
Identification of Coupling Parameters
in Flexibly Coupled Jeffcott Rotor Systems
with Angular Misalignment and Integrated

Through Active Magnetic Bearing

R. Siva Srinivas1, R. Tiwari1(&), and Ch. Kannababu2

1 Indian Institute of Technology Guwahati, Guwahati 781039, India
rtiwari@iitg.ernet.in

2 Aero Engine Research and Design Centre, Hindustan Aeronautics Limited,
Bangalore 560093, India

Abstract. In the present work, a rotor train system is connected by a flexible
coupling and integrated with an auxiliary active magnetic bearing. Due to
angular misalignment that exists between the shafts, coupling stiffness varies
with shaft rotation. A mathematical function that is time-dependent and which
can yield integer harmonics has been chosen to numerically model coupling
additive stiffness. The equations of motion have been obtained from Lagrange’s
equation. The amplitude and phase of peaks of rotor vibration and AMB current
signatures have been obtained in time and frequency domains using least-
squares regression technique and full spectrum technique, respectively. They are
eventually utilized to identify the intact and additive stiffness of coupling, vis-
cous damping, unbalance magnitude and phase, and the AMB displacement and
current stiffness. A SIMULINKTM has been built to generate time domain
responses of discs and AMB current. From the EOM of rotors regression
equations have been formed in frequency domain to create an inverse problem.
The identification algorithm has been found to be robust against noise levels up
to 5%.
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1 Introduction

Among the faults that are encountered in field operation of rotating system,
misalignment is the one of the predominant faults. It arises due to of loss of co-axiality
between rotors and bearings, which is caused due to improper assembly and defor-
mation caused due to thermal effects. It leads to decrease in transmission efficiency,
bearing wear, noise and reduction of life in bearings.

Gibbons [1] made study on parallel misalignment and gave expressions for forces
and moments generated in the coupling. Sekhar and Prabhu [2] and Rao and Sekhar[3]
considered both parallel and angular misalignment in flexible coupling and set up
formulae for reaction forces and moments. Prabhu [4] studied the influence of
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misalignment on various harmonics of vibration response in rotor system with multiple
disks supported on journal bearings. It was concluded that with increase in misalign-
ment the amplitude of 2nd harmonic initially decreased and then increased. Rao et al.
[5] studied parallel misalignment in a coupled Jeffcott rotor test rig. Higher vibrations
and loopy orbits were noticed at one-half and one-third of the first critical speed.
Numerical studies done in [6] on rigidly coupled rotors indicated that parallel
misalignment could produce both translational and angular excitations.

In [7] rigid coupling stiffness is considered to be a sum of static and fluctuating
components. The effect of parallel offset in a rotor system is considered in the presence
of torsional excitation. In [8], the parallel and angular misalignments were introduced
in a test set up, fluctuating forces and moments were then measured at the bearing
location with a 6-axis load cell and input as force terms in the finite element model.
The FFT of the vibration responses yielded all the integer harmonics. Jalan and
Mohanty [9] identified unbalance and misalignment by comparing the equivalent forces
generated due to faults obtained from both experiment and theoretical fault model.
Avendano and Childs [10] used CosmosTM solid modeling tool to create three types of
disc-pack couplings. The forces and moments obtained from FE analysis for various
misalignment conditions were fit into Fourier series expansion. Verma et al. [11] used
both vibration and motor current signals for misalignment detection in machinery fault
simulator. In [12], it was reported that the spectral characteristics of torque sensor
measurements for the parallel and angular misalignments differ from each other.
Moreover, wavelets are found to be more sensitive than FFT to the presence of
misalignment. Lal and Tiwari [13, 14] studied the numerical and experimental iden-
tification of coupling parameters in rigid and flexible rotor systems from run-down
data.

Works on misalignments broadly deal with the following methods (i) numerical and
experimental identification of static forces and moments, (ii) experimental
identification/diagnosis using techniques such as orbits, spectral plots, thermal imaging
[15], stator current analysis [11]. For more information on diagnostics of misalignment,
apart from the numerous papers, the readers are referred to the books by [16, 17, 18, 19,
20] For information on applications of AMB in condition monitoring and vibration
suppression, readers are requested to refer to [21].

This work aims to study the static and more importantly time dependent coupling
misalignment forces in coupled rotor systems using an AMB. AMB current has been
used for suppressing vibration and identification of unbalance magnitude and phase,
coupling stiffness parameters, displacement and current constants of AMB. The
mathematical formulation of coupled rotor-AMB system has been developed. The
development of SimulinkTM model is then described. The equations used for the
identification of harmonics of displacement of the two rotors and the AMB current
using time domain regression technique have been developed. The application of full
spectrum to the present problem has been explained. Finally, the equations used for the
identification of system parameters have been developed and tested numerically.

222 R. Siva Srinivas et al.



2 System Configuration

2.1 Introduction

Coupled rotor systems are widely used in industrial gas turbines, compressors, and
turbo generators. Power is transmitted from driving unit to driven unit across multiple
stages of rotors through couplings. The coupling used can be of rigid or flexible type,
the choice depending upon the rpm, power transmitted and application. Rigid couplings
offer better power transmission with not much allowance for misalignment, while
flexible couplings allow significant misalignment between the bearing centers of
rotating units.

Coupled Rotor-Bearing-AMB System. A motor drives a coupled rotor bearing
system through a drive coupling. The drive is transmitted from rotor-1 to rotor-2 by an
intermediate flexible coupling (see Fig. 1). The behavior of intermediate coupling
alone is considered in this work. The unbalance force is defined by a residual mass
located at an angle from the reference x axis (see Fig. 2).

3 Assumptions

1. Coupling is modeled as a torsion spring since only angular misalignment is con-
sidered in the present study (see Fig. 3). The cross-coupled stiffness of coupling is
less than direct stiffness.

2. Since the formulation uses Jeffcott rotors, the slopes at coupling and support are
assumed to be equal. Putting it differently, it is assumed that coupling is near to
support axially.

3. Coupling is assumed to be flexible and disc is assumed to be heavy. These are the
crucial assumptions in the development of mathematical model for the present
problem.

4. The previous assumptions lead to a linear mathematical relation between the
deflection of central disc and coupling slope. This is on account of the fact that the
slope of shaft at coupling location is due to the central heavy disc.

5. In other words, the linear and angular deflections of rotors produced by coupling
forces and moments are less than that due to their self-weight, i.e. weight domi-
nance is assumed. Similar assumption has been made by [4].

Fig. 1. Coupled rotor bearing system supported on auxiliary AMB
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6. Since the coupling is flexible, reaction moments and the corresponding slopes due
to misalignment are small compared to that caused by the heavy disc at the shaft
center. This assumption does not hold good for the rigid coupling model.

4 Mathematical Modeling

Translational displacements at 2 disc locations, i.e. x1; y1; x2; y2, are the generalized
coordinates of the coupled rotor system. The slopes at coupling locations for shafts are
given by ux1 ;uy1 ;ux2 ;uy2 . With heavy central disc assumption, there is a linear relation
between disc deflections and shaft slopes at coupling locations. From the relations for
deflection and slope of a simply supported shaft with point load at center, the following
relation applies

ux1 ¼
3y1
l
; ux2 ¼

3y2
l
; uy1 ¼

3x1
l
; uy2 ¼

3x2
l

ð1Þ

Fig. 2. Angular position of unbalance

Fig. 3. Flexible coupling replaced by helical torsion spring
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The expressions for kinetic energy and potential energy are given by

KE ¼ 1
2
m1 _x

2
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1
2
m1 _y

2
1 þ

1
2
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2 ð2Þ
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2
k1x21 þ

1
2
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Since there is no slope at the central span disc the rotational kinetic energy term
about transverse axes is zero. The equations of motion for rotor-1 and rotor-2 are
obtained by applying Lagrange’s equation. Since AMB acts as auxiliary support for
rotor-2, the corresponding terms appear on the RHS of Eq. 2. To reduce computational
complexity the equations are written in complex form by introducing, r ¼ xþ iy.
The FFT of the complex form also helps in the extraction of harmonics, which shall be
discussed in later sections

m1€r1 þ c1 _r1 þðk1 þ ktoÞr1 � kto r2 ¼ funb1 þ fmis1 � Fconst1 ð4Þ

m2€r2 þ c2 _r2 þðk2 þ kto � ksÞr2 � kto r1 ¼ funb2 þ fmis2 � fcur � Fconst2 ð5Þ

where

ktx ¼ 3=lð Þ2kux
and kty ¼ 3=lð Þ2kuy

ð6Þ

Complex unbalance forces for rotors are given by

funbi ¼ mieix
2ejðxtþ biÞ ð7Þ

Complex coupling misalignment forces for rotors are given by

fmis1 ¼ fmis2 ¼ 1=2ð ÞsðtÞDk dx1 þ dx2ð Þ 1þ e2jxt
� � ð8Þ

Constant coupling force is given by

Fconst1 ¼ Fconst2 ¼ kt0 dx1 þ dx2ð Þ ð9Þ

Complex AMB current force is given by

fcur ¼ kI
Xþ n

i¼�n

Iie
ijxt ð10Þ

4.1 Coupling Excitation Function

Experimental data on the misalignment published by [8] have shown the presence of all
integer harmonics on either side of full-spectrum. Hence, it is essential that a suitable
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coupling stiffness function, which generates integer harmonics in the response, is
chosen as a steering function in the mathematical model.

40% duty cycle pulse waveform with (see Fig. 4) is used to represent coupling
misalignment. The Fourier expansion is shown below

sðtÞ ¼ 0:5þ 0:6055 cosðxtÞþ 0:1871 cosð2xtÞ � 0:1247 cosð3xtÞ
� 0:1514 cosð4xtÞþ 0:1009 cosð6xtÞþ 0:0535 cosð7xtÞ ð11Þ

The expanded form of complex coupling misalignment forces is then given by

fmis1 ¼ fmis2 ¼ Dk dx1 þ dx2ð Þ 0:25þ 0:3027ejxt þ 0:1201e�jxt
�

þ 0:2967e2jxt þ 0:0089e�2jxt þ 0:1202e3jxt � 0:0312e�3jxt

þ 0:0089e4jxt�0:0037e�4jxt � 0:0312e5jxt � 0:0133e�5jxt þ . . .
� ð12Þ

The above Fourier expansion from [22] shall be used in the derivation of time
dependent coupling excitation force caused by bearing misalignment.

Numerical Experiment with SimulinkTM Model. The simplified model of the
SimulinkTM block that has been built from Eqs. (4) and (5) (see Fig. 5). Assumed
values used for the generation of responses in time domain are shown in Table 1.

0 0.01 0.02 0.03 0.04 0.05 0.06
Time(s)

0

0.5

1

s(
t)

Fig. 4. Time domain signal of 40% duty cycle square wave

Fig. 5. Simulink model of coupled rotor – AMB system
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The model generates complex displacement of rotor-1, rotor-2, complex AMB current
and a multi-harmonic reference signal in time domain. The role and necessity of
reference signal shall be discussed in Sect. 5.

5 Estimation of Coefficients of Harmonics in Time Domain:
Least Squares Regression Method

Complex vibration responses of rotor-1 which are caused by misalignment at various
instants of time and obtained from SimulinkTM model are multi-harmonic in nature and
are given by

A1ð Þn�i XR1ð Þi�1¼ br1ð Þn�1 ð13Þ

with

A1ð Þn�i¼

1 ejxt1 � � � ejð5xÞt1 � � � ejð�xÞt1 � � � ejð�5xÞt1
1 ejxt2 � � � ejð5xÞt2 � � � ejð�xÞt2 � � � ejð�5xÞt2
..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

1 ejxtn � � � ejð5xÞtn � � � ejð�xÞtn � � � ejð�5xÞtn

� � �
� � �
..
.

..

.

� � �

2
666664

3
777775

ð14Þ

br1ð Þn�1¼ r1cðt1Þ r1cðt2Þ r1cðt3Þ . . . . . . . . . r1cðt2Þf gT ð15Þ

And the vectors of unknowns are given by

XR1ð Þi�1¼ R10ðxÞ R11ðxÞ . . . R15ðxÞ . . . R�11ðxÞ . . . R�15ðxÞ . . .f gT
ð16Þ

Table 1. Assumed parameters of rotor system

m1; kg 2 k2;N/m 7.5e5
m2; kg 2.5 ku;Nm=rad 300
c1, N/m-s 75 kt;N=m 10800
c2, N/m-s 50 Dk;N=m 5000
k1;N=m 7.5e5 dx1 ; lm 26
kI ;A=m 42.1 dx2 ; lm 30
e1; lm 2.40 kp;A=m 12200

e2; lm 1.92 ki, A/m-s 2e3
b1; rad p=6 kd, A-s/m 3
b2; rad p=4 kS;N=m 105210
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Analogous matrix relations exist for rotor-2 vibration response and AMB current.
All three relations are combined in to a single matrix equation. The complex harmonics
of vibration and current are obtained by solving this equation

XR1 XR2 XI½ � ¼ AT
1A1

� ��1
AT

1 br1 br2 bi½ � ð17Þ

where A is the regression matrix, X is the vector of unknowns (complex harmonics, in
this case) to be determined and b is the vector of known quantities.

6 Estimation of Coefficients of Harmonics in Frequency
Domain: Full Spectrum FFT

The frequencies contained in the time domain current and displacement signals can be
extracted using Fast Fourier Transform (FFT) algorithm. Since both positive and
negative frequencies are contained in the signal, a full spectrum plot needs to be used to
understand the qualitative nature of fault the time domain signal represents. A com-
prehensive treatment of the mathematical procedure to obtain full spectrum and its
application to rotating machinery diagnostics has been given in [23]. Coefficients of
harmonics from −5 to +5 can be seen in the full spectrum amplitude plot of rotor-1
complex displacement (see Fig. 6). The phase plot shows the phase angle of each
harmonic with reference to the timing marker on the shaft.

6.1 Phase Correction and Its Necessity

It has been noticed that as the time instants of signal acquisition change, a variation in
phase information takes place. The amplitude information of harmonics, on the other
hand, remains unaffected by this time shift. To account for this phase variation,

Fig. 6. Full spectrum of amplitude and phase of rotor-1 complex displacement
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a complex multi-harmonic reference signal has been envisaged by Singh and Tiwari
[24], who were the first to utilize this technique for the identification of phase of the
harmonics of current and displacement of a cracked Laval rotor (see Fig. 7). Table 2
shows the comparison of amplitudes and phases of harmonics obtained from time
domain and full spectrum with phase compensation. It can be seen that the full
spectrum shows good similarity to the values obtained from time domain inverse
problem. Using full spectrum technique with “peak finding algorithm”, the coefficients
of harmonics of interest can be obtained quicker than it can be done with time domain
analysis.

Phase Compensation

Complex 
Reference signal 

picked at the 
same random 

instant

Harmonics of 
vibration signal 

suffer from phase 
shift

Harmonics of 
reference signal 

undergo the 
same amount of 

phase shift

Time domain 
estimation from 
Inverse problem 

Full Spectrum

Complex 
Vibration signal 

picked at random 
instant

Phase of  
Harmonics 
Unaffected

Fig. 7. Flow chart of phase compensation procedure

Table 2. Comparison of harmonics obtained from time domain and full spectrum with phase
compensation

Rotor 1 Complex amplitude Phase
Harmonic Time domain Full spectrum Time domain Full spectrum

0 6.9723E−07 6.9721E−07 3.1415 3.1415
1 8.3553E−06 8.3553E−06 0.5023 0.5023
2 1.2485E−07 1.2483E−07 −0.0256 −0.0257
3 6.2611E−03 6.2599E−08 −0.0477 −0.0478
4 6.9469E−09 6.9379E−09 −0.0958 −0.0965
5 6.6242E−08 6.6247E−08 2.8065 2.8065

−1 4.5310E−08 4.5322E−08 0.0115 0.0117
−2 3.7451E−09 3.7524E−09 0.0261 0.0271
−3 1.6252E−08 1.6246E−08 −3.0940 −3.0942
−4 2.8879E−09 2.8834E−09 −3.0462 −3.0469
−5 2.8238E−08 2.8233E−08 −2.8065 −2.8065
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7 Identification of Rotor, Coupling and AMB Parameters
in Frequency Domain by Least Squares Regression Method

The expressions for complex displacement, velocity, acceleration and complex current
are substituted in Eqs. (4) and (5). After writing the equations of rotor-1 and rotor-2 for
i ¼ 0; i ¼ 1; i 6¼ 1, real and imaginary parts are separated from equations. The equa-
tions are later grouped into identifiable parameters and known parameters and grouped
in regression matrix form as shown below.

A2X2 ¼ b2 ð18Þ

The system parameters or identifiable parameters are grouped in the column vector
X2. They can be obtained by solving

X2 ¼ A2ð ÞT A2ð Þ�1
h i�1

A2ð ÞTb2 ð19Þ

The values of X2 and b2 can be obtained from n number of spin speeds, which
improves the condition number of regression matrix, thereby yielding closer estimates.

Start

Select speeds

Run the SimulinkTM model built from equations of motion with         
“assumed” values of system parameters

Extract time domain responses of vibration and current signals

Extract coefficients of real and imaginary components of harmonics 
of vibration and current

Build linear regression matrix from system equations of motion by 
segregating the known responses and unknown system parameters

Obtain full spectrum of vibration , current and reference signal

Obtain the coupling parameters, rotor unbalance and AMB 
parameters

Stop

Perform phase
compensation

Add 
signal noise to 

simulate 
experimental data

( )1 2, nω ω ωL

Fig. 8. Sequence of steps in rotor-coupling-AMB parameter identification

230 R. Siva Srinivas et al.



A2ðx1Þ
A2ðx2Þ

..

.

A2ðxnÞ

8>>><
>>>:

9>>>=
>>>;
X2 ¼

b2ðx1Þ
b2ðx2Þ

..

.

b2ðxnÞ

8>>><
>>>:

9>>>=
>>>;

ð20Þ

The sequence of steps followed right from mathematical modeling till parameter
identification is shown in the flow chart (see Fig. 8).

8 Results and Discussion

Table 3 shows the estimates of rotor-coupling-AMB parameters obtained from the
inverse problem (17) at 18 Hz spin speed. The estimates obtained from clean signal are
almost identical to the assumed values with error % less than −1%.

Rotor-2’s equivalent viscous damping, AMB constants undergo comparatively
higher deviations compared to other estimates. Gaussian noise at various levels (1, 2,
and 5%) has been added to the clean signal and estimation was carried out. Rotor-2

Table 3. Error percentage in identified parameters at various levels of noise at 18 Hz

Assumed values Estimated values
0% 1% 2% 5%

c1 75 75.00 75.01 74.99 74.99
0.0 0.02 −0.02 −0.01

c2 50 49.82 49.32 48.65 48.72
−0.95 −1.36 −2.70 −2.56

kt 10800 10800.00 10805.56 10725.78 10793.31
0.00 0.05 −0.69 −0.06

Dkn 5000 5000.00 2001.07 1985.95 1998.52
0.0 0.05 −0.70 −0.07

e1 240E−6 239.99E−06 2.41E−04 2.42E−04 2.43E−04
0.00 0.47 0.72 1.32

b1 30 30.00 30.00 30.00 30.00
0.00 0.00 0.00 0.01

e2 240E−6 240E−06 1.93E−04 1.93E−04 1.95E−04
0.0 0.46 0.76 1.34

b2 45 44.99 45.00 44.99 44.99
−0.01 −0.01 −0.01 −0.01

ks 105210 104987 104189.74 104139.42 104200.22
−0.98 −0.97 −1.02 −0.96

ki 42.1 42.08 41.98 40.69 40.42
−0.16 −0.30 −3.35 −3.98
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damping and AMB current stiffness have been underestimated by as much as 2.56 and
3.98%, respectively, at 5% noise level. The variation in static and additive coupling
stiffness values stands at a reasonable 0.7%. Next the error percentages in the esti-
mation of system parameters for a range of speeds are performed. The rotor system is
ramped up with an angular acceleration of 20p rad/s2 to identify the critical speed. The
Hilbert envelope of vibration response of rotor-1 in x direction reveals the peaks in
response, which correspond to critical speeds (see Fig. 9). The speeds on the either side
of half power points can be taken for estimation (20 to 30 Hz). Here AMB displace-
ment stiffness has displayed considerable variation from the assumed value by as much

Fig. 9. Hilbert envelope of Rotor-1 X displacement during ramp –up ða ¼ 20p rad/s2Þ

Fig. 10. Error percentage in identified parameters at various individual spin speeds (20–30 Hz)
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as 59.96%, while AMB current stiffness displayed a variation of about 10% (see
Fig. 10). Even though the speed range is sufficiently away from half power points, a
large variance is observed at 24 and 25 Hz. This can be explained by the fact that the
aforesaid speeds are half the 1st critical speed, which is 316 rad/s. This can be resolved
by considering the accumulated data from many speeds and feeding them to Eq. (18).
When collective data from the same speed range (20 to 30 Hz) is considered, the
estimates show very good closeness to the assumed values (see Table 4). This exercise
adequately justifies the usefulness of including multiple speeds in the identification
algorithm.

9 Conclusions

A mathematical model of coupled rotor system has been developed from Jeffcott rotor
formulation. A SimulinkTM model has been constructed from complex equations of
motion. The model has been used to perform numerical experiments to generate
vibration and current data in time domain. A reference signal which is multi-harmonic
in nature has been used to correct the anomaly of phase variation that happens to the
coefficients of vibration and current when signals are picked at different instants of time
which would adversely affect the parameter identification if left uncorrected. A modal
based identification algorithm has been developed that utilizes the coefficients of
amplitude and phase harmonics of rotor vibration and AMB current, obtained either
from inverse problem in time domain or from full spectrum, to estimate the flexible
coupling, rotor and AMB parameters. The algorithm has been found to be robust to
noise levels up to as much as 5%. The algorithm can be tested with data obtained from
experimental data. The mathematical model can be extended to the case of Jeffcott rotor
with offset disc to incorporate gyroscopic effects also.

Table 4. Parameters estimated after considering collective data from 20 to 30 Hz in the
identification algorithm

Parameter Assumed values Estimated values

c1 75 74.99
c2 50 50.6
kt 10800 10800
Dkn 5000 5000
e1 240E−06 239.99E−06
b1 30 29.99
e2 240E−06 240E−06
b2 45 45
ks 105210 105196
ki 42.1 42.09
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