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Abstract. This paper aims at constructing a novel hysteretic (non-
reversible) bit-rock interaction model for the torsional dynamics of a
drillstring. Non-reversible means that the torque on bit is not represented
only in terms of the bit speed, but also of the bit acceleration, producing
a hysteretic behavior. Here, the drillstring is considered as a continu-
ous system which is discretized by means of the finite element method,
where a reduced-order model is applied using the normal modes of the
associated conservative system. The nonlinear torsional vibrations of the
drillstring system are analyzed comparing the proposed bit-rock inter-
action model to a commonly used reversible model (without hysteresis).
The parameters of the proposed hysteretic bit-rock interaction and of
the commonly used reversible model are fitted to field data. Results show
the system including a bit-rock interaction model with hysteresis effects
reproduces a good approach of stick-slip cycle, and the simulated drill-
string dynamics using the bit-rock interaction presents a similar behavior
comparing to the field data.
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1 Introduction

Drillstring is a slender structure used for exploitation of oil reserves. It is com-
posed mainly of two parts: drillpipes and bottomhole-assembly. A top drive
rotates the system at the top, which transmits the torque to the bit that drills the
rock. One of the concerns with the drillstring dynamics is its torsional vibrations
that might lead to stick-slip oscillations [5,8–10,28]. In this severe conditions,
the bit sticks (zero speed) then slips (high speed), and that might cause, for
instance, measurement equipment failure, low rate of penetration, bit damage,
and fatigue [31].

Spanos et al. [27] has published an overview of drilling vibrations. Specially
for bit-rock interaction during the drilling process, [18,24] have shown that the
torque on bit varies nonlinearly with the bit speed, presenting large fluctua-
tions. Concerning drillstring torsional dynamics and stick-slip oscillations, sev-
eral papers discuss about them [8,9,15,16,23,24,29], and normally a pure tor-
sional model is enough to represent this kind of system: to represent test rigs,
[15] applied a torsional model successfully to analyze the friction-induced limit
cycling, and in [9] a torsional model is used to implement a control strategy.
Field data of a five kilometer drill string is analyzed in [24], where again a
pure torsional model presented satisfactory results reproducing field data, where
torsional vibration was the dominant phenomenon observed. More generally, a
coupled axial-lateral-torsional model should be applied [23,28].

There are many phenomena involved during the drilling process: fluid-rock
interaction, proper well profile (inclination and azimuth), pipe-rock interaction,
among others. Therefore, a full description model of bit-rock interaction includ-
ing all dynamics is really hard to obtain due to lack of downhole data. Experimen-
tally, hysteretic cycles for the bit-rock interaction were observed in [11,18–20],
which can be caused by tangential stiffness during the bit-rock interaction, and
by the frictional memory due a delay in the friction force, being evident dur-
ing the stick phase and the switch between stick and slip phases [30]. Although
of these observations, up to the authors knowledge the only hysteretic bit-rock
interaction model found in the literature was proposed in [5]. The authors in
[5] used the experimental results presented in [11], and applied their hysteretic
model, which employs a switching mechanism, in the analysis of Proportional-
Integral (PI) control strategy, aiming at mitigating stick-slip oscillations.

This paper aims at constructing a novel hysteretic (non-reversible) bit-rock
interaction model for the torsional dynamics of a drillstring [19] based on the
field data presented in [24]. Non-reversible means that the torque on bit is not
represented only in terms of the bit speed, but also of the bit acceleration, pro-
ducing a hysteretic behavior. The drillstring is considered as a continuous sys-
tem which is discretized by means of the finite element method [6,7,25], where
a reduced-order model is applied using the normal modes of the associated con-
servative system. The nonlinear torsional vibrations of the drillstring system are
analyzed comparing the proposed bit-rock interaction model to a commonly used
reversible model (without hysteresis). Least-Square method is used for parame-
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ter identification is applied to obtain the parameters of the models according to
field data [24].

The main contribution of this paper is to propose an original model for the
bit-rock interaction taking into account the hysteretic effects. Here, (1) a new
nonlinear hysteretic model is constructed to describe the bit-rock interaction
(nonlinear torque function) as a function of the bit speed and bit acceleration, (2)
experimental identification using Least-Square method is applied to obtain the
parameters of the mean nonlinear part, and (3) a hysteretic function is proposed
for the envelope of this process, which is also a function of the acceleration and
bit speed.

This article is organized as follows. The drillstring torsional dynamical model
is presented in Sect. 2.1. The continuous system is discretized by means of the
finite element method and a reduced-order model is constructed using the normal
modes of the associated conservative system. In Sect. 2.1, the proposed bit-rock
interaction model including hysteresis is also presented, as well as the reversible
model (without hysteresis). This proposed model is compared with field data in
Sect. 5. The numerical analysis are presented in Sect. 6 and, finally, the conclud-
ing remarks are made in Sect. 8.

2 Dynamical Model

2.1 Torsional Model

As mentioned before, the drillstring is basically composed by (1) the drillpipes
(DP) and (2) the bottomhole-assembly (BHA), as it is schematically represented
in Fig. 1. DP are slender tubes that can reach kilometers, while BHA is composed
by thicker tubes (drill collars) together with the measurement equipment and a
drill bit on its bottom, and its length can reach hundreds of meters.

A vertical wellbore is considered, and only torsional vibrations are taken into
account in the modeling. That is, it is assumed that there are no contact between
the column and the wellbore, as well as the lateral and axial vibrations are small.
A constant speed Ω is imposed at the top and a reaction torque appears due
to the bit-rock interaction. Therefore, θ(x, t) is the solution of the following
boundary value problem:

ρIp
∂2θ(x, t)

∂t2
− GIp

∂2θ(x, t)
∂x2

= T (x, t), (1)

in which the boundary conditions are
{

θ(0, t) = Ωt

θ̇(0, t) = Ω
, (2)

and the initial conditions are

θ(x, 0) = 0, θ̇(x, 0) = Ω , (3)
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Fig. 1. General scheme of a drillstring.

where θ(x, t) is the angular rotation about the x-axis, T (x, t) is the torque vector,
Ip is the cross sectional polar moment of inertia, and ρ and G are the density
and shear modulus of the material of the column.

Different from [21,22], the present paper will solve the system considering its
rotational displacements about a rotating frame. Let θrel(x, t) be the relative
torsional degree of freedom in the rotating frame associated to the top sectional
area (at x = 0). We introduce the absolute rotational displacement as

θ(x, t) = Ωt + θrel(x, t). (4)

Let u(t) be the vector of θrel(x, t) nodal values of a mesh of the drillstring.
A computational model is constructed by the finite element method considering
the drillstring top clamped (there is not relative displacement between the top
drive and the first element on the top of the drillstring). Adding a proportional
damping to the system, the vector u(t) is solution of the non-linear differential
equation

[M ]ü(t) + [D]u̇(t) + [K]u(t) = T (u̇(t)), (5)

with the initial conditions

u(0) = 0, u̇(0) = 0. (6)

where [M ] is the mass matrix, [D] is the damping matrix, [K] is the stiffness
matrix, and T (u̇(t)) is the generalized torque vector. All the components of
generalized torque vector are zero except the one corresponding to the drill bit.
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The nonlinear torque applied to the bit (corresponding to the drillstring’s length
equal to L) is denoted by T̄bit(θ̇bit(t)) and will be described further in this text.

The normal modes of the conservative homogeneous system are used to con-
struct a reduced-order model. The m first eigenvalues 0 < λ1 ≤ λ2 ≤ . . . ≤ λm

associated with elastic modes {φ1,ϕ2, . . . ,ϕm} are solutions of the generalized
eigenvalue problem

[K]ϕ = λ[M ]ϕ. (7)

The reduced-order model is obtained by projecting the full computational
model on the subspace spanned by the m first elastic modes calculated using
Eq. (7). Let [Φ] be n × m matrix whose columns are the m first elastic modes.
We can then introduce the following approximation

u(t) = [Φ] q, (8)

in which q is the vector of the m generalized coordinates which are solution of
the reduced matrix equation

[M̃ ]q̈(t) + [D̃]q̇(t) + [K̃]q(t) = T̃ (q̇(t)), (9)

with the initial conditions

q(0) = 0, q̇(0) = 0. (10)

In these equations, [M̃ ] = [Φ]T [M ] [Φ], [D̃] = [Φ]T [D] [Φ] and [K̃] =
[Φ]T [K] [Φ] are m × m mass, damping and stiffness reduced-order matrices, and
where T̃ (q̇(t)) = [Φ]Tf([Φ]q̇(t)) is the vector of the reduced-order generalized
torque. The set of Eqs. (8), (9) and (10) can be solved using commonly used
integration schemes, such as the Euler scheme or the Runge-Kutta, for instance.

3 Deterministic Model - A Reversible Model

Now, let us introduce the deterministic bit-rock interaction model. This model
introduced by Eq. 11 represents an average approximation of stick-slip behavior,
that means a reversible model. The following nominal bit-rock interaction model
is presented in [8,25,28] which combines Coulomb friction (hyperbolic tangent
behavior), Stribeck friction (negatively sloped behavior), and viscous friction
(directly proportional to the bit speed):

T̄bit(θ̇bit(t)) = α0

[
(tanh(α1 θ̇bit(t)) +

α2 θ̇bit(t)
1 + α3 θ̇ 2

bit(t)

]
, (11)

where α0, α1, α2, and α3, are calibration parameters of this model with appro-
priate units. All these parameters must be identified experimentally, and α0 is
a remarkable parameter because of its dependence of weight on bit and friction
coefficient.
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4 Hysteretic Model

Stick-slip is a self-excited drilling torsional oscillation due the friction between
the bit and the rock, because of the cumulative of energy throughout the drill-
string (top drive does not stop during the stick phase). This energy induces the
slip phase behavior, which is released promoting the acceleration of bit above
the top drive acceleration. This oscillation reaches a maximum value of the bit
speed during this cycle, decelerating after that.

Therefore, these stick-slip oscillations can present a hysteretic behavior,
which is formed by two motion phenomenons: one of microscopic magnitude
(being evident during the stick phase), and another one of macroscopic magni-
tude (being evident during the switch between stick and slip phases). This micro-
scopic motion phenomenon is caused by tangential stiffness during the interac-
tion between the bodies [1,3,12–14]. The macroscopic motion phenomenon is
related to the frictional memory due a delay in the friction force, where the size
of the loops increase according to the angular velocity variations become faster
[4,17], that means according to the acceleration.

Let θ̇bit(t) be the absolute angular speed at the bit. As a first attempt, we
propose the following model for bit-rock interaction considering hysteretic effects:

Tbit(θ̇bit(t), t) =
[
T̄bit(θ̇bit(t))

]
(Hη(θ̇bit(t)), θ̈bit(t)))), (12)

in which

(1) T̄bit(θ̇bit(t)) is the deterministic bit-rock interaction model considering hys-
teretic effects;

(2) Hη(θ̇bit(t)), θ̈bit(t))) is the hysteresis function;
(3) θ̈bit(t)) is the instantaneous bit acceleration in hysteresis function. The hys-

teretic effect can be described by a simple function (Hη(θ̇bit(t)), θ̈bit(t))))
that depends on the instantaneous bit acceleration θ̈bit(t) (see 13), as fol-
lows [19],

Hη(θ̇bit(t)), θ̈bit(t))) = 1 + sign(θ̇bit(t))γ1 tanh(γ2θ̈bit(t)) (13)

where γ1 and γ2 are calibration parameters related to the hysteresis effects with
appropriate units.

This simple function is dependent of the instantaneous bit acceleration
θ̈bit(t)), which can be obtained by the differential of θ̇bit(t) related to time.
It is noticed that the hysteresis function has a hyperbolic tangent term instead
of signθ̈bit(t)), because of function’s smoothness, and due its simplicity can be
applied in another deterministic models of bit-rock interaction [19].

5 Bit-Rock Interaction: Proposed Model vs. Field Data

Field data (downhole information) presented in [24] are considered in this paper,
which were acquired using a downhole mechanics measurement unit capable of
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Fig. 2. Experimental torque on bit versus bit speed filtered prior to recording at 50 Hz,
and bit speed related to time of sampling, both were reproduced from [24] graphs.

Fig. 3. Experimental torque on bit, bit speed, torque on bit versus bit speed and bit
acceleration in 6 stick-slip cycles over a regular grid (395 records), and its sliding-
window average,using a length equal to 0.01 rad/s (395 records).

providing both real-time measurement through mud telemetry and continuously
recorded high-frequency data throughout the run. This unit was installed at the
BHA above the bit with a suite of 19 sensors, which are able to sample triax-
ial accelerations, gyro rpm, magnetometer rpm, axial loading, torque, bending
moment [26] at 10,000 Hz. These data are filtered prior to recording at 50 Hz.
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Figure 2 shows the field data measurements reproduced from [24], where the
imposed angular rotation at the top is Ω = 12.57 rad/s (120 RPM). Figure 2
shows how the torque increases when the bit sticks, and the bit speed alternates
stick phases (almost zero speed) and slip phases (high speeds).

Field data showed here correspond to one sample, and statistic characteristics
depend on the number of samples for being representative. To circumvent this
limitation, let us avail each stick-slip cycle. If we consider that each slip phase
depends exclusively on the previous stick phase, all the stick-slip cycles are inde-
pendents. In that case, each stick-slip cycle can be considered one sample, being
possible to construct statistic characteristics. Figure 3 separates the stick-slip
cycles over a regular grid of 395 records in each stick-slip cycle within the range
[0, 7.9] s, despising the first and the last stick-slip cycle showed in Fig. 2.

Field data presented in this section show large fluctuations of the torque
on bit. To have a closer look at these fluctuations and the hysteresis behavior,
Fig. 3 shows the experimental measurements for one stick-slip cycle (T exp

bit (t))
for each cycle, and for bit acceleration. Despite of the independence of stick-slip
cycles, it can be seen that the torque fluctuations are not uncorrelated, i.e., it
confirms that there is a correlation structure of the random process. The averages
TSWAexp
bit (t) and θ̈SWAexp

bit (t) are obtained by sliding-window method (SWA) [2],
using a length equal to 0.01 rad/s.

6 Numerical Results

Figure 4 shows the revisited experimental records (only 6 stick-slip cycles) of the
bit-rock interaction with respect to the bit speed (T exp,rev

bit ), together with its
revisited sliding-window average over the time domain [2], and the hysteretic fit-
ted model (TExp data applied to Identifiedmodel

bit ). These parameters are fitted using
the least square method. This interaction model is supported by measurements
[18,24]. The identified parameters for hysteresis function are given by γ1 = 1.95,
and γ2 = 3.00× 10−3, which are the average from identified values of the torque
on bit fluctuations in each cycle. The identified values for αi,i=0,...,3 calibration
parameters are α0 = 4, 705.80, α1 = 8, 105.70, α2 = 4.02, and α3 = 4.00. The
averages (blue lines) are obtained by sliding-window method using a width equal
to 0.01 rad/s.

Figure 5 shows the hysteretic behavior from the model over a regular grid, in
order to check the mirrored offset of the curve, respecting the three models of
friction considered in this work (Coulomb friction, Stribeck friction, and viscous
friction models).

Figure 6 shows a reasonable agreement between the model and average exper-
imental bit-rock interaction. Nevertheless, it can be seen that the experimental
data show large fluctuations and a stochastic model for the bit-rock interaction
could be used to improve the model predictions of the drillstring dynamics.
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Fig. 4. Experimental bit-rock interaction and identified average model.

Fig. 5. Hysteretic behaviour of the bit-rock interaction from the model over a regular
grid.

7 Simulation of the Torsional Dynamics

The drillstring dynamics is simulated in the condition of the experimental data.
Table 1 contains the parameters of the drillstring used for the simulation.

The mass and stiffness matrices are constructed using 100 finite elements (lin-
ear shape functions). The generalized damping matrix is diagonal with damping
ratios equal to 0.005 for the first mode, 0.03 for the second and third modes, and
0.005 for all the other modes. The non-linear Eq. (9) is solved using a modified
Euler scheme with a time step 0.512 ms.

As it is a first attempt to construct a stochastic model for the bit-rock inter-
action fitting field data, one realization of the computational model is compared
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Fig. 6. Comparison between field data mean cycle and hysteretic model over a regular
grid.

Table 1. Drillstring characteristics.

DP BHA

Elastic modulus [GPa] 220 220

Poisson’s coefficient 0.29 0.29

Volumetric mass density [kg/m3] 7, 800 7, 800

Length [m] 4, 733.60 466.45

Inner radius [m] 0.0595 0.0363

Outer radius [m] 0.070 0.0803

with the experimental results. The idea is to verify if the numerical results can
approximate the dynamic behavior observed in the field data.

Figure 7 compares the bit speed obtained by the computational model to
with the field data. It is observed that the dynamic behavior is similar. Both
dynamics present stick-slip oscillations and have a similar aspect, although the
amplitude of the response of the computational model is a little higher than the
field data for some cycles (almost 20% higher).

Finally, Fig. 8 shows a very good agreement between the bit-rock interaction
model proposed herein and the field data. The simulated levels of fluctuation are
in good agreement with experiments, albeit the numerical results shows torque
values for higher bit speeds. And the cycle’s trajectory has presented the same
correlation tendencies as the experimental ones. The nominal bit-rock interaction
model considered is a regularized Coulomb friction model with decreasing torque
approaching the dynamic friction torque as the bit speed increases. Therefore,
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Fig. 7. Comparison between simulated and field data bit speed, where field data were
reproduced from [24].

Fig. 8. Simulated bit-rock interaction and just one cycle within the range [20, 30] s.



502 F. F. Real et al.

the torque goes to zero when the bit speed approaches zero. Physically, when
the bit sticks, the torque might assume any value from zero to its static friction
limit. Hence, the difference in the results might be due to the deterministic model
chose for the torque on bit.

8 Concluding Remarks

In this paper, a new modeling for the bit-rock interaction has been proposed con-
sidering hysteresis effects of friction. The proposed model depends on 6 param-
eters that can be fitted or used for a sensitivity analysis.

The torsional dynamics of the system is analyzed, which is represented as
a torsion bar discretized by means of the finite element method. A reduced-
order model was constructed to speed up the computations. On the bottom of
this system, the proposed bit-rock interaction model with hysteresis effects is
applied and this system is able to reproduce a good approach of stick-slip cycle.

The simulated drillstring dynamics using the bit-rock interaction presented
a similar behavior comparing to the field data. Specially, the torque on bit as
a function of the bit speed presented the same behaviour as the ones observed
experimentally.

Future works concern the validation of the model through a series of labora-
tory experiments. It would be particularly interesting to investigate the influence
of the (1) top speed Ω, (2) weight on bit, and (3) the rock characteristics. It
would also be interesting to take into account uncertainties in the drillstring
computational model and stochastic modeling of bit-rock interaction using hys-
teresis function.
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