7 Two-Dimensional Steady-State Heat
Conduction. Analytical Solutions

In order to solve steady-state heat conduction problems, we have employed
in this chapter a well-known separation of variables method, which is an
analytical method. We have derived formulas for two-dimensional tem-
perature distribution in fins of an infinite and finite length and in the radi-
ant tubes of boilers. A computational program was developed for deter-
mining temperature and heat flux in finite-length-fins.

Exercise 7.1 Temperature Distribution in an Infinitely
Long Fin with Constant Thickness

Determine temperature distribution in an infinitely long fin, shown in
Fig. 7.1, by means of separation of variables method.

Fin base temperature is 7, while the temperature of a fin-surrounding
medium is T . Heat transfer coefficient « on the fin surface is constant.
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Fig. 7.1. A diagram of an infinitely long fin



142 7 Two-Dimensional Steady-State Heat Conduction. Analytical Solutions

Solution

Due to a symmetry of the temperature field, only an upper half of the fin
will be examined here. Temperature distribution is described by the fol-
lowing differential equation

8—72;+6—7;:0 N
ox~ Oy
and boundary conditions

7(0.5)=1,. @
T(Oosy):Tcz’ (3)
oT
—(x,0)=0, 4)
L (x0)

_ﬂ%(x,w)za[T(x,w)—TCz] . &)

Once dimensionless variables are introduced, such as

e temperature

@ — cz , 6
I,-T, ©
¢ coordinates
x=2 y=, @
w w
and Biot number
ow
Bi=—, (8)
A
problem (1)—(5) can be written in the dimensionless form:
0’0 o'e
2=, 9)
ox* oy’
e(0,7)=1, (10)

0(,7)=0, (11)
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00
-—(X,0)=0, 12
pre (X,0) (12)
00 .
—(X,1)+Bz~@()(,1)=0. (13)
oY
According to the separation of variables method, the solution has the form
@(X,Y)zU(X)-V(Y). (14)
By substituting (14) into (9), one obtains
Uuv+Ur"=0, (15)
which results in
U” ” 5 ) dZU dZV
==, dzie U'=—,V"= . 16
U vV a 8 dax’? dy’ (16)
From (16), one obtains two differential equations
d’U
—AHU=0, (17)
il + 4V =0 (18)
arr AT

Boundary conditions for (17) are obtained after substituting (14) into
conditions (10) and (11)

Uy, =1, (19)

x=0

U(0)=0. 20)

Boundary conditions for function V(Y) are obtained by substituting solution (14)
into boundary conditions (12) and (13)

< (0)=0, 21)
%(1)+Bi-V(1):O. (22)

A general solution for (18) is the function

V = AcosuY + Bsin uY. (23)
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Accounting for boundary condition (21), yelds B = 0. Next, after substitut-
ing (23) into (22), characteristic equation is obtained

—u-siny+Bi-cosu=0, (24)

which can be written in the form
1
ctgu=—u. 25
Bl = M (25)

Equation (25) has an infinite number of roots ¢z, > 0, n =1, 2, ..., which are
the characteristic values of the problem in question. It is evident, therefore,
that an infinite number of solutions exists for the Sturm-Liouville problem

(18), (21),(22)
V=4 cospuY, n=12,.. (26)
A general solution for (17) has the form
U=Ce" +De™ . 27)
A great number of solutions U exist, which satisty (17)
U,=Ce“* +De**. (28)

From the boundary condition (20), it is clear that C, = 0. None of the solu-
tions (14)

6,=U,(X)V,(Y)=4,cosp,Y-D,e** (29)

satisfy boundary condition (19). Once notation C, = A D is introduced, the
solution will be searched for in the form of a linear combination of func-
tion (29), in a way that will satisfy heterogeneous boundary condition (10)

©@=%6 =3Ce*  cosyY. (30)
n=1

n=1

By substituting (30) into (10), one obtains

iCn cosu,Y =1. (3D
n=1

After multiplying both sides of the equation by cosy Y and by integrating
them from O to 1, one obtains

M8

n

n=1

i

1 1
[C cos Y -cosp, YdY = [cos u, YdY . (32)
0 0
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Since a set of characteristic functions is a set of orthogonal functions,

which satisfy
1

Icos uY -cosp Ydy =0 dla m#n, (33)

0

therefore, for m = n from (32), one obtains
1

_[ cos u, YdY
C,=t—m, (34)

n 1

_[cos2 wu,Ydy

0

hence, after integration one obtains

C - 2sinu,
" u +sing cosp,

(35)

By substituting (35) into (30), a formula for temperature distribution has
the form
O(X,v)=25 — "t

- e cosp Y.
n=l f1 +8IN 41, COS 4,

Exercise 7.2 Temperature Distribution in a Straight Fin
with Constant Thickness and Insulated Tip

Determine two-dimensional steady-state temperature distribution in a
straight fin with thickness 2w and length /, made of a material with a con-
stant thermal conductivity A. The fin is secured to a surface with a constant
temperature 7,. The fin tip is very well insulated. Lateral fin surfaces ex-
change heat with surroundings, at temperature 7 _, by convection when

cz?

heat transfer coefficient « remains constant (Fig. 7.2).
Solution

Articles on the calculation of two-dimensional fin temperature fields are
rather extensive in scope [2-9, 13, 14]. Fin temperature distribution is de-
scribed by the heat conduction equation
o°’T 0T
—+—=0, (1)
ox~ oy



146 7 Two-Dimensional Steady-State Heat Conduction. Analytical Solutions

y TCZ

a
Ll VAV AV A AV S v AV SNV AV A A4
UAN ) /

0 /% X
_W/JL/JL////\//

/ a

T,

cz

Fig. 7.2. A fin diagram with an assumed coordinate system

when boundary conditions are

T(0,y)=T,, 2)

or

g(lay)_o’ (3)

%kxm=m @
_A%(x,w)za[T(x,w)~Tcz] ) (5)

After introducing dimensionless variables:
e temperature

T-T
0= <, (6)
T,-T,
¢ coordinates
x==, r=2i, (7)
w w
and the Biot number
aw
Bi=—, (®
A
problem (1)—(5) can be written in the dimensionless form:
2 2
99,29 o, ©

+—=
ox?* oy’
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o(0,Y)=1, (10)
00 ~
S(LY)=0. (1D
00 _
a—Y(X,o)_o, (12)
S (X1)+ Bi-0(X,1) =0, (13)

In accordance with the separation of variables method, the solution of
problems (9)—(13) is searched for in the form

O(X,Y)=U(X)-V(Y). (14)

Function V (Y) has the same form as it does in Ex. 7.1. Function U (X) is,
much like in Ex. 7.1, determined from equation

2

ZXZ{_yZU:o, (15)
when boundary conditions are
uvl,, =1, (16)
a—U(L)=0, where L = I/w. 17
oX
The solution for (15), which satisfies condition (17), is the function

U=Ccoshu(L-X). (18)

Since the characteristic equation (25) from Ex. 7.1 has an infinite number
of positive elements 4 , an infinite number of functions exist

U,=C,coshp,(L-X), n=L2,.. (19)

which satisfy (15) and boundary condition (17). The solution of problems
(9)-(13) will be searched for in the form

@(X,Y):iUnVn:icncoshyn(L—X)-cosan. (20)
n=1 n=1

Constant C, in expression (20) is determined from the heterogeneous
boundary condition (10), which yields the following result:

iCn coshp L-cosp Y =1. (21
n=1
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After multiplying both sides of the equation by cos x Y and after integrat-
ing dY from O to 1, one gets

[Ms

n

1 1
[C,cosh y,L-cos p1,Y -cos p1, Y = [cos p, YdY . (22)
0 0

n

From orthogonal condition of function cos y Y -cosy Y ((33), Ex. 7.1), one
obtains

1
[cos 1 YdY
C,cosh y, L = F—-— , (23)
[cos® u YdY
0

hence
2sin p,

C - : . 24)
cosh g1, L( p, +sin 1, cos p1, )

By substituting constant C, formulated in (24) into expression (20), tem-
perature distribution is formulated as

w0 sin u
O(X,Y)=2 "
( ) ZI cosh z, L( 4, +sin u cos yn) g (25)

xcosh p1, (L— X )-cos .Y,

where y are positive elements of the characteristic transcendental equation

1
ctguu=—u. 26
g7 Bl,# (26)

Exercise 7.3 Calculating Temperature Distribution
and Heat Flux in a Straight Fin with Constant Thickness
and Insulated Tip

Calculate temperature distribution in a fin on the basis of a formula de-
rived in Ex. 7.2. Calculate fin temperature in points shown in Fig. 7.3.
Also calculate heat flux at the fin base in points (0,0) and (O,w). Determine
a formula for averaged temperature and heat flux across the fin thickness.
Compare mean temperature values across the entire fin length and heat
flux at the fin base with one-dimensional solution. Assume the following
values for the calculation: w = 0.003m, [=0.024 m, a = 100 W/l -K),
T,=95°C, T_=20°C, Ax=0.003 m, 4 = 50 W/(m-K).



Exercise 7.3 Calculating Temperature Distribution and Heat Flux 149

y
.7
[44
B2 4 6 8 10/121 16
. I3 5 7 9 1 1BIs
N7o " ,
By |LAx *
i [#4
.TCZ'

Fig. 7.3. A fin diagram with marked nodes, in which temperature is calculated

Solution
On the basis of (25) from Ex. 7.2, temperature distribution T (X,Y) will be
calculated from formula

T=T,+(1,-T,)O, (1)
where

o(x.Y) :22 sin 4, cosh 1, (L-X)

cosu Y, 2)
= (u, +sinp, -cosp,)  coshy,L #

where: X = x/w, Y =y/w, Bi = aw/A.
Elements of the characteristic equation

1
t = — 3
ctgu=—rtt ©)

will be determined by means of the interval halving method; one should
note, however, that the infinite element g lies in an interval between
=(n-Dzand u, = (n~1/2)7 Values 4 are characteristic val-
ues of the Strum-Liouville problem in an instance when Bi — o, i.e. when
constant temperature is assigned on the fin surface.

Mean temperature across the fin thickness is determined from formula

n min

:—j[T +(T,-T.,)0 |dv. @)
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from where, one obtains

= > sin coshp, (LX) .
T=T_ +2(7, -T. L . (5
=20, cz);,un (u, +sinp, -cosp,) coshu,L s ©)

Heat flux in the direction of x axis comes to

. __la_T_Z/l(Tb—Tcz) & 4, sin g, sinh/zn(L—X)><
- Ox w = (u, +sinp, -cosp,) coshp,L (6)
xcosu,Y.

Mean heat flux value across the fin thickness is the function of x coordi-
nate

X

— 1%, 2A(T,-T,) & sin g,
4= qux(x,y)dy— w ;(,un+sinyn -cos 4, )

0

(7

sinh g1, (L - X)
X ——————=siny, .

cosh u, L

Fin temperature distribution 7', determined under the assumption that

temperature decrease within the fin thickness is negligibly small, is ex-
pressed by function (Ex. 6.15)
coshm(/ —x)

Ty (1) =T +(h,~T) =

®)

where m=.Ja/iw .
In the given case

m= ‘/—L =12.90994 1/m .
100-0.003

In the case of the one-dimensional solution, heat flux is formulated as
T sinhm(/—x
My (g, - ) amSx). ©)

) —_2
ha (x) dx coshm/

Allowing that Bi = aw/A = 100-0.003/50 = 0.006, the first ten elements
of the characteristic equation (3) were determined:

“’I “7 u"& l”l’A p’i l’l'ﬁ H7 I"I’R p’Q ulﬂ
0.0774 3.1435 6.2841 9.4254 12.566815.7083 18.849921.9914 25.133028.2745




Exercise 7.3 Calculating Temperature Distribution and Heat Flux 151

Next, the elements were applied to (2). Temperature T (x, y) in nodes
shown in Fig. 7.3 was calculated by means of the FORTRAN program,

which comes with this exercise. Proper values u, were calculated by
means of the sub-program presented in paper [1]. Mean temperature distri-

bution 7'(x) and temperature T, (x) were also calculated.

Heat flux was calculated at two points: B, and B, (Fig. 7.3). Mean heat
flux ‘I_x at the fin base (X = 0) was calculated on the basis of (7). For
comparison purposes ¢,, was also calculated for x = 0 by means of (9).
Temperature calculation results are shown in Table 7.1.

Table 7.1. Calculation results

x[m] Node Temperature Node Temperature Nodeno. T(x) T, (x)

1no. [°’C] no. [‘C [°C] [°'C]
0 B, 95.00 B,  94.99 B.B, 9500 95.00
0.003 1 92.09 2 91.88 1,2 92.02 92.02
0.006 3 89.55 4 89.34 3,4 89.48 89.47
0009 5 87.42 6 87.22 5,6 8735 87.34
0.012 7 85.70 8 85.50 7,8 85.63 85.62
0015 9 84.37 10 84.18 9,10 8430 84.29
0.018 11 83.42 12 83.23 11,12 8336 83.34
0.021 13 82.86 14 82.67 13,14 82.80 82.78
0.024 15 82.67 16 82.48 15,16 8261 82.59

Calculated heat flux measures:

e at point B,
4,(0,0)=49764 W/m’,

e at point B,
g, (0,w)=66646 W/m®,

e mean heat flux at the fin base E;
4,(0)=53253 W/m?,

e heat flux g, at the fin base
4,,(0)=53341 W/m® .

From the analysis of the obtained results, it is evident that there is a small
temperature decrease across the fin thickness. Also, heat flux ¢, varies in

points B, and B,. A good accuracy of results is evident in 7 (x) and T, (x),
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Z (0) and ¢, (0), i.e. between the mean values across the fin thickness ob-

tained under the assumption that fin temperature field is two-dimensional
and between values determined under the assumption that temperature de-
crease across the fin thickness is negligibly small, i.e. temperature and heat

flux are only the function of x coordinate.

Program for Calculating Two-Dimensional Fin Temperature Field

program fin
dimension eigen(50)

open{unit=1,file="fin.in")
open{unit=2,file="fin.out"')

read(1l, *)ne, bi

read(l,*)t_cz,t_b,dlug,w,s_lam,s_alfa

write(2,'(a)")

&"CALCULATING TWO-DIMENSIONAL FIN TEMPERATURE FIELD”

write(2,'(/a)")

write(2,'(a,1i10)")
write(2,'(a,el0.5)")
write(2,'(a,el0.5,a)")
write(2,'(a,el0.5,a)")
write(2,'(a,el0.5,a)")
write(2,'(a,el0.5,a)")
write(2,'(a,el0.5,a)")
write(2,'(a,el0.5,a)")
)

write(2,'(/a,1i3,a)"

"DATA ENTERED"
" ne = "

[ne

"t_cz =",t_cz," [C]"

"t_b =", t_b," [C]"

"dlug =",dlug," [m]"

"w =",w," [m]"

"lambda =",s_lam," [W/mK]"
"alfa =",s_alfa," [W/m2K]"

"CALCULATION OF FIRST",6 ne,

&" EQUATION ELEMENTS X*TAN(X)=BI"
call equation_elements (bi,ne,eigen)
write(2,'(/a)')"CALCULATED EQUATION ELEMENTS"

write(2,'(a)")"Lp
do i=1,ne

mi"

write(2,'(i2,5x,el1.6)') i,eigen(i)

enddo

write(2, ' (/a)"')"CALCULATED TEMPERATURE [C]"

write(2,'(a)"')" x[m]
x=0.

do i=1,10

(x,Bl) T(x,B2) T_sr(x)

write(2,'(£5.3,4(3x,e10.5)) "')x,

R R R R

x=x+dlug/float (8)
enddo

write(2, ' (/a) ') "CALCULATED HEAT FLUX
"q_X(0,0):",

write(2,'(a,el0.5)")

temperature(x,0.,t_cz,t_b,dlug,w,ne,eigen),
temperature(x,w,t_cz,t_b,dlug,w,ne,eigen),
temperature_sr(x,t_cz,t_b,dlug,w,ne,eigen),
temperature_1d(x,t_cz,t_b,dlug,w,s_lam,s_alfa)

[W/m2]1"

&value_g(0.,0.,t_cz,t_b,dlug,w,ne,eigen, s_lam)

T_1ld(x}"
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write(2,'(a,el0.5)"') "g x(0,w)=",
&value_g(0.,w,t_cz,t_b,dlug,w,ne,eigen,s_lam)
write(2,'(a,el0.5)') "g x_sr(0)=",
&value_g sr(0.,t_cz,t_b,dlug,w,ne,eigen, s_lam)
write(2,'(a,el0.5)"') "g_x_1d4(0)=",
&value_qg 1d(0.,t_cz,t_b,dlug,w,s_lam,s_alfa)
end program fin

function value_q 1d(x,t_cz,t_b,dlug,w,s_lam,s_alfa)
s_m=sqgrt(s_alfa/s_lam/w)

value_qg 1d=(t_b-t_cz)*s_lam*s_m*sinh(s_m*
& (dlug-x)) /cosh(s_m*dlug)

end function

function value_qg(x,vy,t_cz,t_b,dlug,w,ne,eigen,s_lam)
dimension eigen(*)

teta=0.

X_b=x/w

y_b=y/w

dlug_b=dlug/w

do i=1,ne

s=eigen (i)
teta=teta+s*sin(s) *sinh(s* (dlug_b-x b))
&*cos(s*y_b)/(s+sin(s)*cos(s))/cosh(s*dlug_b)
enddo

value_g=2.*{(t_b-t_cz)*s_lam*teta/w

end function

function value_qg sr(x,t_cz,t_b,dlug,w,ne,eigen,s_lam)
dimension eigen(*)

teta=0.

X_b=x/w

dlug_b=dlug/w

do i=1,ne

s=eigen(i)

teta=teta+sin(s)*sinh(s* (dlug_b-x_b))*sin(s)/
&(s+sin(s)*cos(s))/cosh(s*dlug_b)

enddo

value_g sr=2.*(t_b-t_cz)*s_lam*teta/w

end function

function temperature_1d(x,t_cz,t_b,dlug,w,s_lam,s_alfa)
s_m=sqgrt(s_alfa/s_lam/w)
temperature_1ld=t_cz+(t_b-t_cz) *cosh(s_m* (dlug-x))
&/cosh(s_m*dlug)

end function

function temperature_sr(x,t_cz,t_b,dlug,w,ne, eigen)
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dimension eigen(*)

teta=0.

x_b=x/w

dlug_b=dlug/w

do i=1,ne

s=eigen(i)
teta=teta+sin(s) *cosh(s* (dlug_b-x_b)) *sin(s}/
&s/ (s+sin(s) *cos(s) ) /cosh(s*dlug_b)
enddo
temperature_sr=t_cz+(t_b-t_cz)*2.*teta
end function

function temperature(x,vy,t_cz,t_b,dlug,w,ne,eigen)
dimension eigen(*)

teta=0.

X_b=x/w

y_b=y/w

dlug_b=dlug/w

do 1=1,ne

s=eigen (i)

teta=teta+sin(s) *cosh(s* (dlug_b-x_b) ) *cos(s*y_b)/
&(s+sin(s) *cos(s)) /cosh(s*dlug_b)

enddo

temperature=t_cz+(t_b-t_cz)*2.*teta

end function

procedure calculates elements of characteristic eq.
x*tan(x)=bi where bi is Biot number, ne calculated
element quantity, eigen vector with recorded calculated
elements
subroutine equation_elements (bi,ne,eigen)
dimension eigen(*)
pi=3.141592654
do i=1,ne
xi=(float(i)-1.)*pi
xf=pi* (float(i)-.5)
do while (abs(xf-xi).ge.5.E-06)
xm= (xi+xf) /2.
y=xm*gin (xm) /cos {xm) -bi
if (y.1lt.0.) then
xi=xm
else
xE=xm
endif
enddo
eigen (i) =xm
enddo
return

Q0 a0
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end
data(fin.in)
10 0.006
20. 95. 0.024 0.003 50. 100.
results(fin.out)
CALCULATING TWO-DIMENSIONAL FIN TEMPERATURE FIELD

DATA ENTERED

ne = 10

Biot number=.60000E-02
t_cz =.20000E+02 [C]

t_b =.95000E+02 [C]
dlug =.24000E-01 [m]

\ =.30000E-02 [m]
lambda =.50000E+02 [W/mK]
alfa =.10000E+03 [W/m2K]

CALCULATION OF FIRST 10 EQUATION ELEMENTS X*TAN(X)=BI
CALCULATED EQUATION ELEMENTS

Lp mi
1 .773851E-01
2 .314350E+01
3 .628414E+01
4 .942542E+01
5 .125668E+02
6 .157083E+02
7 .188499E+02
8 .219914E+02
9 .251330E+02
10 .282745E+02
CALCULATED TEMPERATURE [C]
x [m] T(x,Bl) T(x,B2) T_sr(x) T_1d(x)

.000 .95000E+02 .94990E+02 .S95000E+02 .95000E+02
.003 .92095E+02 .91887E+02 .S92026E+02 .92021E+02
.006 .89554E+02 .89346E+02 .89485E+02 .89475E+02
.009 .87426E+02 .87224E+02 .87359E+02 .87346E+02
.012 .85702E+02 .85506E+02 .85637E+02 .85621E+02
.015 .84372E+02 .84180E+02 .84308E+02 .84290E+02
.018 .83428E+02 .83238E+02 .83365E+02 .83345E+02
.021 .82863E+02 .82675E+02 .82801E+02 .82781E+(2
.024 .82676E+02 .82488E+02 .82613E+02 .82593E+02
.027 .82863E+02 .82675E+02 .82801E+02 .82781E+02

CALCULATED HEAT FLUX [W/m2]
g x(0,0)=.49764E+05

X(0,w)=.66646E+05
g x_sr{0)=.53253E+05
g x_1d(0)=.53341E+05
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Exercise 7.4 Temperature Distribution in a Radiant Tube
of a Boiler

Determine formula for temperature distribution in the boiler’s radiant tube
(Fig. 7.4) by means of the separation of variables method. Assuming that
heat flux ¢, (thermal load of the water-wall) transferred by the water-wall
is known (calculated with reference to a wall regarded as a plane), as well
as the temperature of a medium that flows inside the tube 7 and heat
transfer coefficient @ on an inner surface of the tube, determine tempera-
ture field in the function of coordinates r and ¢. Also calculate the inner
and outer surface tube temperature for angle ¢ = 0 and ¢ = =z rad; use the
following values for the calculation:

» outer surface tube radius r,=0.019 m,

e inner surface tube radius r, = 0.015 m,

e scale of radiant tube spacing s =0.042 m,

e thermal load of the water-wall ¢ = 300000 W/m ;

e heat transfer coefficient on the inner surface of the tube
a= 15000 W/(m*K),
o temperature of a medium 7 _ = 330°C,
¢ heat conduction coefficient of the steel which the tube is made of

A =45 W/(m:K).

combustion chamber

b

DAY,

S S SKSAS S S S AS S S S

boiler'setting

Fig. 7.4. A diagram of a radiant tube spacing in a combustion chamber
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Heat flux on the outer surface of the tube is expressed by function {12]

§(9) =4, (0.3649+0.4777cosp +0.1574cos 2¢) . (1)

Solution

Tube temperature distribution is expressed by heat conduction equation

2
li(ra_T)+_l_2__‘9_];:0 )
ror\ or) r° Op
and boundary conditions

oT .

A— =§,+)_q,cos(np) , (3)
ar r=r, n=1

la—T =al| , 4)
or =

r=r,

where T is the temperature excess of the tube £ above the temperature of
the medium ¢ ,ie. T={- ¢ .

In conformity with the separation of variables method, the solution is
searched for in the form

T(rp)=U(r)-¥ (o). 5)
By substituting (5), one obtains equation
UV +rUV +UV"=0. (6)
After a division of (6) by UV and the separation of variables, one obtains
rZU"JrU':_V7". D

Since r and ¢ are independent variables, equality (7) occurs only when
its both sides are equal to the same constant. If the constant were negative,
the solution V(¢) would then contain exponential functions, which would
unable one to satisfy periodic boundary condition (3) written in the Fourier
series form. Separated constant, therefore, must be either a positive inte-
gral number or zero. If one assumes that both sides of (7) are equal to n’,
one obtains
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PU+rU -n'U =0, (8)

V'+n'V =0, n=0,1,... )

In the case of a circular-symmetrical load only ¢,# 0, whereas
g, =4, =--=0. For n = 0, the solution of (8) and (9) has the form
U(r)=4,+B;lnr (10)
and
V(¢):C(;+D6¢. (1)

Due to the circular-symmetrical load D, =0, the product U(r)V(¢) can
be written in the form

U(;’)V((/)):A0 +B,Inr, n=0, (12)
where, 4, =A4,C', B,=B,C;.
For n > 1, the solution of (8)—(9) has the forms
U(ry=4,r"+B,r", (13)

V(p)=C,cosnp+D,sinng. (14)

Due to the symmetry of tube heating (condition (3)) with respect to the
plane, which is perpendicular to the water-wall and which crosses the tube

axis, constant D = 0. Product U(r)V(¢) can be written in the form
U(r)V(p)=(Cr" +D,r "Jcosnp,  n>1, (15)

where, C,=4' C/ and D, =B.C, .
Expression (5), which describes the distribution of excess temperature in
the tube, has the form

T(r,g0)=A0+B01nr+i(Cnr"+Dnr’”)cosn(p. (16)
n=1

After substituting (16) into boundary conditions (3) and (4), one can de-
termine constants, which can be written after transformation in the follow-
ing form:

qorz 1
=== ——Inr, |,
el
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9o,

B ===

)
—u"(Bi—i-n)i
G, h

k

) Bi(uz" +l)+ n(uz" —1)
ir %u" (Bi—n)r!
"t A Bi(uz" +1)+n(u2” —1)

b

where,u=r/r,,Bi=ar, /A
Since in this exercise, the heat flux on the outer surface of the pipe is de-
fined by (1), then

g, =0.3649¢q,,

q,=04771¢q,,

4, =0.15744,,,

and

4 =Gy =-..=0,

It is easy to calculate tube temperature, when only 2 terms are accounted
for in the series (16). Once the following is calculated

u=te 2000 oeer.
r, 0.015
pi_ O 150000015 _
) 45

and substituted into solution (16), one obtains
T(rz,O) =52.28°C,
T(rw,O) =23.53°C,
T(l’z,ﬂ') =2.31°C,
T(rw,ﬂ):1.04°C.

These are temperatures above the medium’s temperature. Corresponding
pipe temperatures are:

£ (r,0)=T, +T(r,,0)=330+52.28=382.28°C,
¢(r,,0)=T, +T(r,,0)=330+23.53=353.53°C,
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{(n,m)=T, +T(r,,7)=330+231=33231°C,
{(r, w)=T, +T(r,,7)=330+1.04=331.04°C.

It is evident that temperature £ (r,0) is the maximum temperature across
the whole cross-section of the tube. Provided that this temperature is
known, one can correctly chose the right type of steel for the radiant tube
of a boiler.
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