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1 Introduction

Consider a stochastic evolution equation
du(t) = (Au(t) + f(t))dt + (Mu(t) + g(t))dW (t), (1.1)

where A and M are differential operators, and W is a noise process on a
stochastic basis F = (2, F, {F; }+>0, P). Traditionally, this equation is studied
under the following assumptions:

(i) The operator A is elliptic, the order of the operator M is at most half the
order of A, and a special parabolicity condition holds.
(ii) The functions f and g are predictable with respect to the filtration
{Fi}+>0, and the initial condition is Fy-measurable.
(iii) The noise process W is sufficiently regular.

Under these assumptions, there exists a unique predictable solution u of
(1.1) such that w belongs to Lo(f2 x (0,T); H) for T > 0 and a suitable
function space H (see, for example, Chapter 3 of [42]). Moreover, there are
examples showing that the parabolicity condition and the regularity of noise
are necessary to have a square integrable solution of (1.1).

The objective of the current paper is to study stochastic differential equa-
tions of the type (1.1) without making the above assumptions (i)—(iii). We
show that, with a suitable definition of the solution, solvability of the stochas-
tic equation is essentially equivalent to solvability of a deterministic evolution
equation dv = (Av + p)dt for certain functions ¢; the operator A does not
even have to be elliptic.

Generalized solutions have been introduced and studied for stochastic dif-
ferential equations, both ordinary and with partial derivatives, and definitions
of such solutions relied on various forms of the Wiener Chaos decomposition.
For stochastic ordinary differential equations, Krylov and Veretennikov [20]
used multiple Wiener integral expansion to study Ito diffusions with non-
smooth coefficients, and more recently, LeJan and Raimond [22] used a sim-
ilar approach in the construction of stochastic flows. Various versions of the
Wiener Chaos appear in a number of papers on nonlinear filtering and related
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topics [2, 25, 33, 39, 46, etc.] The book by Holden et al. [12] presents a sys-
tematic approach to the stochastic differential equations based on the white
noise theory. See also [10], [40] and the references therein.

For stochastic partial differential equations, most existing constructions
of the generalized solution rely on various modifications of the Fourier trans-
form in the infinite-dimensional Wiener Chaos space Lo(W) = Lo(£2, F¥ | P).
The two main modifications are known as the S-transform [10] and the Her-
mite transform [12]. The key elements in the development of the theory are
the spaces of the test functions and the corresponding distributions. Several
constructions of these spaces were suggested by Hida [10], Kondratiev [17],
and Nualart and Rozovskii [38]. Both S- and Hermite transforms establish
a bijection between the space of generalized random elements and a suitable
space of analytic functions. Using the S-transform, Mikulevicius and Rozovskii
[33] studied stochastic parabolic equations with non-smooth coefficients, while
Nualart and Rozovskii [38] and Potthoff et al. [40] constructed generalized so-
lutions for the equations driven by space-time white noise in more than one
spatial dimension. Many other types of equations have been studied, and the
book [12] provides a good overview of literature on the corresponding results.

In this paper, generalized solutions of (1.1) are defined in the spaces that
are even larger than of Hida or Kondratiev distributions. The Wiener Chaos
space is a separable Hilbert space with a Cameron—Martin basis [3]. The
elements of the space with a finite Fourier series expansion provide the nat-
ural collection of test functions D(L2(W)), an analog of the space D(R?) of
smooth compactly supported functions on R?. The corresponding space of
distributions D’(Lo(W)) is the collection of generalized random elements rep-
resented by formal Fourier series. A generalized solution u = u(t,z) of (1.1)
is constructed as an element of D’(La(W)) such that the generalized Fourier
coefficients satisfy a system of deterministic evolution equations, known as
the propagator. If the equation is linear the propagator is a lower-triangular
system. We call this solution a Wiener Chaos solution.

The propagator was first introduced by Mikulevicius and Rozovskii in
[32], and further studied in [25], as a numerical tool for solving the nonlinear
filtering problem. The propagator can also be derived for certain nonlinear
equations; in particular, it was used in [31, 34, 35] to study the stochastic
Navier—Stokes equation.

The propagator approach to defining the solution of (1.1) has two advan-
tages over the S-transform approach. First, the resulting construction is more
general: there are equations for which the Wiener Chaos solution is not in
the domain of the S-transform. Indeed, it is shown in Section 14 that, for
certain initial conditions, equation du = u,dW; has a Wiener Chaos solution
for which the S-transform is not defined. On the other hand, by Theorem 8.1
below, if the generalized solution of (1.1) can be defined using the S-transform,
then this solution is also a Wiener Chaos solution. Second, there is no problem
of inversion: the propagator provides a direct approach to studying the prop-
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erties of Wiener Chaos solution and computing both the sample trajectories
and statistical moments.

Let us emphasize also the following important features of the Wiener Chaos
approach:

e The Wiener Chaos solution is a strong solution in the probabilistic sense,
that is, it is uniquely determined by the coefficients, free terms, initial
condition, and the Wiener process.

e The solution exists under minimal regularity conditions on the coefficients
in the stochastic part of the equation and no special measurability restric-
tion on the input.

e The Wiener Chaos solution often serves as a convenient first step in the in-
vestigation of the traditional solutions or solutions in weighted stochastic
Sobolev spaces that are much smaller then the spaces of Hida or Kon-
dratiev distributions.

To better understand the connection between the Wiener Chaos solution
and other notions of the solution, recall that, traditionally, by a solution of a
stochastic equation we understand a random process or field satisfying the
equation for almost all elementary outcomes. This solution can be either
strong or weak in the probabilistic sense.

Probabilistically strong solution is constructed on a prescribed probability
space with a specific noise process. Existence of strong solutions requires cer-
tain regularity of the coefficients and the noise in the equation. The tools for
constructing strong solutions often come from the theory of the corresponding
deterministic equations.

Probabilistically weak solution includes not only the solution process but
also the stochastic basis and the noise process. This freedom to choose the
probability space and the noise process makes the conditions for existence of
weak solutions less restrictive than the similar conditions for strong solutions.
Weak solutions can be obtained either by considering the corresponding mar-
tingale problem or by constructing a suitable Hunt process using the theory
of the Dirichlet forms.

There exist equations that have neither weak nor strong solutions in the
traditional sense. An example is the bi-linear stochastic heat equation driven
by a multiplicative space-time white noise in two or more spatial dimensions:
the irregular nature of the noise prevents the existence of a random field that
would satisfy the equation for individual elementary outcomes. For such equa-
tions, the solution must be defined as a generalized random element satisfying
the equation after the randomness has been averaged out.

White noise theory provides one approach for constructing these gener-
alized solutions. The approach is similar to the Fourier integral method for
deterministic equations. The white noise solution is constructed on a special
white noise probability space by inverting an integral transform; the special
structure of the probability space is essential to carry out the inversion. We
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can therefore say that the white noise solution extends the notion of the prob-
abilistically weak solution. Still, this extension is not a true generalization:
when the equation satisfies the necessary regularity conditions, the connec-
tion between the white noise and the traditional weak solution is often not
clear.

The Wiener chaos approach provides the means for constructing a gener-
alized solution on a prescribed probability space. The Wiener Chaos solution
is a formal Fourier series in the corresponding Cameron—Martin basis. The
coefficients in the series are uniquely determined by the equation via the
propagator system. This representation provides a convenient way for com-
puting numerically the solution and its statistical moments. As a result, the
Wiener Chaos solution extends the notion of the probabilistically strong so-
lution. Unlike the white noise approach, this is a bona fide extension: when
the equation satisfies the necessary regularity conditions, the Wiener Chaos
solution coincides with the traditional strong solution.

After a general discussion of the Wiener Chaos space in Sections 4 and 5,
the Wiener Chaos solution for equation (1.1) and the main properties of the
solution are studied in Section 6. Several examples illustrate how the Wiener
Chaos solution provides a uniform treatment of various types of equations:
traditional parabolic, non-parabolic, and anticipating. In particular, for equa-
tions with non-predictable input, the Wiener Chaos solution corresponds to
the Skorohod integral interpretation of the equation. The initial solution space
D'(W) is too large to provide much of interesting information about the solu-
tion. Accordingly, Section 7 discusses various weighted Wiener Chaos spaces.
These weighted spaces provide the necessary connection between the Wiener
Chaos, white noise, and traditional solutions. This connection is studied in
Section 8. In Section 9, the Wiener Chaos solution is constructed for degener-
ate linear parabolic equations and new regularity results are obtained for the
solution. Probabilistic representation of the Wiener Chaos solution is studied
in Section 10, where a Feynmann—Kac type formula is derived. Sections 11
— 14 discuss the applications of the general results to particular equations:
the Zakai filtering equation, the stochastic transport equation, the stochastic
Navier—Stokes equation, and a first-order It6 SPDE.

The following notation will be in force throughout the paper: A is the
Laplace operator, D; = 9/0x;, i =1,...,d, and summation over the repeated
indices is assumed. The space of continuous functions is denoted by C, and
HJ, v € R, is the Sobolev space

{f : / IF )21+ [y*)Vdy < oo} , where f is the Fourier transform of f.
R

2 Traditional Solutions of Linear Parabolic Equations

Below is a summary of the Hilbert space theory of linear stochastic parabolic
equations. The details can be found in the books [41] and [42]; see also [19].
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For a Hilbert space X, (-,-)x and || - ||x denote the inner product and the
norm in X.

Definition 2.1 The triple (V, H, V') of Hilbert spaces is called normal if and
only if

1. V.— H — V' and both embeddings V — H and H — V' are dense and
continuous;

2. The space V' is the dual of V relative to the inner product in H;

3. There exists a constant C' > 0 such that |(h,v)g| < C|v||v|hlv: for all
veVand he H.

E.g., the Sobolev spaces (Hs 7 (R%), H5(R), Hy Y (R%)), v > 0, £ € R, form
a normal triple.

Denote by (v',v), v' € V', v € V, the duality between V and V' relative
to the inner product in H. The properties of the normal triple imply that
[(v',0)] < Clv||v|v']lv:, and, if v" € H and v € V, then (v/,v) = (v/,v)n;

Let F = (02, F,{Fi}1>0,P) be a stochastic basis with the usual assump-
tions. In particular, the o-algebras F and F are P-complete, and the filtration
{Fi}i>0 is right-continuous; for details, see [23, Definition I.1.1]. We assume
that F is rich enough to carry a collection wy = wg(t), k > 1, t > 0, of
independent standard Wiener processes.

Given a normal triple (V, H,V’) and a family of linear bounded operators
At): V=V Mi(t): V — H, t € [0,T], consider the following equation:

u(t) = ug —l—/o (Au(s) + f(s))ds +/O (Myu(s) + gi(s))dwg(s), t€0,T],
(2.1)

where T < oo is fixed and non-random and the summation convention is in
force.
Assume that, for all v € V,

D My (t)olF < o0, teE[0,T). (2.2)

E>1

The input data ug, f, and gi are chosen so that

T T
E  fluolly + / T eSS / Lot | <00, (23)

k>1

ug is Fo-measurable, and the processes f, g; are Fi-adapted, that is, f(¢) and
each g (t) are Fy-measurable for each ¢t > 0.

Definition 2.2 An Fi-adapted process u € Lo(F; Lo((0,T);V)) is called a
traditional, or square-integrable, solution of equation (2.1) if, for everyv € V,
there exists a measurable subset 2" of (2 with P(£2") = 1, such that the equality
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(u(t), )z = (o, v) s+ / (Au(s)+ F(s), v)dst+ 3 (Mu(s)+gi(s), 0) s (s)

k>1
(2.4)
holds on £2' for all t € [0,T].

Existence and uniqueness of the traditional solution for (2.1) can be es-
tablished when the equation is parabolic.

Definition 2.3 Fquation (2.1) is called strongly parabolic if there ezists a
positive number e and a real number Cy such that, for allv € V and t € [0,T],

2(A(t)v,v) + Y [IM (w3 +elloll < Collo]F- (2.5)

E>1

Equation (2.1) is called weakly parabolic (or degenerate parabolic) if con-
dition (2.5) holds with ¢ = 0.

Theorem 2.1. If (2.3) and (2.5) hold, then there exists a unique traditional
solution of (2.1). The solution process u is an element of the space

Ly(F; Lo ((0,7); V)) () L2(F; C((0,T), H))

and salisfies

E( sup () + | u<t>||2vdt)

o<t<
(2.6)

T T
< C(Co,8, TIE | Juolll + / @I de+ S / lgw(6) 3t

k>1
Proof. This follows, for example, from Theorem 3.1.4 in [42].

A somewhat different solvability result holds for weakly parabolic equa-
tions [42, Section 3.2].

As an application of Theorem 2.1, consider the equation
du(t,z) = (a;;(t, ) D;Dju(t, ) + b;(t, ) Dyu(t, x) + c(t, x)u(t, ) + f(t, z))dt

+ (o (t, x)Diu(t, ) + v (t, x)ult, ) + gi(t, x))dwy (t)
(2.7)

with 0 < ¢t < T, z € R?, and initial condition u(0,x) = ug(z). Assume that

(CL1) The functions a;; are bounded and Lipschitz continuous, the functions b;,

¢, oir, and v are bounded measurable.

(CL2) There exists a positive number ¢ > 0 such that

(2ai;(2) — ok (@)oju(@)yiy; > elyl®, =,y € R, t€[0,T].
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(CL3) There is a positive number K such that, for all z € R?, > ks vk (z)]? < K.
(CL4) The initial condition uo € Lo(02; Ly(RY)) is Fo-measurable, the processes

f € Lo(2 x [0,T); Hy'(RY)) and g, € La(2 x [0,T]; Lo(RY)) are Fi-
adapted, and ), -, fo E||gk||L2(Rd)(t)dt < 0.

Theorem 2.2. Under assumptions (CL1)-(CL4), equation (2.7) has a unique
traditional solution

u € Ly(F; Lo((0,T); H (RY))) () L2(F; C((0,T), Lo (RY))),

and the solution satisfies

T
E( sup ||U||%2(Rd)(t)+/ ”u%{;(Rd)(t)dt)
0<t<T 0

< (K., TIE | uoll2, o) + / 1712+ gy ()t S / 146113 sy (1)

k>1
(2.8)

Proof. Apply Theorem 2.1 to the normal triple (H3(R?), Ly(RY), Hy ' (R%));
condition (2.5) in this case is equivalent to assumption (CL2). The details of
the proof are in [42, Section 4.1].

Condition (2.5) essentially means that the deterministic part of the equa-
tion dominates the stochastic part. Accordingly, there are two main ways to
violate (2.5):

1. The order of the operator M is more than half the order of the operator
A. The equation du = u,dw(t) is an example.

2. The value of Y, [|My(t)v||% is too large. This value can be either finite,
as for the equation du(t,z) = g, (¢, z)dt + Suy(t, v)dw(t), or infinite, as
for the equation

du(t, z) = Au(t, z)dt + op(z)udwy, o, — CONS in Ly(RY), d > 2. (2.9)

Indeed, it is shown in [38] that, for equation (2.9), we have

D IMi(t)olly; =

k>1

in every Sobolev space H".

Without condition (2.5), analysis of equation (2.1) requires new technical
tools and a different notion of solution. The white noise theory provides one
possible collection of such tools.
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3 White Noise Solutions of Stochastic Parabolic
Equations

The central part of the white noise theory is the mathematical model for the
derivative of the Brownian motion. In particular, the It6 integral fot f(s)dw(s)
is replaced with the integral fot f(s) o W(s)ds, where W is the white noise
process and ¢ is the Wick product. The white noise formulation is very dif-
ferent from the Hilbert space approach of the previous section, and requires
several new constructions. The book [10] is a general reference about the
white noise theory, while [12] presents the white noise analysis of stochastic
partial differential equations. Below is the summary of the main definitions
and results.

Denote by S = S(R?) the Schwartz space of rapidly decreasing functions
and by &’ = §'(R?), the Schwartz space of tempered distributions. For the
properties of the spaces S and S’ see [43].

Definition 3.1 The white noise probability space is the triple
S = (S, B(S"), w),

where B(S') is the Borel o-algebra of subsets of S', and p is the normalized
Gaussian measure on B(S').

The measure y is characterized by the property

em(w,¢>dﬂ<w) _ e_%|‘@”iz(md>’
S/

where (w, @), w € &', p € S, is the duality between S and S’. Existence of
this measure follows from the Bochner—Minlos theorem [12, Appendix A].

Let {ny,k > 1} be the Hermite basis in Ly (R’), consisting of the normal-
ized eigenfunctions of the operator

A=—A+|z]?, zeRE (3.1)

Each 7y, is an element of S [12, Section 2.2].
Consider the collection of multi-indices

jlz{a:(ai7 i>1): «;€{0,1,2,...}, Zai<oo}.

The set J; is countable, and, for every o € 7, only finitely many of «; are
not equal to zero. For a € [Jp, write a! = [[; o;! and define

falw) = J% [Tt - (3.2)

where (-, -) is the duality between S and §’, and



442 S. Lototsky and B. Rozovskii

dn
Hy(t) = (1)l 12 _e~t"/2 (3.3)
dtn
is n*® Hermite polynomial. In particular, Hy(t) = 1, Hy(t) = t, Ho(t) = t* —1.
If, for example, o = (0,2,0,1,3,0,0,...) has three non-zero entries, then

_ Ha((w,m2)) Hs((w,75))

fa(w) 9! 3!

~{wsma) -

Theorem 3.1. The collection {£,, o € J1} is an orthonormal basis in La(S).

Proof. This is a version of the classical result of Cameron and Martin [3]. In
this particular form, the result is stated and proved in [12, Theorem 2.2.3].

By Theorem 3.1, every element ¢ of Lo(S) is represented as a Fourier series

Y = Za Spagou Where Pa = fg/ @(w)fa(w)dﬂa and ||90||%2(S) = ZQEJ1 ‘(pll|2'
For a € J7 and g € R, we write

(2N)e = [T (25)2.
J
Definition 3.2 For p € [0,1] and ¢ > 0,
1. the space (S),,q is the collection of elements ¢ from Lo(S) such that

2a= > (@) (2N)*p,[* < oo;
aeJy

1%

2. the space (S)_, —q is the closure of La(S) relative to the norm

o2, = Y ()P (2N) " |pa*; (3.4)
aeJy

3. the space (S), is the projective limit of (S),,q as q changes over all non-
negative integers;

4. the space (S)—, is the inductive limit of (S)_, _4 as q changes over all
non-negative integers.

It follows that

e For each p € [0,1] and ¢ > 0, ((S)p,q, L2(S),(S)—p,—¢) is a normal triple
of Hilbert spaces.

e The space (S), is a Frechet space with topology generated by the countable
family of norms [|-||p,n, n = 0,1,2,...,and ¢ € (S), ifand only if p € (S), 4
for every ¢ > 0.

e The space (S)_, is the dual of (S), and ¢ € (S)_, if and only if ¢ €
(S)—p,—q for some g > 0. Every element ¢ from (S), is identified with a
formal sum . ; ¢aéa such that (3.4) holds for some ¢ > 0.
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e For pe (0,1),
(8)1 € (8), C(S)o C La(S) C(S)-0 C(S)—p C(5)-1,

with all inclusions strict.

The spaces (S)o and (S); are known as the spaces of Hida and Kon-
dratiev test functions. The spaces (S)_¢ and (S)_; are known as the spaces
of Hida and Kondratiev distributions. Sometimes, the spaces (S), and (S)_,,
0 < p <1, go under the name of Kondratiev test functions and Kondratiev
distributions, respectively.

Let h € S and hy =[5, h(x)n,(x)dz. Since the asymptotics of n™ eigen-
value of the operator A in (3.1) is n'/¢ [11, Chapter 21] and A*h € S for every
positive integer k, it follows that

> [hel?h < oo (3.5)

k>1

for every ¢q € R.
For a € J1 and hy, as above, write h* = [],(h;)®/, and define the stochas-
tic exponential

=Y T (3.6)

acJy ’

Lemma 3.1. The stochastic exponential € = E(h), h € S, has the following
properties:

o E(h)e(S),, 0<p<1;
e For every g > 0, there exists 6 > 0 such that E(h) € (S)1,4 as long as
D ok>1 |hil? < 4.

Proof. Both properties are verified by direct calculation [12, Chapter 2].

Definition 3.3 The S-transform Sp(h) of an element ¢ = 3 . 7 Yaba from
(S)—, is the number

Sp(h)=>_ \/—:7%, (3.7)

acdh ’
where h = Zk21 hine € S and h™ = Hj(hj)aj.

The definition implies that if ¢ € (S)_, 4 for some ¢ > 0, then S¢(h) =
(p,E(h)), where (-,-) is the duality between (S), 4 and (S)_, —4 for suitable
q- Therefore, if p < 1, then S¢(h) is well-defined for all h € S, and, if p = 1,
the Sp(h) is well-defined for h with sufficiently small Lo(R?) norm. To give
a complete characterization of the S-transform, an additional construction is
necessary.

Let U”, 0 < p < 1, be the collection of mappings F' from S to the complex
numbers such that
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1. For every hi,hs € S, the function F(hy + zhs) is an analytic function of
the complex variable z.

2. There exist positive numbers K7, Ko and an integer number n so that, for
all h € S and all complex number z,

2
Plah) < Kyexp (Kl A0 o175 ).

For p = 1, let U' be the collection of mappings F from S to the complex
numbers such that

1. There exist € > 0 and a positive integer n such that, for all hy, he € S with
AR || L, rey < €, the function of a complex variable z +— F'(hy + haz) is
analytic at zero, and

2'. There is a constant K > 0 such that, for all h € S with [[A™h|[1, @) <,
F(h)| < K.

Two mappings F, G with properties 1’ and 2" are identified with the same
element of ! if F = G on an open neighborhood of zero in S.
The following result holds.

Theorem 3.2. For every p € [0,1], the S-transform is a bijection from (S)—,
to UP.

In other words, for every ¢ € (S)_,, the S-transform S¢ is an element of U”,
and, for every F' € U”, there exists a unique ¢ € (S)_, such that Sp = F.
This result is proved in [10] when p = 0, and in [17] when p = 1.

Definition 3.4 For ¢ and 1 from (S)—,, p € [0,1], the Wick product ¢ o
is the unique element of (S)_, whose S-transform is S¢ - Sip.

If S~! is the inverse S-transform, then
po =851 (Sp-SY),

Note that, by Theorem 3.2, the Wick product is well-defined, because the
space U”, p € [0,1] is closed under the point-wise multiplication. Theorem 3.2
also ensures the correctness of the following definition of the white noise.

Definition 3.5 The white noise W on R’ is the unique element of (S)o whose
S transform satisfies SW(h) = h.

Remark 8.1 If g € L,(S), p > 1, then g € (S)_¢ [12, Corollary 2.3.8], and the

Fourier transform
i) = [ exp (vV=T(w1) gle)dute)
is defined. Direct calculations [12, Section 2.9] show that, for those g,

Sq(v=Th) = g(h) e* "zt

As a result, the Wick product can be interpreted as a convolution on the
infinite-dimensional space (S)_,.
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In the study of stochastic parabolic equations, £ = d + 1, so that the
generic point from R4*! is written as (t,2), t € R, x € R%. As was mentioned
earlier, the terms of the type fdW (t) become foWdt. The precise connection
between the It integral and Wick product is discussed, for example, in [12,
Section 2.5].

As an example, consider the following equation:

ue(t, ) = a(2)uge (t, ) + b(x)ug(t, ) + ug(t,x) o W(t,z), 0 <t < T, z €R,
(3.8)
with initial condition u(0, z) = ug(z). In (3.8),

(WN1) W is the white noise process on R2.

(WN2) The initial condition ug and the coefficients a, b are bounded and have
continuous bounded derivatives up to second order.

(WN3) There exists a positive number € such that a(z) > ¢, x € R.

(WN4) The second-order derivative of @ is uniformly Holder continuous.

The equivalent It6 formulation of (3.8) is
du(tv LL') = (a(x)umz (ta Cﬂ) + b(x)uz (tv x))dt + e (x)um (ta x)dwk ((t), (39)

where {ey, k > 1} is the Hermite basis in Lo(R).

With M v = egv,, we see that condition (2.2) does not hold in any Sobolev
space Hj (R). In fact, no traditional solution exists in any normal triple of
Sobolev spaces. On the other hand, with a suitable definition of solution,
equation (3.8) is solvable in the space (S)_o of Hida distributions.

Definition 3.6 A mapping u : RY — (S)_, is called weakly differentiable
with respect to x; at a point x* € R if and only if there exists U;(x*) € (S)_,
so that, for all ¢ € (S),, Di(u(x), 9)|z=ar = (Ui(x*),p). In that case, we
write U;(x*) = Dyu(z*).

Definition 3.7 A mapping u from [0,T] x R to (S)_o is called a white noise
solution of (3.8) if and only if

1. The weak derivatives ug, Uy, and uy, ezist, in the sense of Definition 3.6,
for all (t,z) € (0,T) x R.

2. Equality (3.8) holds for all (t,x) € (0,T) x RY.

3. limy g u(t, x) = ug(x) in the topology of (S)—o.

Theorem 3.3. Under assumptions (WN1)-(WNJ), there exists a white noise
solution of (3.8). This solution is unique in the class of weakly measurable
mappings v from (0,T) X R to (S)_q, for which there exists a non-negative
integer q and a positive number K such that

T
/ / ||v(t7m)||,0’,qe_K“’2dxdt < 0.
o Jr
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Proof. Consider the S-transformed equation
Fi(t,x;h) = a(v)Fuu(t, x; h) + 0(2) Fp(t, 25 h) + Fu(t, 25 h)h, (3.10)

0<t<T, xR, heSR), with initial condition F'(0,x;h) = ug(x). This
a deterministic parabolic equation, and one can show, using the probabilistic
representation of F, that F, F}, F,, and F,, belong to U". Then the inverse
S-transform of F' is a solution of (3.8), and the uniqueness follows from the
uniqueness for equation (3.10). The details of the proof are in [40], where a
similar equation is considered for z € R<.

Even though the initial condition in (3.8) is deterministic, there are no
measurability restrictions on ug for the white noise solution to exist; see [12]
for more details.

With appropriate modifications, the white noise solution can be defined
for equations more general than (3.8). The solution F' = F(¢,z;h) of the
corresponding S-transformed equation determines the regularity of the white
noise solution [12, Section 4.1].

Two main advantages of the white noise approach over the Hilbert space
approach are:

1. No need for parabolicity condition.
2. No measurability restrictions on the input data.

Still, there are substantial limitations:

1. There seems to be little or no connection between the white noise solution
and the traditional solution. While the white noise solution can, in princi-
ple, be constructed for equation (2.7), this solution will be very different
from the traditional solution.

2. There are no clear ways of computing the solution numerically, even with
available representations of the Feynmann-Kac type [12, Chapter 4].

3. The white noise solution, being constructed on a special white noise prob-
ability space, is weak in the probabilistic sense. Path-wise uniqueness does
not apply to such solutions because of the ”averaging” nature of the so-
lution spaces.

4 Generalized Functions on the Wiener Chaos Space

The objective of this section is to introduce the space of generalized random
elements on an arbitrary stochastic basis.

Let F = (2, F,{Fi}1>0,P) be a stochastic basis with the usual assump-
tions and Y, a separable Hilbert space with inner product (-,-)y and an or-
thonormal basis {yx, £ > 1}. On F and Y, consider a cylindrical Brownian
motion W, that is, a family of continuous F;-adapted Gaussian martingales
Wy(t), y € Y, such that W, (0) = 0 and E(W,, (t)W,,(s)) = min(t, s)(y1,y2)y-
In particular,
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wi(t) = Wy, (1), k>1, t >0, (4.1)
are independent standard Wiener processes on F.

Equivalently, instead of the process W, the starting point can be a system
of independent standard Wiener processes {wy, k > 1} on F. Then, given
a separable Hilbert space Y with an orthonormal basis {y,, k > 1}, the
corresponding cylindrical Brownian motion W is defined by

Wy(t) =Y (v, yw)y wi(t). (4.2)

k>1

Fix a non-random T € (0,0) and denote by F}¥ the o-algebra generated
by wy(t), k> 1, t < T. Denote by Lo(W) the collection of F}"-measurable
square integrable random variables.

We now review construction of the Cameron-Martin basis in the Hilbert
space Lo(W).

Let m = {my, k > 1} be an orthonormal basis in L((0,7")) such that
each my, belongs to Lo ((0,7")). Define the independent standard Gaussian
random variables

T
ik = / m;(s)dwg(s).
0
Consider the collection of multi-indices

Jz{a:(a?, i,k>1): af €{0,1,2,.. .}, Zaf<oo}.
ik

The set J is countable, and, for every a € J, only finitely many of o¥ are
not equal to zero. The upper and lower indices in o represent, respectively,

%

the space and time components of the noise process W. For o € 7, define
k k
la] = Zai, al = Hai!,
ik ik

and

1
§a = ﬁ g Haf; (fik)» (4-3)

where H,, is n'® Hermite polynomial. For example, if

010300---
200040 ---
@“=1000000---

with four non-zero entries a3 = 1; a} = 3; af = 2; o = 4, then

CH3(&an) Hz(&12) Ha(s2)

There are two main differences between (3.2) and (4.3):

goz = 52,1
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1. The basis (4.3) is constructed on an arbitrary probability space.

2. In (4.3), there is a clear separation of the time and space components
of the noise, and explicit presence of the time-dependent functions m;
facilitates the analysis of evolution equations.

Definition 4.1 The space Lo(W) is called the Wiener Chaos space. The N -th
Wiener Chaos is the linear subspace of Lo(W), generated by &, |a| = N.

The following is another version of the classical results of Cameron and
Martin [3].

Theorem 4.1. The collection = = {&,, a € J} is an orthonormal basis in
Lo(W).

We refer to = as the Cameron-Martin basis in Lo(W). By Theorem 4.1, every
element v of Lo(W) can be written as

v = Z Uafou
acJ
where v, = E(v,).
We now define the space D(L2(W)) of test functions and the space
D'(La(W); X) of X-valued generalized random elements.

Definition 4.2
(1) The space D(La2(W)) is the collection of elements from Lo(W) that can
be written in the form
U= Z Vaa

aeJy

for some v, € R and a finite subset J, of J.
(2) A sequence vy, converges to v in D(La(W)) if and only if T, C T, for all
n and lim |v, o —ve| =0 for all a.

Definition 4.3 For a linear topological space X define the space D' (La(W); X)
of X -valued generalized random elements as the collection of continuous linear
maps from the linear topological space D(Lo(W)) to X. Similarly, the elements
of D'(La(W); L1((0,T); X)) are called X -valued generalized random processes.

The element u of D'(Ly(W); X) can be identified with a formal Fourier series
U = Z Uala,
acJ

where u, € X are the generalized Fourier coefficients of u. For such a series
and v € D(Ly(W)), we have

u(v) = Z Vol

acJy
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Conversely, for u € D'(Ly(W); X), we define the formal Fourier series of u by
setting uo = u(&y). If u € Lay(W), then u € D' (Ly(W); R) and u(v) = E(uv).

By Definition 4.3, a sequence {u,, n > 1} converges to u in D’(La(W); X)
if and only if u,, (v) converges to u(v) in the topology of X for every v € D(W).

In terms of generalized Fourier coefficients, this is equivalent to lim u, o = uq
n—oo

in the topology of X for every a € 7.

The construction of the space D'(La(W); X) can be extended to Hilbert
spaces other than Lo(W). Let H be a real separable Hilbert space with an
orthonormal basis {ex, k > 1}. Define the space

D(H) = {v cH:v= Z vieg, v € R, J, — a finite subset of {1,2,...}}.
keTy

By definition, v, converges to v in D(H) as n — oo if and only if J,,, C 7,
for all n and lim |v, 1, — vg| = 0 for all k.

For a linear topological space X, D'(H; X) is the space of continuous linear
maps from D(H) to X. An element g of D'(H; X) can be identified with a
formal series ), -, gr ® e such that g, = g(ex) € X and, for v € D(H),
g(v) = > ez grvp. If X = R and Zkzlgi < 00, then g = 37,5, grex €
H and g(v) = (g,v)m, the inner product in H. The space X is naturally
imbedded into D'(H; X): if u € X, then ), ., u®e, € D'(H; X).

A sequence g, = D>y o; gnkp @e€x, N> 1, converges to g = Y~ gk ® e in
D'(H; X) if and only if, for every k > 1, nh—>Holo gn.k = gk in the topology of X.

A collection {Lj, kK > 1} of linear operators from X; to X, naturally
defines a linear operator £ from D'(H; X1) to D'(H; Xs):

L ng ®er | = Zﬁk(gk) ® ek.

k>1 k>1

Similarly, a linear operator £ : D'(H;X;) — D'(H; X3) can be identified
with a collection {L;, k > 1} of linear operators from X; to Xs by setting
Li(u) = L(u ® ey). Introduction of spaces D'(H; X) and the corresponding
operators makes it possible to avoid conditions of the type (2.2).

5 The Malliavin Derivative and its Adjoint

In this section, we define an analog of the It6 stochastic integral for generalized
random processes.

All notations from the previous section will remain in force. In particular,
Y is a separable Hilbert space with a fixed orthonormal basis {yz, k > 1},
and = = {£,, a € J}, the Cameron—Martin basis in Lo(W) defined in (4.3).

We start with a brief review of the Malliavin calculus [37].

The Malliavin derivative D is a continuous linear operator from
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Ly(W) = {u € Lay(W) : Z laju? < oo} (5.1)
acJ

to Ly (W; (L2((0,7)) x Y)). In particular,
(De)(E) = 3 \Jakéa o mi (b, (5.2)
ik

where a~ (i, k) is the multi-index with the components

. L max(af —1,0), if i = j and k = [,
(a (ka))j { ( ) J

al, otherwise.

Note that, for each t € [0,T], D, (t) € D(L2(W) x Y'). Using (5.2), we extend
the operator I by linearity to the space D'(Lg(W)):

D <Z ua§a> = Z Ue Z \/Z%M(i,k)mi(t)yk

aceJ acJ i,k

For the sake of completeness and to justify further definitions, let us es-
tablish connection between the Malliavin derivative and the stochastic Ito
integral.

If u is an arbitrary F}V-adapted process from Lo (W; Ly((0,7);Y)), then
u(t) = >~ uk(t)yx, where the random variable uy(t) is F}V-measurable for

each t and k, and
T
Z/ Ejus () 2dt < oo.
0

k>1

We define the stochastic It6 integral

U(t) :/0 (u(s),dW(s))y = Z/o ug(s)dwg(s). (5.3)

k>1

Note that U(t) is F}V-measurable and E|U(¢)]* =Y, -, ng|uk(s)\2ds.
The next result establishes a connection between the Malliavin derivative
and the stochastic It0 integral.

Lemma 5.1. Suppose that u is an ftW-adapted process from
Lo (W; Lo ((0,7);Y)), and define the process U according to (5.8). Then, for
everyt <T and o € J,

E(U(1)¢a) = E / (u(s), (DEw)(s))y ds. (5.4)
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Proof. Define &,(t) = E(&4|FV). Tt is known (see [33] or Remark 8.2 below)
that

déa(t) = Z \ @ o (i) ()i (t)dwy (t). (5.5)
ik
Due to FV-measurability of uy(t), we have

una(t) = E(un(OEElFY)) = E(ur(t)alt)). (5.6)

The definition of U implies dU(t) = >, ux(t)dwi(t), so that, by (5.5),
(5.6), and the It6 formula, B

Un(t) = BU0&) = [ 3 oy @milsas. (657
ik

Together with (5.2), the last equality implies (5.4). Lemma 5.1 is proved.

Note that the coefficients ug of u € Lo(W;Lo((0,7); H)) belong to
L5((0,T)). We therefore define u, o ; = fOT Uk, o (t)m; (t)dt. Then, by (5.7),

Ual) = 3 \fabup a ity (5.8)
ik

Since U(T) = > e 7 Ua(T)&a, we shift the summation index in (5.8) and

conclude that
U(T) = Z Z \ ok + Tk oilat (i k) (5.9)

aceJ i,k
where l .
sy _Jay+1, ifi=jand k=1,
(a (@ k))] B {Ozé, otherwise. (5.10)

As a result, U(T) = 6(u), where 0 is the adjoint of the Malliavin deriva-
tive, also known as the Skorohod integral (called also the Skorohod—Hitsuda
integral); see [10], [37] or [38] for details.

Lemma 5.1 suggests the following definition.

For an F}V-adapted process u from Lo (W; L2((0,7))), let Dju be the
FV-adapted process from Lo (W; Lo((0,7))) such that

(DEu)a(t) = /0 Z\/quw(i,k)(s)mi(s)ds. (5.11)

If u € Loy (W; Lo((0,7);Y)) is FV-adapted, then u is in the domain of the
operator 6 and 0(ul(s <t)) =, <, (Djur)(t).

We now extend the operators Dj to the generalized random processes. Let
X be a Banach space with norm || - || x.
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Definition 5.1 If u is an X-valued generalized random process, then Dju is
the X -valued generalized random process such that

Diwa(t) =Y /O o (i (8)y by (s)ds. (5.12)

IfgeD (Y; D' (La(W); L1((0,T); X)) ), then D*g is the X -valued generalized
random process such that, for g =3y~ gk®yk, gr € D'(L2(W); L1((0,7); X)),

O 9)alt) = S Piaa0) = 3 [ gra-aa(o)fotmo)is. (513)
k ik

Using (5.2), we get a generalization of equality (5.4):

(D*g)a(t) = / 9(DEn (5))(5)ds. (5.14)

Indeed, by linearity,

o (Vabm ()6 ) () = yabmi9ka-)(o)

Theorem 5.1. If T' < oo, then D} and D* are continuous linear operators.

Proof. 1t is enough to show that, if u,u, € D’ (La(F}); L1((0,7T); X)) and
limy, oo [|[Ua = Un,allL,(0,1);x) = 0 for every a € J, then, for every k > 1 and

aeJ,

lim_[|(Dyu)a — (Dytin)al L, ((0.1):x) = 0.

n—oo

Using (5.12), we find that
T
[(Drw)a — (Dyun)allx (£) < Z/O Vo lta- (k) = Un,a- (i llx (s)lmi(s)|ds.

Note that the sum contains finitely many terms. By assumption, |m;(t)| < C;,
and so

[(Dkw)a—(Ditn)allL (0,7);x) < C(Q)Z\/ ||t (i k) =Un,a-(ik) | L1 ((0,7):) -
i

Theorem 5.1 is proved.

6 The Wiener Chaos Solution and the Propagator

In this section we build on the ideas from [25] to introduce the Wiener Chaos
solution and the corresponding propagator for a general stochastic evolution
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equation. The notations from Sections 4 and 5 will remain in force. It will
be convenient to interpret the cylindrical Brownian motion W as a collection
{wg, k > 1} of independent standard Wiener processes. As before, T € (0, c0)
is fixed and non-random. Introduce the following objects:

The Banach spaces A, X, and U such that U C X.
Linear operators

A:Li((0,T); A) — Li((0,T); X),
M : L1((0,T); A) — Ly ((0,T); X).
e Generalized random processes f € D' (La(W); L1((0,T); X)) and

gr € D' (L2(W); L1((0,T); X)) .
e The initial condition ug € D' (La(W); U).

Consider the deterministic equation

v(t) = o —I—/O (Av)(s)ds+/0 o(s)ds, (6.1)

where vg € U and ¢ € L1((0,7); X).

Definition 6.1 A function v is called a w(A, X) solution of (6.1) if and only
if ve Li((0,T); A) and equality (6.1) holds in the space L1((0,T); A).

Definition 6.2 An A-valued generalized random process u is called a w(A, X)
Wiener Chaos solution of the stochastic differential equation

du(t) = (Au(t) + f(t))dt + (Mpru(t) + g (t))dwi(t), t < T, ult=o = uo, (6.2)
if and only if the equality
ut) = wo+ [ (ut s+ DM+ a0 (63)
k>1
holds in D' (Lo(W); L1((0,7T); X)).

Sometimes, to stress the dependence of the Wiener Chaos solution on the
terminal time T, the notation wp (A, X) will be used.

Equalities (6.3) (5.13) mean that, for every o € 7, the generalized Fourier
coefficient u,, of u satisfies the equation

U (t) = ug o +/0 (Au—+ f)a(s)ds —I—/O Z \/;f(Mku+gk)a7(i7k)(s)mi(s)ds.
ik
(6.4)

Definition 6.3 System (6.4) is called the propagator for equation (6.2).
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The propagator is a lower triangular system. Indeed, If a = (0), that is,
|a] =0, then the corresponding equation in (6.4) becomes

wwwzumm+1}AwM@+f@@»m (6.5)

If a = (j¢), that is, a? = 1 for some fixed j and ¢ and af = 0 for all other

i,k > 1, then the corresponding equation in (6.4) becomes

t
Wm@Z%w+AOWm@+MMW® o
6.6

+/Mmm@+mwmw®%
0

Continuing in this way, we conclude that (6.4) can be solved by induction on
|| as long as the corresponding deterministic equation (6.1) is solvable. The
precise result is as follows.

Theorem 6.1. If, for everyvg € U and ¢ € L1((0,T); X), equation (6.1) has
a unique w(A, X) solution v(t) = V(t,vo, ), then equation (6.2) has a unique
w(A, X) Wiener Chaos solution such that

ua(t) = V(tv UO,DU foz) + Z \/ afV(t, 07 miMkua_(i,k))
ik

+ Z V afv(tv 0, miQk,a*(i,k))-
i,k

Proof. Using the assumptions of the theorem and linearity, we conclude that
(6.7) is the unique solution of (6.4).

(6.7)

To derive a more explicit formula for u,, we need some additional con-
structions. For every multi-index o with |a| = n, define the characteristic
set K, of o as

K, = {(7;?7]{;1&)7 ) (izvkg)}7

it <9 < ... <ip, and if i =i, then k§ < k%, ;. The first pair (if, k7')
in K, is the position numbers of the first nonzero element of a. The second
pair is the same as the first if the first nonzero element of « is greater than
one; otherwise, the second pair is the position numbers of the second nonzero
element of o and so on. As a result, if af > 0, then exactly of pairs in K,

are equal to (7, k). For example, if

0102300---
1200010---
@“=10000000---
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with nonzero elements
Ad=aj=aS=1, a2 =a; =2, af =3,
then the characteristic set is

K.={(1,2), (2,1), (2,2), (2,2), (4,1), (4,1), (5,1), (5,1), (5,1), (6,2)}.
Theorem 6.2. Assume that:

1. For every vog € U and ¢ € L1((0,T); X), equation (6.1) has a unique
w(A, X) solution v(t) = V(t,vg,¥),
2. The input data in (6.4) satisfy g =0 and fo = uo,o =0 if |a| > 0.
Let u(g)(t) = V(t,ug,0) be the solution of (6.4) for |a| = 0. For a € J with
|l =n > 1 and the characteristic set Ko, define functions F™ = F™(t; ) by
induction as follows:

Fl(t;a) = V(t,O,miMku(o)) if Ka = {(l,k)},

F(ta) =Y V(£,0,ms, My, F" ' (07 (i, kj))) (6.8)

j=1
it Ko ={(i1,k1),...,(in, kn)}

Then )
U (t) = ﬁFﬂ (t; ). (6.9)

Proof. If |a| = 1, then representation (6.9) follows from (6.6). For |a| > 1,
observe that:

o If i, (t) = Valu, and |a| > 1, then (6.4) implies the relation
t t
a(t) :/ Aﬂa(s)ds—i—Z/ afmi (8) Myt i 1y (s)ds.
0 ik 0

o If K, =1{(i1,k1),...,(in, kn)}, then, for every j =1,...,n, the character-
istic set K- (i, ;) of @™ (i5, k;) is obtained from K, by removing the pair
(i, k).

e By the definition of the characteristic set,

> afmi(s) Myt iy (s) = D mi, (8) M, g (i, ;) (5)-
ik j=1

As a result, representation (6.9) follows by induction on |« using (6.7):
if |a| =n > 1, then
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U (t) = Z V(t’o’miy‘Mk.fﬂa‘(ij7kJ‘))

7~ (6.10)

= Y V(,0.m, My, FU D (07 (i ky)) = FP(100).
j=1
Theorem 6.2 is proved.

Corollary 6.1 Assume that the operator A is a generator of a strongly con-
tinuous semigroup = Py 5, t > s > 0, in some Hilbert space H such that
A C H, each My, is a bounded operator from A to H, and the solution
V(t,0,¢) of equation (6.1) is written as

T
V(t,0,¢) :/0 Dy sp(s)ds, € Ly((0,T); H)). (6.11)

Denote by P™ the permutation group of {1,...,n}. If uey € L2((0,T); H)),
then, for |a| =mn > 1 with the characteristic set Ko = {(i1,k1),- -, (in, kn)},
representation (6.9) becomnes

ua(t):\/% Z/Ot/()/o

T oebPn
Dt s, My, - '4552,51ng<1)“(0)(Sl)miam) (sn)-- LT (s1)dsy ... dsy.
(6.12)
Also,
)y > [
o (E)n = // /
laj=n ki, kn>1 0 J0 0
ét,Sann o ¢82,81 (Mk1u(0) + Gk, (Sl)) dwkl (81) T dwkn(sn)7 n>1,
(6.13)

and, for every Hilbert space X, the following energy equality holds:

S ua®))k = i /Ot/O/O (6.14)

|a|=n ki,...,kn=1

||¢t75n'/\/lkn o ¢S2;51Mk71u(0)(81)||§<d81 T dSn;

both sides in the last equality can be infinite. For n =1, formulas (6.12) and
(6.14) become

t
i) (t) :/0 Dy Moy (s) mi(s)ds; (6.15)

o t
D % :Z/O 81,6 Miuo) (s)|I5 ds. (6.16)
k=1

|a]=1
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Proof. Using the semigroup representation (6.11), we conclude that (6.12) is
just an expanded version of (6.9).

Since {m;, ¢ > 1} is an orthonormal basis in L2(0,T"), equality (6.16)
follows from (6.15) and the Parcevall identity. Similarly, equality (6.14) will
follow from (6.12) after an application of an appropriate Parcevall’s identity.

To carry out the necessary arguments when || > 1, denote by J; the
collection of one-dimensional multi-indices 8 = (51, B2, - . .) such that each j;
is a non-negative integer and |3| = )., B; < co. Given a § € J; with || = n,

we define Kg = {i1,...,4,}, the characteristic set of § and the function
1
Ep(51,...,8,) = NG U;Pn My (50(1)) My, (So(m))- (6.17)

By construction, the collection {Eg, 3 € J1,|3| = n} is an orthonormal basis
in the subspace of symmetric functions in L2 ((0,7)"; X).

Next, we rewrite (6.12) in a symmetrized form. To make the notations
shorter, denote by s the ordered set ($1,...,8,) and write ds"™ = ds; . ..dsy,.
Fix t € (0,7] and the set k") = {ky,... k,} of the second components of the
characteristic set K,. Define the symmetric function

G(t, k;(”); s("))

1
= = Z ¢t7sa(n)Mkn o '@80(2)750(1)Mk1u(0) (50(1))180(1)<"'<So(n)<t(8(n))'
el
S oePn
(6.18)
Then (6.12) becomes
ua(t) = /[0 . G(t, k™ s () (s™)ds™, (6.19)

where the multi-indices o and ((«) are related via their characteristic sets: if

Ko ={(i1, k1), .., (in, kn)},

then

Kpgay = {i1, - i}
Equality (6.19) means that, for fixed k(™) the function u, is a Fourier coef-
ficient of the symmetric function G(t, k™;s(™) in the space Ly((0,T)"; X).
Parcevall’s identity and summation over all possible k(™) yield the equality

1 - n n n
D la®llk =~ > G2, k™) s ds™,
: k1,.

(0,77

la|=n

which, due to (6.18), is the same as (6.14).
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To prove equality (6.13), relating the Cameron-Martin and multiple Tto
integral expansions of the solution, we use the following result [13, Theorem
3.1]:

1 T Sn S2
fa = ﬁ /0 /0 - /0 Eﬁ(a)(s(n))dwkl (s1) -~ dwg, (sn);

see also [37, pp. 12-13]. Since the collection of all Eg is an orthonormal basis,
equality (6.13) follows from (6.19) after summation over al kq, ..., ky.
Corollary 6.1 is proved.

We now present several examples to illustrate the general results.

Ezample 6.1 Consider the following equation:
du(t,z) = (auge(t, ) + f(t,2))dt + (oug(t, ) + g(t, z))dw(t), = € R, (6.20)

where a > 0, 0 € R, f € Ly((0,T); Hy *(R)), g € La((0,T); Lo(R)), and
ult=o = up € La(R). By Theorem 2.2, if 0% < 2a, then equation (6.20) has a
unique traditional solution u € Ly (W; L2((0,T); H3 (R))).

By FV-measurability of u(t), we have

E(u(t)éa) = E(u(t)E(EalF")).

Using the relation (5.5) and the It6 formula, we find that u, satisfy

due, = a(ug)zadt + Z ;0 (U (i) (t)dt,

which is precisely the propagator for equation (6.20). In other words, in the
case 2a > o2 the traditional solution of (6.20) coincides with the Wiener
Chaos solution.

On the other hand, the heat equation

t t
v(t, z) = vo(x) +/ Vg (8, )ds —|—/ w(s,x)ds, vo € La(R),
0 0

with ¢ € Lo((0,T); Hy *(R)) has a unique w(H3 (R), H, *(R)) solution. There-
fore, by Theorem 6.1, the unique w(H3(R), H, '(R)) Wiener Chaos solution
of (6.20) exists for all o € R.

In the next example, the equation, although not parabolic, can be solved
explicitly.

Ezxample 6.2 Consider the following equation:
du(t,x) = ug(t,z)dw(t), t >0, z € R; u(0,z) = =. (6.21)

Clearly, u(t,z) = = + w(t) satisfies (6.21).
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To find the Wiener Chaos solution of (6.21), note that, with one-

dimensional Wiener process, af = «;, and the propagator in this case becomes

t
ua(t, ) = zI(Ja| = 0) —|—/ Z Vai(Ua- iy (s, 1)) zmi(s)ds.
0
Then u, = 0 if |a| > 1, and
t
u(t,z) =z + Y & / m;(s)ds = z + w(t). (6.22)
i>1 0
Even though Theorem 6.1 does not apply, the above arguments show that

u(t,x) = x + w(t) is the unique w(A, X) Wiener Chaos solution of (6.21) for
suitable spaces A and X, for example,

X{f: /R(1+a?2)2f2(:c)dx<oo} and A={f: f,f € X}

Section 14 provides a more detailed analysis of equation (6.21).

If equation (6.2) is anticipating, that is, the initial condition is not de-
terministic and/or the free terms f, g are not FV-adapted, then the Wiener
Chaos solution generalizes the Skorohod integral interpretation of the equa-
tion.

Ezxample 6.3 Consider the equation
1
du(t,z) = ium(t,m)dt + uz(t, x)dw(t), = € R, (6.23)
with initial condition u(0, ) = 2%w(T). Since w(T) = VTE;, we find that

(ua)e(t,x) = %(ua)m;(t,x) + Z @mi(t)(ua‘(i))x(tvx) (6.24)

with initial condition u,(0,2) = VTx?I(|a] = 1,a; = 1). By Theorem 6.1,
there exists a unique w(A, X') Wiener Chaos solution of (6.23) for suitable
spaces A and X. For example, we can take

X:{f: /R(l—i-a:2)_8f2(x)dm<oo} and A={f: f,f,f" € X}

System (6.24) can be solved explicitly. Indeed, u, =0 if |a| = 0 or |a| > 3 or
if oy = 0. Otherwise, writing M;(t) = f(f m;(s)ds, we find:
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ua(t,x) = (t+2®)VT, if la| =1, ay = 1;
U (t, ) = 2V2 zt, if |a| =2, oy = 2;
Uo(t, ) = 2VT xM;(t), if |a| =2, a1 = a; =1, 1 < 4;

6
:\/TtQ, if o] =3, ay = 3;

=2V2T Ml(t)Mi(t), if ‘Oé| = 3, o] = 2, ;= 1, 1< Z7
= V2T MA(t), if o] =3, a1 =1, a; =2, 1 < i;

I
<]

u(t,z) = Z Uabo = w(T)w? () —2tw(t)+2(W (T)w(t)—t)z+x?w(T) (6.25)
acJ

is the Wiener Chaos solution of (6.23). It can be verified using the properties
of the Skorohod integral [37] that the function u defined by (6.25) satisfies

1 t t
u(t, z) = 2*w(T) + 5/ Uy (S, 2)ds —|—/ Uz (s, z)dw(s), t €10,T], = € R,
0 0

where the stochastic integral is in the sense of Skorohod.

7 Weighted Wiener Chaos Spaces and S-Transform

The space D'(Ly(W); X) is too big to provide any reasonable information
about regularity of the Wiener Chaos solution. Introduction of weighted
Wiener chaos spaces makes it possible to resolve this difficulty.

As before, let & = {&,, a € J} be the Cameron-Martin basis in Lo (W),
and D(L2(W); X), the collection of finite linear combinations of &, with co-
efficients in a Banach space X.

Definition 7.1 Given a collection {r., o € J} of positive numbers, the space
RLy(W; X) is the closure of D(La(W); X) with respect to the norm

ol Lymx) = Y, rallvallk-
aceJ

The operator R defined by (Rv), := ravs is a linear homeomorphism
from RLy(W; X) to La(W; X).

There are several special choices of the weight sequence R = {r,, o € J}
and special notations for the corresponding weighted Wiener Chaos spaces.
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e IfQ=1{q,q,...} is a sequence of positive numbers, define
@ ak
¢ =1Ja"
ik

The operator R, corresponding to r, = ¢, is denotes by Q. The space
QLy(W; X) is denoted by Lo o(W; X) and is called a Q-weighted Wiener
Chaos space. The significance of this choice of weights will be explained
shortly (see, in particular, Proposition 7.2).
o If
r2 = () [J@ik)°", povy €R,
ik

then the corresponding space RLy(W; X) is denoted by (S),(X). As
always, the argument X will be omitted if X = R. Note the analogy with
Definition 3.2.

The structure of weights in the spaces L g and (S), is different, and
in general these two classes of spaces are not related. There exist generalized
random elements that belong to some Lo o(W; X), but do not belong to any

(8)p~(X). For example, u = >4+, ek2§1,k belongs to Ls (W) with ¢, =

e™2¥ but to no (S)p,~, because the sum Zk>le%2(k!)’)(2k)”f diverges for
every p,v € R. Similarly, there exist generalized random elements that belong
to some (S),(X), but to no Ly o(W; X). For example, u =) -, \/Hg(n),
where (n) is the multi-index with a} = n and of = 0 elsewhere, belongs to
(S)-1,—1, but does not belong to any Ls o(W), because the sum > -, ¢"n!
diverges for every ¢ > 0. B

The next result is the space-time analog of Proposition 2.3.3 in [12].

Proposition 7.1 The sum

ST @iky—es

aed i,k>1
converges if and only if v > 1.

Proof. Note that

S Il @myer = I | Y@k ™)

Q€T i,k>1 i,k>1 \n>0 i,

—_— >0
La—@in—"

(7.1)
The infinite product on the right of (7.1) converges if and only if each of the
sums Zizl 177, ZkZI k=7 converges, that is, if an only if v > 1.

Corollary 7.1 For every u € D'(W; X), there exists an operator R such that
Ru € La(W; X).
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Proof. Define
1 .
2= —— [ @ik~

o 1+ ||Ua||§( 'L,kzl
Then
[|uall3 \_ogk P
Rull oy = 3 1o [ @i < 32 I @it <o
aET allX i k>1 a€J i,k>1

The importance of the operator Q in the study of stochastic equations
is due to the fact that the operator R maps a Wiener Chaos solution to a
Wiener Chaos solution if and only R = Q for some sequence ). Indeed, direct
calculations show that the functions u,,« € J, satisfy the propagator (6.4)
if and only if v, = (Ru), satisfy the equation

Vo (t) = (Rug)a +/0 (Av + Rf)a(s)ds

t
Pa
+/ af —— (M Ru + Ry a-(i,k) (8)mi(s)ds.
0%?\/ ( Yo iy (5)ma(3)

Pa—(i,k)

(7.2)

Therefore, the operator R preserves the structure of the propagator if and
only if

Pa
= 4k,
Pa—(i,k)

that is, po, = ¢® for some sequence Q.
Below is the summary of the main properties of the operator Q.

Proposition 7.2

~

If g <q <1 forall k> 1, then Ly (W) C (S)o,— for some v > 0.

2. If g > g > 1 for all k, then Ly (W) C LY(W) for all n > 1, that is, the
elements of La,o(W) are infinitely differentiable in the Malliavin sense.

3. If u € Ly o(W; X) with generalized Fourier coefficients u, satisfying the

propagator (6.4), and v = Qu, then the corresponding system for the

generalized Fourier coefficients of v is

t
va(t) = (Qua)a + [ (Av+ Qf)u(s)ds
0
t
+/ Z \ ¥ (Myv + Qgr) a- (i k) (8)grmi(s)ds.
0 Gk
4. The function u is a Wiener Chaos solution of

u(t) = ug +/O (Au(s) + f(s))dt —l—/o (Mu(s) + g(s),dW(s))y (7.4)
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if and only if v = Qu is a Wiener Chaos solution of
t t
o) = (Quio + [ (Auls) + Qf(s))dt + [ (Muls) + Q(s), dW2(s)y,
0 0
(7.5)
where, for h €Y, W,?(t) =2 i1 (k) y arwi ().

The following examples demonstrate how the operator Q helps with the
analysis of various stochastic evolution equations.

Ezample 7.1 Consider the w(Hj(R), H; '(R)) Wiener Chaos solution u of
equation

du(t,z) = (auze(t, ) + f(t, 2))dt + ouy(t, x)dw(t), x € R, (7.6)

with f € Ly(2 x (0,T); H; 1(R)), g € Lo(2 x (0,T); Lo(R)), and the initial
data u|i—p = up € La(R). Assume that o > 0 and define the sequence () such
that g, = ¢ for all k > 1 and ¢ < v/2a/0. By Theorem 2.2, the equation

dv = (avg, + [)dt + (qou, + g)dw

with v|;=9 = ug, has a unique traditional solution
v € Ly (W: Lo((0,T); H(R))) () La (W; C((0,T); Lo(R)))

By Proposition 7.2, the w(H3(R), H, *(R)) Wiener Chaos solution u of equa-
tion (7.6) satisfies v = Qv and

u € Lag (W; La((0,7); HY(R))) () La.g (W; C((0,T); La(R))) .

Note that if equation (7.6) is strongly parabolic, that is, 2a > o2, then the
weight ¢ can be taken bigger than one, and, according to the first statement
of Proposition 7.2, regularity of the solution is better than the one guaranteed
by Theorem 2.2.

Ezample 7.2 The Wiener Chaos solutions can be constructed for stochastic
ordinary differential equations. Consider, for example,

u(t) :1+/ > u(s)dwy(s), (7.7)

U

which clearly does not have a traditional solution. On the other hand,
the unique w(R,R) Wiener Chaos solution of this equation belongs to
Lo (W; Ly((0,T)) for every @ satisfying >, ¢ < co. Indeed, for (7.7), equa-
tion (7.5) becomes

(t) :1+/0 Zk:v(s)qkdwk(s).

If )", q3 < oo, then the traditional solution of this equation exists and belongs
to Lo (W; Ly ((0,7))).
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There exist equations for which the Wiener Chaos solution does not be-
long to any weighted Wiener chaos space Lo . An example is given below in
Section 14.

To define the S-transform, consider the following analog of the stochastic
exponential (3.6).

Lemma 7.1. If h € D (Ly((0,7);Y)) and
T T
£(h) = exp ( | teraweyy -3 [ |h<t>||%dt> ,

o E(h) € Ly (W) for every sequence Q.
o E(h) € (S)p for pe|0,1) and v > 0.
E(h) € (S)1,4, v >0, as long as ||h||%2((07T);Y) is sufficiently small.

then

Proof. Recall that, if h € D(L((0,T);Y)), then h(t) = 37, vcr, Primi(t)yr,
where I, is a finite set. Direct computations show that

e =T [ £ o | = 3 e

ik \n>0 acd

k
where h® = [, , hy’;. In particular,

Consequently, for every sequence @) of positive numbers,

IEMZ, e =exp | D i | < oo (7.9)
ikely,

Similarly, for p € [0,1) and v > 0,

m )Y b )2 ((2k) 7 Ry 1)2"
||6 ||(S)pw Z H k?l 1—p = H Z (n!>1—p < 00,

aced i,k i,kelp, \n>0
(7.10)
and, for p =1,
IEMIIEsy,, = > [T(@ik) ) = T | Do (@2ik)This)™™ | < o,
acJ i,k i, k€l \n>0
(7.11)

if 2 (max(m,nyer,)(mn)?) >ik hii < 1. Lemma 7.1 is proved.
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Remark 7.1 Tt is well-known (see, for example, [24, Proof of Theorem 5.5])
that the family {E(h),h € D (L2((0,7);Y))} is dense in Lo(W) and conse-
quently in every Lo (W) and every (S),,, -1 <p <1, v€eR.

Definition 7.2 Ifu € L2 o(W; X) for some Q, or if u € J,5((S)-p,—~(X),
0 < p <1, then the deterministic function -

U h®
Su(h) = e X (7.12)
Py

is called the S-transform of u. Similarly, for g € D' (Y; L o(W;X)) the
S-transform Sg(h) € D'(Y; X) is defined by setting (Sg(h))r = (Sgr)(h).

Note that if uw € Lo(W;X), then Su(h) = E(u€(h)). If u belongs to
Ly q(W; X) or to U,>¢(S8)=p,—+(X), 0 < p < 1, then Su(h) is defined for
all b € D(L2((0,7);Y)). If u € U,5¢(S)-1,-4(X), then Su(h) is defined
only for h sufficiently close to zero.

By Remark 7.1, an element u from L o(W; X) or U, 5((S)—p,—+(X), 0 <
p < 1, is uniquely determined by the collection of deterministic functions
Su(h), h € D(L2((0,T);Y)). Since E(h) > 0 for all h € D(L2((0,7);Y)),
Remark 7.1 also suggests the following definition.

<1,
holds

Definition 7.3 An element u from Ly (W) or U, >¢(S)-p,—, 0
is called non-negative (u > 0) if and only if the inequality Su(h)
whatever is h € D (L2((0,T);Y)).

<p
>0

The definition of the operator Q and Definition 7.3 imply the following
result.

Proposition 7.3 A generalized random element w from Lo (W) is non-
negative if and only if Qu > 0.

For example, the solution of equation (7.7) is non-negative because

Qu(t) = exp Z(kak(t) —(1/2)q})

k>1

We conclude this section with one technical remark.

Definition 7.2 expresses the S-transform in terms of the generalized Fourier
coefficients. The following results makes it possible to recover generalized
Fourier coefficients from the corresponding S-transform.

Proposition 7.4 Ifu belongs to some Ly o(W; X) or U, 5¢(S)-p,—(X) with
0<p<1, then B

1 9% Su(h
I (h)

Uo = —F—

Val ik (’)hzf. (719

h=0
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Proof. For each a € J with K non-zero entries, equality (7.12) and Lemma
7.1 imply that the function Su(h), as a function of K variables hy, ;, is analytic
in some neighborhood of zero. Then (7.13) follows after differentiation of the
series (7.12).

8 General Properties of the Wiener Chaos Solutions

Using notations and assumptions from Section 6, consider the linear evolution
equation

du(t) = (Au(t) + f())dt + (Mu(t) + g(t),dW (t))y, ult=0 =uo.  (8.1)

The objective of this section is to study how the Wiener Chaos compares with
the traditional and white noise solutions.

To make the presentation shorter, we shall call an X-valued generalized
random element S-admissible if and only if it belongs to L27Q(.7-"W;X) for
some @Q or to (S),4(X) for some p € [—1,1] and ¢ € R. It was shown in
Section 7 that, for every S-admissible u, the S-transform Swu(h) is defined
when h = Zi’k hi.imiyr € D(L2((0,T);Y)) and is an analytic function of
hi,; in some neighborhood of h = 0.

The next result describes the S-transform of the Wiener Chaos solution.

Theorem 8.1. Assume that:

1. There exists a unique w(A, X) Wiener Chaos solution u of (8.1) and u is
S-admissible.
2. For each t € [0,T], the linear operators A(t), My(t) are bounded from A
to X.
3. The generalized random elements wg, f, gr are S-admissible.
Then, for every h € D(L2((0,T);Y)) with ||h||%2((07T).Y) sufficiently small,

the function v = Su(h) is a w(A, X) solution of the deterministic equation
¢
v(t) = Sug(h) + / (.Av +Sf(h) + (Mo + Sgk(h))hk> (s)ds. (8.2)
0
Proof. By assumption, Su(h) exists for suitable functions h. Then the S-
transformed equation (8.2) follows from the definition of the S-transform

(7.12) and the propagator equation (6.4) satisfied by the generalized Fourier
coefficients of u. Indeed, continuity of operator A implies

S(Au)(h) =) %Aua =AY %ua = A(Su(h)).
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Similarly,
he™ (i,k)

Z Val Z \/7Mku(’ (&.R) 1M = Z Z Ja (i, k)] Mo~ (i,k)Milk,i
- Z (Z \};(;Mkua> mihi; = My (Su(h))hy
ik «

Computations for the other terms are similar. Theorem 8.1 is proved.

Remark 8.1 If h € D(L2((0,7);Y)) and

e = ([ vy -5 [Iniza). 3
then, by the It6 formula,
d&¢(h) = E(h)(h(t),dW (t))y. (8.4)

If ug is deterministic, f and gj are ftW-adapted, and u is a square-integrable
solution of (8.1), then equality (8.2) is obtained by multiplying equations (8.4)
and (8.1) according to the It6 formula and taking the expectation.

Remark 8.2 Rewriting (8.4) as
d&i(h) = Ex(h)hg,im;(t)dwy(t)

and using the relations

1 9%t E(h)
Eu(h) =EEr(M)|FY), o= —= — :
CACRT
we arrive at representation (5.5) for E(£,| 7).

A partial converse of Theorem 8.1 is that, under some regularity conditions,
the Wiener Chaos solution can be recovered from the solution of the S-
transformed equation (8.2).

Theorem 8.2. Assume that the linear operators A(t), My(t), t € [0,T], are
bounded from A to X, the input data ug, f, gr are S-admissible, and, for
every h € D(L2((0,T);Y)) with ||h||%2((07T);Y) sufficiently small, there exists
a w(A, X) solution v =wv(t;h) of equation (8.2). We write h = hy ;m;y, and
consider v as a function of the variables hy ;. Assume that all the derivatives
of v at the point h = 0 exists, and, for a € J, define

1 9%t v(t; h)
ua(t) = — | [[—F— . (8.5)
al i,k ahkji

Then the generalized random process u(t) = 3 c 7 ua(t)éa is a w(A, X)
Wiener Chaos solution of (8.1).

h=0
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Proof. Differentiation of (8.2) and application of Proposition 7.4 show that
the functions u,, satisfy the propagator (6.4).

Remark 8.8 The central part in the construction of the white noise solution
of (8.1) is proving that the solution of (8.2) is an S-transform of a suitable
generalized random process. For many particular cases of equation (8.1), the
corresponding analysis is carried out in [10, 12, 33, 40]. The consequence of
Theorems 8.1 and 8.2 is that a white noise solution of (8.1), if exists, must
coincide with the Wiener Chaos solution.

The next theorem establishes the connection between the Wiener Chaos
solution and the traditional solution. Recall that the traditional, or square-
integrable, solution of (8.1) was introduced in Definition 2.2. Accordingly, the
notations from Section 2 will be used.

Theorem 8.3. Let (V,H,V') be a normal triple of Hilbert spaces. Take a
deterministic function ug and F}V -adapted random processes f and gy, so that
(2.8) holds. Under these assumptions we have the following two statements.

1. An F}V -adapted traditional solution of (8.1) is also a Wiener Chaos so-
lution.
2. If u is a w(V, V") Wiener Chaos solution of (8.1) such that

T
> ( / ||ua<t>|%dt+0;g§Tmwnz) <o (36)
then u is an F}V -adapted traditional solution of (8.1).
Proof. (1) If u = u(t) is an F}V-adapted traditional solution, then
Ua(t) = E(u(t)éa) = E (w(t)E(&lF")) = E(u(t)éa(?))-

Then the propagator (6.4) for u,, follows after applying the Itd formula to the
product u(t)&q(t) and using (5.5).
(2) Assumption (8.6) implies that

u € Ly(2 x (0,7); V) () L2(£2; C((0,T); H)).

Then, by Theorem 8.1, for every ¢ € V and h € D((0,7T);Y), the S-transform
up, of u satisfies the equation

t
0

- Z % Z/o \/;fmi(s)((Mkua‘(i,k)(s)vSD)H

aeJ i,k
+(gr(s), @)urI (] = 1))ds.

(un(t), ) = (o, @)t + / (Aup(s), ) ds + / (f(s), @)ds
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If I(t fo (Myu(s), o) pdw(s), then

:/0 Z\/;?mi(s)(/\/lkua—(i7k)(8),so)Hds. (8.7)
i,k

Similarly,
E (600 /0t<g ) Pudun() = Z/ VJodmi(s)(gu(s), ¢) (] = 1)ds
Therefore,
Z/ \/7m1 V(Mo (i,k)(8), 9)mds
ocej i,k
~ (£ [ (Mu(s) 9 + (01(5) ) )
As a result,

w2 (e [ Autsaris) +& (00 [ 176, 0105)

TE (s<h> [ @sats). 00 + (gk<s>,so>H>dwk<s>) |
(8.8)

Equality (8.8) and Remark 7.1 imply that, for each ¢ and each ¢, (2.4)
holds with probability one. Continuity of u implies that, for each ¢, a sin-
gle probability-one set can be chosen for all ¢ € [0, 7). Theorem 9.3 is proved.

9 Regularity of the Wiener Chaos Solution

Let F = (2, F,{F:}+>0,P) be a stochastic basis with the usual assumptions
and w, = wg(t), k > 1, t > 0, a collection of standard Wiener processes
on F. As in Section 2, let (V, H,V") be a normal triple of Hilbert spaces and
A(t): V = V', My(t) : V — H, linear bounded operators; t € [0, T].

In this section we study the linear equation

u(t) = ug +/O (Au(s) + f(s))ds +/0 (Mypu(s) + gr(s))dwi(s), t < T, (9.1)

under the following assumptions:
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A1 There exist positive numbers C; and § such that

(A(t)o,v) +8]lvll5 < Crllvllz, veV, teloT]. (9-2)
A2 There exists a real number Cy such that

2(A(t)v,v) + > IMe(v]|F < Callollfy, veV, te[0,T].  (9.3)
E>1

A3 The initial condition ug is non-random and belongs to H; the process
f = f(t) is deterministic and fOT I f(&)|3,dt < oo; each gy = gi(t) is a
deterministic processes and >, -, fOT gk ()| %dt < oo.

Note that condition (9.3) is weaker than (2.5). Traditional analysis of
equation (9.1) under (9.3) requires additional regularity assumptions on the
input data and additional Hilbert space constructions beyond the normal
triple [42, Section 3.2]. In particular, no existence of a traditional solution is
known under assumptions A1-A3, and the Wiener Chaos approach provides
new existence and regularity results for equation (9.1). A different version of
the following theorem is presented in [29].

Theorem 9.1. Under assumptions A1-A3, for every T > 0, equation (9.1)
has a unique w(V, V') Wiener Chaos solution. This solution u = u(t) has the
following properties:

1. There exists a weight sequence @ such that
u € Ly o(W; Ly((0,7); V) [ L2, (W; C((0,T); H)).

2. For every t <T, u(t) € Lo(£2; H) and

t t
Bt <36 { Juolly + s [ 176)3ds+ Y [ lon(olids |
0 j>170
(9.4)
where the number Cy is from (9.3) and the positive number Cy depends
only on 6 and Cy from (9.2).
3. For every t <T,

ut) =uey + Y. > /Ot/osn.../osz

n21 kl:--wknzl

By 5, Mp, -+ Poy sy (M, oy + gr, (s1)) dwg, (s1) - - - dwy, (sn),
(9.5)

where Dy 5 is the semigroup of the operator A.
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Proof. Assumption A2 and the properties of the normal triple imply that
there exists a positive number C* such that

Z M (t)]|3 < O[], v eV, te]0,T). (9.6)
E>1

Define the sequence @ such that

5 1/2

C*
where p € (0,2) and 0 is from Assumption A1l. Then, by Assumption A2,

2(Av,v) + > PlIMpolF < —(2 = willvllY + CrllvlF- (9-8)
k>1

It follows from Theorem 2.1 that equation

v(t) =uo + /o (Av + f)(s)ds + Z/o g(Mpv + gi)(s)dwg(s) (9.9)

k>1

has a unique solution
v € Ly(W; Ly((0,7): V)) [ L2(W; C((0, T); H)).

Comparison of the propagators for equations (9.1) and (9.9) shows that u =
Q~tv is the unique w(V, V') solution of (9.1) and

u € Lyq(W; Ly((0,7); V)) () La.o(W; C((0,T); H)). (9.10)

If C* < 26, then equation (9.1) is strongly parabolic and ¢ > 1 is an
admissible choice of the weight. As a result, for strongly parabolic equations,
the result (9.10) is stronger than the conclusion of Theorem 2.1.

The proof of (9.4) is based on the analysis of the propagator

Ua(t) = uol(la| = 0) —|—/O (Aua(s) + f()I(|af = 0))d$
¢ (9.11)
+ [0 ok Mty 6) + )T (hal = D)
ik

We consider three particular cases: (1) f = gr = 0 (the homogeneous equa-
tion); (2) uo = gr = 0; (3) up = f = 0. The general case will then follow by
linearity and the triangle inequality.

Let us denote by (s, t > s > 0) the semigroup generated by the oper-
ator A(t); @ := P4 . One of the consequence of Theorem 2.1 is that, under
Assumption A1, this semigroup exists and is strongly continuous in H.
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Consider the homogeneous equation: f = g, = 0. By Corollary 6.1,

Z ot ||H— Z / / / B M, - By s M, Byt 3yd5"

(9.12)
where ds" = dsi...ds,. Define F(t) = 3, =, [[ua(t)[|7, n > 0. Direct
application of (9.3) shows that

d
Z Fo(t) < CaFo(t) = Y [ Myeuol |7 (9.13)
k>1

For n > 1, equality (9.12) implies that

d
%Fn(t) = Z / / / HMknét Sn—1 "'Mk1¢81u0||%1d8n_1

ka1
+ Z / / / Aét sﬂMk @Slu(],@t Sn Mk @51u0>
kn>1
(9.14)
By (9.3),
Z / / / A@t san; dssluo,@t san @Slu()) n
ka1
< - Z / / / [ My @t M, <. M, D, ug || 7,ds™
..... kni1>1
+C? Z / / / @45, Mg, ... My, P, ugl|Fds™.
ka1
(9.15)

As a result, for n > 1,

d
L p (1) < o 1)
s2
- Z // / M, Bro. My My By 10| 2y ds™"
Sk >1 0
2
- Z // / Moy Broe, M, .. My oo Zrds™
Jknp12>1 0

(9.16)
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Consequently,

d N N
%Z D lua®F < C2 Y > llual) (9.17)

n=0 |a|=n n=0 |a|=n
so that, by the Gronwall inequality,

N

> D lua®lF < e luoly (9.18)

n=0 |a|=n

or
Elu®)lE < e lluol- (9.19)

Next, let us assume that ug = gx = 0. Then the propagator (9.11) becomes

walt) = [ (Auas) + 1)1 (al = 0))ds+ [ %@Mkua-<i,k><s>mi<s>ds‘

(9.20)
Denote by wug)(t) the solution corresponding to o = 0. Note that

t

gy ()3 =2 / (Augoy(s), o) (s))ds + 2 / (F(5), ugoy(s))ds
<, / oy () 2ds — / S Myugoy (3)][3ds + C / 1£(s)3ds.

E>1
By Corollary 6.1,

t Sn ED)
S @l = S / / / B0, M, . Moy (s1) | 2ds™

la|=n K1,k >1
(9.21)
for n > 1. Then, repeating the calculations (9.14)—(9.16), we conclude that

N t t N
S5 lua@l <€y [ 1@ RedstCa [ 30 37 Juale)lds, 922)
n=1|a|=n 0 0 n=1]a|=n

and, by the Gronwall inequality,

t
Elu()| < Cfeczt/O 1£ ()15 ds. (9.23)

Finally, let us assume that ug = f = 0. Then the propagator (9.11) be-
comes

ua(t) :/0 Aua(s)ds

: (9.24)

+/0 > \/O‘?Mk“a*(i,k)(s) + gi(s)I(Je| = 1) | my(s)ds.
ik
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Even though u, () = 0 if @ = 0, we have

t
Uik :/ D, sgr(s)m;(s)ds, (9.25)
0

and then the arguments from the proof of Corollary 6.1 apply, resulting in

t Sn S92
S el = Y / / / (B0 M, By iy (51) 3"

|a|=n ki, kn>1

for n > 1. Note that

S Jua®l = / lo() s +2 / (AB, o0 (), Br.o g1 (s)) ds.

la|=1 k>1 E>1

Then, repeating the calculations (9.14)-(9.16), we conclude that

N t t N
Yo lua®)llf < Z/O Hgk(5)||i1ds+02/0 o> lluals)lFds,

n=1|a|=n k>1 n=1|a|=n
(9.26)
and, by the Gronwall inequality,

Ellu(t)]? < %S / o ()% ds. (9.27)

k>1

To derive (9.4), it remains to combine (9.19), (9.23), and (9.27) with the
elementary inequality (a + b+ ¢)? < 3(a? +b? + ¢2).

Representation (9.5) of the Wiener Chaos solution as a sum of iterated It
integrals now follows from Corollary 6.1. Theorem 9.1 is proved.

T
Corollary 9.1 If Z/ ua(s)||Fds < oo, then Z sup |lua ()3 < oo

acg 0 acg OSt=T

Proof. The proof of Theorem 9.1 shows that it is sufficient to consider the
homogeneous equation. Then, by inequalities (9.15)—(9.16),

71 ni
oD lwa®lE = > F()
{=n+1 \a|:€ l=n+1
T t Sn So
< e@2T Z / / / / My, o Prs, My, .. s uo||F;ds™dt.
0 0 JO 0

ki,oisknp12>1
9.28)

By Corollary 6.1,
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T
/ o (5)] ds

- Z Z / / / / HMk @t san djSluOH\/dsndt < 0.

n>1ky,...,kn>1
(9.29)

As a result, (9.6) and (9.29) imply that

T t Sn S2
Jim / / / / Mo s B, M, +.. My s, |2y ds™dt = 0,
n—ooJo Jo Jo 0

which, by (9.28), implies uniform, with respect to ¢, convergence of the series
>ac lta(t)||7;. Corollary 9.1 is proved.

Corollary 9.2 Let aij,b;, c, 04, v, be deterministic measurable functions of
(t,x) such that

|agj(t, @) + [bit, 2)| + [e(t, )| + |ow(t, 2)| + [vi(t, 2)| < K,
ij=1,....,d, k>1, ze€R? 0<t<T;

1
(aij(t’”:) - QUik(tvx)O’jk(t,x)> yiy; = 0,
z,y €RYL 0<t<T;and

> Ju(t,2)? < Cy < o0,

E>1
z €RY, 0<t<T. Consider the equation
du = (D;(a;jDju) + biDiu+ c u+ f)dt + (oiDiu + viu + gi)dw.  (9.30)

Assume that the input data satisfy ug € Lo(RY), f € Ly((0,T); Hy *(R?)),
Dk Hgk“%z((o,T)de) < 00, and there exists an € > 0 such that

azg(tax)yzyj 2 €‘y|27 z,y S Rda 0 S t S T.

Then there exists a unique Wiener Chaos solution u = u(t,x) of (9.30). The
solution has the following regularity:

u(t,-) € Lo(W; Ly(RY), 0 <t < T, (9.31)

and
Ellull3, gy (1) < C* (Iluol3, gy + 112, 0 2,12 oy
(9.32)
3 gkl 0y x5 )

E>1

where the positive number C* depends only on C,, K,T, and €.
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Remark 9.1

(1) If (2.5) holds instead of (9.3), then the proof of Theorem 9.1, in particular,
(9.15)-(9.16), shows that the term E||u(t)||% in the left-hand-side of inequality
(9.4) can be replaced with

t
B (IOl + [ lulds).
(2) If f = gr = 0 and the equation is fully degenerate, that is,

2(A(t)v,v) + > [IMe(t)v]|} =0, te[0,T],

k>1

then it is natural to expect conservation of energy. Once again, analysis of
(9.15)—(9.16) shows that equality

Ellu(®)F = lluollZ

holds if and only if

T t Sn So
lim / / / .. / ||Mk"+1¢t7sann L. Mk1¢slu0||%{d3"dt =0.
0 0 0 0

n—00

The proof of Corollary 9.1 shows that for the conservation of energy in a

fully degenerate homogeneous equation the condition E fOT u(®)|3-dt < oo is
sufficient.

One of applications of the Wiener Chaos solution is new numerical methods
for solving the evolution equations. Indeed, an approximation of the solution
is obtained by truncating the sum ) . 7 uq (t)€s. For the Zakai filtering equa-
tion, these numerical methods were studied in [25, 26, 27]; see also Section 11
below. The main question in the analysis is the rate of convergence, in n, of the
series Y2, 51 a2 lu(t)||%. In general, this convergence can be arbitrarily
slow. For example, consider the equation

1
du = §umdt + uzdw(t), t >0, x € R,

in the normal triple (Hj(R),L2(R), Hy*(R)), with the initial condition
ult—o = ug € La(R). Tt follows from (9.12) that
tn e
Fut) = Xl () = 5 [ 1e o,
la|=n ’

where g is the Fourier transform of ug. If

R 1
lio(y)|* = TRk v >1/2,
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then the rate of decay of F,(t) is close to n~(1*27)/2_ Note that, in this ex-
ample, E|[ul]2, (1) = luoll2, -

An exponential convergence rate that is uniform in |ug||% is achieved un-
der strong parabolicity condition (2.5). An even faster factorial rate is achieved
when the operators My, are bounded on H.

Theorem 9.2. Assume that there exist a positive number € and a real number
Co such that

2(A(t)v,v) + > [IMi (vl +ellolly < CollolF, t€[0,T), veV.
k>1

Then there exists a positive number b such that, for all t € [0,T],

3 Jua® < (111”5 (0.33)

lee|=n

If, in addition, ¥y, IMi(®)gl% < Calll3, then

Cst)"™
5 Tal < G et 3, (9.3

le|=n

Proof. If C* is from (9.6) and b = ¢/C*, then the operators v/1 + bM, satisfy
the inequality

2(A(t)v,v) + (1 +6) D [Mr(®)E < Collvll.

k>1

By Theorem 9.1,

t Sn So
@+v)" > /0/0 /0 [Br.s, My, ... My, @ ug|%ds™ < |Juoll%,

k1, kn>1

and (9.33) follows.
To establish (9.34), note that, by (9.2),

12 fIIF < 11 £11%,
and therefore the result follows from (9.12). Theorem 9.2 is proved.

The Wiener Chaos solution of (9.1) is not, in general, a solution of the
equation in the sense of Definition 2.2. Indeed, if u & Lo(£2 x (0,7); V), then
the expressions (Au(s), ) and (Myu(s),¢)n are not defined. On the other
hand, if there is a possibility to move the operators A and M from the solution
process u to the test function ¢, then equation (9.1) admits a natural analog
of the traditional weak formulation (2.4).
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Theorem 9.3. In addition to A1-A8, assume that there exist operators
A*(t), Mi(t) and a dense subset Vi of the space V' such that:

1. A*(t)(Vo) € H, M;(t) (Vo) C H, t €[0,T].
2. For everyv € V, ¢ € Vo, and t € [0,T], (A(t)v,p) = (v, A*(t)¢)u,
(Mk:<t)v7 @)H = (Uv M;;(t)tp)H
If u = wu(t) is the Wiener Chaos solution of (9.1), then, for every ¢ € Vi and
every t € [0,T], the equality

(ult). @)t = (o, o)1t + / (u(s), A" (s) ) s + / (f(5), @)ds
(9.35)

+ / (u(s), M (3)0) o (s) + / (08(), ) (s)

holds in Ly(W).
Proof. The arguments are identical to the proof of Theorem 8.3(2).

As was mentioned earlier, the Wiener Chaos solution can be constructed
for anticipating equations, that is, equations with f%v -measurable input data.
With obvious modifications, inequality (9.4) holds if each of the input func-
tions ug, f, and gy in (9.1) is a finite linear combination of the basis elements
&« The following example demonstrates that inequality (9.4) is impossible for
a general anticipating equation.

Ezample 9.1 Let u = u(t,z) be a Wiener Chaos solution of an ordinary dif-
ferential equation
du = udw(t), t <1, (9.36)

with ug = > ¢ 7 @afa. For n > 0, denote by (n) the multi-index with a; =n
and o; = 0, 7 > 2, and assume that a(,) > 0, n > 0. Then

Eu?(1) > C Y eV a?,. (9.37)

n>0

Indeed, the first column of propagator for o = (n) is u()(t) = a(o) and

t
U(n) (t) = an) + \/ﬁ/ U(n,l)(s)ds,
0

so that

o ” \/m A(n—Fk) ,k

a?
Then uf,,) (1) > Yi_ (;) <5 and
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1 /n+k
IUSUED I D ok:1 S I '

n>0 n>0 \ k>0

Since

S a2 T a e

k>0

the result follows.

The consequence of Example 9.1 is that it is possible, in (9.1), to have
ug € L3 (W;H) for every n, and still get E|u(t)||? = +oo for all ¢ > 0.
More generally, the solution operator for (9.1) is not bounded on any L, g or
(S)—p,—~. On the other hand, the following result holds.

Theorem 9.4. In addition to Assumptions A1, A2, let ug be an element of
D'(W; H), f, an element of D'(W; La((0,7),V")), and each gi, an element
of D'(W; Ls((0,T), H)). Then the Wiener Chaos solution of equation (9.1)
satisfies

[ua(t)]1? 1 ' Yz
D s Ca;jﬁ <||U0a||H + </0 |fo¢(5)||%//ds>

acJ

1o (9.38)

+ Z/O gk, ()1 Zds )

E>1

where C' > 0 depends only on T and the numbers §,Cy, and Cso from (9.2)
and (9.3).

Proof. To simplify the presentation, assume that f = gx = 0. For fixed v € 7,
denote by u(t; ¢; v) the Wiener Chaos solution of the equation (9.1) with initial
condition u(0; ¢;v) = @&, . Denote by (0) the zero multi-index. The structure
of the propagator implies the following relation:

Uiy (l0i7) _ (t; e <0)) _ (9.39)

(a+7)! Val
Clearly, uq(t;9;v) = 0 if |af < |y|. If

l|va (t)]2
lOIFs) s om = 2 s
aceJ

then, by linearity and the triangle inequality,

[u()ll(s)_r o) < Y, lut; woy; Vi(s)—r.00m)-
yeJ
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We also have by (9.39) and Theorem 9.1

2

g
wmmmwmalﬂmzHu@xgmm)

(S)=1,0(H)

u (t; % (0)) 2

Inequality (9.38) then follows. Theorem 9.4 is proved.

< Cat HuO’Y”%I.

<E
H !

Remark 9.2 Using Proposition 7.1 and the Cauchy—-Schwartz inequality,
(9.38) can be rewritten in a slightly weaker form to reveal continuity of the
solution operator for equation (9.1) from (S)_1 ~ to (S)_1,0 for every v > 1:

t
lu(®)ITs) . o) < C(Uol?@_l,w(m +/O 1F (s, vryds

t
+Z/o ||9k(5)||?5)1,7(H)d5>-

k>1

10 Probabilistic Representation of Wiener Chaos
Solutions

The general discussion so far has been dealing with the abstract evolution
equation

du = (Au+ f)dt + Y (Myu + gp)dwy.

k>1

By further specifying the operators A and My, as well as the input data ug, f,
and gy, it is possible to get additional information about the Wiener Chaos
solution of the equation.

Definition 10.1 For r € R, the space Lo ;) = Lo (r) (R%) is the collection of
real-valued measurable functions such that f € Ly () if and only if

[ 5@+ ey e < o
Rd

The space Hy = H; (T)(]Rd) is the collection of real-valued measurable func-

tions such that f € H21 () if and only if f and all the first-order generalized
derivatives D; f of f belong to Ly (.

It is known, for example, from Theorem 3.4.7 in [42], that Ly, () is a Hilbert
space with the norm

1y = [, 1F@P(L+ o) da,
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and Hzl,(r) is a Hilbert space with the norm

d
1A,y = 1 llo.y + D 1D fllor-

i=1

Denote by H;(lr) the dual of H21 ") with respect to the inner product in Ly ().
Then (H, (s L2, H;(lr)) is a normal triple of Hilbert spaces.
Let F = (2, F,{Fi}i+>0,P) be a stochastic basis with the usual assump-

tions and wy, = wy(t), k > 1, t > 0, a collection of standard Wiener processes
on . Consider the linear equation

du = (ai; DiDju+ b;Dju + cu + f)dt + (oiDiv + viu + gr)dw,,  (10.1)

under the following assumptions:

B0 All coefficients, free terms, and the initial condition are non-random.

B1 The functions a;; = a;;(t,«) and their first-order derivatives with respect
to x are uniformly bounded in (¢,z), and the matrix (a;;) is uniformly
positive definite, that is, there exists § > 0 such that, for all vectors
y € R and all (¢,z), a;;yiy; > S|yl

B2 The functions b; = b;(t,z), ¢ = ¢(t,x), and vy = v(t,x) are measurable
and bounded in (¢, ).

B3 The functions o;; = 0;(t, x) are continuous and bounded in (¢, x).

B4 The functions f = f(t,z) and g = gx(t,x) belong to Ly((0,T); Ly, () for
some r € R.

B5 The initial condition ug = ug(x) belongs to Ly (.

Under Assumptions B2-B4, there exists a sequence Q = {qx,k > 1} of
positive numbers with the following properties:

P1 The matrix A with A;; = a;;—(1/2) Zkzl q10ik0 i satisfies the inequality
Aij(t, )yiy; > 0,

x,yeRd,Ogth.
P2 There exists a number C' > 0 such that

T
Z (SUP|Qka(ta37)|2 +/ ||Qk9k||g7(r)(t)dt> <C.
0

E>1 t,x

For the matrix A and each t,z, we have A;;(t,2) = Gi(t,2)d,i(t, ),
where the functions &;; are bounded. This representation might not be unique;
see, for example, 7, Theorem II1.2.2] or [44, Lemma 5.2.1]. Given any such
representation of A, consider the following backward Itd equation
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t —
X () = a5 + / By (r, Xoa () dr + S o (7, X (7)) ooy (7)
s k>1
t —
+/ Gin (7 X (7)) i, (1) 5 € (0,1), ¢ € (0,T], ¢ — fixed,
S
(10.2)
where B, = b; — ) ;o ngikl/k and wg, k > 1, are independent standard
Wiener processes on [F that are independent of wy,, k > 1. This equation might
not have a strong solution, but does have a weak, or martingale, solution due
to Assumptions B1-B3 and properties P1 and P2 of the sequence Q; this

weak solution is unique in the sense of probability law [44, Theorem 7.2.1].
The following result is a variation of Theorem 4.1 in [29].

Theorem 10.1. Under assumptions BO-B5 equation (10.1) has a unique
w(H21 (T),H;(lr)) Wiener Chaos solution. If Q is a sequence with properties
P1 and P2, then the solution of (10.1) belongs to

Lo (Wi La((0,7)s H} ) ) () L2 (W3 C((0,T); Lo, ry)

and has the following representation:
t
u(t,z) = Q'R / f(s, Xt 2(8)v(t, s, 2)ds
0

+2 / Qi (5, Xe.o ()1 (1, 5, 2)dwi () + w0 (X0 (0)) (2, o,m>\ftW>, LT,
E>1

(10.3)
where Xy ;(s) is a weak solution of (10.2), and

v(t, s,z) = exp < / o(7, Xio(7))dr + > / Quvi (7, X oo (7)) duwog, (7)

k>179

1 rt
=5 [ Yadir, Xmm)l%h)-
S k>1

(10.4)

Proof. It is enough to establish (10.3) when ¢ = T'. Consider the equation

dU = (a;; D;D;U +b;D;U +cU + f)dt+» (0 DiU +viU + gi)grdwy. (10.5)
k>1

with initial condition U(0,x) = ug(x). Applying Theorem 2.1 in the normal
triple (H%A(T), Loy, H;(lT)), we conclude that there is a unique solution
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Ue Ly (W; La((0,T); HZ{(T))) (M Lz (W; C(0,T); Lo )

of this equation. By Proposition 7.2, the process v = Q7 'U is the corre-
sponding Wiener Chaos solution of (10.1). To establish representation (10.3),
consider the S-transform Uy, of U. According to Theorem 8.1, the function Uy
is the unique w(Hzlv(T), HQ_’(lr)) solution of the equation

dUy, = (aijDiDjUh +b;D;Up, + cUp, + f)dt + Z(UikDiUh + v Uy + gk)qkhkdt
k>1
(10.6)
with initial condition Up|—o = ug. We also define

T
Y(T,x):/o f(s, Xp o (s)v(T, s,x)ds

T —
+ 3 [ s X ()T ain(s) + (X (0)2(T.0.0).
k>170

(10.7)

By direct computation,
E (E (E(h)Y (T, x)|]—"¥v)) =E(EMN)Y(T,z)) =EY(T,x),

where E’ is the expectation with respect to the measure dP}, = E(h)dPr and
Pt is the restriction of P to .7:7‘1‘/.

To proceed, let us first assume that the input data ug, f, and g are all
smooth functions with compact support. Then, applying the Feynmann—Kac
formula to the solution of equation (10.6) and using Girsanov’s theorem (see,
e.g., Theorems 3.5.1 and 5.7.6 in [15]), we conclude that U, (T, x) = E'Y(T, x)
or

E (E(R)EY (t,z)|F} ) =E(E () U(T,z)).
By Remark 7.1, the last equality implies U (T, -) = E (Y(T,-)|F}) as elements
of L2 (_Q, L2,(r) (Rd)) .
To remove the additional smoothness assumption on the input data, let

ug, f, and g; be sequences of smooth compactly supported functions such
that

T
i (1o = 1+ 171 0

T
+Z/O i llgr —gﬁllimﬂ(m)(t)dﬁ —0.

k>1

(10.8)

Denote by U™ and Y™ the corresponding objects defined by (10.5) and (10.7)
respectively. By Theorem 9.1, we have
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Jim E||U — U”H%zm ®ay(T) = 0. (10.9)

To complete the proof, it remains to show that

2

= 0. (10.10)

lim EHIE (Y(T,.) _Yn(T,.)‘]-‘:W)‘ b=

n—oo

To this end, introduce a new probability measure

T
" R
dPp = exp (2 > / vi(s, X7, (5)) qrdw, (s)
0

k>1
T
- 2/ S B lon(s, X2, (s))2ds | dPr.
0 k>1
By Girsanov’s theorem, equation (10.2) can be rewritten as

T
X1,2,i () =mi+/ > oik (7, Xrz (7)) hie () qrdr
S k>1

+ / (bi + Y qrowvk) (1, X7z (1)) dT

S E>1
t - t —
+ [ > qeoi (1, Xrp (7)) dwyl (1) + / Gir (1, X1, (1)) dw”y, (1),
s k>1 S
(10.11)

where w) and w"}, are independent Wiener processes with respect to the
measure P/.. Denote by p(s,y|x) the corresponding distribution density of
X7..(s) and write £(z) = (1+|x|*)". It then follows by the Holder and Jensen
inequalities that

2
E

T
([t - e cal
0

Ly (ry(RY)

T
< K, / ( / E(ﬂT,s,w)(f—f">2<s,XT,x<s>>)ds> 0(w)da
re \Jo (10.12)

T
< K2/ (/ E"(f - f")z(S,XT,z(S))d5> (z)dx
re \Jo

= [ [ [ ) = 1) Pate.sla)ay ds el

where the number K; depends only on T, and the number K5 depends only
on T and sup(, ,) |c(t, )| + Y2551 @ SUD (4 [Vk(t, 2)|*. Assumptions BO-B2
imply that there exist positive numbers K3 and K4 such that
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K. o — 2
p(s, ylz) < m exp (—K4|y> ; (10.13)

see, for example, [6]. As a result,

| ptsslotas < Katto),

/Rd /OT /Rd(f(s,y) — ["(5,9))*p(s, yla)dy ds ((x)dx

and

. (10.14)
<K [ 1F =PI, e (90 = 0, = o,
where the number K5 depends only on K3, K4, T, and 7.
Calculations similar to (10.12)—(10.14) show that
E (B (4370, ) (o — uf)(Xr.. (0))|W ‘
uo — up)(Xr,. ) Loy (RY)
2
P
+E||E Z (95— 91) (5 X ()L, 5, )aweduog (5) | W —0
0
k21 Ly (r) (RY)
(10.15)

as n — oo. Then convergence (10.10) follows, which, together with (10.9),
implies that U (T,-) =E (UQ(T, INF}) as elements of Ly (£2; Ly () (R)) . It
remains to note that u = Q= *U. Theorem 10.1 is proved.

Given f € Ly (), we say that f > 0 if and only if

RCECZE

for every non-negative ¢ € C5°(R?). Then Theorem 10.1 implies the following
result.

Corollary 10.1 In addition to Assumptions BO-BS5, let ug > 0, f >0, and
gr =0 forallk > 1. Then u > 0.

Proof. This follows from (10.3) and Proposition 7.3.

Ezample 10.1 (Krylov—Veretennikov formula)
Consider the equation

d
du = (a;;D;Dju+ b;D;u) dt + Z o Diudwy, w(0,2) =ug (z). (10.16)
k=1
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Assume BO-B5 and suppose that a;;(t,2) = 20:x(t,2)0jx(t, 2). By Theorem
9.1, equation (10.16) has a unique Wiener chaos solution such that

]EHUH%z(Rd)(t) < C*||U0||2L2(Rd)
and

e~ o d £ psn s
u(t,x)zglaz_nua(t,x)ﬁa:uo(x)—i-z Z /0/0 /0

n=1kq,....kn=1

D5, 04k, Dj -+ P, 5, Tik, Di®s, ouo(w)dwy, (s1) - - - dwg, (sn),
(10.17)

where @ 5 is the semigroup generated by the operator A = a;;D; Dju+0b; D;u.
On the other hand, in this case, Theorem 10.1 yields

u(t,z) = E(uo(Xt’x(O)) p_—tW >7

where W = (wq, ..., wq) and

d

t
Xy (5) = @1 + / b (7, Xoa () dr + > 0 (7, Xora (7))l (7)
S k=1
s€(0,t), t € (0,77, t — fixed.

(10.18)

Thus, we have arrived at the Krylov—Veretennikov formula [20, Theorem 4]

E (uo (X1 (0))|7") = uo (2) + i zd: /Ot /0 o /0

n=1ki,....kn=1

Dt.5, 0k, Dj -+ Psy 5, 0iky Di®s, 0o () dwy, (s1) - - - dw,, (55)-
(10.19)

11 Wiener Chaos and Nonlinear Filtering

In this section, we discuss some applications of the Wiener Chaos expansion
to numerical solution of the nonlinear filtering problem for diffusion processes;
the presentation is essentially based on [25].

Let (£2,F,P) be a complete probability space with independent standard
Wiener processes W = W (t) and V = V(t) of dimensions d; and r respec-
tively. Let Xy be a random variable independent of W and V. In the diffu-
sion filtering model, the unobserved d-dimensional state (or signal) process
X = X(t) and the r-dimensional observation process Y = Y (¢) are defined by
the stochastic ordinary differential equations
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dX(t) = ( (t))dt + o (X (1)dW (t) + p(X(t))dV (t),
dY (t) = h(X (t))dt +dV(t), 0 <t < T} (11.1)
X(0) = Xo, Y(0) =0,

where b(z) € R, o(x) € R¥*4 | p(z) € R¥*" h(z) € R".
Denote by C"(R?) the Banach space of bounded, n times continuously
differentiable functions on R? with finite norm

n =s + max sup |[D*f
Iflenms) = sup [/(@)| + max sup [D7f ()]

Assumption R1. The components of the functions o and p are in C?(R?),
the components of the functions b are in C*(R), the components of the func-
tion h are bounded measurable, and the random variable Xy has a density
Uup-

Assumption R2. The matrix oo™ is uniformly positive definite: there
exists € > 0 such that

Z Zalk’ erk yly] > €|y| T,y € R%.
i,j=1k=1

Under Assumption R1 system (11.1) has a unique strong solution [15,
Theorems 5.2.5 and 5.2.9]. Extra smoothness of the coefficients in assumption
R1 insure the existence of a convenient representation of the optimal filter.

If f is a scalar measurable function on R? with sup,., E|f(X (t))]? < oo,
then the filtering problem for (11.1) is to find the best mean square estimate
fi of f(X(t)), t <T, given the observations Y (s), s < t.

Denote by FY the o-algebra generated by Y (s), s < t. Then the properties
of the conditional expectation imply that the solution of the filtering problem

fi ZE(f(X(tm}?/)-

To derive an alternative representation of ft, some additional constructions
will be necessary. _
Define on (§2, F) the probability measure dP = Z,. LdP where

Zt—exp{/ h* (X (s))dY (s —f/|h |ds}

(here and below, if ¢ € R¥, then ( is a column vector, (* = ((1, ..., Ck) and
[¢|?> = ¢*¢). If the function h is bounded, then the measures P and P are
equivalent. The expectation with respect to the measure P will be denoted
by E.

The following properties of the measure P are well known [14, 42]:
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P1. Under the measure ]T”, the distributions of the Wiener process W and
the random variable X, are unchanged, the observation process Y is a
standard Wiener process, and, for ¢ < T, the state process X satisfies:

dX (t) = b(X(t))dt + o (X (1))dW () + p(X(t)) (dY (t) — (X (t))dt) ,
X(0) = X,.

P2. Under the measure fﬁ’, the Wiener processes W and Y and the random
variable Xy are independent of one another.
P3. The optimal filter f; satisfies the relation

; _E[fX) 217 ] (11.2)
|

" T R

Because of property P2 of the measure P the filtering problem will be
studied on the probability space (£2,F,P). In particular, we will consider

the stochastic basis F = {12, F, {FY }0<t<T,]P’} and the Wiener Chaos space

Ly(Y) of FY-measurable random variables n with Eln? < .
If the function h is bounded, then, by the Cauchy—Schwarz inequality,

Eln| < C(h,T)\/En|2, 1€ Ly(Y). (11.3)

Next, consider the partial differential operators

i,j=1 i=1 axz 7
Myg(z) = "‘szl s b=1,...,m
and their adjoints
. 1 & 92 \ .
£9@) = 5 3 gogy (0@ @)isg) + (@ @)iig@)
d
=3 i)l
=1 v
)
Mig(x) = hu()g(z) = 3y, Pia(@)g(@)), 1=1,...,r
=1 v

Note that, under the assumptions R1 and R2, the operators L, L* are
bounded from H3(R?) to H;'(R?), operators M, M* are bounded from
H}(R?) to Ly(RY), and
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,
2L 0,0) 4 3 M0, oy + 0l 2ty < Cllol2 gy v € HE(RY, (11.4)
=1
where (-, -) is the duality between Hj(R?) and H, '(R?). The following result
is well known [42, Theorem 6.2.1].

Proposition 11.1 In addition to Assumptions R1 and R1 suppose that the
initial density ug belongs to Lo(R?). Then there is a random field u = u(t, ),
t €10,T), z € RY, with the following properties:

1. u € Lo(Y; Lo((0,T); H(R%))) N Ly (Y; C([0, T, L2 (RY))).

2. The function u(t,z) is a traditional solution of the stochastic partial
differential equation

du(t,x) = Lou(t,z)dt + > Mju(t,z)dYi(t), 0 <t <T, z € R%
=1
u(0,2) = up(x).

3. The equality

(11.5)

BLXOZIR] = [ fault. s (11.6)

holds for all bounded measurable functions f.

The random field v = u(t, z) is called the unnormalized filtering density
(UFD) and the random variable ;[ f] = E [f(X(t)Z|FY], the unnormalized
optimal filter.

A number of authors studied the nonlinear filtering problem using the
multiple It6 integral version of the Wiener Chaos [2, 21, 39, 46, etc.]. In
what follows, we construct approximations of u and ;[ f] using the Cameron—
Martin version.

By Theorem 8.3,
u(t,z) = > ualt,z)éa, (11.7)

acJ

where
1 T
7HHaf(£ik)7 Cik :/ m;(t)dYe(t), k=1,...,7; (11.8)
Lo 0

“ Va! ;

)

as before, H,,(-) is the Hermite polynomial (3.3) and m; € m, an orthonormal
basis in Ly ((0,7)). The functions u, satisfy the corresponding propagator

Ua(t, ) = L U (t, x)
+ Z \/ O‘fMZua*(i,k) (tax)mi(t)a t< T7 T e Rd; (119)
ki

(0, 2) = up(x)I(|a] = 0).

9
ot
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Writing
falt) = f(@)ua(t, z)dz,
Rd

we also get a Wiener chaos expansion for the unnormalized optimal filter:

eilf1= D falO)ar t€[0.T]. (11.10)

aeJ

For a positive integer N, define

un(t,z) = > talt, ) (11.11)

la|<N

Theorem 11.1. Under Assumptions R1 and R2, there exists a positive num-
ber v, depending only on the functions h and p, such that

||U0||2L2(Rd)

< STy L€ [0, 7). (11.12)

Ellu - unl|, @) (t)

If, in addition, p = 0, then there exists a real number C, depending only on
the functions b and o, such that

(4hoot)N+1

eCtHuOH%Z(Rdy te [OvT]a (1113)

where hoo = Maxp=1,.. ,Sup, |he(x)|.
For positive integers N, n, define a set of multi-indices
T={a=(@F, k=1,...,r,i=1,...,n): |a| < N}.

and let
u(t,w) = Y ua(t, ). (11.14)

acJy

Unlike Theorem 11.1, to compute the approximation error in this case we
need to choose a special basis m — to do the error analysis for the Fourier
approximation in time. We also need extra regularity of the coefficients in the
state and observation equations — to have the semi-group generated by the
operator £* continuous not only in Ly(R?) but also in HZ(R?). The resulting
error bound is presented below; the proof can be found in [25].

Theorem 11.2. Assume that

1. The basis m is the Fourier cosine basis

ml(t):%; mk(t)—\/gcos (“’“T_l)t) k>1t<T, (11.15)
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2. The components of the functions o are in C*(R?), the components of the
functions b are in C3(R), the components of the function h are in C*(R%);
p=0; uy € H3(RY).

Then there exist a positive number By and a real number Bo, both depending
only on the functions b and o such that

_ . (4hooT)N+1 T3
Bl (1) < Bae T (el un + g )

(11.16)
where hoo = maxy—1,. ,sSup, ()]

12 Passive Scalar in a Gaussian Field

This section presents the results from [29] and [28] about the stochastic trans-
port equation.

The following viscous transport equation is used to describe the time evo-
lution of a scalar quantity 6 in a given velocity field v:

O(t,z) = vAO(t,z) — v(t,z) - VO(t,z) + f(t,x); € RY, d>1.  (12.1)

The scalar 6 is called passive because it does not affect the velocity field v.
We assume that v = v(¢,z) € R? is an isotropic Gaussian vector field with
zero mean and covariance

E(v'(t, 2)v’ (s,)) = 0(t — 5)CV (z — y),

where C' = (C%(x),i,7 = 1,...,d) is a matrix-valued function such that C(0)
is a scalar matrix; with no loss of generality we will assume that C(0) = I,
the identity matrix.

It is known from [22, Section 10.1] that, for an isotropic Gaussian vector
field, the Fourier transform C' = C/(z) of the function C' = C(z) is

Ny A yy* b yy?
W) = TrpEaare (“W I (I wE)) (12.2)

where y* is the row vector (y1,...,yq), y is the corresponding column vector,
ly|> = y*y; ¥ > 0,a >0,b>0, Ay > 0 are real numbers. Similar to [22], we
assume that 0 < « < 2. This range of values of v corresponds to a turbulent
velocity field v, also known as the generalized Kraichnan model [8]; the original
Kraichnan model [18] corresponds to a = 0. For small z, the asymptotics of
CY(x) is (6;5 — ¢ |z|7) [22, Section 10.2].

By direct computation (cf. [1]), the vector field v = (v!,...,v%) can be
written as

vi(t,x) = ok (x)wn(t), (12.3)
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where {0y, k> 1} is an orthonormal basis in the space H¢, the reproducing
kernel Hilbert space corresponding to the kernel function C'. It is known from
[22] that H( is all or a part of the Sobolev space H(4+7)/2(R4; R?).

If @ > 0 and b > 0, then the matrix C is invertible and

He = {f eR: [ fry)C'(w)fy)dy < OO} = HI2(RERY),
Rd

because [|C(y)|| ~ (1 + [y[*)~ /2,
If a >0 and b =0, then

He = {f eR?: /Rd IF@)P + [y 2 dy < oo; yy* fly) = Iylzf(y)} :

the subset of gradient fields in H(?+7)/2(R?; R?), that is, the vector fields f
for which f(y) = yF(y) for some scalar F' € H(@+7+2)/2(Rd),
If a =0 and b > 0, then

Ho={re® [ 1FPQ+ R 2y <o i f) =0

the subset of divergence-free fields in H(4+7/2(R%; R%).

By the embedding theorems, each a,i is a bounded continuous function on
R, in fact, every o& is Holder continuous of order /2. In addition, being an
element of the corresponding space H¢, each oy is a gradient field if b = 0
and is divergence-free if a = 0.

Equation (12.1) becomes

di(t,x) = (vA(t,z) + f(t,x))dt — Zak(x) -VO(t, x)dwy(t). (12.4)
i

We summarize the above constructions in the following assumptions:

S1 There is a fixed stochastic basis F = (£2, F, {F; }1>0, P) with the usual as-
sumptions and (wy(t),k > 1,¢ > 0) is a collection of independent standard
Wiener processes on F.

S2 For each k, the vector field o is an element of the Sobolev space
HPI2(RERY) 0 <y <2, d>2.

S3 Forall z,y in R%, 3", o (x)0i (y) = O (z—y) such that the matrix-valued
function C' = C(z) satisfies (12.2) and C(0) = I.

S4 The input data 6y, f are deterministic and satisfy

0o € Lo(R?), f € La((0,7); Hy ' (RY));

v > 0 is a real number.
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Theorem 12.1. Let Q be a sequence with qr = q < /2v, k > 1.

Under assumptions S1-S4, there exits a unique w(H(R?), Hy *(R?))
Wiener Chaos solution of (12.4). This solution is an F}V-adapted process
and satisfies the inequality

2 2
1011, w0, 7y:113 ey + NOIL, o (wic(0,7): 20 (R2Y)
< C(”anT) (HHOH%z(Rd) + ||fH2LQ((0,T);H2’1(Rd))) :

Theorem 12.1 provides new information about the solution of equation
(12.1) for all values of v > 0. Indeed, if v/2v > 1, then ¢ > 1 is an admissible
choice of the weights, and, by Proposition 7.2(1), the solution § has Malliavin
derivatives of every order. If v/2v < 1, then equation (12.4) does not have a
square-integrable solution.

Note that if the weight is chosen such that ¢ = +/2v, then equa-
tion (12.1) can still be analyzed using Theorem 9.1 in the normal triple
(H3 (RY), Ly(R), Hy ' (RY)).

If v = 0, equation (12.4) must be interpreted in the sense of Stratonovich:

du(t,z) = f(t,z)dt — op(z) - VO(t, z) o dwy(t). (12.5)
To simplify the presentation, we assume that f = 0. If (12.2) holds with a = 0,
then each oy, is divergence free and (12.5) has an equivalent It6 form
1 A
do(t,z) = §A0(t, x)dt — oy (x)D;0(t, x)dwy(t). (12.6)
Equation (12.6) is a model of non-viscous turbulent transport [5]. The prop-
agator for (12.6) is
%9 ~Lag kol D;0 <
o0t 0) = 5 Aba(t,7) z; af o Do (it x)mi(t), t <T, (12.7)

with initial condition 6,,(0,2) = 0y(x)I(|a| = 0).
The following result about solvability of (12.6) is proved in [29] and, in a
slightly weaker form, in [28].

Theorem 12.2. In addition to S1-S4, assume that each oy is divergence
free. Then there exits a unique w(H3(R?), Hy *(R%)) Wiener Chaos solution
0 =0(t,x) of (12.6). This solution has the following properties:

(A) For every p € CF(RY) and all t € [0,T)], the equality

0.000 = O0p) +3 [ 020605+ [ @.0iDipitnts)  (128)

holds in Lo(F}V), where (-,-) is the inner product in Lo(R?).
(B) If X = X, , is a weak solution of the equation
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t
Xz =7+ / Ok (Xs,z) dwy, (5) ) (129)
0
then, for each t € [0,T],
0(t,x) =E (6 (Xe2) | 7). (12.10)
(C) For 1 < p < oo and r € R, define L, ,(R?) as the Banach space of

measurable functions with the norm

P _ D 2\pr/2
1, e = [, L @P O+l 2ds < .

Then there exits a number K depending only on p,r such that, for each t > 0,

EHGH:ZE(T)(Rd)(t) < eKtHaO”IIip,(T)(Rd)' (1211)

In particular, if r =0, then K = 0.
It follows that, for all s,t and almost all x,vy,

E¢ (t,l’) = bta (tvx) I|oz|:07

EO (t,2)0(s,y) = Z Oa (t,2) 04 (5,y) .
acJ

If the initial condition 6y belongs to La(R?) N L,(RY) for p > 3, then,
by (12.11), higher-order moments of 6 exist. To obtain the expressions of the
higher-order moments in terms of the coefficients 6,, we need some auxiliary
constructions.

For a, 0 € J, define a + 3 as the multi-index with components ai? + ﬁf
Similarly, we define the multi-indices |« — 8| and a A 8 = min(a, 5). We write
B < a if and only if ¥ < oF for all i,k > 1. If 8 < «a, we define

«@ ak!
(5) = Tt e

Definition 12.1 We say that a triple of multi-indices («, 3,7) is complete
and write (o, 3,7) € A if all the entries of the multi-index o+ B+ are even
numbers and | — | <y < a+ . For fized a, f € J, we write

Afa)={v,pne T (a,7,n) € A}

and

A, B)={yveT: (a,B,7) € A}
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For (a, 8,7v) € A\, we define

s = et (2 ) () ()Y

(12.12)
Note that the triple (a, ,7) is complete if and only if any permutation of
the triple (o, 3,7) is complete. Similarly, the value of ¥ («, 3,7) is invariant
under permutation of the arguments.

We also define

C(v,B.p) = [(7 J;é?f”) (Z) (ﬁ)} 1/2, < yAB. (12.13)

It is readily checked that if f is a function on 7, then for v, 5 € 7,

Yo CnBp B2 = D> [P (8w (12.14)

n<yAB HE(,B)

The next theorem presents the formulas for the third and fourth moments
of the solution of equation (12.6) in terms of the coefficients 0.

Theorem 12.3. In addition to S1-S4, assume that each oy, is divergence-free
and the initial condition 0y belongs to Lo(R?) N Ly(R?). Then

Ee(tax>9 (t/,l‘/) 9(S7y) = Z W(aaﬁ77) ea(t’x)eﬁ(t/"r/)e’)’ (S’y)
(o,B,7)EA
(12.15)

and
EO(t,z)0(t',2")0 (s,y) 0 (s',y') (12.16)

= > W (v, B, p) ¥ (p, 7, k) Oa (t,2) O5(t', 2")05 (5,y) 0x (s, y) -
PEA (o, B)NA(Y,k)

Proof. It is known, [30], that

&€= C 1.0 1) &sp2p- (12.17)

HSYAB

Let us consider the triple product {.¢3¢,. By (12.17),

V(a,3,7), (a,B,7) €Ly
0, otherwise.

Efagply =1 Z &Y (o, B, ) = {
REA(a,B)
(12.18)

Equality (12.15) now follows.
To compute the fourth moment, note that
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fafﬁg'y = Z C gaJrﬁ 2#57
pSanp
= Z C(aaﬁa :u’) Z C(OZ-l—,B - 2/1'777p) £&+ﬁ+’7*2#72p~
p<ang p<(a+B—2p)A\y

(12.19)

Repeated applications of (12.14) yield

Labply= Y ClaBp) Y, & (a+5—2p7,p)

u<ans pEA(a+B—2pu,7)

= > ) v @BmTmrE

HEA(a,B) pEA(11y7y)

Thus,

Eéalplybn = D > (B (1,7, p) Imry

HEA(a,B) pEA(11y7y)

= > ¥ (o, B, p) ¥ (p, 7, ) -

pEN(a,B)NA(Y,K)
Equality (12.16) now follows.
In the same way, one can get formulas for fifth- and higher-order moments.

Remark 12.1 Expressions (12.15) and (12.16) do not depend on the structure
of equation (12.6) and can be used to compute the third and fourth moments
of any random field with a known Cameron—Martin expansion. The interested
reader should keep in mind that the formulas for the moments of orders higher
then two should be interpreted with care. In fact, they represent the pseudo-
moments (for detail see [35]).

We now return to the analysis of the passive scalar equation (12.4). By
reducing the smoothness assumptions on oy, it is possible to consider velocity
fields v that are more turbulent than in the Kraichnan model, for example,

x) =Y oj(z)in(t), (12.20)

£>0

where {0}, k > 1} is an orthonormal basis in Ly (R%; R?). With v as in (12.20),
the passive scalar equation (12.4) becomes

O(t,x) = vAO(t, ) + f(t,z) — VO(t,z) - W(t, ), (12.21)

where W = W (t, ) is a d-dimensional space-time white noise and the It6 sto-
chastic differential is used. Previously, such equations have been studied using
white noise approach in the space of Hida distributions [4, 40]. A summary of
the related results can be found in [12, Section 4.3].
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The @Q-weighted Wiener chaos spaces allow us to state a result that is fully
analogous to Theorem 12.1. The proof is derived from Theorem 9.1; see [29]
for details.

Theorem 12.4. Suppose that v > 0 is a real number, each |o}(x)| is a
bounded measurable function, and the input data are deterministic and satisfy
up € Lo(RY), f € Ly ((0,7); Hy "(R?)).

Fize >0 and let Q = {qu, k > 1} be a sequence so that, for all x,y € RY,

2wy’ = Giot(@)ol(x)yiy; > elyl*.
k>1

Then, for every T > 0, there exits a unique w(Hj(RY), Hy '(R?)) Wiener
Chaos solution 6 of the equation

do(t,x) = (vAI(t, x) + f(t,x))dt — ox(x) - VO(t, x)dwy(t), (12.22)
The solution is an Fi-adapted process and satisfies the ineq21uality

||0||12,Q(W;L2((0,T);H21 ®a)) T ||0H%2,Q(W§C((O~,T)§L2(]Rd)))
< Cw,a,T) (119013 me) + 112, oy ety )
If max; sup, |0} (z)| < Ck, k > 1, then a possible choice of @ is
ar = (6v)Y2)(d2*Cy), 0 <6 < 2.

If U,i(:l?)(fi(.%‘) <C,<o00,i,j=1,...,d, x € R? then a possible choice of
Q is
G =c(2v)(Cd)?, 0<e< 1.

13 Stochastic Navier—Stokes Equation

In this section, we review the main facts about the stochastic Navier—Stokes
equation and indicate how the Wiener Chaos approach can be used in the
study of non-linear equations. Most of the results of this section come from
the two papers [35] and [31].

A priori, it is not clear in what sense the motion described by Kraichnan’s
velocity (see Section 12) might fit into the paradigm of Newtonian mechanics.
Accordingly, relating the Kraichnan velocity field v to classic fluid mechanics
naturally leads to the question whether we can compensate v (t,z) by a field
u (¢, x) that is more regular with respect to the time variable, so that there is
a balance of momentum for the resulting field U (¢,2) = u (t,2) 4+ v (¢, z) or,
equivalently, that the motion of a fluid particle in the velocity field U (¢, x)
satisfies the Second Law of Newton.
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A positive answer to this question is given in [35], where it is shown that
the equation for the smooth component u = (u!,...,u?) of the velocity is
given by

du' = [vAu' —uw Dju' — D; P + f;]dt
+ (gzk — D;P, — Djaiu’) dwg, i=1,...,d, 0<t<T; (13.1)

divu =0, u(0,z) = up(x).

where wy, k > 1 are independent standard Wiener processes on a sto-
chastic basis F, the functions oj are given by (12.3), the known functions
f=(fY.. ., fY, ge=(g),i=14,...,d, k> 1, are, respectively, the drift and
the diffusion components of the free force, and the unknown functions P, P
are the drift and diffusion components of the pressure.

Remark 13.1 Tt is useful to study equation (13.1) for more general coefficients
o7.. So, in the future, o} are not necessarily the same as in Section 12.

We make the following assumptions:

NS1 The functions o} = o} (¢, x) are deterministic and measurable,

d
Z( ok (t, ) > + |Di0,i€(t,x)2> <K,
1

k>1 \i=

and there exists ¢ > 0 such that, for all y € R?,
2 1 j 2 d
V‘y| - iak(tvx)o—k(t7x)y2yj > €‘y| , L€ [O>T}7 x € R

NS2 The functions f, g} are non-random and

d

i)|2 72
Z I1f ”Lz((o,T);H;l(Rd)) +Z”9k”Lz((0,T);L2(Rd)) < 00
i=1 k>1

Remark 13.2 In NS1, the derivatives D;o}, are understood as Schwartz dis-

tributions, but it is assumed that div o := Z?:l 0;0" is a bounded Lo-valued
function. Obviously, the latter assumption holds in the important case when

Z?:l &-Ji =0.

Our next step is to use the divergence-free property of u to eliminate the
pressure P and P from equation (13.1). For that, we need the decomposition
of Ly(R% R?) into potential and solenoidal components.

Write &(Lo(R%RY)) = {V € Ly(R%GRY) : div V = 0}. It is known (see
e.g. [16]) that
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Ly(R%GRY) = 8(Lo(RGRY)) © S(Lo(R%RY)),

where &(Ly(R% R%)) is a Hilbert subspace orthogonal to &(Ly(R%;RY)).
The functions &(V) and &(V) can be defined for V from any Sobolev

space H) (R4 RY) and are usually referred to as the potential and the

divergence-free or solenoidal projections, respectively, of the vector field V.
Now let u be a solution of equation (13.1). Since div u = 0, we have

Di(vAu' — v Dju’ — D;P + f*) = 0; Di(o]Dju’u’ + gi — DiP,) =0, k > 1.
As a result,
D;P = S(vAu' —w Dju’ + f); DiP, = S(o]Dju’ +gi), i =1,...,d, k> 1.

So, instead of equation (13.1), we can and will consider its equivalent form for
the unknown vector u = (u', ..., u?):

du = &(vAu — v Dju + f)dt + S(olDju+ gy )dwg, 0 <t <T, (13.2)
with initial condition u|;—o = uy.

Definition 13.1 An F;-adapted random processu € Lo(§2x[0,T]; Hi (R R?))
is called a solution of equation (13.2) if:

1. With probability one, the process u is weakly continuous in Lo(R%; R?).
2. For every ¢ € CZ(RY,RY) with div ¢ = 0 there exists a measurable set
' C 2 such that, for allt € [0,T], the equality

(’u’i? @Z)(t) = (u(z)a 901) + / ((VDjuia Dj(p1>(8) + <fza (pz>(8))d8
. 0 (13.3)
/0 (aiDjui +4q°, @i)dwk(s)

holds on §2'. In (13.3), (-,-) is the inner product in Ly(R?) and (-,-,) is
the duality between H3(R?) and Hy '(RY).

The following existence and uniqueness result is proved in [31].

Theorem 13.1. In addition to NS1 and NS2, assume that the initial con-
dition g is non-random and belongs to Lo(R% R?). Then there exist a sto-
chastic basis F = (2, F, {Fi}i1>0,P) with the usual assumptions, a collection
{wg, k > 1} of independent standard Wiener processes on F, and a process u
such that u is a solution of (13.2) and

T
E (SEI; ||u(5)||%2(Rd;]Rd) +/0 ||vu(s)||%2(Rd;Rd) dS) < 0.

If, in addition, d = 2, then the solution of (13.2) exists on any prescribed
stochastic basis, is strongly continuous in t, is ftW-adapted, and is unique,
both path-wise and in distribution.
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When d > 3, the existence of a strong solution as well as uniqueness (strong
or weak) for equation (13.2) are important open problems.
By the Cameron—Martin theorem,

u(ta ‘T) = Z ua(ta x)€a~

aceJ

If the solution of (13.2) is F}V-adapted, then, using the It6 formula together
with relation (5.5) for the time evolution of E(£,|F)Y) and relation (12.17)
for the product of two elements of the Cameron—Martin basis, we can derive
the propagator system for coefficients u, [31, Theorem 3.2]:

Theorem 13.2. In addition to NS1 and NS2, assume that ug € Lo(R%; R?)
and equation (13.2) has an F}V -adapted solution u such that

supEHuHi(Rd;Rd)(t) < o0. (13.4)
t<T

Then
u(t7x) = Z Uq (t7$) Eas (135)

aceJ

and the Hermite-Fourier coefficients uy(t,z) are Lo(R%;R?)-valued weakly
continuous functions such that

T
up 3 [l [ 3 Vel gagonsy () < 0. (136)
tSTaEJ 0 aeg

The functions u,, (t,z),« € J, satisfy the (nonlinear) propagator

)
P S(Aug— > W (,8,7) (wy, Vug) + [a—o)f

7.B€A()

+ 3ok (05 V) e iy + Tgja=1y8") my (1) ), 0 <t < T
7,k

Uq|t=0 = Wol{|a|=0}; 157
13.7

recall that the numbers ¥(o, 8,7) are defined in (12.12).

One of the questions in the theory of the Navier—Stokes equation is com-
putation of the mean value u = Eu of the solution. The traditional approach
relies on the Reynolds equation for the mean

ot —vAu+ (uw, V) u=0, (13.8)

which is not really an equation with respect to @. Decoupling (13.8) has been
an area of active research: Reynolds approximations, coupled equations for the
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moments, Gaussian closures, and so on (see, e.g., [36], [45] and the references
therein)

Another way to compute u (¢,z) is to find the distribution of v (¢, z) us-
ing the infinite-dimensional Kolmogorov equation associated with (13.2). The
complexity of this Kolmogorov equation is prohibitive for any realistic appli-
cation, at least for now.

The propagator provides a third way: expressing the mean and other sta-
tistical moments of u in terms of u,. Indeed, by Cameron-Martin Theorem,

Eu(t,x) = up(t, z),

Eu'(t, z)u’ (s,y) = Z ul (t, x)ul (s, 7).
acJ

If exist, the third- and fourth-order moments can be computed using (12.15)
and (12.16).

The next theorem, proved in [31], shows that the existence of a solution
of the propagator (13.7) is not only necessary but, to some extent, sufficient
for the global existence of a probabilistically strong solution of the stochastic
Navier-Stokes equation (13.2).

Theorem 13.3. Let NS1 and NS2 hold and uy € Ly(R%R?). Assume that
the propagator (13.7) has a solution {u, (t,x), o € J} on the interval (0,T)
such that, for every a, the process u, is weakly continuous in Lo(R%;R?) and
the inequality

T
sup Z ||ua||%2(Rd;Rd)(t) +/ Z ”vu(XH%Q(Rd;RdXd)(t) dt <oo  (13.9)
t<T oeg 0 aeg

holds. If the process
U(t,o):= ) u,(t,z)é (13.10)
aeJ
is F}V -adapted, then it is a solution of (13.2).
The process U satisfies

T
E (SEI;‘ HU(S)Hiz(Rd;Rd) +A ||VU(8)||%2(Rd;Rdxd) ds) < 00

and, for every v € Lo(R4:RY) E (I_J,v) is a continuous function of t.

Since U is constructed on a prescribed stochastic basis and over a pre-
scribed time interval [0, T'], this solution of (13.2) is strong in the probabilistic
sense and is global in time. Being true in any space dimension d, Theorem 13.3
suggests another possible way to study equation (13.2) when d > 3. Unlike the
propagator for the linear equation, the system (13.7) is not lower-triangular
and not solvable by induction, so the analysis of (13.7) is an open problem.
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14 First-Order 1t6 Equations

The objective of this section is to study the equation
du(t,x) = u.(t, z)dw(t), t >0, x € R, (14.1)

and its analog for z € R%.

Equation (14.1) was first encountered in Example 6.2; see also [9]. With a
non-random initial condition w(0,x) = (), direct computations show that,
if exists, the Fourier transform @ = (¢, y) of the solution must satisfy

di(t,y) = V=1ya(t,y)dw(t), or a(t,y) = G(y)eY WeOT3vt (149

The last equality shows that the properties of the solution essentially depend
on the initial condition, and, in general, the solution is not in Lo(W).
The S-transformed equation, v; = h(t)v,, has a unique solution

v(t,z) = ¢ (x + /Ot h(s)ds) , h(t) = i_v:himi(t).

The results of Section 3 imply that a white noise solution of the equation can
exist only if ¢ is a real analytic function. On the other hand, if ¢ is infinitely
differentiable, then, by Theorem 8.2, the Wiener Chaos solution exists and
can be recovered from v.

Theorem 14.1. Assume that the initial condition ¢ belongs to the Schwarz
space S = S(R) of tempered distributions. Then there exists a generalized
random process w = u(t,x), t > 0, x € R, such that, for every v € R and
T > 0, the process u is the unique w(Hy (R), H} " (R)) Wiener Chaos solution
of equation (14.1).

Proof. The propagator for (14.1) is
t
ua(t, ) = ¢(z)I(Ja| = 0) +/ > Vailug-g(s,x))emi(s)ds.  (14.3)
0
Even though Theorem 6.1 is not applicable, the system can be solved by

induction if ¢ is sufficiently smooth. Denote by C,(k), k > 0, the square of
the Lo(R)-norm of the k" derivative of ¢:

+oo
Cy(k) = / o™ (z)*da. (14.4)
By Corollary 6.1, for every k£ > 0 and n > 0,
thC(n + k)
D MuS)alZ,m (#) = — (14.5)

la|=k

The statement of the theorem now follows.
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Remark 14.1 Once interpreted in a suitable sense, the Wiener Chaos solution
of (14.1) is F}V-adapted and does not depend on the choice of the Cameron—
Martin basis in Lo(W). Indeed, choose the weight sequence so that

9 1
rh=——.
14 Cy(laf)
By (14.5), we have u € RLy(W; La(R)).
Next, define
1 sin(Nz
() = LERNT)
Tz

Direct computations show that the Fourier transform of ¢y is supported in
[-N,NJ and [, ¢n(x)dz = 1. Consider equation (14.1) with initial condition

o (z) = / (@ — y)n (y)dy.

By (14.2), this equation has a unique solution uy such that uy(¢,-) is in
Ly(W; HJ (R)) for every t > 0, v € R. Relation (14.5) and the definition of
uy imply that

Jim Y fua —unalf, @) =0, £ 20, k>0,
|| =k

so that, by the Lebesgue dominated convergence theorem,
. 2 o
]\}Enoo llu— U’NHRLQ(W;LQ(R))(t) =0,t>0.

In other words, the solution of the propagator (14.3) corresponding to any
basis m in Ly ((0, 7)) is a limit in R Lo (W; La(R)) of the sequence {uy, N > 1}
of F}V-adapted processes.

The properties of the Wiener Chaos solution of (14.1) depend on the
growth rate of the numbers Cy(n). In particular,

o IfC,(n)<C"(n!)Y, C>0,0<vy<1,then
u € Ly (W; Lo((0,T); Hy (R))) for all T > 0 and every n > 0.
o IfC,(n)<C"nl, C >0, then
— foreveryn > 0, thereisa T > 0 such that u € Lo (W; L2((0,T); H} (R))).
In other words, the square-integrable solution exists only for sufficiently
small 7.
— for every n > 0 and every T > 0, there exists a number § € (0,1) such
that u € Ly g (W; Lo((0,T); HY (R))) with Q = (6,9,9, .. .).
e If the numbers Cy,(n) grow as C"(n!)*7, p > 0, then, for every T' > 0,
there exists a number v > 0 such that
U € (S)—p,—~ (L2(W); Lo((0,T); HF (R))). If p > 0, then this solution does
not belong to any Lo ¢ (W; Lo ((0,T); Hy (R))). If p > 1, then this solution
does not have an S-transform.
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e If the numbers C,(n) grow faster than C™(n!)® for any b, C > 0, then the
Wiener Chaos solution of (14.1) does not belong to any
(8)=p— (L2((0,T); H3 (R))), p, ¥ > 0, or La,q (W; Ly((0,T); H5 (R))).

To construct a function ¢ with the required rate of growth of Cy(n),
consider

o0
gp(m):/ cos(my)e_g(y)dy,
0

where ¢ is a suitable positive, unbounded, even function. Note that, up to a
multiplicative constant, the Fourier transform of ¢ is e=9®), and so C,(n)
grows with n as [ |y[*"e=29W)dy.

A more general first-order equation can be considered:

du(t, z) = o (t, ) Dsu(t, )dwy(t), t >0, x € R, (14.6)

Theorem 14.2. Assume that in equation (14.6) the initial condition u(0,x)
belongs to S(R?) and each oy, is infinitely differentiable with respect to = such
that sup, ,) |D"oi(t,z)| < Cir(n), n > 0. Then there ezists a generalized
random process u = u(t,x), t > 0, x € R, such that, for every v € R
and T > 0, the process u is the unique w(H (R%), H) " (R%)) Wiener Chaos
solution of equation (14.1).

Proof. The arguments are identical to the proof of Theorem 14.1.

Note that the S-transformed equation (14.6) is v; = hpoD;v and has
a unique solution if each o;; is a Lipschitz continuous function of x. Still,
without additional smoothness, it is impossible to relate this solution to any
generalized random process.
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