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1 Introduction

The problems of absolute continuity and singularity of probability measures
defined on a filtered space play a significant role both in the pure stochastic
analysis and in its applications (for example, financial mathematics). The con-
tribution of A.N. Shiryaev to this subject is large and well known. This is rep-
resented, in particular, by his papers [13], [14], [22], [23], [24], [25], [28] as well
as his monographs [12], [26], [27], and [37]. The plenary talk of A.N. Shiryaev
at the International Congress of Mathematics (Helsinki, 1978) was entitled
“Absolute continuity and singularity of probability measures in functional
spaces”. We therefore hold it an honor to be able to put our paper in the
Festschrift.

The problems that are typically studied in relation to the subject men-
tioned concern such questions as: whether two measures are (locally) ab-
solutely continuous, whether they are singular, etc. However, a situation may
naturally occur, where the two measures are neither (locally) absolutely con-
tinuous nor singular.

Consider the following example: 2 = C([0,00)), (F;) is the canonical
filtration, and P (resp., IS) is the distribution of a y-dimensional (resp., -
dimensional) Bessel process started at a point xo > 0. If y A5 < 2, then, for
any t > 0, the measures

P,=P|F and P,=P|F

are neither equivalent nor singular. To be more precise, the situation is as
follows: for any stopping time 7 such that 7 < Ty := inf{t > 0: X; = 0} (here
X is the coordinate process), the measures

P.=P|F, and P,=P|F

are equivalent; for any stopping time 7 > Ty, P, and 57 are singular. Thus,
the time Tp plays the following important role in this example: informally,
this is the time, at which P and P are separated one from another.

The situation described above admits a clear interpretation in terms of
statistical sequential analysis, which is another big topic of the research activ-
ity of A.N. Shiryaev (this is reflected, in particular, by his monographs [27],
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[36], and [38]). Suppose that we are observing a process X that is governed
either by the measure P or by the measure p (these are the measures described
above) and are trying to distinguish between these two hypotheses. Then, un-
til the time X hits zero, we cannot say for sure what the true measure is; but
immediately after this time we can say for sure what the true measure is. This
situation is in contrast with the typical setup of statistical sequential analysis,
where the two hypotheses are typically assumed to be locally equivalent.

Let us now consider the general situation: let (£2, F, (F;):e0,00)) be a space

with a right-continuous filtration (here 7 =/, ;) and P, P be two probabil-
ity measures on this space. In Section 2, we formalize the concept of the time,
at which the two measures are separated. Namely, we prove that there exists
a P, P-a.s. unique stopping time S with the property: for any stopping time 7,
the measures P, and P, are equivalent on the set {7 < S} and are singular on
the set {r > S} (actually, S is given by inf{t > 0: Z; = 0 or Z; = 2}, where
Z denotes the density process of P with respect to (P + ﬁ) /2). Informally, P
and P are equivalent before the time S and are singular after this time. We
call S the separating time for P and P. In order to be able to distinguish the
situation, where P and P are locally equivalent and are globally singular (i.e.
singular on F), from the situation, where they are globally equivalent, we add
a point 0 > oo to [0, 0] and allow S to take values in [0, 00] U{d} (informally,
the equality S(w) = ¢ means that P and P are “globally equivalent on the ele-
mentary outcome w”). The properties such as (local) absolute continuity and
singularity are easily expressed in terms of a separating time (see Lemma 2.1).

For example, P<Pif S =34 |S—a.s.7 [ 12<C Piff S > o P-a.s. (i.e.
P(S € {00,8}) =1); Py L Py iff S =0 P, P-a.s., etc.

In order to illustrate the notion of a separating time, we give in Section 3
the explicit form of this time for the case, where P and P are distributions of
Lévy processes. This is just a translation of known results into the language
of separating times. _

In Section 4, we consider the case, where P and P are distributions of Bessel
processes of different dimensions started at the same point and prove that in
this case the separating time has the form S = inf{t > 0: X; = 0}, where
X denotes the coordinate process. This puts the above discussion related to
Bessel processes on a solid mathematical basis.

The introduction of separating times enables us to give a complete answer
to the problem of (local) absolute continuity and singularity of solutions of
one-dimensional homogeneous stochastic differential equations (abbreviated
below as SDEs), i.e. equations of the form

dXt = b(Xt)dt + O'(Xt)dBt, X() = X0 (11)

(the conditions we impose on the coefficients are the Engelbert—Schmidt condi-
tions, i.e. b and o are measurable, o # 0 pointwise, and (1 + |b])/0? € LL (R);

loc
this guarantees the existence and the uniqueness of a solution). Namely, in
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Section 5, we find the explicit form of the separating time for the measure P
being the solution of (1.1) and the measure P being the solution of a SDE

dX, = b(X,)dt + 5(X,)dB,, X = 0.

As a corollary, we obtain criteria for (local) absolute continuity and singular-
ity of P and P. The problems of (local) absolute continuity and singularity
for diffusion processes were extensively studied earlier. Let us mention the
papers [8], [10], [13], [14], [15], [16], [17], [23], [31] and the monographs [12,
Ch. IV ,§ 4b], [27, Ch. 7]. We consider here a more particular case (only homo-
geneous SDEs), but in this case we obtain more complete results. Namely, in
the majority of the sources mentioned above, conditions for (local) absolute
continuity and singularity are given in random terms (typically, in terms of the
Hellinger process). In contrast, here the explicit form of the separating time
and conditions for (local) absolute continuity and singularity are obtained in
non-random terms, i.e. in terms of the coefficients of SDEs. In this respect,
our results are similar to those in [31]. Furthermore, all the sources mentioned
above (including [31]) deal with (local) absolute continuity or singularity of
measures, while our results are applicable to measures that are in a general
position, i.e. they are neither (locally) equivalent nor singular.

Let us illustrate the structure of the results of Section 5 by a simple ex-
ample. Let P and P be solutions of SDEs

dXt = G'(Xt)dBt, X() = Xy,
dX, = b(X,)dt + 5(X,)dB;, X = o,

respectively. We assume that both equations satisfy the Engelbert—Schmidt
conditions. Let us also assume for the simplicity of presentation that P is non-
exploding (P is non-exploding automatically), although we consider exploding

solutions as well. Our results yield that the separating time for P and P has
the form:

0 if b=0and 52 = o2 [ip-a.e.,
+inf{t > 0: X, € A} otherwise,

where X denotes the coordinate process, inf () := oo, ur, denotes the Lebesgue
measure, and A denotes the complement to the set

{reR :b2/5% € Ll () and 5% = 02 pup-a.c. in a vicinity of x}.
As a corollary,
§<<P<:>P<<5<:>ﬁ:P<:>E:Oand52:02uL—a.e.,
P 12<C P—P 12<C P =2/ € LL (R) and 5% = 02 up-aee.,
Po L Py <= /5" ¢ L. (o)
or Ve >0, pr((vo—e,20+e)N{F>#0*}) >0.
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Some facts concerning the qualitative behaviour of solutions of SDEs (these
are needed in the proofs of results of Section 5) are given in the Appendix.
A shortened version of this paper appeared as [5].

2 Separating Times

2.1. Mutual arrangement of a pair of measures on a measurable
space. Let P and P be probability measures on a measurable space ({2, F).
The following result is well known.

Proposition 1. There exists a decomposition {2 = E11 D U f), E.D, DerF

such that P ~ P on the set E and P(D) = P(D) = 0 (here “U” denotes the

disjoint union). This decomposition is unique P,P-a.s.

Remarks. (i) For the above decomposition, we have P ~ P on E and
P L P on E° (here E° denotes the complement to F). The decomposition

{2 = EU E° with these properties is also unique P, P-a.s.
(ii) The sets E, D, D from Proposition 1 can be obtained as:

-~ [apP dP dP dP

D—{dQ—O,dQ>O},E—{dQ>O,dQ>O},
dP dP

where Q = %ﬁ.

(iil) Proposition 1 admits the following statistical interpretation. Suppose
that we deal with the problem of distinguishing between two statistical hy-
potheses P and P. Unlike the standard setting in statistics, we do not assume
that P and P are equivalent. Suppose that an experiment is performed, and
an elementary outcome w is obtained. If w € D, we can definitely say that the
true hypothesis is P; if w € D, we can definitely say that the true hypothesis
is P; if w € E, we cannot say for sure what is the true hypothesis.

The result of Proposition 1 is illustrated by Figure 1.

2.2. Mutual arrangement of a pair of measures on a filtered space.
Let (2, F) be a measurable space endowed with a right-continuous filtration
(Ft)teo,00)- Recall that the o-field F. (7 is a stopping time) is defined by

Fr = {Ae}': An{r<t}e F foranyte [0700)}.

(In particular, Foo = F.)
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D E D

Figure 1. Mutual arrangement of a pair of
measures on a measurable space

Let P and P be probability measures on F. As usually, P, (resp., IST)
denotes the restriction of P (resp., P) to F.

In what follows, it will be convenient for us to consider the extended posi-
tive half-line [0, co]U{d}, where ¢ is an additional point. We order [0, co]U{d}
in the following way: we take the usual order on [0, 00] and let 6 > occ.

Definition 1. An extended stopping time is a map T : 2 — [0, 00] U {d} such
that {T' <t} € F; for any t € [0, 00].

The following theorem is an analog of Proposition 1 for a filtered space. A
similar statement is proved in [20, Lem. 5.2].

Theorem 2.1. (i) There exists an extended stopping time S such that, for
any stopping time T,

P, ~ P, on the set {r < S}, (2.1)
P, L P, on the set {r > S}. (2.2)

(ii) If S’ is another extended stopping time with these properties, then
S =S P,P-a.s.

Proof. (i) Set Q = P%E. Let (Z¢)tejo,0c] and (Z)te[om} denote the density
processes of P and P with respect to Q (we set Zoo = %, Zoo = %). Let (Fy)
denote the Q-completion of the filtration (F;). Then the (F;, Q)-martingales
Z and Z have the modifications whose all trajectories are cadlag. The time

S =inf{t€[0,00]: Z =0 or Z, =0}

(“inf” is the same as “inf”, except that inf ) = §) is an extended (F;)-stopping
time. According to [12, Ch. I, Lem. 1.19], there exists an extended (F3)-
stopping time S such that S = S Q-a.s. It follows from [12, Ch. III, Lem. 3.6]

that Z;Z; = 0 on the stochastic interval [S, 00| Q-a.s. Consequently, for any
(Fi)-stopping time 7, we have Z.Z,. = 0 Q-a.s. on {7 > S}. The equality

P,
aQ, —

dpP
Eq (dQ ‘]-'T> = Eq(Zoo | Fr) = Z,
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and the analogous equality for ggf complete the proof.

(ii) Proposition 1 implies that, for any stopping time 7, the sets {r >S5}

and {r > S’} coincide P, P-a.s. This yields the desired statement (one needs
to consider only the deterministic 7). O

Definition 2. A separating time for P and P is an extended stopping time
that satisfies (2.1) and (2.2) for all stopping times 7.

Remarks. (i) It is seen from the proof of Theorem 2.1 (ii) that in defining
the separating time one may use only the deterministic 7.

(ii) Theorem 2.1 admits the following statistical interpretation (compare
with Remark (iii) after Proposition 1). Suppose that we deal with the problem
of the sequential distinguishing between two statistical hypotheses P and P.
Assume for example that (F;) is the natural filtration of an observed process
(X¢)i>0. Suppose that an experiment is performed, and we are observing a
path of X. Then, until time S occurs, we cannot say definitely what the
true hypothesis is. But after S occurs, we can say definitely what the true
hypothesis is (on the set {Zgs = 0}, this is P; on the set {Zg = 0}, this is P).

Corollary 2.1. (i) There exists an extended stopping time S such that, for
any stopping time T,

F’T < P, on the set {T < S}, (2.3)
P, L P, on the set {r > S}. (2.4)

(ii) If S’ is another extended stopping time with these properties, then
S = S P-a.s.

Definition 3. A time separating p from P is an extended stopping time that
satisfies (2.3) and (2.4) for any stopping time 7.

Clearly, a separating time for P and P is also a time separating P from P.
The converse is not true since the former time is unique P, P-a.s., while the
latter time is unique only P-a.s.

Informally, Theorem 2.1 states that the measures P and P are equivalent
up to a random time S and become singular at a time S. The equality S = ¢
means that P and P never become singular, i.e. they are equivalent up to
infinity. Thus, the knowledge of the separating time yields the knowledge of
the mutual arrangement of P and P. This is illustrated by the following result.
Its proof is straightforward.

Lemma 2.1. Let S be a separating time for P and P. Then
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i) P~P <= S8=6§ P,P-as;
(ii) PP <= S=§ P-as,;
(i) PP <= 5> 00 P,P-as.;

~ loc ~
(iv) PLKP <= S > P-as;
(v) PLP «— S<x P,P-as. <= S <0 P-as.
(

vi) Py LPy <= S =0 P,P-a.s. <= S=0 P-as.

Remark. Other types of the mutual arrangement of P and P are also easily
expressed in terms of the separating time. For example, for any ¢ € [0, 00],

5tLPt — S<t Rﬁ—a.s. — S <t P-as.

Do
2
waq ;
Ey E, Ew
w3 { i
1
W /

ol

0 S(w2) u © 0 t

Figure 2. Mutual arrangement of a pair of
measures on a filtered space (here S(w1) =0,
S(w3) = 00, S(wa) = 0)

The mutual arrangement of P and P is illustrated by Figure 2. In this
figure, the measure P “lies above” the curve 1; the measure P “lies below”
the curve 2. The decomposition 2 = E, U D; LI D; of Proposition 1 for the
measurable space ({2, F;) is obtained by drawing a vertical line corresponding
to the time t. Figure 2 shows three decompositions of this type: for ¢ = 0, for
t=wu € (0,00), and for t = co.

The separating time for P and P is illustrated as follows. If w € Do U l~)0,
then S(w) = 0 (see w = w; in Figure 2). If w € Ey, then S(w) is the time,
at which the horizontal line drawn through the point w crosses curves 1 or 2
(see w = wy in Figure 2). If this line crosses neither curve 1 nor curve 2, then
S = oo in the case w € Dy, L 500 (see w = w3 in Figure 2), and S = § in the
case w € Ey (see w = wy in Figure 2).
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3 Separating Times for Lévy Processes

Let D([0,00), R?) denote the space of the cadlag functions [0, 00) — RY. Let
X denote the canonical process on this space, i.e X¢(w) = w(t). Consider the
filtration F; = (.5 0(Xs;s € [0, 4 €]) and set F =/, F;. In what follows,
(-,-) denotes the scalar product in R? and || - || denotes the Euclidean norm.

Let P be the distribution of a Lévy process with characteristics (b, ¢, v),
where b € R?, ¢ is a symmetric positively definite d x d matrix, and v is a
measure on B(R?) such that v({0}) = 0 and [, (||z|* A 1) v(dz) < co. This
means that, for any ¢ € [0,00) and A € R%,

EPEi()\,Xt)

- exp{t[i()\,b) - %()\,CA) +/ (B — 1 i\, 2)I(||z]| < 1))u(dx)} }
Rd
(For further information on Lévy processes, see [1], [34], [37, Ch. III, § 1b].)
Let P be the distribution of a Lévy process with characteristics (g, G, V).
The following theorem yields an explicit form of the separating time for
P and P. This is actually a reformulation of known results (see, for example,
the survey paper [35]) into the language of separating times.

Theorem 3.1. The separating time S for P and P has the following form.
(i) IfP =P, then S =6 P,P-a.s.
(ii) If P # P and

c=¢ (3.1)

dv o -
/Rd <\/d(v+ﬂ) N \/d(u+§)> (v +7) < oo, (3.2)
b_g_ .’IﬁdV—D mc7 3.3
/{mg} ( ) €M) (3.3)

where N(c) = {cx: x € R4}, then
S =inf{t € [0,00): AX; #0,AX; ¢ E} P,P-a.s.

(we set inf () = 00), where E € B(R?) is a set such thatv ~v on E and v L v
on the complement to I. _
(iii) If any of conditions (3.1)—(3.3) is violated, then S =0 P,P-a.s.

Remarks. (1) The expression in (3.2) is the Hellinger distance between v
and v.

(ii) If (3.2) is true, then f{\lw\|<1} lz]| d|lv — V|| < oo, where ||v — V|| denotes
the total variance of the signed measure v — v (see [34, Rem. 33.3] or [35,
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Lem. 2.18]). Thus, the integral in (3.3) is well defined if condition (3.2) is
true.

Theorem 3.1, combined with Lemma 2.1, yields the following corollary.
This result is known (see [11], [12, Ch. IV, § 4c¢]|, [13], [21], [28], [29], [30], [39],
(40], [41]).

Corollary 3.1. (i) Either P=P or P L P.

(ii) We have P 12<C P if and only if conditions (3.1)—(3.3) and the condition
v L v are satisfied.

(iii) We have Py L Py if and only if any of conditions (3.1)—(3.3) is
violated.

4 Separating Times for Bessel Processes

Consider the SDE
dXt:’Ydt+2\/ |Xt‘dBt, X():,CL'O

with v > 0, g > 0. It is known that this SDE has a unique solution Q in
the sense of Definition 5. Moreover, the measure Q is concentrated on positive
functions. A process (Zi)ie(0,00) With the distribution Q is called a square of
a y-dimensional Bessel process started at \/To. The process VZ is called a
v-dimensional Bessel process started at \/x¢. For more information on Bessel
processes, see [2], [3], [6], [32], [33, Ch. XI].

Let X denote the canonical process on C([0,00)). Consider the filtration
Fi = (Nesoo(Xs; s €[0,1 +¢]) and set F =/, F;.

Theorem 4.1. Let P (resp., ﬁ) be the distribution of a y-dimensional (resp.,
~-dimensional) Bessel process started at xo. Then the separating time S for
P and P has the following form.

(i) IfP =P, then S =6 P,P-a.s.

(ii) If P # P, then

S =inf{t € [0,00): X; =0} P,P-a.s.

(we set inf ) = o0).

Proof. We should prove only (ii). Set Ty = inf{t € [0,00): X; = 0}. It
follows from [2, Th. 4.1] and the strong Markov property of Bessel processes
that S < Ty P,ﬁ—a.s. _

Let us prove that S > Ty P,P-a.s. For zyg = 0, this is obvious, so we
assume that g > 0. Fix ¢ € (0,20/2) and consider the stopping time
T. = inf{t € [0,00) : X; = €}. Define the map F. : C([0,00)) — C([0,00))
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by Fr(w)(t) = w(t AT-(w)) and let P* denote the image of P under this map.
Using It6’s formula, one can check that P is a solution of the SDE

v—1
2X;

dX; = It <To)dt + I(t <To)dBi,  Xo = 0.

Let (2',F',P’) be a probability space with a Brownian motion (W})e(0,00)-
Consider the space (C([0,00)) x 2/, F x F',P¢ x P’) and let Q¢ be the distri-
bution of the process

t
Zt:XtJr/ I(s > T.)dW,, te€0,00).
0

Then Q° is a solution of the SDE

v—1

dX, =
Y ¢

I(t<T.)dt+dB,, Xo= 0.

Similarly, using the measure ﬁ, we define the measure Q¢ that is a solution of
the SDE _

v—1
2X,

dXt = I(t S TE) dt + dBt, XO = Xp.

Since the drift coefficients "2*—;(3] (t <T.)and ;’—2[ (t < T.) are bounded, we get

by Girsanov’s theorem that (55 o Q<. The obvious equalities P¢ = Q¢ o FE_1
and P = Qo F1 yield that Pe ' P, One can verify that P¢|Frp,. = P|Fr,.
and P¢|Fr,. = P|Fr,.. Consequently, P|Fiar,. ~ P|Fisr,. for any t € [0, 00).
Since t € [0,00) and € € (0,(/2) are arbitrary, we get the desired inequality
S > Ty P,P-a.s. The proof is completed. O

It is known that if 0 < v < 2, then a y-dimensional Bessel process started
at a strictly positive point hits zero with probability one; if v > 2, then a -
dimensional Bessel process started at a strictly positive point never hits zero

with probability one. Theorem 4.1, combined with Lemma 2.1 and with these
properties, yields

Corollary 4.1. (i) Either P=P or P L P.
(ii) If P # P and xo = 0, then Py L Py.

~ ~ loc
(iii) Let P #P and 29 > 0. Then P <K P <=7 > 2.

This corollary generalizes the result of [2, Th. 4.1].

5 Separating Times for Solutions of SDEs

5.1. Basic definitions. We consider one-dimensional SDEs of the form
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dXt = b(Xt) dt+U(Xt)dBt, XO = T, (51)

where b and o are Borel functions R — R and xy € R.
The standard definition of a solution, which goes back to I.V. Girsanov [9],
is as follows.

Definition 4. A solution of (5.1) is a pair (Y, B) of continuous adapted
processes on a filtered probability space (Q, I, (1) te[0,00) Q) such that

i) B is a (I}, Q)-Brownian motion;

ii) for any ¢ € [0, 00),

t
/ (B(Y,)| + 02(Y)) ds < 00 Quas.;
0
iii) for any ¢ € [0, c0),

t t
Y, =20+ / b(Ys)ds + / o(Ys)dBs Q-a.s.
0 0

Remark. A solution in the sense of Definition 4 is sometimes called a weak
solution.

In what follows, it will be convenient for us to treat a solution as a solu-
tion of the corresponding martingale problem, i.e. as a measure on the space
C(]0,00)) of continuous functions. The corresponding definition goes back to
D.W. Stroock and S.R.S. Varadhan [43]. Let X denote the canonical process
on C([0,00)). Consider the filtration F; = (.. ,0(Xs; s € [0, +¢]) and set
F = \/t th.

Definition 5. A solution of (5.1) is a probability measure P on F such that
i) P(Xo =20) = 1;
ii) for any ¢ € [0, c0),
t
/ (|b(Xs)| + (X)) ds < 00 P-a.s.;
0
iii) the process
t
My = X, —/ b(Xs)ds, te€]0,00)
0
is an (Fy, P)-local martingale with the quadratic variation

(M)t:/o 0?(X,)ds, te0,00).

The following statement (see, for example, [19, § 5.4.B]) shows the rela-
tionship between Definitions 4 and 5.
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Proposition 2. (i) Let (Y, B) be a solution of (5.1) in the sense of Defini-
tion 4. Set P = Law(Ys; t € [0,00)). Then P is a solution of (5.1) in the sense
of Definition 5.

(ii) Let P be a solution of (5.1) in the sense of Definition 5. Then there
exist a filtered probability space (Q, I, (1) te[0,00) Q) and a pair of processes
(Y, B) on this space such that (Y, B) is a solution of (5.1) in the sense of
Definition 4 and Law(Y;; t € [0,00)) = P.

5.2. Exploding solutions. Definitions 4 and 5 do not include exploding
solutions. However, we need to consider them. Let us introduce some nota-
tions.

Let us add a point A to the real line and let C'4([0,0)) denote the space
of functions f : [0,00) — R U {A} with the property: there exists a time
¢(f) € [0,00] such that f is continuous on [0,¢(f)), f = A on [((f),0)),
and if 0 < ¢(f) < oo, then limyep) f(t) = oo or limyecp) f(t) = —o0.
The time ((f) is called the explosion time of f. Below in this subsec-
tion, X denotes the canonical process on C'A([0,00)). Consider the filtration
Fi = (Neso0(Xs; s € [0, 4 ¢]) and set F = \/, F;. Let ¢ denote the explosion
time of the process X.

The next definition is a generalization of Definition 5 for the case of ex-
ploding solutions.

Definition 6. A solution of (5.1) is a probability measure P on F such that

ii) for any ¢ € [0,00) and n € N such that n > |zo],

tATh
/ (|b(Xs)| 4+ 0*(X,))ds < 00 P-aus.,
0

where 7, = inf{t € [0,00): | X;| = n} (we set inf ) = oo);
iii) for any n € A such that n > |x¢|, the process

tATH
Mtn = Xt/\Tn - / b<XS) dS, te [07 OO)
0
is an (F%, P)-local martingale with the quadratic variation
tATH
(M")y = / o?(Xs)ds, te0,00).
0

Clearly, if P is a solution of (5.1) in the sense of Definition 6 and ¢ = co
P-a.s., then the restriction of P to C([0, 00)) is a solution of (5.1) in the sense of
Definition 5. Conversely, if P is a solution of (5.1) in the sense of Definition 5,
then there exists a unique extension of the measure P to Ca([0,00)) that is a
solution of (5.1) in the sense of Definition 6.
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Definition 7. A Borel function f: R — [0,00) is locally integrable at a point
a € [—00, 00] if there exists a neighborhood U of a such that [, f(x)dz < cc.
(A neighborhood of oo is a ray of the form (z,00); a neighborhood of —co is
a ray of the form (—oo,).) Notation: f € L. (a).

A function f is locally integrable on a set A C [—oo,00] if f is locally

integrable at each point of this set. Notation: f € L _(A).

loc

Below we shall use the following result (see [7]).

Proposition 3 (Engelbert, Schmidt). Suppose that the coefficients b and
o of (5.1) satisfy the conditions:

o(x) #0Vr € R, (5.2)
D e nm) (5.3

Then, for any starting point xo € R, there exists a unique solution of (5.1)
in the sense of Definition 6.

For the information on the qualitative behaviour of the solution of (5.1)
under conditions (5.2) and (5.3), see the Appendix.

5.3. Explicit form of the separating time. Here we use the notations
F, Fi, X, and ( introduced in Subsection 5.2.
Consider the SDEs

dXt = b(Xt) dt + U(Xt) dBt7 XO = Ty, (54)
dX, = b(X,) dt + 5(X,)dB;, Xo = zo (5.5)

with the same starting point xo. Let us assume that conditions (5.2), (5.3)
and the similar conditions for b, o are satisfied.

Set
_ _ [T 2b(y)
plx) = exp{ /0 22(y) dy}7 x €R, (5.6)
s@ = [y aer 6.7
s(o0) = IILH;O s(x), (5.8)
s(—o0) = xEIEloos(x). (5.9)

Similarly, we define p, 3, 5(c0), and §(—o0) through b and 5. Let 11 denote
the Lebesgue measure on B(R).
We say that a point x € R is good if there exists a neighborhood U of z

such that 02 = 52 pr-a.e. on U and (b — b)?/o* € L] (x). We say that the

loc
point oo is good if all the points from [z, c0) are good and
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s(00) < 00, (5.10)
AV
(s(o0) — 9) (bpa‘i)) € L%OC(OO). (5.11)

We say that the point —oo is good if all the points from (—oo, x| are good
and

5(—00) > —o0, (5.12)
_7N\2
(s — s(—)) (bpa‘i)) € L%OC(—oo). (5.13)

Let A denote the complement to the set of good points in [—oo, o0]. Clearly,
A is closed in [—o0, o0]. Let us define

A® ={z € [-00,00]: p(z,A) < e},

where p(z,y) = |arctg x — arctgy|, z,y € [—00, 00| (we set 0 = 0).
The main result of this section is the following theorem. Its proof is given
in Subsection 5.5.

Theorem 5.1. Suppose that b, o, E, o satisfy conditions (5.2) and (5.3). Let
P and P denote the solutions of (5.4) and (5.5) in the sense of Definition 6.

Then the separating time S for P and P has the following form.
i) Ifp= P, then S =6 P,P-a.s.
(ii) If P # P, then

S = supinf{t € [0,00): X, € A"} P,P-a.s.,
where “4nf” is the same as “inf”, except that inf () = 0.

Remarks. (i) Let us explain the structure of S in case (ii). Denote by «
the “bad point that is closest to xg from the left side”, i.e.

a= {S“p{x 1o € [~oo,z0] N A} if [~00,mo]NA 0, (5.14)

A if [—oo,z9]N A =0.
Let us consider the “hitting time of a”:
if a=A,
t1¢

if @« =—o00 and lim X; = —o0,
t1¢

0
1) if @« =—o00 and lim X; > —oo,
¢

S|
)

if a> —o0,
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where T,, = inf{t € [0,00): X; = a}. Similarly, denote by ~ the “bad point
that is closest to zg from the right side” and denote by V' the “hitting time
of v”. Then S = U AV P,P-a.s. (This follows from Proposition A.1.)

(ii) Suppose that [xg,00) C [—00,00] \ A. Combining Theorem 5.1 with
results of Appendix, we get that the pair of conditions (5.10), (5.11) is equiv-
alent to the inequality P({S = ¢} N (B+ UCy)) > 0, where By and C; are
defined in the Appendix. By the definition of a separating time, the latter
condition is equivalent to the inequality P({S = d} N (B+ UC4)) > 0. Apply-
ing once more Theorem 5.1 (to the measures P and P rather than P and 5)
and results of Appendix, we get that this condition is, in turn, equivalent to
the pair

5(00) < 00, (5.15)
Goe) -9 U2 € L) (5.16)

Thus, assuming that [z, 00) C [—00,00] \ 4, we get the equivalence between
(5.10)+(5.11) and (5.15)+(5.16). A similar remark is true for (5.12)+(5.13).

Theorem 5.1, combined with Lemma 2.1 and Propositions A.1-A.3, yields
several corollaries concerning the mutual arrangement of P and P. In order to
formulate them, let us introduce the conditions:

5(00) = o0, (5.17)
$(00) < 0o and W ¢ Li.(00), (5.18)
(b—b)?

3(00) < 00 and (5(c0) — QW € Li . (00). (5.19)
Condition (5.17) means that the paths of the canonical process X under the
measure P do not tend to 0o as t — 0o (see Proposition A.2). Condition (5.18)
means that the paths of the canonical process X with a strictly positive P-
probability tend to oo as t — oo, but do not explode into oo, i.e. the ex-
plosion time for them is co (see Proposition A.2). Condition (5.19) is the
pair (5.15), (5.16). Similarly, we introduce the conditions at —oo:

3(—00) = —o0, (5.20)
3(—00) > —00 and g_ﬁgé;“) ¢ LL (—o00), (5.21)
3(—o0) > —o0 and (gg(oo))(bﬁ_&?z € L .(—oc0). (5.22)

Corollary 5.1. Under the assumptions of Theorem 5.1, we have P<P if
and only if at least one of conditions (a)—(d) below is satisfied:
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P
), (5.22), and (5.23) are satisfied;
), (5.20), and (5.23) are satisfied;

~ loc
Corollary 5.2. Under the assumptions of Theorem 5.1, we have P < P if
and only if the condition

(b—b)?

€ Li (R), (5.23)

02 =52 pup-a.e. and

at least one of conditions (5.17)—(5.19), and at least one of conditions (5.20)—
(5.22) are satisfied.

Remark. The result of Corollary 5.2 is closely connected with the result
of Orey [31], where a criterion for the local absolute continuity of regular
continuous strong Markov families is provided.

Corollary 5.3. Under the assumptions of Theorem 5.1, we have PLP if and
only if P # P and —o0, 00 € A.

Corollary 5.4. Under the assumptions of Theorem 5.1, we have 50 1L Py if
and only if xg € A.

5.4. Examples. In this subsection, we give 9 examples, which show var-
ious types of the mutual arrangement of P and P from the point of view of
their (local) absolute continuity, and singularity. The proofs are straightfor-
ward applications of Theorem 5.1 (it is convenient to use also Remark (ii)
following Theorem 5.1). One should also take into account the results on the
qualitative behaviour of solutions of SDEs that are described in Appendix.
In particular, these results imply that a solution P of SDE (5.1) satisfying
condition (5.3) with o = 1, has the following properties:

e If bis a constant in the neighborhood of 400, then P({¢ < oo, limy¢ Xy =
+o0) = 0.

e If b is a strictly positive constant in the neighborhood of +oo, then

e If moreover b is positive in the neighborhood of —oo, then P(lim;_,, X; =
+o0) = 1.

e If b(z) = 22 in the neighborhood of +oo, then P(¢ < oo, limije X =
+00) > 0.

e If moreover b is positive in the neighborhood of —oco, then P({ <
00, limy . X = +00) = 1.

In all the examples below, 0 = ¢ = 1, ¢ = 0, and we specify only b and b.
We use the notation PAP to denote that P and P are in a general position,
ie. P&LKP,PLP P LP.
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Ezxzample 1. If

then

Ezxample 2. If
bx)=1I(x>0)—I(x<0), b=1,

then
loc ~

P<P, P£P, PZP.

Ezxample 3. If
b(z) = I(x >0) —2*I(x <0), b=1,

then

P<P, PZLP.
Ezample 4. If
b(z) = I(z>0)—I(x <0), blx)=I(x>0)—2I(z<0),

then

PAP, PP

Example 5. 1f
b(z) = I(x > 0) —2*I(z < 0), b(z)=1I(x>0)—I(x<D0),

then

PAP, PP, PEP.

Example 6. 1f

~ I(-1<xz<0)
b=1, blx)=1+ ,
(z) 1
then 1 1
PAP, PLP, PLP.
Ezample 7. If _
b=0, b=1,
then _
PLP, P¥P

Ezxzample 8. If

then
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Type of arrangement || Example

P=P trivial

[ #* P, P~P Example 1

~ ~ loc ~
P<P, PP, PKP Example 2

P< P, P I%C P Example 3
ﬁAP, pip Example 4
ﬁAP, p 1<O<C P, P 1%0 p Example 5
ﬁAP, p l¢O<C P, P l%c P Example 6
PLP,PYP Example 7

~ ~ loc loc ~
PLP,PLKP,PLP Example 8

~ ~ loc loc ~
PLP,PLP, PLKP Example 9

Table 1. Various possible types of the mutual arrange-
ment of P and P (up to the symmetry between P and P)

Ezxample 9. If

then
~ ~ loc loc ~
PLP, P&KP, PXP.
Examples 1-9 show that all the possible types of the mutual arrangement
of P and P can be realized. However, the lemma below shows that the types of
the mutual arrangement that appear in Examples 3, 5, and 8 can be realized

only if P explodes. (In Examples 1, 2, 4, 6, 7, and 9, the measures P and P do
not explode.)

~ loc loc ~
Lemma 5.1. Suppose that P does not explode and P < P. Then P < P.

_ Proof. Let S be the separating time for P and P. By Lemma 2.1,
P(S > o0) = 1. It follows from Theorem 5.1 and Proposition A.3 (i), that
all the points of (—o0,00) are good. As P does not explode, P(S > c0) = 1.

1 ~
One more application of Lemma 2.1 yields P <P. O

Remark. Example 8 reveals an interesting effect. Suppose that we are ob-
serving a path of the process X and are trying to distinguish between the
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hypotheses P and P (given by Example 8). If P is the true hypothesis, we will
find this out within a finite time of observations. However, if P is the true
hypothesis, we will find this out only within the infinite time of observations.

5.5. Proof of Theorem 5.1. In the proof of this theorem, we use the
techniques of random time-changes and local times. These can be found in [33,
Ch. V, § 1; Ch. VI, §§ 1,2]. Below we deal with the following two settings.

Setting 1. Let X denote the canonical process on C([0, 00)). Consider the
filtration Fy = (..o 0(Xs; s € [0,¢ +¢]) and set F =\, (g o) Ft-

Setting 2. Let X denote the canonical process on Ca ([0, 00)) and ¢ denote
the explosion time of X. Consider the filtration 7 = (.., 0(Xs; s € [0, +¢])
and set F =V, ¢(o ) Ft-

We begin with a series of auxiliary lemmas.

Lemma 5.2. In Setting 1 or in Setting 2, consider an (F;)-stopping time 7.
Let w and w' be such that T(w) = tg € [0,00) and w'(s) = w(s) on [0,to + €]
for some e > 0. Then 7(w') =ty and, for any A€ F,, w € A<=’ € A.

This lemma may be proved by the standard technique. For statements
with similar proofs, see, for example, [12, Ch. III, Lem. 2.43], [33, Ch. I,
Ex. 4.21], [36, Ch. I, § 2, Lem. 13].

Lemma 5.3. Let Y = (Yt)te[o,oo) be a continuous process on a probability
space (£2,G,Q). Introduce the filtration G} = (\.oo0(Ys; s € [0,t +¢]). Let 7
be a (GY)-stopping time. Then there exists an (F;)-stopping time p such that
T = p(Y), where (F;) denotes the filtration introduced in Setting 1.

This lemma may be proved similarly to [12, Ch. I, Lem. 1.19].

Lemma 5.4. Assume that the coefficients b and o of (5.1) satisfy condi-
tions (5.2) and (5.3). Let P be a solution of (5.1) in the sense of Definition 6
(so, we consider Setting 2). Then Fy is P-trivial.

Proof. This is a consequence of the following result (see [43, Th. 6.2] or [18,
Th. 18.11)): if for any starting point xy € R, there exists a unique solution P,
of (5.1), then the family (X, 5, Py t € [0,00),2 € R) possesses the strong
Markov property. After applying this result one should note that any strong
Markov family satisfies the required zero-one law. O

Lemma 5.5. Assume that the coefficients b and o of (5.1) satisfy condi-
tions (5.2) and (5.3) and that the solution is non-exploding. Let P be a solution
of (5.1) in the sense of Definition 5 (so, we consider Setting 1). Then, for
any (Fy)-stopping time & such that £ > 0 P-a.s., there exists an (F;)-stopping
time & such that 0 < £ < & P-a.s.
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Proof. 1) Define the functions p and s by formulas (5.6) and (5.7). Con-
sider the process Y = s(X). Due to the Ito-Tanaka formula (see [33, Ch. VI,
Th. 1.5]), Y is a continuous (F3, P)-local martingale with the quadratic varia-
tion (Y); = fot 2(Y,,) du, where »(z) = p(s=(z)) o(s~1(z)), = € s(R). Since
o(x) # 0 for any € R, then P-a.s. the trajectories of (Y') are continuous
and strictly increasing. Denote by F the P-completion of the o-field F and
by (F;) the P-completion of the filtration (F;). Define an (F;)-time-change

7t = inf{s € [0,00): (Y)s >}, t€]0,00). (5.24)

Consider an (F;,P’)-Brownian motion W’ on some stochastic basis
(', F',(F]),P") and set

N=0C(0,00)x2, G=FxF, G=(|Frp xFlre, Q=PxP.
e>0

Denote by G the Q-completion of the o-field G and by (G;) the Q-completion
of the filtration (G;). Consider the stochastic basis (£2,G,(G;),Q). All the
random variables and the processes defined on C([0,00)) or on 2’ can be
viewed as random variables and processes on {2. In what follows, we do not
explain on which space we consider a random variable or a process if this is
clear from the context.
Set
Wy =Y, + W/ — Wt//\(Y>mv t € [0, 00). (5.25)

By the Dambis-Dubins-Schwartz theorem (see [33, Ch. V, Th. 1.6]), the
process W = (Wy)iepo,00) 18 a (Gi, Q)-Brownian motion with the starting
point s(xg).

As P-a.s. the trajectories of (Y) are continuous, we have (Y),., =t P-a.s.
on {t < (Y)x}, ie.

/Tt 72V, du=1t P-as. on {t < (Y)y}.
0

As P-a.s. the trajectories of (Y) are strictly increasing, then P-a.s. the tra-
jectories of 7 are continuous (however, they may explode). By the change of
variables in the Stieltjes integral, we get

t
/ 72V, )dr, =t P-as.on {t < (Y)o.},
0

and therefore,

¢
T = / 2 2(Y;, )du P-as. on {t < (V) }.
0

Since 7 — 00 P-a.s. ast 1 (V) and Y, = W, for t < (Y) oo, we have
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t
Tt :/ x2(W,)du Q-as., t€][0,00) (5.26)
0

(here we set »(x) =1 for = ¢ s(R)).

Consider the filtration H}Y = (.oo0(Ws; s € [0,¢ + €]) and let (ﬂfv)
denote its Q-completion. By (5.26), the process 7 viewed as a process on (2 is

(ﬁrv)—adapted. Due to (5.24),
(V) =inf{s € [0,00): 75 >t} P-as., te]0,00).

Therefore, the process (Y') viewed as a process on {2 is an (WZV )-time-change.
Furthermore, (5.25) implies that Y; = Wy, Q-a.s. Since the right-continuous
and Q-complete filtration generated by Y viewed as a process on (2 contains
the filtration (F; x {0, £2'}), we have

Fox {0,2'Y CH iy, (5.27)

The process 7 is an (F; x {0, £2'})-time-change. It follows from (5.27) (see
also [33, Ch. V, Ex. 1.12]) that

Fory x {0,2'Y CH)p iy CH, . (5.28)

2) It is easy to verify that (Y)¢ viewed as a random variable on 2 is
an (F,, x {0, £2'})-stopping time. By (5.28), (Y)¢ is an (ﬁfv)—stopping time.
Since & > 0 P-a.s., then (Y)¢ > 0 Q-a.s. Furthermore, the o-field ﬂgv is
Q-trivial; it is also well known that every stopping time on a complete Brown-
ian filtration is predictable. Hence, there exists an (ﬁrv )-stopping time 7 such
that

0<n<(Y)e Q-as. (5.29)

It is known (see [12, Ch. I, Lem. 1.19]) that every stopping time with respect
to a completion of a right-continuous filtration (K;) a.s. coincides with a (K;)-
stopping time. Therefore, we can choose 1 in such a way that it is an (H}")-
stopping time. Due to Lemma 5.3, there exists an (F;)-stopping time p such
that

n=pW) Q-as. (5.30)

Now, define the process V; = Y., t € [0,00). (Note that {7 = 0o} = {(Y ) <
t} P-a.s. and on the set {(Y)o, < oo} the process Y; tends P-a.s. to a finite
random variable Y. Hence, the process V is well defined.) Equations (5.29)
and (5.30) imply that p(W) < (Y)s Q-a.s. Since V.= W)= Q-a.s., then,
by Lemma 5.2, p(W) = p(V) Q-a.s. The random variables p(V') and (Y')¢ are
defined on C([0, 00)). Hence, we can write

0<p(V)<(Y)e P-as. (5.31)
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Consider the filtration Y on C([0,00)) defined by the formula

FY = ﬂ o(Vy; s €]0,t +€]).
e>0
Since the process V is F,,-adapted and the filtration F,, is right-continuous,
we have FY C F,,. Consequently, p(V) is an (F,,)-stopping time. By [33,
Ch. V, Ex. 1.12], 7, is an (F;)-stopping time. Due to [12, Ch. I, Lem. 1.19],
there exists an (F;)-stopping time &’ such that ¢’ = 7, P-a.s. Finally,
(5.31) implies that 0 < &' < £ P-a.s. O

Now, let us introduce some notations. Suppose that a,c € [—o0,o0]. In
Setting 1 or in Setting 2, define

T, = inf{t € [0,00): X} = a}, (5.32)

To,c=To NT,. (5.33)

Note that if a = —oc0 or a = oo, then T, = co. Similarly, for a process Y, we
use the notations

T.(Y) = inf{t € [0,00): Y; = a}, (5.34)

Toc(Y) =T, (Y)NT(Y). (5.35)

Below in this section, we use the notations p, s, s(c0), s(—o0) introduced
in (5.6)—(5.9). Let us define the function s by the formula

x(z) = p(s~Hx))o(s 7 (z)), =z € s(R). (5.36)

We need a more detailed version of the Engelbert-Schmidt theorem than
Proposition 3 (see [7]).

Proposition 4 (Engelbert, Schmidt). Suppose that the coefficients b and
o of (5.1) satisfy conditions (5.2) and (5.3).

(i) Then, for any starting point xo € R, there exists a unique solution
of (5.1) in the sense of Definition 6.

(ii) Let P,, denote this solution. Consider a stochastic basis
(12,G,(Gt)ie[0,00), Q) with a right-continuous and complete filtration. Let B
be a (Gt, Q)-Brownian motion with the starting point s(xq). Define the process
(At)te[0,00) and the (Gi)-time-change (T¢)tcjo,00) by the formulas

t .
A, = fO b4 Q(BS) ds lf t< Ts(—oo),s(oo)(B)7 (537)
o) if ¢t > Ts(—oo),s(oo)(B)a
7 = inf{s € [0,00): A5 > t}. (5.38)

Then
Ps, = Law(s ' (B,,); t € [0,00)|Q),

where we set s71(s(00)) = s71(s(—x)) = A.
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Remark. Propositions A.1 and A.3 may easily be derived from the second
part of Proposition 4.

Lemma 5.6. Assume that the coefficients b and o of (5.1) satisfy condi-
tions (5.2) and (5.3). Additionally assume that s(co) < co. Denote by P the
solution of (5.1) in the sense of Definition 6 (so, we consider Setting 2). Let

a <z and [ be a positive Borel function such that f /o € Li ([a,0)).

(3) IF (5(00) — )1/ (po?) € LL,(00), then
/C f(Xy)dt < oo P-a.s. on the set {T, = oo}
0

(recall that ¢ denotes the explosion time of X).
(ii) If (s(00) — 8).f/(po?) & Liyc(00), then

¢
/ f(Xy)dt =00 P-a.s. on the set {T, = oo}.
0

Remark. Due to Proposition A.1, limy¢ Xy = oo P-a.s. on the set {T, =
oo}. Therefore, Lemma 5.6 deals, in fact, with the convergence of some inte-
grals on the trajectories that tend to oo or explode to co. Clearly, this lemma
has its analog for the trajectories that tend to —oo or explode to —oc.

Proof of Lemma 5.6. We prove only the first part. The proof of the second
one is analogous.

Consider a stochastic basis (12,7, (Gt)ie[0,00), Q) With a right-continuous
and complete filtration and let B be a (G;, Q)-Brownian motion with the
starting point s(z¢). Define the process (A¢)¢cjo,oc) and the (G)-time-change

(Tt)te[o,oo) by formulas (5.37) and (5.38). Set £ = ATS<7OO>,S(OO>(B)—'

Proposition 4 yields that the convergence of the integral foc F(Xy)de
P-a.s. on the set {T, = oo} is equivalent to the convergence of the integral
fOE f(s7H(By,))dt Q-a.s. on the set {T(o0)(B) < Ty(q)(B)}. By the change of
variables in the Stieltjes integral, we get

13 13 Te
3_1 = 3_1 T T — 5_1 t t
/Of( (B,)dt /0f< (B.,)) dA,, /Of( (By)) dA

Ts(—o0),5(0) (B)
_ / I (s=1(B))dt.
0

0202

Set

o(0) = 1 (@), = e s(R).

= p202
Since Ts(foo),s(oo)(B) = Ts(oo)(B) on the set {Ts(oo)(B) < Ts(a)(B)},
then the problem reduces to investigating the convergence of the integral

f0T5(°°>(B) g(By) dt Q-a.s. on the set {Ty(o0)(B) < Ty(0)(B)}.
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Since (s(00) — 8)f/(po?) € L}, .(o0), then

s(o00)
de >0: / (s(00) — z)g(z) dx < oco.

(00)—¢

As f/o® € L}, (la.00)), we have g € L}, ([s(a). (). Now, we need to use
the results of the paper [2], where the convergence of some integrals associated

with Bessel processes is investigated. By [2, Th. 2.2],

Ts(ay(s(c0)=Y)
/0 g(s(0) —Y)dt < oo Ri-as.,

where Y is a three-dimensional Bessel process started at zero and defined on
a probability space with a measure R%. Set Z; = s(00) — Y}, ¢ € [0,00). Then

Us(zo)(Z)
/0 9(Z)dt < 0o Ri-as. on the set {Ug(y)(Z) < Ty)(2)},

where we use the notation U.(Z) = sup{t € [0,00): Z; = c}. Now, the
Williams theorem (see [33, Ch. VII, Cor. 4.6]), combined with the last formula,
yields

Ts(oo)(B)
/ g(Bi)dt < oo Q-a.s. on the set {T(0)(B) < Tsa)(B)}
0

This completes the proof. a

In what follows, pf, denotes the Lebesgue measure on B(R).

Lemma 5.7. Assume that the coefficients b and o of (5.1) satisfy condi-
tions (5.2) and (5.3). Additionally assume that s(—o00) = —oo and s(c0) = 00.
Denote by P the solution of (5.1) in the sense of Definition 6 (so, we consider
Setting 2). Let f be a positive Borel function such that ur(f > 0) > 0. Then

/00 f(Xy)dt =00 P-a.s.
0

(Let us recall that, by Propositions A.1 and A.2, { = oo P-a.s. whenever
s(00) = 00 and s(—o0) = —00.)

Remark. Lemmas 5.6 and 5.7 complement each other. Indeed, Lemma 5.6
deals with the convergence of some integrals on the trajectories that tend to
oo (or to —o0), while Lemma 5.7 deals with the convergence of some integrals
on the trajectories that are recurrent.

Proof of Lemma 5.7. Using a reasoning similar to that of the previous lemma,

we see that we need to prove the equality fooo g(Bi)dt = oo Q-a.s., where

g(x) = pzf;,z (s71(x)), € R, and B is a Q-Brownian motion defined on some
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probability space. It is known that local times of a Brownian motion satisfy
LZ (B) = oo for all z € R (see [33, Ch. VI, Cor. 2.4]). By the occupation
times formula (see [33, Ch. VI, Cor. 1.6]),

/o00 9(By)dt = /Rg(a:)Lio(B) dz =00 Q-as.

The proof is completed. O

Let Y be a continuous semimartingale on some stochastic basis. Below in
this section, we use the notation LT (Y) (¢ € [0,00), € R) for the local time
of a process Y spent at a point a by a time ¢t. We take versions of local times
that are cadlag in = and use the notation Ly~ (V) := lim. o L7 °(Y).

Lemma 5.8. Assume that the coefficients b, o and b, & of (5.4) and (5.5)
satisfy conditions (5.2) and (5.3) and that the solutions are non-exploding.

Let P and P be the solutions of (5.4) and (5.5) in the sense of Definition 5
(so, we consider Setting 1). Suppose that the condition

Ve >0, ur((xg —e,20 +€)N{o? #5%}) >0 (5.39)
or the condition _
b—b)?
O ¢ Lheto) (5.40)
g

1s satisfied. Then ﬁo L Py (let us recall that Py and ﬁo denote the restrictions
of P and P to the o-field Fy).

Proof. 1) Let us first assume that condition (5.39) holds. By the occupation
times formula (see [33, Ch. VI, Cor. 1.6]),

t t
~ 2 — ~
/01{02#2}()@)0 (Xu)du—/o I im0y (Xu) d(X),

:AI{UZ¢;2}(x)Lf(X) dz P-as.

It follows from [4, Th. 2.7] that Ly°(X) > 0 and L;°" (X) > 0 P-a.s. for any
t > 0. Therefore, for any t > 0,

t
~ 2 -~
/0 I{a2¢g2}(Xu)0 (Xy)du >0 P-as.

Hence, for any ¢ > 0,

P (30<s§t: /Saz(Xu)du;é/S&Q(Xu)du) =1,
0 0

and consequently,
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P(Vt>030<s§t: / JZ(Xu)du;é/ 52(Xu)du> =1 (5.41)
0 0

Let us recall that P-quadratic variation (resp., ﬁ—quadratic variation) of X
at time s equals f; 0%(X,)du P-a.s. (resp., f(f 52(X,) du P-a.s.). Therefore,
for any sequence (4A,) of subdivisions of the interval [0, s] whose diameters
tend to 0, we have

/ o*(Xy)du=P- lim > (X;, - X,,_,)?
0 n—oo
t, €A,

and

/ F(X,)du=P- lim > (X, — X;,_,)%
0 n—oo

t; eAn

Now, consider all rational times s. By extracting a.s. converging subse-
quences and using Cantor’s diagonal method, we see that (5.41) implies the
desired result Py L Py.

2) Assume now that condition (5.40) holds. Denote by S the separating
time for P and P. Due to Lemma 5.4, the o-field Fy is trivial with respect to
each of the measures P and P. Combining this with Lemma 2.1, we obtain
that either S = 0 P,P-a.s. or S > 0 P,P-a.s. Let us prove that the second
variant is not possible. B _

Suppose, on the contrary, that S > 0 P, P-a.s. (or, equivalently, Py £ Pg).
By Lemma 5.5, there exist stopping times 7/ and 7’ such that 0 < 7/ < S P-a.s.
and 0 < 7" < S P-a.s. Set 7 = 7/ A 7”. Then it follows from our assumption
Po £ Pg and from_the fact that 7y is both P- and P-trivial that 0 < 7 <
S P,P-a.s. Hence, P, ~ P,.

Consider the cadlag (F;, P)-martingale

dP.
Zy = EP<dP-,— ft>, t €0, 00).
Notice that Z is a uniformly integrable martingale with a limit Z,, = 3?,*.

Since Z,, > 0 P-a.s., the processes Z and Z_ are strictly positive P-a.s.
(see [12, Ch. III, Lem. 3.6]). Set

t
Lt = /0 i dZu, te [0,00)
The (F, P)-local martingale L is well defined. Clearly, we have Z = Z, (L)
(i.e. Z is a stochastic exponent of L). Since P is a unique solution of (5.4), any
(Fi, P)-local martingale is a stochastic integral with respect to the local mar-
tingale Y (see [12, Ch. III, Th. 4.29]), where Y is the continuous martingale
part of the (F;, P)-semimartingale X, i.e.
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t
Y, =X, —/ b(X,)du, te]0,00).
0
In particular, there exists a predictable process (3 such that
t
/ B2 A(Y), <oco P-as., te][0,00)
0

and .
Lt:/ Gy dY, P-as., te€]0,00).
0

This yields that the process L is continuous. B

Consider the measure Q = Z,, - P. Then Q, = P,. It follows from Gir-
sanov’s theorem for local martingales (see [12, Ch. III, Th. 3.11]) that the
process Y — (Y, L) is an (F;, Q)-local martingale. We have

t t
(Y, L), = /0 Bud(Y), = /0 B,0%(X,)du Pas., te0,00).

For any t € [0, 00), set

Xopr — /0 (b(X.) + fuo®(X)) duif /0 (1b(.)

+]Bulo*(Xu)) du < o0,
00 otherwise.

M, =

The process M is finite and continuous with respect to P. Hence, it is finite
and continuous with respect to Q. Since Q, = P, and M; is F,.-measurable
for any t € [0, 00), the process M is finite and continuous also with respect to
the measure P. Furthermore, as M = (Y — (Y, L))" Q-a.s., M is an (F3,Q)-
martingale. Consider the stopping times

Np = inf{t € [0,00): |M¢| >n}, neN.

Clearly, n,, T o0 P,ﬁ—a.s. and M"™ is an (F;, Q)-martingale for any n € N.
Since Q, = P, then, for any s < t and B € F,, we have

EE[IB(MZM - M) = E’,S[IBm{s<r}(Mt "t = M)
= EqlIBn{s<+} (M — M)
= Eq[/5(M{™ — M]")] = 0.

Hence, M is an (Ft,IS)—local martingale. Consequently, as P is a solution
of (5.5), the process

AT AT t/\7'~
N, = / b(X.) du + / Buo2(X.) du — / B(Xa)du, € [0,00)
0 0 0
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is well defined with respect to P and is a continuous (;7-}, IS)—local martingale
of locally bounded variation. This means that N = 0 P-a.s. Thus, we have

p(vrenr | (00X + Buo (X)) du = / ") au) =1

As P, ~ P, we get

P <w € o, oo),/OMT(b(Xu) + Buo?(Xy)) du = /OMTb(Xu)du) =1. (5.42)

Now, let us recall that Ly°(X) > 0 and Ly* (X) > 0 P-a.s. for any ¢t > 0
(see [4, Th. 2.7]). Then it follows from the occupation times formula and (5.40)
that, for any ¢ > 0,

| =07 %) du = A =07 x,)a(x).,

g g

:/ (g_4b)2(x)Lf(X)dx:oo P-a.s.
R O

Thus, N
P (Vt € (0,00): / M(Xu) du = oo> =1. (5.43)
0 O

Let us recall that 7 > 0 P-a.s. and fot B20%(X,)du < oo P-as., t € [0,00).
Therefore, conditions (5.42) and (5.43) contradict each other. As a result,
S = 0, which means that Py L Py. O

Lemma 5.9. Assume that the coefficients b, o and E, o satisfy condi-
tions (5.2) and (5.3). Let P and P be the solutions of (5.4) and (5.5) in
the sense of Definition 6 (so, we consider Setting 2). Let a and ¢ be real num-
bers such that —oco < a < g < ¢ < 00 and [a, c] C [—oo,00] \ A (recall that A

denotes the complement to the set of good points). Then Pr, . ~ Pr, . and

dPr, . Toch — b 1 [Toe (b—b)2
o _exp{/o 5 (Xu) Y, - 5/0 (X ) dup,  (5.44)

g

where the integrals are taken with respect to the measure P and 'Y is a contin-
uous (Fy, P)-local martingale defined by the formula

tAT
Y; = X, . —/ b(X,)du, te][0,00).
0

Remark. Since P is a solution of (5.4), then Y is an (F;, P)-local martingale
with the quadratic variation
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tATw
(Y): =/ 02(Xu)du, t €0, 00).
0
Hence,
T, 2 T, 2
we (b—b) we (b—b)

Let us show that this integral is finite P-a.s. By the occupation times formula
(see [33, Ch. VI, Cor. 1.6]),

Tae (h—b)? Tue (7 py2
/ (bif)(xu)dﬁﬂu:/ (b—1b) (XTe) d(XToe),
0 0

o ot

T 1\2
:/ (b 4b) (z)L%, (XT*°)dz P-as.
R 7 '

(We consider the local time of the process XTa:c rather than of X because X

may explode.) Since [a,c] C [~00,00] \ 4, then (b—b)2/0* € LL ([a,c]). As

loc
P-a.s. the process (L, (X”¢)),er is equal to zero outside [a, ], we have

ot

/ o M(Xu) d(Y), < oo P-as. (5.46)
0

Proof of Lemma 5.9. 1) Since A is a closed subset of [—o00, o], there exist o’
and ¢ such that —oco < a/ < a, ¢ < ¢ < o0, and [@/, ] C [—o0,00] \ A. Let us
define a continuous (Fy, P)-local martingale Y’ by the formula

t/\Ta’,c’
Y/ = Xinr, —/ b(X,)du, te€]0,00).
' 0

Note that

Ta/,c/ _ 2 -
/ (b-b) (Xy)du < oo P,P-as. (5.47)
0

(This follows from the analogs of (5.45) and (5.46) for the process Y instead
of Y.) Fix an arbitrary n € N, n > 1. Consider the stopping time

= inf {t € [0, 00): /t ® —O (X du > n} (5.48)
0

a

(we set (bgif)z(A) = 0). Consider a continuous (F;, P)-local martingale

t/\Ta/,c’/\T FB_ b
L, = /0 (XYL, te[0,) (5.49)

(L is well defined due to (5.47)). We have
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1 1 Ta/’cl/\T g_ b 2
Ep exp{2<L>oo} =Ep exp{2/0 ( = ) (Xu)du} <EY? < 0.

By Novikov’s criterion, the process Z = £(L) (i.e. Z is the stochastic exponent
of L) is a uniformly integrable (3, P)-martingale. Due to Girsanov’s theorem
for local martingales (see [12, Ch. III, Th. 3.11]), the process Y’ — (Y’ L)
is a continuous (F3, Q)-local martingale, where the probability measure Q is
defined by the formula Q = Z - P. Note that for any ¢ € [0, 00),

Y/ = (Y', L)
t/\Ta’,c/ t/\Ta/,C/ AT _
= Xinr, o — / b(X,)du — / (b—0b)(Xy)du Q-as.
' 0 0

Consider the process

t/\Ta’,c/ AT

M, = Xint,, onr — / b(X,)du, te0,00). (5.50)
0

It is well defined with respect to Q and M = (V' —(Y’, L))™ Q-a.s. Therefore,
M is a continuous (Fy, Q)-local martingale with the quadratic variation

t/\Ta/,C//\T
(M)t:/ o?(X,)du, te]0,00).
0

Using the occupation times formula and the fact that o? = &% up-a.e. on
[, ], we get

t/\Ta/,c//\T
(M) =/ 7*(Xy)du, te[0,00). (5.51)
0

2) Let us define the functions p, s, and 3 throughg and o similarly to (5.6),
(5.7), and (5.36). Consider the process N = 5(X7a".’7). By the Ito-Tanaka
formula (see [33, Ch. VI, Th. 1.5]) applied under the measure Q,

t
N, = 3(zo) + / ﬁ(XuT“"“/AT) dM,, te]0,00).
0
Hence, N is a continuous (F;, Q)-local martingale with the quadratic variation
t/\Ta’,c’ AT
(N), :/ 573(N,)du, t€][0,00).
0

Since o (z) # 0 for any « € R, we have that Q-a.s. the trajectories of (N) are
continuous and strictly increasing up to the time T,/ »» A 7 and they are con-
stant after T,/ » A 7. Let F denote the Q-completion of the o-field F and (F)
denote the Q-completion of the filtration (F;). Define an (F;)-time-change by
the formula
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& =inf{s € [0,00): (N)s > t}, t€]0,00).

Consider an (F{,P’)-Brownian motion W’ on a stochastic basis

(2, F',(F}),P’) and set

0=Ca([0,00)x ', G=FxF, G=()Fe,. xFl., R} =QxP.
e>0

Denote by G the R2-completion of the o-field G and by (G;) the R%-
completion of the filtration (G;). Consider the stochastic basis (£2,G, (G;), R%).
All the random variables and the processes defined on Ca([0,00)) or on 2’
can be viewed as random variables and processes on 2. In what follows, we
do not explain on which space we consider a random variable or a process if
this is clear from the context.

Set
Wt:N‘Et—’_Wt/_Wt/A(N)QCV te [0,00)

By the Dambis-Dubins-Schwartz theorem (see [33, Ch. V, Th. 1.6]), the
process W = (Wy)iep,00) is a (Gy, R )-Brownian motion with the starting
point 5(zg).

As Q-a.s. the trajectories of (N) are continuous, we have

(N)e, =t Q-a.s. on the set {t < (N)},

ie.
S
/ 7*(N,)du =1t Q-as.on theset {t < (N)y}.
0
As Q-a.s. the trajectories of (N) are strictly increasing up to the time

To o AT, we have that Q-a.s. the trajectories of £ are continuous up to the
time (V). By the change of variables in the Stieltjes integral, we get

t
/ 5*(Ng,)dé, =t Q-a.s. on the set {t < (N)oo},
0
and hence,
¢
& = / 5 2(Ng,)du Q-a.s. on the set {t < (N)oo}.
0
Clearly, & = oo whenever ¢ > (N)o. Therefore, R%-a.s. for any ¢ € [0, 00),

¢ [ 2(Wy) du if t < (N)e,
T ) s if ¢ > (N).

Using the occupation times formula, it is easy to verify that P-a.s. we have

Vt < (N, /Et G0 %) du= /gt =8 % .
0 0

o2 o2
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By the change of variables in the Stieltjes integral, Ri—a.s. we get

& (1 B2 & (B 12
vi< e [ O = [T O ) au

g g

N /ot s i2b)2 (571(Ne,))d&w  (5:52)

g

_ /0 G=b 5 -1w,)) du.

p2ct

Letting ¢ T (N)oo in (5.52), we get

Ta/,c//\T ~_ 2 <N>00 N_ 2
/ =0 x,)du= / OO ey du R2-as. (5.53)
0 g 0 pro

Set

n(W)=inf{te[0,oo): /0 (b_b)Q(g_l(Wu))duZn}

025t

(we set (%;22 (5 Y(=)) = 0 if x ¢ 5(R)), where n is the number that appears

in (5.48). Let us now prove the equality
<N ><><> =T

s(a’),s(c)

(W)An(W) R3-as. (5.54)

For this, note that

Ta/,c//\T (’5_ b)2
5—(Xu)du=n P-as. on the set {7 < Ty }. (5.55)
0 g
Indeed, condition (5.55) may be violated only if the integral is less than n
t (b—b)*
0 o2
P-a.s. this cannot happen on the set {7 < T, } since (5.47) holds. More-
over, as §(ny._— = Lo, AT, we have (N)o > T;(a,)_;(c,)(W) Ri—a.s. on the
set {To o < 7}. By (5.53) and (5.55), (N)s > n(W) R%-as. on the set
{r < Ta o} Thus, (N)oo = Ty 50y (W) A 0(W) R?-a.s. Finally, the re-
verse inequality easily follows from (5.52). So, statement (5.54) is proved.
It follows from the reasoning above that R -a.s. for any ¢ € [0, 00),

and the process ( (Xu) du)te[0 o) JUIIDS O infinity at time 7. But

;(c,)(W) An(W),
(W) An(W).

s(a’)
00 ift>1T~

s(a’)s(c’)

t
/ (W) du if t < T~
&=14Jo

Let us recall that
(N)y =inf{s € [0,00): & >t} Q-a.s., t€[0,00),
Ny = Winy, Ri—a.s., t € [0, 00),
XTQ/,C//\T _ fsvfl(N).
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So, we obtain an explicit construction of the measure LaW(XTa’~C’AT|Q)
through the Wiener measure. Furthermore, as P is a solution of (5.5), the

process M introduced in (5.50) is a continuous (F3, P)-local martingale with
the same quadratic variation as in formula (5.51). Therefore, repeating the

reasoning of part 2) with the measure P instead of Q, we obtain that the

measure Law(X Ta’«c’”ﬁ’) can be constructed from the Wiener measure in
the same way as Law (XTa’vc//\T|Q). Thus,

Law (X7« A7|P) = Law (X T« 7|Q). (5.56)

3) Counsider the stopping time

p:inf{te [0,00): /Ot (b_zb)2(Xu)du2n—1},

g

where n appears in (5.48). Using (5.55) and the analogous condition for the
measure P, we get T, . A p < Ty .o AT P,P-a.s. Applying Lemma 5.2, we
obtain that P, P-a.s. for any event B € Fr, .y,

X € B+ XTw.«" ¢ B,

Then, due to (5.56), for any B € Fr, Ap, we have

P(B) = P(XeB) = P(XTw.«"" e B)

P
Q(XT“/’CIATGB) = Q(XEB) - Q(B)

Consequently, the measures Q and P coincide on the o-field Fr, onp- Let us
now recall that Q = Z, - P, where the uniformly integrable (F;, P)-martingale
Z is defined by the formula Z = £(L) and L is defined in (5.49). Hence,

PTa,c/\p ~ PTa,c/\p and

dP
5 = Bp(Zoo|Fr, cnp) = 21, o (5.57)
dPTa,c/\p

4) Now, let us use the notation

Tn:inf{te [0, 00): /Ot (b_zb)Q(Xu)dUZn}, n € N.

g

(We fixed some n € N above and considered stopping times 7,, and 7,_1,
which were denoted by 7 and p for the simplicity of notation. Below we need
to use all 7,,. That is why we now change the notation.) By (5.57),



Separating Times 159

dﬁTavc/\Tn
dPTa,C/\'rn
To,cANTn 7, Ta,cNTn (T, 2
@ — b 1 [T (b—1D)
= X,)dY,! — = Xy)dup . (5.58
exp{/o e [ 0_2<>u} (559)
It follows from (5.47) that
lim 7, > T o > Toe P,P-as. (5.59)
As a consequence, we get
Fr,. =\ Fr..nn (5.60)
n=1

up to events of P, P-zero measure. (Indeed, the inclusion Fr, . C Voo, FTy onrn
follows from the formula

B

o)
UBn{Tue=Tocrm}) P.Pas,
n=1

and the reverse inclusion is obvious.) Formulas (5.58), (5.59), and (5.60) imply
that

dPr, Tech—b 1 [Tee (b —b)>
me X,)dy! — - X 61
s exp{/o Xy, 2/0 (X dup, (561

dp. . .

where by dpi‘l*c we denote the density of the absolutely continuous part of
5 . . dP

the measure Pz, . with respect to the measure Pr, .. Since dpi:“’c > 0 P-a.s.,

we get Pr, < ﬁTa,c- Due to the symmetry between P and P, fl5Ta1c <P, ..

Thus, Pz, . ~ Pr, . and the density of Pr, . with respect to Pz, is given
by formula (5.61). Finally, it is clear that the process Y’ in (5.61) may be
replaced by Y. O

Before passing on to the proof of Theorem 5.1, we need one more technical
lemma.

Lemma 5.10. In Setting 2, consider a € R and a sequence (c,) such that
€1 > a, Cog1 > Cpn, and ¢, 1 00. Then Fr, =\, Fr,

a,cp

Proof. Consider the collection D of sets B € F such that

BN{T, = co,lim X, = oo}l € \/ Fr. .
{ im X, ye\ 7o,

n=1
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Notice that

T, = oc0,limX; = oo} = X 1T, . <o©)=c¢c,} € F .

{ i X = oo} Q1{ ey I (Tae, < 00) = cn} n\:/1 Tac,
(5.62)

Now, one can easily check that D is a o-field. Since for any t € [0,00) and

d e R,

{Xt < d} N {Ta - OO,%Xt = OO}

N{T, = oo,lim X; = oo},
t1¢

_ [ [j ({Toer, >t} N {Xinr, . < d})

n=1

then by applying (5.62), we obtain D = o(Xy; t € [0,00)) = F.
Now, the inclusion Fr, C \/;—, Fr, . follows from the formula

B=||J(BN{Ts="Tac,})|U(BN{T.= oo,@xt = o0}),
n=1
and the reverse inclusion is obvious. O

Proof of Theorem 5.1. We should prove only (ii). Therefore, below we assume

that P  P. Set B
T =supinf{t € [0,00): X, € AY/"}.
n

Let us prove that the separating time .S equals 7. Denote by « the “bad point
that is closest to zp from the left side” (see (5.14)). Similarly, denote by ~ the
“bad point that is closest to x( from the right side”. It is convenient for us to
set

o =

, —oo if a=A4,
e ifa# A

and

,  Joo ify=A,
TN ity £ A

If zg ¢ A (or, equivalently, o/ < xy < 7), then we consider sequences (a,)
and (c¢,) such that a; < xg < ¢1, App1 < An, an | &, cpp1 > ¢, and ¢, 17
The proof consists of two parts.
I. Let us first prove that S > 7 P,ﬁ—a.s. If xg € A, then 7 = 0 and this
inequality is obvious. Therefore, we consider the case zy ¢ A. By Lemma 5.9,
Pr ~ Pr, . forany n € N, and hence, S > T, P, P-a.s.

Suppose that o # A and v # A. Clearly, in this case T, ., T 7 P, P-a.s..
Thus, we obtain the desired inequality S > 7 P, P-a.s. _

Suppose now that o« = A or 7 = A. In this case T, ., T 7 A (¢ P,P-as.,
and hence,

n;Cn
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S>7A( P,P-as. (5.63)
It is easy to establish that
{r>¢}=B_.UB, P,Pas., (5.64)
where

B - {limype Xy = —oo} N{VE < (: X <4} if a= A4,
0 if a # A,

B _ {limyp¢ Xy = o0} N{VE < (: Xy >’} ify=A4,
<0 if v # A.

Let us prove that P ~ P on the set Bas. If v # A, then this is obvious.
Therefore, we consider the case v = A. Fix a € (¢/,x¢) and define continuous
(Ft, P)-local martingales Y™, L™, and Z" by the formulas

tATq.c,
Y/ = Xonr, . — / b(Xa)du, t € [0,050),
0

t/\Ta,cn g_ b
L :/0 (X vy, t e [0, 00),

1
Z{" = exp {L?2<Ln>t}, t €0, 00).

Note that the process L™ is well defined with respect to the measure P (see the
Remark following Lemma 5.9). Clearly, Z™ = (L") (i.e. Z™ is the stochastic
exponent of L™). Set T'= T, A ¢. Since Ty ., 1T P-a.s. and

L}t = L7 P-as. on the set {t < T,., },

ZM =7 P-as. on the set {t < T,., },
we can define continuous (F3, P)-local martingales L and Z on the stochastic
interval [0,T) (for the definition of a process on a stochastic interval, see [33,
Ch. TV, Ex. 1.48]) such that

L, =L} P-as.ontheset {t <T,., 1},
Zy =7 P-as.on theset {t <T,., }.

Notice that )

7, = eXp{Lt - 2<L>t}, tel0,T)

and
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Since Z is positive, it converges P-a.s. as t T T to a finite random variable
Zp (this follows from the Dambis-Dubins-Schwartz theorem for continuous
local martingales on a stochastic interval; see [33, Ch. V, Ex. 1.18]). Hence,

P
Zr,,, — Zr P-as. Furthermore, due to Lemma 5.9, Zr, == dpi‘”", and

a,cn

due to Lemma 5.10, Fr, = \/;_, Fr,. . By the Jessen theorem (see [42,
Th. 5.2.26]), Zr is the density of the absolutely continuous part of the measure
5Ta with respect to the measure Py, .

Applying Lemma 5.6 to the function f = (b — b)2/02, we get (L) < oo
P-a.s. on the set {T, = oo} (recall that we consider the case v = A, i.e.
oo is a good point). Clearly, (L) < oo P-a.s. on the set {T, < oco}. Hence,
(L)r < oo P-a.s. It follows now from the Dambis-Dubins-Schwartz theorem
for continuous local martingales on a stochastic interval that Z7 > 0 P-a.s.
Consequently, Py, < P, .

Since oo is a good point, s(00) < 0. By Proposition A.3, P(T, = co) > 0.
As Pr, < PT , we get P(T = 00) > 0. Hence, 5(c0) < oo. Now, let us prove
that the condition

o) -1 =
pot

holds. For this, apply the above reasoning to P instead of P. Define continuous
(F,P)-local martingales L and Z on the stochastic interval [0, T') similarly to
the processes L and Z. Then ZT is the density of the absolutely continuous
part of the measure Py, with respect to the measure Pr, . If condition (5.65)
does not hold, then, by Lemma 5.6, (L)7 = oo P-a.s. on the set {T, = oo}.
Due to the Dambis-Dubins-Schwartz theorem for continuous local martingales
on a stochastic interval, we have lim ;4 L; = —o0 P-a.s. on the set {T, = }.

€ Ly (00). (5.65)

Hence, P-a.s. on the set {T, = co} we get

Fr = limZ, = exp {nmzt . 1<Z>T} _o.
0T 0T 2
As a consequence, E’Ta L Pp, on the set {T, = oo}, which contradicts the
conditions Py, < Pr, and P(T, = oo) > 0. Hence, condition (5.65) holds.

Since 5(c0) < oo and condition (5.65) holds, we can repeat the above
reasoning using the processes L and Z instead of L and Z. As a result, we get
Zr > 0 P-a.s., and therefore, PT < Pr,.

Thus, Py, ~ Py, . Hence, P ~ P on the set {T, = co}. Since a € (¢, o) is
arbitrary, and in view of the fact that the sets {T, = oo} tend to Bu P, P-a.s.
as a | o/, we get that P~P ~on the set B,,. Similarly, P ~ P on the set

. Consequently, S =46P, P-a.s. on the set B_ U By. Combining this
with (5.63) and (5.64), we obtain the desired inequality S > 7 P, P-a.s.
II. Let us now prove that S < 7 P, P-a.s. Consider several cases.
1) Suppose that zg € A. Set
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b/(x) = b(‘r)I[Cvofz,I(rI»Q] (x)v x E R)
V' (x) = b(@)[jpg—2,2042] (%), x€R,
o (z)=0(x), zeR,
o'(z)=0(x), zeR
and consider the SDEs
dX, =b0(Xy)dt + o' (Xy)dB;, Xo = o, (5.66)
dX; =b"(Xy)dt + 0" (X;)dBy, Xo = zo. (5.67)

The coefficients o', ¢’ and b”, ¢’ satisfy conditions (5.2) and (5.3). Let P’
and P” denote the solutions of (5.66) and (5.67) in the sense of Definition 6.
By [4, Th. 211}, Pr, oy =P and Pry oy, = PR T
follows from Propositions A.1 and A.2 that P” and P” do not explode. Due to
Lemma 5.8, P L P{. Therefore, Py L Py, and hence S =0 P, P-a.s.

2) Suppose that —oo < o < 29 < 7 < 00. Then 7 = Ty, Rﬁ—a.s. Since
T <00 P,Is—a.s., then, using the strong Markov property of solutions of
SDEs (see [43, Th. 6.2] or [18, Th. 18.11]) and the result of 1), we obtain that
ﬁT L Pr, .Hence, S<Ty,=T P,ﬁ—a.s.

@,y

3) Suppose that —co < a < zg, v = oco. Then 7 = T, A ( Rﬁ—a.s.
Therefore, we need to prove that

S <T, P,P-as.on the set {T}, < oo} (5.68)

and _
S < (¢ P,P-as. on the set {T, = co}. (5.69)

Condition (5.68) holds due to the strong Markov property of solutions
of SDEs. Prior to proving (5.69), let us notice that F¢ = F. Hence,
«7:TQAC = ]:T,, n .7:( = fTa- N

If s(00) = oo, then P(T, = c0) = 0. Therefore, Py ¢ L Py ac on the set
{T,, = co}. Consequently, S < T, A ¢ P,P-a.s. on the set {T,, = oo} and it
follows that (5.69) holds.

Finally, let us prove (5.69) in the case, where s(co) < oco. For this, fix
a € (a,xp), set T = T, A ¢, and consider the continuous (F;, P)-local mar-
tingales L and Z on the stochastic interval [0,T") introduced in part I of the
proof. By Lemma 5.6, (L)7 = oo P-a.s. on the set {T}, = oo} (recall that here
oo is a bad point). Due to the Dambis-Dubins-Schwartz theorem for continu-
ous local martingales on a stochastic interval, we have mtTT L; = —o0 P-a.s.
on the set {T, = co}. Hence, P-a.s. on the set {T, = oo} we get

1
Zr =1lim Z; = exp q im Ly — -(L)r p = 0.
a7 T 2
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Since Zr is the density of the absolutely continuous part of the measure
Pr, with respect to the measure Pr,, we have Py, L Pp, on the set {T, =
oo}. As Froac = Fr,, we get 5Ta/\c L Pr,a¢c on the set {T, = oo}. Hence,
S < Ty AN P,ﬁ—a.s. on the set {T, = oo}. Since a € («,xg) is arbitrary,
condition (5.69) is satisfied.

In a similar way, we consider the case, where a = —o0, g < v < 00.

4) Suppose that —co < a < g, 7 = A. Then 7 = inf{t € [0,00): X; = a}
P, P-a.s. Therefore, we need to prove only condition (5.68), and this follows
from the strong Markov property of solutions of SDEs.

In a similar way, we consider the case, where a = A, x¢ < v < 0.

5) Suppose that & = —o00, v = co. Then 7 = ¢ P, P-a.s. Let us first assume

that s(—o0) > —o0 or s(o0) < co. It follows from Propositions A.2 and A.3
that in this case

Similarly to the proof of (5.69), we establish that S < { P, P-a.s. on the set
{limy;¢c X; = oo} and S < ¢ P,P-a.s. on the set {limy;¢ X; = —oo}. Hence,
by (5.70), P L P. Since F¢ = F, we have Pc L P¢. Thus, S < ¢ = 7 P, P-a.s.

Let us now assume that s(—o00) = —oo and s(c0) = co. Then the measure
P does not explode. Consider the continuous (F;, P)-local martingale

t
Yt:Xt—/ b(X.)du, te[0,00).
0

By the occupation times formula (see [33, Ch. VI, Cor. 1.6]),

t T \2 t T 1)\2
[ xar = [ O a,
0 0

g

= / (b—b)° (x)L7(X)dz < oo P-as.,
R

ol

since P-a.s. the process (LY (X)).er is equal to zero outside a finite interval

(let us recall that in the case under consideration, (b — b)%*/c* € L] _(R)).
Hence, the continuous (F;, P)-local martingales

th—b
L, = (X,)dY,, te[0,00)
0

and
1

Zy = exp{Lt - 2<L>t}, t € [0,00)

are well defined with respect to the measure P (note that Z = £(L)). Since
7 is a positive (Fy, P)-local martingale, it converges P-a.s. as t — oo to a
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finite random variable Z.,. Consider sequences (a,) and (¢,) such that a; <
o < €1, Apy1 < Ap, Gp | —00, Cuy1 > ¢y, and ¢, T oco. Then Zr, = —

Zoo P-a.s. By Lemma 5.9, Zr, . = ZE?*"’”‘”. By the Jessen theorem (see [42,

Th. 5.2.26]), Z is the density of the absolutely continuous part of the measure

Q with respect to the measure Q, where Q and CT) are the restrictions of P and
P to the o-field \/)", Fr, . .
Due to Lemma 5.7,

< (b—b)?
(LYoo = / !(Xu) du=o00 P-as.
0
Consequently,

1
Zoo = lim Z; = exp{lim Ly — 2<L>Oo} =0 P-as.
t—o0 t—o00
Hence, 6 1 Q,ie. P L P. Since Fe = F, we have ﬁg 1L PeoThus, S<( =1
P, P-a.s.
6) Suppose that « = A, v = co. Consider the sets
D:{C:OO, t@oXt:OO7 th:—m}7

t—o0

D, = {ltiTrrcht =0}, D_= {ltiTngXt — —}.

By Proposition A.1,
P(DUD,UD_)=P(DUD,UD_)=1.

In the case under consideration, 7 =49 on D_ 7 = 0o on the set D, 7 = ( on
the set D,. Since s(—o0) > —oo (—o0 is a good point), we have P(D) = 0.
Consequently, P L P on the set D, and therefore, S < oo P,ﬁ-a.s. on the
set D. Similarly to the proof of (5.69), we establish that S < ¢ P, P-a.s on the
set Dy. Thus, S <7 P,ﬁ—a.s.

In a similar way, we consider the case, where o = —o0, v = A.

7) Finally, suppose that « = v = A. In this case 7 = § and the desired
inequality S < 7 is obvious. The proof is completed. a
Appendix

Here we describe the behaviour of solutions of SDEs. We use the notations F,
Fi, X, and ¢ introduced in Subsection 5.2.

Let us consider SDE (5.1) and assume that conditions (5.2) and (5.3) are
satisfied. According to Proposition 3, this equation has a unique solution P in
the sense of Definition 6. Consider the sets
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D:{CZOO, t@oXt:oo, hﬂXt:—m}y

t—oo
B+:{C:00a tEI&XtZOO}y
Cy ={({< oo, ltiTr?Xt:oo},
B ={C=o0, lim X, = —oo},
O- = {¢ < oo, lim X, = —oo}.

Define p, s, s(00), s(—o0) by formulas (5.6)—(5.9).
The statements below follow from [4, Ch. 4].

Proposition A.1. FEither P(D)=1 or P(By UB_UCLUC_) =1.

Proposition A.2. (i) If s(o0) = oo, then P(By) = P(Cy) = 0.

(ii) If s(c0) < oo and (s(oco) — s)/po? ¢ Li (00), then P(By) > 0,

(iii) If s(00) < oo and (s(c0) — s)/po? € Li (00), then P(By) = 0,
P(CL+) > 0.

Clearly, Proposition A.2 has its analog for the behaviour at —oc.

For any a,c € R, set T, = inf{t € [0,00): X; = a} (here inf) = c0) and
set T, o =T, N'Te.

Proposition A.3. (i) For any a € R, P(T, < o) > 0.

(ii) Let a € (—o00, ). Then T, < 00 P-a.s. <= s(0) = 0.

(iii) Let a € (xg,00). Then Ty < 00 P-a.5. <= s(—o0) = —00.

(iv) Let a € (—o0,20), ¢ € (xg,00). Then T, . < oo P-a.s. Moreover,
P(T, <T.) >0 and P(T. < T,) > 0.
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