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Abstract We consider a stochastic autonomous Hamiltonian system for which the
flow preserves the symplectic structure. Numerical simulations show that for stochas-
tic Hamiltonian systems symplectic schemes produce more accurate results for long
term simulations than non-sysmplectic numerical schemes. We study the approxi-
mation error corresponding to a symplectic weak scheme of order one. A backward
error analysis is done at the level of the Kolmogorov equation associated with the
initial stochastic Hamiltonian system. We obtain an expansion of the error in terms of
powers of the discretization step size and the solutions of the modified Kolmogorov
equation.
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1 Introduction

Numerical simulations [5, 9, 11] show that for stochastic Hamiltonian systems (SHS)
symplectic schemes give more accurate results for long term simulation that non-
symplectic schemes, but, to the best of our knowledge, no theoretical proof was done
in the stochastic case. For a SHS and a first weak order symplectic scheme, in [2] we
present an expansion of the global approximation error in powers of the discretization
step size. Comparing this expansion with the global error expansion obtained in
[13] for the Euler scheme (which has also weak order one), we justify the superior
performance of the symplectic scheme for the simple linear SHS corresponding to
the Kobo oscillator [2]. However, this justification can not be easily extended for
general non-linear SHSs. Here we use backward error analysis to find an expansion
of error for the symplectic scheme in terms of the powers of the discretization step
size and the solutions of the modified Kolmogorov equation [3].
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Backward error analysis was successfully applied to study long term behavior
of deterministic Hamiltonian systems [4]. Recently, backward error analysis was
extended to stochastic differential equations (SDE). Modified SDEs associated with
various numerical schemes are presented in [1, 10, 14]. A SDE defined on the n-
dimensional torus and its approximation by the explicit Euler scheme are studied
using backward error analysis in [3].

We follow the same approach as in [3], and we construct the modified equation
not at the level of the SDE, but at the level of the associated Kolmogorov equation.
Compared with [3] we consider a fully implicit scheme instead of an explicit one,
and we consider a SHS with additive or multiplicative noise defined on R?" instead of
the compact n dimensional torus. Implicit numerical schemes are also considered in
[6, 7], but for Langevin SDEs on R" with additive noise. Studying the multiplicative
noise case is more difficult, especially for a fully implicit numerical scheme.

In the next section we present some preliminary results regarding the solution
of the SHS and the approximate solution given by the numerical scheme. The steps
followed for the backward error analysis are included in Sect. 3. The last section
contains the conclusions.

2 Assumptions and Preliminary Results

We introduce a few definitions and notations. We denote N = {1,2,...}, N* =

{1,2,...} and for any x = (x1, ..., x,)" € R", |x| represents the Euclidean norm.
For any multi-index « = (¢y, ..., ®,) € N” with length |¢| = o) + - - - + &, let
0y = W denote the partial derlvatlve of order |«]|.

We define the following space of functions with polynomial growth:
» Ol(Rzn ) = { fec*® (RZ" ) such that f and all its derivatives have polynomial growth}

For any k, / € N, we denote

C,Ic (R = { fe C'(R®™) : there exists C1.x > 0 such that for all x € R2" and any index

@ e N jaf < 1,100 f ()| < Cpip(1 + |x|2")}.

On C,i (R?") we define [7] the norm || - |l;.x and the semi norm | - |; 4:

180 f ()| _ |80 f ()
su

[flix = — .
wl<lal<t 1+ |x[?*

I fllix = su

, (D
o, \a\<l 14 [x]?*

Notice that if ¢ € C;j, (R?"), then for all d € N, there exists 7; € N such that ¢ €
C;,{] (RZI’!).
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We consider the following stochastic Hamiltonian system

dP = —dgHy(P, Q)dt — Y doH, (P, Q) o dw], P(0) =p
r=1

dQ = dpHo(P, Q)dt + Y 9pH,(P, Q) o dw;, Q(0) =g, )

r=1

where P, O, p, g are n-dimensional column vectors, w;, r = 1, ..., mareindependent
standard Wiener processes, and for any function f defined on R" x R", dp f and 9g f
denote the column vectors with components (3f/dP;), | <i <nand (3f/00;), 1 <
i < n, respectively. The stochastic flow (p, g) —> (P, Q) of the SHS (2) preserves
the symplectic structure [9]: dP A dQ = dp A dq, where the differential 2-form dp A
dq = dp\ Ndqy + - -+ dp, A dg,.

The system (2) can be re-written in the Ito formulation:

dP =a(P,Q)dt + Y o' (P,Q)aw;, P(0)=p 3)

r=1

dQ = b(P,Q)dt + ) _y"(P, Q)dw;, Q(0) =g, )

r=1

where

= Tl ZZ(aQ, (5

r=1 j=l1

b = dpHy + - ZZ(

r=1 j=1

oH, 0H,
)= 5 (ig))

aP; 90;
( ) 0H, <8H>

J P/ aQ]

Here everywhere the arguments are (P, Q), and a, b, 0", y", r=1,...,m are
n—dimensional column vectors.

The Kolmogorov generator L(p, g, d,, d,) associated with the SHS (3)—(4) has
the following form [12]

n 9 5 10
L(pv q, apa aq)¢(p’ 6]) = Z (ajgd’@v CI) +b]£¢(pv q)> + E Z Z <Gir0r

j=1 J r=1i,j=1

2 2
¢p.9) + vy ) ¢ € C®R™)
apip; g,

N——

= —8QH,, }/ = 8PH,.

¢>(p q) +20]y]

opi

Throughout the paper we make the same assumptions as in [12, 13]:
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Al. The derivatives of any order of H; € C*°, i =1, ..., m are bounded, and the
derivative of any order k > 2 of Hy € C* are bounded.

A2. The operator L is uniformly elliptic: there exists a constant « > 0 such that for
all x = (p, )7 € R we have

m n
alxl> <YY" (/o pip; + v/ v]aia; + 207 v]pid;) 5)

r=1i,j=I
A3. There exists a constant 8 > 0 and a compact set K such that for all x = (p, )7
€ R — K wehave p - a(x) + ¢ - b(x) < —B|x|*.

Notice that assumption A1 implies that we have a Lipschitz condition, i.e. there exists
L, > Osuch that forall X = (P, )7, x = (p, ¢)7 € R?" we have

m

2

Jj=0

(0pH;, 3oH;)" (X) — (3,H;, 8,H;)" (0)|< Li|X — x|. 6)

2.1 Results Regarding the Solution of the Stochastic
Hamiltonian System

Proceeding as in Proposition 3.1 in [12], under the assumptions A1-A3 we can prove
the following result regarding the solution (X °*(r)) = ((P(t, po. q0). O(t, po., q0))")
of the SHS (2) with the initial condition xy = (pg, go)” € R>".

Lemma 1 The Markov process (X 0% (t)) is ergodic. The unique invariant proba-
bility measure | has finite moments of any order and a density p > 0. Moreover, for
any k € N there exist Cy, yi > 0 such that for any xo = (po, qo)’ € R?", and any
t > 0 we have:

E(X* @)1 < Gk (1 4 Ixol* exp(—yin) - (7)

We consider any function ¢ € C;jl (R?"), and for all x = (p, ¢)7 € R and all t > 0
we define u(¢, p, q) := E[¢ (X 0x(1)]. Notice that Lemma 1 implies that u is well

defined. It is well known [12] that u(z, p, q) is a classical solution of the Kolmogorov
equation

d
d—f(r,p, @) =Lu(t.p.q). u©0.p.q)=¢P.9). (p.9)T R t>0. (8

For any function f € Cp"gl (R?") we denote the average

<f >1=/f(X)dM(X)
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The results included in the following lemma show the exponential convergence of
u and its derivatives and are essential for the backward error analysis presented in
this paper. The proof is an extension of the proof of Theorem 3.4 in [12], based on
Theorem 2.5 in [8].

Lemma2 Letk €N, k > 1, and ¢ € C3(R™) N CE (R, 1y € N. Then

Fkn+1
there exist y, > 0, Cy > Oand [, € N such that l, > ryy,1 andforany0 <y < yi

and all t > 0 we have

lu(t, Ol = Cello— < & >llitnrtn,,, XP(=rD). (€))
lut, x)= < ¢ > lloa, = Colld— < ¢ >l,s1.,,, eXP(=y1). (10)

2.2 Results Regarding the Symplectic Scheme

We consider the following one-step approximation [9] for the system (2):

1 m m
Pisi =P —h (aQHO +35 > aQG(,,,)> — Jﬁ; cudpH., Po=py (11)

r=1

Owy1 =0k +h (3PH0 + % ; aPG(r,r)) + \/E; sopH, Qo =¢qo (12)
where G,y = > i, %% the random variables ¢, are mutually independent
identically distributed according to the law, P(¢,x = £1) = 1/2, and everywhere the
arguments are (P11, Ok).

Notice that the first equation (11) is implicit. Let denote § := Vhand F ., q =
(Ho(p. @) + 3 X' Gy (p. @)). Then we can reformulate the scheme (11)~(12) as
follows:

Piy1 = Py — 8%09F (Piy1, Or) — 8 Z Sk 0oH, (Pry1, Ok) (13)

r=1

Qus1 = Ok +8°0pF (Piy1, Q) + 8 Y cudpHr(Picy1, Q) (14)

r=1

Using the Lipschitz condition (6) and proceeding as in the proof of Theorem 4.6.1
in [9] we can show that the scheme (13)—(14) is well defined:

Lemma 3 There exist hg; > 0, C > 0 such that for any 0 < h < hy; and any
(, q)" € R¥ there exists a unique z € R" such that z = p — hd,F(z, q) — “/EZ:’;
S d,H,(z, q) which satisfies |z — p| < C(1 + |p|)v/h.

Moreover, Theorem 4.6.1 in [9] shows that implicit method (13)—(14) is symplec-
tic and of first weak order: for any 7 > 0, and any ¢ € C;fjl(Rz”) we have
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|E(¢ Py, Q) — E(@ (X% (kh)))| < c(¢, T)h.k =0, ..., [T/h],c(¢.T) > 0.
(15)
We define the function ¢s which associate to (g, p) € R¥" the solution z =
(z1, 22" € R¥ of £(8, ¢, p,21,22) = 0, where

z71—p+ SzaqF(Zh 61) +46 ZT;] graqu(le l])

8,q,p,2) = m
f@.q.p.2) [ZZ—q—szapF(zl,q)—82r=1 $ropH (21, 9)

} (16)

where the random variables ¢, are mutually independent identically distributed
according to the law, P(¢, = 1) = 1/2, Since the scheme (13)—(14) is well defined,
the function ¢; is also well defined for any & € (0, v/ho;). Using Al it is easy to
show that there exists hg3 < hg; such that 9, (8, ¢, p,z) =1 — B(5, p, q, z) where
IB(8, p, q.,2)|| < 1forany (8, p, q,z) € (0, v/ho3) x R? x R?". Thus, 3. £ (8, ¢, p. 2)
is invertible, and from the Implicit Functions Theorem we obtain that the func-
tion defined by (8, p, q9) = ¢s(p, q¢) is C* on a neighborhood of each point of
(0, v/ho3) x R*".

Following the same approach as in the proof of Proposition 7.1 in [ 12] we can show
that the moments of the approximating process (P, Q) satisfy a similar property
with (7):

Lemma 4 There exist0 < hy < hoy such that the symplectic scheme (11)—(12) with
any initial condition (p, q)' € R¥ and any 0 < h < hy, satisfies for any | € N*

E,(1Pc* +10c*) < G (L4 (p1* + 1g1*) exp(—aykh)),  C; > 0,0; > 0.
(17)

3 Asymptotic Expansion of the Weak Error

Using a Taylor expansion and the fact that « is a solution of the Kolmogorov equation
(8) we obtain the following expansion.

Proposition 1 Let consider any N € N and any ¢ € C;’;’,(Rz”) N CAVE3 (R,
7oN+n+3 € N. There exist c(N) > Oandly € N, Iy > ranin+3 such that forallh > 0
and (p, )7 € R™ we have

N
hk
lu(h.p.q) =) L@ ol = cHHg— < ¢ > lanssinris,
k=0
(1+ |pPP + 1gI*™) (18)

Let hy = min{hg,, hos}. We study the first step of the approximating process (Px, Ox),
and later we will use the Markov property to extend the results at all steps. The
following result gives an expansion for the symplectic scheme, similar with the
expansion (18).
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Proposition 2 Foranyk € N there exists an operator Ay, of order 2k with coefficients
in C°(R?™) such that forany N € N and any ¢ € C;o (R¥") N C2N+2(R2m), ToN+2 €

pol ol TN +2

N, there exist Cy > 0 and ly € N such that for all0 < h < hy and (p, g)T € R™ we
have Ag =1, Ay = L, and

N

[E(@(Q1, P1) = Y WA, )¢, )| < Chh™ ' (1 + [pI™ + 1g1™) P lan 42,120,
k=0

Proof Firstly we use Taylor expansions to obtain expansions for P; and Q; (see also
the proof of Lemma 3.4 in [6]). Then the proof can be done using the same approach
as in the proof of Proposition 3.2 in [6].

3.1 The Modified Generator

Following the same approach as in [3], we want to construct a formal series .Z =
L+ hLy + -4 K*L; + - - - such that formally the solution v(, p, ¢) of the equation

dv(t,p,q) = Lv(t,p,q),t >0, v(0,p,q) =d(p,q), (p,q9)" €R™,

coincides in the sense of asymptotic expansion with the transition semigroup E (¢ (P,
Q1)) studied in Proposition 2. In order to have

exp(hL)p = ¢ + Z I A

k>1
we define the L; operator as
k B,
Li=Avi+) 5 ). Lo LiAy.n (19)
I=1 7 kitetkpg =k =1

B; are the Bernoulli numbers and Ly is an operator of order 2k + 2 with coefficients
in ngl (R*") and L1 = 0. We also have

k
Ak=Z,—1, Z Ly, ... Ly. (20)

We define the modified generator

N
LY =L+ KL, NeN 1)
k=1
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Since we do not know if the modified equation

o™ (t.p.q) =LYt p. )1 >0, vVO0.p.9) =d(p.q). .9)" €R*,

has a solution, we construct an approximate solution associated to (21).

Proposition 3 Let ¢ € Cposl(Rz’“). For all k € N there exist functions vi(t,-) €
C/?gl(Rz”) defined for all t > 0 such that vo(0, -) = ¢ (-), v (0,-) =0, k > 1, and

k
arvk(tap,‘I)_ka(t,p»Q)ZZLlefl(t»P,Q), IZO (22)
=1

Moreover, for all k € N, j € N* there exist y ; > 0 and positive integers oy j and
ly.o such that for all t > 0 we have

k(D jia; < Ok j (D= < @ > | jo (b 1) kb D44k syt (23)

Ve llo,1 < Cosllo— < @ > 1)tk t1) 44k, o1y (24)

Here Qy j : [0, 00) — [0, 00) are polynomial functions with positive coefficients and
the constants Cy  do not depend on t.

Proof The proof is similar with the proof of Theorem 4.1 in [6]. Inequalities (23)—
(24) are a consequence of the results presented in Lemma 2.

For any N > 0, we define the approximate solution of the modified flow as:
N
vt p,q) = Kt p. q). (25)
k=0

We can easily show that for all # > 0 we have

™Mt p,q) = LN, p, ) — RN (t,p, q), vV (0,p,q) = ¢, q), (26)

where
2N N
RMtp.gp= > I > Lviy 27)
i=N+1  k=i—N

is of order O(hV*1). The following result can be proved similarly with Theorem 4.1
in [3].
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Proposition 4 Let ¢ € C;SZ(RZ”). For any N € N* there exist Cy > 0 and ly,
kon+o € N such that forallt > 0,0 < h < hy, (p, g) € R*" we have

E0™M (@, P, Q1) — vVt + h, p, 9)

<IN (L4 PP +1g1*™) sup vt + 5, Vovi2kmsn-  (28)
se[Oh]

.....

3.2 Main Result

‘We now study the long time behavior of the numerical solution. We obtain an expan-
sion similar with the one for the exact solution, given in Proposition 1.

Theorem 1 Let N € N be fixed, and let (P, Qy) be the discrete process defined
by the symplectic scheme. Let 0 < h < hg, ay = 6N +8+ (n+ 1)(N +2) and ¢ €
C[‘ff)’l(Rz”) N Cfffl’v . Then there exist Cy > 0 and Iy € N such that for all k € N

|E(@(Pr. Q) —v™ (kh,p, )| < V' Cy (1 + pIP™ + g™ lp— < ¢ > llay.r, -
Proof Let t; = kh. By the Markov property of (P, Ox) we have
IE@ Py, 0p) — vV, p. )l = IEGN T, Py, 00) — v D1y, p, o)l =

k—1
‘ (ZE (V(N“)Uz‘f’k—./’ Q=) = vVt 1 Pecjot Qe jm ) |Prcj1 Qk-"))'

( (WH) (tj Pr(Pr—j—1. Qk—j—1). Q1 (Pr—j—1. Qk—j—1)) — vV TV (144,

Pk—j—l»Qk—j—l>>‘~

where (P (p, q), Q1(p, q)) is the first step of the scheme (11)—(12) when the ini-
tial condition is (p, g). Using inequalities (17), (23), and (28), with t =¢;, j =
0, ...,k — 1, we deduce that there exist positive integers Iy, ky such that

Pr_j—1.Qk—j—-1)

k—1

IEGND©, P, Q) = vV V@ p lloay <AV sup il 45, )lon-aky
j=0 se[Oh]

k—1
N+2 —\ ;
<2l p— < b > lay.ry, D Qanyaltj)e P2V
j=0
k=1
N+2 —A i
<V elp— < § > llayry, Y€ 2V,
Jj=0
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where ¢ > 0,0 < 12N+4 < Axn+4 and Oy 14 is a polynomial function with positive
coefficients. Notice that for a fixed constant A > 0 we have

k—1

1 c
E et < —— < —],
— 1 —e h
j:

where the constant ¢; depends on A and h. Hence, using the previous inequality and
(24) we get

IE@ Pk, Q1) —v™ (e, p, Dllogy = IEGNT(O, P, Q) — vV (1, p, @)
+ oy e p Dlloay < BV ellg— < @ > oy, B vt (e pa @) lloay

N—+1 N—+1
<" ellp— < ¢ > layn, +5 T Conpillo— < @ > It 4244011,

N+l
Sh T Cnl¢— < @ > llay.r,

4 Conclusions and Future Work

We have presented a weak backward error analysis for a SHS system and a symplec-
tic scheme of first weak order. The main tools are the exponential convergence to
equilibrium of the solution of the Kolmogorov equation, and the uniform ellipticity of
the associated operator. We plan to do a backward error analysis under less restrictive
assumptions. The main difficulty is that the symplectic schemes are fully implicit,
and for SDEs with multiplicative noise and unbounded coefficients, methods from
Malliavin calculus are needed.
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