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5 Scheduling on Parallel Processors

This chapter is devoted to the analysis of scheduling problems in a parallel pro-
cessor environment. As before the three main criteria to be analyzed are schedule
length, mean flow time and lateness. Then, some more developed models of mul-
tiprocessor systems and lot size scheduling are described. Corresponding results
are presented in the four following sections.

5.1 Minimizing Schedule Length

In this section we will analyze the schedule length criterion. Complexity analysis
will be complemented, wherever applicable, by a description of the most im-
portant approximation as well as enumerative algorithms. The presentation of the
results will be divided into subcases depending on the type of processors used,
the type of precedence constraints, and to a lesser extent task processing times
and the possibility of task preemption.

5.1.1 Identical Processors

Problem P || C,,,x

The first problem considered is P ||C,,,. where a set of independent tasks is to be

ax
scheduled on identical processors in order to minimize schedule length. We start
with complexity analysis of this problem which leads to the conclusion that the
problem is not easy to solve, since even simple cases such as scheduling on two
processors can be proved to be NP-hard [Kar72].

Theorem 5.1.1 Problem P2||C,,,. is NP-hard.

max

Proof. As a known NP-complete problem we take PARTITION [Kar72] which is
formulated as follows.

Instance: Finite set 4 and a size s(a;) € IN for each g; € 4.

Answer:  "Yes" if there exists a subset 4'c 4 such that
2 s(a)= 2 s(a).
a;eA’ ajeA-A'

Otherwise "No".
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Given any instance of PARTITION defined by the positive integers s(a,), a; € 4,
we define a corresponding instance of the decision counterpart of P2||C,,,. by
assuming n = 4|, p; = s(a;), j= 1, 2,-,n, and a threshold value for the schedule

length, y = % Zﬂs(ai). It is obvious that there exists a subset 4’ with the desired
a; €

property for the instance of PARTITION if and only if, for the corresponding
instance of P2||C there exists a schedule with C, . < y (cf. Figure 5.1.1).

max > max —

This proves the theorem. O
P A
P 2 _/Zl_ﬂ/

v

Figure 5.1.1 A schedule for Theorem 5.1.1.

Since there is no hope of finding an optimization polynomial time algorithm for
P||C,,.» one may try to solve the problem along the lines presented in Section

3.2. First, one may try to find an approximation algorithm for the original prob-
lem and evaluate its worst case as well as its mean behavior. We will present
such an analysis below.

One of the most often used general approximation strategies for solving
scheduling problems is list scheduling, whereby a priority list of the tasks is giv-
en, and at each step the first available processor is selected to process the first
available task on the list [Gra66] (cf. Section 3.2). The accuracy of a given list
scheduling algorithm depends on the order in which tasks appear on the list. One
of the simplest algorithms is the LPT algorithm in which the tasks are arranged
in order of non-increasing p; .

ax

Algorithm 5.1.2 LPT Algorithm for P||C,,,,.

begin
Order tasks on a list in non-increasing order of their processing times ;
-—ie.p;2---2p,
for i=1 to m do s5,:=0;
-~ processors P; are assumed to be idle from time s;=0on, i=1,---, m
j=1;
repeat
s :=min{s;} ;
Assign task 7} to processor Py at time s;;

-~ the first non-assigned task from the list is scheduled on the first processor
-- that becomes free
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S sty Jimj L
until j=n+1; -~ all tasks have been scheduled
end;

It is easy to see that the time complexity of this algorithm is O(nlogn) since its
most complex activity is to sort the set of tasks. The worst case behavior of the
LPT rule is analyzed in Theorem 5.1.3.

Theorem 5.1.3 [Gra69] If the LPT algorithm is used to solve problem P||C,,
then

ax>

Wi

1
3m’

(5.1.1)
O

Space limitations prevent us from including here the proof of the upper bound in
the above theorem. However, we will give an example showing that this bound
can be achieved. Let n= 2m+1, p= [2m—1, 2m—1, 2m-2, 2m-2,---,m+1,
m+1,m,m,m]. For m =3, Figure 5.1.2 shows two schedules, an optimal one and
an LPT schedule.

We see that in the worst case an LPT schedule can be up to 33% longer than
an optimal schedule. However, one is led to expect better performance from the
LPT algorithm than is indicated by (5.1.1), especially when the number of tasks
becomes large. In [CS76] another absolute performance ratio for the LPT rule
was proved, taking into account the number k of tasks assigned to a processor
whose last task terminates the schedule.

Ripr=

Theorem 5.1.4 For the assumptions stated above, we have

11
=]l+-——. .
Riprk) =1+~ (5.1.2)
O
(a) (b)
P, T, T Py T, T
P, 5] T, P, T, 7,
pl | | B pl | % | ®
0 356 9 ! 0 3 56 9 !

Figure 5.1.2 Schedules for Theorem 5.1.3
(a) an optimal schedule,
(b) LPT schedule.

This result shows that the worst-case performance bound for the LPT algorithm
approaches one as fast as 1+ 1/k.
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On the other hand, it would be of interest to know how good the LPT algo-
rithm is on the average. Such a result was obtained by [CFL84], where the rela-
tive error was found for two processors on the assumption that task processing
times are independent samples from the uniform distribution on [0, 1].

Theorem 5.1.5 Under the assumptions already stated, we have the following
bounds for the mean value of schedule length for the LPT algorithm, E(Cf,m) for
problem P2 || C,

max *

n PT\ n e
o < G < i i (5.1.3)

where e =2.7- - is the base of the natural logarithm. O

Taking into account that »/4 is a lower bound on E(C,: ) we get

E(CETYE(CE ) < 1+0(1/n0).

max.

Therefore, as » increases, E(C

mm) approaches the optimum no more slowly than

1+O(1/n ) approaches 1. The above bound can be generalized to cover also the
case of m processors for which we have [CFL83]:

E(Crr) < 5=+ (2).

Moreover, it is also possible to prove [FRK86, FRK87] that -7 — C,r . almost

max

surely converges to 0 as n — o0 if the task processing time distribution has a fi-
nite mean and a density function f'satisfying f{0) > 0. It is also shown that if the
distribution is uniform or exponential, the rate of convergence is O(log(logn)/n).
This result, obtained by a complicated analysis, can also be guessed from simula-
tion studies. Such an experiment was reported by Kedia [Ked70] and we present
the summary of the results in Table 5.1.1. The last column presents the ratio of
schedule lengths obtained by the LPT algorithm and the optimal preemptive one.
Task processing times are drawn from the uniform distribution of the given pa-
rameters.

To conclude the above analysis we may say that the LPT algorithm behaves
quite well and may be useful in practice. However, if one wants to have better
performance guarantees, other approximation algorithms should be used, as for
example MULTIFIT introduced by Coffman et al. [CGJ78] or the algorithm pro-
posed by Hochbaum and Shmoys [HS87]. A comprehensive treatment of approx-
imation algorithms for this and related problems is given by Coffman et al.
[CGJ84].



5.1 Minimizing Schedule Length 145

Intervals of task processing
n, m time distribution Coax | Co! Cova
6 | 3 1,20 20 1.00
91 3 1,20 32 1.00
15| 3 1,20 65 1.00
6 | 3 20, 50 59 1.05
9 1 3 20, 50 101 1.03
15| 3 20, 50 166 1.00
g8 | 4 1,20 23 1.09
12| 4 1,20 30 1.00
20 | 4 1,20 60 1.00
8 | 4 20, 50 74 1.04
12| 4 20, 50 108 1.02
20 | 4 20, 50 185 1.01
1015 1,20 25 1.04
15| 5 1,20 38 1.03
20 | 5 1,20 49 1.00
10 | 5 20, 50 65 1.06
15| 5 20, 50 117 1.03
25| 5 20, 50 198 1.01

Table 5.1.1  Mean performance of the LPT algorithm.

We now pass to the second way of analyzing problem P||C,,,.. Theorem 5.1.1
gave a negative answer to the question about the existence of an optimization
polynomial time algorithm for solving P2||C,,,.. However, we have not proved

that our problem is NP-hard in the strong sense and we may try to find a pseudo-
polynomial optimization algorithm. It appears that, based on a dynamic pro-
gramming approach, such an algorithm can be constructed using ideas presented
by Rothkopf [Rot66]. Below the algorithm is presented for P||C,,,; it uses

Boolean variables xj(tl, ty, = ty), j=1,2,--,n, t,=0,1,---,C,i=1,2,---,m,
where C denotes an upper bound on the optimal schedule length C . The
meaning of these variables is the following

true iftasks 77,75, - -, T; can be scheduled on
(1.t 0 processors Py, P,,---, P, in such a way that P,
X . RN = K . . . ]
LI is busy in time interval [0,7,],i=1,2,---,m,

false otherwise.

Now, we are able to present the algorithm.
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Algorithm 5.1.6 Dynamic programming for P||C,, .. [Rot66].

max
begin
for all (it --,1,) € {0,1,---,C}" do xy(ty, 1, --,1,) = false;
x0(0,0,---,0) = true;

—- initial values for Boolean variables are now assigned
for j=1 to n do

for all (t,t,,---,t,) € {0,1,---,C}" do

m
xj(tla 127" ) Z‘m) = I\:/l xj—l(tb t2>' ) tj—]a ti_pj: ti+1,' . "tm); (514)

Cor i=min{max{t), by, - -, 1, | X,(t1, b5, - -, 1)) = true} ; (5.1.5)
-- optimal schedule length has been calculated

Starting from the value C,\ , assign tasks 7,, T, i,- - -, T} to appropriate

max>
processors using formula (5.1.4) backwards ;
end;

The above procedure solves problem P||C,,,. in O(nC") time; thus for fixed m it

is a pseudopolynomial time algorithm. As a consequence, for small values of m
and C the algorithm can be used even in computer applications. To illustrate the
use of the above algorithm let us consider the following example.

Example 5.1.7 Let n=3,m=2and p = [2, 1, 2]. Assuming bound C =5 we get
the cube given in Figure 5.1.3(a) where particular values of variables x(7,,1,,-- -,
t,,) are stored. In Figures 5.1.3(b) through 5.1.3(e) these values are shown, re-
spectively, for j= 0, 1, 2, 3 (only true values are depicted). Following Figure
5.1.3(e) and equation (5.1.5), an optimal schedule is constructed as shown in
Figure 5.1.3(f). O

The interested reader may find a survey of some other enumerative approaches
for the problem in question in [LLR+93].

Problem P|pmtn|C,,,,

Now one may try the third way of analyzing the problem P||C,,,. (as suggested

ax
in Section 3.2), i.e. on may relax some constraints imposed on problem P||C,,,.

and allow preemptions of tasks. It appears that problem P|pmitn|C,, . can be

ax
solved very efficiently. It is easy to see that the length of a preemptive schedule
cannot be smaller than the maximum of two values: the maximum processing
time of a task and the mean processing requirement on a processor [McN59], i.e.:

n
Cphe = max {maxip;}, - ¥ p} . (5.1.6)
J STom =
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Figure 5.1.3 An application of dynamic programming for Example 5.1.7
(a) a cube of Boolean variables,
(b)-(e) values of x(t,.,1;) for j =0, 1, 2, 3, respectively (here T

stands for true),

(f) an optimal schedule.
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The following algorithm given by McNaughton [McN59] constructs a schedule
whose length is equal to C, .

Algorithm 5.1.8 McNaughton's rule for P|pmtn|C,,,. [McN59].
begin

n
C, . :=max {ij /m, max{p;} };  —- minimum schedule length
J=1 J

t=0;i=1;j=1;
repeat
if 14p;<Cpy
then
begin
Assign task 7 to processor P; , starting at time 7;
t=ttp; j=jtl;
- - task 7} can be fully assigned to processor P;,
-— assignment of the next task will continue at time 7 + p;

end
else
begin
Starting at time 7, assign task 7} for C,»..—1 units to processor P;;

- - task 7 is preempted at time C, *

max>
—— processor P; is now busy until C,: .
-— assignment of T; will continue on the next processor at time 0
P =pj=(Cpe=0); 1:=0; i=i+l;
end;
until j=n+1; -~ all tasks have been scheduled
end;

Note that the above algorithm is an optimization procedure since it always finds
a schedule whose length is equal to C, . Its time complexity is O(n) .

We see that by allowing preemptions we made the problem easy to solve.
However, there still remains the question of practical applicability of the solution
obtained this way. One has to ask if this model of preemptive task scheduling can
be justified, because it cannot be expected that preemptions are free of cost. Gen-
erally, two kinds of preemption costs have to be considered: time and finance.
Time delays originating from preemptions are less crucial if the delay caused by
a single preemption is small compared to the time the task continuously spends
on the processor. Financial costs connected with preemptions, on the other hand,
reduce the total benefit gained by preemptive task execution; but again, if the
profit gained is large compared to the losses caused by the preemptions the
schedule will be more useful and acceptable. These circumstances suggest the
introduction of a scheduling model where task preemptions are only allowed af-
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ter the tasks have been processed continuously for some given amount k& of time.
The value for k (preemption granularity) should be chosen large enough so that
the time delay and cost overheads connected with preemptions are negligible. For
given granularity &, upper bounds on the preemption overhead can easily be es-
timated since the number of preemptions for a task of processing time p is lim-
ited by |_p/kJ . In [EH93] the problem P |pmtn|C,,,. With k-restricted preemptions

max
is discussed: If the processing time p; of a task 7} is less than or equal to , then
preemption is not allowed; otherwise preemption may take place after the task
has been continuously processed for at least £ units of time. For the remaining
part of a preempted task the same condition is applied. Notice that for £ = 0 this
problem reduces to the "classical" preemptive scheduling problem. On the other
hand, if for a given instance the granularity £ is larger than the longest processing
time among the given tasks, then no preemption is allowed and we end up with
non-preemptive scheduling. Another variant is the exact-k-preemptive scheduling
problem where task preemptions are only allowed at those moments when the
task has been processed exactly an integer multiple of & time units. In [EH93] it
is proved that, for m = 2 processors, both the k-preemptive and the exact-k-
preemptive scheduling problems can be solved in time O(n). For m > 2 proces-
sors both problems are NP-hard.

Problem P |prec|C,,

Let us now pass to the case of dependent tasks. At first tasks are assumed to be
scheduled non-preemptively. It is obvious that there is no hope of finding a poly-
nomial time optimization algorithm for scheduling tasks of arbitrary length since
P||C,,, is already NP-hard. However, one may try again list scheduling algo-

rithms. Unfortunately, this strategy may result in an unexpected behavior of con-
structed schedules, since the schedule length for problem P|prec|C,,, (with

ax

ax
arbitrary precedence constraints) may increase if:

— the number of processors increases,

— task processing times decrease,

— precedence constraints are weakened, or

— the priority list changes.

Figures 5.1.4 through 5.1.8 indicate the effects of changes of the above men-
tioned parameters. These /ist scheduling anomalies have been discovered by
Graham [Gra66], who has also evaluated the maximum change in schedule
length that may be induced by varying one or more problem parameters. We will
quote this theorem since its proof is one of the shortest in that area and illustrates
well the technique used in other proofs of that type. Let there be defined a task
set T together with precedence constraints <. Let the processing times of the

tasks be given by vector p, let T be scheduled on m processors using list L, and
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let the obtained value of schedule length be equal to C,,,.. On the other hand, let

the above parameters be changed: a vector of processing times p’ < p (for all the
components), relaxed precedence constraints <'< <, priority list L' and the

number of processors m'. Let the new value of schedule length be C,,,,.. Then the
following theorem is valid.
(a) T, /3 T, /4 ;2
T, /13 Ty /2 T,/4 T, /4 Ty /2
(b) P T | T, T, T, T, | Ty
P, T 1;
0 345 9 13 15 17 !
Figure 5.1.4 (a) A taskset, m=2, L =(T\,T,,T5,T,, T5, T, T;, Ty),
(b) an optimal schedule.
P, T, T, T, T, /////
P, T, T, T T,
0 3456 9 10 11 23t

Figure 5.1.5 Priority list changed: A new list L' = (T, Ty, T3, T4, T, T, Tg, T7).

%,

P, T, Ts T,

P T || Ty |Tg

o3

>
>

0 2 3 6 7 8 18 !

Figure 5.1.6 Processing times decreased, pj=p;,—1,j=1,2,---,n.
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plon| on /////

P, T, T

pln| 1o | /////

0 2 3 4 6 7 8 19

v

Figure 5.1.7 Number of processors increased, m = 3.

T/4
T/4 T, /4

T/13
(a) Pl Tl T3 T5 T7
P, T, T, Te | Ty ////////
0 3 4 5 8 910 12 2

Figure 5.1.8 (a) Precedence constraints weakened,
(b) a resulting list schedule.

Theorem 5.1.9 [Gra66] Under the above assumptions,

c’ _
—max < 4 =L (5.1.7)

max m

Proof. Let us consider schedule S’ obtained by processing task set T with primed

parameters. Let the interval [0, C, ) be divided into two subsets, 4 and B, de-

fined in the following way:

A ={te][0,C,,) | all processors are busy at time 7}, B =[0,C,, ) —A.

Notice that both 4 and @ are unions of disjoint half-open intervals. Let 7} de-

note a task completed in S’ at time C,)

max> 1.6 G = C . Two cases may occur:
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1. The starting time s; of 7} is an interior point of @. Then by the definition of
B there is some processor P; which for some & > 0 is idle during interval [s; —e,
s;,). Such a situation may only occur if we have 7; <'T; and C; =s; for some
task 7} .
2. The starting time of 7} is not an interior point of 3. Let us also suppose that
s;, # 0. Define x; = sup{x [x <s; ,and x € B} or x; = 0 if set B is empty. By the
construction of 4 and B, we see that x; € 4, and processor P; is idle in time
interval [x; —¢, x;) for some ¢ > 0 . But again, such a situation may only occur if
some task 7, < T;, is processed during this time interval.

It follows that either there exists a task 7}, </ T; such thaty € [C}, s;) im-
plies y € A or we have: x <s; implies either x € 4 orx <0.

The above procedure can be inductively repeated, forming a chain 7},

T;,,---, until we reach task 7; for which x <'s; implies either x € A or x < 0.

Jac""
Hence there must exist a chain of tasks
’ ! ’ ’
7}r< 7}r71< e = T/2< 7}1 (5.1.8)

such that at each moment 7 € B, some task 7, is being processed in §". This im-
plies that
z ph<(m'-1 Erl " 5.1.9
¢/es'p¢ (m )/F1pfk ( )
where the sum on the left-hand side is made over all idle-time tasks ¢ in S’. But
by (5.1.8) and the hypothesis <'c < we have

Tjr< ]}r—] <= ]}'2<]}1' (5.1.10)
Hence,
r r
Conar2 Z P2 2 Py (5.1.11)
Furthermore, by (5.1.9) and (5.1.11) we have
1/ 1
C' =—(Zp,+ Z pi)<=mC, _+(m-1)C . 5.1.12
max m’(lFlpk-'-(])’eS’p(b) m:(m max (I’I’l ) max) ( )
It follows that
%314_’"__1
Corax m'

and the theorem is proved. O
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From the above theorem, the absolute performance ratio for an arbitrary list
scheduling algorithm solving problem P||C,,,. can be derived.

Corollary 5.1.10 [Gra66] For an arbitrary list scheduling algorithm LS for
P||C,, . we have

ax

1
Ris=2--. (5.1.13)

Proof. The upper bound of (5.1.13) follows immediately from (5.1.7) by taking
m'= m and by considering the list leading to an optimal schedule. To show that
this bound is achievable let us consider the following example: n = (m—1)m+1,
p=I[11,---,1,1,m], <isempty, L=(T,,T,,T5,---,T, ) and L'= (T, T5, - --,

T,). The corresponding schedules for m = 4 are shown in Figure 5.1.9. O
(a) (b)
A UE PITL || T UE

PIT |5 |5 | T 5757%30////////
Aln |5 |5 | n Pz@”“////////

L | o | Ths P,

! o 1 2 3 7

R
o
|
=3
o

0 1 2 3 4

Figure 5.1.9 Schedules for Corollary 5.1.10
(a) an optimal schedule,
(b) an approximate schedule.

It follows from the above considerations that an arbitrary list scheduling algo-
rithm can produce schedules almost twice as long as optimal ones. However, one
can solve optimally problems with tasks of unit lengths.

Problem P|prec, pj=1|Cppyx

The first algorithm has been given for scheduling forests, consisting either of in-
trees or of out-trees [Hu61]. We will first present Hu's algorithm for the case of
an in-tree, i.e. for the problem P|in-tree, p;=1|C,,,,. The algorithm is based on
the notion of a fask level in an in-tree which is defined as the number of tasks on
the path to the root of the graph. The algorithm by Hu, which is also called /evel

algorithm or critical path algorithm is as follows.
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Algorithm 5.1.11 Hu's algorithm for P |in-tree,p;=1|C,,,, [Hu61].

begin
Calculate levels of the tasks;
t:=0;
repeat
Construct list L, consisting of all the tasks without predecessors at time #;
—— all these tasks either have no predecessors
-- or their predecessors have been assigned in time interval [0, —1]
Order L, in non-increasing order of task levels;
Assign m tasks (if any) to processors at time # from the beginning of list L,;
Remove the assigned tasks from the graph and from the list;
t=t+1;
until all tasks have been scheduled;
end;

The algorithm can be implemented to run in O(#n) time. An example of its appli-
cation is shown in Figure 5.1.10.

4
3
2
1

Pl Tl Zl T7 TIO Tl2

P2 TZ TS T8 Tll

P, T, T, T,

0 1 2 3 4 5 t

Figure 5.1.10 An example of the application of Algorithm 5.1.11 for three pro-
cessors.

A forest consisting of in-trees can be scheduled by adding a dummy task that is
an immediate successor of only the roots of in-trees, and then by applying Algo-
rithm 5.1.11. A schedule for an out-tree can be constructed by changing the ori-
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entation of arcs, applying Algorithm 5.1.11 to the obtained in-tree and then read-
ing the schedule backwards, i.e. from right to left.

It is interesting to note that the problem of scheduling opposing forests (that
is, combinations of in-trees and out-trees) on an arbitrary number of processors is
NP-hard [GJTYS83]. However, if the number of processors is limited to 2, the
problem is easily solvable even for arbitrary precedence graphs [CG72, FKN69,
Gab82]. We present the algorithm given by Coffman and Graham [CG72] since
it can be further extended to cover the preemptive case. The algorithm uses /a-
bels assigned to tasks, which take into account the levels of the tasks and the
numbers of their immediate successors. The following algorithm assigns labels to
the tasks, and then uses them to find the shortest schedule for problem P2 |prec,
pi=11G,

ax:

Algorithm 5.1.12 Algorithm by Coffman and Graham for P2 |prec,p;=1|C,,
[CGT72].
begin
Assign label 1 to any task 7|, for which isucc(7,,) = ;
—— recall that isucc(7) denotes the set of all immediate successors of 7’
j=1;
repeat

ax

Construct set S of all unlabeled tasks whose successors are labeled;

for all TeS do
begin
Construct list L(7) consisting of labels of tasks belonging to isucc(7);
Order L(T) in decreasing order of the labels;
end;
Order these lists in increasing lexicographic order L(7}yy) < ---< L(Tjgp)7
- see Section 2.1 for definition of <
Assign label j+1 to task 7}yy;
j=j+1;
until j=n+1; -~ all tasks have been assigned labels
call Algorithm 5.1.11;

-~ here the above algorithm uses labels instead of levels when scheduling tasks
end;

A careful analysis shows that the above algorithm can be implemented to run in
time which is almost linear in #» and in the number of arcs in the precedence
graph [Set76]; thus its time complexity is practically O(nz). An example of the
application of Algorithm 5.1.12 is given in Figure 5.1.11.

It must be stressed that the question concerning the complexity of problem
Pm|prec, p;=1|C,,, with a fixed number m of processors is still open despite
the fact that many papers have been devoted to solving various subcases of prec-
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edence constraints. If tasks with unit processing times are considered, the follow-

ing results are available. Problems P3|opposing forest, p;= 1|C,, and

Pk|opposing  forest, p;=1|C, are solvable in time O(n) [GIJTYS83] and

0(n2k 2 logn) [DW85], respectively. On the other hand, if the number of availa-
ble processors is variable, then this problem becomes NP-hard. Some results are
also available for the subcases in which task processing times may take only two
values. Problems P2 |prec,p;=1or 2|C,,, and P|prec,p;=1 or k| C,,,, are NP-

hard [DL88], while problems P2|#ree, p;=1 or 2|C,,, and P2|iree, p;=1 or

max

max

max

31C,,. are solvable in time O(nlogn) [NLH81] and O(n logn) [DL89], respec-

tively. Arbitrary processing times result in strong NP-hardness even for the case
of chains scheduled on two processors (problem P2 | chains | C,,,.) [DLY91].

T/ 11

O
T,/ 12
<j< / T3/ 1
7,/ 13

/10 /

Pl T3 Tl TS T9 T8 Tll T13 C* _7
max —

P\ T | T | T, | T7 | Tho| Tz

o 1 2 3 4 5 6 7t

Figure 5.1.11 An example of the application of Algorithm 5.1.12 (tasks are
denoted by T;/label).

Furthermore, several papers deal with approximation algorithms for P|prec, p;=
1|C

'wae A0d more general problems. We quote some of the most interesting re-

sults. The application of the level algorithm (Algorithm 5.1.11) to solve P|prec,
=1|C,, . has been analyzed by Chen and Liu [CL75] and Kunde [Kun76]. The

followmg bound has been proved.

max
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4 form=2
Rievel = 3
fevel 2L form=>3.
m—1
Algorithm 5.1.12 is slightly better, its bound is R = 2—%—’"?_3 for m>3
m-Cipax

[BT94]. In this context one should not forget the results presented in Theorems
5.1.9 and 5.1.10, where list scheduling anomalies have been analyzed.

Problem P|pmtn,prec|C,,,

The analysis also showed that preemptions can be profitable from the viewpoint
of two factors. First, they can make problems easier to solve, and second, they
can shorten the schedule. Coffman and Garey [CG91] proved that for problem
P2 |prec|C,  the least schedule length achievable by a non-preemptive schedule

max
is no more than 4/3 the least schedule length achievable when preemptions are
allowed. While the proof of this fact seems to be tedious, a very simple example
showing that this bound is met can easily be given for a set of three independent
tasks of equal length (cf. Figure 5.1.12).

(@)
P 1 T 1 T 3
P 2 T 2
0 I =2
® P T T "
: : ’ - =43
P,| T T, "
P > t
0 12 1l =32

Figure 5.1.12  An example of 4/3 conjecture
(a) non-preemptive scheduling,
(b) preemptive scheduling.

In the general case of dependent tasks scheduled on processors in order to mini-
mize schedule length, one can construct optimal preemptive schedules for tasks
of arbitrary length and with other parameters the same as in Algorithm 5.1.11 or
5.1.12. The approach again uses the notion of the /evel of task 7} in a precedence

graph, by which is now understood the sum of processing times (including p;) of
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tasks along the longest path between 7} and a terminal task (a task with no suc-
cessors). Let us note that the level of a task being executed is decreasing. We
have the following algorithm [MC69, MC70] for the problems P2 |pmtn,
prec|C,,,. and P|pmin, forest|C,, .. The algorithm uses a notion of a processor
shared schedule, in which a task receives some fraction B (< 1) of the processing
capacity of a processor.

Algorithm 5.1.13 Algorithm by Muntz and Coffiman for P2 |pmtn, prec|C

max

and P|pmtn, forest|C,, .. [MC69, MC70].

begin

for all T e T do Compute the level of task T';
t=0; h:=m;

repeat

Construct set Z of tasks without predecessors at time ¢;
while #>0 and |Z|>0do

begin
Construct subset S of Z consisting of tasks at the highest level;
if [S|>h
then
begin
Assign B := h/|S| of a processing capacity to each of the tasks from S ;
h:=0; -— aprocessor shared partial schedule is constructed
end
else
begin
Assign one processor to each of the tasks from §';
h:=h—|S|; -- a"normal" partial schedule is constructed
end;
Z=2-5;
end; -- the most "urgent" tasks have been assigned at time #

Calculate time t at which either one of the assigned tasks is finished or a
point is reached at which continuing with the present partial assignment
means that a task at a lower level will be executed at a faster rate § than a
task at a higher level;

Decrease levels of the assigned tasks by (t—7)B ;

=1; h=m;
-— aportion of each assigned task equal to (t—7)p has been processed
until all tasks are finished;
call Algorithm 5.1.8 to re-schedule portions of the processor shared schedule
to get a normal one;
end;
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The above algorithm can be implemented to run in O(nz) time. An example of its
application to an instance of problem P2 |pmtn, prec|C,,,. is shown in Figure
5.1.13.

At this point let us also consider another class of the precedence graphs for
which the scheduling problem can be solved in polynomial time. To do this we
have to present precedence constraints in the form of an activity network (task-
on-arc precedence graph, viz. Section 3.1) whose nodes (events) are ordered in
such a way that the occurrence of node 7 is not later than the occurrence of node J,
ifi<j.

ax

(a)
(b)
1.
=2
plnln| o lnn o | on T P
T. B=2.
Plr | T T. T\T, L P = :
2 2 1 5 1|14 Ty 7, B o T, P=24 R
0 2 4 9 10 11 13 17 18 22.5 t
11.
Pl T3 T6 T9 T8 Tll T12
Bl n| T, LT To| & | To |Ta| T

0 2 4 910 11 13 15 17 18 195 21 225 ¢

Figure 5.1.13  An example of the application of Algorithm 5.1.13
() a task set (nodes are denoted by T /p;),

(b) I: a processor-shared schedule, 11: an optimal schedule.
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Now, let §; denote the set of all the tasks which may be performed between the
occurrence of event (node) / and /+ 1. Such sets will be called main sets. Let us
consider processor feasible sets, i.e. those main sets and those subsets of the
main sets whose cardinalities are not greater than m, and number these sets from
1 to some K. Now, let O; denote the set of indices of processor feasible sets in
which task 7; may be performed, and let x; denote the duration of the ith feasible
set. Then, a linear programming problem can be formulated in the straightfor-
ward way [WBCS77, BCSW76b] (another LP formulation for unrelated proces-
sors is presented in Section 5.1.2 as the first phase of a two-phase method):

M>

Minimize C X; (5.1.14)

ma)c_.l i

subject to 2 ox=p, j=12,-n,
<9 (5.1.15)
X2 0, i=1,2,--,K.

It is clear that the solution of the LP problem depends on the order of nodes
in the activity network; hence an optimal solution is found when this topological
order is unique. Such a situation takes place for a uniconnected activity network
(uan), i.e. one in which any two nodes are connected by a directed path in only
one direction. An example of a uniconnected activity network together with the
corresponding precedence graph is shown in Figure 5.1.14. On the other hand,
the number of variables in the above LP problem depends polynomially on the
input length, when the number of processors m is fixed. We may then use a non-
simplex algorithm (e.g. from [Kha79] or [Kar84]) which solves any LP problem
in time polynomial in the number of variables and constraints. Hence, we may
conclude that the above procedure solves problem Pm |pmtn, uan|C,,,, in poly-

ax

nomial time.

(a)

Figure 5.1.14 (a) An example of a simple uniconnected activity network,
(b) The corresponding precedence graph.
Main sets S| ={T,,T,}, Sy = {1, T3, T4}, S35 = {T4, Ts}.
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Recently another LP formulation has been proposed which enables one to solve
problem P|pmtn,uan|C,,,, in polynomial time, regardless of a number of pro-
cessors [JMR+04].

As we already mentioned the uniconnected activity network has a task-on-
node equivalent representation in a form of the interval order. Below, we present
a sketch of the proof [BKO02]. Let us start with the following theorem which will
be given without a proof.

Theorem 5.1.14 Let G be an activity network (task-on-arc graph). G is unicon-
nected if and only if G has a Hamiltonian path. O

Now, the following theorems may be proved [BKO02].

Theorem 5.1.15 [f G is a uan, then G is a task-on-arc representation of an
interval order.

Proof. By Theorem 5.1.14, G =(V,A) is composed of a Hamiltonian path
W=(vy,...,v,) with possibly some additional arcs of the form (v;,v,) with i <j.
The interval order we are looking for is defined by the following collection of
intervals (1,),c, . For every arc a = (v;,v)) of 4, we put the interval [7,/) into the

collection.

We have now to show that [, =[i,j) is entirely to the left of 7, =[i",j") if
and only if a has to precede a’ in the task precedence constraints represented by
G. This is easy to show, since:

1,=1i,j) is entirely to the left of 1, =[i",j")

& jLi
< there is a path from v; to v, in G (along )
< a with head j has to precede a' with tail i’. O

If dummy tasks are not allowed, an interval order does not necessarily have a
task-on-arc representation. Indeed, if we consider the collection of intervals
{[1,2),[1,3),[2,4),[3.,4)}, its task-on-node representation is graph N in Figure
2.3.1. It implies that this partial order does not have a task-on-arc representation
without dummy tasks. But the equivalence of task-on-node and task-on-arc rep-
resentations can be obtained through the use of dummy tasks. Since we allow
them also here, the following result can be proved.

Theorem 5.1.16 Any interval order has a task-on-arc representation with a
Hamiltonian path (and therefore corresponds to a uan).

Proof. Consider any collection of intervals (/,),., with I,=[b,,e,). We define
the following graph G=(V,E). Set

V={blacAd} U {e|acd}.
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For any v in V, let next(v) be the vertex w > v such that there is no x in V' with v
xnw (next(v)is not defined for the largest e,). Set

A" = {(v,next(v))|v € Vand next(v) defined}
and
E=A4"U{(b,e)|lacd}.

The arcs in A" represent dummy tasks. This graph G has indeed a Hamilto-
nian path, starting with the smallest b, (min,_, e,), following the arcs in 4’ and
ending at the largest e, (max,_, e,). It remains to show that 7,= [b,,e,) is en-
tirely to the left of 7, =[b,,e,) if and only if arc (b,,e,) has to precede arc
[b a's €
deal with arcs in A’ since they represent dummy tasks:

1,=[b,,e,) is entirely to the left of [, =1[b,,e,)

< e,<b,

) in the task precedence constraints represented by G. We do not have to

& there is a path from e, to b, in G (using the arcsin 4")

& (b,,e,) withhead e, has to precede (b,,e,) withtail b, .

O
The following corollary is a direct consequence of Theorems 5.1.15 and 5.1.16

Corollary 5.1.17 Let Q be a partial order. If dummy tasks are allowed, Q is an
interval order if and only if Q can be represented as a uan.

We may now conclude the above considerations with the following result:
P|pmtn ,interval order|C,,,. is solvable in polynomial time.

For general precedence graphs, however, we know from Ullman [UIl76] that the
problem is NP-hard. In that case a heuristic algorithm such as Algorithm 5.1.13
my be chosen. The worst-case behavior of Algorithm 5.1.13 applied in the case
of P|pmtn, prec|C,,,. has been analyzed by Lam and Sethi [LS77]:

_ 2
RAlg.54l.13_2_;; m>2.

5.1.2 Uniform and Unrelated Processors

Problem Q| p;j=1]Cy4x

Let us start with an analysis of independent tasks and non-preemptive schedul-
ing. Since the problem with arbitrary processing times is already NP-hard for
identical processors, all we can hope to find is a polynomial time optimization
algorithm for tasks with unit standard processing times only. Such an approach
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has been given by Graham et al. [GLL+79] where a transportation network for-
mulation has been presented for problem Q[p;=1|C We describe it briefly

max
below.

Let there be » sources j, j =1, 2,---,n, and mn sinks (i, k), i=1,2,---,m and
k=1,2,---,n. Sources correspond to tasks and sinks to processors and positions
of tasks on them. Let ¢;; = k/b; be the cost of arc (j, (i, k)); this value corresponds
to the completion time of task 7} processed on P; in the kth position. The arc flow

x;;; has the following interpretation:

= 1 if 7} is processed in the kth position on P;
bk 0 otherwise.

The min-max transportation problem can be now formulated as follows:

Minimize I}l?.)l({ {Cinxijnt (5.1.16)
subject to El gl xp=1 forallj, (5.1.17)
El X S 1 forall i, k, (5.1.18)
X2 0 forall i,j, k. (5.1.19)

This problem can be solved by a standard transportation procedure (cf. Section

2.3) which results in 0(n3) time complexity, or by a procedure due to Sevast-
janov [Sev91]. Below we sketch this last approach. It is clear that the minimum
schedule length is given as

Corax=sup {t| Z ltb| <n}. (5.1.20)

On the other hand, a lower bound on the schedule length for the above problem is

m

C'=n/X b,<C)

: i max *
i=1

(5.1.21)

Bound C’ can be achieved e.g. by a preemptive schedule. If we assign k, = C'b, ]
tasks to processor P;, i= 1, 2,--.,m, respectively, then these tasks may be pro-

m
cessed in time interval [0, C']. However, /= n— X k; tasks remain unassigned.

i=1
Clearly / < m—1, since C'b,—| C'b;| < 1 for each i. The remaining / tasks are then
assigned one by one to those processors P; for which min{(k;+ 1) / b,} is attained
1

at a given stage, where, of course, £; is increased by one after the assignment of a
task to a particular processor P;. This procedure is repeated until all tasks are



164 5 Scheduling on Parallel Processors

assigned. We see that this approach results in an O(mz)—algorithm for solving
problem Q |p;=1[C,,,,
Example 5.1.18 To illustrate the above algorithm let us assume that n = 9 tasks
are to be processed on m = 3 uniform processors whose processing speeds are
given by the vector b= [3, 2, 1]. We get C'= 9/6 = 1.5. The numbers of tasks
assigned to processors at the first stage are, respectively, 4, 3, and 1. A corre-
sponding schedule is given in Figure 5.1.15(a), where task T, has not yet been

assigned. An optimal schedule is obtained if this task is assigned to processor P,

cf. Figure 5.1.15(b). O
()
Py T T I I
P, T, T, T,
P, Ty
0 s 05 24 1.0 44 15 !
b
®) P, T, T, T, T, T,
P, T, T, T,
P, T Coar = 55
0 105 2 1.0 4 15 5 K

Figure 5.1.15 Schedules for Example 5.1.18
(a) a partial schedule,
(b) an optimal schedule.

Problem Q|| C,,4x

Since other problems of non-preemptive scheduling of independent tasks are NP-
hard, one may be interested in applying certain heuristics. One heuristic algo-
rithm which is a list scheduling algorithm, has been presented by Liu and Liu
[LL74a]. Tasks are ordered on the list in non-increasing order of their processing
times and processors are ordered in non-increasing order of their processing
speeds. Now, whenever a machine becomes free it gets the first non-assigned
task of the list; if there are two or more free processors, the fastest is chosen. The
worst-case behavior of the algorithm has been evaluated for the case of an m+1
processor system, m of which have processing speed factor equal to 1 and the
remaining processor has processing speed factor b. The bound is as follows.
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gﬁ%b) forb<2

mTer forb>2.

It is clear that the algorithm does better if, in the first case (b < 2), m decreases
faster than b, and if b and m decrease in case of b > 2. Other algorithms have
been analyzed by Liu and Liu [LL74b, LL74c] and by Gonzalez et al. [GIS77].

Problem Q |pmtn|C,,,,

By allowing preemptions, i.e. for the problem Q|pmtn|C

'nax» ONE can find opti-

mal schedules in polynomial time. We present an algorithm given by Horvath et
al. [HLS77] despite the fact that there is a more efficient one by Gonzalez and
Sahni [GS78]. We do this because the first algorithm covers also precedence
constraints, and it generalizes the ideas presented in Algorithm 5.1.13. The algo-
rithm is based on two concepts: the task level, defined as previously as pro-
cessing requirement of the unexecuted portion of a task, but now expressed in
terms of a standard processing time, and processor sharing, i.e. the possibility of
assigning only a fraction f (0 < B < max{b;}) of processing capacity to some
task. Let us assume that tasks are indexed in order of non-increasing p;'s and pro-
cessors are in order of non-increasing values of ;. It is quite clear that the mini-
mum schedule length can be estimated by

cr . >C= max{lglkasxm {;%}, {B%} } (5.1.22)
where X, is the sum of processing requirements (i.e. standard processing times
p;) of the first & tasks, and By is the collective processing capacity (i.e. the sum of
processing speed factors b;) of the first k£ processors. The algorithm presented
below constructs a schedule of length equal to C for the problem Q| pmtn|C

max *

Algorithm 5.1.19 Algorithm by Horvath, Lam and Sethi for Q| pmtn|C,,,.
[HLS77].

begin
for all T e T do Compute level of task T';
t:=0; h:=m;
repeat
while /#>0 do
begin

Construct subset S of T consisting of tasks at the highest level ;
- the most "urgent" tasks are chosen
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if |S|>h
then
begin
Assign the tasks of set § to the 4 remaining processors to be processed
m
atthe samerate p=_ 2 b,/|5];
i=m-h+1
h:=0; —— tasks from set § share the / slowest processors
end
else
begin

Assign tasks from set S to be processed at the same rate B on the fastest
|S| processors ;

h:=h-|S|; —- tasks from set § share the fastest | §| processors
end;
end; -~ the most urgent tasks have been assigned at time #

Calculate time moment t at which either one of the assigned tasks is finished
or a point is reached at which continuing with the present partial assign-
ment causes that a task at a lower level will be executed at a faster rate f8
than a higher level task;

- - note, that the levels of the assigned tasks decrease during task execution

Decrease levels of the assigned tasks by (t—7)B ;

t:=1; h=m;

-— aportion of each assigned task equal to (t—7)p has been processed
until all tasks are finished;
—— the schedule constructed so far consists of a sequence of intervals during each
—— of which certain tasks are assigned to the processors in a shared mode.
-~ In the next loop task assignment in each of these intervals is determined
for each interval of the processor shared schedule do
begin
Let y be the length of the interval;
if g tasks share g processors
then Assign each task to each processor for y/g time units
else
begin
Let p be the processing requirement of each of the g tasks in the inter-
val;

Let b be the processing speed factor of the slowest processor;
if p/b<y
then call Algorithm 5.1.8

—-— tasks can be assigned as in McNaughton's rule,

-~- ignoring different processor speeds
else

begin
Divide the interval into g subintervals of equal lengths;
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Assign the g tasks so that each task occurs in exactly / intervals, each
time on a different processor;
end;
end;
end;
-- anormal preemptive schedule has now been constructed
end;

The time complexity of Algorithm 5.1.19 is O(mnz). An example of its applica-
tion is shown in Figure 5.1.16.

(@)
Ty Ty T T, T, T
T, T, LT, I, T, T, T, T4Ts 2o
T, T, T Ty Ts Ts R
0 1.33 4 5.2 92 102 15 t
(b)
DO TTTs
A1
T, | T, | T, || T, | T | T | TS 7| 7, | T |75 | 75 | T
T, T, Ty Infrofny| Ty | Ty | T5 | T, T\ |Ty|T5|Ts | To | T,
0 133 4 52 92/ /[ 1 \io2 15 1
T TT5Th

Figure 5.1.16 An example of the application of Algorithm 5.1.19: n=6, m=2,
p=1[20,24,10,12,5,4], b=[4,1]
(a) a processor shared schedule,
(b) an optimal schedule.

Problem Q| pmtn, prec|C,,,

When considering dependent tasks, only preemptive polynomial time optimiza-
tion algorithms are known. Algorithm 5.1.19 also solves problem Q2 |pmin,
prec|C,,,., if the level of a task is understood as in Algorithm 5.1.13 where

standard processing times for all the tasks were assumed. When considering this
problem one should also take into account the possibility of solving it for uni-
connected activity networks and interval orders via the slightly modified linear
programming approach (5.1.14)-(5.1.15). It is also possible to solve the problem
by using another LP formulation which is described for the case of R|pmin]|
C

max*

It is also possible to solve problem Q | pmtn, prec|C,,,,

two machine aggregation approach, developed in the framework of flow shop

approximately by the
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scheduling [RS83] (cf. Chapter 8). In this case the two fastest processors are used
only, and the worst case bound is

m/2
C ;1 max{b,; /by, by;/by} if m is even,
cr =) Lm2l
X max{byy /by, by by} +b, /by ifmis odd.

Problem R | pmtn | C,,,,

Let us pass now to the case of unrelated processors. This case is the most diffi-
cult. We will not speak about unit-length tasks, because unrelated processors
with unit length tasks would reduce to the case of identical or uniform proces-
sors. Hence, no polynomial time optimization algorithms are known for prob-
lems other than preemptive ones. Also, very little is known about approximation
algorithms for this case. Some results have been obtained by Ibarra and Kim
[IK77], but the obtained bounds are not very encouraging. Thus, we will pass to
the preemptive scheduling model.

Problem R |pmtn|C,,,. can be solved by a two-phase method. The first phase
consists in solving a linear programming problem formulated independently by
Blazewicz et al. [BCSW76a, BCW77] and by Lawler and Labetoulle [LL78].
The second phase uses the solution of this LP problem and produces an optimal
preemptive schedule.

Let x;; € [0, 1] denote the part of 7; processed on P;. The LP formulation is

as follows:
Minimize Chrax (5.1.23)
subject to Chrax —‘épi»xijzo, i=1,2,---,m (5.1.24)
Cmax—iipyxyzo, j=12,---,n (5.1.25)
g)lxij=1, j=12,---,n. (5.1.26)
Solving the above problem, we get C,,.= C,  and optimal values x’fj

However, we do not know how to schedule the task parts, i.e. how to assign these
parts to processors in time. A schedule may be constructed in the following way.
Let T= [t";j] be the m x n matrix defined by t’f-j = pyx;, i=1,2,---,mj=1,
2,---,n. Notice that the elements of T reflect optimal values of processing times
of particular tasks on the processors. The jth column of T corresponding to task T;
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will be called critical if 21 tT] = (" . By Y we denote an m x m diagonal matrix

Fa
n

whose element y,, is the total idle time on processor P, i.e. y,, = Cp — 21 1.
=

Columns of Y correspond to dummy tasks. Let V= [T,Y] be an m x (n+m) ma-
trix. Now set U containing m positive elements of matrix ¥ is defined as having
exactly one element from each critical column and at most one element from
other columns, and having exactly one element from each row. We see that U
corresponds to a task set which may be processed in parallel in an optimal sched-
ule. Thus, it may be used to construct a partial schedule of some length > 0. An
optimal schedule is then produced as the union of the partial schedules. This pro-
cedure is summarized in Algorithm 5.1.20 [LL78].

Algorithm 5.1.20 Construction of an optimal schedule corresponding to LP
solution for R |pmtn|C,,,...

begin
— * .
C:= max "’
while C>0 do
begin
Construct set U;
-~ thus a subset of tasks to be processed in a partial schedule has been chosen
V.. = min {v.};
min vy 'U{ ;/} 4
Vinax = l’Ilan e y'lvyev fori=1,..,m} {ZI:VU} ;

if C—vpin 2 Vo
then & :=v;,
else 8:=C—v,,,;
—— the length of the partial schedule is equal to &
C=C-5;
for each v; e U do v;:=v;—38;
-- matrix V'is changed; notice that due to the way & is defined,
—— the elements of ¥ can never become negative
end;

end;
The proof of correctness of the algorithm can be found in [LL78].

Now we only need an algorithm that finds set U for a given matrix V. One of the
possible algorithms is based on the network flow approach. In this case the net-
work has m nodes corresponding to machines (rows of ¥) and »+m nodes corre-
sponding to tasks (columns of V), cf. Figure 5.1.17. A node i from the first group
is connected by an arc to a node j of the second group if and only if v; > 0. Arc
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flows are constrained by b from below and by ¢ = 1 from above, where the value
of b is 1 for arcs joining the source with processor-nodes and critical task nodes
with the sink, and b = 0 for the other arcs. Obviously, finding a feasible flow in
this network is equivalent to finding set U. The following example illustrates the
second phase of the described method.

Tasks
Processors

SOURCE SINK

Figure 5.1.17 Finding set U by the network flow approach.

Example 5.1.21 Suppose that for a certain scheduling problem a linear pro-
gramming solution of the two phase method has the form given in Figure
5.1.18(a). An optimal schedule is then constructed in the following way. First,
matrix V'is calculated.

PI[32140][000
y=P| 22022/ 020
PL21401]L002
75563 022

Then elements constituting set U are chosen according to Algorithm 5.1.20,
as depicted above. The value of a partial schedule length is = 2. Next, the
while-loop of Algorithm 5.1.20 is repeated yielding the following sequence of

matrices V;.

— N N
|\ BN
S Ol
—_— N O
S OO
SN O

N OO
L 1

N DN —
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12120 000
V,=1 20002 020
L01201JL 002
(1012070007
V=1 0000 2 020
L01001JL 002
(101 107[ 000
V,=1 00001 020
L00001JL002]
[001107[000]
V=] 00000 020
L00O0O01JL 0014
[000107[ 000
Ve=1 00000 010
L0O0O0OO0O0JL 001
A corresponding optimal schedule is presented in Figure 5.1.18(b). O
(a)
P, T T, T T,
P, T, T, T, Ty
%
P T T, T, T, Coar =10
0 2 4 6 8 10 Tt
(b)
P, T, T, T, T, |1, | 1| T,
P, T, T, T, T, | T,
P, T, T, T, T, T,
0 2 4 6 8 10 T

Figure 5.1.18 (a) 4 linear programming solution for an instance of
R|pmtn|C,
(b) an optimal schedule.

ax
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The overall complexity of the above approach is bounded from above by a poly-
nomial in the input length. This is because the transformation to the LP problem
is polynomial, and the LP problem may be solved in polynomial time using Kha-
chiyan's algorithm [Kha79]; the loop in Algorithm 5.1.20 is repeated at most

O(mn) times and solving the network flow problem requires 0(23) time, where z
is the number of network nodes [Kar74].

Problem R | pmtn, prec | C,,,x

If dependent tasks are considered, i.e. in the case R |pmtn, prec|C,,,.,

linear pro-
gramming problems similar to those discussed in (5.1.14)-(5.1.15) or (5.1.23)-
(5.1.26) and based on the activity network presentation, can be formulated. For

example, in the latter formulation one defines x;; as a part of task 7} processed on

processor P; in the main set S,. Solving the LP problem for x;; , one then applies

ijk>
Algorithm 5.1.20 for each main set. If the activity network is uniconnected (a
corresponding task-on-node graph represents an interval order), an optimal
schedule is constructed in this way, otherwise only an approximate schedule is
obtained. Notice that in [JMR+04] a two-phase method has been proposed for

problem P|pmtn, uan|C,,,. with the McNaughton algorithm applied for each

main set. This reduces the complexity of the second phase to O(nz). In this paper
also several heuristics for ordering network nodes have been proposed and tested
experimentally, leading finally to an almost optimal algorithm for problem
P|pmtn,prec|C,,,.

We complete this chapter by remarking that introduction of ready times into the
model considered so far is equivalent to the problem of minimizing maximum
lateness. We will consider this type of problems in Section 5.3.

5.2 Minimizing Mean Flow Time
5.2.1 Identical Processors

Problem P|| X C;

In the case of identical processors and equal ready times preemptions are not
profitable from the viewpoint of the value of the mean flow time [McN59]. Thus,
we can limit ourselves to considering non-preemptive schedules only.

When analyzing the nature of criterion X C;, one might expect that, as in the
case of one processor (cf. Section 4.2), by assigning tasks in non-decreasing or-
der of their processing times the mean flow time will be minimized. In fact, a
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proper generalization of this simple rule leads to an optimization algorithm for
P||ZC; (Conway et al. [CMM67]). It is as follows.

Algorithm 5.2.1 SPT rule for problem P||Z C;[CMM67].
begin
Order tasks on list L in non-decreasing order of their processing times;
while L#J do
begin
Take the m first tasks from the list (if any) and assign these tasks arbitrarily to
the m different processors;
Remove the assigned tasks from list L;
end;
Process tasks assigned to each processor in SPT order;
end;

The complexity of the algorithm is obviously O(nlogn).

In this context let us also mention that introducing different ready times
makes the problem strongly NP-hard even for the case of one processor (see Sec-
tion 4.2 and [LRKB77]). Also, if we introduce different weights, then the 2-
processor problem without release times, P2[|Zw;C;, is already NP-hard

[BCS74].

Problem P |prec|XZC;

Let us now pass to the case of dependent tasks. Here, P |out-tree, p;=1|2C; is
solved by an adaptation of Algorithm 5.1.11 (Hu's algorithm) to the out-tree case
[Ros—], and P2|prec, p;= 1|ZC; is strongly NP-hard [LRK78]. In the case of
arbitrary processing times results by Du et al. [DLY91] indicate that even sim-
plest precedence constraints result in computational hardness of the problem.
That is problem P2 |chains |ZC; is already NP-hard in the strong sense. On the
other hand, it was also proved in [DLY91] that preemptions cannot reduce the
mean weighted flow time for a set of chains. Together with the last result this
implies that problem P2 |chains, pmin|Z C; is also NP-hard in the strong sense.
Unfortunately, no approximation algorithms for these problems are evaluated
from their worst-case behavior point of view.

5.2.2 Uniform and Unrelated Processors

The results of Section 5.2.1 also indicate that scheduling dependent tasks on uni-
form or unrelated processors is an NP-hard problem in general. No approxima-
tion algorithms have been investigated either. Thus, we will not consider this
subject. On the other hand, in the case of independent tasks, preemptions may be
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worthwhile, thus we have to treat non-preemptive and preemptive scheduling
separately.

Problem Q|| X C;

Let us start with uniform processors and non-preemptive schedules. In this case
the flow time has to take into account processor speed; so the flow time of task

Ty processed in the kth position on processor P; is defined as Fyjyy = ,-jg Pij)-

Let us denote by n; the number of tasks processed on processor P;. Thus, n=

21 n;. The mean flow time is then given by

< 1
§ = (ni—k+1)pi[k]

F = - . (5.2.1)

It is easy to see that the numerator in the above formula is the sum of » terms
each of which is the product of a processing time and one of the following coef-
ficients:

1 1 1 1 1 1
blnl’bl(nl 1), 3 bnz, (nz 1), ’b’ e bmn”” bm(nm 1), 5

TMS_

It is known from [CMM67] that such a sum is minimized by matching » smallest
coefficients in non-decreasing order with processing times in non-increasing or-
der. An O(nlogn) implementation of this rule has been given by Horowitz and
Sahni [HS76].

Problem Q| pmtn|XC;

In the case of preemptive scheduling, it is possible to show that there exists an
optimal schedule for Q|pmin|ZC; in which C; < Cy if p; < p;. On the basis of
this observation, the following algorithm has been proposed by Gonzalez
[Gon77].

Algorithm 5.2.2 Algorithm by Gonzalez for Q| pmin| X C; [Gon77].
begin
Order processors in non-increasing order of their processing speed factors;
Order tasks in non-decreasing order of their standard processing times;
for j=1 to n do

begin

Schedule task 7 to be completed as early as possible, preempting when

necessary ;

—- tasks will create a staircase pattern "jumping" to a faster processor
—-- whenever a shorter task has been finished
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end;
end;
P, T, T, T, T,
P, T, T, T, see
Py T, T, T e
Pm Tm Tm+1 Tm+2 e
0 “t

Figure 5.2.1 An example of the application of Algorithm 5.2.2.

The complexity of this algorithm is O(nlog n+mn). An example of its application
is given in Figure 5.2.1.

Problem R || ZC;

Let us now turn to the case of unrelated processors and consider problem
R||ZC;. An approach to its solution is based on the observation that task 7 €
{T,,---,T,} processed on processor P; € {P,,---,P,} as the last task contributes
its processing time p;; to F. The same task processed in the last but one position
contributes 2p;;, and so on [BCS74]. This reasoning allows one to construct an

(mn) x n matrix @ presenting contributions of particular tasks processed in dif-
ferent positions on different processors to the value of F:

- o]
2[py]

_"[sz] |

The problem is now to choose » elements from matrix @ such that
— exactly one element is taken from each column,
— at most one element is taken from each row,
— the sum of selected elements is minimum.

We see that the above problem is a variant of the assignment problem (cf.
[Law76]), which may be solved in a natural way via the transportation problem.
The corresponding transportation network is shown in Figure 5.2.2.
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Careful analysis of the problem shows that it can be solved in O(n3) time
[BCS74]. The following example illustrates this technique.

Example 5.2.3 Let us consider the following instance of problem R|[XC;:
n =15, m=3, and matrix p of processing times

32431
p={43121].
24534

Using this data the matrix @ is constructed as follows:

[ 3 2 4 3 1 7]
4 3 1 2 1
2 4 5 3 4
6 4 8 6 2
8 6 2 4 2
4 8 10 6 8
9 6 12 9 3
0= 2 9 3 6 3
6 12 15 9 12
12 8 16 12 4
16 12 4 8 4
8 16 20 12 16
15 10 20 15 5
20 15 5 10 5
| 10 20 25 15 20 _|

On the basis of this matrix a network as shown in Figure 5.2.2 is constructed.

source

total flow (7,0)

Figure 5.2.2  The transportation network for problem R || X C; : arcs are denot-
ed by (c,y), where c is the capacity and y is the cost of unit flow.
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Solving the transportation problem results in the selection of the underlined ele-
ments of matrix Q. They correspond to the schedule shown in Figure 5.2.3. O

A very surprising result has been recently obtained by Sitters. Problem R |pmitn |
Z C; has been proved to be strongly NP-hard [Sit05].

Pl TS TZ
P, T, T, _ !
F*= w2C =10/5=2
P, T, /
0 1 2 3 t

Figure 5.2.3 An optimal schedule for Example 5.2.3.

5.3 Minimizing Due Date Involving Criteria

5.3.1 Identical Processors

In Section 4.3 we have seen that single processor problems with due date optimi-
zation criteria involving due dates are NP-hard in most cases. In the following we

will concentrate on minimization of L, criterion. It seems to be quite natural

that in this case the general rule should be to schedule tasks according to their
earliest due dates (EDD-rule, cf. Section 4.3.1). However, this simple rule of
Jackson [Jac55] produces optimal schedules under very restricted assumptions
only. In other cases more sophisticated algorithms are necessary, or the problems
are NP-hard.

Problem P||L,,,.

Let us start with non-preemptive scheduling of independent tasks. Taking into
account simple transformations between scheduling problems (cf. Section 3.4)

and the relationship between the C,,,. and L, criteria, we see that all the prob-

lems that are NP-hard under the C

max
criterion. Hence, for example, P2 ||L

criterion remain NP-hard under the L,
is NP-hard. On the other hand, unit pro-
cessing times of tasks make the problem easy, and P|p;=1,r;|L,,, can be solved

max

by an obvious application of the EDD rule [Bla77]. Moreover, problem P |p;=p,
7j| Lyay can be solved in polynomial time by an extension of the single processor
algorithm (see Section 4.3.1 and [GJST81]). Unfortunately very little is known
about the worst-case behavior of approximation algorithms for the NP-hard prob-
lems in question.
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Problem P|pmin, r;| L,

The preemptive mode of processing makes the solution of the scheduling prob-
lem much easier. The fundamental approach in that area is testing feasibility of
problem P|pmin, r;, 5} | - via the network flow approach [Hor74]. Using this ap-
proach repetitively, one can then solve the original problem P |pmin, r;|L,,,, by
changing due dates (deadlines) according to a binary search procedure.

Let us now describe Horn's approach for testing feasibility of problem
P|pmin, r;, 5} |-, i.e. deciding whether or not for a given set of ready times and
deadlines there exists a schedule with no late task. Let the values of ready times
and deadlines of an instance of P |pmin, r;, EH— be ordered on a list in such a
way that e, <e, <---<e,, k < 2n, where e, stands for some r;or Zl] We construct a

network that has two sets of nodes, besides source and sink (cf. Figure 5.3.1).
The first set corresponds to time intervals in a schedule, i.e. node w; corresponds

to interval [e;_;,e;],i=1, 2,---, k. The second set corresponds to the task set. The
capacity of an arc joining the source of the network to node w; is equal to m(e;—
e;_;) and thus corresponds to the total processing capacity of m processors in this
interval. If task 7} could be processed in interval [e; ;, ;] (because of its ready
time and deadline) then w; is joined to 7} by an arc of capacity e;— ¢, ;. Node T}
is joined to the sink of the network by an arc with capacity equal to p; and with a
lower bound on arc flow which is also equal to p;. We see that finding a feasible
flow pattern corresponds to constructing a feasible schedule and this test can be

made in O(n3) time (cf. Section 2.3.3). A schedule is constructed on the basis of
flow values on arcs between interval and task nodes. Let us consider the follow-
ing example.

Figure 5.3.1 Network corresponding to problem P |pmin, r;, d;|—.

Example 5.3.1 Letn=5m=2,p=[5,2,3,3,1],r=[2,0,1,0,2],and d =8, 2,
4,5, 8]. The corresponding network is shown in Figure 5.3.2(a), and a feasible
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flow pattern is depicted in Figure 5.3.2(b). On the basis of this flow the feasible
schedule shown in Figure 5.3.2(c) is constructed. O

(@)
(b)
() P 1 Tz Tz T3 T 1 Tl

>
>

0 1 2 4 5 8 t

Figure 5.3.2 Finding a feasible schedule via network flow approach (Example
5.3.1)

(a) a corresponding network,
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(b) a feasible flow pattern,

(¢) a schedule.
In the next step a binary search can be conducted on the optimal value of L.,
with each trial value of L, inducing deadlines which are checked for feasibility
by means of the above network flow computation. This procedure can be imple-
mented to solve problem P | pmin, r;| L, in O(n3 min{nz, logn+ log max{p;}})
time [LLLA+84].

max

Problem P|prec,pj=1|L,,,

Let us now pass to dependent tasks. A general approach in this case consists in
assigning modified due dates to tasks, depending on the number and due dates of
their successors. Of course, the way in which modified due dates are calculated
depends on the parameters of the problem in question. If scheduling non-
preemptable tasks on a multiple processor system only unit processing times can
result in polynomial time scheduling algorithms. Let us start with in-tree prece-
dence constraints and assume that if 7; < 7 then i > j. The following algorithm

minimizes L,,,, (isucc(j) denotes the immediate successor of 7}) [Bru76b].

Algorithm 5.3.2 Algorithm by Brucker for P|in-tree,p;=1|L
begin

Bru76b].

max [

dT :=1-d|; -- the due date of the root node is modified
for k=2 to n do
begin

Calculate modified due date of 7}, according to the formula
di =max {1+d e » 1 =di};
end;
Schedule tasks in non-increasing order of their modified due dates subject to

precedence constraints;
end;

This algorithm can be implemented to run in O(nlogn) time. An example of its
application is given in Figure 5.3.3. Surprisingly out-tree precedence constraints
result in the NP-hardness of the problem [BGJ77].

However, when we limit ourselves to two processors, a different way of
computing modified due dates can be proposed which allows one to solve the
problem in O(nz) time [GJ76]. In the algorithm below g(k, d7) is the number of

successors of 7, having modified due dates not greater than d}".
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“ N
T22 T20

Ts
Ts
?TZ
on
(b)
Py Ty | Tio | Tho | To | Ts | Th6 | Tis | T | Toa | Ts | T | T,
Py T [Ty | Ty | Tig | Th7 | To7 | T | Tis
Py Ty | Ty | Ty | T | Tog | T7 | T
%
P\ T, | T3 | Ty | Th5 | Ty / /

o 1 2 3 4 5 6 7 8 9 10 11 12 t

Figure 5.3.3 An example of the application of Algorithm 5.3.2;
n=32,m=4,d=[16,20,4,3,15,14,17,6,6,4,10,8,9,7,10,9,10,8,
2,3,6,5,4,11,12,9,10,8,7,5,3,5]

(a) the task set,
(b) an optimal schedule.
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Algorithm 5.3.3 Algorithm by Garey and Johnson for problem P2|prec,
P;j= 1L, [GIT76].

begin
zZ=T;
while Z#J do
begin
Choose T, € Z which is not yet assigned a modified due date and all of whose
successors have been assigned modified due dates;
Calculate a modified due date of 7} as:

dj = min{d,,, min{(d} ~[L ek, d Y1) | T, € suce(Tp}} ;

Z=Z-{T}};
end;

Schedule tasks in non-decreasing order of their modified due dates subject to
precedence constraints ;

end;

For m > 2 this algorithm may not lead to optimal schedules, as demonstrated in
the example in Figure 5.3.4. However, the algorithm can be generalized to cover

the case of different ready times too, but the running time is then O(n3) [GI77]
and this is as much as we can get in non-preemptive scheduling.

Problem P|pmtn,prec|L,,,,

Preemptions allow one to solve problems with arbitrary processing times. In
[Law82b] algorithms have been presented that are preemptive counterparts of
Algorithms 5.3.2 and 5.3.3 and the one presented by Garey and Johnson [GJ77]
for non-preemptive scheduling and unit-length tasks. Hence problems P |pmin,
in-tree|L,,,., P2|pmtn, prec|L,,, and P2|pmm, prec, r;|L,,, are solvable in
polynomial time. Algorithms for these problems employ essentially the same
techniques for dealing with precedence constraints as the corresponding algo-
rithms for unit-length tasks. However, the algorithms are more complex and will
not be presented here.

max
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5.3.2 Uniform and Unrelated Processors
Problem Q|| L,

From the considerations of Section 5.3.1 we see that non-preemptive scheduling
to minimize L, is in general a hard problem. Only for the problem Q|p;=
1|L,,,. a polynomial time optimization algorithm is known. This problem can be

solved via a transportation problem formulation as in (5.1.16) - (5.1.19), where
now c; = k/b;—d;. Thus, from now on we will concentrate on preemptive sched-

uling.
(a) L7
®) Py I T Ty T Ty T,
P, Ty T T, Ty Ty L,.=1
Py T, T Ti; Ty
0 1 2 3 4 5 6 t
© b T T, T Ty Ty
P, T, Ty T T, Ty L,*MXZO
Py Ty Ty Ty, Ty Tis
0 1 2 3 4 5 t

Figure 5.3.4 Non-optimal schedules generated by Algorithm 5.3.3 for m=3,
n=15, and all due dates a}: 5
(a) a task set (all tasks are denoted by Tj/d;),
(b) a schedule constructed by Algorithm 5.3.3,
(¢) an optimal schedule.
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Problem Q |pmtn|L,,,,

One of the most interesting algorithms in that area has been presented for prob-
lem Q|pmin, r;| L, by Federgruen and Groenevelt [FG86]. It is a generalization

of the network flow approach to the feasibility testing of problem P|pmin, r;,
5}| — described above. The feasibility testing procedure for problem Q|pmin, r;,
le| — uses tripartite network formulation of the scheduling problem, where the

first set of nodes corresponds to tasks, the second corresponds to processor-
interval (period) combination and the third corresponds to interval nodes. The
source is connected to each task node, the arc to the jth node having capacity pjs

j=1,2,---,n. A task node is connected to all processor-interval nodes for all in-
tervals during which the task is available. All arcs leading to a processor-interval
node that corresponds to a processor of type » (processors of the same speed may
be represented by one node only) and an interval of length t, have capacity (b, —
b, 1), with the convention b,,,; = 0. Every node (w;, r) corresponding to proces-
sor type r and interval w; of length t;, i =1,2,---,k, is connected to interval node

w; and has capacity Zjil my(b,— b, )t;, where m; denotes the number of proces-
sors of the jth type (cf. Figure 5.3.5). Finally, all interval nodes are connected to

the sink with incapacitated arcs. Finding a feasible flow with value Zji] p; in such
a network corresponds to a construction of a feasible schedule for Q|pmin, r;,

% | —. This can be done in O(mn3) time.

Problem Q |pmtn,prec|L,,,,

In case of precedence constraints, Q2 |pmin, prec|L

Lmax
ready mentioned [Law82b].

and Q2 |pmin, prec, r;|

max

can be solved in O(nz) and O(n6) time, respectively, by the algorithms al-

Problem R |pmtn|L,,,,

As far as unrelated processors are concerned, problem R |pmin|L,, . can be

solved by a linear programming formulation similar to (5.1.23) - (5.1.26) [LL78],
where x,’j denotes the amount of 7} processed on P; in time interval [d)_ + L.,
dy+ L), and where due dates are assumed to be ordered, d; < d, <---< d,,.

Thus, we have the following formulation:

Minimize L, (5.3.1)
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max > j: 1929"',” (532)

m
subject to lel.jxg.jl) <d+L
P

Elpiixg»{) <d-d_,, j=kk+1,-nk=273,,n (533)

n

z pi/xg-il) <d+L
At

i=1,2,---,m (5.3.4)

max >

i

n
%pijx('/'{)<dk_dk—1a i=1,2,---,m; k=2,3,---,n (5.3.5)
=t

m o
5 50— =12, m. (5.3.6)

Solving the LP problem we obtain » matrices TV = [tgf)*], k=1,---,n; then
an optimal solution is constructed by an application of Algorithm 5.1.20 to each
matrix separately.

In this context let us also mention that the case when precedence constraints
form a uniconnected activity network (or interval order in a different presenta-
tion), can also be solved via the same modification of the LP problem as de-
scribed for the C,, . criterion [Slo81].

5.4 Lot Size Scheduling

In this section the more advanced model of lot size scheduling on parallel pro-
cessors is presented. Consider the same problem as discussed in Section 4.4.2 but
now instead of one processor there are m processors available for processing all
tasks of all job types. Recall that the lot size scheduling problem can be solved in
O(H) time for one processor and two job types only, where H is the sum of tasks
of the two given jobs. In the following we want to investigate the problem in-
stance with two job types again but now allowing multiple identical processors.
First we introduce some basic notation. Then the algorithm is presented without
considering inventory restriction; later we show how to take these limitations
into account.

Assume that m identical processors P;, i = 1, ..., m are available for pro-

cessing the set of jobs J which consist of two types only; due to capacity re-
strictions we want to assume that the final schedule is tight. Considering a num-
ber m > 1 of processors we must determine to which unit time interval (UTI) on
which processors a job has to be assigned. Because of continuous production
requirements we might also assume an assignment of UTI /2 = 0 to some job type;
this can be interpreted as an assignment of some job type to the last UTI of the
preceding schedule.
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The idea of the algorithm is to assign task after task of the two job types,
now denoted by ¢ and r, to empty UTI such that all deadlines are met and no oth-
er assignment can reduce change-over cost. In order to do this we have to classify
UTIs appropriately. Based on this classification we will present the algorithm.
With respect to each deadline d, we define a "sequence of empty UTI" (SEU) as

a processing interval [4*, #*+u—1] on some processor consisting of u consecu-
tive and empty UTL UTI 4™ —1 is assigned to some job; UTI 4" +u is either also
assigned to some job or it is the first UTI after the occurrence of the deadline.
Each SEU can be described by a 3-tuple (i, 4", ) where i is the number of the
processor on which the SEU exists, 4™ the first empty UTI and u the number of
the UTI in this SEU.

We differentiate between "classes" of SEU by considering the job types as-
signed to neighboring UTI 4#*~1 and h*+u of each SEU. In case #*+u has no
assignment we denote this by "E"; all other assignments of UTI are denoted by
the number of the corresponding job type. Now a "class" is denoted by a pair [x,
y] where x, y € {g,r,E}. This leads to nine possible classes of SEU from which
only classes [¢,7], [¢,E], [r,q], and [r, E], have to be considered.

Figure 5.4.1 illustrates these definitions using an example with an assign-
ment for UTI /# = 0. For d; = 6 we have a SEU (2,6,1) of class [1, E]; for d, = 11
we have (1, 9, 3) of class [1, E], (2, 6, 2) of class [1, 2], (2, 10, 2) of class [2, E].

For each dj we have to schedule n,, > 0 and n,; > 0 tasks. We schedule the
corresponding jobs according to non-decreasing deadlines with positive time
orientation starting with k=1 up to £ = K by applying the following algorithm.

Pl Jl : J 1 Jl JZ JZ Jl

S|4

BLoJd | S|

A\ 4

0 1 2 3 4 5 6 7 8 9 t
Figure 5.4.1 FExample schedule showing different SEU.

Algorithm 5.4.1 Lot size scheduling of two job types on identical processors
(LIM) [PS96].
begin
for k:=1 toK do
while tasks required at d, are not finished do
begin
if class [/, E] is not empty
then Assign job type j to UTI 4™ of a SEU (i,h*,u) of class [/, E] with
minimum
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else
if classes [g,r] or [r,q] are not empty
then Assign job type g(r) to UTI h* of a SEU (i, 4™, u) of class
[q,7] ([r,q]) or if this class is empty to UTI A" +u—1 of a
SEU (i, k", u) of class [r,q] ([q,7])
else Assignjob type g(r) to UTI A*+u—1 of a SEU (i, h*,u) of
class [r, E] ([¢, E]) with maximum u;
Use new task assignment to calculate SEU of classes [r, E], [, 9], [¢, ¥],
and [¢q,E];
end;
end;

In case the "while"-loop cannot be carried out no feasible schedule for the
problem under consideration exists. It is necessary to update the classes after
each iteration because after a task assignment the number « of consecutive and
empty UTI of the concerned SEU decreases by one and thus the SEU might even
disappear. Furthermore an assignment of UTI A* or A*+u—1 might force the
SEU to change the class.

Let us demonstrate the approach by the following example. Let m = 3, 7=
Upht,di=4,dy=8,d5=11,n,=3,n,="7,n3=5ny=5ny=6ny3=1
and zero initial inventory. Let us assume that there is a pre-assignment for # = 0
such that J, is processed by P, and J, is processed by P, and P;. In Figure 5.4.2
the optimal schedule generated by Algorithm 5.4.1 is given.

})1 Jl Jl Jl Jl Jl Jl Jl Jl Jl Jl Jl Jl

HBlh|h| L) JzEJz S| J1§J1 Ji |

~V

Figure 5.4.2 Optimal schedule for the example problem.

It can be shown that Algorithm 5.4.1 generates an optimal schedule if one exists.
Feasibility of the algorithm is guaranteed by scheduling the job types according
to earliest deadlines using only free UTI of the interval [0, d,]. To prove optimal-
ity of the algorithm one has to show that the selection of the UTI for assigning
the task under consideration is best possible. These facts have been proved in the
following lemmas [PS96] which are formulated and proved for job type ¢, but
they also hold in case of job type r.
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Lemma 5.4.2 There exists an optimal solution that can be built such that job
type q is assigned to UTI h* on processor P; in case the selected SEU belongs to
classes [q, E] or [q,r]. If the SEU belongs to class [r, E] or [r, q] then q is as-
signed to UTI h* +u—1 on processor P;. d

Lemma 5.4.3 Algorithm 5.4.1 generates schedules with a minimum number of
change-overs for two types of jobs. O

The complexity of Algorithm 5.4.1 is O(Hm).

Let us now investigate how we can consider inventory restrictions for both
Job types, i.e. for each job type an upper bound B; on in-process inventory is giv-
en. If there are only two job types, limited in-process storage capacity can be
translated to updated demands of unit time tasks referring to given deadlines d,.
If processing of some job type has to be stopped because of storage limitations,
processing of the other job has to be started as Hm = X, ,n;. This can be
achieved by increasing the demand of the other job type, appropriately.

Assume that a demand and inventory feasible and tight schedule exists for
the problem instance. Let N be the updated demand after some preprocessing
step now used as input for the algorithm. To define this input more precisely let
us first consider how many unit time tasks of some job type, e.g. ¢, have to be
processed up to some deadline d:

— at most the number of tasks of job type ¢ which does not exceed storage limit,
k—1 (Nqi_nqi);

,,,,,

— at least the remaining processing capacity reduced by the number of tasks of
job type r which can be processed feasibly. From this we get R, = ¢; —

..........

cessing capacity in the intervals [0, d,] on m processors.

The same considerations hold respectively for the other job type r.

With the following lemmas we show how the demand has to be updated
such that not only feasibility (Lemma 5.4.4) but also optimality (Lemma 5.4.6)
concerning change-overs is retained. We start with showing that L, can be omit-

ted if we calculate Ny

Lemma 5.4.4 In case that a feasible and tight schedule exists, L;=B;—
Xl kel (N;;—ny;) can be neglected. O

.....

From the result of Lemma 5.4.4 we can define N, more precisely by
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.....

Ck_z k—l(Ni+er) (B, = X1 41 (N=n,)} (5.4.1)

..........

,,,,,

k—( +N) By = Zimt, g Nyi=ng)y - (5.4.2)

..........

One may show [PS96] that after updating all demands of unit time jobs of type ¢
according to (5.4.1) the new problem instance is equivalent to the original one.
We omit the case of job type » and (5.4.2), which directly follows in an analo-
gous way. Notice that the demand will only be updated, if inventory restrictions
limit assignment possibilities up to a certain deadline d,. Only in this case the kth
interval will be completely filled with jobs. If no inventory restrictions have to be
considered equations (5.4.1) and (5.4.2) result in the original demand pattern.

Lemma 5.4.5 Afier adapting N, according to (5.4.1) the feasibility of the solu-
tion according to the inventory constraints on r is guaranteed. O

Lemma 5.4.6 If

() ng— 2 k 1(N —ng) 2
Cr = i1, k1 Vit N =B = Xy jt Ny 1y)
or
(i) =2y, ke qu ng) <
=2, NyitN) =B, = Zimy jo1 (N
Jfor some deadline d, then a demand feasible and optimal schedule can be con-
structed. O

The presented algorithm also solves the corresponding problem instance with
arbitrary positive change-over cost because for two job types only, minimizing
the number of change-overs is equivalent to minimizing the sum of their positive
change-over cost. In order to solve the practical gear-box manufacturing problem
where more than two job types have to be considered a heuristic has been im-
plemented which uses the ideas of the presented approach. The corresponding
scheduling rule is considered to be that no unforced change-overs should occur.
The resulting algorithm is part of a scheduling system, which incorporates a
graphical representation scheme using Gantt-charts and further devices to give
the manufacturing staff an effective tool for decision support. For more results on
the implementation of scheduling systems on the shop floor we refer to Chap-
ter 18.
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