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1 Introduction: Model and Problems

The averaging principle and diffusion approximation procedures are among
the most frequently used asymptotic methods for analysis of nonlinear dy-
namical systems subjected to random perturbations [1], [5], [6], [9], [13], [15],
[16], [18], [19], [20]. It has been recognized that the averaging principle is a
powerful tool for analyzing interesting phenomena in the engineering sciences,
for example, when studying asymptotically stable multifrequency oscillations,
loss of stability due to parametric resonance, etc., see [17] and the references
therein. This approach, supplemented recently by probabilistic limit theorems,
was used not only in engineering sciences [2] but also applied in social sciences
such as economics and medicine [22], [8], [20]. The limit theorems obtained
in this area allow us to construct simpler dynamical systems, which are suc-
cessfully used for approximate analysis of the initial system on finite time
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intervals and also to describe the asymptotic behavior of the phase coordi-
nates as the time ¢t — oo, see [1], [10], [11], [13], [20]. It is worth mentioning
that mostly in engineering applications only a part of the coordinates have
limits as t — oo, while the rest coordinates undulate and do not have any
limit [2]. This creates some difficulties when applying asymptotic methods of
nonlinear dynamics and probabilistic limit theorems.

Let us describe the model which we are going to study in this paper.
We introduce a “small” positive parameter ¢, where ¢ € (0,g¢), for some
fixed g > 0. We assume that the system variables, as functions of time,
are separated into a fast component (called “radial motion”), and a slow
component (called “rotation”). The fast component has “velocity” which is
proportional to a negative power of €, while the slow component has a limit
as € — 0. We also assume that the dynamical system depends on other fast
random variables (that means functions of ¢/¢) modelled as an ergodic Markov
process [13], [15], [19]. Thus we study a system of random differential equations
of the following form:

daze (t)

o = FE (0,071, @)9), 1)
dy;t(t) = %H(ye(t%fs(i),e), t>0. (1.2)

Here ¢ € (0,e0), F(z,y,z,e) and H(y,z,e) are vector-functions, z € R",
y € R™ 2z € G, and & = (£°(¢),t > 0) is a homogeneous right continuous
ergodic Markov process on some compact phase space G with a weak infini-
tesimal operator Q¢ and an invariant measure j, which is the same for all €. If
F(z,y,z,¢) and H(y, z,¢) are sufficiently smooth functions, then the Cauchy
problem for the system (1.1)—(1.2) with initial conditions z°(s) = z, y*(s) =y
and £°(s) = z, where s > 0, has a unique solution x°(t) = x°(s,t,z,v, 2),
ye(t) = y°(s,t,x,y,2) for any t > s, v € R", y € R™, z € G. Let us as-
sume that the trivial solution 2°(¢) = 0 € R" is an equilibrium point for the
slow motion (1.1), that is, F'(0,y,z,6) = 0. One of our goals is to analyze
asymptotic stability properties of this equilibrium. For completeness of the
presentation we recall some definitions from the classical book [12]. In these
definitions € is fixed and we are interested in the stability of the trivial solu-
tion of (1.1) uniformly in € € (0,e). Examples of systems which are stable in
one sense but not in another one can be seen in [12].

We say that equation (1.1), or that its trivial solution, is:

e locally stable almost surely (a.s.), if for any s > 0, n > 0 and 3 > 0, there
exists § > 0 such that the inequality

wp P <sup (2%(s, 2,9, 2)| > n) < (13)
yeER™ 2€G t>s

is satisfied for all x in the ball Bs(0) := {u € R™ : |u| < §};
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e locally asymptotically stochastically stable, if it is locally a.s. stable and
there exists v > 0 such that the trajectories, which do not leave the ball
B, (0), tend to 0 in probability, as t — oo, that is, for any ¢ > 0 and fixed
other initial data, we have

Tim Plla(s.1,2,y,2)| > ¢, {2%(s. 1,2,y 2).1 > 8} C By(0)] = 0;

e asymptotically stochastically stable, if it is locally a.s. stable and for any
xz €R", s € RT, and ¢ > 0, the following relation holds:

lim sup P <sup |2%(s,t, 2y, 2)| > c) =0; (1.4)
T—0o0 yeRm, 2eG t>T

e exponentially p-stable, if there are numbers M > 0, v > 0 such that for
any t € R", y e R™, 2 € G, s >0 and ¢t > s one holds:

E[ja*(s,t,2,y, 2)"] < Ma|? e 77072, (1.5)

The paper is organized as follows. In Section 2 we prove that for linear Markov
dynamical systems, the asymptotic stochastic stability of the equilibrium is
equivalent to the exponential p-stability for sufficiently small p > 0. In Sec-
tion 3 we show that the exponential p-stability of the linearized Markov system
in a neighborhood of its equilibrium state, guarantees the asymptotic (local)
stochastic stability of this equilibrium. These results are similar to results in
[19] and [20]. However, we have included them here for a better understand-
ing of our approach and for describing a modification of the second Lyapunov
method for stochastic stability analysis. Based on the results in Sections 2
and 3, we can analyze the equilibrium stability of the slow motion by rewrit-
ing the system (1.1)—(1.2) in the following form:

dx;(t) = [Ao(y= (), €5 (1)) + e Ay (¥° (), £ (£))]° (), (1.6)
dy(;(t) = %h—lwsﬁhff(t)) + ho(y* (1), € (1)), > 0. (1.7)

Here & = (&°(t),t > 0) is a Markov process with infinitesimal operator
Q° = E%Q. The operator @ is supposed to be closed with spectrum o(Q)
split into two parts, 0(Q) = 0_,(Q) U {0}, where 0_,(Q) C {ReA < —p < 0}
and zero eigenvalue has multiplicity one. This assumption, see [4], guaran-
tees ergodicity of Markov processes defined by infinitesimal operators E%Q
and with the same invariant measure u. To avoid cumbersome formulas an
averaging in the Markov phase coordinate z € G of any function f(x,y,z)
with respect to the invariant measure p will be denoted by f, that is,
fl@y) = [ fz,y, z)p(dz). In Section 4 we discuss some results for the fast
motion assuming that h_1(y) = 0. In this case, under some assumptions, the
stability analysis is based on an averaging procedure for the slow motion (1.6)
with a diffusion approximation of the fast motion (1.7):
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0 _ Aol1)) 700, (1.9

dg(t) = a(g(t))dt + o (y(t))dw(t), ¢ = 0. (1.9)

The coefficients a(y), o(y) are defined by the functions in the right-hand side
of (1.7), being respectively the potential of the operator () and averaging with
respect to the invariant measure y. We prove that the asymptotic stochastic
stability of the slow motion (1.1) follows from the exponential p-stability of
the random differential equation (1.8).

2 Stochastic Stability of Linear Differential Equations
with Markov Coefficients

In this section we deal with the following linear differential equation in R™:

dxz(t)
dt

Here A(y), y € R™ is a continuous bounded matrix-valued function and y(t),
t > 01is a Y-valued stochastically continuous Feller Markov process with weak
infinitesimal operator () and we assume that Y C R™. The pair {x(¢),y(¢)},
t > 0 forms, see [19], a homogeneous stochastically continuous Markov process
whose weak infinitesimal operator, denoted by L, is defined as follows:

Lov(z,y) = (Ay)z, Va)o(z,y) + Qu(z,y). (2:2)

It is clear that there exists a family {X(s,t,y), 0 < s < t}, of matrix-valued
functions defined by the equality X (s, ¢, y)x = x(s,t, z,y), where x(s,t, x,y),
s < t, denoted simply by x(t), is the solution of the Cauchy problem for (2.1)
under the conditions x(s) = z and y(s) = y. The matrices X(s,t,y) also
satisfy equation (2.1) for all ¢ > s and the initial condition X (s,s,y) = I,
where [ is the unit matrix of order n. This matrix family has the evolution
property:

= A(y(t)) z(t), t > 0. (2.1)

X(s,t,y) = X(s,y(1) X (1, t,y), yeY, 0<s <7<t (2.3)
The Lyapunov exponent, or p-index, A(?), of equation (2.1) is defined by
— 1
AP = sup Tim — InE[| X (s, t,y)z[P]. (2.4)
z,y 0 pt

It is not difficult to show that the exponential p-stability of the trivial solution
of equation (2.1) is equivalent to the condition AP) < 0. Since for any positive
p1 < pa we have (E[|X(t,s,y)z[P])"/"* < (B[ X(t, s,y)x["2])"/** (Lyapunov
inequality), then p; < po implies that AP < A@P2) " and hence A®) is a
monotone decreasing function as p decreases to 0. In this section we will prove
that the asymptotic stochastic stability of (2.1) is equivalent to the following
condition: there exists a number py > 0, such that \(?) < 0 for all p € (0,p0).
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Lemma 2.1. If equation (2.1) is asymptotically stochastically stable, then it
is exponentially p-stable for all sufficiently small positive p.

Proof. In the definition of a.s. stability we taken =1, § = % and hoose a>0
so small that sup, , P (sup,>¢ | X(0,t,y)z| > 1) < § for |z| < 27, y € V.
Since equation (2.1) is linear, then sup, , P (sup,sq |X(0,t, y)z| > 2) < 3
for |z] < 27** =1 4 € Y and any k € N. Let us introduce the following
notation:
gy = sup P <sup | X(0,t,y)x| > 2k°‘> .

|z|<1, yeY t>0
The pair {z(t),y(t)}, t € RT is a stochastically continuous Markov process.
Therefore for any « € B;(0) there exits a time 71 () such that the trajectory
x(0,t, z,y) leaves the ball B1(0). Hence

Jgk+1 = sup / / P, ,(1i(z) € ds,z(s) € du,y(s) € dv)
|| <1, yeY
=0 |u|=2F>, veY

x P (sup | X(0,¢,v)u| > 2(k+1)“>
>0

< sup P (sup | X(0,¢,y)z| > 2(k+1)“)
|z| <2k yeY t>0

|z|<1, yey

sup / / P, (11(z) € ds,z(s) € du,y(s) € dv)
=0

|u|=2k veY

1 1
<—- sup P (sup | X(0,t,y)x| > 2’“") = —g
2 |z1<1, yey  \t>0 2

and therefore g, < 27% for any k € N. Define ((z,y) := sup,> [£(0,, 2, y)[?.
It is easy to see that for all p > 0, z € R” and y € Y one can write

oo

BiC(a )] < [ol” sup BiC(e.)] € 3 27P (supla(0.t. )] = 200
|z|<1 1

Therefore E[¢(z,y)] < Y oo, 2~P27F|z|P := Kq|z|P for all z € R", y € Y
and p € (0,a™!). The assumption in Lemma 2.1 implies that the solu-
tion z(0,t,z,y), t > 0 of (2.1) tends to 0 a.s. as ¢ — oo uniformly in
y € Y. By the Lebesgue Theorem we conclude that lim;_, SUpycy E[|z(s,s+
t,z,y)P] = 0, for all z € R™ and p € (0,a™!). Moreover, it is not diffi-
cult to verify that this convergence is uniform in 2 € B1(0) and s > 0, i.e.
lim¢ o0 SUP,e B, (0, yev Ell#(s, s+1,2,9)[P] = 0. Now we can choose a number
T so large that sup,cy E[|z(s, s + t,2,y)[’] < |z[’e”!. Further, by using the
inequality



96 J. Carkovs, J. Stoyanov

// ~ V)T, 2, y, du, dv)E[|2(0, T, u, v)|"] < %EHJ:(O, (k= V)T, 2, )],

where P(t,x,y,du,dv) is the transition probability of the homogeneous
Markov process {x(t),y(t)}, t > 0, one can write

E[z(0,t, 2, y)P]<Kie” 1T |z,

where [t/T] stands for the integer part of the real number ¢/7". This completes
the proof. a

The behavior of the solution of (2.1) for ¢t > u with z(u) = z, y(u) =y,
can be studied by using the well-known Dynkin formula:

t

B [o(x(t), y(1))] = v(z.y) + /E(“ [Lov(z(s),y(s))] ds. (2.5)

u

Sometimes it is necessary to use Lyapunov functions depending also on the
time argument ¢. If v(¢, x, y), as a function of  and y, belongs to the domain of
the infinitesimal operator £y and has continuous t-derivative, we can rewrite
formula (2.5) in the form

B ot 2(0).y(0)] = o(u.2.9) + [ B [(5 n co) o(s,a(s). y(s))] as.
(2.6)

Lemma 2.2. The trivial solution of equation (2.1) is exponentially p-stable
if and only if there exists a Lyapunov function v(z,y) and a number p > 0
such that for some positive constants ¢y, ca, c3 and for all x € R™, y € Y, the
following two conditions are satisfied:

alel” <v(r,y) < colal?,  Lov(,y) < —cslaf”. (2.7)

Proof. Suppose that there exists such a Lyapunov function. This implies that
(Z + Lo) (v(z,y) e?/2) < 0, which in combination with formula (2.6) yields
E.,[v(z(t),y(t) est/2] < v(x,y) < ca|z[P for all t > 0, » € R™ and y € Y.
Hence E, ,[|z(2)|?] < (ca/c1) e~/ |2|P and we conclude that equation (2.1)
is exponentially p-stable. By using the solutions x(s,s + t,z,y) of (2.1), we
can define, for any T > 0, the function

/E |x(s, s+ t, z,y)|P]dt (2.8)
0

which does not dependent on s because of the homogeneity of the Markov
process y(t). Since the matrix A(y) is uniformly bounded, i.e. sup, cy [[A(y)| :=
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a < 00, it is easy to verify that the function v(z,y) satisfies the first condition
n (2.7). Let £y be the weak infinitesimal operator of the pair {z(t),y(t)},
t > 0. If the trivial solution of (2.1) is exponentially p-stable, one can write
the relations

T T

Lov(e9) = Tim 5 | [ Br (B o0+ Py dt = [ B flal)P]as

5—0 0
0 0
= Eqy[[a(D) ] — [P < (M T —1)[af?,

where M and v are the constants in the definition of the exponential p-
stability. Now we take T' = (In 2+In M) /~, and see that the proof is completed.
O

Corollary 2.1. Under the conditions in Lemma 2.2, the trivial solution of
equation (2.1) is asymptotically stochastically stable.

Proof. Applying formula (2.6) to the function o(t,z,y) = v(x,y) e/ we
see that the random process 0(t) := v(z(t),y(t)) C3t/‘32, t > 0 is a positive
supermartingale. Hence

1
sup P (Sup |x(0,t, z,y| > 5) <supP,, (sup{v(m(t),y(t))} > 5p>
yeY >0 yeEY t>0 C1

<supP,, (sup o(t) > Epcl> < (1/€Pc1)E, 4[0(0)] < (c2/ePcr) |zfP
yeY t>0

and the trivial solution of (2.1) is a.s. stochastically stable. Now, to prove the
asymptotic stochastic stability, we apply the supermartingale inequality [3]:

sup P <sup|x(u t,z,y| > c> < supP(“) <Sup{cllv(x(t),y(t))} > cp>
t>u

yeyY t>u yeY
< sup P(“) <sup{ O(t) e~cst/e2} > cp) < (ea)cPey) |m|P e ves/ ez,
t>u C1
The proof is complete. ad

3 Stochastic Stability Based on Linear Approximation

In this section we consider the quasilinear equation

di(t)
at

= Aly(®))z(@t) + 9(2(t),y(t)), t=0. (3.1)

Here the matrix A(y) and the Markov process y(t), t > 0 satisfy the conditions
given in Section 2. We assume that the function g(z,y) is such that ¢(0,y) = 0,
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and moreover that g(z,y) obeys bounded continuous z-derivative D,g(x,y)
which is uniformly bounded in the ball B,.(0) for any r > 0, that is,

sup || Dag(@,y)| == gr < o0. (3-2)
yeY, z€B,(0)
Theorem 3.1. Suppose that equation (2.1) is asymptotically stochastically
stable and that lim,_o g, = 0. Then equation (3.1) is locally asymptotically
stochastically stable.

Proof. Let us mention first that there are many functions g(z,y) satisfying
the condition lim,_,g g, = 0. A simple example in the one-dimensional case is
to take g(z,y) = h(y) 27 /(1+2?%), where v = const > 1 and h(y) is a bounded
function.
We consider (2.1) as the linear approximation of equation (3.1). In view
of Lemma 2.1 and Lemma 2.2, we can construct the Lyapunov function (2.8)
with some small p > 0. Since the matrix-valued function D, z(0,t, x,y) is the
Cauchy matrix of equation (2.1), then the following estimate is valid:
supE[| D, z(s,s + t,z,y)||"] < hge
yeY
with some positive constants h, v and for all ¢ > 0. Therefore the above
Lyapunov function satisfies the conditions (2.7) and by construction for all
x # 0 it has x-derivative which satisfies the inequalities

T
/E[Vx\x(s, s+t,x,y)Pldt
0

T

< plafr™! /SugE[llDz (s, 5 +t,2,y)|[Pldt < ez fafP™!
ye

for some ¢3 > 0. Now we estimate the function Lov(z,y), where £ is the weak
infinitesimal operator of the pair {Z(¢),y(¢)}, t > 0, and we use Ly as given
by (2.2):

1
Lo(z,y) = Lov(z,y) +{9(2,y), Va)o(@,y) < =5 |zf” + 3 |2 [g(z, y)|

1
< (ngS - 2) Ed

for all x € B,.(0), r > 0. Hence, in view of the Dynkin formula, we use the
estimate

T (t)

E%[U(i(ﬂ-(t)),y(ﬂ-(t))]Sv(%y)Jr(ngs—;) EL) / [E(s)lP ds| .

(3.3)
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which is valid for all y € Y, 2z € B,.(0), r > 0, t > u > 0. If r is sufficiently
small, then the second term in the right-hand side of (3.3) is non-positive.
Hence the process v(Z(7-(t)), y(7-(t)), ¢ > 0 is a supermartingale, so

5P
P, (sup |Z(t)| > 5) <P, (sup v(Z(7 (1)), y(7-(t)) > clap> < 2% (3.4)
>0 t>0 c1€P
forally € Y, 2 € Bs(0), § € (0,¢), € € (0,r) and sufficiently small 7 > 0. The
a.s. local stability immediately follows from these estimates. Let us define the
function hg(r) as follows: hr(r) = 1 for x € [0, R), hr(r) = (2R —r)/R for
x € [R,2R), hg(r) = 0 for > 2R. Consider the following random differential
equation:
dzg(t)
dt
The Cauchy problem for (3.5) with initial condition x(0) = x has a unique
solution since the function hr(|z|) g(x, y) satisfies the Lipschitz condition with

a constant cop. Hence the pair {xr(t),y(t)}, t > 0 is a Markov process whose
weak infinitesimal operator Lg is defined as follows:

Lro(z,y) = Lov(z,y) + (hr(lz]) g(,y), Va) v(z, y).

Now choosing R so small that (corcs — 3) = —cs < 0, one can write the
estimate L v(x,y) < —cq|z|P. Therefore

= A(y(t)) zr(t) + hr(|lzr(®)]) g(zr(t),y(t), t=0. (3.5)

B [o(zr(t),y(t)] < v(z,y) - %/Ei’f@i[v(rR(S),y(S))] ds (3.6)

for all ¢ > u > 0. Hence the stochastic process v(xg(t),y(t)), t > 0is a positive
supermartingale and we have that

1

Py (swpelon(tp() > ) < B lolon)u(e)] (3)
t>s c1eP

for all y € Y, x € Bg(0), € € (0, R) and sufficiently small R > 0. We use (3.7)

to derive that E, ,[v(zr(t), y(t))] < v(z,y) e/ < ¢y |z|P e~¢4¥/¢t and then

from (3.6) to conclude that

P, (sup lzr(t)] > E) < g |wfPePeytesea/ e,
t>s

Hence all solutions of equation (3.5) starting at ¢ = 0 from a position z(0)
which is in the ball B.(0) for € € (0, R), and with sufficiently small R, tend
to 0 with probability one. For the time before leaving the ball B.(0), the
solutions of equations (3.1) and (3.5), with the same initial conditions in the
ball B.(0), are coinciding. Hence, all solutions of (3.1), which are in the ball
B.(0) for sufficiently small e, tend to zero with probability one. The proof is
complete. |
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4 Diffusion Approximation of the Slow Motion
and Stability

As mentioned in the Introduction, the operator ) can be considered as the
infinitesimal operator of a Markov process £(t), t > 0 with the same phase
space G. It is assumed that () is a closed operator such that its spectrum
o(Q) is split into two parts, that is, 0(Q) = o0_,(Q) U {0}, where 0_,(Q) C
{ReX < —p < 0} and the zero eigenvalue has multiplicity one. The transition
probability P(t, z, A) of this Markov process satisfies the uniform ergodicity
condition [4] in the form

sup  |P(t,z, A) — u(A)| < e, ¢ = const >0,
AelXg, zeG

where X is the Borel g-algebra of subsets of G. This implies that for any
v € C(G), the space of continuous and bounded functions on G, which satisfies
the condition

[ ontaz) =0, (4.1)
G

we can define the following continuous function:
ITv(z) := // v(u)P(t,z,du)dt, z€G.
G
0

The operator IT, see [4], is said to be the potential of the Markov process. We
extend this operator on the whole space C(G) by the equality

ITv(z) == /OOO/G[U(U) — 0] P(t, z,du) dt, where 0 = / v(y)p(dz).  (4.2)

G

We denote its norm by [[II|| := sup.cg, vec () |v(2)|- Note that, according
to [3], the equation Qf = —v has a solution iff v satisfies the orthogonality
condition (4.1) and this solution can be taken in the form f = ITv. It is clear
that the Markov process £%(t), t > 0 with an infinitesimal operator Q¢ = g%Q
can be defined by the formula £%(¢) = £(t/e?), ¢ > 0. In this section we consider
the linear equation (1.6) for the slow motion (), t > 0 with a Markov process
€5(t) = &(t/e?) and the fast variable y°(t), t > 0, satisfying equation (1.7).
We also suppose that A(y, z), as well as h_1 (y, z) and ho(y, 2), are continuous
and bounded functions such that their y-derivatives of order up to three are
all bounded. The triple {z°(¢),y°(¢),£5(t)}, ¢ > 0 is a homogeneous Feller
Markov process on R™ x R™ x G, see [19], and its week infinitesimal operator
L) is defined for appropriately smooth functions by the equality

E(E)v(x,y, 2) = (Ao(y, 2)x, Ve )v(z,y, 2) + e(A1(y, 2)x, Vi)v(z,y, 2) "
+§<h*1(y> Z), Vy>U(.T, Y, Z) + <h0(y7 Z)7 Vy>v(x7 Y, Z) + gl?Q’U({LQ Y, Z) .
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Here V,, is the gradient operator in R™, (-,-) denotes the scalar product in
R™ and the operator @ acts on the third argument.

The properties of the pair {z°(t),y°(t)}, t € [0,T], for a fixed T" > 0,
considered as a stochastic process in the Skorokhod’s space D([0, T, R™ x R™),
depends essentially on the averaged value h_; (y) of the function h_; (y, z) with
respect to the invariant measure .

We assume that h_i(y) = 0; the case h_1(y) # 0 needs a separate
study. Thus, applying methods and results from [19], under the condition
h_1(y) = 0, one can prove that on any fixed time interval [0, T], as ¢ — 0, the
pair {z°(t),y=(¢)}, t € [0,T], converges weekly to a diffusion Markov process
{Z(t),9(t)}, t € [0,T]. Here the Markov process ¢(t), which is said to be the
diffusion approximation of y°(t), is given by its infinitesimal operator

Loly) = (blu), Vo)) + 5 (07 (W)Y, V,)o(), (14)

with b(y) = ho(y) + {DyII{h_1}}(y,-)h_1(y,-) and the symmetric non-
negatively defined matrix o2(y) given by the formula

o*(y) = hoa(y, H{Ih_1}T (y,-) + {ITh_1}(y, ) {h-1(y,")}T.

Moreover, Z(t), t > 0 satisfies the random differential equation

SH(0) = Ao 7). 120, (4.5)

with a matrix Ag(7(t)) depending on the above Markov process ¢, whose
infinitesimal operator is L. For further reference it is convenient to define the
stochastic process 4(t), t > 0 as the solution of an It6 stochastic differential
equation. We suppose that this equation is of the form

dj(t) = b(H(t)) dt + o(§(8) duw(t), > 0. (4.6)

Here the vector b(y) and the matrix o(y) are as given above. The assumptions
imposed previously imply that the matrix Ag(y), the vector b(y) and the
matrix o(y) are three times continuously differentiable and bounded uniformly
in y € R™ together with their derivatives. We denote by Z(s, ¢, z,y), 9(s,t,y),
t > 0, or simply Z(t), §(t), t > s, the solution of the system (4.5)—(4.6) with
initial conditions Z(s) = z, §(s) = y. Our goal in this section is to prove that,
for sufficiently small ¢, the system (4.5)—(4.6) can by successfully used for the
exponential p-stability analysis of the slow motion (1.6), which is subjected
to the random perturbations y°(t),£°(¢), t > 0.

It is easy to see that the pair {Z(t),§(t)}, t > 0 is a homogeneous Feller
Markov process in the space R™ x R™. The weak infinitesimal operator £ of
this process is defined for sufficiently smooth functions v(z,y) by the formula

Lol y) = ()2, Va) o(e,) + (6(y), Ty) 0(e,) + 5 (02(0) V3, Ty 0(a,0).
(4.7)
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Let us take the function v(z,y) as follows:

T
/E|x0txy|p] (4.8)
0

with a number T' > 0 which will be specified later. In order to find useful esti-
mates for this function and its derivatives, we need to estimate the derivatives
of the solution of the system (4.5)—(4.6) with respect to the initial conditions
y(0) = y and 2:(0) = x. To avoid complicated notations and computations, we
consider the process §j(t) to be 1-dimensional, i.e., m = 1. The assumptions
on the functions h;(y, z), j = —1,0 imply that the drift b(y) and the diffu-
sion o%(y) of the Markov process ¢ have at least three continuous uniformly
bounded derivatives in y. This property follows from the definition of the
potential and the possibility to differentiate in y under the integral sign. By
definition, the matrix A(y) also has three continuous and uniformly bounded
derivatives. Hence, the Markov diffusion process {Z(t),y(t)} allows differenti-
ation with respect to the initial data y, where y = 3(0). We can study these
derivatives as solutions of the corresponding equations.

Lemma 4.1. The solution Z(t), t > 0 of equation (4.5), with §(t), t > 0 given
by (4.6), admits three continuous y-derivatives for which the following bounds
hold for any r € N:

sup B, [|D]z(t)|"] < ke lz|”, j=1,2,3.
0<t<T, yeRm™

Proof. The y-derivative D,z(t) := D,Z(0,t, x,y) of the solution of (4.5) sat-
isfies the differential equation

dD,z(t _— _ (1) m s

DD _ Ky ,70) + DAV GOYED, 120, (49

Here and below AW (y) = DJjA(y), j = 1,2,3. By definition, D,z(0) = 0. Now
we use the Cauchy integral formula allowing us to write the solution of (4.9),
which depends on the parameter y, in the following form:

/ Dyi(s)HD (s, £,5) AV (3(s))2(s) ds, (4.10)

where HW(s,t,y) is the Cauchy operator of the corresponding homoge-
neous equation. Similarly we write the differential equation for the second
y-derivative D2Z(t) of the solution Z(t):

4 paz(ty = A(3(6) D22(t) + 2D, 3(H) AV (4(£)) Dy (1)

at v’
+ Dy AN (G(0)z(t) + Dyg (1) AP (§(1)z(t), >0 (4.11)



Stability Analysis of Markov Dynamical Systems 103

with the initial condition D}Z(0) = 0. The equation for the third derivative
DJ%(t) can be written in the same way. All these taken together with the
smoothness of the drift and the diffusion imply that the solution of (4.5)
admits three y-derivatives and that for any fixed r € N there exist constants
M, and -, such that

E,[|D]§(t)| < M.e"", j=1,2,3 t€l0,T]. (4.12)
Let us mention that our assumptions imply also that

sup [|[AD(y)| :=a; < o0, j=1,2,3. (4.13)
yeR™

It is not difficult to see that the Cauchy operator H) in (4.10) is a uniformly
bounded continuous matrix-function of ¢ satisfying the following estimate:

1HD (s, 8, )| < by ) (4.14)

for any ¢ € [s,s + T]. Hence, for some constant kq, > 0, (4.10) implies that
for fixed T' > 0 and for any r € N, we have

sup By |Dy(1)]"] < byl (4.15)
0<t<T, yeR™

Using the Cauchy operator H?)(s,t,y) for equation (4.11) one can obtain a
formula similar to (4.10). Further on, we can use (4.12) and (4.13) and derive
for H?) an estimate like (4.14). Thus we conclude finally that

sup Ezy[\Dza’c(t)V] < kplz|” (4.16)
0<t<T, yeR™

with some constant k, > 0 for any r € N. The third y-derivative of the solution
of (4.5) admits a similar estimate. This completes the proof. O

Corollary 4.1. The Cauchy matriz X (t) of equation (4.5) is three times con-
tinuously y-differentiable and for any T > 0 its derivatives admit the following
estimates:

sup B, [|DJX(1)|] :=ar < oo, j=1,2,3 (4.17)
0<t<T, yeR™

Proof. Tt follows from the fact that the Cauchy matrix X (¢) of (4.5) has -
derivatives of its solution and satisfies the same equation under the initial
condition X (0) = I. O

Lemma 4.2. The function v(z,y) has three continuous y-derivatives, and
there exists a constant 3 > 0 such that for any x € R™ we have

IDJv(z,y)|| < Blzf?, j=1,2,3.
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Proof. By definition we can write
Vylz@)[P = p(z(t), Dya(t)) | (t)["~>. (4.18)
Hence, for any = # 0 and p > 0, we have
Vo |z@)7 | < pla@®) P M IDa(®)]| < pe® V! 2P Dot (419)

Now, using (4.12), we obtain sup, , By ,[[|Dyz(t)]] < kifz|, 0 < ¢t < T,
y € R™. Differentiating in y both sides of (4.18) yields ||DZ]z(t)[?| <
pIDy®)|?l=(®)[P~* +p [(x(®) P~ Dya(t) | +p [p— 2| | (t) [P~ | Dy (t)]]. Bach
term of the right-hand side of this inequality admits an estimate of the
type (4.19), which is also true for |z(¢)[P~!. Then we can apply Lemma 2.1 for
the expectations E, ,[[| Dy2(t)||7], j = 1,2, and for E, ,[[|DZ2(t)[|]. It remains
to differentiate twice the inequality (4.18) with respect to y and apply the
same estimates for the terms involved thus completing the proof. a

Lemma 4.3. The vector V(z,y) := Vyv(z,y) and its three y-derivatives ad-
mit the following estimates:

sup ||DV (z,y)|| < plelP™, j=0,1,2,3 (4.20)
yeRm -

for some p >0 and any x # 0.

Proof. For our reasoning we need the following identity: |x(¢)[? = | X (¢)x|P =
(XT(t)X (t)z, z)P/?, where X (t) is the fundamental matrix of the linear equa-
tion (4.5). Let us prove first that sup, , |V, |z(t)[’] < plz[P™!, 0 <t < T,
y € R™ for some p > 0. Differentiating the above identity for |z(¢)|P in x
yields

Vo o) = p(XT ()X )z, )?* 7 XT(t) X (t)z. (4.21)
Hence |V, |z(t)[P| < p|X(t)xz[P71|X (). Since the fundamental matrix
of (4.5) is uniformly bounded on any fixed interval [0,7], then the esti-
mate (4.20) is established for j = 1. Next is to differentiate (4.21) in y:

Dy Vo |a(®)P = p(p — 2)|()["* 72 (2(t), Dya(t))
< [XT () (t) + pla@)P~H(Dy X" ()2 (t) + XT () Dya(1)].  (4.22)
The final step is to use the estimate || X (¢)| < e, as well as the estimates for

the expectations of the derivatives D,x(t) and D, X (t) thus obtaining (4.20).
The proof is completed. a0

Lemma 4.4. The matriz W(x,y) = D,V v(z,y) and its two derivatives in
y admit the following estimates:

sup | DIW (z,y)|| <8 lz["~2, j=1,2 (4.23)
yER""

for some § >0 and all x # 0.



Stability Analysis of Markov Dynamical Systems 105

Proof. The matrix of the second derivatives of |x(¢)[? is as follows:

Dy Vola(t)P = p(p — (X7 ()X (8)a, 2)P* 72 XT (t)x ()" (£) X (t)
+p(XTWX )z, )P > L XT ()X (1) (4.24)

We estimate each term in the right-hand side of (3.24) by using the fact that
| X(t)]] < e thus arriving at (4.23) for j = 1. Similarly, by differentiating
once more, we establish (4.23) also for j = 2. The proof is completed. a

Theorem 4.1. Consider the processes Z(t) and (t) defined by equations
(4.5) and (4.6), respectively, and suppose that all the assumptions related
to them are satisfied. Suppose now that equation (4.5) for Z(t), with §(t),
from (4.6), is exponentially p-stable. Then there is a number eg > 0 such that
equation (1.6), with coefficients depending on y°(t),t > 0, is exponentially
p-stable for all € € (0,20).

Proof. Tt is based on the second Lyapunov method. We use the Lyapunov
function of the form v (z,y,2) = v(z,y) + evi(x,y, 2) + €2 va(z,y, 2), where
v(z,y) is defined by (4.8). Let the functions vy (x,y, z) and va(z,y, 2) be the
solutions of the following two equations:

Qvl(xayaz) = 7<A0(y,z)x,vy> U(I,y), (425)

QUQ('TvyaZ) = —{<[A(y,2’) - fl(y)]a:,vm) U(l'7y) + <h*1(y72)7vy> vl(xvy’z)

- /(G, <h—1(y’ Z)a vy> U1 (l’, Y, Z)‘LL(dZ) + <h0(y7 Z) - BO(y)v Vy> U(y7 Z)}
(4.26)

The right-hand side of each of these equations, after integration in y with
respect of the measure p(dy), is equal to 0. This implies that there ex-
ist solutions of both equations. By the definition of a potential, we have
vi(x,y,2) = (ITh_1(y,2), Vyv(z,y)). The estimates of this function and its
derivatives with respect to x and of y can be obtained from appropriate es-
timates for the scalar product (h_1(y, 2), Vyv(z,y)) multiplied by |[II]|. This
follows from the possibility to differentiate the solution of (4.5) and the de-
finition of the potential operator II. Hence, there exists a constant R; > 0,
such that the following inequalities are satisfied:

|U1(‘Tay7z)| < Rl |‘T|pa |v$ ’Ul(l’,y,Z)| < Rl |x‘p*1’ |vy Ul(l"y,Z” < Rl |x|p7

1D2Vavi (2, y, 2)|| < Ry |z[P~2, 1Dy Va1 (2, y, 2)l| < Ry |z]P,
1Dy Vy v1(z,y, 2)|| < By |a]?, 1Dy DaVy w1 (2,9, 2)|| < Ry |27
1Dy D Vy vi(@,y, 2)|| < Ru l2[P~, ID2Vy vr(x,y, 2)[| < Ry |2[P~2.

The same estimates hold also for the function vy (z,y, z). Hence, using the
results in Section 3, we conclude that
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IVyva(@,y, 2)| < RelzlP,  [[Vova(a,y,2)|| < Re |l

for any x € R?, y € R™, z € G and some Ry > 0.

Let us denote by A®) the weak infinitesimal operator of the Markov
process {z€, y, &%} defined by (1.6)—(1.7), with a Markov process . We apply
this operator to the function v¢(z,y, 2) = v(z,y) +cv1(z,y, 2) + 2 va(x, 9y, 2).
By definition

A (2,9, 2) = (Ao(y, )2, Vo) v° (2,y, 2) + LOV (2,9, 2),

where £(%) is defined by the formula

) 1
£ = —(h1(y,2), Vy) + (fo(1:2), Vo) + 5 Q-
Hence:

A (2,5,2) = HQui(r.9,2) + (hay.2), Ty)ola )}

+ {{Ao(y, 2)z, Va)v(z,y) + (h-1(y, 2), Vy)vi(z,y, 2)

+ (ho(y, 2), Vy)v(z,y) + Qua(,y, 2)}

+e{(h_1(y, 2), Vy)va(z,y, 2) + (Ao(y, 2)z, Vi)vi(x, ¥, 2)
+ (holy, 2), Vy)vi(z,y,2))}

+ 52{<A0(y5 Z)Ia Vz>v2(z, Y, Z) + <h0(y7 Z)7 vy>”2(x, Y, Z)}
(4.27)

The expression in the first brackets in the right-hand side of this formula is
equal to 0. It follows from (4.25) that the item in the second brackets, by
construction, is equal to Lv(x,y). Hence, due to our assumption about the
exponential p-stability of the averaged system, Lv(z,y) does not exceed the
quantity —cg |z|P with some constant ¢z > 0. The last items in (4.27) can be
estimated by r|z|P for some r > 0. Hence A& v® (x,y, 2) < (—cz+er+e2r)|z|P.
In addition, |vi(z,y,2)| < plz|?, Jv2(x,y, z)| < p|z|? for some p > 0. Finally,
one can write the inequalities

(e1 —ep—e?p) |afP <v°(2,y,2) < (ca +ep+e°p)[aff

for some ¢g > ¢; > 0. The exponential p-stability of equation (1.6) follows now
from these estimates and the estimates for the function vy and its derivatives,
which have been written above. The theorem is proved. a

We are now in a position to continue the analysis of the system (1.1)—
(1.2) with functions F(z,y,z) and H(y,z) in the right-hand sides not de-
pending explicitly on €. The goal is to show the local asymptotic stochas-
tic stability property for equation (1.1). We introduce first the notation
Ao(y, 2) := D F(z,y, 2)|s=0 and let Ag(y) and Hy(y) be the y—averaged func-
tions, respectively of Ag(y, z) and H(y, z), namely:
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Corollary 4.2. Let us suppose that: (i) F(x,y,z) is continuous and bounded;
(ii) F(x,y,z) has two uniformly continuous and bounded x—derivatives uni-
formly in (y,2); (iii) H(y,z) is continuous and bounded with H(y) = 0.
Suppose, finally, that equation (4.5), based on the above Ao(y) with (t) sat-
isfying (4.6), is asymptotically stochastically stable. Then equation (1.1) is
locally asymptotically stochastically stable for all sufficiently small .

Proof. Together with (1.1) we consider the equation

i (t)
at

= Aoy~ (1), €7 (1)) (1), t =0,

where y°(¢) satisfies (1.2) and £°(¢) is the Markov process as defined in the
Introduction. The asymptotic stochastic stability of equation (4.5), with g(t)
from (4.6), combined with the results in Section 1 imply that (4.5) is ex-
ponentially p-stable for some p > 0. Now, applying Theorem 3.1 we conclude
that Z°(t) is asymptotically stochastically stable for all sufficiently small e.
Since F(0,y,z) = 0, we use the obvious equality

1
Fe.2) = (DO, 2D+ | [ ID2F(00.:2) = DoF(o ) ool o
0
to rewrite the right-hand side of equation (1.1) in the following form:

F((E,y72) = A()(y,Z)if +g($,y,2)

The expressions for Ag(y,z) and g(y,z) are clear. We use the function
g(z,y,2) to find first its p—averaged value g(z,y), then the z—derivative
D, g(z,y) and by (3.2) determine the upper bound, say g, which depends
on the radius r of the ball B,(0). It is not difficult to show that the pair
{y°(t),&5(t)} is a Markov process with values in the space Y x G. Hence,
we need to refer to Theorem 3.1 and to the assumptions about the function
F(x,y,z) which guarantee that the relation lim,_.0g, = 0 is satisfied and
then apply Theorem 2.1 in which stability analysis is based on the linear ap-
proximation. The proof is completed. a
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