincides with the
orientation on pg. Denote by o (6) the length of the arc v, .+ (g). We claim that
then there exists a uniquely determined kg € Z, such that [0, + 2ko7, 0, +
2kom] C I and

0, B 96[9a79_g+2]€07('),
sT(0) = o(0 —2kem), 0 € [0, + 2kom, O, + 2kom] (11)
U(eb) R 0 e (9b + 2kqm, 91,] .

To prove the claim we denote by kg the smallest k& € Z, such that 6, <
0, + 2km < 0 + 2km (the strict inequality 0, < 0, holds, since v is not a
segment). We prove that Oy + 2kom < By. If this is not the case, we would have
0, —2kom < 0. Since b is the final point of v, it holds o (6, —2kom) = o(6). This
equality shows, that the interval [f,, ;] can be diminished to [0, 6, — 2ko7],
and still eg, _or,» is the support direction of ¢, at b, which contradicts the
minimality of [0, f].

Thus [0, + 2ko7, Oy + 2ko7] C [fa, 6], whence in particular 0 < 6, — 0, <
0y, — 0, < 7. Like in case b) we show that sT is a constant on any interval
[0",0"] contained in [0, 0, + 2ko7) or (0 + 2kom, 0] (the left-hand side in
(10) is 0, since ¢ (0") = ¢*(0") and 0. is replaced by 6y = (6, + 6;)/2). Since
sT is continuous from the right, it is also a constant on the closed interval
[éb + 2kgm, Qb] Let 0 € [éa + 2]€0W,§b + 2]@07‘(]. Now 0 — 2k € [éa,éb} and
€9 = €p_okyn- From the definitions of ¢t (in 5) and r* we have ¢ () =
77(0 — 2kom). According to Theorem 4 the length of v, c+(6) = Var+(0—2km)
is given by s¥(0) = o (0 — 2kgm), which proves the claim. O

We consider two piecewise convex curves I = (a?, I, sj) as different, if
they differ in at least one component. The following example shows that the
conclusion of Theorem 6 does not hold in general for larger intervals. Namely,
we show that two different piecewise convex curve can generate the same
parametric curve.

Ezample 3. Consider the piecewise convex curves I = (a?, I, s7), i = 1, 2,
determined by the point a' = a? = (1, 0), the interval I} = Iy = [0, 47] and
the functions s : I; — R, i = 1, 2, given by

0, 0<0<2rm 0, 0<O<2rm
+ o bl = — ) + — ’ - - ’
81(0)_{27r,27rg6‘§47r, s (0)_{9—27T727T§9§47T~

Then these piecewise convex curves are different, but they generate the same
parametric curve, namely the circle r = (cos s, sins), 0 < s < 27.

Still, the result of Theorem 6 admits some improvement.
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Theorem 7. Let the piecewise convexr curve I' = (a, I, s*) with interval I =
[0a, O] having length 0, — 0, < 27 generate the parametric curve v : r = f(s),
0<s<L.If0,—0, = 27 suppose also that sT (0, —0) = s1(0,). Then, having
fized in advance the interval I, we can identify I with =y, in other words
determines uniquely a and s™.

Proof. We suppose first 0, — 0, < 2m. Put 8y = (0, + 0)/2. Consider the
oriented sum I' = I'' @ I'? corresponding to the partition 6, < 6y < 6. For
the respective generated parametric curves we have v = v' @+2, where 7' and
42 are convex arcs because of the intervals [0, 6o] and [0y, 0,] have lengths
smaller than 7. We denote by [0, 6] an interval with less possible length,
such that e; and ey, are support directions for @,1 and .2 at the points a
and b respectively. Obviously ey, is a support direction for ¢,1 and @.» at
the point ¢ = ¢~ (6y), which is the final point for ¥! and the initial point for
~2. Let pg be the support line of .1 for 0 € [0a, O) or the support line of
®.2 for 6 € [0, 6]. Denote @i Npg = r—()r+(f) with an orientation of py
coinciding with the orientation from r~(0) to 7+ (0). Let o () is the length of
the curve v4,+ (). In a similar way like in the proof of Theorem 6 case c) we
show that there exists a unique kg € Z, for which [0, + 2kom, 0, + 2kom] C I
and (11) holds. The uniqueness of s™(6) is proved.

Let now 0, — 0, = 27 and s™(6, — 0) = s7(0). For a sequence 6, — 0,
with 6,, < 6y, n = 1, 2, ..., we consider the piecewise convex curves [, =
(a, I, st),n=1,2, ..., where

+
+(9): S (9)a0a§0<6n7
" s

s +(9n)70n§9§9b

Let ~, be the generated by I, parametric curve. The relation 6, — 6, <
27 implies that s is uniquely determined by ~,. Obviously s} (6) — sT(0)
according to the continuity from the left of s™ at the point 8,, whence s is
uniquely determined. O

The proved theorem shows that a piecewise convex curve I = (a, I, sT), for
which the length of the interval I is not greater than 27 (and in the case of 27
length the function s is continuous at the right end of I) can be identified
with the generated by I' parametric curve. The following simple example
shows that in the case of a length 27 the assumption that s is continuous at
the right end point of I is essential.

Ezample 4. Consider the piecewise convex curves I = (a’, I;, s7"), i = 1, 2,
determined by the point a' = a? = (0, 0), the interval I; = I, = [0, 27}, and
the functions sj : I; = R, i = 1, 2, given by s{(f) = 1 for 0 < § < 2, and
s5(0) =0 for 0 <6 < 27 and s5 (27) = 1. Then both I'* and I"? generate the
same parametric curve v : r = (0, 5), 0 < s < 1.

In geometry by curve we mean usually the image of an interval by a contin-
uous mapping. Different mapping can define the same curve. Each particular



370 M. Nedelcheva

of these mappings is called a parametric curve, or a parameterization of the
given curve. Since often the properties of a curve are derived by its parame-
terization, the notion of a parametric curve plays an important role to the
extent that we identify curves and parametric curves. This comment under-
lines the importance of Theorems 6 and 7, which describe when a piecewise
convex curve could be identified with a parametric curve. Example 4 shows
however, that in general such an identification does not hold. A piecewise con-
vex curve I' is a more complicated object than a parametric curve. Namely,
it is a parametric curve 7 and a given normal vector § — eq, 6 € [0,, 0] at
the points on ¢=(0) ¢t (#) C +. The normal vector at the initial point a is eg,
and the normal vector at the final point b is ey,. The existence of a normal
vector to a piecewise convex curve I' = (a, I, s7) allows to introduce a support
function A : I — R putting A(0) = ey - ¢ (). We write also Ar instead of A
to underline the dependence on I'. Now the tool of the support functions can
be applied to piecewise convex curves in the way, in which support functions
are applied to investigate convex sets and convex curves.

Now we define the following operations with piecewise convex curves.

Multiplication of a piecewise convex curve with a nonnegative scalar. Given
the piecewise convex curve I' = (a, I, sT) and a nonnegative real A\, we put
A= (Aa, I, AsT).

Sum of piecewise convexr curves. Given the piecewise convex curves I =
(ai, I, s7), i =1, 2, defined on the same interval I, we put It + I'? = (a' +
a?, I, s{ +s5).

In the above definitions both A I" and I'! 4+ I'? are piecewise convex curves. In
fact, if s™ is a nonnegative, continuous from the right, monotonely increasing
function on I, the same property obeys A s*. Similarly, if both s and s3 are
nonnegative, continuous from the right, monotonely increasing functions on
I, the same is true for s + s3.

More generally, we define a linear combination of piecewise convex curves
with nonnegative coefficients as follows. Given the piecewise convex curves
I''=(a', I, sf),i=1,...,n, defined on the same interval I, and the non-
negative reals \;, we put > A\ I = (30 N, I, S0 Aisi) . Accord-
ing to Theorem 5 in the above linear combination the sum Y"1 A;s; is in
an obvious manner related to the natural parameter of the generated curve.
In particular, if L(I") denotes the length of a piecewise convex curve, then
L(Z?:l Ai Fi) = Z?:l Ai L(Fi)~

According to Theorem 7, in the case when the interval I has a length not
greater than 27 (and in the case of 27 length the function s* is continuous
at the right end of I), the introduced operations between piecewise convex
curves can be considered also as operations between the generated by them
parametric curves and vice versa. Assuming that the operations are defined
in some direct manner on the parametric curves, we carry them immediately
over the piecewise convex curves.
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Let us underline, that in the case of an interval I with a length greater than
27, the operations on the piecewise convex curves cannot be determined by
suitable operations on the generated parametric curves. To demonstrate this,
observe that both the two piecewise convex curves I'%, i = 1, 2, in Example 3
generate the same parametric curve, namely the unit circle r = (cos s, sin s),
0 < s < 27. The piecewise convex curve I'' + I'? generates the parametric
curve 7 = (coss, sins), 0 < s < 4, that is the unit circle circumscribed
twice. At the same time the piecewise convex curves I'' + I't = 27! and
I'? + I'? = 2I'? generate the parametric curve r = 2 (cos(s/2), sin(s/2)),
0 < s < 4m, that is a circle with radius 2 circumscribed once.

Now we discuss closed piecewise convex curves. Such a curve I' = (a, I, sT),
where I = [0,, 6], is called closed if its initial and final points coincide, that
is if a = ¢T(0y). According to (5) this condition can be written as

0y
Tteg, s1(0,) +/ Ttexdst(\)=0. (12)
0

a

In general a closed piecewise convex curve I' can have multiple points, that is
it can generate a self-intersecting parametric curve. The next theorem shows,
that this is not the case if the curve is determined by an interval, whose length
is not greater than 27, and it does not degenerate to a segment passed twice.

Theorem 8. Let I' = (a, I, sT) be a closed piecewise convex curve with in-
terval I = [04,0y] having length 0, — 0, < 2mw. Then I' generates and can
be identified to a parametric curve being either a point, or a segment passed
twice, or a convex curve.

Proof. Using the notation from Theorem 7, we take the decomposition I" =
I' @ I'?, where ) = %(ﬁa +03). Then for the respective parametric curves we
have v = 4! @ ~2. Then I'' can be identified with v', whose initial and final
points are a and ¢~ (6p). Similarly I'? can be identified with 72, whose initial
and final points are ¢~ (6p) and ¢*(0,) = a. In the case when 6, — 0, < 27
according to Theorem 7 also I' can be identified with ~. Then 6, — 0y = 0y —
0, = %(Gb —60,) < 7, and according to Theorem 4 ! and 72 are convex arcs.
If at least one of them is a point, the other is a point too, and v degenerates to
a point. If both ~,(6p) and 7, (0y) are segments, then obviously 7 is a segment
passed twice. Assume that at least one of y! or ¥2 does not degenerate to a
point and is not a segment. Then we can show that the set & = &1 U2 is
a convex figure. This can be demonstrated (similarly to the proof of Theorem
1 case ¢) given in [10]) by showing that v is a simple closed curve, ¢ contains
interior points, and each straight line passing through an interior point of &
intersects 7y in exactly two points. This property implies that @ is a convex
figure (see Problem 5, page 17 in [12]).

The obtained result can be extended to the case 6, — 6, = 27 in a routine
way (though not ad hoc), so the proof is omitted. Let us underline, that
according to Theorem 7, when 6, — 6, = 27 and I = (a,I,s") is such that
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sT(0,—0) = s1(6y), then I" can be identified with 7. To show that also without
this assumption I" can be identified with 7, we make the following reasoning.
Suppose that v is a simple closed curve (the cases of v being a point, or a

segment passed twice are considered similarly). Consider the piecewise convex
curves I' = (a,I,s7) and I = (¢ (), I,5), where 5% : I — R is defined by

sH(0) = sT(0) +sT(0p) — st (0, —0), 0, <O <0,
- 8+(9b), 9291,.

Since 5% (0, — 0) = 57 (6,), according to Theorem 7 the curve I" can be identi-
fied with the generated by it parametric curve 4. The curve ¥ coincides with
v as a set of points in the plane. The only difference is that I" and I" deter-
mine two different initial points a and ¢~ (6;). Since we usually identify the
coinciding as point sets simple closed curves regardless of the chosen initial
points, we may identify v and 4. We will identify on this base also the curves
I' and I', and any two curves to which corresponds the same parametric curve.
With this agreement, giving in fact a relation of equivalence on the piecewise
convex curves defined on I, we get, that each closed piecewise convex curve
defined on an interval with length 27 can be identified with the generated by
it parametric curve. O

Let I' = (a,I,s™) be a closed piecewise convex curve with interval I = [0, 6]
having length 8, — 0, < 27. Denote by -y the parametric curve generated by I
We will put @1 = co~ (in this formula we consider 7 as a set of points). Then
@ is a compact convex set, which is either a convex figure having v as its
boundary, or a segment (then 7 is the segment passed twice), or a point. Now I’
can be identified with «, which in turn is into one-to-one correspondence with
@ . Therefore, in this case the introduced operations between piecewise convex
curves can be interpreted in terms of operations between convex sets. For this
purpose it is useful to establish what is the relation between the support
functions of the given piecewise convex curves and the support function of
their linear combination with nonnegative coefficients.

Theorem 9. Let I'" = (a’, I, s]7), i = 1,...,n, be closed piecewise convex
curves with the same interval I = [0, 0], and let A; > 0 be nonnegative reals.
Then Ayn x,ri = DIy AiAFi. In consequence, if the interval I has length
0, — 0, < 2m, then Z?:l NI s a closed piecewise convexr curve and it holds
Psn 1 = Z:‘L:I Ai®@ri, where the right-hand side stands for the respective
Minkowski operation between convex sets.

Proof. We have >0 NI = (30 Na?, I, Y0 Nisi). Applying the rep-
resentation (5) now for 6 € [0, 0] we get
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_ +
Ay i (0) =eq- Csr  ari (0)

n n 0 n
= ep - <Z Aia' +TVeq, > Nist(0a) + / Ttexd) Aisj(A)>
i=1 i=1 Z

a =1

=> Nieg-ch(0)=> NApi(0).
i=1 i=1
If I'* are closed piecewise convex curves we have according to (12)

n 0y n
T*ey, Zkis;f(ea) +/ Ttey dz Aisi(\)

i=1 a =1

n 0
A <T+ega st (0,) + / Ttey dsj(A)) =0,
—1 0,

7

whence Y1 NI i is also a closed piecewise convex curve. When I has length
0y, — 0, < 27 according to Theorem 8 the sum Z?Zl MI? can be identi-
fied with a simple closed curve being the boundary of the set @y . pi =
co > NI Let I' = (a, I, sT) be a closed piecewise convex curve with
interval I = [0,,0p] having length 8, — 0, < 27. Then according to the defini-
tions the support functions A of the piecewise convex curve I" and Ag,. of the
convex set & = coI" are equal. Now the equality Ayn x i = >0 NiApi
implies

n
A'@ZLI X It = Z Ai Aqsri = AE:L:I Ai@ri
i=1
where the right-hand side equality represents a known relation between
Minkowski operations of convex sets and their support functions. Since
the support function determines uniquely the compact convex set, we have

@Zlﬂzl = Z?:l ANi®@ri. a

The Minkowski operations between sets define Minkowski operations between
convex curves. Theorem 9 shows that the introduced here linear combination
for piecewise convex curves Y ., \;I"*, where \; > 0, is a generalization of
the Minkowski operations from convex curves to piecewise convex curves.

The connection of the introduced operations with the Minkowski operations
of sets is illustrated on the following example.

Ezample 5. Let Ko = co{(0, 1), (0, =1)}, K; = {r € R? | ||r|| < 1} and
K = Ky + K. Define the convex arc I" to be the counter-clockwise oriented
part of the boundary of K from the point (1, 1) to the point (1, —1). We have
a=(1,1),y=0,and s—, sT : [0, 2r] — R are given by

— 0, 0<6<m, T 0, 0<O<m,
8(9)_{2+9,7r<9§27r, 5(9)_{2+9,7r§0§27r.

Formula (3) with 6y = 0 gives
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~(0) = (cosf, 1+sinf), 0<60 <,
¢ ~ | (cosf, =1 +sinf), 7 < 6 < 27,

() = (cosf, 1+sinf), 0<0<m,
" 1 (cosf, —1 +sinf), 7 <6 < 2r.

The convex arc I' can be identified with the piecewise convex curve I =
I''+T% where I'" = (a?, I, s}),i =1, 2, are given by I = [0, 27, a' = (1, 0),
s7(0) =0 for 0 <0 < 2m, and a®> = (0, 1), s3(f) =0 for 0 < 6 < 7, and
s;(0)=2forw§9§27r.

4 Decomposition of the Measure

For two piecewise convex curves I'* = (a’,I,s%), i = 1, 2, which differ only
with respect to the initial points, formulae (5) give ¢ (6) — ¢ (0) = a® — a'
and ¢; (0) —c; () = a® —a'. Consequently, for the generated by I"* parametric
curves v : 7 = fi(s),0 < s < L;, we have L; = Ly and f?(s) = f1(s) + (a® —
a'). Hence 4?2 is obtained translating ! with the vector a? —a!. On this base
we can speak also that I'2 is obtained translating I'! on the vector a? — a'.
All the piecewise convex curves obtained one from the other by a translation
form a class of equivalence in the set of piecewise convex curves. Each class
of equivalence is determined by a piecewise convex curve I = (0, I, s7) with
initial point the origin. Wishing to study the properties of the piecewise convex
curves determined only by s*, we may confine to piecewise convex curves with
initial points at the origin, and to state that these properties are assigned to
each piecewise convex curve from the class of equivalence.

The function s* for the piecewise convex curve I' = (0, I, sT) with I = [0, 6]
is called sometimes measure. Such a saying is used once that s™ measures the
length in the generated parametric curve, but mainly since st determines the
measure in the Riemann-Stieltjes integrals (5). The measure s is monotonely
increasing function. Each such function admits a decomposition

sT(0) =57 (0) + 55 (0) +55(0), 0€I=10a,00], (13)

as a sum of a jump function sj', an absolutely continuous function s}, and a
singular function s}. For the role of this decomposition in integration theory
see for instance [8] or [4]. The decomposition (13) is unique, if we agree that
at the beginning of the interval it holds s} (6,) = 0 and s} (6,) = 0. If s is
nonnegative, monotonely increasing and continuous from the right, the same
properties obey the functions sj7 st and sI. Therefore, together with the
piecewise convex curve I" = (0, I, s7), we determine uniquely the piecewise
convex curves I; = (0, I, s}), I, = (0, I, s) and I}, = (0, I, s}). Further,
the equality (13) implies I" = I'; + I, + I,. We call this representation a
decomposition of I into a sum of a jump, an absolutely continuous and a

singular components.
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The properties of I' can be investigated on the base of its decomposition.
But first of all let us underline as the next example shows, that even if I
is a convex curve, its components need not be convex curves. Therefore, the
notion of a piecewise convex curve is important also when we wish to study
convex curves through their decomposition.

Ezample 6. Consider the piecewise convex curve I' = (0, I, s7), I = [0, 2],
given by
5+(0){ 146 0<6<3n/2,
2+37/2,37/2<60<27.

Then I is a closed piecewise convex curve, hence it is also a convex curve. It
is decomposed into I" = I'; + I, with non-closed components given by

S+(9):{1, 0<6<3m/2, *(9):{ 0, 0<0<3m/2,

j 2,31/2<0<2r, Oo 37/2,3m/2 <6 <2r.

5 The Structure of Piecewise Convex Curves

Now we give some applications of the obtained in the previous section decom-
position.

Consider the piecewise convex curve I' = (0, I, s*) with I = [6,, 0]

We say that I" has a side for § € I if £(f) = sT(0) — s~ (8) > 0. The number
£(0) is called then length of the side. Recall that s~ (0) = 0 for § = 6, and
s7(0) = st(@ —0) for , < 6 < 6. In fact I" has a side for some 6 if
¢ (0) # ¢*(0). Then we accept that the segment ¢~ (#) ¢t (6) is this side. The
length of this segment is in fact £(#). The direction ey is considered then as
a normal for this side. Since s} and s} are zero for § = 6, and they are
continuous for 6, < 6 < 6, we see that I" has a side for 6 if and only if the
jump component I; has a side for § and the lengths of these sides of I" and
I'; coincide.

Given any 0 € I, we denote by I(6) = [a(0), 3(0)] the maximal interval I(0) C
I, such that 6 € I(0) and s™ is a constant on I(0) \ {5(0)} = [a(h),5(0)). We
say that I has a vertex for 6 € I if the interval I() is non-degenerate. Then
the point ¢ ()) is the same for all A € I(0) \ {3()} and is called the vertex
for 6. The number m(0) = 3(0) — a(0) is called the measure of this angle. To
underline the dependence of I(#) on I" we write also I(0) = [ar(0), Br(6)).
Since the functions 5;’, st and sI are monotonely increasing, we see that
I(0) = Ir;(0)NIr, (0)NIr, (0). Therefore I" has a vertex for ¢ if this intersection
is a non-degenerate interval.

We call the piecewise convex curve I' a broken line, if sT = s;' and sj is a
scale function. In other words I" is a broken line if the interval I is a union of
finitely many intervals on which s* is a constant. Sometimes the broken lines
are called polygonal curves, but we use here the notion of a polygonal curve
in a more general sense.
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Recall that sT gives a measure on the interval I. In the case when I is
a broken line the support of this measure is a finite set (we say also that
the measure is concentrated on a finite set). This observation leads to the
following generalization of the notion of a broken line. We say that I is a
piecewise convex polygonal curve if the measure s' is concentrated on a set
with Lebesgue measure zero. The following remarks concern polygonal curves.
The definition gives immediately that a curve is polygonal if and only if the
decomposition (13) does not contain absolutely continuous part, that is if
st = 0. Consequently I' = I'; + I, is decomposed in only jump curve and
singular curve. The existence of an absolutely continuous component I, of
I' is connected with the notion of a curvature of the piecewise convex curve
and will be investigated in a separate paper. Now we confine to some notes
concerning polygonal curves.

If I" is a broken line and sT is not a constant, then I" has both sides and
vertices. Asking, whether the same property is true for polygonal curves, we
discover, that there exist polygonal curves with infinitely many sides and no
vertices or with infinitely many vertices and no sides.

Ezample 7. Let I = [0, 7/2] and {0,,}52; be a dense sequence of different
numbers of the open interval (0, 7/2) (say {6,}22, could be the set of all the
rational points of this interval). Let {e,}52; be a sequence of positive numbers
for which the series ) . &, converges. Define the function s* : I — R,
sT(0) = Y {en | 0, < 6}. Then s* is nonnegative, monotonely increasing
and continuous from the right jump function, which is not a constant on any
interval. Then the piecewise convex curve I" = (0, I, s*) has only a jump
component I' = I'; having a side at each point §,, n =1, 2,..., and having
no vertices at all.

Ezample 8. Let st be any singular function on the interval I = [0, 7/2] and
let {I,,}5°, be the subintervals of I on which s* is constant. Recall that a
singular function has no points of discontinuity. Then the piecewise convex
curve I' = (0, I, s7) has only a singular component I" = I, having a vertex
at each 6 € I; and no sides at all.

A natural question is whether there exist convex curves being polygonal curves
with the properties described in the previous two examples. The following
example gives an affirmative answer of this question.

Ezample 9. Let § : [0, 7/2] — R be any nonnegative, monotonely increasing
and continuous from the left function, such that §7(0) = 0 and §*(7/2—0) =
§T(m/2). Put as usual §7(0) =0 and §~ () = 57 (0 —0) for 0 < 6 < /2. Let
I =0, 27] and define the function s*: I — R by

50), 0<0<m/2,

() = 25t (n/2) =5 (m—0), 7w/2<0<m,
25T (n/2)+8T(0—m), 7n<0<3n/2,

457 (n/2) — 5 (2 —0),37/2 <0 < 2r.
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The function s* is nonnegative, monotonely increasing and continuous from
the right. Consider the piecewise convex curve I' = (0, I, s7). Then condition
(12) is satisfied, whence I is closed and according to Theorem 8 it is a convex
curve. When for 37 we take the function from Example 7 we get a convex
curve being a polygonal curve with infinitely many sides and no vertices, and
when we take for §* the function from Example 8 we get a convex curve being
a polygonal curve with infinitely many vertices and no sides.

To check condition (12) in the last example, we apply substitution in the
integrals getting

27 /2
Ttepst(0) —|—/ Trexdst(N) :/ Ttexdst(\)
0 0

T 3m/2 27
—/ T+e,\d§*(7r—)\)—|—/ T+6)\d§+(/\—ﬂ')—/ Treyds (2 — \)

/2 ™ 3m/2

/2
= / (T+6)\ + T+€ﬂ—7>\ + T+€>\+ﬂ— + TJFGQW,)\) d§+()\) =0.
0

The last integral is zero, since TTey + TV e,y + TV exinr + T ear_y = 0.
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1 Introduction

In the present paper we survey some generalized convexity properties of func-
tions and sets and we characterize them in terms of generalized monotonicity
properties. They are of a different nature than the generalized convexity prop-
erties considered up to now in the series of meetings devoted to the subject.
They are local (or rather infinitesimal) rather than global. Thus, one cannot
expect from them global optimality conditions or duality properties. However,
they can be combined with the usual generalized convexity and generalized
monotonicity properties and they are important from the point of view of
nonsmooth analysis. For the proofs, and a more detailed analysis, we refer to
[41], [42], [43], [44] and their references. We introduce here some new concepts
related to the two classes we study, in particular a notion of approximately
affine map and a variant of it and a notion of approximately multimapping.
We also raise some open problems.

Motivated by various problems, several authors have introduced some favor-
able classes of functions on normed vector spaces (in short, n.v.s.). Let us
mention a few, referring to the papers in the bibliography for precise defini-
tions.

e p-paraconvex functions introduced by Rolewicz [55]-[59] and studied by
Bougeard [9], Bougeard-Penot-Pommellet [10], Canino [11], Castellani-
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Pappalardo [13], Jourani [30], Ngai-Penot [44], Penot [47], Penot-Volle
[49]...

e in the case p = 2 these functions are also called semiconvex (Lasry-Lions
[32], Attouch-Azé [1], Cannarsa-Sinestrari [12]...) or subsmooth (Aussel-
Daniilidis-Thibault [3]), property (w) (Colombo-Goncharov [16]), weakly
convex (Vial [63]), lower-C? (Rockafellar [53], Spingarn [62], Penot [47]...);

e (p,q)-convex functions introduced by De Giorgi-Marino-Tosques [20] and
studied by Canino [11], Degiovanni [21], Marino [34], [35] and their co-
authors;

e Lower-C! functions introduced by Spingarn [62] and studied by Rockafellar
[63], Penot [47], Daniilidis-Georgiev-Penot [19];

e Lower-C* functions and lower-T* functions (k € N\{0,1}) studied by
Rockafellar [53] and Penot [47];

e approximately convex functions introduced by Ngai-Luc-Théra [40] and
studied by Aussel-Daniilidis-Thibault [3], Colombo-Goncharov [16], Dani-
ilidis - Georgiev [18], Ngai-Penot [42];
approximately starshaped functions introduced by Penot [48]
semismooth functions introduced by Mifflin [38] in the locally Lipschitz
case and Ngai-Penot in the ower semicontinuous (l.s.c.) case [41].

e prox-regular functions considered in [6], [7], [8], [50], [51].

These concepts have directional versions which will not be considered here.
In the present survey, we will focus attention on the main streams of these
classes, referring to the quoted papers for more specialized properties. We will
also relate these classes of functions to some classes of sets which have some
regularity properties. It is one of the most remarkable achievements of non-
smooth analysis to enable easy (or at least natural) passages from functions to
sets and from sets to functions. Therefore, we hope that the present tentative
of synthesis will prove useful to the reader.

2 Some Concepts of Nonsmooth Analysis

Our study requires some knowledge of nonsmooth analysis. We gather these
elements in the present section for the reader’s convenience. Of course, the
limited setting of the present contribution imposes conciseness. The notation
we use (8('),N(')7 O, T(')) stresses the fact that several devices exist, each
of which being affected by some letter or symbol and the fact that for a given
device (-) one disposes of related constructions for subdifferentials, normal
cones and, sometimes, generalized derivatives of functions and tangent cones
to sets. Letters usually refer either to some author or to some characteristic
feature of the construction. Both denominations are debattable. For instance
both Severi and Bouligand worked on tangent cones, while Dini, Fréchet,
Hadamard have not touched subdifferentials. Here we distinguish directional
notions from firm notions which require stronger, uniform estimates; but other
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names exist with some evocative character (adjacent or incident cones, con-
tingent cones...). Symbols are less subject to such wanderings.

One of the key features of the studies concerning the two classes we deal with
consists in the observation that the different devices we mentioned yield the
same objects within these two classes. This fact explains why we do not look
for completeness. This remarkable fact also enables to combine the advantages
of the various devices.

2.1 Subdifferentials

Given a subset F(X) of the set S(X) of lower semicontinuous (Isc for short)
functions f : X — RU{+o00} on a nvs X with topological dual X*, we define
here a subdifferential as a correspondence d0) : F(X) x X = X* satisfying:

e 0V f(Z) = when T ¢ dom f (i.e. when f(Z) = +o0)
e 0¢c9Y)f(Z) when T is a minimizer of a Lipschitzian function f € F(X).

Such conditions are versatile, but loose requirements; they are often supple-
mented by other conditions:

e if 90)f(2) # @ for x in a dense subset of X for any f € £(X) (the set of
Lipschitzian functions) X is said to be a 0\)-subdifferentiability space.

e (Ezact mean value theorem) 0) is said to be Lipschitz-valuable on X if
for any 7,7 € X, any f € £(X) one can find w € [Z,7] and w* € 1) f(w)
such that f(y) — f(z) = (w*,y — ).

o (Puzzy mean value theorem) ) is said to be valuable on X if for any
Te X,ye X\{7}, f € F(X) finite at T € X and for any r € R such that
f(@) > r, there exist u € [Z,7) and sequences (u,) — u, (u)) such that

wh € 0O f(un), (Flun)) — f(u), "

i [|ug, || d(un, [Z,9])

0,
liminf(u},, 7 — %) > r — f(%),

lim inf (uy,, (& = un) / ||lz = ull) = (r = f(z) /Iy = 7|

for all z € (Z+ R4+ (¥ — 7)) \[T, u).

The terms “valuable”, “Lipschitz-valuable” evoke the Mean Value theorem:;
but, in view of the numerous applications of this theorem, it also qualifies a
subdifferential which may be useful for several purposes. In several cases, such
a property for a specific subdifferential is valid only in a restrictive class of
spaces (for instance Asplund spaces for subdifferentials larger then the Fréchet
subdifferential); the Clarke subdifferential is valuable in any Banach space, but
it is not as accurate as the Fréchet subdifferential. These two examples are
defined in the next subsection with few other ones.
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2.2 Some Subdifferentials

In this section we describe some examples of subdifferentials and some basic
constructions. Several subdifferentials are derived from a directional derivative
) of some sort of the function f via the following relation

0V f(x) = {z" € X" 1 a() < fO(x,)}.
e The (lower) directional derivative (or lower Hadamard derivative) of f

f'(z,v) := liminf fla+tw) - flz)
(t,w)~>(0+7v) t

e The Clarke-Rockafellar derivative [52] or circa-derivative:

tw) —
fl(z,v) == inf limsup  inf Fly+tw) — f(y)
7’>0(t’y)~>(0+’x)’w€B(v7r) t
fly)—f(x)

e The dag derivative which majorizes both these two derivatives is given by

t — —
faw)=  lmsp  LETFETZW)Z0)
(t,y)—(04,2),f(y)— f(x) t

Its interest seems to be limited to its role of upper bound; however, this
role could be played by f! which is already extremely large.

Other generalized derivatives exist, such as the adjacent (or incident or in-
termediate) derivative ([2]), the moderate (or Michel-Penot) derivative ([36],
[37]), but they will not be used here. The subdifferentials associated with f,
f1, fo, f1 are denoted by 9, 97, 9°, 0 respectively.

Several subdifferentials are not derived from directional derivatives:

e The firm (or Fréchet) subdifferential:

2" €07 f(z) & Ve > 030 > 0,Yu € 6By : f(a+u) > f(z)+(z*,u)—¢||ul .
e The p-proximal subdifferential, with p € (1, 2]:

2" € P f(z) & e > 0,p > 0,Yu € pBx : f(z+u) > f(x)+{z* u)—c|ul”.

e The approzimate subdifferential or Ioffe subdifferential ([25], [26], [27],
[28]).
e The limiting subdifferential associated with a subdifferential () :

OO f(z) == w* — lim sup V) f(u),
(u, f(u))—=(z,f(z))

where the w*-limsup is the set of cluster points of bounded nets (u});er
with uj € 90 f(u;), (wi)ier — . (f(wi))ier — f(2).
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2.3 Normal Cones

Since we will consider some generalized convexity properties of sets, we need to
introduce some geometric concepts. With any subdifferential () is associated
a notion of normal cone to £ C X at e € E:

NO(E, e) =R, 0 p(e),

where 1 is the indicator function of F (tg(z) =0 if z € E, 400 otherwise).
Conversely, a normal cone notion N) yields a notion of subdifferential 9¢) :

OV flx) = {z* € X* : (2", 1) € NO(Ey,z4)}

where Ef = {(z,7) € X xR :r > f(x)} is the epigraph of f and z; :=
(z, f(2)).

Given a normal cone notion N one defines the associated coderivative of a
multimapping F': X = Y between two normed vector spaces by

DYF(z,y)(y") = {a* € X" : (2", —y") € NO(F, (z,9))},

F being identified with its graph. In particular, for a function f on X, one
has 90 f(z) = DV f(x, f(2))(1).

Examples:

e The (usual or contingent or directional) normal cone N(E,x) to a subset
E of X at x € cl(E) is the polar cone of the tangent cone T'(E,z) to E
at x which is the set of vectors v € X such that there exist sequences

(tn) — 04, (zn) L 2 for which (t, Y (2, — ) — 0.
e The firm normal cone (or Fréchet normal cone) to F at z is given by

z* € N7 (E,z) & Ve > 030 >0,Vu € ENB(z,0) : (z",u—z) <e|u—=z.

e The Clarke normal cone N'(E, x) to a subset E of X at z € cl(E) is the
polar cone of the Clarke tangent cone T (E, x) to E at x which is the set of

vectors v € X such that for any sequence (z;,) L & there exist sequences
(tn) — 04 and (y,) in E for which (t,(yn — z,)) — v.
e The limiting normal cone associated with a normal cone N() :

NO(E,z) = w* — lim sup NO(E,u),
(. f(w)—(z,f(z))
where the w*-limsup is the set of cluster points of bounded nets (u);er
with u} € 8(')N(E7ui), (ui)ier LA x, i.e. (u;)ie;r — « with u; € E for each
i€l
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3 Approximately Convex Functions and Paraconvex
Functions

The following class of functions has been introduced by Ngai-Luc-Théra [40].

Definition 1. A function f : X — R U {400} is said to be approrimately
convex around T € X if for any € > 0 there exists 6 > 0 such that for any
xz,2' € B(%,0) and any t € [0,1] one has

Flta + (1= t)a) < tf(x) + (L= (@) +et(1— 1) [}z — '] .

It is a rather general class: obviously, any convex function and any function
which is strictly differentiable at T is approximately convex around = € X.
In view of Proposition 1 below, various combinations of such functions are
approximately convex around Z. It can be shown that approximately convex
functions retain some of the nice properties of convex functions. In particular
they are continuous on segments contained in their domains and have radial
derivatives (c.f. Ngai-Luc-Théra [40]). We show elsewhere ([45]) that approx-
imately convex functions on Asplund spaces are densely differentiable as are
convex functions.

An important subclass of the class of approximately convex functions is the
class of p-paraconvex functions when p > 1.

Definition 2. Given some p > 1, a function f : X — RU{+00} on a n.v.s. X
is said to be p-paraconvez around T € dom f := f~Y(R) if there exist c,d > 0
such that for any x,x’ € B(Z, ) and any t € [0,1] one has

fltz+ (1= t)a) < tf(2) + 1= f (@) +et@ =) lz =" (1)

These two classes have interesting stability properties, as shown in Ngai-Luc-
Théra [40] in the case of approximately convex functions.

Proposition 1. The set of approzimately convex (resp. p-paraconvex) func-
tions around T € X is stable (i.e. invariant) under addition, multiplication by
positive numbers and finite suprema.

The proofs of these assertions are simple. As an example, we give the proof for
the supremum f of a finite family (f;);cr of p-paraconvex around Z functions.
For ¢ € I, let ¢;,0; > 0 be such that for any z,2’ € B(Z,0) and any ¢ € [0,1]
one has

filtex 4+ (1 = t)a') < tfi(x) + (1 —t) fila') + cit(1 —t) ||z — 2" .

Set ¢ := max;ecs¢;, § := min;ey 6;. Given x,2’ € B(Z,6), ¢t € [0,1], we pick
i € I such that f;(tx+ (1 —t)z') = f(tz+ (1 —t)a’). Then, replacing f;(z) and
fi(2') by their respective majorants f(x) and f(z) in the preceding inequality,
we get relation (1).

A stability result by composition with strictly differentiable mappings in [40]
can be extended by using the following new concept.
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Definition 3. Given normed vector spaces X, Y, a mapping g : X — Y is
said to be approzimately affine around T € X if for any € > 0 there exists
0 > 0 such that for any x,2' € B(T,d) and any t € [0,1] one has

lg(te + (1 = t)a’) — tg(x) — (1 = t)g(2")[| < et(1 =) lz — 2.

It is p-para-affine around T if there exist ¢,p > 0 such that for any x,x’ €
B(%,6) and any t € [0,1] one has

lg(te + (1 = t)a’) — tg(z) — (1 = t)g(a")l| < ct(1 =) [l — 2']".

Clearly, a function f : X — R is approximately affine around 7 € X if
and only if it is both approximately convex and approximately concave (i.e.
—f is approximately convex) around Z. A similar assertion holds for p-para-
affine functions. Moreover, an easy use of the Hahn-Banach theorem yields a
chacterization of approximately affine maps in terms of approximately affine
functions.

Proposition 2. For a mapping g : X — Y between two normed vector spaces
X, Y, and T € X, the following assertions are equivalent:

(a) g is approzimately affine around T;

(b) for any continuous linear form f on'Y, fog is approximately affine around
T

(¢) for any continuous linear form f on'Y, f o g is approximately convex
around T.

A similar statement holds for a p-para-affine around T map g.

Proposition 3. (a) A mapping g : X — Y which is strictly differentiable at
T is approzimately affine around T.
(b) A mapping g: X —Y of class C? around T is 2-para-affine around .

Proof. (a) Given € > 0, let § > 0 be such that for every z,2’ € B(T,d) one
has

lg(x) = 9(a") = Dg(@)(x — 2")|| < ez — 2’5

taking x, 2’ € B(Z, ) and t € [0,1] one has z; :=tz+ (1 —t)2’ € B(%,d) and,
smcext—x—( (' —x), z — 2’ =t(x — '),

lg(ae) — tg(a) — (1 = B)g(2")|| < tllg(w) — g(x) — (1 — ) Dg(@) (2’ — x)]|
+(1 = 1) llg(z1) — g(2’) — tDg(@)(x — ")
< 2et(1—1t) ||z — 2.

(b) Let g : X — Y be of class C? around T and let ¢ > Hng(f)H For
z,2' € B(Z,0) with § > 0 small enough, one has a ||D%g(z)| < ¢ for all
x € B(7,0) and a Taylor’s expansion yields
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tg(z) + (1 —t)g(z’) — g(z:)|| < tllg(z) — g(ze) — (1 — ) Dg(zs)(z — o)
+(1 =) [lg(z") — g(a:) — tDg(a:) (2" — )|

< (1/2)t(1 = t)%c e — 2'|* + (1/2)(1 — t)t%c||2’ —
< (1/2)t(1 = t)e|lz — 2||*.

Proposition 4. Let f = ho g, where g and h are Lipschitzian around T and
7 := g(T) respectively.

(a) If g : X — Y is approzimately affine around T € X and h :' Y — R is
approximately convex around [ then f is approximately convexr around T.

(b) If g and h are p-para-affine and p-paraconvex respectively around T and y
respectively, then f is p-paraconvex.

2

Proof. (a) Let k, p > 0 be such that ¢ is Lipschitzian with rate x on B(Z, p)
and let A, o > 0 be such that h is Lipschitzian with rate A on B(7y, o). Given
e >0, let § € (0,0) be such that for any y,y’ € B(7,d) and any ¢ € [0,1] one
has

hty + (1 = t)y') < th(y) + (1 = )h(y') + (¢/2r)t(1 = t) [ly = ¢/|| -

Let v € (0,p) be such that g(B(Z,v)) C B(7,6) and such that for every
z,x’ € B(T,v), t € [0,1]

lg(tz + (1 = t)2') = tg(z) — (1 = t)g(2")|| < (e/2M)t(1 = 1) [z — 2.
Then, for z,2" € B(z,v), t € [0, 1], setting y := g(x), v’ := g(a’), one has

fltz+ (1 =t)a’) < hty+ (1 -1)y)

+ Mgtz + (1 = t)a') — tg(x) — (1 - t)g(2)|
< th(y) + (L= )h) + (e/26)t1 = 1) ly — ¢/
+(e/2)t(1 = t) = — 2|
<tf(z) + (1=t f (@) +et(l = 1)z — 2.

(b) The proof of the second assertion is analogous and left to the reader.

4 Generalized Convexity Versus Generalized
Monotonicity

We devote this section to characterizations of approximate convexity and
paraconvexity. Previous results of this kind have been obtained in Aussel-
Daniilidis-Thibault [3], [16], Daniilidis-Georgiev [18] under some restrictive
assumptions on the space or on the functions (a local Lipschitz property, for
instance). They use concepts introduced by Spingarn (under the names of
strict submonotonicity and hypomonotonicity respectively).
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Definition 4. A multimapping M : X = X* is approximately monotone
around T € dom(M) provided that for each € > 0 there exists p > 0 such that

vxi € B(fap)’ ‘r;k € M(Il)a 1= 1a2 <$j{ - I;7.’131 - .'L'2> > _EH.Z':[ - .’I}2||

Definition 5. A multimapping M : X = X* is said to be p-paramonotone
around T on a subset E of X if there exist some m,§ > 0 such that for any
x1,29 € ENB(T,0), 25 € M(x1), 5 € M(x2) one has

(27 — b, 21 — x2) > —m |21 — 22| .
For E = X one simply says that M is p-paramonotone around .

In the characterization which follows we denote by Sx the unit sphere of X
and by B(T, p) the open ball with center T and radius p.

Theorem 1. Let T € dom f, f l.s.c. and let ) be a subdifferential. Suppose
OV f c dtf. Then, among the following assertions, one has the implications

(a)=(b)=(c)=(c')=(d).

If moreover %) is valuable on X, all these assertions are equivalent.
(a) f is approximately conver around T;

(b) Ye > 0 Jp > 0 such that Yz € B(Z, p), Yv € B(0, p) one has

fl@v) < fl@+v) = f@) +eloll;
(c) Ve >0, 3p > 0 such that Yz € B(T, p),z* € ) f(x), (u,t) € Sx x (0,p)

one has
ot < LEHI@)

(¢’) Ye > 0 3p > 0 such that Yo € B(T,p), Vz* € 0V f(z), Yo € B(0, p) one
has

(z%0) < f(x+v) = f(z) +evll;

(d) 8V f is approzimately monotone around T.

The implications are easy consequences of the definitions, except the impli-
cation (d)=(a); for f locally Lipschitzian it suffices to use the exact mean
value theorem (see [3]). In the case of a l.s.c. function, the fuzzy mean value
theorem is required ([42]).

Corollary 1. The preceding assertions (a), (b), (c), (d) are equivalent when
(i) X is an arbitrary Banach space and O is the Clarke or the Ioffe subdiffer-
ential;

(ii) X is an Asplund space and O is the Fréchet subdifferential or the
Hadamard subdifferential.

Moreover, they are equivalent to the variant of assertion (b) obtained by re-
placing T by f1 (and, if X is an Asplund space, by f').
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Now let us turn to characterizations of paraconvexity.

Theorem 2. Let p € [1,00), f € F(X), T € dom f. Suppose 0V f C 9t f.
Then, among the following assertions, one has the implications
(a)=(b)=(c)=(d).

If moreover O) is valuable, all these assertions are equivalent.

(a) f is p-paraconvex around T;
(b) 3p>0,c €R, s. t. Yo € B(T,p) Ndom f, Vv € B(0, p) one has

FH@v) < flet+v) = fl@) + o]

(¢) 3p > 0,c € R, such that Yz € B(Z, p), z* € ) f(x), v € B(0, p) one has
(2%,0) < fla+0) = f2) +cllv]”;

(d) 0V) f is p-paramonotone around T.

Corollary 2. Suppose f € F(X) is finite at T € X and p-paraconvez around
Z. Then for any subdifferential 0) such that OPf C 9O f c Ot f one has
OV f(x) = 0P f(x) = Ot f(x). In particular, O~ f(zx) = ' f(x) for x near T.

For the following supplement, let us recall that X is said to be superreflexive
if it admits an equivalent uniformly convex norm.

Corollary 3. Suppose X is uniformly smooth and 0 is a valuable subdiffer-
ential on X contained in OT. Then, for p > 1, the assertions (a)-(d) of the
preceding theorem are consequences of the following one:

(e) 3p, 0 > 0 such that f + o ||-||" is convex on B(T, p).

If the norm is uniformly convez, assertions (a)-(d) imply (e).

In particular, if X is superreflexive, conditions (a) and (e) are equivalent.

Corollary 4. Suppose f : U — R is a differentiable function on some open
subset U of X with a locally (p—1)-Hélderian derivative, with p € (1,2]. Then
f is p-paraconvex on U.

Other results about p-paraconvex functions and approximate convex func-
tions can be found in [3], [42] and [44]. In particular, representations of such
functions as marginal functions are presented there.

5 Approximate Convexity and Paraconvexity of Sets

We observe that using the notions of approximate convexity and p- paracon-
vexity for the indicator function g of a subset E of X would lead to convexity
of E and not to a relaxed form of convexity. Therefore, we rather use the dis-
tance function dg(:) := inf.eg d(-,e). In the sequel T is a point of E and
p € (1,+00).
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Definition 6. A subset E of X is said to be approximately conver (respec-
tively p-paraconvex) around T if its associated distance function dg is approz-
imately convex (respectively p-paraconvez) around T.

Example. E := {(r,s) € R? : s > |r| — r?} is p-paraconvex but nonconvex.
The following result is an easy consequence of Theorem 1; when 9¢) = 91 it
can be deduced from [18].

Theorem 3. Let 0©) be a subdifferential on the family L(X) of Lipschitz
functions on X such that ) f C 1f for any f € L(X) and let T be an
element of a subset E of X. Then, among the following assertions, one has
the implications (a)=(b)=(c)=(d). If moreover ) is Lipschitz-valuable on
X, in particular if 0©) := 91, 9°, all these assertions are equivalent.

(a) E is approzimately convex around T in the sense that dg is approzimately
convex around T;

(b) for any € > 0 there exists p > 0 such that for any v € B(T,p) and any
v € B(0,p) one has

dig(z,v) < dp(e +v) = dp(x) + < o] ; (2)

(c) for any € > 0 there exists p > 0 such that for any x € B(ZT,p), any
z* € 0Vdg(x) and any (u,t) € Sx x (0,p) one has

dE($ + tu) — dE(:c)
t

(2%, u) < +e 3)

(c’) for any € > 0 there exists p > 0 such that for any x € B(T,p), any
z* € Vdg(z) and any v € pBx one has

(z*,v) < dp(z +v) —dp(z) +ellv]; (4)
(d) 0V dg is approzimately monotone around T;

Corollary 5. If E is approximately convexr around T then, for any subdiffer-
ential O©) such that 9~ C ) C 91 one has 0~ dg(T) = 0V dp(F) = 9'dp(T).

Theorem 4. Let 9\) be a subdifferential on the family £L(X) of Lipschitz
functions on X such that 0O f C 1f for any f € L(X). Then, among the
following assertions, one has the implications (a)=(b)=(c)=(d).

If moreover 80 is Lipschitz-valuable on X all these assertions are equivalent.
(a) E is p-paraconvex around T ;

(b) 3e, p > 0 such that Yx € B(z, p), Yv € B(0, p) one has

djp(z,v) < dp( +v) — dp(z) + ¢ |lo]"; (5)

(c) 3c,p > 0 such that Yx € B(T,p), Va* € 0Vdg(x), Y(u,t) € Sx x (0, p)
one has
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(", u) < de@+ tz;) —5(z)
(¢’) 3, p > 0 such that Vo € B(T, p), Yo* € 0V)dg(x), Yv € pBx one has

+ P (6)

(@*,v) <dp(z +v) —dp(@) + cllv]”; (7)
(d) 0V dg is p-paramonotone around T.

The following immediate consequence is stronger than the conclusion of Corol-
lary 5 since it holds for points around Z and not just for 7.

Corollary 6. If E is p-paraconvex around T for some p > 1, then, for any
subdifferential ) such that OPf c 8O f c d'f for any Lipschitz function f,
one has OPdp(x) = 0~ dg(x) = 0V dg(z) = 0'dr(x) for x close to T.

Proof. Relation (5) shows that for any « € B(%,p), v € B(0,p) and any
z* € 01 f(z) one has

(@%,0) < dp(w,0) < dp(z+v) = dp(z) +c|lv|”,

hence 2* € 0~ f(x) since p > 1.

6 Intrinsic Approximate Convexity and p-Paraconvexity

In the present section we deal with two variants of the classes of sets studied
in the preceding section. We raise the problem: are these classes different from
the preceding ones?

Definition 7. A subset E of X is said to be intrinsically approximately convex
around T € E if for any € > 0 there exists p > 0 such that for any 1,25 €
ENB(x,p), t €0,1], one has

dE((l — t)xl + t.l?g) < Et(l — t) ||$1 — l‘gH . (8)

It is intrinsically approximately conver if it is intrinsically approrimately con-
vex around each of its points.

Definition 8. Given p € (1,+00), a subset E of X is said to be intrinsically
p-paraconver around T € E if there exist ¢,p > 0 such that for any x1,x5 €
ENB(z,p), t€l0,1], one has

dp((1 —t)zy + tag) < ct(l —t) ||lz1 — z2|”. (9)

It is intrinsically p-paraconvez if it is intrinsically p-paraconvexr around each
of its points.

Characterizations can be given as follows. When one of the assertions (b)-(d)
holds, we say that F is )-intrinsically p-paraconvex around Z.
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Theorem 5. Suppose ) f € &1 f for any Lipschitz function f on X.

Then, among the following assertions one has the implications
(a)=(b)=(c)=(d)<=(e).

For 91) = 9" one has (b)&(c).

When X is a 0U)-subdifferentiability space one has (e)=(a). If X is an As-
plund space and 0~ C 9©) C 31, then assertions (a)-(e) are equivalent.

(a) E is intrinsically p-paraconvex around T;

(b) 3¢, 6 > 0 such that Vr, 2’ € EN B(T,J), one has

dp(x,2' —z) < ¢ lz —a'||"; (10)
(c) 3¢, > 0 such that Vx,2' € EN B(Z,0), * € 9 dg(z), one has
(z*,2' —z) < c|z—2'||"; (11)

(d) 0 dg(-) is p-paramonotone around T on E : there exist ¢,§ > 0 such that
for any x1,22 € ENB(T,6), v7 € 0Vdg(z1), 23 € 0V dp(x2) one has

(27 — ab, 1 — x9) > —cllay — zo|”; (12)

(e) there exist ¢, p > 0 such that Vw € B(T, p), € ENB(T, p), w* € 0V dg(w)
one has
dp(w) + (w*,x —w) < cllz —w||’. (13)

Now let us give some specializations to some specific subdifferentials and nor-
mal cones.

Corollary 7. If E is intrinsically p-paraconvexr around T then there exists
§ > 0 such that for v € EN B(T,0) one has N'(E,z) = N™(E,z) and
(f) 3¢, 6 > 0 such that for any Vx,2' € EN B(T,0), z* € N~ (E,z) one has

(@2’ — ) <clla”| o — 2'|I" . (14)

The preceding property can be related to a global one as in the works of Canino
[11], Colombo-Goncharov [16], De Giorgi-Marino-Tosques [20], Degiovani-
Marino-Tosques [21], Federer [23] for X a Hilbert space.

Definition 9. Given a subset E of X, p € (1,+00) and a continuous function
p: ExE — Ry, the subset E of X is said to be p—p-convex if for any x,y € £
and z* € N~ (E,x) one has

@,y —z) < oz, y) "]l = ylI”. (15)

The choice of the firm normal cone is natural since if this definition holds for
some other normal cone N)(E, z) one has NO(E,z) ¢ N~ (E,z).

The following result clarifies the links between ¢ — p-convexity and p - para-
convexity.
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Proposition 5. Let p € (1,+00), a subset E of a Banach space X, a con-
tinuous function ¢ : E x E — Ry be such that E is ¢ — p-convex. Then E
is intrinsically firmly p-paraconvex around each point of E in the sense that
assertion (c) of Theorem 5 is satisfied with 0©) = 9.

Conversely, if E is intrinsically firmly p-paraconvexr around each point of E,
then E is ¢ — p-convex for some continuous function ¢ : E x E — R,.

Let us introduce the following concept.

Definition 10. A multimapping F : X = Y between two n.v.s. is said to be
approximately convex (resp. intrinsically approzimately convex) around (T,7)
if its graph is an approzimately convex (resp. intrinsically approzimately con-
vex) subset of X XY around (T,7).

Let us give some properties. We start with intersection of subsets.

Proposition 6. Let E1, Es, - - - , E,, be intrinsically p—paraconvex sets around
T € E:= FEiN---NE,. Suppose that the following standard qualification
condition is satisfied: there exist b,§ > 0 such that

|27+ +ah|| >b Vo€ B(0)\E, Yz € 9'dp, ().
Then E s intrinsically p—paraconvex around .

Proposition 7. Let E C X be an intrinsically p—paraconvex set around T €
FE andlet f: X — Y be a nonexpansive mapping onto another n.v.s. Y. Then
F := f(FE) is intrinsically p—paraconver around g := f(T).

If f is open around T and if E is intrinsically approximately convex around
T, then F := f(E) is intrinsically approzimately convex around § := f(T).

Corollary 8. If F : X == Y is an intrinsically approximately convex mul-
timapping around (T,y), then its domain and its image are intrinsically ap-
proximately convexr around T and y respectively.

7 Links Between p-Paraconvex Sets and Functions

In the sequel, we endeavour to relate paraconvexity of sets and paraconvexity
of functions. We start with epigraphs. We endow the product space X :=
W x R of a n.v.s. W with R with a product norm, i.e. a norm such that the
projections and the insertions w +— (w,0) and r +— (0,r) are nonexpansive.
Then, for each (w,r) € W x R we have

max ([lw] ; [r[) < [ (w, )| < [lwl] + |r].

Proposition 8. Let W be a normed vector space and let f : W — RU{+o0}
be a l.s.c. function which is approximately convex (resp. p-paraconvez) around
w € W. Then, for any T > f(W), the epigraph E of f is intrinsically approzi-
mately convex (resp. p-paraconver) around T := (W, T).
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Let us complete the preceding result with the following one.

Proposition 9. Let f : W — R be a function which is Lipschitzian with rate
£ >0 on some ball B(w, p). Suppose X := W x R is endowed with the norm
gwen by ||(w,m)|| = £||w|| + |r|. If f is p-paraconvex around w, then, for any
7 > f(w), the epigraph E of f is p-paraconvex around T := (W, T).

Let us give a kind of converse to the preceding propositions.

Theorem 6. Let W be a Banach space and let f : W — R be a function
which is locally Lipschitzian around w € W and such that the epigraph E of
f is an intrinsically approzimately convex (resp. intrinsically p-paraconvex)
subset of X := W x R around T := (w, f(w)). Then [ is an approrimately
convex (resp. p-paraconvez) function around W.

Let us say that a function f : X — R U {+oco} is an approzimately quasi-
convez function if its sublevel sets are approximately convex. The following
result shows that under some qualification condition an approximately convex
function is approximately quasi-convex.

Proposition 10. Let X be a Banach space with a norm which is Fréchet
differentiable off 0 and let f : X — R be a continuous function. Suppose f is
approzimately conver around T € S := {x € X : f(z) < 0} and there ewxist
¢ >0, 7 >0 such that ||z*|| > ¢ for each x € (X\S) N B(z,r) and each
x* € 0~ f(x). Then S is intrinsically approximately conver around Z.

8 Paraconvex Sets and Projections

The following result is reminiscent of [15, Thm 4.1] which takes place in a
Hilbert space. However, here U is not a uniform entourage of F; it may be
small (or large) and far from F.

Theorem 7. Suppose that the norm of X is Fréchet differentiable on X\{0}.
Let E be a closed subset of X and let U be an open subset of X. Consider the
following assertions

(a) Each w € U has a unique metric projection Pg(w) in E and the mapping
Pg(+) is continuous on U \ E.

(b) dg(-) is continuously differentiable on U \ E.

(¢) dg(+) is approximately convex on U \ E.

Then, one has (a) = (b) = (c). If X is uniformly Fréchet smooth, then (a)
= (b) <= (¢).

If, in addition, X 1is strictly convex and the norm of X has the Kadec-Klee
property, then (a) <= (b) <= (c).



394 H.V. Ngai, J.-P. Penot

Theorem 8. Let X be a super-reflexive Banach space, let E be a closed subset
of X and let U be an open subset of X. The following assertions relative to
some choices of p € (1,2] and of an equivalent norm on X are equivalent:
(a) Each w € U has a unique metric projection Pg(w) in E and the mapping
w — Pg(w) is locally Hélderian on U \ E.

(b) dg(-) is differentiable with a locally Holderian derivative on U \ E.

(¢) For eachw € U\ E, dg(-) is p-paraconvezr around W for some p > 1.
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Summary. There is a recent surge of interest for the representation of monotone
operators by convex functions. It can explained by the success of convex analysis
in obtaining the fundamental results about maximal monotone operators. Convex
analysis can also be combined with variational analysis to get new convergence
results. Here we take another direction and connect such a stream with the concept
of duality in a general framework, heavily using order methods.

Key words: Conjugacy, convexity, duality, generalized convexity, generalized
monotonicity, monotonicity, polarity.

1 Introduction

It is one of the purposes of mathematics to clarify a question by putting it
in general, abstract terms which avoid the complexity of real-world problems
and thus make them tractable. Of course, the gain lies in the balance between
simplication (i.e. abandon of contingent peculiarities) and abstraction.

In [45] we proposed a topological approach to the question of extension of usual
operations for monotone operators. Another vein is the use of order, another
fundamental tool in mathematics (see for instance [5], [33]). What follows is
an attempt to introduce explicit order methods and abstract convexity and
duality in the representation of monotone operators; see also [41].
Representations of monotone operators have been known since the pioneering
works of Krauss ([22]-[24]), and Fitzpatrick ([15]). Since it has been shown
that such representations are not just aesthetic, but have some usefulness
([40], [44], [46]- [7], [55]...), the subject is experiencing a great expansion ([4],
(6], (8], [9]-[11], [29], [30], [47], [56], [62]...).

The concept of duality is a convenient framework ([2], [5], [14], [19], [21], [25]-
[28], [31]-[43], [49]-[53], [57], [48]); it has shown to be effective in a number of
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situations. Recall that a duality between two ordered spaces £ and M is an
antitone (i.e. order reversing) mapping D : £ — M such that

DA\ t) =\ D)

iel iel
for any family (¢;);e; in £ for which A, ¢; := infie; £; exists. Dualities are
often used in the case £ and M are lattices or complete lattices. Conjugacies
are much studied examples of duality ([31]): given two sets W, Z and a map
b: W x Z — R, taking £ := @W, M = R” the conjugacy associated with
the coupling function b is the map D : £L — M given by
fPz) = —wlgv (f(w) = b(w, 2)) ferL, zeZ
Conjugacies have been characterized among dualities as the dualities D for
which the relation D(f +r) = —(r — D(f)) for every f € @W, r € R holds,
where the addition of R is extended to R by setting r + (+00) = +oo for
each 7 € R and (—00) + (—00) = —oco and where r — s := r + (—s). Here, for
the sake of simplicity we avoid the use of the opposite convention; the price
to be paid is a certain awkwardness in some formulae such as the preceding
one. One also has to be careful enough in cancelling terms or reorganizing
inequalities or equalities; see [31] and Lemma 1 below.
When the ordered sets £ and M are subsets of the power sets of some
spaces W, Z ,the orders in £ and M being the opposite of the inclusion, and
when P : L — M is a duality, i.e. satisfies

P(JA) = (P4,

i€l iel

oW 9z

one says that P is a polarity. Here we will deal with the mixed case in which
one of the spaces is a power set and the other one is a function space, with its
pointwise order. The passage from sets to functions and the reverse passage
have proved to be fruitful in various areas of mathematics. Among many
instances, let us mention the passage from a closed subset A of a metric space
to its distance function ds = inf,c 4 d(a,-), the passage from a subset A of a
set W to its indicator function ¢4 given by t4(w) =0if w € A, ta(w) = +00
if w € W\A and, in the reverse direction, the passage from a function to
its graph or its epigraph. In particular, given a polarity P : £ — M, let us
observe that considering the injections A — 14 and B — ¢ of £ and M into
EW and EZ respectively as identifications, any polarity can be considered as
a special duality.

The aim of the present note consists in trying to take advantage of the nu-
merous dualities which have been defined in function spaces (see examples
and references in [34], [36], [43], [51], [57], [60]) in order to construct new
polarities. As a byproduct, we obtain a means to represent certain general-
ized monotone operators by functions. Much more remains to be done in this
second direction.
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2 A General Framework

In the sequel, it will be convenient to say that a map M : L — M between
two ordered sets is a coduality if it is a duality for the reverse orders in £ and
M, i.e. if it satisfies
M (sup4;) = inf M (¢;)
icl iel
for any family (¢;)icr in £ for which sup,c; ¢; exists. Taking the reverse order
in M, one gets a familiar notion. In particular, if £ and M are sup-lattices (in
the sense that for any family of elements the supremum of the family exists)
and if
M (sup ¢;) = sup M (¢;)
iel iel
for any family (¢;);er in £, we say that M is a morphism of sup-lattices. A
similar definition can be given for morphisms of inf-lattices; note that here
we use the expression inf-lattice or sup-lattice for complete inf-sublattice or
sup-sublattice respectively.
The following result is probably the transcription to codualities of a classical
fact for dualities; but we are not aware of a precise statement under such
general assumptions. The notation we choose takes into account the fact that
in the sequel P will be a power set.

Proposition 1. Given a sup-lattice P, an inf-lattice F and an antitone map
J : P — F, there is a smallest antitone map J' : F — P such that JT(J(S)) >
S for every S € P. It is given by

T =\{SeP:J(S) > f} (1)

Moreover, if J is a coduality, one has J(J'(f)) > f for every f € F and Jt
18 a coduality.

When J is a coduality, J will be called the reverse coduality of J.

Proof. Let J' be defined by (1). Clearly J' is antitone and J' is such that
JH(J(S)) > S for every S € P. Let N : F — P be an antitone map such
that N(J(S)) > S for every S € P. Given f € F, for every S € P such that
J(S) > f, we have N(f) > N(J(S)) > S, hence N(f) > J(f).

If J is a coduality, for every f € F, one has J(J'(f)) = inf{J(S) : S €
P, J(S) > f} > f. Let us show that J' is a coduality. Let (f;)ic; be any
family in F for which f := sup;c; fi exists. Since J f is antitone, we have
JU(f) < JI(f;) for every i € I. On the other hand, if S € P is such that
S < JIi(f;) for every i € I, then we have J(S) > J(J'(f;)) > f; for every
i € I, hence J(S) > f and JT(f) > S by (1); that shows that JT(f) is the
greatest lower bound of (J(f;))icr and that JT is a coduality. O

Given a set Z we consider a sub-sup-lattice (in the sense of complete sub-

—Z
lattices, i.e. a subset stable by arbitrary suprema) £ of the set F := R
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of functions from Z to R := R U {—oc, +0o} for the pointwise order and a
sub-inf-lattice (i.e. a subset stable by arbitrary infima) M of the power set
P :="P(Z) of Z (the set of subsets of Z, ordered by inclusion). The following
easy observation is the basis of our study.

Proposition 2. Given a coduality J : P — F, a duality C : F — F and a
coduality M : F — P, the map P:= MoColJ: P — P is a polarity. If M is
a sub-inf-lattice of P such that M(C(J(S))) € M for every S € M, then the
restriction of P to M is a polarity from M to M.

Proof. Given a family (S;);er of subsets of Z one has

P(Jsi) =M (c (}g.](&))) =M <supC(J(5i))> = [\M (C (J(S:))

iel

icl iel
= (P(S).
iel
The second assertion is obvious. O

Under the assumptions of the preceding proposition, the map L := C o J :
P — F is a morphism of sup-lattices. We will study it in more detail in the
following sections, assuming a more structured framework.

3 A Useful Construction

Now we suppose that a canonical function ¢ : Z — R_o, := RU{—00} is given
on Z. In the sequel ¢ will be a coupling function; here we take into account
that many coupling functions take the value —oo but not the value 400 (see
[36, section 4]). As mentioned above, we use the familiar extension to R of the
addition given by +o00 + s = +oo for every s € R, (—00) + (—o0) = —oo and
we set r — s :=r + (—s) for 7,5 € R. The following equivalence will be useful.

Lemma 1. For any r,s,t € R_,, one has the implications

—s<r—t=t<r+s, (2)

t<r+s=-s<r-—t. (3)

Proof. In (2) the second inequality is obvious for ¢ = —oo and satisfied when
t € R since then 7, s,t are finite. The same argument applies for the proof of
(3). O

We consider the map J : P:=P(Z) — F := R” given by
J(S):=cs:i=1s+¢,

where g is the indicator function of S. This mapping satisfies
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ﬂS = sup J(S;), US 1an i) (4)
icl el iel

for any family (S;);ecs in P; thus it is an injective duality and coduality for the
usual orders in P (the inclusion) and F (the pointwise order). In the reverse

direction, for f € F := RZ7 we set

M(f) = {2 € Z: f() < e(2)}. (5)
The following lemma is obvious.
Lemma 2. The relation M defines a coduality from F := RZ into the power

set P = 2% of Z, i.e. an antitone mapping which satisfies the following relation
for any family (f;)icr in F:

M(sup f;) = [ M(f3)-

i€l el
The following lemma gives the hint that M might be a more special coduality.

Lemma 3. One has M(J(S)) =S for any S € P and J(M(f)) > f for any
ferF.

Proof. The first assertion is immediate: for z € S one has J(S)(z) = ¢(z) and
for z € Z\\S one has J(S)(z) = +o00 > ¢(z). Given f € F, let S := M(f). For
z € S one has J(S5)(z) = ¢(z) > f(z) by definition of M (f); for z € Z\S one
has J(5)(z) = +o00 > f(z). Thus J(S) > f. O
The following observation confirms the preceding hint and provides an inter-
pretation of M showing its status in terms of codualities.

Proposition 3. The reverse coduality J' of J is M.

Proof. This follows from the fact that for any f € F one has

= H8eP:J(S) = fy={2€Z: 1y +c= f} = M(f).

4 A General Monotone Polarity

In the sequel we suppose Z := X XY, where X,Y aretwosetsandc: X XY —
R_ is considered as a coupling function. We provide Z x Z with the coupling
b given by
b(w, z) :==b((u,v), (z,y)) = c(u,y) + c(z,v) (6)
w:= (u,v),z:= (z,y) € X XY,

so that, for every z := (z,y) € X x Y, one has

cly) = 5b(2,2) = 5b((@9). (#.9)).
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In the classical case, X,Y are two normed vector spaces in duality and c :
(z,y) — (x,y) is the given pairing. Even in the classical case, b is not the
usual coupling on Z, but it enables us to consider Z as paired with itself,
a decisive advantage. As mentioned above, the Fenchel-Moreau conjugate of
f € F with respect to this coupling is given by

fb(xay) = inf{f(u,v) —b ((ua ”U), (x,y)) : (U,U) € X x Y} (7)
The following fact is noteworthy.
Lemma 4. One has ¢® > c.

Proof. We note that for any r € R_,, we have r — 2r = —r. Given (z,y)
X x Y, taking f = c and (u,v) = (z,y) in relation (7), we get —c’(z,vy)
c(@,y) — 2c(z,y) = —c(z,y).

A similar proof for an arbitrary subset S of Z (not just S
following result by taking (x,y) € S and by plugging (u,v) :=

(7).

Proposition 4. For any S in P := P(Z) the function fs := J(S)" = c&
satisfies fs > ¢ on S.

OIAN M

= Z) yields the
(z,y) in relation

The following concept has been introduced by S. Rolewicz [49], [50].

Definition 1. A multimapping S : X =Y (identified with its graph in X XY")
is said to be c-monotone if for any u,xz € X, v € S(u), y € S(z) one has

c(u,y) + ez,v) < e(u,v) + c(x,y). (8)

In the classical case, we just say that S is monotone and the preceding relation
can be written
(u—x,v—y)>0.

Let us note that S is c-monotone if, and only if, fs(z) < ¢(z) for every z € S,
or, equivalently, in view of Proposition 4 if, and only if, fs(z) = ¢(z) for
every z € S. Other characterizations generalizing [44, Prop. 4] and using the
function gs := c% introduced there in the special case just mentioned.

Proposition 5. For any multimapping S the following assertions are equiv-
alent:

(a) S is c-monotone;

(b) fs <cs;

(c) fs < gs;

(d) gs(w) + gs(z) > b(w, z) for every w,z € Z.

Proof. The implication (a)=-(Db) is a reformulation of the observation preceding
the statement since fs < cg means that fg(z) < ¢(z) for every z € S. The
implication (b)=-(c) stems from the fact that the conjugacy is antitone. For
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(c)=>(d) we observe that since fg = c% = % = g% for any z € Z the relation
gs(z) > fs(s) can be written gg(z) > b(w,z) — gs(w) for every w € Z.
To prove (d)=-(a) we note that since cg > % = gg, for w := (u,v) € S,
z = (z,y) € S, we have

c(u,v) + ez, y) = es(w) +es(2) = gs(w) +9s5(2) = b(w, 2) = ¢(u,y) +c(z, v),

so that S is monotone.
Using (c) and taking w = z in (d) one gets 2gs(z) > b(z,2) = 2¢(z) and the
next corollary.

Corollary 1. For any monotone multimapping S : X = Y one has gs >
fs>ec

Before describing a polarity associated with this notion, let us present some
examples.

Example 1. Let f: X — RU{+oc0} be an arbitrary function with nonempty
domain dom f. The c-subdifferential of f is the multimapping 0°f : X = Y
with domain included in dom f given for u € dom f by

vedfu) eVeeX f(x)+clu,v)> flu)+c(z,v). (9)

Then 9°f is c-monotone: given v € 9¢f(u), y € 9°f(z), writing the analogous
relation

fu) +e(a,y) = f(x) + c(u,y)

and adding sides by sides with the inequality in (9), we obtain (8) after sim-
plification, noting that f(u) and f(x) are finite.

Example 2. Let X be a Banach space, let Z := X x X and let ¢: Z — R be
the (upper) semi-scalar product given by

1 2 2
e(w,y) = (@,9)s = Jim o (o +tyl* ~ o)) = sup (a*,y),
t—04 2t zbeJx (z)

where Jy := (1/2)d|-||* is the duality mapping. A c-monotone multimapping
S : X = X is a multimapping satisfying, for any u,x € X, v € S(u), y € S(z),

(U" U)-‘r + (x7y)+ 2 (u7y)+ + ('Ta U)-i-'

In view of the sublinearity of the function (-,-)4 with respect to its second
variable, such a multimapping satisfies

(u,v—y)++(x,y—v)+ = 0.

Such a condition is close to the definition of accretivity ([3], [12], [61]) which
is
(u—z,v—9y)y >0
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for any u,x € X, v € S(u), y € S(x). For that reason we say that a c-
monotone multimapping is pseudo-accretif. Note that when the norm of X
is Gateaux-differentiable, the three preceding relations coincide and can be
written

<J(u) —j(ac),v—y) >0,

where j : X — X is the derivative of (1/2) ||||*, so that jo S~ : X = X?
is monotone and pseudo-accretivity coincides with accretivity. Such a fact
indicates that a number of results about maximal monotone operators may
be extended to maximal pseudo-accretive operators.

Example 3. Let X be a lattice and let Y be the space of modular functions
on X, a function f : X — R being called modular if it satisfies

Yu,x € X flunz)+ fluve) = f(u)+ f(x).

Let ¢ : X xY — R be the evaluation mapping given by c(x,y) = y(z).
When X has a smallest element, another choice consists in taking for Y the
space of modular functions which are null at that element. In both cases,
it seems of interest to study c-monotone operators from X to Y. The case
of the subdifferential of a function ¢ : X — R is studied in [18] when X
is a distributive sublattice of P(E), where E is a finite set. See also [32],
[43], [59] for some relationships with duality. The fact that one disposes of
the Frank’s discrete separation theorem ([32, p. 17, 111]), an analogue of the
convex sandwich theorem and of studies of the relationships between such
results and Fenchel-like duality is encouraging.

Example 4. Suppose X and Y are m-convezr sets in the sense that X and
Y are provided with maps mx : X2 — X, my : Y2 — Y. These maps can be
considered as operations in X and Y respectively, as in the preceding example.
When the spaces are metric spaces, such a notion has been widely studied in
connection with metric convexity and geodesics (see [20] and its references):
the space (X,d) is said to be mid-convex if for any (z,2’) € X? there exists
a point m := m(y 4y € X such that d(m,z) = d(m,z’) = (1/2)d(x,z’). Let
f: Z — R be m-convex in the sense that for z = (z,y), 2/ = (2/,y') € Z and
mz(z,2') == (mx(z,2"), my (y,y')) one has

flmz(z,2)) <

£(2)+ 37

N |

When Z is a normed vector space, when mz(z,2’) := (1/2)(z + 2z’) and when
f is continuous, then such a map is convex in the usual sense. If f > ¢
and if ¢ is m-concave (i.e. —c is m-convex) in each of its two variables, then
S:={z: f(z) = ¢(2)} is c-monotone. In fact, for z = (z,y), 2’ = (¢/,y) € S
one has
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1 1 N 1 1 o
§C($7y)+50($ 7y)_ if(xvy)+§f(x 73/)
> f(mz(2,2) > c(mz(z,2))

> Zela,y) + pelwy) + pela’ ) + 1ol o),

so that ¢(x,y) + c(2’,y') > c(z’,y) + c(z,y’) : S is c-monotone. This example
slightly generalizes an argument in [29] and [41, Lemma 3], X and Y having
no linear structure here. We refer to [41, Examples 1-4] for particular cases of
this example.

Example 5. Let X and Y be arbitrary sets, and let F' : X = Y be a relation.
A number of duality schemes, in particular the radiant and shady dualities
([36, Example 4.2]), the sublevel duality ([36, Example 4.3]), are obtained by
taking the coupling c¢: X x Y — R_, given by

c(@,y) = —tr@)(y) = —r(z,y).
In such a case, the conjugate of a function f € RY is given by

fy) = —inf{f(z): 2z € F~'(y)}.

The simplicity of this conjugacy justifies its interest (see [37], [42], [58]...). In
particular, introducing the polarity P.: P(X) — P(Y) given by

P.(A):={yeY :AnNF'(y) =2},
the conjugate f€ of f can be simply described by its sublevel sets given by
[fe<r]=Pf <—r]) r € R.

A multimapping S : X = Y is c-monotone iff the following equivalent impli-
cations hold:

u,x € X, (S(wNF(x)\F(u)#2 = S()NF(u)
wx€X, SwyNF(x)£o = Sa)NF(u) C F(x).

%]

)

In several cases of interest F is defined by the way of a function ¢ : X xY — R
by
F(z):={y €Y :a(x,y) >0}

then the preceding implications amount to

u,x € X, veSu), ye S), alu,y) >0, a(r,v) >0
= a(u,v) >0, a(z,y) > 0.

When X is a n.v.s. and Y is its dual space, with a(x,y) := (x,y) — 1, one gets
a condition in terms of half-spaces.
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Example 6. Let W, X and Y be arbitrary sets, and let p: X x Y — W be
a map considered as an operation (x,y) — xby := p(x,y). Given a function
d: W — R_, one may consider the coupling function ¢ : X xY — R_
given by

c(@,y) = d(p(z,y)) (z,y) € X x Y.

Two important cases have been considered (P denoting the set of positive
numbers) in [26] and [53] respectively (see also [1]):

(a) for W =X =Y =R, p(z,y) := x+y, dv) := infi<;<pv; for v :=
(vla a3 vn) € Rn7

(b) for W = X =Y = P, p(x,y) := zy, dv) = infi<;<pv; for v =
(v1, ..., vn) € R™, the product zy being the vector with components z;y; for
z = (z;), y = (y;) in R".

Both cases correspond to separation properties (for closed downward sets and
closed normal sets respectively) and have fruitful applications in mathematical
economics.

Another example is provided by the following proposition in which ¢ : Z —
R_ is an arbitrary function and b is given by relation (6).

Proposition 6. For any f € F = R” the set S = {z € Z: f(z) <
c(2), fo(2) < c(2)} is c-monotone.

Proof. Given w := (u,v), z:= (z,y) € S, we have f(u,v) < ¢(u,v), hence
*C(‘T,y) < 7fb(x7y) < C(U,”U) - [C(uay) + C(iL’,'U)} :
Taking in (2) 7 := c(u,v), s := ¢(x,y), t := c(u,y) + c(x,v), we get c(u,y) +
e(z,v) < e(u,u) + ez, y). 0
Let us compare the polarity described in Proposition 2 with the polarity
S — S* introduced to us by J.-E. Martinez-Legaz ([29]); it is given by
St ={(z,y) € Z:V(u,v) € 5, c(u,y) + c(z,v) < c(u,v) + c(z,9)}  (10)

for S € P.
The map S +— S* is a polarity since for any family (S;);e; in P it clearly

satisfies
(s = st

i€l i€l

Since S C S** the following properties ensue:

ScT=TVCSH
SQHEH — QK.

Moreover, S — S* is designed in such a way that

S C S* & S is c-monotone.
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Let us denote by M the class of c-monotone multimappings and by M’ the
class of comonotone multimappings defined by

SeM <& SHcS.

We say that a multimapping S is mazimal c-monotone if any c-monotone
multimapping 7" D S coincides with S. Observing that for a c-monotone
operator S, one has

(xz,y) € S* & SU{(z,y)} is c-monotone,
one gets, for a c-monotone operator S :
S is maximal c-monotone < S = S* & S € M' N M.
It will be convenient to introduce the Fitzpatrick map L : S — fs := (15+c)°.

Definition 2. The Fitzpatrick map L : P — F is given by L(S) = C(J(S)),
where C : F — F is the conjugacy (or Legendre-Fenchel transform) C : f —
fb = fb-

In view of (4), it is a morphism of sup-lattices when, as usual, P is ordered
by the inclusion and F is endowed with the pointwise order.

Proposition 7. Taking for C : F — F the conjugacy f — f°, the polarity
P:=MoL := MoColJ onP coincides with the “monotone polarity” S — S*:
for any S € P one has

M(L(S)) = S*. (11)

Proof. For S = @, relation (11) is obvious, both sides being Z. Let fs := L(.S)
with S # @. Then, for any (z,y) € S*, (u,v) € S, using (10) and taking
r=c(u,u), s :=c(z,y), t := c(u,y) + c(z,v) in (3), we get

c(u,v) = [e(u, y) + ez, v)] = —c(z,y),
so that we have
—fs(x,y) == inf{e(u,v) — [e(u, y) + c(z,v)] : (u,v) € S} > —c(x,y).

Thus (z,y) € M(fs) by definition of M in (5).
Conversely, if (z,y) ¢ S* there exists (u,v) € S such that

c(u,v) + c(z,y) < c(u,y) + c(z,v). (12)
Then c(u,y) + ¢(x,v) is finite and either ¢(z,y) = —oo and the relation
_C(Iv y) > C(u7 U) - [C(’LI,7 y) + C(I7 U)]

is trivial, else c(z,y) is finite and this relation follows from (12). In both cases
one gets f5(z,y) > c(z,y) and (z,) ¢ M(fs). Thus M(fs) = S*. 0
Replacing S by S*, we get the next consequence.
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Corollary 2. For any S € P one has
M(L(S*)) = Sk,

Corollary 3. (a) For any c-monotone operator S one has S C SHt C
M(L(S)).

(b) For any S € P one has M(L(S)) = S if, and only if, S is mazimal
c-momnotone.

Proof. (a) For S € M we have seen that S C S#* and S C S*, so that
St = M(L(S*)) ¢ M(L(S)).
(b) For any S € P one has M(L(S)) = S if, and only if, S# = S if, and only

if, §' is maximal c-monotone.

5 Representations

Let us study more closely the Fitzpatrick map and some classes of b-convex
functions, a function f on Z being called a b-convex function if f* = f. Then
we write f € I(2).

Proposition 8. For any S in P, the function fs := L(S) satisfies fs |sn=
¢ |gn . If S belongs to the family M of nonempty c-monotone subsets of Z,
then fs := L(S) belongs to the set

Fs={fel(Z):f=c fls=cls}

Moreover, S is mazimal c-monotone, if, and only if, fs := L(S) belongs to
the set
Hs:={felyZ): f>c, S=M(f)}

Proof. The first part of the proof of Proposition 7 has shown that fs(x,y) <
c(x,y) for any (x,y) € S*. Since fs > ¢ by Proposition 4, we get fg |sn=
¢ |se . When S is c-monotone, the relation fs € Fg is a consequence of the
inclusion S C S*.

Finally, the last corollary has shown that if S is maximal c-monotone then
S = M(fs) and that conversely, if fs € Hg then S is maximal monotone. O
When computing the c-regularization of a function is easier than computing
its c-conjugate, one may introduce the c-regularized function gs := (¢ + tg)"
of cg :=c+ts.

Proposition 9. For any c-monotone operator S the function gs satisfies fg <
gs < cs and one has fg = gs = c on S so that gs belongs to Fg.
If S is mazimal c-monotone one has S = M(gs) ={z € Z: gz(z) = c(2)}.
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Proof. The inequality gs := % < cg is a general fact for any conjugacy. Since

for a c-monotone operator S we observed that fs |s= ¢ |s, we have fg < cg
hence gg = fg > cg = fs. It follows that f¢ =gs =cs=con S.

Now suppose S is maximal c-monotone. Then, since fg < gg we have M(gs) C
M(fs) = S; but since gs = ¢ on S, we also have M(gs) = S. O
It follows that any function f such that

fs < f<gs

belongs to the class Hgs when S is maximal monotone. Examples show that
it may be more convenient to deal with such a representative function than
with the particular representatives function fg and gg. For instance, when S
is the subdifferential of a closed convex function ¢, one may take f(z,y) :=
o(z) + ¢°(y), since fs and gs may be difficult to compute (see [4], [9])

6 Questions and Observations

Let us conclude with some questions which may stimulate further research
(since answers are not always available).

1) What is the image of the polarity S +— S*? An answer can be provided in
the general framework of polarities: this image is the family 7 := {T' € P :
THE =T} of pu-closed subsets since S### = SH for any S € P and since any
T € T is of the form T' = S* for § :=T*

2) What is the image of M by L?

3) What is the image L(9°f) of the c-subdifferential of a function f by L?
The recent papers [4], [9] deal with such a question in the case of the classical
coupling; even in that case the question is not trivial!

4) Is the relationship between the polarity P and the conjugacy C : f +— f°
richer than what is described above?

5) What is the operation obtained from an operation in M (such as sum,
parallel addition...) by transporting it into F? What is the operation obtained
from an operation in F (such as sum, infimal convolution...) by transporting
it into P? Partial answers are provided in [44], [56] and [7].

6) If f € I'(Z), then M(f) is closed for the convergence which is the product
of the bounded weak convergence with the strong convergence. What more
can be said from a topological viewpoint?)

7) What are the generating functions of the preceding dualities?

8) What can be said about the corresponding subdifferentials?

9) Can one get special properties of the representations corresponding to the
existence of operations such as N and U in P or convexification in F7?

10) What is the image of I',(Z) by M?
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Summary. We consider two new classes of generalized relaxed a-monotone and
semimonotone functions and using the KKM technique we prove the existence of so-
lutions for variational-like inequalities relative to these types of mappings in Banach
spaces. Several examples and special cases are also considered.
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1 Introduction

The monotonicity property of a map, together with continuity, convexity and
coercivity, has a very important role in many fields like optimization and math-
ematical programming problems (Luc [19]), equilibrium problems (Ansari,
Konnov, Yao [2]), game theory and variational inequality theory (Glowinski,
Lions, Tremolieres [8]). Many authors obtained interesting generalizations of
this notion and used them for establish the existence conditions for some types
of variational inequalities (Hadjisavvas, Schaible [10], Hartman, Stampacchia
[11], Giannessi [6], Giannessi, Maugeri [7], Kassay, Kolumban [13], Schaible
[24]).

In 1995, Konnov and Yao proved in [14] some results about the existence
of solutions for vector variational inequalities with C,-pseudomonotone set-
valued mappings, which were been extended later by Ansari, Siddigi and Yao
in [1]. Also, Konnov [15, 16, 17] obtained some combined relaxation methods
for solving variational inequalities which involve different classes of generalized
monotone functions.

*This research was partially supported by Grant CNCSIS no. 27694/2005
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In 1997, Verma [25], studied a class of nonlinear variational inequalities with
p-monotone and p-Lipschitz maps in reflexive Banach spaces. In 1999, Chen [4]
obtained the existence of solution for a class of variational inequalities with
semi-monotone single-valued maps in nonreflexive Banach spaces. In 2003,
Fang and Huang [5], considered two classes of variational-like inequalities
with generalized monotone and semi-monotone mappings. Using the KKM
technique, they proved the existence of the solutions for these variational-like
inequalities with relaxed 1 —a monotone mappings in reflexive Banach spaces.
In this case, the following problems were considered:

Find « € K such that (Tx,n (y,z))+ f(y) — f(z) >0, Vy € K,
and
Find z € K such that (Tz,n(y,z))+ f(y) — f(z) > a(y—x), Vy € K,

where T, 1, f and « will be defined later in section 3.

The solvability of variational-like inequalities with relaxed n—a semimonotone
mappings in arbitrary Banach spaces were also studied by means of the
Kakutani-Fan-Glicksberg fixed-point theorem. In this case, the following prob-
lems were considered:

Find u € K such that (A (u,u),n(v,u))+ f(v) — f(u) >0, Vv e K,
and
Find v € K such that (A (u,u),n(v,u))+f(v)—f(u) >a(v—u), VveK,

where A, 1, f, and « will also be defined later in section 4.

In this way, some previous results concerning variational inequalities were
extended, among such references we mention Chang, Lee, Chen, [3], Chen [4],
Goeleven, Motreanu [9], Hartman, Stampacchia [11], Siddiqi, Ansari, Kazmi
[22], and Verma [25, 26].

Kang, Huang and Lee extended in 2003 [12] these notions for the case of
set-valued mappings.

In this paper, we define two classes of generalized relaxed a-monotone and
semi-monotone mappings and show by several examples the importance of
these types of functions.

Using the KKM technique, we state the existence theorems for variational-like
inequalities with generalized relaxed a-monotone mappings in reflexive Ba-
nach spaces. Further, by employing the Kakutani-Fan-Glicksberg fixed-point
theorem, we establish also the solvability of variational-like inequalities with
generalized relaxed asemimonotone mappings in arbitrary Banach spaces.
Our paper extends and improves, at least, some known results relative to:

— more general variational inequality classes as presented before;
— more general classes of monotone, respectively semimonotone mappings;
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— the convexity and the lower semicontinuity assumptions for the mappings
yr— (Tz,n(y,x)), y+— (A(z,w),n(y,z)) and f are replaced by more
general one, which extend even the usual convexity and semicontinuity
assumptions of the mappings y — (Tz,n(y,z)) + f(y) — f(x), and
yr— (A(z,w),n(y,x))+ f (y)— f (). Our results are sustained by some
significant examples given in sections 2 and 5.

2 Definitions and Some Preliminaries

We consider in the sections 2 and 3 the real reflexive Banach space E and its
dual space E*, and let K be a nonempty subset of E. We consider the mapping
T: K — E* and the functions ¥ : K x K x K - Rand a: Ex F — R.

Definition 1. ¥ is general relaxed c-monotone if for any x,y € K we have

V(y,z;y) =¥ (y,v52) > a(x,y)

where lim w = 0.

t\0
Definition 2. If ¥ (x,y;2) = (Tz,n(z,y)), where n : K x K — E, we say
that the mapping T is general 7 — oo monotone.

Remark 1.

() UV (y,x;2) = (Tz,n(y,x)) with a(z,y) = B(y —z), where 8 : K — R
with 3 (tz) =tPF(z) for t > 0, p > 1 and n: K x K — E, the Definition
1 reduces to relaxed  — @ monotonicity of mapping 7' (see [5]).
(i2) In the case of (il), if n(z,y) = x —y for all z,y € K, the Definition 1
reduces to
(Ty —Tx,y—z)>PB(y—=x), VryekK,

and T is said to be relaxed oo monotone (see also [5]).
(i3) In the case of (i2), if 3(z) = k|z||”, where k > 0 is a constant, then
Definition 1 reduces to

<Ty—T.7J,y—IE> Zk“‘r_y”p? V(E,yEK7

and T is said to be p -monotone (see [4, 25]).
(i4) We see that every monotone mapping is relaxed 7 — a monotone with
n(x,y)=x—yforal z,y € K and o = 0.

Ezample 1. If we consider F = E* =R, K = (—o0,+00),

¥ (2,y;2) = (Tz,n(v,y)) = —2n(z,y)

v ={ S0
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where ¢ > 0 is a constant, then ¥ is general relaxed a-monotone with
a($7y):/6(y_x)7

B(z) =

i.e., the mapping 7T is relaxed 7 — o monotone.

—cz?, 2<0
022, z>0

Ezample 2. If we consider E = E* =R, K = (—00, +00),

U (z,y;2) = (Tz,n (,y)) = —2°n (,y)
n(yw):{c(y o) iz

C(yQ_xQ)’ y? < 22
where ¢ > 0 is a constant, then ¥ is general relaxed a-monotone with

. —C(y2—x2)2, y2<$2
Oé(xay)_{ c(yQ—x2)27 yzsz

i.e., the mapping T is relaxed n — a monotone.

We see that in this case T is not relaxed n — o monotone with « (z,y) given
by a(z,y) = 8 (y — z). Hence, the class of general relaxed n — o monotone
mappings is more large than the class of relaxed 7 — o monotone mappings
defined by Fang, Huang [5].

Ezample 8. For K = (0,7) and « (z,y) = {(sin2 x)x — (sin2 y)yr where 7 >

a(z,z+t(y—z))
t

1 is a constant, we have li{% = 0. In this case we see that « (z,y)
t

has not the form 5 (v (y) — v (z)), where v : K — K.

Definition 3. ¥ (y,x;-) is hemicontinuous if for any fized x,y € K, the map-
ping p: [0,1] — (=00, +00) defined by p (t) =¥ (y, ;2 +t (y — x)) 4s contin-
uous at 0T,

Definition 4. We say that ¥ is coercive if there exists yo € K such that

o ¥ (z,90;7) — ¥ (,%0; Yo)
ll]|—+o0 ¥ (Yo, ;o)

:+oo

Remark 2.

(i1) We see that for ¥ (y,x;2) = (Tz,n(y,x)) such that ¥ (yo,x;y0) =
en (Yo, z) , where ¢ is a non-zero real constant, then Definition 4 reduces
to n -coercivity of the mapping T (see Schaible [23]).

(i2) For ¥ (y,z;2) = (Tz,n(y,xz)) + f(z), where f : K — RU {400} is a
proper function such that ¥ (yo,x;y0) = ¢n(yo, ), ¢ is a non-zero real
constant, then Definition 4 reduces to n -coercivity of the mapping T'
with respect to f, defined in [5]. In this case, if f = dk, where df is the
indicator function of K, then Definition 4 coincides with the definition of
7 -coercivity in the sense of Schaible [23].
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(i3) For ¥ (y, x; 2) = (Tz,n (y,2)) +¢ (y,x) where ¢ : K x K — RU{+400} is a
proper function such that ¥ (yo, z;y0) = ¢n (yo, ), with ¢ a non-zero real
constant, then Definition 4 reduces also to 7 -coercivity of the mapping T’
(see Schaible [23]).

Definition 5. (Ky Fan [18]) A mapping F : K — 2F is said to be a KKM
mapping if for any {x1,...,z,} C K, we have co{x1,...,z,} C U F (z;),
i=1

where 2F denotes the family of all the nonempty subsets of E.

Lemma 1. (Ky Fan [18]) Let K be a nonempty subset of a Hausdor(f topolog-
ical vector space X and let F : K — 2% be a KKM mapping. If F () is closed

in X for every x € K and compact for some x € K, then (| F (z) # 0.
zeK

3 Variational-like Inequalities with General Relaxed
a-Monotone Mappings

In this section we suppose that K is a nonempty closed convex subset of FE
and now we consider the following problems:

Find z € K such that ¥ (y,x;2) >0, Vy € K (1)

and
Find z € K such that ¥ (y,z;y) > a(z,y), Vy € K. (2)

Relative to problems (1) and (2) we have the following results.
Theorem 1. We suppose:

(i1) ¥ (y, x;-) is hemicontinuous for any fived x,y € K;

(i2) ¥ (-, x; z) is a convex function on K, for any fized z,z € K
(i8) ¥ (z,x;2) =0 for any x,z € K;

(i4) ¥ is general relazed a-monotone.

Then the problems (1) and (2) are equivalent.
Proof. Let x be a solution for (1). Then
v (y,xz;x) >0, for any y € K. (3)
According to (i4) ¥ (y, x; ) is a-monotone and then
Y (y,z;y) =¥ (y,z;2) > a(x,y) for any y € K,
and from (3) we get

7 (y,z;:y) > a(v,y) foranyy € K,
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i.e. x is a solution for problem (2).
Conversely, let € K be a solution of problem (2) and let y € K. We denote

yp=0—-t)x+ty, te(0,1)
and by convexity of K we have y; € K. Since z is a solution of (2) we have
VU (y,x;y) > a(z,y) forany y € K.
Hence, for y =y, t € (0,1) , we get
P (ye, x50) = (2, y) .- (4)

By (i2) we have that ¥ (-, z;y;) is a convex function. Hence

W (ye, 3 ye) < (y,z59:) + (1= ) ¥ (2, 25) - (5)
Using (4), (5) and (i3) we obtain

a(z, yt)

. , for any t € (0,1). (6)

Y (y, x5 ye) >

Since ¥ (y, z; -) is hemicontinuous (according to (i1)) and 1{1(1) w =0
t

(according to (i4)), letting ¢ — 0 in (6) we get ¥ (y,x;2) > 0, for all y € K.

Remark 3. We notice that Theorem 2.1 of Fang, Huang [5], as well as Theorem
2.1 of Verma [25] are particular cases of Theorem 1.

Theorem 2. Let K be a nonempty bounded closed convex subset of a real
reflexive Banach space E; let E* be the dual space of E. We assume that:

(1) W (y, ;) is hemicontinuous for any fized x,y € K;

(G2) W (-, x; z) is a convex and lower semicontinuous function on K, for any
fized x, 2z € K

(G3) ¥ (x,y;2) + ¥ (y,2;2) =0 for all z,y,z € K;

(34) W (y, z;-) is a-monotone with li\H(l) w =0

t

(55) a (-, y) is weakly lower semicontinuous for any fized y € K, i.e., for any

sequence {x,},, that converges to x in o (E, E*) we have

a(z,y) < lim infa(x,,y) , for anyy € K.

Then, problem (1) is solvable.

Proof. We define two set-valued mappings F,G : K — 2F as follows:

Fy)={ze K|V¥(y,z;7)
Gy) ={r € K|¥(y,x;y)

0} , VyeK,

>
>a(r,y)}, VyeK.
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According to Theorem 1 we have

NFw=[Gw. (7)

yeK yeK

We shall prove that

) G #0. (8)

yeK
We claim first that F' is a KKM mapping. We proceed by contradiction and
n
suppose that there exist {y1,...,y,} C K andt; >0,i=1,2,...n, > t; =1,
i=1

such that ¢° = Y tiy; ¢ U F () . It follows 4° ¢ F (y;) forany i = 1,2, ..., n,
i=1 i=1

ie. ' '
4 (yi,yo;yo) <0, fori=1,2,....,n. (9)

Using (j3) we obtain
¥ (y,y;z) =0 for any y,z € K.
Now, by (j2) and (9) it follows

0=w(y"y%y°) =¥ <Z tiyi,yo;y()) <
1=1

n
< Zti!p (9% 9°) <0

i=1

which is a contradiction. Hence, F' is a KKM mapping.
We prove now that G is also a KKM mapping. It is sufficient to prove that
for any y € K we have

F(y) cG(y).

Let y € K. For x € F (y) we have ¥ (y,x;x) > 0. Since ¥ is general relaxed
a-monotone, we have

Uy, zy) 2 ¥ (y, 250) + a(z,y) > a(r,y)

ie. x € G(y), hence F (y) C G(y) for all y € K and therefore G is a KKM
mapping.

We prove now that G (y) is weakly compact in K for each y € K. Indeed,
according to the definition of G (y) and by (j2) we have that the mapping
x +— WU (x,y;y) is weakly lower semicontinuous. Using the definition of G and
the weakly lower semicontinuity of « (-,y) for all y € K, we conclude that
G (y) is weakly closed for all y € K. Since K is a bounded closed and convex
set, it follows that K is weakly compact, and so G (y) is weakly compact in
K for all y € K. Using now Lemma 1 we get (9). Hence, by (7) and (8) we
get
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() Fy)#0,

yeK

and therefore, there exists x € K such that
U (y,z;2) >0, foralyeK,
i.e., problem (1) is solvable and the theorem is proved.

Remark 4. Theorem 2 includes as particular cases, for example, the Theorem
2.2 of Fang and Huang [5] and Theorem 2.2 of Verma [25].

We consider now the case of unbounded closed convex sets.

Theorem 3. Let K be a nonempty unbounded closed convex subset of a real
Banach space E and let E* be the dual space of E. We assume that (j1), (52),
(53) and (j5) of Theorem 2 are fulfilled together with

(56) ¥ is coercive.
Then, problem (1) is solvable.
Proof. For a positive real number r, we define
Br={yeE| [yl <r},
and we consider the following problem:
Find z, € K N B, such that ¥ (y, x,;z,) > 0, for all y € K N B,. (10)

According to Theorem 2 we have that the problem (10) has a solution z, €
K N B,. We show that there exists ' > 0 such that ||z, || < . If ||z, = r
for any r > 0, then we chose rg such that ro > ||yo|| , where g is given by the
coercivity condition. In this case we have

¥ (Yo, Try; Try) = 0 (11)

On the other hand, by (j3) we can write
v (yO; Zros xTO) =V (‘rTov Yo; xro) =

= [w (mT‘()?yO;xTo) - g—/(xroayo;yo)] - W(xnnyo;yo) =
= — [V (Tr,Y0; Try) — ¥ (Try, Y0;90)] + ¥ (Y0, Trg; Yo) =
< = (Trgs Y0: Tro) — ¥ (Trg» Y03 Y0)] + ¥ (Yo, Tros Yo)| =

4 (-Tr07y0§$ro) -V (‘TTO’ Yo; yO)
¥ (Yo, Tros Yo)|

Now, we can choose r large enough so that the last inequality and the coer-
civity of ¥ imply ¥ (yo,Zr,; Zr,) < 0, which contradicts (11).

-1

= - |W (y()?xro;yo)'
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Thus we conclude that there exists v’ such that ||z,/|| < r’. It follows easily
that for any y € K we can choose ¢ such that 0 < e < 1 and v +¢ (y — x,v) €
K N B,. Using now (10), (j2) and (j3), we obtain for any y € K,

0<U(xp +e(y—ap),Tpixm) =P (ey+ (1 —e)xp, p;xm) <

< e (y,xpi ) + (1= ) ¥ (T, Tpr; T ) = €W (Y, Ty Ty
ie, ¥ (y,xm;xe) >0, forall y € K.

Remark 5. We note that the above results remain also true in the case when
we consider ¥ : K x K x K — RU{+0c0} and we suppose that the mapping
x — W (z,y,z) is properly convex instead of convex on K, for any fixed
y,z € K.

Remark 6. Theorem 3 includes as particular cases the Theorem 2.3 of Fang
and Huang [5] and Theorem 2.3 of Verma [25].

4 Variational-like Inequalities with General-Relaxed
a*-Semimonotone Mappings

In this section we consider an arbitrary Banach space E. We denote by E*
the dual space of E and by E** the dual space of E*. Let K be a nonempty
closed convex subset of E**, and ¥* : K x K x K x K — R.

We consider the following problem:

Find v € K such that
U™ (v,u;u,u) >0 for all v e K.

Definition 6. Let o* : E** x E** — R be a mapping such that

i & (u,u+t(v—u))
t\.0 t

=0.

We say that U* is general relazed o* -semimonotone if the following conditions

hold:

(a) for each fizedu € K, ¥*( -, - ;u, - ) is general relazed a*-monotone,
i.e.

U (v, w;u,v) — P (v,w;u,w) > o (v,w), foralv,we K;

(b) for each fizred u,v,w € K, ¥* (v,u; - ,w) is completely continuous, i.e.,
for any sequence {z,}, that converges to zo in o (E**,E*), the sequence

{¥* (v,u; 2n,w)},, converges to W* (v, u; 29, w) .
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Let A: K x K — E* n*: K x K - E* and #* : B** — R, such that
8% (tz) = tP3* (z) for all t > 0, z € E**, where the real number p > 1is a
constant.
If U* (x,y;2,w) = (A(z,w),n* (z,y)), then the Definition 6 reduces to the
following

Definition 7. (Fang, Huang [5, Definition 3.1]) The mapping A is said to be
relaxed n* — 3* semimonotone if the following conditions hold:

o for each fized u € K, the mapping A (u, - ) is relaxed n* — 3* monotone,
i.e.,

(A (u,v) = A(u,w) ,n* (u,v)) > " (v—w), foralv,wée K,

e for each fized v € K, the mapping A( - ,v) is completely continuous, i.e.
for any sequence {uy}, that converges to ug in o (E**, E*) implies that
{A (un,v)},, converges to A(ug,v) in the norm topology of E*.

If f: K — R is convex and lower semicontinuous and

U (z,y;2,w) = (A(z,w) 0" (2, 9)) + f () = f(y),
then the problem (12) reduces to the problem (9) of Fang, Huang [5].

Theorem 4. Let E be a real Banach space and let K C E** be a nonempty
bounded closed conver set. We assume that:

(i1) ¥* is general relazed a*-semimonotone mapping;

(i2) © — U* (x,y;2z,w) is a convex and lower semicontinuous mapping, for
any fized y, z,w € K;

(i3) ¥* (x,y;z, - ): K — R is finite dimensional continuous for any fived
x,y,z € K, i.e, " (x,y;2, - ): KNF — R is continuous for any finite
dimensional subspace F' C E**;

(i4) o* (v, - ) is convex and lower semicontinuous for any fized v € K;

(i5) O* (z,y;z,w) + ¥* (y,z;z,w) =0 for any z,y,z,w € K.

Then, the problem (12) is solvable.

Proof. Let F C E** be a finite dimensional subspace with Kp = F' N K # (.
For each w € K we consider the following problem:

Find ug € K such that

U* (v, up; w,ug) > 0 for all v € K. (13)

By (i2) - (i4) and Theorem 2 it follows that there exists a solution ug € Kp
of the problem (13).
Let T : Kr — 257 be a set valued mapping defined by

Tw={ue Kp |V (v,u;w,u) >0forallve Kr}.
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By Theorem 1 we have that, for each fixed w € Kp,
Tw={u€ Kpr | ¥ (v,u;w,v) > a" (v,u) forallve Kp}.

From (i2) follows that  —— ¥* (z,y; z,w) is also weakly lower semicontinu-
ous, hence T' has nonempty bounded closed and convex set values.

Since T is upper semicontinuous by (il), using the Kakutani-Fan-Glicksberg
fixed point theorem, we obtain that T has a fixed point wy € K, i.e.

U™ (v, wo; wp, wp) > 0 for all v € Kp. (14)
Now, we define
F ={F C E** | F is a finite dimensional subspace, F' N K # (}}
and for each F € F,
Wrp={ue K |¥" (v,u;u,v) > a* (v,u) foralve Kp}.

By (14) and Theorem 1, we have that W is nonempty and bounded. Now,

if we denote by Wp the o (E**, E*)-closure of Wp in E*, then Wg is
o (E**, E*)-compact in E**.

We know that WﬂF C ﬂWp for F; € F, i € {1,...,N}. Therefore

{Wpg | F € F} has the ﬁmte intersection property and [\ Wr # 0.
FeF

Let wue W r. For each v € K, we consider F € F such that v € K and
FeF
u € Kg. Then, there exists a sequence {un}n C Wp which converges to u in

o (E**, E*). From the definition of Wg, we have
U* (0, Uy Up,v) > ™ (V,up) .

It follows that
U* (v,uyu,v) > o (v,u) for allv e K.

Using (i1) through condition (b) of the definition, (i4), and the technique used
in Theorem 1 we obtain

U* (v,u;u,u) >0 for all v € K,
i.e., u is a solution of problem (12) and the theorem is proved.

Remark 7. We notice that Theorem 3.1 of Fang, Huang [5] and Theorems 2.1
- 2.3 of Chen [4] can now be obtained as corollaries from Theorem 4.

Theorem 5. Let E be a real Banach space and let K C E** be a nonempty
unbounded closed convez set. We assume that conditions (i1) - (i5) of Theorem
4 are fulfilled together with
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(i6) there exists a point yo € K such that

lim ¥~ ($,y0;1'71') > 0.

[l]|—o0
Then, the problem (12) is solvable.
Proof. From Theorem 4 we know that the problem
U* (v,u;u,u) >0 for allve KN B, (15)

has a solution u, € K N B,., where B, C E** is the closed ball centered in 0
with radius r. We choose r large enough such that yo € B,.. By (15) we obtain
that for v = yp and u = u,,

!p* (yO»ur;umur) 2 0.

It follows from (il) and (i6) that {u,} is bounded. Now, using the technique
of Theorem 1 we get

U* (v, up; up, v) > " (v,u,) forallve K,
and, for u, — u in o (E**, E*) when r — o0,
U* (v,u;u,v) > a* (v,u) forall ve K.

We apply again the technique used in Theorem 1 and obtain that u is a
solution of problem (12).

Remark 8. The above results remain also true in the case when we consider
U*: K x K x K x K — RU{+00} and we suppose that the mapping z —
U* (z,y; z,w) is properly convex on K, for any fixed y, z,w € K.

Remark 9. We observe that Theorem 3.2 of Fang, Huang [5] and Theorems
2.4 - 2.6 of Chen [4] become corollaries of Theorem 5.

5 Some Examples

In this section we consider some examples that justify the extensions presented
in sections 4 and 5. We recall that in the examples of section 2 different forms
of the function o were emphasized. In the next examples new forms of the
functions « and o* are given.

In the first three examples we consider the case of the reflexive Banach space
E = R for which we show that, according to section 3, the following can
happen:

e the mapping y — (T'z,n (y,z)) is convex for any y, z € K whereas y —
o (y,z) = f(y) — f (x) is not convex with respect to y, but the mapping
y— ¥ (y,x;2) = (Tz,n(y,2)) + ¢ (y,2) is convex;
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e the mapping y — (T'z,7(y,x)) is not convex for any y,z € K whereas
y+— @ (y,z) = f(y) — f (z) is convex with respect to y, but the mapping
yr— V¥ (y,z;2) = (Tzn(y,2)) + ¢ (y,2) is convex;

e the mapping y — ¥ (y,x; z) is convex but ¥ has not the above form.

In all these instances the mapping y — W (y, x; z) verifies the hypotheses of
theorems 1 - 3. We notice that, for example, the results of the corresponding
theorems of Fang, Huang [5] do not apply for the cases of our examples.

In the last two examples we consider other Banach spaces than R.

Ezxample 4. Let us consider £ = E* = R, the closed bounded convex set
K =[-1,1], and the mappings

T:K—E, Tz=—|¢|,

n: KXK*)E& n(yax) :y27"£27

¢:KxK—E, oyz)=y"+y>—a*—a>
We have: (T'z, 7 (y,z)) = — |z| (y? — 2?) , which is not convex with respect to
Y, @ is convex, but ¥ (y,x; z) = — |z| (y2 — xz) +y* +y? — a* — 22 is convex

with respect to y on K for any x,z € K.
If we take a (z,y) = (y? — 2?) (Jz| — |y|) then ¥ verifies the assumptions (il)—
(i4) of Theorem 1 and (j1) — (j5) of Theorem 2.

Ezxample 5. We consider again £ = E* = R, the closed unbounded convex set
K =[1,00), and the mappings

2

Tz=z n(y,z)=y>—22, ¢yz)=a>—y%

We have: (T'z,7 (y,z)) = z (y*> — %) , which is convex on K with respect to y,
© is not convex on K with respect to y, but ¥ (y, z; 2) = (Tz,n (y,2))+¢ (y, x)
is convex on K with respect to y.

For o (z,y) = (y* — 2°) (ly| — ||) the hypotheses of Theorem 3 are fulfilled,
which also suppose a coercivity assumption.

Ezxample 6. Let E = E* = R, K = [1,4] or K = [1,00). We consider
¥ (y,x;2) = (y*> — 2?) exp (2) + 2 (y — ), which has not the form

(Tz,0(y, =) + oy, ).
If we define o (z,y) = (y* — 2?) (exp (y) — exp (z)) + (y — )%, then the map-
ping ¥ verifies the hypotheses of Theorems 1 and 2 for K = [1,4], and the
coercivity hypothesis of Theorem 3 for K = [1,00).
Ezample 7. Let us consider

1/2

E=l=qr=(Tn),5 |zl = in <o, tp €ER, n>1 3,
n>1
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which is a reflexive Banach space [21]. We consider
K:{xe£2 | lx,| <377, VnZl},

which is a closed, convex and bounded set in £5. Since v : K — R, u(z) =
Y n>1 2", is a continuous and affine mapping on K [21], the mapping ¥ :
K x K x K — R defined by

4 (yax; Z) = ”Z” Z 2" (yn - xn) + Z (yn - xn) SY (HZH)

n>1 n>1

is hemicontinuous and convex as required in the Theorems 1 and 2. It is
also easy to show that the other assumptions of the mentioned theorems are
fulfilled for

a(@,y) = (lyl =l Y 2" (yn — z4)

n>1

+(exp (lyll) = exp (2]1)) D (yn — ).

n>1

Ezxample 8. Let E be the space of square-integrable random variables defined
on some fixed probability space. Hence, if X € E then £X? < oo, where
£X? is the usual expectation of the random variable X 2. Almost surely equal
random variables are regarded as identical. Considering the scalar product

(X,Y)=E(XY), for X,Y € E,

the space E becomes a Hilbert space (see, for example, Neveu [20]). The

induced norm will be | X| = (€X2)1/2. According to [21] E is a reflexive
Banach space, i.e., E = E*. We take K = {X € F |1 < £X < 2} which is
a nonempty convex, closed and nonempty set in E. For X,Y,Z € E let us
define

(Y, X;Z)=[E(Y?-Y)-E(X?—X)]sin® || Z] +
+(EY —EX)In (|| Z]| + 1)

and

a(X,Y) = [€ (V2= V) = € (X* = X)] (sin? | V]| - sin? || X]) +
e

+ (Y —€EX)In ———.
( TS

Since for Y7,Y2 € E and 0 < A < 1 we have £Y? + EYF > 2€ (Y1Y2) and

EOVI+(1—-NY2)? =& (A2V2 + (1 - N2Y2+2)(1—\) Y1Y2> <

SN2EY2+ (1= A2 EVE+A(1—N) (EVE 4+ EVE) =
= ANEY2 4 (1—\)EYZ
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We see that ¥ ( - , X, Z) is a convex mapping on K for any fixed X, Z € K.
Also, it is easy to show that the other assumptions of the Theorems 1 and 2
are fulfilled.

We notice that if K = {X € E'| £X > 1} the above defined mappings ¥ and
« satisfy the conditions of Theorem 3.

Example 9. Let C be the set of complex numbers and
E=c= {x: (alcn)n21 z, € C, lim z, :O}.

We have

Er=c=b=2=(2n),> |2n€C, ||, = Z |xn| < 0o
n>1

E¥ =0 =c¢* =l = {x = (Tn),>; | 2n €C, |z|| = sgp|acn| < oo}
- n>1

(see [21]). We note that €% # ;.
Let a > 0 be a real number and we define the set
K={ze€eE|z,eR, 0<z,<a, Vn>1},

which is a convex, closed and bounded set in E**. For z,y,z,w € E** we
define

Ty Yn
U (z,y;zw) = | Y on 2 g | Uzl + llw]l + explw]])
n>1 n>1
and
Tn Yn
a(zy)=( on 2 gn | (el = llyll + exp llz]] — exp [lyll)
n>1 n>1

We remark that ¥ and « satisfy the assumptions of Theorem 4. The assump-
tions of Theorem 5 will also be satisfied if we define the set

K={ze€eFE |z, €R, 2, >0, Vn>1}.

As final remarks we notice that, by using the spaces E = ¢y and E** = {,,
we can construct similar examples like the Examples 4 and 5. Also, one can
use the Banach spaces ¢, and LP, with 1 < p < oo, for further examples.

Acknowledgment. The authors are thankfully to the referees for their valuable
remarks, especially for the suggestion to include some examples, which confirm
the significance of the proposed extensions.
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Summary. This paper considers n-person non-coalitional games with finite players’
strategy spaces and payoff functions having some concavity or convexity properties.
For such games it is shown that there are two-point Nash equilibria in them, that is
equilibria in players’ strategies with support consisting of at most two points. The
structure of such simple equilibria is discussed in different cases. The results obtained
in the paper can be seen as a discrete counterpart of Glicksberg’s theorem and other
known results about the existence of pure (or ”almost pure”) Nash equilibria in
continuous concave (convex) games with compact convex spaces of players’ pure
strategies.

Key words: Noncooperative games, matrix games, Nash equilibrium, convex
payoffs, two-point strategies.

1 Introduction

The assumption of concavity/convexity of payoff functions is very often used,
both in theoretical considerations and practical applications of noncoopera-
tive games. This kind of properties allow to look for players’ strategies with a
very simple structure (unrandomized) and creating equilibria of games. One of
the most important concepts of optimal solution for noncooperative games is
a Nash equilibrium. In particular, a Nash equilibrium realized in pure (unran-
domized) strategies is very convenient for the players. Classical result in this
field (Glicksberg[4]) says about the existence of a Nash equilibrium in pure
strategies in n-person non-zero-sum games with continuous quasi-concave pay-
offs. There are other similar results on the existence of pure Nash equilibria
in games ([12], [1], [8], [6]). However the basic parts in assumptions of those

*This paper was supported by Grant No. 342209, Wroclaw University of Tech-
nology.
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models are different types of convexity of players’ payoff functions. The sec-
ond feature of games considered in those models is that the spaces of players’
strategies are uncountable. In many situations, however, goods have a discrete
structure and are nondivisible, (e.g. people, cars), and therefore we cannot al-
ways consider continuous strategy spaces for the players. In such cases finite
games arise and thereby the payoff functions are defined on finite sets. In this
connection two fundamental questions arise:

(1) How to define convexity of payoff functions in finite games?

(2) Will such convex/concave finite game still possess pure or approximately
pure Nash equilibria?

Just this kind of problems are discussed in this paper.

The organization of the paper is as follows. In Section 2 we present background
results which are an inspiration for our further considerations. In Section 3
we give a rich review of recent results for convex finite two-person games. In
Section 4 we discuss the case of n-person non-zero-sum finite games. There
we give a theorem which is a discrete counterpart of Glicksberg theorem for
infinite convex games.

2 Background Results

In this section we recall four background theorems, essential for our further
considerations. First we need to fix some notation. We will start with the
definition of an n-person non-zero-sum game G,, in the following normal form,

Gn = (N, {Xi}ien,{Fi}ien), (1)
where

1. N ={1,2,...,n} is a finite set of players;

2. for each i € N, X; is a space of pure strategies z; of i-th Player;

3. for each i € N and = = (z1,29,...,2,) € H;enX;, Fi(z) is the payoff
function of Player ¢, in the situation when players use pure strategies
T1,T3, ..., Ty, respectively.

One of the most important concepts of optimal solution for such games is a
pure Nash equilibrium or equivalently, a Nash equilibrium in pure strategies.
It is defined as any strategy profile x* consisting of players’ pure strategies of
the form o* = (27,23,...,2},) € [[;cn Xi satisfying the inequalities

Fi(z*) > Fi(aY,...,x{_1, 2, %; ,...,x,) forie Nandz; € X;. (2)

When all these inequalities hold up to an € > 0, we say about pure e-Nash equi-
librium. Such solutions in pure strategies have possibly the simplest structure
and thereby, they are very desirable in practical applications.

A mized strategy of player ¢ € N in the game G,, is any probability distribution
1; over the space X;. It happens very often that there is no Nash equilibrium
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in pure strategies. In such situations one can look for a Nash equilibrium in
mixed strategies. Then for each i € N, Player ¢’s space X; of his pure strategies
is extended to the space X; of his mixed strategies, and domain [[,. X; of
his payoff function F; is extended (as expected values with respect to the
product distribution) to richer domain [],. 5 &;. Then, when each player i €
N acts according to his mixed strategy u;, the mized strategy profile is p =
(1, pi2, - - -, pin) and the payoff functions F; are treated as defined on the space
of the players’ mixed strategy profiles and for each ¢ € N equal to

Fi(pa, pry - -5 fin) =/ Fi(xy,20,...,2n)dpy (x1)dpe(22) - . . dppn (20)
II

ien Vi

Now a mized Nash equilibrium (or a Nash equilibrium in mized strategies) is
any mixed strategy profile p* = (ui, p3, ..., 1) € [[;cn Ai satisfying analo-
gous inequalities to (2). It is known that any n-person game with all spaces
X, finite always has a mixed Nash equilibrium (Nash[5]).

To begin with, we will quote the most important result for infinite games.
A first background theorem is basic for n-person non-zero-sum games. We
recall here that by definition, a real-valued function f(x) on a convex set X
is quasi-concave, when for each real ¢, the set {x : f(z) > ¢} is convex. Of
course, every concave function is quasi-concave.

Theorem 1. (Debreu[2], Glicksberg[4], Fan[3]) Let X;, i € N, be convex and
compact subsets of some euclidean spaces R™i, m; > 1. If every function
Fi(x1,...,2n) is continuous on [[,cy Xi and quasi-concave in x;, then the
n-person non-zero-sum game Gy, = (N,{X;}ien,{F;}ien) possesses a pure
strategqy Nash equilibrium.

The next two results we recall (Theorems 2-3) concern two-person zero-sum
games. Such games are defined by the normal form

5: <{132}3{X7Y}ﬂ{F17*F1}>7 (3)

where X and Y are strategy spaces of Players 1 and 2, and Fj(z,y) and
—Fy(z,y) are payoff functions of Players 1 and 2, respectively. It appears
that for two-person zero-sum games we can say much more (in comparison to
Theorem 1) about the situations when Nash equilibria exist. We assume for
the next two theorems that X C R™ and Y C R", m,n > 1.

Theorem 2. (Sion[12]) Let X,Y be convex sets with X compact. Assume that
Fi(z,y) is an upper semicontinuous function in x and quasi-concave in x for
each y, and quasi-convex in y for each x. Then for any € > 0 the two-person
zero-sum game G§ possesses a pure e-Nash equilibrium.

Theorem 3. (Bohnenblust, Karlin and Shapley[1]) Let X,Y be compact sets
with X convex. Assume that Fy(z,y) is a continuous function on X XY and
concave in x for each y. Then the two-person zero-sum game G35 possesses
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a Nash equilibrium (pu*,v*) with a pure strategy p* for Player 1, and with a
mized strateqy v for Player 2, being a probability measure concentrated in at
most n points of Y.

In the last two theorems, a two-person non-zero-sum game with the strategy
spaces X =Y = [0,1] is considered. Let us denote such a game by

Gy* = <{172}7{[0’ 1]7[051]}7{F17F2}>7 (4)

where Fy(z,y) and Fy(z,y) are payoff functions of Players 1 and 2, respec-
tively. It appears that such a special form of the players’ strategy spaces as the
unit intervals, ensures the existence of a pure e-Nash equilibrium under much
weaker assumptions (on the payoff functions) in comparison to the ones of the
previous theorems. Practically, the only restriction on the payoff functions is
the convexity (concavity) of Player 1’s payoff function F(z,y) in variable x
for each y € [0, 1], while the second payoff function can be quite arbitrary
(without any ”continuity” assumptions). This is described below in Theorems
4 and 5. The payoff functions Fy(z,y) and Fy(x,y) are assumed there to be
bounded and bounded from above on [0, 1] x [0, 1], respectively. Throughout
the paper we shall often use the symbol §; as

d; — a degenerate probability distribution concentrated at point t.

Theorem 4. (Radzik[9]) Let Fi(x,y) be concave in x for each y. Then for
any € > 0, the two-person non-zero-sum game G5* has an e-Nash equilibrium
of the form (ui,p3) = (ady + (1 — @)dp, B0 + (1 — B)da), for some 0 <
a,fB,a,b,c,d <1 with |a —b| <e.

Theorem 5. (Radzik[9]) Let Fy(z,y) be convex in x for each y. Then for any
e > 0, the two-person non-zero-sum game G%* has an e-Nash equilibrium of
the form (u, p3) = (ado+(1—a)d1, B0+ (1—5)dq), for some 0 < a, B,¢,d < 1,
where « is independent of €.

In all the theorems given above, the convexity and/or concavity of the play-
ers’ payoff functions play a remarkable role in their assumptions, and, besides,
the players’ strategy spaces are infinite (uncountable). However, in many sit-
uations, the players’ strategy spaces are finite and thereby, those theorems
say nothing about possible existence of Nash equilibria and the above theo-
rems cannot be applied. Hence, a very essential question is whether there are
possible "discrete” counterparts of Theorems 1-5, that is, analogs of those
theorems with the players’ finite strategy spaces. How to define the convex-
ity /concavity of payoff functions on finite sets? Do such discrete counterparts
preserve the propositions about the existence of Nash equilibria of similar
7simple” form? In the next sections we just study these problems both for
zero-sum and non-zero-sum games.
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3 Two-person Finite Games

In this section we discuss two-person finite games, both in zero-sum and non-
zero-sum version. According to (1), any two-person non-zero-sum game can
be described by the triplet Gy = ({1,2},{X,Y}, {F1, F2}), where X and Y
are pure strategy spaces for Players 1 and 2, respectively, and Fi(z,y) and
Fy(x,y) are their payoff functions. A game I' is called finite when the spaces
X and Y are finite sets.

This section consists of two parts. The first subsection contains all the needed
definitions and notions. The second subsection is devoted to a review of our
most interesting results (see papers of Radzik and Potowczuk: [8], [10], [6] and
[7]) for two-person zero-sum and non-zero-sum finite games. In the literature
such games are generally called matrix and bimatrix games, respectively.

3.1 Definitions and Preliminary Results

For the rest of this section we will consider two-person non-zero-sum finite
games I' = ({1,2},{X, Y}, {F1, F»}) with strategy spaces of the form

X={L2,...,m} and Y ={1,2,...,n}

for two naturals m and n, and with payoff functions F; and F; for Players 1
and 2, respectively.

Let A = [a;5] and B = [b;;] denote two matrices of size (m x n) such that
a;; = F1(i,7) and b;; = F5(4, §) for all ¢ and j. We will denote such a bimatriz
game by I'(A, B) with A and B as the players’ payoff matrices. We will also
use the notation (m X n)-game I'(A, B) to emphasize the dimension of the
payoff matrices A and B in the game.

Therefore, the game I'(A, B) is played in such a way that Player 1 chooses
any row ¢, 1 <17 < m and simultaneously, Player 2 chooses any column j,1 <
Jj < m, and then the players payoffs are equal to a;; and b;;, respectively.
Of course, any pair (i,7) of players’ pure strategies in game I'(A, B) can be
identified with the pair (J;, ;).

One can easily see that the pair (7, ) is a pure Nash equilibrium in bimatrix
game I'(A, B) if a;; and b;; are the biggest elements in the j-th column of
matrix A and in the i-th row of matrix B, respectively.

When I'(A, B) is a zero-sum game, that is, when B = —A, then the game
I'(A,—A) is called a matriz game and shortly denoted by I'(A).

It is clear that the pair (i, 7) is a pure Nash equilibrium in matrix game I"(A)
if a;; is the smallest element in the i-th row and the biggest in the j-th column
of matrix A. Then such a pair (4, j) is also called a saddle point of matrix A.
Now we will define two special types of players’ mixed strategies with a very
simple structure. Such strategies play an important role in our paper.

Definition 1. A (mized) strategy p1 of Player 1 in game I'(A, B) is a two-
point strategy if it is of the form py = ady + (1 — @)dp with some 0 < a <1
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and 1 < a,b <m.
Ifb=a+1, then uy is a two-adjoining-point strategy. Strategies for Player 2
are defined analogously.

Now we give the definitions of several types of concavity/convexity for finite
games, which are basic for our paper.

Definition 2. A bimatriz game I'(A, B) is concave if there exist two functions
Fi(z,y) and Fa(z,y) on the unit square, concave in x for each y and concave
in y for each x, respectively, and if there are two strictly increasing sequences
{wi}i%y and {y;}j—; in [0,1], such that Fi(x;,y;) = aij and Fa(zi,y;) = bij
for all i and j.

If game I'(A, B) satisfies this definition only with respect to the function
Fi(x,y), then it is a column-concave game.

The properties of quasi-concavity, and convezity of game I'(A, B) are defined
analogously.

Remark 1. One can easily see that the two-person non-zero-sum game G557
of the form (4), under the assumptions of Theorem 4, can be ”discretized”
to an (m x n)-bimatrix game I'(A4, B) with column-concavity property. On
the other hand, the same game G5* under the assumptions of Theorem 5
leads, after discretization, to a bimatrix game with column-convexity property.
Similarly, the two-person case of a game from Theorem 1 leads to a quasi-
concave bimatrix game. On the other hand, after discretization of games from
Theorems 2 and 3 we get matrix games which are quasi-concave and column-
concave, respectively.

Remark 2. All Theorems 1-5 say about the existence (in some infinite games)
of a pure Nash equilibria or two-point Nash equilibria. Hence, a very natural
supposition is that the corresponding bimatrix or matrix games, should also
have Nash equilibria with a similar simple structure, that is, in pure or two-
point strategies. This will be discussed in our further considerations.

For a given game I'(A, B) it is rather difficult to check directly whether it is
concave or not. It appears, however, that there exists an alternative (equiv-
alent) characterization of concavity for bimatrix games, which allows us to
check without difficulty, if a game has this property. The proof of this result
is identical with the one for two-person zero-sum games, given in [10]. It can
be written in the following form.

Proposition 1. A game I'(A, B) is concave, if and only if there exist positive
numbers 01,05, ...,0,,_1 and 71,72, ... Tn_1 Such that

Gl(agj — alj) 2 92(a3j — agj) Z e Z 0m_1(amj — am—l,j) fOI‘ allj (5)
and

71(bi2 — bi1) > T2(biz — bi2) > -+ > Ty—1(bin — bi,p—1) for alli.  (6)
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When all the inequalities in (5) and in (6) are reverse, game I'(A, B) is a con-
vex game. When only inequalities (5) hold, game I'(A, B) is column-concave
(or column-convex when inequalities in (5) are reverse).

Remark 3. Note that (5) and (6) hold with positive 61,...,0,,—1 and 71, ...,
Tn—1 if and only if for each k and [, 1 < k <m — 2,1 <[ < n — 2 there are
ag > 0 and §; > 0 such that ag(art1,; — akj) > aps2,; — art,; for all j and
Bi(bii+1 — bir) > biiq2 — biggq for all i. These two conditions are easily veri-
fiable, allowing to check whether a game is concave. An analogous algorithm
can be used in the ”convex” case.

We now formulate a theorem allowing to check directly whether a bimatrix
game is quasi-concave. It follows from the proof of Theorem 3.2 in [10].

Proposition 2. A bimatriz game I'(A, B) is quasi-concave if and only if for
each i and j, 1 <i<m, 1 < j <n, there exist natural k and I, 1 < k < n,
1 <1< m, such that

a1 <agy < <ay > a1 2 2 Qg
bin <bjg <+ by 2 b g1 2> 2 by,

When I'(A, B) is a zero-sum game satisfying these inequalities, the functions
Fy and Fy (in Def. 2) can be chosen with Fo = —F.

The structure of inequalities in the above Proposition 2 encourages to define
two other types of quasi-concavity of a bimatrix game. They will be basic for
our further results.

Definition 3. A bimatriz game I'(A, B) is strongly quasi-concave if for each
iand j, 1 <i<m, 1< j <mn, there exist k, [, r and s, 1 < k <1 < n,
1 <r<s<m, such that

alj<a2j<-~-<arj:ar+1$j:-~-:asj>as+1’j>~-~>am]—
bit <bpp < <bjgk =bjpp1="---=by >bi 141> >bip .

Definition 4. A bimatriz game I'(A, B) is strictly quasi-concave if for each
tand j, 1 <i<m,1<j<mn,thereeristk andr, 1 <k <n,1<r<m,
such that

a; <ag; < - - < Qpj > Arg1,5 > "0 > Gy
bil<bi2<"'<bik>bi7k+l>"'>bin-

At the end we give a theorem about concavity of a bimatrix game, analogous
to Proposition 2.

Proposition 3. Any concave bimatriz game I'(A, B) is strongly quasi - con-
cave.
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Proof. Fix j,1 < j <n, and let us put ¢; = 0;(a;+1,,—ai;), i =1,2,...,m—1.
Therefore, by (5), the sequence (¢1,c¢a,...,¢n—1) is nonincreasing. Further,
let r = maz{i : ¢ >0} (weputr =11if {i : ¢ > 0} = 0), and let
s=min{i: ¢; <0} (weput s=m—11if {i: ¢; <0} =0). Now, it is easily
seen that for such r and s, the first line of inequalities in Definition 3 hold.
Inequalities in the second line of Definition 3 can be shown analogously.

3.2 Equilibria in Two-person Finite Games

The four possible properties of bimatrix games I'(A, B) introduced in the
previous subsection, that is, concavity, quasi-concavity, strong quasi-concavity
and strict quasi-concavity, are basic for our subsequent considerations. They
play an essential role in assumptions of the presented theorems about the
existence of pure and two-point Nash equilibria in both zero-sum and non-
ZEero-sum games.

We begin with the first group of three theorems about sufficient conditions
for the existence of pure Nash equilibria in a bimatrix game I'(A4, B) (their
proofs and several counterexamples related to them one can find in [6]).

To express the theorems we need one more notation. Namely for any (m x n)-
matrix W = [wys], let W)}, 1 <i <k <m,1<j<Il<n, be its submatrix
of the form:

Wij Wi, j+1 -+ Wi
ij Wit1,5 Wit1,j4+1 - Wit1l
Wy = . .
W5 Wg,j+1 --- Wkl

Let I'(A, B) be a bimatrix game, where A = [a,s] and B = [b,4] are (m x n)-
matrices. By the subgame I} of game I'(A, B), where 1 < i < k < m and
1 <j <1<n, wemean the game I'(4}}, B)j).

Theorem 6. Assume that I'(A, B) is a strongly quasi-concave game and that
every (2 x 2)-subgame (obtained by removing m — 2 rows and n — 2 columns
of A and B) has a pure Nash equilibrium. Then the game I" has a pure Nash
equilibrium as well.

Theorem 7. Assume that I'(A, B) is a strongly quasi-concave game. If all
(2 x 1)-subgames I}j{, ;; ; and all (k x 2)-subgames I/, .., of the game
Fi<i<m,1<j<n k=2,....m—i+1,1=2,...,n—j+1) have pure

Nash equilibria, then the game I' also has a pure Nash equilibrium.

The third theorem deals with strictly quasi-concave bimatrix games. It says
that if such a game can be divided (”vertically” or ”horizontally”) into two
subgames having pure Nash equilibria, then it also has a pure Nash equilib-
rium.

Theorem 8. Let I'(A, B) be a strictly quasi-concave game. Assume that one
of the following statements holds:
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1. there exists k, 1 < k < m such that both subgames I't = [}} and I'y = Tk},
have pure Nash equilibria;

2. there exists I, 1 < 1 <n such that both subgames It = I''} and Iy = [},
have pure Nash equilibria.

Then the game I' has also a pure Nash equilibrium.
Theorem 8 has an interesting corollary.

Corollary 1. Assume that the game I'(A, B) is strictly quasi-concave. If all
(2x2)-subgames of the form Fiil’jﬂ of the game I" have pure Nash equilibria,
then also the game I' has a pure Nash equilibrium.

Remark 4. It is worth to mention that the zero-sum version of Theorem 6
is much stronger. Then the assumption about the strong quasi-concavity is
not needed ([11]). The zero-sum version of Theorem 7 one can find in [§]
(Theorem 2.2 there). It was shown there that the assumption of that theorem
can be remarkably weakened, by taking £ < 3 and [ < 3. However in the
non-zero-sum case it does not suffice, which is shown in the next example.

Example 1. According to what we said in the last remark, it is enough to
assume that all (2 x 2), (2 x 3) and (3 x 2)-subgames of a strongly quasi-
concave zero-sum game have pure Nash equilibria, and the consequence is
that the entire game has a solution of the same type. But consider the two-
person non-zero-sum strongly quasi-concave game with the payoff matrices:

4111 1234
3112 4321
A= 2113 B= 1234
1114 4321

Note that all (2 x 2), (3 x 2) and (2 x 3)-subgames have pure Nash equilibria
but the entire game does not. It shows that the assumptions of Theorem 7
cannot be weakened.

Remark 5. The strong quasi-concavity in Theorem 6 cannot be replaced by
quasi-concavity. Moreover, strict quasi-concavity in Theorem 8 cannot be re-
placed by the weaker property, strong quasi-concavity. This is widely discussed
in Remark 2.2 of [8].

At the end of this section we give four theorems about the existence of two-
point Nash equilibria in bimatrix games. Their proofs one can find in a recent
paper of Polowczuk [7]. The zero-sum version of these results were earlier
obtained by Radzik [10]. The theorems are described in terms of two-point
and two-adjoining point strategies (see Definition 1).

Theorem 9. Let I'(A, B) be a concave bimatriz game. Then, there exist a
Nash equilibrium (p1, 12) in this game such that py and ps are two-adjoining-
point strategies.
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Theorem 10. Let I'(A, B) be a column-concave bimatriz game. Then, there
exist a Nash equilibrium (u1, pg) in this game such that py is a two-adjoining-
point strategy and ps is a two-point strategy.

Theorem 11. Let I'(A, B) be a convex bimatriz game. Then, there exist a
Nash equilibrium (u1, p2) in this game such that py and ps are two-point
strategies of the form p1 = Ao1 + (1 — N)dy, and pa = v61 + (1 — ¥)d,, for
some < A<1and 0 <~ <1.

Theorem 12. Let I'(A, B) be a column-convex bimatriz game. Then, there
exist a Nash equilibrium (p1, p2) in this game such that py and ps are two-
point strategies with py = Ao1 + (1 — Ny, for some 0 < A < 1.

Remark 6. One could ask about the procedure allowing to simply find a Nash
equilibrium determined by Theorems 9-12. In [7] and [10] one can find such
procedures for matrix and bimatrix games, respectively. It appears that for
matrix games these procedures are much simpler than for bimatrix games.

Remark 7. One could see Theorem 9 as a discrete counterpart of a two-person
”concave” version of Theorem 1. Similarly, Theorem 10 is a ”discrete” coun-
terpart of Theorem 4. As far as the last two theorems are concerned, they can
be seen as discrete counterparts of Theorem 5.

Remark 8. Theorem 1 would suggest that the assumption of Theorem 9 on
concavity of a bimatrix game I'(A, B) could be weakened to quasi-concavity
of I'(A, B). However, it is rather a big surprise that Theorem 9 is not longer
true when we replace concavity by quasi-concavity. Then a Nash equilibrium
in two-adjoining-point strategies may not exist. This is shown in the next
example.

Ezample 2. Consider a bimatrix game I'(A, B) with payoff matrices of the
form:

5 3-1 -1 0 2
A=|-1 1 3 and B = 21 0
-3-1 5 3 2-1

It is easily seen (by Proposition 2) that this game is quasi-concave. However,
the only Nash equilibrium in this game consists of the following three-point
strategies: pu* = (1/2)01 + (1/4)d2 + (1/4)d3 and v* = (1/4)6; + (1/4)d2 +
(1/2)d3, which contradicts our earlier supposition expressed in Remark 8.
Therefore, in fact, the assumption on concavity cannot be replaced by quasi-
concavity.

4 Concave n-Person Finite Games

In this section we discuss the question if there is a discrete n-person counter-
part of Theorem 1. By Theorem 9 we know that such a discrete counterpart
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exists in a two-person concave version, and concavity cannot be weakened to
quasiconcavity (Remark 8). This strongly suggests that the answer for that
question is positive in the ”concave case”. Just this fact will be shown in our
main theorem of this section (Theorem 13).

4.1 Main Theorem

Before expressing the theorem, we need to introduce some new definitions and
notation.

An n-person non-zero-sum finite game I'y will be denoted in the sequel by
the following normal form

I'n = (N, {Ei}ien, {Hi}ien), (7)

where (1) N ={1,2,...,n} is the set of players;

(2) for each ¢ € N, E; = {1,2,...,k;} is a finite space of Player’s i pure
strategies e;, with k; a natural number;

(3) for each vector e = (ey, ea,...,ey) of the players’ pure strategies and for
each i, H;(e) is the payoff function of Player ¢ in situation e.

For simplicity we will use the notation

i—1 n
E_ ;= HEj X Hng ei=(e1,--+,€i-1,€it1,---,€n)
j=1 =it

and
(e_i,t) = (61, ey €1, t, Cit1y .- .,en) .

We now give a basic definition of convexity of payoff functions H; in their vari-
ables which change over finite sets E;, ¢ € N. It is consistent with Definition
2 and considers the properties being a discrete counterpart of the concavity
of functions F; assumed in Theorem 1.

Definition 5. A payoff function H; of player i in game I'y, i € N, is con-
cave (quasi-concave) in its variable if for j = 1,2,...,n there are strictly
increasing sequences xJ = (7,13, . .. ,x?cj) in [0,1], and if there exists a con-
tinuous function F(x1,...,x,) on [0,1]", concave (quasi-concave) in variable
x;, such that for all (e1,ez,...,e,) € By X By x ... Ey, F(x} a2 ,... a0 ) =
Hi(ela €2, .., en)‘

Remark 9. One could think that the above definition would be more natural
if the set [0,1]™ was replaced by conv(E; x -+ x E,) and the sequences x’
were taken as constant ones of the form 27 = (1,2,.. ki), forj=1,... n
However this second approach is less general than given in Definition 5 and
leads to much smaller classes of payoff functions H; concave in their variables.
As far as quasi-concave functions H; are concerned, both approaches lead to
the same class.
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It is easily seen that for convexity properties expressed by Definition 5, we
can, practically, repeat Propositions 1 and 2 for payoff function H; of game
I'y as follows.

Proposition 4. A payoff function H; of player i in game I'ny, i € N, is
concave if and only if there exist positive numbers A1, Aa, ..., A\, —1 such that
for each e_; € E_;,

)\1 [Hi((i_i, 2) - Hi(e_i, 1)] Z )\Q[Hi(e_i, 3) - Hi(e_i, 2)] Z SN
> My —1[Hi(e—is ki) — Hi(e—i ki — 1)].
Proposition 5. A payoff function H; of playeri in game I'y, i € N, is quasi-

concave if and only if for each e_; € E_;, there exists natural I, 1 < < k;
such that

Hi(e—;,1) <--- < Hj(e—;,l) > Hi(e_;, 1l +1) > --- > Hi(e_;, ki) . (8)

Now we are ready to formulate the main theorem of this section which is a
discrete counterpart of Glicksberg Theorem 1. Let I'y be an n-person non-
zero-sum finite game of the form (7).

Theorem 13. If each of the payoff functions Hy,...,H, is concave in its
variable then there exists a mized Nash equilibrium (ui,...,us) in the game
I'y such that pi, ..., p), are two-adjoining-point strategies.

Remark 10. Theorem 1 would suggest that the assumption of Theorem 13 on
concavity of payoff functions in their variables could be weakened to quasi-
concavity. However in its discrete counterpart it is not true, it is shown in
Example 2 for the simplest case n = 2.

4.2 Proof

Before we start proving Theorem 13, we must introduce some new notation.
For the sets N of integers and real x we define

|z] =max{z e N| z <z}, [z] =min{z e N|z >z}
Let us define the following auxiliary game G of the form
G = (N A{EZ}ien {HE }ien),

where the strategy spaces ES and payoff functions HY in the game G are
defined by the following:

E€ =1,k for i=12,...,n

and for x € E¢ =[] E°,
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Hf(sv)Z(Haz,) [0 | Bl al)

ICN \iel jerI

where

and oy, = [z;] — ;.

T Jwil ifi g 1

Assume for a moment that in the game Iy, the players use any of their pure
strategies described by e. One can easily check that for such a strategy profile,
the values of the payoff functions in both games 'y and G are equal, that is,
H;(e) = HF(e) for all i € N. On the other hand, the set of pure strategies
in game G is much richer than the same in the game ['y. However, as it
will appear (the next lemma) any profile of pure strategies in the game G is
”equivalent” to some profile of two-adjoining-point strategies in I'y. Just this
is formulated by the next lemma.

Lemma 1. There exists a 1-1 correspondence between the set of pure strate-
gies in game G and the set of two-adjoining-point strategies in game I'y such
that, for every pure strategy profile of the form x = (x1,22,...,Z,) in game
G, the corresponding two-adjoining-point strategy profile m = (w1, T2, ..., Tp)
in game I'y satisfies: HE (x) = H;(n) for everyi € N.

Proof. For any i € N and any z; € EZ-G7 let
a(zi) = gz, 6|z, + (1 — az,)01z,7,
where a,, is described in (9). We define the correspondence:
T(x1,2a,...,2,) = (a(z1),a(x2),...,a(xy,)).
One can easily check that for any j € N
H]-G(xl,acg, coosxy) = Hi(T(z1, 22, .., Tp))-

On the other hand, if there exist two x},2? € EY, such that x} # 22, then
|z} | # |27] or a1 # a2, which implies that a(z}) # a(2?), and consequently
the correspondenée T gi\zles different values for different arguments. Moreover,
the correspondence T is also of ”onto” type . Namely, for every two-adjoining-
point strategy m; = ad,, + (1 — a)dy,+1 of player ¢ in game Iy, there exists
a pure strategy =7 = ay; + (1 — a)(y; + 1) in game G, such that a(z]) = ;.
Thereby the correspondence T is 1-1.

The next fact may be seen as a simple consequence of Lemma 1.

Lemma 2. If there exists a pure-strategy Nash equilibrium in game G, then
there also exists a two-adjoining-point Nash equilibrium in game I'y.



446 T. Radzik, W. Polowczuk

Now we are ready to come back to the proof of Theorem 13. In view of Lemma
2, to complete the proof we only need to show that game G has a pure-strategy
Nash equilibrium. First, note that the sets Ef for i € N are all nonempty,
convex and compact.

Now, in view of Theorem 1, we have to show only that each function Hf
for i = 1,...,n is concave in its variable, that is in variable z;. Let us fix
i € N and let z be variable in E®. By Lemma 1 we know that there is a
strategy profile 7 in game I" consisting of only two-adjoining-point strategies,
equivalent to z. We have the following sequence of equalities:

Hi(x) = HY (v_i,2;) = Hi(m_;,m;)

= o, Hi(m_, |23]) + (1 — o, ) Hi(m_s, [24]),

where o, is of the form (9). Denote the last convex combination by B(7_;, x;).
Now, one can easily see that the function B(mw_;, x;) is a linear function of vari-
able z; in each interval [I,{4+1],1 =1,2,...,k;—1. On the other hand, we have
B(r_;,z;) = H;(m_;, x;) for any integer x; € E;. By our concavity assumption
it follows that also the values H;(7w—;,1), H;(7—;,2), ..., H;(7_;, k;) satisfy the
inequalities (8). Hence, we easily deduce that the function B(w_;,x;) is quasi-
concave in variable x;, and thereby, also the function HZG is quasi-concave in
variable x;. This means that game G satisfies the assumptions of the Glicks-
berg Theorem 1, and thereby there exists a pure-strategy Nash equilibrium
in this game, finally ending the proof of Theorem 13.
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Multi-objective Optimization Problems
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Summary. This paper presents some first and second order conditions necessary
for the Pareto optimality of box-constrained multi-objective optimization problems.
These necessary conditions are related to the spectrum of a matrix defined via the
gradient vectors and the Hessian matrices of the objective functions. These necessary
conditions are used to develop two algorithms. The first one is built taking into
account the first order necessary conditions and determines some critical points for
the multi-objective problems considered. The second one is based on the second
order necessary conditions and discards the critical points that do not belong to the
local Pareto optimal front. Some numerical results are shown.

Key words: Multi-objective optimization problems, path following methods,
dynamical systems, spectral analysis.

1 Introduction

Let R™ be the n-dimensional real Euclidean space, z = (21, %,...,2,)7 €
R"™ be a generic vector, where the superscript T means transpose. Let z,
y € R™, we denote with y”2 the Euclidean scalar product, ||z|| = (27 x)/?
the Euclidean norm and we denote with the symbols z < y, z <y, z, y € R"
the inequalities componentwise, that is: z; < y;, ; < y;, 1 =1,2,...,n.

Let us define the box-constrained multi-objective optimization problem.

Let B C R"™ be the following box:

B={zeR"|I<z<u} (1)

where [ € R™, v € R", | < u are two given vectors, and let £ C R" be an
open set with B C E.

Let FF = (F, Fy,.. .,FS)T, s < n, be a vector valued function and let Fj :
ECR" —R,i=1,2,...,s, be continuously differentiable functions in the
open set E, we consider the following problem:
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géig F(z). (2)

The solution of problem (2) is represented by the global Pareto optimal points.

Definition 1. A point z* € B is a “global” Pareto optimal point when it
satisfies the following condition:

Ax € B with F(z) < F(z*) and F(x) # F(z*). (3)

Definition 2. A point x* is called a “local” Pareto optimal point if there exists
a neighbourhood U C R™ of x* such that the following condition is satisfied:

Ax € BNU with F(x) < F(z") and F(x) # F(z¥). (4)

In this paper we formulate some necessary conditions for Pareto optimality
via the spectrum of a suitable matrix related to the jacobian matrix of the
objective function F'. The first order necessary conditions proposed allow us to
formulate a suitable computational method (we will refer to it as algorithm
A;) based on sequences of feasible points {z*}, k = 0,1,..., 29 € intB.
We will prove that these sequences have accumulation points that are crit-
ical points for problem (2). Remember that a point & is an accumulation
point of the sequence {x*} if there exists a subsequence { 2% } such that
limj 4 oo xFi = . Algorithm A; is a kind of interior point method for vec-
tor optimization problems that does not require any “a priori” scalarization
of the objectives F;, i = 1,2,...,s and that determines some critical points
for the multi-objective optimization problem. Finally, using the second order
conditions we develop an algorithm (we will refer to it as algorithm As) that
is able to establish when a critical point determined by algorithm A; is not a
Pareto minimal point.

The numerical experiments proposed in Section 4 suggest to us that the joint
use of algorithm A; and algorithm A, allows us to approximate the entire
local Pareto front of the vector optimization problems considered when the
accumulation points of a sufficiently large number of sequences starting from
initial points suitably distributed on the box are computed. This is only an
empirical result.

We note that when we choose an “a priori” scalarization of the vector objective
function without having some convexity property on F;, i = 1,2,...,s, we
cannot approximate the entire Pareto front minimizing the scalar function.
To overcome this difficulty we should minimize several weighted sums of the
objective functions trying to choose the weights in order to get the entire
local Pareto front. This choice of the weights is not easy in practice since the
dependence of the Pareto front on these weights is not obvious.

Recently, several papers have been devoted to formulate well known methods
of the scalar optimization for vector optimization, such as steepest descent
methods [1], [2], [3], proximal methods [4], differential inclusion techniques
[5], genetic algorithms [6], [7], tabu search [8].
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The results presented in this paper are based on some ideas introduced in
[3] in the context of the vector optimization problems and in [9], [10], [11],
[12] in the context of scalar optimization problems. We must remember that
several scalarization procedures have been introduced to solve multi-objective
optimization problems, see for example [13], [14], [15], [16], and, more recently,
[17]. Only in the last years can we find papers that propose computational
methods to solve vector optimization problems without using any “a priori”
scalarization of the original vector function, see for example [1], [18], [19], [4],
51, [8], [20], [21].

In Section 2 we give the necessary conditions for Pareto minimal points of
problem (2). In Section 3 we derive the computational method from the nec-
essary conditions formulated in Section 2. In Section 4 we show some numerical
results obtained applying the computational method introduced in Section 3
to solve some test problems.

2 Necessary Conditions for Pareto Optimal Fronts

Let F = (Fy, Fy,...,F,)T be a vector valued function, whose components Fj,
F,: ECR" — R,i=1,2,...,s, s < n, are assumed to be continuously
differentiable in the open set E (see Lemmas 1-4) and to be twice continuously
differentiable in the open set E (see Lemma 5).
We denote with VF;, i =1,2,...,s, the gradient vector of Fj;, that is:

ot (@)

VF(z)= , 1=1,2...s, (5)

Ges (@)
with Jp(2)T = (VFi(2)|VFy(z)|- - |[VFs(z)) € R"*® the transposed matrix
of the Jacobian matrix Jp(z) € R**™ of F at the point = and with Hp, (x) €
R™ ™ the Hessian matrix associated with the function F;, i =1,2,...,s.
Let | € R™ and u € R™ be the vector given in (1), we denote with D(z) €
R™*"™ the diagonal matrix defined by:

(D()),, = {(()x — 1) (u; — ;) i ;? l<z<u, (6)

and with Mp(x) € R***, x € B the following matrix:
Mp(z) = Jp(z)D(z)Jp(z)T, = € B. (7)

Remark 1. We note that when z; = u; or x; = [; for any v € R" the i-
th component of the vector h = D(x)v is equal to zero. That is the vector
2+ D(x)v belongs to the affine space generated by the face of B that contains
T.
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Lemma 1. Let F;, i = 1,2,...,s, be continuously differentiable functions in
E, then the matrix Mp(x), x € B given in (7) is a positive semi-definite
matriz.

Proof. See [3] Lemma 2.3.

Let 0 < A{(z) < M(z) < ... < X(2), # € B be the eigenvalues of the
matrix Mp(z) and v!(z), v3(z),...,v%(z) be a corresponding orthonormal
basis of eigenvectors. Let us denote with A\ r(z) = A (2) and A\pe p(z) =
A®(z) the smallest and the largest eigenvalues of the matrix Mp(x), v € B
respectively and with vpin p(z) = v'(2) and Vmee r(z) = v*(x), € B the
corresponding orthonormal eigenvectors.

Lemma 2. Let F; : ECR - R,i=1,2,...,s, be continuously differentiable
functions and let x* be a Pareto local optimal point for problem (2) then we
have:

Proof. The proof of (8) is a consequence of the fact that in a Pareto local
optimal point the matrix Mp(z) must be singular (see [3] Lemma 2.4).

Let P,, P, be the sets of the global and local Pareto optimal points respectively
and finally let V,,;,, and V4. be the following sets:

Vinin = { rxeB ‘ )\min,F(x) =0 }> (9)

Vinae = { r€B ‘ )\max,F(z) =0 } (10)

It is easy to see that we have Py C P, C Vi, while, in general, we can not
establish a relation between the global or local Pareto optimal fronts and the
set Viaz-

Let F(z), x € B be the set of the feasible directions at z that is:

Flx)={heR"|3t>0,x+the B}, (11)
an obvious necessary condition for the local Pareto optimality of x € B is:
Image () (Jr(2)) N (~R3) = 0, (12)

where I'mager(,)(Jr(x)) is the image of F(x) by the linear operator Jp ().
Condition (12) is the analogous of the following necessary condition for un-
constrained optimization problems (see [23]):

Image(Jr(x)) N (-R5) =0, (13)

where I'mage(Jp(z)) is the image of R™ by the linear operator Jp(x). In fact
when condition (13) is not satisfied there exists a vector h € R"™ satisfying
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Jr(z)h < 0 and this implies that the direction h is a descent direction, that
is we can decrease all the objective functions at once.

Let us illustrate the results of Lemma 2 in the case of a bi-criteria uncon-
strained optimization problem. In this case the matrix Mp(z) given in (7)
has the following form:

IVFi(2)|*  VFi(x)"VF(2)
M = 14
r= (SR AP ) (0
Note that equation Apin, r(z) = 0 implies the following equation:
IVEL(2)]” [VF(2)[|*(1 = cos?(8(x))) = 0, (15)

where 0(z) is the angle between the two gradient vectors VF(z), VFa(x).
Equation (15) implies that one of the following equations holds:

(16)

The first two equations are trivially necessary conditions for Pareto optimality.
The third equation implies that #(x) = 7 or 6(x) = 0. Obviously when 6(z) =
0 we can decrease all the objective functions, while when §(z) = 7 the two
gradient vectors point in opposite directions so we cannot decrease one of the
objective functions without increasing the other one.

Note that when Apin, 7 (2) = 0 and Apee,r7(z) > 0 if there exists an eigenvec-
tOr Upmaa, r () associated with Ap,qq () satisfying the condition vy,eq 7 (x) > 0
then the direction h = —Jp ()T Vyaq, (@) is a descent direction (i.e. Jp(z)h =
—Amaz, F(Z)Umaz, 7 < 0) so that the point 2 does not belong to the local Pareto
optimal front. The example shows that it is relevant to investigate the spec-
trum of the matrix Mp(x) (see (7)) when the point x € B is a critical point,
that is © € V,,,;,. Hence we investigate the feasible singular points of the ma-
trix Mp(z) in order to establish when a feasible singular point of the matrix
Mp(z) surely does not belong to the local Pareto optimal front.

Let ¢ € Viyin and @ € Vigae, and let j, j = 2,3,...,s be the index of the
first positive eigenvalue of Mg(x), that is M(z) > 0 and M(z) = 0, i =
1,2,...,5 — 1. We introduce the following set:

S
Cj(z) = veRs\v:Zcivi(z),ci6R,izj,j+1,...,s,
i=j

and Zczx\l(x)v’(x) >0, x€ Vnin, (17)
i=j

we have:
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Lemma 3. Let F; : E C R" — R, i =1,2,...,s be continuously differen-
tiable functions in E with B C E, let & € B be a point such that Apin, r(Z) =0
and let us assume that there exists an integer j, 1 < 7 < s such that we have
M (%) > 0. Let Z € B be a local Pareto optimal point then we have:

Ci(&) =10 (18)
Proof. We note that for = € V,,,;,, the following set:
A@@)={heR"|h=—-D(@)Jr(Z)"v, ve R}, (19)

is a subset of the set F(Z) of the feasible direction at & defined in (11) (see
Remark 1). Hence if there exists v € C;(Z) moving along the direction h =
—D(2)Jp(3)Tv € A(Z) we have:

Fi(% + th) = —thlx\l +o(t) < Fi(z),t — 0F.  (20)

This concludes the proof.
An easy consequence of Lemma 3 is the following lemma:

Lemma 4. Let F; : E C R®” — R, i = 1,2,...,s be continuously differ-
entiable functions in E, B C E, let £ € B be a point such that the matriz
Mp (%) is singular that is Apin, p(Z) = 0, and Apag,r(Z) > 0. If there exists
a one-sign eigenvector associated to some non-zero eigenvalues of the matriz
Mp(Z) then the point & does not belong to the local Pareto optimal front.

We conclude this section introducing a necessary condition involving the sec-
ond order partial derivatives of the objective functions, so that we assume that
the objective functions F;, i = 1,2, ..., s, are twice continuously differentiable
functions in the open set E.

For h € R™ and = € V,;,, we define the matrix D, (h) € R™*"™ as follows:

L, oz € (li,uw),

Dm(h)lﬂ = —hi, i = Ug, 7= 1,27...771, (21)
hi, i =1,
Dx(h)l,jzovl#jv Za.?:]-,27,n (22)

We note that for any h € R™ the vector h = D, (h)h is a feasible direction at
2 so that the set F(x) of the feasible direction at x (see (11)) can be rewritten
as follows:

Flz)={heR"|h=D,(b)b, be R"}, z € B (23)

and we define a set that contains the set of descent directions at x, that is:
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Dx)={heR"| Jp(z)D,(h)h <0}, z € B. (24)

Now we can state the second order necessary condition.
Let g,(h) € R®, gi : R* — R, @ = 1,2...,s be the function defined as
follows:

gix(h) = VEi(z)" Dy(h)h + %hTDm(h)HFi (x)Dy(h)h, i =1,2,...,s, (25)

we have:

Lemma 5. Let F; : FE C R" — R, i = 1,2,...,5 be twice continuously
differentiable functions in E, B C E, let & be a local Pareto optimal solution
of problem (2) then we have:

Imagep(zy(9z) N (—R3) =0 (26)
where Imagepz)(gz) is the image of the set D(Z) (see (24)) by the map gz.

Proof. Let us assume by contradiction that there exists h € D(Z) such that
we have gz(h) < 0. This allows us to see that we have gz(th) < 0, t € (0,1).
Hence using Taylor expansion with base point & we obtain:

Fi(&+th) = F;(2)+g;z(th)+o(t*||h|?) < Fi(&), t = 0T, i =1,2,...,s, (27)

where o(-) is the Landau symbol. Equation (27) is absurd. This concludes the
proof.

As we will show in the next section, Lemma 5 allows us to formulate a compu-
tational method to test condition (26) and to discard a critical point Z when
we find h € D(Z) such that gz(h) < 0. Future work will be needed to study
how the class of functions satisfying (26) is related to well known kinds of
generalized convexity (see [23], [24], [25], [26] for further details).

3 A Computational Method to Find Local Pareto
Optimal Fronts

In this section we provide a practical tool to determine the local Pareto opti-
mal solutions of problem (2) thanks to the use of Lemma 2 and Lemma 5.
First of all we determine a set of critical points for problem (2) and later we
discard the points of this set that do not match condition (26) of Lemma 5.
In particular we determine a subset V%, of the set Vi, (see (9)) defined as
follows:

min
We show that the points of the set V. are the accumulation points of a
suitable infinite sequence of feasible points. That is we formulate a kind of
interior point steepest descent method for the box constrained multi-objective
optimization problem (2) and then we investigate the points of the set V*

min
using Lemma 5.

= { & € Vuin | x is not a Pareto maximal point }. (28)
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Definition 3. Let © € B we say that a feasible direction h € F(x) is a “de-
scent direction” at x when we have Jp(x)h < 0.

Definition 4. Let z € B we say that a feasible direction h € F(x) is a “scalar-
ization compatible” at x when there exists w € R® such that we have:

h=—D(z)Jp(z) w. (29)

The set A(x), z € B given in (19) is the set of the “scalarization compatible”
directions at x. Definition 4 is a modification of the definition proposed in
[2] for the unconstrained case. The meaning of the term “scalarization com-
patible” is a consequence of the fact that a scalarization compatible direction
can be interpreted as the projected gradient of a suitable scalarization of the
vector objective function, that is:

h=—D(z)Jr(z)'w = —D(x)V,w! F(x), (30)

where V, denotes the gradient vector with respect to the variable x and
the scalar product w? F(z) = Y7_, w; F;(z) is the scalarization of the vector
function F' at the point x.

We look for a vector valued function h(z), x € B satisfying the following
requirements:

(7) h(x) must be a scalarization compatible direction at z, i.e.: equation (29)
holds for some w;

(#4) h(z) must be a descent direction at z,

(#41) Jp(z)h(xz) must be a continuous function on B.

Let be x € B and « ¢ Viip, let Mp(xz) € R°*® be the matrix defined in (7)
and let

Mp(z) = Qr () Alx)Qr(2)", (31)

be its spectral decomposition, where:

A(z) = Diag ()\mm’p(ac), N(z), ..., (a), )\maz’p) e R**%,

Qr(z) = (V' (2)]o*(@)] - [v*(2)) . (32)

Let e € R® be the vector whose components are equal to one (i.e. e =
(1,1,...,1)T € R®), we can define the vector valued function h(z)

h(x) = =Amin,r () D(2) Jp () w (), (33)

where w(x) € R® is given by:

_ . ia )\min,F(I) Amin,F(m) Amin,F(x) z Te
UJ(Z‘) _QF( )D g <17 )\2(1_) ) )\S(x) Y )\maa:,F(:E)> QF( ) ( . )
34

It is easy to see that h(z) is feasible direction at z satisfying the requirements

(i), (i) and (iii).
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Using standard linear algebra we have:

.Dia min, F(:E) )\mzn,F(x) )\mm,F(x) z T€
D g( ( ) ) )\3(‘%) "”’)\maz,F iC))QF( )
- *Am,in,F(x)Qea (35)

hence, roughly speaking, moving along the direction h(z) all the objective
functions at once decrease by a quantity Apmn, (7).

Now we are able to define the algorithm to determine the set V., (see (28))
and we refer to it as algorithm A;.

Algorithm Ay

Step 1. Choose an initial point 2° € int B, a positive constant €, 0 < € << 1,
a positive integer it,,q, and set k = 0.
Step 2. If )\mmp(xk) < e (ie: a2k € V¥

in) OF k> ityqe stop. Otherwise
compute:

3 k . )\min,F(zk) )\min,F(l'k) /\min,F(xk) ENT
v QF(x )Dzag (1’ )‘Q(xk) ’ A3($k> Y Amam,F(xk)) QF(x ) ©
(36)
and h* = —\pin. 7 (%) D(2F) Jp (2F)Tw" then proceed with Step 3.
Step 3. Compute zFt! = ¥ + ¢, h*, where t;, is the step-size computed with
the usual backtracking procedure:
(la) Sett =1, 3 =3
(2a) if F(zF + th*) < F(2%) + BtJp(x®)h* and | < ¥ + th* < u then
tr =t otherwise t = t/2 (end of backtracking)
Step 4. Set k =k + 1 and go to Step 2.

Lemma 6. Let F; : E CR™ — R, i =1,2,...,s be continuously differen-
tiable functions in E, B C E, let {z*}, k = 0,1,... be an infinite sequence
generated by algorithm Ai. We have:

(a) { F(z*)}, k=0,1,... is a monotonically not increasing sequence;

(b) the points x*, k = 0,1,... belong to the interior of B;

(c) the sequence { ¥} has at least one feasible accumulation point %, further-
more each accumulation point of {a*} belongs to V,%,.;

(d) each accumulation point & of { 2*} satisfies the following inequality:
F(#) < F(z"), k=0,1,2,.... (37)

Proof. Let us prove (a). By virtue of Step 3 of algorithm A; we have (see the
backtracking procedure (2a)):

F(z") = F(a* + tph*) < F(a®) + Bty Jp(z)h* k= 0,1,....  (38)
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Equation (38) and the fact that h* is a descent direction at z* (see equation
(35)) imply assertion (a).

Let us prove (b). Note that 2* belongs to the interior of the feasible region
since 2° belongs to int B, h* is a feasible direction at z* and the step-size t;,
satisfies condition (2a).

Let us prove (c) and (d). Since B is a compact set then there exists at least
an accumulation point & of the sequence {*} and it belongs to B by virtue
of assertion (b). That is part of assertion (c¢) is proved.

Now we prove assertion (d). Let {*/} be the subsequence of {2*} such that:

lim zf =z, (39)

oo

From equation (35) since F;, i = 1,2,...,s are continuously differentiable
functions in the open set E containing B we have that A, () is a contin-
uous function of z € B (see [22]) and we have:

lim  Jp(z®)hk = — lim Amin, r(zhi)?e = —/\mmp(a?)Ze. (40)
Jj—+oo Jj—+oo

Furthermore for any k there exists j such that k < k; so that we have:
F(zk) < F(z%),k=0,1,.... (41)

Assertion (d) that is formula (37) follows from (41) taking the limits j — +o0.
Now we are able to conclude the proof of (c). Since the sequence {F(x*)} is
bounded below, from Step 3 of algorithm A; we obtain:

k
F(xk-‘rl) < F(:L'O) - (Z t; )\mm’F(xi)2> e, k=0,1,.... (42)
=0

Equation (42) and the fact that the sequence { F(z*)} is bounded below imply
the following inequality:

8 Zt Amin, B ( 2 <400 (43)

and as a consequence we have:

lim /\mmyp(xk-") =0. (44)
Jj—+o0

Let us show that A, (%) = 0. Let us assume by contradiction that we
have Apin,7(Z) > 0 and that jo exists such that for any j > jo we have that
Amin, F(z’“]’) > 0 with % € int B. Moreover the following equation holds:

F(z*i 1th%) < F(ahi) 4 t8Jp(x®)h% | b -t h¥ € int B, Vt € [0,1), (45)

where £ is a positive constant sufficiently small. Now we prove that for j > g
we have:
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2ty, > min{1, ¢}. (46)

Let us remember the backtracking procedure described in steps (1a), (2a). If
ty, = 1, formula (46) holds. If #;, < 1, then 2t is not an acceptable step-size
since condition (2a) is not satisfied or %7 + thj h¥i is not a feasible point.
Hence equation (46) must hold. The assumption A, #(Z) > 0 and equation
(44) imply the following equation:

lim 2t =0. 47
jjliloo kj ( )
Equation (47) contradicts (46), hence we have Ay, r(Z) = 0.

We conclude noting that Z is not a local Pareto maximal point since it is the
accumulation point of a sequence of points where the vector function F' is
decreasing that is T € V...

We conclude this section investigating the accumulation points of the se-
quences generated by algorithm A; when we choose several initial points x°
in the interior of the box B.

Let z € V¥, we consider the following multi-objective optimization problem:
in gz(h 48
jmin gz (h) (48)

where the function gz is given in (25). We look for the Pareto optimal solutions
of problem (48) using the path following method proposed in [3]. We discard
the point Z if there exists h such that gz(h) < 0 and

Jr(2)Dz(h)h < 0. (49)

In the next section we call algorithm As the procedure that solves problem
(48) and that computes gz(h) < 0 for each h solution of problem (48).

Lemma 7. Let F; : E C R" — R, i = 1,2,...,s be twice continuously
differentiable functions in E, B C E, let J,_(h) be the Jacobian matriz of
gz at the point h, then a necessary condition for h* to be a local Pareto
optimal solution of problem (48) is that the matriz J,_(h)J, . (h)T is singular
at h =h*.

Proof. 1t follows using Lemma 4 in [3].

We conclude this section describing the basic steps of algorithm As. Let A be
the set of the accumulation points determined by algorithm A, let [—1,1]™ C
R™ be the cartesian product of n copies of the interval [—1,1], let M € R%**
be a matrix and let det(M) € R and adj(M) € R*** denote the determinant
of M and the adjoint matrix of M respectively. Algorithm A, is defined by
the following steps:
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Algorithm As

Step 0 Select a point T € A;
Step 1. Choose an initial direction h° € int[—1,1]", a positive constant e,
0 < € << 1, a positive integer it,,q,; and set k = 0.
Step 2. If det (Jy, (h*)Jy, (R*)T) < € or k > itmas g0 to Step 5. Otherwise
compute:
PF =~y (W) adj (T, (0F)J,, (BT e (50)

and proceed with Step 3.
Step 3. Compute h*+! = bk 4+ s;.pF, where s, is the step-size computed with
a standard backtracking procedure:
(1a) Set s =0.5
(2a) if —e < h* + sp* < e then s, = s otherwise s = s/2 (end of
backtracking)
Step 4. Set k =k + 1 and go to Step 2.
Step 5. If gz(h*) < 0 discard Z, otherwise accept . Go to Step 0.

Note that we choose the step-size sj, in such a way the direction h* belongs
to [—1,1]™. This is not a restrictive condition since the norm of the vector h*
is irrelevant for algorithm As. In fact algorithm As exploits the existence of
directions h where gz(h) < 0.

4 Numerical Experiments

In this section we validate the numerical methods (i.e.: algorithm A; and
algorithm As) proposed in Section 3 on four bi-criteria optimization problems.
The numerical methods have been implemented in Matlab on a Pentium M
1.6GHz in double precision arithmetic. The computational time has been
measured using the “cputime” Matlab function. For each test problem we
consider N;,; sequences starting from Ny, initial guesses zo; € intB,
1 =1,2,..., Niyot. In particular, the starting points xg;, i = 1,2..., Ny are
chosen equally spatially distributed or randomly uniformly distributed on the
box B. We note that algorithm A; is well suited for parallel computing since
we can compute each of the Ny, sequences independently from the others.
Once determined the accumulation points of the Ny, sequences we apply
algorithm A, to establish if some of the accumulation points determined by
algorithm A; must be discarded.

We consider four test problems, the first one and the third one belong to a
class of two-objective optimization problems proposed by K. Deb in [6]. The
tests considered have an increasing degree of difficulty.

Test 1) We have two objective functions (i.e.: s = 2) and two spatial variables
(i.e.: n = 2). The objective functions are given by:
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fi(z) =21 fa(z) = P(x2) /21, (51)

where

29—0.62 29 —0.212
P(r2) =2 0.8 67(#) — e o) , (52)

and the box constraint is given by:
B={ z=(z1,22)T €R? | 01<2;<1, 0<z <1 }. (53)

The function ¥ has a global minimizer at o &~ 0.2 and has a local minimizer
at ro9 ~ 0.6. The global minimizer of the function 1 has a narrow attraction
region when compared with the attraction region of its local minimizer. This
feature makes it a very interesting test problem.

ORI RO O FORMM0R
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Fig. 1. Starting points (a); Objective functions values (b)

We have a convex global Pareto optimal front (see Figure 2(a)) corresponding
to the global minimizer of the function v, that is the set given by:

Global : Py = {(w1,22)" € R? |29~ 0.2, 0.1<mz <1}, (54)

and we have a convex local Pareto optimal front corresponding to the local
minimizer of the function ¢, that is the set given by (see Figure 2(a)):

Local : Py = {(x1,29)7 € R? | 22~ 0.6, 0.1 <z <1}. (55)
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Fig. 2. Accumulation points (a); Objective functions values (b)

Figure 2(a) shows the numerical approximations of the local and global Pareto
fronts determined by algorithm A; starting from Ny,; = 400 points distributed
in the interior of the box B as shown in Figure 1(a). Figures 1(b) and 2(b)
show the value of the objective functions in the f;- f plane. The computational
time required to compute the accumulation points of N;,; = 400 trajectories
fulfilling the stop criterion described in Step 2 of algorithm A; when ¢ =
5-1077 and it,nae = 500 is of about 36.96 seconds. We do not apply algorithm
Ag to this test problem since the set of points generated by algorithm A;
consists only of the local Pareto optimal points.

Test 2) We consider two objective functions (i.e.: s = 2) and two spatial
variables (i.e.: n = 2). The objective functions are given by:

file) =} faw) = (x2 — x1)?, (56)
and the box is given by:
B={ z=(z1,22)7 €R? | —1<a;<1, —-1<a3<1 }. (57

This test problem is very difficult to deal with since there are two sets of
points where the gradient vectors of the objective functions are identically
null but these points do not belong to the local Pareto optimal front. In fact
we have the local and the global Pareto fronts given by:
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Global : Py = {(-1,1)" }, (58)
Local : P; = {(—=1,-1)T }, (59)

and we have the following two sets of points that belong to V,,;, but do not
belong to the Pareto local front:

B:{(l'l,IQ)TGB| Tl = X, .’tl#*l}, (60)

ZZ{($1,$2)T€B|J)1:0}. (61)

Figure 3 and Figure 4 show the numerical results obtained applying algo-
rithm A; to solve Test 2. Figure 3 shows the starting points (Ny: = 100)
and Figure 4 shows the accumulation points of the sequence defined by algo-
rithm A;. Note that Figures 3(a) and 4(a) show the points in the x;-z5 plane
and Figure 3(b) and 4(b) show the values of the objective functions in the
plane fi-f;. The computational time required to compute the accumulation
points of Ny, = 100 trajectories fulfilling the stop criterion described in Step
2 of algorithm A; when € = 5- 1077 and 4t,,4, = 500 is of about 16 seconds.

1
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(&)
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Fig. 3. Starting points (a); Objective functions values (b)

Finally we apply algorithm As at each point determined by algorithm A,
(see Figure 4(a)) in order to establish the points to discard. Algorithm A,
shows that only three points are possible Pareto optimal points. Note that two
points are local optimal Pareto points while the point 1 = 0, 2 = 0 is not
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a local optimal Pareto point. Indeed algorithm As is not able to discard this
point since at this point all the gradient vectors and the Hessian matrices are
identically null. Figure 5 shows the result of the selection due to algorithm As.

Test 3) We have s = 2, n = 2 and the following objective functions:

(@) = vi(a1) fa(@) = ¢(ag)r(zy, 22),
=1- or (1)) — viz) sin(2mwquy (x
T(Ith) =1 (w(x2) ) w(m2) (2 q 1( 1))7

where we choose vy (z1) = 21, ¥(x2) = 1+ 10x2, @« = 2, ¢ = 4. The box
constraints are given by:

B={ z=(z1,22)T €R? | 0<z; <1, 0<a,<1 }

The Pareto-optimal front is not a connected set. Figure 6 shows the part of the
graph r(z1,0) versus x1, 1 € [0, 1] where r(x1,0) is a non-increasing function
of x1. This figure shows also the Pareto front. In fact a point (x1,0) belongs
to the global Pareto optimal front when the point (x1,7(z1,0)) belongs to
the dashed line shown in Figure 6 and a point (z1,0) is a local (non global)
Pareto optimal point front when the point (z1,7(z1,0)) belongs to the solid
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Fig. 5. Results of the selection due to algorithm As

line shown in Figure 6. Furthermore note that the points (0, x2), z2 € [0,1]
are global minimizers of the function Fj, but only the point (0,0) belongs to
the global Pareto-optimal front. Figure 7 shows the numerical results obtained

Fig. 6. r(x1,0) versus z

applying algorithm A; to solve Test 3. As in the previous numerical experi-
ments we choose the starting points (Ny: = 1600) equally distributed on a
rectangular grid of B. Figure 7 shows the accumulation points of the sequence
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defined by algorithm A;. As in the previous experiments Figure 7(a) shows
the points in the x1-25 plane and Figure 7(b) shows the values of the objective
functions in the plane fi-f5. The computational time required to compute the
accumulation points of Ny, = 6400 trajectories fulfilling the stop criterion de-
scribed in Step 2 of algorithm A; when € = 51077 and it,ae = 250 is of
about 334.88 seconds.
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Fig. 7. Accumulation points (a); Objective functions values (b)

We apply algorithm A, starting from each point determined by algorithm A
(see Figure 7(a)) in order to establish the points to discard. The points selected
by algorithm As are shown in Figure 8. Similar results have been obtained for
several choices of the parameters o and gq.

Test 4) We have s = 2, n = 100 and the following objective functions (see [8]
p.442-443):

Fi(z) = 1/4
fa(z) = (% Z?:l

The box constraints are given by:

(230, [#2 — 10cos(2m z;) + 10])
(

x; — 1.5)%2 — 10 cos(2m(z; — 1.5)) + 10])1/4'

B={ z=(x1,20,...,2,)T €R", | —=5<2;<5,i=1,2,...,n }.
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The Pareto front determined by several kinds of genetic algorithms and with
multi-start tabu search can be found in [8] Figure 13 pag. 443. Figure 9 shows
the values of fi; and f, on the Pareto front achieved by algorithm A;. The
computational time required to compute the accumulation points of N, =
1000 trajectories fulfilling the stop criterion described in Step 2 of algorithm

A; when € = 510712 and it,,4, = 1000 is of about 371.08 seconds.

Fig. 9. Objective functions valued at the accumulation points determined by algo-

rithm A;
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5 Conclusions

We conclude noting that algorithm A; has a satisfactory behavior when ap-
plied to solve multi-objective optimization problems. In fact in almost all the
numerical experiments several trajectories converge to the local Pareto front.
Moreover starting from a sufficiently large number of points algorithm A; is
able to approximate the entire Pareto front. Finally when algorithm A; does
not work well we can use algorithm A, to discard the points determined by
the algorithm A; where it is possible to decrease all the objective functions.
The computational cost of algorithm A; is essentially due to the computation
of the spectral decomposition of the matrix Mp(z*) given in (31) made at
each iteration k. Obviously the computational cost of algorithm A; increases
heavily when the number s of the objective functions increases so that some
techniques to avoid the computation of the spectral decomposition at each
iteration should be studied. Probably something like the rank one correc-
tions could be used when the number of the iterations becomes sufficiently
large. However algorithm A; is well suited for parallel implementation since
each trajectory can be computed independently from the others so that using
a parallel machine we can reduce the computational cost required to follow
several trajectories. The computational cost of algorithm As, when Z € A
is fixed, is essentially imputable to the computation of the adjoint matrix
adj (Jg, (h*)Jy. (h*)T) made at each iteration k. Hence algorithm A, can be
executed with affordable computing resources when the number of the objec-
tive functions is sufficiently small, that is s is a few hundreds, and the number
of points belonging to A to exploit is a few thousands. Future work is needed
to generate a computational method that fuses the basic features of algorithm
Ay and algorithm A,. In particular preliminary attempts should be made to
avoid the use of algorithm As on the entire set A.
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