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Abstract. An algorithm for splitting permutation representations of a
finite group over fields of characteristic zero into irreducible components
is described. The algorithm is based on the fact that the components
of the invariant inner product in invariant subspaces are operators of
projection into these subspaces. An important part of the algorithm is the
solution of systems of quadratic equations. A preliminary implementation
of the algorithm splits representations up to dimensions of hundreds of
thousands. Examples of computations are given in the appendix.

1 Introduction

One of the central problems of group theory and its applications in physics is
the decomposition of linear representations of groups into irreducible compo-
nents. In general, the problem of splitting a module over an associative algebra
into irreducible submodules is quite nontrivial. An overview of the algorithmic
aspects of this problem can be found in Chap.7 of [1]. For vector spaces over
finite fields, the most efficient is the Las Vegas algorithm ! called MeatAze [2].
This algorithm played an important role in solving the problem of classifying
finite simple groups. However, the approach used in the MeatAze is ineffective
in characteristic zero, whereas quantum-mechanical problems are formulated just
in Hilbert spaces over zero characteristic fields. Our algorithm deals with repre-
sentations over such fields, and its implementation copes with dimensions up to
hundreds of thousands, which is not less than the dimensions achievable for the
MeatAze. The algorithm requires knowledge of the centralizer ring of the consid-
ered group representation. In the general case, the calculation of the centralizer
ring is a problem of linear algebra, namely, solving matrix equations of the form
AX = X A. For permutation representations, there is an efficient way to com-
pute the centralizer ring, which reduces to constructing the set of orbitals. In
addition, permutation representations are fundamental in the sense that any lin-
ear representation of a finite group is a subrepresentation of some permutation

Y A Las Vegas algorithm is a randomized algorithm, each iteration of which either
produces the correct result, or reports a failure. An algorithm of this type always
gives the correct answer, but the run time is indeterminate.
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representation, and we use this fact in some quantum mechanical considerations
[3,4]. Thus, we consider only permutation representations here.

2 Mathematical Preliminaries

Let G (or G(£2)) be a transitive permutation group on a set 22 {1,...,N}.
We will denote the action of g € G on i € 2 by 9. A representation of G in
an N-dimensional vector space over a field F by the matrices P(g) with the
entries P(g)ij = J;95, where d;; is the Kronecker delta, is called a permutation
representation. We assume that the permutation representation space is a Hilbert
space Hy. We will assume that the base field F is a constructive splitting field of
the group G. In particular, such a field can be a subfield of the mth cyclotomic
field, where m is a suitable divisor of the exponent of G. Such a constructive
field F, being an abelian extension of the field Q, is a dense subfield of R or C.

An orbit of G on the Cartesian square {2 x (2 is called an orbital [5]. The
number of orbitals, called the rank of G(£2), will be denoted by R. An orbital A
is called self-paired, if (i,j) € A= (j,i) € 4, i.e., A = AT. Among the orbitals
of a transitive group, there is one diagonal orbital, Ay = {(¢,) | i € £2}, which
will always be fixed as the first element in the list of orbitals: {Ay,..., Agr}. For
transitive action of G, there is a natural one-to-one correspondence between the
orbitals of G and the orbits of a point stabilizer G;:

Ae— X, ={je 2| 4j) € A}.

The G;-orbits are called suborbits and their cardinalities will be called the
suborbit lengths. Note that |A| = N|X;|.

The invariance condition for a bilinear form A in the Hilbert space Hy can be
written as the system of equations A = P(g) AP (g_l) , g € G. It is easy to verify
that in terms of the entries these equations have the form (A)ij = (A)Z-gjg.
Thus, the basis of all invariant bilinear forms is in one-to-one correspondence
with the set of orbitals: with each orbital A, € {Ay,..., AR} is associated a
basis matriz A, of the size N x N with the entries

L if (i,5) € Ay
Ay = {0, if (i,7) ¢ Ar.

It is clear that the matrix of a self-paired orbital is symmetric. For the diag-
onal orbital, we have A; = 1. The matrices

A, As, . Ar (1)
form a basis of the centralizer ring (or centralizer algebra) of the representation
P. The multiplication table for this basis has the form
R
ApAy=> Cr A, (2)
r=1

where C are non-negative integers. The commutativity of the centralizer ring
indicates that the permutation representation P is multiplicity-free.
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3 Algorithm

Let T be a transformation (we can assume that 7' is a unitary matrix) that splits
the permutation representation P into M irreducible components:

T'P()T=1®Uyg(9)®---®Uyg, (9) ®---® Uy, (9),

where Uy, is a d,,-dimensional irreducible subrepresentation, @& denotes the
direct sum of matrices, i.e., A@® B = diag(A, B).

The identity matrix 1y is the standard inner product in any orthonormal
basis. In the splitting basis, we have the following decomposition of the standard
inner product

In=14-1D - Sy, ®---©1g, .

m

The inverse image of this decomposition in the original permutation basis
has the form

In=B1+:+Bn+-+ B, (3)
where B,,, is defined by the relation
TﬁleT = ®1+d2+"'+d7n—1 D ]ldm D ®dm+1+"'+dM = Dn. (4)

The set By, ..., By contains complete information about irreducible decom-
position of the representation P. In particular, the transformation matrix can
be obtained from the linear system BT —TDy =--- = ByT —TDy; =0y

The main idea of the algorithm is based on the fact that B,,’s form a complete
set of orthogonal projectors, i.e., in addition to the completeness (3), we have
the idempotency

B2 =B, (5)
and the mutual orthogonality
BBy = Oy if m #m/. (6)
It follows from (4) that
tr B, = d,,. (7)

We see that all B,,’s can be obtained as solutions of the equation
X2 - X =0y (8)
for the generic invariant form
X=x1A+ -+ 2rAr.

Using the multiplication table (2), we can write the left-hand side of (8) as
a set of R polynomials (we will call them idempotency polynomials)

E(.]Zl,...,a?R) = {El(xl,.. .,l‘R),...,ER(Jﬁl,...,Z‘R)} (9)
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and Eq. (8) can be written symbolically as

E(zq,...,2r) = 0. (10)
Each polynomial in (9) has the structure E,(z1,...,2r) = Qr(z1,...,ZR)
— ., where Q,.(z1,...,zRr) is a homogeneous quadratic polynomial in the inde-

terminates zi,...,TR.
In the basis (1), the projector B,, can be represented as

Bm = bm,lAl + bm,2A2 +-+ bm,RARa

where the vector By, = [bym,1,...,bm,r] is a solution of Eq. (10).
Since only A; has nonzero diagonal elements, we have

tr Bm = bm,lN.
Combining this with (7) we can fix the coefficient by, 1:
b = dyn/N.

Thus, the only relevant values of x; in (10) are d/N for some d’s from the
interval [1,...,N —1]. Any relevant natural number d is either an irreducible
dimension or a sum of such dimensions. Using the orthogonality condition (6)
for the irreducible projectors, we can exclude the consideration of dimensions
that are sums of irreducible ones. The generic orthogonality condition can be

written as
BX =0, (11)

where B = b1 Ay + - - - + brAr. Equation (11) is a system of linear equations for
the indeterminates x1,...,xr with the parameters by, ...,bg. Again, using the
multiplication table (2), we can write the left-hand side of (11) as a system of
R bilinear forms, which we denote by

O(bl,...,bR;ml,...,xR) (12)

and call orthogonality polynomials.

The core part of the algorithm is a loop on dimensions that starts with d = 1
and ends when the sum of irreducible dimensions becomes equal to N.

The current d is processed as follows.

~ We solve 2 the system of equations E(d/N,zs,...,zr) = 0.

If the system is incompatible, then go to the next d.

— If E(d/N,xo,...,xr) describes a zero-dimensional ideal, then we have k
(including k = 1) different d-dimensional irreducible subrepresentations.

2 The solution is always algorithmically realizable, since the problem involves only
polynomial equations with abelian Galois groups.
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— If the polynomial ideal has dimension h > 0, then we encounter an irre-
ducible component with a multiplicity £ > 1. The corresponding component
of the centralizer algebra has the form A ® 14, where A is an arbitrary k X k
matrix, and ® denotes the Kronecker product. The idempotency condition
(A® lld)2 = A® 1,4 implies A2 — A =0. The complete family of solutions
of this equation ® is a manifold of dimension Lkz / 2J = h. In this case, we
select, by a somewhat arbitrary procedure, k convenient mutually orthogonal
representatives in the family of equivalent subrepresentations.

— In any case, if at the moment we have a solution B,,,, we append B,, to the list
of irreducible projectors, and exclude from the further consideration the cor-
responding invariant subspace by adding the linear orthogonality polynomials
B, X to the polynomial system:

E(,’L‘l,xg,...,l'R) — E(.%‘l,!EQ,...,S(}R) U {BmX}

— After processing all B,,’s of dimension d, go to the next d.

4 Implementation

Our approach involves some widely used methods of polynomial computer alge-
bra. Therefore, it is reasonable, at least for the preliminary experience, to take
advantage of computer algebra systems with developed tools for working with
polynomials.

The complete algorithm is implemented by two procedures, the pseudocodes
of which are given below.

1. The procedure PreparePolynomzialData is a program written in C. The
input data for this program is a set of permutations of {2 that generates the
group G(£2). The program computes the basis of the centralizer ring and its
multiplication table, constructs the idempotency and orthogonality polyno-
mials, and generates the code of the procedure SplitRepresentation that
processes the polynomial data. The main parameter that determines the run
time for PreparePolynomialData is the dimension of the representation.
The example in Sect. A.3 shows that the PC implementation copes with a
dimension of about one hundred thousand in a time of about one hour.

2. The procedure SplitRepresentation implements the above described loop
on dimensions that splits the representation of the group into irreducible
components. It is generated by the C program PreparePolynomialData.
Currently, the code is generated in the Maple 2017.3 language, and the
polynomial equations are processed by the Maple implementation of the
Grobner bases algorithms. The run time for SplitRepresentation depends
mainly on the rank of the representation. Problems of rank R = 17 take about
8 hours on a PC.

3Tt is well known that any solution of the matrix equation A? = A can
be represented as A= Q' (1,®0s_,)Q, where Q is an arbitrary invertible
k x k matrix and r € [0, k].
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Input: S = {s1,...,8Kx} // set of permutations of {2 that generates group G
Output: E(z1,...,2r), O(b1,...,br;21,...,2R), SplitRepresentation
1: compute basis of centralizer ring A1, ..., Ar

R
2: compute multiplication table Ap A, = > Cp,Ar

r=1
3: construct idempotency polynomials E(z1,...,ZR)
4: construct orthogonality polynomials O(b1,...,br;z1,...,ZR)
5
6

: construct code SplitRepresentation for processing polynomial data
: return SplitRepresentation (E(z1,...,zr),0(b1,...,br;21,...,ZR))

Algorithm 1: PreparePolynomzialData

Input: E(z1,...,zr), O(b1,...,br;Z1,...,ZR)

Output: IrreducibleProjectors = [(1,B1),...,(dm,Bm) ..., (dm, Bu)]

1: IrreducibleProjectors — [(1, % [1,...,1])] // trivial subrepresentation
2: E(x1,...,2r) <« E(z1,...,zr) UO(1,...,1;21,...,ZR)

3: Sdim < 1 // sum of dimensions, global variable

4: D0 // current dimension, global variable

5: while Sdim < N do

6: D «— NextRelevantDimension(D)

7:  all_solutions «— SolveAlgebraicSystem(E(D/N, z2,...,zR))

8 if all_solutions # & then

9: h — NumberOfFreeParameters(all_solutions)
10: if h =0 then
11: for solution € all_solutions do
12: UseSingleSolution(solution)
13: else
14: repeat
15: solution < PickBestSolution(all_solutions)
16: UseSingleSolution(solution)
17: all_solutions «— SolveAlgebraicSystem(E(D/N,x2,...,Zr))
18: until all_solutions = @

19: return IrreducibleProjectors

Algorithm 2: SplitRepresentation

Input: solution = [B1,...,OR]

1: E(z1,...,2r) <« E(z1,...,2r) UO(B1,...,0Br;T1,...,TR)

2: IrreducibleProjectors «— [IrreducibleProjectors, (D, solution)]
3: Sdim «— Sdim + D

Algorithm 3: UseSingleSolution
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Comments on the procedure SplitRepresentation:

— The procedure NextRelevantDimension can be implemented in different
ways, depending on the available information about the group and the rep-
resentation:

e The simplest implementation is “D «— D + 1.

e The implementation “repeat D «— D + 1 until D | Ord(G)” is about
25% faster than the simplest one. In fact, the size of the group is always
known.

e Knowledge of the character decomposition provides the most efficient
loop on dimensions. Sometimes this information is available. Actually,
computing the character decomposition is much easier than computing
the decomposition of the representation.

— The procedures SolveAlgebraicSystem and NumberOfFreeParameters
involve the polynomial algebra functions available in the computer algebra
system used. At present, we use the Maple implementation of Grébner basis
techniques.

— The PickBestSolution procedure is applied in the case of nontrivial mul-
tiplicity of the irreducible component. It selects a particular solution in the
parametric set of solutions. Currently, the choice of solutions with zero values
of parameters is used. Such an oversimplified approach sometimes leads to
“ugly roots” that go beyond the “natural” splitting field. This can be illus-
trated by the example of a 29155-dimensional representation of the Held group
whose decomposition into irreducible components is given in Sect. A.2. The
decomposition contains a 1275-dimensional irreducible component of multi-
plicity two. Representatives of this component obtained by the simple ver-
sion of PickBestSolution contain irrationality iv/231 (see B§12)75 and 8322)75
expressions), which belongs to the quadratic field Q(\/ —231)7 while the repre-
sentation in question splits over the “much smaller” field Q (\/—77 ) Therefore,
the PickBestSolution procedure requires improvement using strategies that
lead to minimal extensions of the field Q.

4.1 Comparison with the Magma Implementation of the MeatAze

The Magma database contains a 3906-dimensional permutation representation
of the exceptional group of Lie type G2(5). The decomposition into irreducible
components of this representation over the field GF(2) is given in [6] as an
illustration of the possibilities of the MeatAze.

The application of our algorithm to this problem shows that in the character-
istic zero, the considered representation is split over the field Q. The calculation
produces the following data:
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Rank: 4. Suborbit lengths: 1,30, 750, 3125.
3906 =1 ¢ 930 ¢ 1085 ® 1890

B = 3906 Z A

1 1
8930 :ﬁ <A1 + TOAQ + %.Ag - 125A4>

5 1 1 1
Bioss T <A1 — g»AQ + %As — 125A4)

15 1 1 1
Bisso =37 <A1 - %Az - %As + 125-»44>

Time C: 0.5 s. Time Maple: 0.8 s.

Magma failed to split the 3906-dimensional representation over the field Q
due to memory exhaustion after long computation, but we can simulate to some
extent the case of characteristic zero, using a field of a characteristic that does
not divide Ord(G2(5)). The smallest such field is GF(11).

Below is the session of the corresponding Magma V2.21-1 computation on
a computer with two Intel Xeon E5410 2.33 GHz CPUs (time is given in seconds).

> load "g25";

Loading "/opt/magma.21-1/1ibs/pergps/g25"

The Lie group G( 2, 5 ) represented as a permutation
group of degree 3906.

Order: 5 859 000 000 = 276 * 373 * 576 * 7 * 31.

Group: G
> time Constituents(PermutationModule(G,GF(11)));
[

GModule of dimension 1 over GF(11),
GModule of dimension 930 over GF(11),
GModule of dimension 1085 over GF(11),
GModule of dimension 1890 over GF(11)
]
Time: 282.060

5 Conclusion

The algorithm described here is based on the use of methods of polynomial
algebra, which are considered algorithmically difficult. However, our approach
leads to a small number (in typical cases) of low-degree polynomials. Recall that
the idempotency system (9) is a set of R square polynomials. Calculations of
Grobner bases in Maple on PC are limited in practice to R = 17. Among the
886 permutation representations available in the ATLAS [7], 761 (i.e., 86%) have
ranks R < 17. As can be seen in Appendix A, even a straightforward implemen-
tation of the approach can cope with rather large tasks. The data presented in
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the appendix shows that the most restrictive parameter for the Maple part of
the implementation is the rank of representations, i.e., the number of polyno-
mial indeterminates. A possible way to improve performance is to try to develop
specialized algorithms that take into account the very special type of polyno-
mial equations that arise in the problem instead of the universal Grébner basis
methods.

Acknowledgments. I am grateful to Yu.A. Blinkov, V.P. Gerdt and R.A. Wilson for
fruitful discussions and valuable advice.

A Examples of Computations

— Generators of representations are taken from the section “Sporadic groups”
of the ATLAS [7].
— For a group G
e M(G) denotes the Schur multiplier, the 2nd homology group H(G, Z),
e Out(G) denotes the outer automorphism group of G,
e n.G denotes a covering group of G, a central extension of G by C,.
— The results presented below assume the following ordering for the centralizer
ring basis matrices

Al = ]lN, Ag,...,Ak, Ak+1,Ak+2 = Ag+1,---,AR—1aAR = AE_1 .

symmetric matrices asymmetric matrices

The matrices within the first sublist are ordered by the rule: A < Bifig < ip,
where ix = min (¢ | (X);1 = 1). The same rule is applied to the first elements
of the pairs of asymmetric matrices.

Representations are denoted by their dimensions in bold (possibly with some
signs added to distinguish different representations of the same dimension).
Permutation representations are underlined. Multiple subrepresentations are
underbraced in the decompositions.

We omit the irreducible projectors related to the trivial subrepresentation:
these projectors have the standard form B; = ﬁ Zgzl Ap.

— All timing data refer to a PC with 3.30 GHz Intel Core i3 2120 CPU.

A.1 Higman—Sims Group HS

Main properties: Ord(HS) = 44352000 = 27 - 32.5% . 7. 11.
M(HS) = C2. Out(HS) = Cg.

11200-dimensional Representation of 2. HS
Rank: 16. Suborbit lengths: 12,110, 1322, 1652, 6602, 7922, 990, 13202, 19802.

11200=13223056 0770154 D175 D176 © 176 © 616 © 616
@ 770 @ 825 @ 1056 © 1980 ¢ 1980 D 2520
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1 1 13 1 7
Baso —ﬁ <A1+ — Ay — 3A3+ﬁA4+ﬁA5+§A6+ﬁA7* @Ag

7 7 1 1 17
+£«49 + Ao — ﬁu‘ln — §A12 + ﬁAB + ﬁAM - %AK)

17
—A16>
B A+A+A A+1A Tag—ta,—a
56 — 200 1 3 4 — 4 6 4 8 4 9 10
11 17 23 23 37 4
517 = 1500 (““1 T T g T g T gl T gl T

37 2 2 1 1

+@As + 32A9 + Ao — %-All - §A12 + %Am + %«414
8

+*.A15 + .A16>

11 19 7
Bisa = (A1+ A2+ A3+ A4+ A57 1A67%A7+%‘A8

800
1 3 3 7
—ﬁAg + Ao — %An — %Alz - %Aw — %AM - %AK)
7
—55-/416>
1 7 1 1 1 1 7 1
Bizs =51 (A1 + %x‘b - T5A3 + §A4 + §A5 + ﬁAe‘ + *A7 - *A8
1 1 1 1 37
+§«49 + Ao + ﬁAn + §A12 - B-Al?; BAM + 165A 5
37
B .A—i— A A—l—iA +1A—3A—1A - A
176 = 700 1 3 — 4 5 6~ 3318 ~ 3349 10

7
+1§A11 A12 + 1 A13 A14 + 1 A15 Alﬁ)

11 7 1 7
Bes1g —% (Al - @Ag + *.A4 — ﬂA5 + 1 -/46 + ﬁA @Ag

—Aio — 1 A11 + 1 A12 A13 + 1 -/414 + 1 A15

4
—133./416)
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Brzo :% (Al - F}E)AQ - 6170“43 - 41*4/14 - iAE’ + %AG - %fb
_%AES + 132A9 + Ao + Z5A11 + %Alg - 1170“413
_%AM - %Aw — 11665A16)
Bsas = 4348 (.A1 + 935A2 + ﬁAg - %A4 - %36'/45 — %Ae + %/ﬁ
+%A8 - 1—12A9 + Ay — %AB _ ﬁAM _ % A
65A16)
Buoss =555 (“41 e P P A= T
+%A8 + 132A9 + Ao — 515A11 - 5%/412 — %Alg
7/114 + ﬁflw + &Alg)
Broso _5% (“41 * 1;2“43 3&1)6A4 * 3s196“4 - %AG - Fles + 372«49
— Ao — iﬁfln + i%/lm + 191*9-»413 - i919«414>
Basz20 = 490 (A - %Az - iA:s + L.Azl + %As - 13%“'46 - %A7
_i-A A9 + Ajo — = ——An L.412 + i.,413
60 132 330 330 90
"‘%AM + ﬁv‘lm + 1465.A1G>

Time C: 8 s. Time Maple: 1 h 39 min 6 s.

A.2 Held Group He

Main properties: Ord(He) = 4030387200 = 219 .33 .52.73.17.
M(He) =1. Out(He) = Cs.

29155-dimensional Representation of He
Rank: 12. Suborbit lengths: 1,90,120,384,9602,1440, 2160, 28802, 5760,
11520.

29155~ 1® 51 ® 51 @680 @ (1275 @ 1275) © 1920 & 4352 & 7650
—_——
@® 11900
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1 1 13 1 1
Bs1 = {Al + ./42 ./43 + §A4 + §A5 + *Aﬁ - 6A7 - 6./48

L (3 - lm> Ay — 1 (3 +i 7\f> Aio

+96 (5+71\[> A + % (5— 71\[) -’412}

1715

1 23
8680 —% (A] + A2 Ag - @A 2 ./45 + AG + ﬁA?

1
+%A8 + %.Ag + %.Aw + T5A11 + 15A12>

a 15 Lo(331 . o 1 Nﬁ
= i V231 - _|13-—
Biars =33 {A1 T 280 ( 25680 As

1 /1381
S <38 +7iv231 ) As+ goes (2101 +7iv231 ) s

25680 \ 3 25680
_Tllz (13 B iw:’fﬁ) As + 25168 (129 7\/5@) Ar
+K115 (1571 Nﬁ) As — m (467 71\/5)
38520 (467 7“/§) “410}
Biors = 31453 {-Al + KISO (13;1 + 7 Vﬁ) A+ o 25680 (227 — 7\/327> As
- ﬁ (331 7i \/f) As = geoes (389+71\/§)
* 17% (227 N?) As + 25168 (3512)9 * iwszﬁ) Ar
—& (394 N?) Ag*ﬁ (127 \/f)
_WZO (1;7 + 1\/2371> Ao — iAu - 116A12}
Bie2o :%341 (A ﬁflz - %4“43 + g+ %Ag, - 3%4“46 + ;OA7

5 5 13 13
~ 5 s + g5+ g — oA - 480““12)
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256
Bass2 = 1715 <A1 + Az +

7 5 7 1
ey = Ay = e — o

768 576 128 Az

1 1 1 1
s g5+ g5 — 1oz An - 192A12>

90 1 1 7 1 1 1
Breso = —— - Ay — — A — — — —
7650 7343 (“41 2072 F 1207t ~ 3507 g0t 17 T aag e

1 1 1
+o07h0 — ggAn A12>

20 1 1 1 1 1
B Ay — —— e A — — Ay — —
11900 =g (“1 2072~ 7201t 130 “47 13~ 30 ~ 7o

1 1
-‘r@An + 60A12)
Time C: 47 s. Time Maple: 15 s.

A.3 Suzuki Group Suz

Main properties: Ord(Suz) = 448345497600 = 23 .37 .52 .7.11-13.
M(Suz) = Cg. Out(Suz) = Cs.

65520-dimensional Representation of 2.Suz

Rank: 10. Suborbit lengths: 12,8912, 28162, 3960, 12672, 207362.

65520 =1 @ 143 ® 364, D 36435 D 3645 D 5940 © 12012 ¢ 14300
@ 16016 © 16016

11 2 1 3 3
Bias = (Al + Ay + ./43 ./44 + *.A5 - HAG + H.Ag + 11A10>

5040
Bsos, =1z AL+ st A+A+Ai -
8640 Tgo \7 T s * DY R VV RO VV M
_§A9 - 9A10>
1 1 V3 VB
Feot: =150 (Al Aem gt gl i min A
3 3
+i£v49 - i£A10
9 9
3 1 1 1 1 7
Bsgao = 364<A1+A2+ A3+—A4+EA5+%AG_@A7

@As + .Ag + A10>
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Bi2012 :% <A1 + Az + %«43 - %«‘M + %«% + %4%\6 - %Ag - 313«410>
B1asoo :% (Al +Ax — %A?, + ﬁfh - %«% - §12A6 + %8-/47
s Ayt oo Ao+ 919,410>
Broors =1 (Al b LB,
+i9—\/§A9 — 1£A10>

Time C: 6 min 3 s. Time Maple: 10 s.

98280-dimensional Representation of 3.Suz
Rank: 14. Suborbit lengths: 13,8913, 28163, 5940, 19008, 20736>.

98280 1 ¢ 78 G 78 ® 143 ¢ 364 & 1365 & 1365 & 4290 & 4290
@ 5940 © 12012 @ 14300 ¢ 27027 G 27027

1 r2

1 1 r
EAQ — §A4 + ZA6 - EA7 - EAs

1
Brs = 1560 (A1 -

r r2 r2 r 5
+1A9 + ZAlo - §A11 - §A12 +rAiz+r A14>

11 1 3 1 2 2
B1az = 77560 (Al - ﬁAS + ﬁA4 - ﬁA5 + ﬁ.Aﬁ + ﬁ.Ag
2 At Ayt S Ayt Ayt A
11 10 11 11 11 12 13 14
1 1 1 1 1 1 1
Bsea = 370 (AI_WLA2+6A3_9A4_24A5+16 6—mA7

1 1 1 1 1
—mAs + TGAQ + TGAlO - §A11 - §A12 + Az + A14>
2

1 1 1 1 r r
Bises = 5 <"41 + MAZ + §A4 + T6A6 + mA7 + mAS

r r2 r2 r )
+EA9 + EAm + §¢411 + §~A12 +rAis+r A14)

11

84290 = 2592

R R B L R
V7972 7 g9 7t T ggTe T T T g

+rA+r2A 5r2A 5rA +rAz+r2A
T o2 or .
88 9 88 10 99 11 99 12 13 14
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11 7 1 1 1 1 7
Bsoao —@ <A1 - @AQ + %Ag + 2*7./44 + %A5 + ﬁAﬁ — @fb
A o Ag o A b A+ A A+ A
86478 T 352770 T g 10 T gy L T g2 T S TR
11 1 1 1 1 1
B - Ay — — — —
12012 = (Al 6643 ~ 3344 T g s T gg e T gz
P P S N
88 10 33 11 33 12 13 14
55 1 1 1 1 5 1
Biasoo =375 (““1 oAzt ggp s F g T s gpp e T ogg
1 5 5 1 1
+@As - @«49 — ﬁfho + @An + @Au + A3 + A14>
11 1 1 1 r r2
Barar =15 (41~ g+ g g~ g
r r? r2 r 9
71776“49 — 1776“410 + ﬁfln + ﬁfllz +rA;s+roAy
r=exp(2mi/3) = —5 + i§ is the basic primitive 3rd root of unity.

Time C: 57 min 58 s. Time Maple: 7 min 41 s.
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