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1 Introduction and main result

Let M = (M,);>0 be a local martingale starting from zero and with paths in
the Skorohod space Dy ). We assume that it is defined on a stochastic basis
(2,F,(F)¢>0, P) with usual conditions. We shall use the standard notation
Mo for the class of local martingales and Mlzoc Me, M, M? for its subclasses.

Recall that a adapted process X with paths in Dy ) defined on this
stochastic basis belongs to the class D if the family (X,,7 € T), where T is
the set of stopping times 7, is uniformly integrable.

Henceforth AM; = M; — M;_, (M), and [M, M]; denote the jumps,
predictable quadratic variation and optional quadratic variation of M.

It is well-known (see, e.g., [9], [7] and references therein) that for any
M E MIQOC:
[M, M < o0 a.s.

(M)oo < 0 a.s. = {flim M, = M. € R as. (1.1)
L — OO
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There are many other remarkable relations between Mo, and (M) (e.g.,
Burkholder-Gundy—Davis’s inequalities, law of large numbers for martingales,
etc.). For M € M ND we have the Wald equality

EM,, =0,

which plays a fundamental role in many applications of the stochastic calculus.

Recall that the condition E(M)., < oo implies that M € M? and notice
that (M) < 0o A& M € M. However, the condition (M), < oo, implying the
existence of the limit value My (see, (1.1)), jointly with EM. = 0 ensures
M € M. One may ask which condition on (M), can provide the equality
EMy, = 07 A positive answer for M € M . with (M) < oo is known from
Novikov, [10], and Elworthy, Li and Yor, [2], under the additional assumption:
Ee*M% < o for sufficiently small € > 0,

lim AP((M)Y* > X) = 0.

A—o0
More precisely, the following statement is valid.

Theorem. ([10]) Let M € M{, . and (M) < 00. Assume sup,~q Fe*™t < oo

loc
for some sufficiently small € > 0. Then:

0< EM, < EMJ, < o0,

lim AP((M)Y? > )) = \/ZEMOO.

A—00

For related topics see Azéma, Gundy and Yor [1], Gundy [5], Galtchouk
and Novikov [6], Takaoka, [14], Peskir and Shiryaev [13], and Vondracek [15]).

The aim of this paper is to extend the statement of this Theorem for local
martingales with bounded jumps.

Theorem 1.1. Let M € M2, (M) < o0 and M* € D. Then

loc»
(1) Mo = limy_,oo My possesses the following properties:

0< EM,, <EMZ} < oc;
(il) the uniform integrability of (|AM|)¢=o and (i) imply

lim )\P(supM{ > )\) = EM;
A—o0 t>0

(iii) |AM| < K and EesM>= < 0o for some K > 0 and sufficiently small
e >0 imply

lim AP((M)Y?* > \) = Jim AP(IM,M]Y? > )\) = \/ZEMOO.

A—00
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For M+ € D, Theorem 1.1 gives necessary and sufficient conditions for
M € M expressed in terms of sup,~q M, , (M), and [M, M]. Concerning
an effectiveness of these conditions see Jacod and Shiryaev [8].

Corollary 1.1. Under the assumptions of Theorem 1.1, the process M € M
iff any of the following conditions hold:
lim AP(supM; > \) =0,

A—00 t>0

lim AP((M)L* > \) =0,

A—00

lim AP ([M, M]Y/* > )) = 0.

A—00

The proofs of statements (i) and (ii) of Theorem 1.1 are obvious and
might even be known. The proof of (iii) exploits a combination of techniques:

“Stochastic exponential + Tauberian theorem”

used by Novikov in [11] and [12].
The necessary information on the stochastic exponential is gathered in
Section 2. The proof of Theorem 1.1 is given in Section 3. We mention also a

result, formulating in Theorem 3.1 (Section 3), presenting conditions alterna-
tive to |[AM| < K.

2 Stochastic exponential

We start with recalling necessary notions and objects (for details see, e.g., [9]
or [7]).

For any M € M?OC we have the decomposition M = M¢ + M? where
Me M € M2 . are continuous and purely discontinuous martingales, re-
spectively. Since (M) = (M¢) + (M¢9), the assumption (M), < oo implies
(M®) o < 00, (M%), < oo. The jump process AM = AM? generates the

integer-valued measure p = p(dt,dz) with p((0,t] x A) = > I(AM, € A).
s<t

We denote by v = v(dt,dz) the compensator of . The condition |[AM| < K
guarantees the existence of a version v such that v(Ry x {|z| > K}) = 0. This
version of v is used in the sequel.

The purely discontinuous martingale M¢ can be represented as the Ito
integral with respect to u — v:

M = /Ot /Z<Kz(u(ds,dz) — v(ds, d?)).

Recall that [, zv({t},dz) = 0 and, so that,
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t
(M%), = / / 2?v(ds,dz) < oo, t > 0.
0 |z|<K

Hence, (M), < oo implies [~ Ji2j<x #*v(ds,dz) < oo and the existence of
the cumulant process (for A € R)

Gi(\) = /0 /|Z|<K (¥ —1—Az2)v(ds,dz),
AG(\) = /| () ).

We emphasize that Gt()\) increases in t 1 t0 Goo(A) := limt o0 G(A) < 0
and AGy(\) > 0.

The process

)\2
E1(A) = exp (3<M0>t+Gt(A)) [T (1+AG.)e2%™
0<s<t

is called “stochastic exponential” for the martingale M. Since AG(\) > 0,
the stochastic exponential is nonnegative. A remarkable property of €;(\) is

that the process
3i(A) = Mrlos &) (2.1)

is a positive local martingale with respect to the filtration (F;);>o. This prop-
erty is readily verified with the help of It6’s formula applied to (2.1):

eAz_
a5 = eV + | SOV Gt

o<k Tt G, W~ v(dhdz).

As any nonnegative local martingale, 3:(\) is also a supermartingale (see, e.g.,
Problem 1.4.4 in Liptser and Shiryaev [9]) and, therefore, has a finite limit at
infinity

3oo(A) 7= lim 34(A) € Ry

and E3.(\) <1 for any stopping time 7. In particular, E3., < 1.

Proposition 2.1. Under the conditions from statement (iii) of Theorem 1.1
we have:

1) B30 (A) = 1.

2) Exc(N) = tll?go &(N\) € (0,00).

Proof. 1) Let (7,) be a sequence of stopping times increasing to infinity and
such that (M-, )i>0 and (3¢ar, (A))i>0 are uniformly integrable martingales
for any n. Then E3, (A) = 1. By Jensen’s inequality,

E(eAM;HTn) > eAE(M;g\&“Tn) > eAMjn >3 ()\)



Tail Distributions of Supremum and Quadratic Variation 425

In other words, the martingale (3., (A), ‘(an)n>1 is majorized by the uniformly
integrable martingale (E(e>‘1\4;rc |3"Tn),3"7n)n>1, that is, (3-, (\), ff"Tn)n>1 is the
uniformly martingale itself. Consequently, 1 = lim,, oo F3r, (\) = E300()).
2) Notice that |Mu| < 00, Eao(N) < 00 and 3o (\) = M08 €N jmply
that
1> EI(Eac(N) =0)300(A) > NP(Ex(N) =0)

for any NV > 0.
Hence, P(Exo(N) =0) = 0.

3 The proof of Theorem 1.1

3.1 The proof of (i) and (ii)

(i) Let (7,,)n>1 be an increasing sequence of stopping times with tending
to infinity and such that (M, ),>1 € M. Therefore, EM_ —EMT =0,n > 1.

n

By M* € D, we have lim EMI = EMZ, < co. Further, by the Fatou lemma

lim, ,  EM_ > EMZ, so that EMY — EMZ > 0.
Hence, EM., = (EM}L — EM) > 0.

(ii) Notice that {sup,>o M, > A} = {S\ < co}, where
Sy =inf{t: M; > A}, inf{@} = occ.

Since (|AM;|)s>o is uniformly integrable process and M+ € D, we have
(Mins, )i>0 € M, that is,

0= EMSA = EMooI{S,\:oo} + EMS;I{SA<oo}~

We derive the desired statement from the relations

lim Mol (s, —oc) = EMuc,
| ) (3.1)
lim EMg, I{s, <00} = —)\P(sup M > /\).

A oo >0

By (i), FEML < EM* < co. Consequently, M < oo and, therefore, we have
limy_,o Sy = 00. The first part of (3.1) is implied by the inequality

|EMooI(s,—oo} — EMuo| < E|Moo|I {5, <00}

and the Lebesgue dominated theorem. The second part in (3.1) follows from
Ms, I {5, <o0y = M5, <00} + (Ms, + A)I{(s, <00} since

E’U\fsA + )\|I{S>\<oo} < E‘AMSA|I{S)\<00} < KP(S,\ < OO) E) 0.
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3.2 Proof of (iii)
Auxiliary lemmas

Lemma 3.1. Under assumptions from the statement (iii) of Theorem 1.1,

1
lim B~ (1 - e*IOgSwW) — EM,..
A0 A

Proof. With A < ¢ for € involved in (iii), by Proposition 2.1 we have the
equality F3.,(\) = 1. Hence,

E% (1 B efloggx()\)) _ E% (5000\) B efloggoo()\))

The required statement follows from the relations

1
lim —e 108 €M) (AMoo _ 1) — M.
)}?3 ¢ (6 ) oo

ie—logfloc,(/\)‘e/\MOC _ 1’ < GEM‘X’

A

and Fe*M>= < oo by the Lebesgue dominated theorem.

Lemma 3.2. Under assumptions from the statement (iii) of Theorem 1.1,

1 2
lim E~ (1 - e—%<M>oe) — EM,,.
A0 A

Proof. According to Lemma 3.1, it suffices to show that

1
lim F—
im B~

e~ lor (M) _ e***fW%o’ —0. (3.2)

The verification of (3.2) uses the following estimates: for some C' > 0 and
sufficiently small A > 0,

A2 A2
0< [1-C)] ?<M>Oo <log Eao(A) < [14 CA 3<M>Oo. (3.3)

The estimate from above is implied by log €. () < %(Mc)oo + Goo(N)
and the property of v(dt,dz) to be supported, in z, on [- K, K].

The estimate from below is determined in the following way. Denote by
PN\, K)=1—AKe s and

¢ _ [ M —1— )¢ z
GOO(/\)f/O /Z<K( 1 - A2)ve(dt, dz),
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where v°(dt, dz) := v(dt,dz) — v({t},dz). Write

/\2

= 5 (Moo + GE () + ) _log (1+ AG ()
>0

2

A c oo )‘2 2 c
5 (M®) o —I—@()\,K)/O /ng T (dt,dz) (3.4)

+ Z log (1 + P\, K) / %2221/(&}, dz)> .

>0 [2|<K

log €. (A)

>

We choose A so small to keep 1 — AK e > 0 and estimate from below the
“Y o0 log” in the last line of (3.4) by applying log(1 4+ z) > x — 1%, = > 0.
This gives the lower bound

Zlog (1 + @()\,K)/ )\2222u({t},dz)>

t>0 lz|<K

2| <K

A2 1 A2 ’
> @(A,K)/ ?z?y({t},dz) - 5qﬂ(A,K) </|z|<1< 2z2u({t},dz)> .

Taking into account v({t},|z] < K) < 1, by the Cauchy—Schwarz inequality
we find the upper bound

2
)\22
<A<K2zvﬁﬂ@@>

)\4 )\4K2
< vy Zv({t},dz) < : / 2v({t},dz)
[z|<K |z|<K

providing the inequality

> log (1 + @(A,K)/ );ZZV({t},dz)>

>0 [z|<K

2 2
> (@(A,K) - ;K2@2(A,K))/|I<K %zzu({t},dz).

We choose A so small to keep
)\2
P\, K) — §I<2g252(A, K)>1-Xc>0

for some constant ¢ > 0.

Now, we may choose a positive constant C such that (3.3) is valid for both
the upper and lower bounds.

From (3.3), we derive that
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2
l‘e—logemm _ 6—2—2<M>m‘ < CX (MY M g,
2 A—0
and, due to ze~® < e~ !, it remains to apply the Lebesgue dominated theorem.
Lemma 3.3. Under assumptions from the statement (iii) of Theorem 1.1,
lim AP((M)Y? > 2) =9 & lim \P([M,M]Y/* > \) =9.
A—00 A—00
Proof. Obviously, the desired result holds true if
= P([M, M]5? > )) _
im
A= P((M)SL? > ))
P([M, M]5? > )) N
im
A—0 P((MYX? > \)

(3.5)

Denote L = [M, M] — (M) and notice that [M, M]s < (M)oo + sup;>q |[L¢|-
By an obvious inequality (¢ + d)'/? < ¢'/2 + d'/?, we obtain that

P([M,M}})éQ > )\) < P([<M>oo +Sup|Lt|]1/2 > )\)
>0
< P((M)3? +sup | L[ /2 > \)
>0

< P((M)Y? > (1 —a)X) + P(sup|L;| > a)), a € (0,1).
>0

With A\, = (1 — a)A, the resulting bound can be rewritten as:
AP(IM, M]Y? > \) < (1—a) "N P((M)Y?2 > No) + AP (sup [Le|? > a)).
>0

(3.6)
Now, we evaluate from from above P(sup,sq|L¢|'/? > a)). A helpful tool
here is the inequality: for some C' > 0, any stopping time 7 and K being a
bound for |AM|,
Esup |L|? < CK?E(M),. (3.7)
t<t
In order to establish (3.7), we use the following facts:
- L is the purely discontinuous local martingale with

L Ll =Y (AL =37 ((AM)? — A(M),)

s<t s<t

—Z( / IEC(CRERE! dz>> ,

s<t

2
= i Jioex 2 0(ds,d2) - 3o, (f|z|gz< ZQV({s},dZ)) ,
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//||<K dsdz<K2//||<K v({ds,dz) < K*(M),,

- K?{ is the increasing process.

Now, we refer to the Burkholder—-Gundy inequality (see, e.g., Theorem 1.9.7
in [9]): for any stopping time 7,

Esup |L|? < CE|L, L],.

t<t

Due to the relations E[L,L], = E{(L), and K*(M), > (L), (recall that
K?(M) > (L)), we have E(L), < K2E(M),, that is, (3.7) is valid.

y (3.7) and the fact that (M) is a predictable process, the Lenglart—
Rebolledo inequality (see, e.g., Theorem 1.9.3 in [9]) is applicable (notice that
{sup,>¢ | Li|/? > a)} = {sup,>¢ | L¢| > a®A\?}), so that,

5/2

P( L2 > a)) <
p = o) < G

)\5/2 1/2 5/4 1/2
= S +P(<M>Og > \5/4 (0t K)).

+ P(CK?(M)o > WZ)

Hence, with r = 1/(CY/2K) and \, = r\>/4,

1 1
1/2 < 1/2
AP(ts;lTIZ | Ly >a>\) < a4)\1/2+7")\1/4)\rp(<M> >\ ) (3.8)

Now, (3.6) and (3.8) imply the inequality

AP([M, M2 > )

_ 1 T
< (L=a) " AP(DY? > M) + =75 + s AP0 > A,).
If ¥ > 0, by
P(IM, M > X)) (1= a) " AP (M) > Ao)
P((M)Y? >N AP((M)A > )
i 5P (ML > ) !
)\P(< >1/2 > /\) A—oo 1 —a a—0

and the first part from (3.5) is valid. The second part from (3.5) is established
similarly and we give only a sketch of the proof. The use of the bound

P((M)Y? > X\) < P(IM,M]"? > (1 —a)\) + P(sup|L;| > a)), a € (0,1),
t>0
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implies that

P([M, M)S? > (1—a)A) oy P(supiso [Le] > a))

P((M)S? > ) - P((M)Y? > )

and we get the result.

If 9 = 0, we replace M by M + 6M’, where 6 > 0 and M’ € M with
(M'") s < 00 possessing limy AP((M’)éé2 > A) =9 > 0, is independent
of M¢. Therefore, by (M + §M') = (M) + 6*(M'), we have

Jim AP((M +0M') 12 > A) = 670" > 0.
Hence, by using the result already proved, it holds
Jim. AP((M + M)/ > X) = 6%
& lim AP([M +6M', M + SM'1Y? > \) = 6%
and, by the arbitrariness of 6,

lim AP((M > \) =0« lim AP([M,M]Y* > \) =0.
A—00 A—00

Final part of the proof for (iii)

We refer to the Tauberian theorem.
Theorem. (Feller, [4], XII1.5, Example (c)) Let X be a nonnegative random
A2

variable such that lAim 1 (1 — Fe™ 2 X) € R.

1o
Then,
2.1 _2x . 1/2
fhmf(l—Ee : ): lim AP(X/2 > \).
T Al0 A A—00

Letting X = (M)oo, we find that
f tim (1= B~ ¥ 00) = lim AP(ML2 > )
T A0 A N oo 00 )

while, by Lemmas 3.1, 3.2 and 3.3,

1 2 2
lim ~ (1 — Ee—%W)w) —\/2EM,,
ALO A s

[2
lim AP([M,M]/* > )\) =/ =EM.x.
A—00 s
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3.3 Supplement

The condition |[AM| < K might be too restrictive to be valid for serving some
examples. Following [10], we show that this condition can be replaced by one
seems to be more suitable for applications.

Theorem 3.1. Assume conditions for the statement (iii) of Theorem 1.1 are
valid except the boundedness |AM| < K replaced by the two inequalities

A2 A2
(Moo= NG < TogEac(N) < 5 (Mhoe(1+1AG)  (39)
with sufficiently small X > 0 and nonnegative integrable random wvariables
41742'
Then

2
lim AP((M)Y/? > ) =/ =EM.L.
A—00 T
Proof. Since (3.2) has to be verified only, by (3.9) we have

1 —log Eac(N) — 2200 ’ |1—(1—C1)\) | A2 — 2201y
oo P] oo | <L 3 oo
h\ e e ((2\/ 3 ) 5 <M> e

The right-hand side of this inequality converges to zero, as A — 0, and is
bounded by e=*((2 V(7). So, (3.2) holds by the Lebesgue dominated theorem.
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