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Abstract. In this article, we propose a notion of a semiconcept in the
framework of Yao’s object oriented concepts. A study of the algebra of
such ‘object oriented semiconcepts’ is carried out, in the line of the study
by Wille for the algebra of semiconcepts in formal concept analysis. Two
further unary operators, ‘semi-topological’ in nature, are introduced on
these structures. On abstraction, the properties of these operators lead
to the definition of a ‘semi-topological double Boolean algebra’, of which
the algebra of object oriented semiconcepts becomes an instance.
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1 Introduction

Rough set theory [10] and formal concept analysis (FCA) [4] provide two related
methodologies for data analysis. Both investigate the notion of concepts, albeit
from different perspectives. Classical rough set theory is developed based on an
equivalence relation on a domain of objects. Generalized formulations have been
proposed by using a binary relation on two domains, one a set of objects and
the other a set of properties — such a binary relation on two domains is called a
formal context in FCA. Many efforts have been made to compare and combine
the two theories [1,3,5,6,9,19].

The central notion in FCA is that of a concept lattice on a context K, denoted
B(K). Diintsch and Gediga, and Yao introduced two kinds of ‘rough concept
lattices’ in rough set theory, based on operators defined in [2]. The former defined
property oriented concept lattices [1], and Yao proposed object oriented concept
lattices [17]. Yao also studied the relationship between these two kinds of rough
concept lattices and concept lattices of FCA in [17]. It is shown that object
oriented concept lattices are dually isomorphic to concept lattices, while property
oriented concept lattices are isomorphic to concept lattices. Further algebraic
properties of rough concept lattices were investigated in [16].
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There is also a study of logic in the direction of FCA [13,14]. To formulate
what is called contextual logic, ‘negation of a concept’ has to be formalized
and Boole’s correspondence between negation and set-complement is taken as a
basis for the purpose. However, there turns out to be a problem of closure if set-
complement is used to define negation of a formal concept. So the latter notion
is generalized successively to that of semiconcept, protoconcept and preconcept
[13,15]. Our interest also lies in defining a negation, in the context of rough
concepts. This article does so in the framework of Yao’s object oriented concepts.
We define object oriented semiconcepts in Sect. 3, and follow the line of study in
[13]. An algebraic structure is developed on the set G(K) of all object oriented
semiconcepts. We show that it forms a dual of double Boolean algebra [13], and
contains two special Boolean subalgebras. In Sect. 4, two further unary operators
are defined on &(K), which turn out to be ‘semi-topological’ [11] in nature. The
properties of these operators lead us to define a semi-topological double Boolean
algebra, of which &(K) becomes an instance.

Considering Boole’s correspondence mentioned above, Wille defined another
(weak) negation in [13], which can be generated by the negations defined on
semiconcepts. This operator gives rise to a ‘concept algebra’, the abstraction of
which is a ‘dicomplemented lattice’. In [8], weakly dicomplemented lattices are
defined which constitute a superclass of the class of dicomplemented lattices. In
Sect. 4.1, we show that weakly dicomplemented lattices are different from the
double Boolean algebras considered in this work. Section 5 concludes the article.

In the next section, we give the preliminaries required for the work presented
in the rest of the paper.

2 Preliminaries

Definition 1 [4]. A formal context is a triple K := (G, M, R), where G, M are
sets of objects and properties respectively, and R C G x M. gRm is interpreted
as object g has property m. For AC G and B C M,

A= {m e M | gRm forallg € A},
B :={g e G| gRm forallm € B}.

A concept of K is defined to be a pair (A, B) where A C G, B C M, A =B
and B' = A. A is called the extent and B the intent of the concept (A, B). The
set of all concepts of K is denoted by B(K).

For concepts (A1, B1) and (Aa, B2) in K an order is defined as:

(A1, B1) < (Ag, By)if andonlyif Ay < As.
(B(K), <) forms a complete lattice, and is called the concept lattice of K.
Definition 2 [1]. For a formal context K := (G, M, R), K¢ := (G, M,—R), is
called a complement of K, where —R = {(x,y) € G x M : (z,y) ¢ R}.

Ezample 1 [15]. The following table gives an example of a formal context.
Objects are family members, properties are genders and age variables (Table 1).
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Table 1. A formal context

Male (Ma) | Female (Fe) | Old | Young
Father (Fa) * *
Mother (Mo) * *
Son (So) * *
Daughter (Da) * *

2.1 Semiconcept Algebra

As mentioned in Sect. 1, there is a problem of closure if set-complement is used
to define negation of a formal concept. More explicitly, if (A, B) is a formal
concept in a context (G, M, R), the complement G \ A (M \ B) of the extent
(intent) A (B) may not be an extent (intent). The notion of formal concept was
then generalized by defining a semiconcept.

Definition 3 [12]. A semiconcept of a formal context K := (G, M, R) is defined
as a pair (A, B) with A C G and B C M such that A=B or B=A.

The set of all semiconcepts of K is denoted by $(K). The following algebraic
operations M,U, -, 4, L and T are introduced on $(K):

(A1, B1) M (Ag, By) := (A1 N Ag, (Ag mAQ) )
(A1, By) U (Ag, By) := ((By N By) , B1 N By)
~(4,B) = (G\ 4,(G\ A))
4(4, )=((M\B) M\ B)
= (G, ¢)
= (¢, M)

H(K) with the operations M,J,—, 5, L and T is called the algebra of semicon-
cepts of K, and denoted by $(K). The following sets of idempotent elements are
considered, and shown to form Boolean algebras in [12,13]:

O ={(A,A)eH(K): ACG} and H, :={(B',B) € H(K): BC M}.

2.2 Object Oriented Concept Lattice

Let G and M be two non-empty sets, and R C G x M be a relation. For each
x € G, the Rrange of x is R(x) := {y € M : xRy}. The converse R’ of R is
R :={(y,x) € M x G : xRy}.

For a given formal context K := (G, M, R), B,0: 26 — 2M constitute a pair
of dual approximation operators defined as:

XO:={ye M: X[ \R(y) # 0}, XU .={yeM:R%y)C X}.
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On the other hand, ©,¢ : 2™ — 26 constitute another pair of dual approximation
operators defined as:

YO :={zeG:Y(R() # 0}, Y ={reG:R(x)CY}

¢ is called the possibility operator and & the necessity operator. Note that if we
take G = M and R to be an equivalence relation on G then the .5 operators
coincide respectively with the upper and lower approximation operators (on the
approximation space (G, R)) of rough set theory.

Now we list some properties of ¢,=. For proof we refer to [1,17,18].

Proposition 1. Let K := (G, M, R) be a context. For any X,X1,X2 C G and
Y, Y1,Ys C M, the following hold.

1. GP = M and ¢° = ¢.

2. M° =G if and only if R(z) # ¢ forall z € G.
5 = ¢ if and only if R(y) # ¢ forall y € M.

if X1 C Xy then X7 C XP and X0 C X3S,

if Y1 CYs then YP C Y5 and YO C Y.

X590 € X € X% and yo cyc yod.

(X)R = (X)_pg and (Y)g = (Y°)_g.

XD = X% gpd YH = yoc,

XUe = x¢0 gpd YHe =y,

10. (XNnY)P =xUnyt,

11. (XUY)? =X0UYo.

12. (X NY)F0 € XF0nyHo gnd XP Uyl C (X uY)oH.

13. XPo0 = XU gpg YOO = vy U,

14. XOH0 = X0 qnd YOHO =y 0.

Proposition 2.

© % XSG Lo

1. B9 mapping X to X°U, is a closure operator.

2. 0 mapping X to XU, is an interior operator.

For a given set of objects A C G, the map 5 : 26 — 2M assigns to it a set of
properties AY, while the map © : 2M — 2C assigns to a set of properties B C M,

an object set B®. For special pairs (A, B), we have the following.

Definition 4 [17,18]. An object oriented concept of the context K is defined
as a pair (A, B) with A C G, B C M such that AB = B and B® = A. A is
the extent and B the intent of the object oriented concept (A, B). The set of all
object oriented concepts of K is denoted by RO—L(K).

With this definition, it is shown in [18] that object oriented concepts are
described by disjunctions of properties, whereas formal concepts are described
by conjunctions of properties. The two theories together can thus give a more
complete picture of data.

An order is defined on the set RO — L(K) of object oriented concepts:

(A1, By) < (A, By) if and only if Ay C Ay (which is equivalent to By C Bs).
(RO — L(K), <) forms a complete lattice. Moreover, we have

Theorem 1 [16]. RO—L(K) is dually isomorphic to B(K®).
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3 Object Oriented Semiconcept

We are interested to study the notion of negation in the context of rough con-
cepts. In [13], Wille studied a negation in FCA, by separately negating the extent
and intent of a concept, using set-complement. In this work, we consider object
oriented concepts and introduce negation using Wille’s approach. For a given
object oriented concept we also have two negations, one by taking the comple-
ment of its extent and the other by taking the complement of its intent.

Example 2. Let us continue with the context given in Example 1. In Tables 2
and 3 below, we list for all A C G, B C M respectively, AZ, AP and B®, BOU,

Table 2. Subsets A of G giving object oriented semiconcepts (A, AD)

ACG A" AD0

¢ ¢ ¢

{Fa} s s

{Mo} 5 5

{50} 5 s

{Da} s s

{Fa, Mo} {old} {Fa, Mo}
{Fa,So} {Ma} {Fa,So}
{Fa, Da} ¢ ¢

{Mo,50} & 5

{Mo, Da} {Fe} {Mo, Da}
{So, Da} {Young} {So, Da}
{Fa, Mo, So} |{Old, Ma} {Fa, Mo, So}
{Fa,Mo,Da} | {Fe,Old} {Fa, Mo, Da}
{Mo, So, Da} | {Young, Fe} |{Mo,So,Da}
{Fa, So,Da} |{Ma,Young}|{Fa,So,Da}
G M G

Consider the pair ({Mo, So, Da}, {Y oung, Fe}). It is clear from Table 2 that it is
an object oriented concept. The complement of the extent A = {Mo, So, Da} is
{Fa}, which is not the extent of any object oriented concept of K (cf. Table 3).
Now consider the pair ({So, Da},{Young}), which is also an object oriented
concept. The complement of the intent B = {Young} is C = {Ma, Fe, Old}
and C is not the intent of any object oriented concept of K. Analogous to the
situation in FCA, simply taking the set-complement of the extent or intent of an
object oriented concept, may not result in an object oriented concept. One then
relaxes the requirement to consider pairs of the form (A¢, A°Y) and (B®, B°)
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Table 3. Subsets B of M giving Object oriented Semiconcepts (BO, B)
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BCM B° B

¢ ¢ ¢

{old} {Fa, Mo} {old}

{Ma} {Fa, So} {Ma}

{Fe} {Mo, Da} {Fe}
{Young} {So, Da} {Young}
{Old, Ma} {Fa, Mo, So} |{Old, Ma}
{Fe, Old} {Fa, Mo, Da} | {Fe, Old}
{Young, Fe} {Mo, So, Da} | {Young, Fe}
{Ma,Young} {Fa,So,Da} |{Ma,Young}
{Ma, Fe} G M

{Old, Y oung} G M

{Ma, Fe,Old} G M
{Ma,Old,Young} | G M

{Ma, Fe,Young} |G M
{Fe,Old,Young} |G M

M G M

to define negation, as A°D collects properties of the objects of A¢ only, while
B°® contains all objects that have properties belonging to B¢. (Note that these
pairs still need not be concepts, as we shall see in an example below). This idea
is generalized to give the definition of an object oriented semiconcept.

Definition 5. Let K := (G, M, R) be a formal context. An object oriented semi-
concept of K is defined as a pair (A, B) with A C G, B C M such that A¥ = B
or B® = A. The set of all object oriented semiconcepts of K is denoted by &(K).

Thus object oriented semiconcepts of K are pairs of the form (4, A9) or (B?, B).
Tables 2 and 3 in Example 2 give us all the object oriented semiconcepts of the
context (G, M, R). It may be then observed that an object oriented semiconcept
may not always be an object oriented concept: ({Fa},¢) is an object oriented
semiconcept but not an object oriented concept.

Now is there any relation between semiconcepts of FCA and object oriented
semiconcepts defined above? The answer is given by

Proposition 3. For a context K, (A4, B) € 6(K) if and only if (A°, B) € H(K°),
the set of all semiconcepts of the complement of the context K.
3.1 Algebra of Object Oriented Semiconcepts

An order < and algebraic operations M, L, =, 5, T and L are considered on &(K):
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Definition 6. For (A1, By), (As, Bs) € 6(K),

(a) (A1, B1) < (A2, B2) if and only Z'fAl C Az and By C By,
(b) (Al,B])l_l(AQ,BQ) ((BlﬂBg) BlﬁBg)
(C) (Al,Bl)u(AQ,Bg) :(A1UA2,(A1 UAQ) ),
(d) (A, B) := (G\ A, (G\ A)7),
= ((M\ B)®, M\ B),

(e) 2(A,B):
(f) T:=(G,M),
(9) L:=1(9,0).

The meet (M) and join (L) operations taken in RO—L(K) are extended to &(K).
It is clear from Definition 5 and Proposition 1(1) that G(K) is closed with respect
to all the operations defined above. The tuple (&(K),M,U,—, 5, T, L) is called
the algebra of object oriented semiconcepts of K and is denoted by &(K).

Proposition 4. (A1, By) M (A2, Ba) is a lower bound of (A1, B1) and (Aa, Bs),
and (A1, B1)U(Ag, B2) is an upper bound of (A1, B1) and (Aa, Bs) in (6(K), <).

Proof. (A, Br) M (Ag, Bz) := ((B1 N B2)?, Bi1 N By) and (A1, B1) U (Ag, By) :=
(A1 U Ay, (A1 U A3)). We have the following cases.

Case I: Suppose A; = Bf and Ay = Bg. Then (B; N By)° C B? = A; and
(BN By)° C BY = Ay by (5) of Proposition 1. Now (A; UAQ)D = (BPUBYS)P.
Using Proposition 1(11) on the rhs, we have (A; U A5)Y = (B U Bz)<>Ij and
using Proposition 1(6), we have By, By C (B; U By)® = (4; U A5)P.

Case II: A'1:I = B and AQ':I = B,. This case is dealt similarly by replacing & with
¢ as Case L

Case III: Now let AP = By and Ay = BS. We have (B; N By)® C AT C A,
and (B; N By)® C B = Aj, using Proposition 1(5) and (6). From Proposition
1(4) and (6), we have B; = AD C (4; U A5)7 and B, € BSP C (4, U 4y)H. O

Are these the greatest and least upper bounds? Not necessarily so. In Example 2,
consider the two elements ({Mo, Da}, {Fe}) and ({So, Da}, {Young}) in 6(K).
({Mo, Da},{Fe})N1({So, Da},{Young}) = (¢, ¢) is a lower bound but is not the
greatest lower bound as ({Da}, ¢) is also a lower bound of the two object oriented
semiconcepts. On the other hand, we can consider ({Fa}, ¢) and ({Mo, Fa}, ¢),
for which ({Fa},¢) U ({Mo, Fa},$) = ({Fa,Mo},{old}), which is an upper
bound but not least as ({Mo, Fa}, ¢) is an upper bound of the two object ori-
ented semiconcepts.

Following the approach of Wille, we now consider the set of idempotent
elements in 6(K) with respect to the operations LI and M.

S(K), :={(A,B) e 6(K): (A,B)U(A,B) =(A,B)}, and
&(K)n = {(A, B) € 6(K) : (4, B)11 (4, B) = (A, B)}.
It can be easily observed that
S(K)u = {(4,B) € 6(K) : (4,47) = (4, B)
S(K)n = {(4,B) € 6(K) : (BY, B) = (4, B)

={(4,A"): AC G}, and

¥
}={(B°,B): BC M}.
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Note: For two object oriented semiconcepts (A1, By), (Aa, Be), if the pair with
componentwise set-theoretic intersection, viz. (41N Az, BiNBs), belongs to &(K)
then it must be the greatest lower bound of (A1, B1), (As, Bs). A similar obser-
vation holds for (4; U As, B; U Bs) and least upper bound of (A;, B1), (42, B2).

We obtain in a straightforward manner, the following results for any context K.

Proposition 5.

1. 6(K)7n N S(K), = RO — L(K).

2. 6(K)n UGB (K), = 6(K).

3. (Al, B1)|_|(A2, Bg) = (1417 Bl)ﬂ(Al, Bl) and (1417 Bl)u(AQ, Bg) = (AQ, B2)|_|
(AQ, BQ) Zf and OTLly ’Lf (Al, Bl) S (AQ, BQ)

As done for semiconcepts, we define two operations on &(K):

xVy :=1(uzMy), and z Ay := —(—-x U -y), for all z,y € &(K).

Theorem 2. The following equations are valid in S(K):

(1a) (xNz)Ny=2aNy (1b) (zUz)Uy=xUy
(%2a) xNy=yNz (%) xUy=yUx

(8a) xM(yMz)=(xNy)Mz (3b) zU(yUz)=(zUy)Uz
(4a) s(xNzx) =1z (4b) ~(x Uzx) = -z

(5a) xMN(zUy)=2aNx (5b) zU(xMNy)=zUx
(6a) xM(yVz)=(xNy)V(xNz) (6b) U (yAz)=(zUy)A(zU2)
(7a) N (xVy)=zNx (7)) xU(xAy)=aUx
(8a) su(xNy)=2xNy (8b) ~—=(zUy)=zUy

(9a) xzMoz = L (9b) zU—-x=T

(10a) oL =TNT (10b) =T =111

(11a) L =T (11b) JT = 1L

(12) (zNz)U(zMNz) = (zUz)N(xUx).

Observe that the equations stated in Theorem 2 are dual with respect to Ll and M
in the equations defining a double Boolean algebra [13].

In our next result, we prove that &(K) is dually isomorphic to $H(K¢). In
other words, we show the following for the algebraic structure QB(KC) that is
obtained from $(K¢) by replacing M with U and U with M.

Theorem 3. For a context K, S(K) is isomorphic to $°(K*).

Proof. We define a map h : 6(K) — $H(K°) such that h((4,B)) := (A, B),
where (A, B) € 6(K). This map is well-defined and onto by Proposition 3. It is
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trivially one-one. To show h is a homomorphism, we check the case for .

h((A,B) M (A, By)) =h((BN B1)°, BN By)
=((BN By)%¢, BN By)
(Bn Bl) r, BN B1) (by Proposition 1(4) and (5))
A, B) U (A7, Br) in $(K)
=(A°,B) N (A, By) in $2(K°)
=h((A, B)) N h((A1, B1))

h((G,M)) = (¢, M) = L, which is the top element of $?(K®) and h((¢,¢)) =
(G, ¢) = T, the bottom element of $?(K¢). The case for LI is similar. O

Recall the algebras of idempotent elements of semiconcepts defined in Sect. 2.1.
We get the following relationships.

Corollary 1.

1. 8(K)n is dually isomorphic to H(K),,.
2. 6(K)y is dually isomorphic to H(K)n.

Proof. (1) Let (A, B) € 6(K) then (A4¢, B) € $H(K¢). Using definitions of M, in
algebras of object oriented semiconcepts and semiconcepts respectively, we have
(A,B)M (A, B) = (B%,B) and (A, B) U (A, B) = (B| g, B).
Therefore (A, B) = (A, B) N (A, B) if and only if (4, B) = (B®, B), i.e. if and

only if A¢ = Bo°.

On the other hand, (A°, B) = (A% B) U (4%, B) if and only if (A°, B) =
(B|_ g, B), ie. if and only if A° = B| . From Proposition 1(7), we have
B%¢ = B|_ and hence (A, B)[1(A, B) = (A, B) if and only if (A¢, B)U(A®, B) =
(A€, B). Similarly one can show that (A, B) U (A, B) = (A4, B) if and only if
(A¢,B) N (A°,B) = (A€, B). Therefore image of &(K)n under h defined in
Theorem 3 is equal to H(K), and it is also clear that h is an isomorphism
from &(K)n to H2(Ke)..

Proof of (2) is similar. O

4 Semi-topological Operators on S(K)

Rough concept analysis deals with the necessity and possibility operators = and

¢, As mentioned in Proposition 2, 59 is a closure operator and °F is an interior
operator. We use this idea and define two unary operators C, I on the set &(K)
of object oriented semiconcepts. As we shall see, the two operators turn out to
have semi-topological properties [11].

Definition 7. For any (A, B) € 6(K),
C((A, B)) := (A%7, 4%75),
I((A,B)) := (BT, BY9).
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Note. Using the algebraic operations on object oriented semiconcepts, we get
for any x € 6(K), C(x) = ~(—x M —z), and I(z) =1(uzlUox).

Lemma 1. Let 2,y € 6(K). I has the following properties.

If © <y then I(z) < I(y).

Il(z) =I(x).

Ix)Nz=I(z)=I(x)NI(z) and z U I(z) =z Ux.
I(T)=u(Lul).

I(zNy) < I(z)NI(y).

Grds o o~

Proof. (1) Let z,y € 6(K) = 6(K), U S(K)n such that z < y.

Case I: Suppose z,y € &(K)n. Without loss of generality, we assume that = =
(A°, A) and y = (B®, B) where A, B C M. Then
I(x) =2(u(AC, A)UL(AC, A)) =L(AC, AcOT) = (Ac0Te0 - geOle),

Similarly we deduce that I(y) = (B®°H¢, Be0Ue) Now = < y implies that A C
B, which implies that Ac®He C BeOUe and from this we have A5 C Beoted
and hence I(z) < I(y).
Case II: If 2,y € G(K),, then let z = (A4, A”) and y = (B, BP), A, B C G. Then

I(l‘) _ (ADCODC<>7ADC<>DC) and I(y) _ (BDCQDCO’ BDC(}DC).
As x < y, AY C BY which implies that AH<0He ¢ pHedle g4 gUe0Ued
BBOHC and we get I(z) < I(y).
Case III: If € S(K), and y € S(K)n, we assume that 2 = (A4, AY) and
y = (B%, B). Then I(z) = (APc0He0 g0c00e)y and I(y) = (BeOH0, Bedte),
z < y implies that AY C B, which gives ABeobe ¢ Bedle From this we have
ABe0BeO ¢ Bedted and hence I(x) < I(y).

(2) Let =z € 6(K).
(I(z))

S(uo(urUoz)Uos(uzUox))

(((bzboz) M (ozUox)) U ((weUoz) N (sazlz)))
S(((Lzboz) U (LzUoz)) M ((wzUox) U (szUox)))
((
(
(

_I

S((LzUoz) N (LzUox))

| J.’IJLUSC) (CC)

(3) Let x € 6(K) = 6(K), US(K)n.

Case I: Let © € S(K),. Without loss of generality we assume that x =
(A, AD), for some A C G. I(x) = (ADOH0 AHOey and from this we get
I(m) N = (ADCQDCQ’ADCODC) M (A,AD) _ ((AI:ICODC N AD)<>7ADC<>DC N AD).
Now ADe C AB<OU for any subset A of G. So ABeOBe AU and hence
I(z)Ma = (ADOB0 ADe0Tey — 1(g),

Case II: If z € S(K)n, let * = (BY,B) for some B C M. Then I(z) =
(BOHe0 Beoe) whence I(z) Ma = (BOH BeoHe) M (B B) = ((B°M n
B)O7 (BCODC N B)) _ (BCQDCO,BCQDC) _ I( ) as BeoUe C B.

Since for any © € 6(K) say = = (4, B), I(z) = (BC<>DC<> BOHey = (DO D),
where D = B°H¢, we have I(z) € &(K)n for all 2 € G(K)). Thus I(z)MI(z) =
I(x) and so I(z )I‘Ix—I( )=1I(z)NI(z).
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Now we will show that z U I(z) =2z Ux. Let z € 6(K) = 6(K), U 6(K)n.
Case I: If z € &(K),y, say = = (A, A7) for some A C G.
(A, AD) UI((A, A7) = (A, AP) Ly (47050, 45605¢)
_ (A U AI:lc<>E|c<>7 (A U ADC(}DCQ)D)
= (4, AD) because AP ¢ AU ¢ »
= (A, AP U (A, AP =z Uz,
Case IL: If # € G(K)p, let z = (B, B) for some B C M.
(BY, B)UI((B®, B)) = (BY, B) U (B*00<0, peotle)
— (BO U BCODCO’ (BO L BCODCO)D)
= (B?, B°Y) because B C B
= (B°,B)U(B®,B) =z Uuz.
(4) I(T) =2(uTULT) =a(L U L).
(5) Let z,y € 6(K) = 6(K)n U S(K),.
Case I: Let z € 6(K), and y € &(K)n. Without loss of generality we assume
that © = (A, A”) and y = (B®, B), where A C G and B C M. Then I(z) =
(ADCODCO’ ADCODC) and I(y) — (BCODCO,BCODC).
I(x) M I(y) = ((APe0He n pedte)o gOeobe n pedtley and I(zMy) = I((A” N
B)°, A9 N B) = (A" n B)*®He0 (AP 0 B)eHe). Now A¢ C (AY N B)° and
B¢ C (AP N B)°. From this inequality we have, A7<°H C (AY n B)*°U and
BH C (A9 N B)°°D. This implies that (A” N B)CODC C ABe00e angd (AY N
B)c{)[lc C Bc{)[lc So (AD N B)c{)[lc C ADC(}DC N Bc(}[lc and (AD N B)c()Dc() C
(ADC<>DC N BH)O and hence I(zMy) < I(z) N I(y).
Case IT: If z,y € &(K),,, let us assume that z = (A, AY) and y = (B, BY).
Then I(z)M1(y) = ((ADOHe q pReobe)0  gBeobe 4 gHe0be) and [(xMy) =
I((ANB)P° (AN B)P) = (AN B)H0B0 (AN B)FOHe) Now (AN B)Y C AV
and (AN B)Y € BY. From this we have,
AEIc C (Aﬂ B)Dc = ADCOD C (AﬂB)DCOD
= (A N B)Dc(}[lc C ADCODC.

Similarly, one can prove that (A N B)F<0Be ¢ BHeOUe. From this inequality
we have (A a) B)Dc(}[lc C ADcODc N BDcODc and (A N B)Dc()Dc() C (ADCODC N
BEOTYO Hence I(zMy) < I(z)NI(y).

Case IIL: If z,y € 6(K)q, the proof is similar to Case II. O

Dually, one can prove the following for the operator C' on &(K).
Lemma 2. For all z,y € 6(K),

. fx <y then C(z) < Cy)
. CC(x) = C(x)
=C2)uC(z) and zNC(zx) =z N

Grds W o ~
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8
~
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4.1 Semi-topological Double Boolean Algebra

Recall our observation after Theorem 2 that &(K) satisfies the dual of all equa-
tions defining a double Boolean algebra [13]. In this section, we deal with such
an abstract ‘dual double Boolean algebra’, and for the sake of simplicity, retain
the name double Boolean algebra for the structure. More precisely, we have the
following definition.

Definition 8. A double Boolean algebra (A,U, M, -, 4, T, L) is an abstract alge-
bra which satisfies the following properties: For any x,y,z € A.

(la) (xNz)Ny=2zNy (1b) (xUx)Uy=a Uy
(20) xMy=yNx (2b) cUy=yUx

(8a) xM(yMz)=(zMNy)Nz (3b) xU(yUz)=(xUy)Uz
(4a) s(xNzx) =1z (4b) =(zUx) = -

(ba) zN(zUy)=zNx (5b) xU(xMy)=aUx
(6a) xM(yVz)=(xMNy)V(xNz) (6b) U (yAz)=(zUy)A(zU2)
(7a) xM(zVy) =xNx (7h) zU(xANy)=zUx
(8a) Ju(zMNy)=xNy (8b) —(zUy)=zUy

(9a) xMoz = L (9b) xU—-x=T

(10a) oL =TNOT (10b) -T=1U1

(11a) ~L =T (11b) JT =L

(12) (xNz)U(zMNa)=(zUz)N(xUzx),

where V and A are defined as x V y :=1(uzMay), and x Ay := —(—x U-y).
= is called the negation and 1 the opposition.

Corollary 2. &(K) is a double Boolean algebra.

A quasi-order (reflexive and transitive relation) on a double Boolean algebra
may be defined [7] for all z,y €A as:

rCyifandonlyifaMy=xMNzand zUy =y Uy.

Remark. As we mentioned in Sect. 1, the algebraic structure of a weakly dicom-
plemented lattice [8,15] also emerged in the context of defining negations in
FCA. We now compare this structure with the double Boolean algebra of
Definition 8. Note that these are algebras of the same type (2,2,1,1,0,0). However,
it can be seen that these are different with respect to the defining axioms. Firstly,
in a weakly dicomplemented lattice (L, V, A, ,V ,1,0), the reduct (L,V, A, 1,0)
is a lattice, while a double Boolean algebra (A,U,M,—, 4, T, L) need not be a
lattice with respect to the U, M operations, as shown in Sect.3.1. Secondly, to
force another comparison, suppose the lattice meet and join in a weakly dicom-
plemented lattice are relaxed to be lower and upper bound operations LI, 1 sat-
isfying the axioms la-b, 2a-b, 3a-b, 5a-b and 12 in Definition 8. The remaining
defining axioms of the negations 2,V (cf. [8]) in a weakly dicomplemented lattice



452 P. Howlader and M. Banerjee

are retained. Will a double Boolean algebra then be a special case of such a struc-
ture? We find that the negations in the two structures behave differently as well.
In particular, it can be shown that the axiom (z Ay) V (z A y?) = 2 for © need
not hold in a double Boolean algebra, irrespective of whether © is taken as the
negation (—) or opposition (4) of the double Boolean algebra. Indeed, consider
Example 1: take two object oriented semiconcepts = := ({Fa, Da}, ¢) and y :=
(¢,0). (xMy)U(xzn—y) = (4, ¢) # z. If we take x := (G,{Ma, Fe}) and y :=
({Fa},¢) then (zMNy)U(xMuy) = (G, M) # x. On the other hand, if we force M, LI
in a double Boolean algebra to be infimum and supremum operators respectively,
we get the equations Juz = x and ——z = z from (8a) and (8b) of Definition 8.
However, these do not hold in general for the negations 2,V in a weakly dicom-
plemented lattice, so that the latter is not an example of such a special case of
a double Boolean algebra either.

Now we define a semi-topological double Boolean algebra.

Definition 9. A semi-topological double Boolean algebra is an abstract algebra
A = (Au,n, -, T,1, I C), where (A,U,M,—, 15, T, L) is a double Boolean
algebra, and the unary operators I and C satisfy the following equations for any
z,y € A.

(sa)t I(x) Mz = I(z) N I(x) and (sb)! C(z)Uz = C(z)U C(x) and
zUIz)=zUx Clz)yMr=zNx

(sa)? I(zMy) C I(x) N I(y) (sb)* C(z) U C(y) C Clz LUy)

(sa)® I(I(z)) = I(x) (sb)® C(C(x)) = C(x)

Theorem 4. §(K) := (6(K,U,M,—, 4, T, L, I1,C1) is a semi-topological double
Boolean algebra.

Proof. Follows from Theorem 2 and Lemmas 1, 2. O

5 Conclusion

This work introduces the notion of negation in the framework of object oriented
concepts in rough concept analysis, and object oriented semiconcepts are defined.
The algebra that these semiconcepts form is shown to be (a dual of) double
Boolean algebra. Moreover, two unary operators are introduced in this algebra,
leading to the definition of a semi-topological double Boolean algebra.

The proposal opens up several directions of further work, including possible
applications. The definition of a new algebraic structure warrants some imme-
diate algebraic investigations, such as investigation for representation theorems.
Definition of a negation can now facilitate studies in the direction of contextual
logic for rough sets. Besides, one can follow up the entire study in the framework
of property oriented concepts.

Acknowledgments. We are grateful to the anonymous referees for their suggestions
and valuable remarks.
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