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Abstract. The ratio of bearing stiffness to the shaft stiffness has a significant
impact on the lower frequencies, mode shapes and, consequently, the whirl
orbits. Most works studying crack detection methods in rotating systems use
bearings relatively stiff, where the shaft bending is very pronounced. This paper
analyzes how the nonlinear effect of the crack in the whirl orbits and the
diagnostic forces technique for detecting cracks behave for soft bearings. The
results show that the extra loops, very well known in the literature, are not
present for the soft bearings. On the other hand, diagnostic peaks were suc-
cessful in both cases. The efficiency of these methods depends on the mathe-
matical model of the cracked rotor. This work considers the breathing
mechanism in formulating the time-varying finite element stiffness matrix of the
cracked element, requiring the solution of a set of equations at each time-step.
With this concern, two approaches for the solution of the dynamic response are
compared: direct time integration method using Newmark’s method and solu-
tion of discrete-time state equations. The Newmark’s method requires small
time-step for the accuracy of the response, however, the processing time is much
smaller when compared to solution of discrete-time state equations.

Keywords: Rotating machines � Crack identification � Multiple scales method
Discrete-time state equation � Newmark method

1 Introduction

Large fluctuations of internal tension may cause transverse cracks in the shaft due to the
intense demand in a rotating system. During the operation of a flexible shaft, the weight
itself produces a bending that induce the crack to open and close repeatedly. This
condition causes the stiffness at that location to be synchronized with the angle of
rotation. This mechanism is called “breathing crack”.

Several papers were published on the theoretical and experimental study of the
dynamic analysis and the development of methodologies for detection and diagnosis of
cracked shaft [1–4], in addition to extensive literature reviews showing the particularity
of each model and condensing the information presented over the years [5–7].

The first step in understanding its dynamic effects is to find an effective model of
breathing crack. Davies and Mayes [8] describe a method for calculating the rotor
response supported by multiple bearings and relate the change in stiffness of the shaft to
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its depth. The passage from the opening to the total closing of the crack is considered
smooth, with a harmonic characteristic dependent on the angular position of the rotor.
In a simpler modeling of the crack breathing – in which it considers only two states:
totally open and totally closed – Gasch [9] analyzes the dynamic behavior and the
stability of transverse cracked rotor.

In more current papers, the crack effect is considered by the time-varying area
moment of inertia of the cross-sectional area of the cracked element together with the
function that represents the crack breathing effect. Sinou and Lees [10] analyze the
changes in the natural frequency of the rotor for different crack depths and the dynamic
behavior of the rotor close to 1/2x of the resonant frequency. To calculate the response
of the cracked rotor, the authors use the harmonic balance method, which allows to
discretize functions unknown in time using its Fourier components. The influence of
crack is provided by the change of moments of inertia according to the crack depth and
the breathing effect are represented by a sinusoidal function presented by Davies and
Mayes [8].

In 2011, Al-Shudeifat and Butcher [1] presented two new functions – one for each
axis of coordinates – to represent the crack breathing effect and proposes new equations
to calculate the variation of the area moments of inertia of the cross section of the
cracked element. The paper carried out a comparison with the modeling used in [10].
The results were promising: the moments of inertia of the new model correctly cor-
responded with reality and the new breathing functions presented more accurate results
for the dynamic behavior of the cracked rotor.

The motivation of several studies to identify crack signatures in their early stages is
to support in the early crack detection before damage occurs because of its propagation.
Mani et al. [11] proposes to use Active Magnetic Bearings (AMBs) to apply known
dynamic forces at certain frequencies generating a combinational resonance – through
the multiple scale method – aiming to evidence characteristic crack signatures in the
spectral responses. In this paper, the author uses the crack model of Gasch.

Sawicki et al. [12] uses the above technique, however, with the Mayes crack
modeling and compares experimental and analytical analysis. In the same year, Sawicki
et al. [13] proposed to replace the multiple scales method with an approximation based
on the harmonic balance method to estimate the combinational resonances and to
validate this method experimentally.

Recently, Cavalini et al. [2] used the technique of diagnostic forces applied at
certain frequencies by the multiple scales method together with a pseudo-random
optimization code known as Differential Evolution (DE) to characterize the crack
signatures in the spectral responses of the rotor. Two crack models are considered:
‘open crack’ and ‘breathing crack’ model. Although the diagnostic technique has
proved to be efficient, the crack breathing models used in previous paper are not as
accurate as the model proposed in Al-Shudeifat and Butcher [1].

In the literature, the studies about crack detection methods use systems where
stiffness bearings coefficients are stiffer than the shaft stiffness, called “stiff bearing”.
However, the system behavior is greatly changed (including the orbits) in systems
where stiffness bearings coefficients is low relative to shaft stiffness, called “soft
bearings”.
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This paper analyzes how two of the main crack detection methods – the appearance
of extra loops in whirl orbits in subcritical speeds and diagnostics peaks on the spectral
responses – behave for the soft bearings.

This work considers the breathing mechanism in formulating the time-varying finite
element stiffness matrix of the cracked element, requiring the solution of a set of
equations at each time-step. With this concern, two approaches for the solution of the
dynamic response are compared: direct time integration method using Newmark’s
method and solution of discrete-time state equations. This comparison considers the
accuracy of the system response and the ratio between the processing time of each
method.

2 Crack Modeling

The calculation for the moment of inertia of the crack element presented in [1] pro-
duced more accurate results when compared to models used in works of [10, 14–16].
Here, this model is employed and reviewed briefly.

The crack is modeled as shown in Fig. 1a, where the dashed segment represents the
crack segment. As the shaft begins to rotate, the crack angle with the negative Y axis is
changed by time to Ωt, as shown in Fig. 1b [1, 17, 18].

The cross-sectional area A1 of the crack element and the location of the centroid
e on the fixed Y axis at t = 0 are given by

A1 ¼ R2 p� cos�1 1� lð Þþ 1� lð Þc� � ð1Þ

e ¼ 2R3

3A1
c3 ð2Þ

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l 2� lð Þ

p
ð3Þ

(a) (b)

Crack 
segment

Fig. 1. Coordinate system for the cracked rotor.
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where h is the crack depth, R is the radius of the crack element and l = h/R the non-
dimensional crack depth, as shown in Fig. 1.

The coordinate systems used in calculating the positions of the centroid and the
neutral axis of the cracked element are changed instantly during the rotation of the
shaft. From Fig. 2, the upper end of the crack edge reaches the compression stress field
at angle h1, which means that the crack begins to close at that angle. At angle h2, the
crack is completely closed. These two important angles are given by

h1 ¼ tan�1 eþR 1� lð Þ
R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l 2� lð Þp

" #
ð4Þ

h2 ¼ p
2
þ cos�1 1� lð Þ ð5Þ

The crack states for full angle rotate can be divided into three regions: fully open in
the interval 2p� h1 �Xt\h1 (Fig. 2c–d); fully closed in the interval
ðpþ aÞ=2�Xt\ð3p� aÞ=2 (Fig. 2e–f); partially open in the intervals
h1 �Xt\ðpþ aÞ=2 or ð3p� aÞ=2�Xt\2p� h1.

The area moments of inertia of A1 on the rotated x and y axes for t � 0 are denoted
by I1 and I2, respectively, and are calculated by

(a) (c)

(d) (e) (f)

(b)
Neutral 
axis

Crack 
segment

Centroid

Fig. 2. Crack breathing condition and centroid location of the cross section of the cracked
element at different angles of rotation.
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I1 ¼ I � Icx ð6Þ
I2 ¼ I � Icy ð7Þ

where I is the area moment of inertia of the shaft cross-section for the fully closed crack
(I ¼ pR4=4), and Icx e I

c
y the area moments of inertia of the crack segment on the rotated

x and y axes for t � 0, given by

Icx ¼
pR4

8
� R4

4
1� lð Þ 2l2 � 4lþ 1

� �
cþ sin�1 1� lð Þ� � ð8Þ

Icy ¼
pR4

12
1� lð Þ 2l2 � 4l� 3

� �
cþ 3 sin�1 cð Þ� � ð9Þ

The area moments of inertia of A1 about the centroidal rotated �x and �y axes for
t � 0 are calculated by

�I1 ¼ I1 � A1e
2 ð10Þ

�I2 ¼ I2 ð11Þ

According to [19], the area moments of inertia of A1 on the fixed axes X and Y are
time-varying according to the shaft rotation and can be expressed in terms of I1 and I2
by

IA1
X tð Þ ¼ I1 þ I2

2
þ I1 � I2

2
cos 2Xtð Þþ I12 sin 2Xtð Þ ð12Þ

IA1
Y tð Þ ¼ I1 þ I2

2
þ I1 � I2

2
cos 2Xtð Þ � I12 sin 2Xtð Þ ð13Þ

Considering the cross section of the crack element symmetric about y axis, the term
I12 = 0. At angle that the crack starts to close, the closed portion of the crack, A2, is a
time-varying quantity. Thus, the overall cross-section area of the crack element is given
by

Ace tð Þ ¼ A1 þA2 tð Þ ð14Þ

Thus, the area moments of inertia of the crack element about the X and Y axes are
given by

IX tð Þ ¼ IA1
X tð Þþ IA2

X tð Þ ð15Þ

IY tð Þ ¼ IA1
Y tð Þþ IA2

Y tð Þ ð16Þ
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According to the parallel axes theorem, the area moment of inertia of Ace(t) about
the �X and �Y axes which stay parallel to the fixed X and Y axes during the shaft rotation
are given by

I�X tð Þ ¼ IX tð Þ � Y2
ce tð ÞAce tð Þ ð17Þ

I�Y tð Þ ¼ IY tð Þ � X2
ce tð ÞAce tð Þ ð18Þ

where Xce(t) and Yce(t) are the instantaneous centroids coordinates of the Ace(t) about
the fixed X and Y axes. Calculations of the area, centroid and the area moments of
inertia of the cracked element cross-section are described in [1], Appendix B. Equa-
tions (17) and (18) are time-varying and periodic, so can be approximated by Fourier
series expansion, Î�X(t) and Î�Y (t). Rewriting them based on Eqs. (10) and (11)

I�X tð Þ ffi Î�X tð Þ ¼ I � I � �I1ð Þf1 tð Þ ð19Þ

I�Y tð Þ ¼ Î�Y tð Þ ¼ Iþ I � �I1ð Þf1 tð Þ � 2I � �I1 � �I2ð Þf2 tð Þ ð20Þ

f1 tð Þ ¼ cosn Xt=2ð Þ ð21Þ

f2 tð Þ ¼ 1
p

h1 þ h2
2

� 2
h2 � h1

Xp
i¼1

cos ih2ð Þ � cos ih1ð Þ
i2

cos iXtð Þ
" #

ð22Þ

Considering I11 ¼ I � �I1 and I22 ¼ 2I � �I1 � �I2, Eqs. (19) and (20) can be
rewritten by [1]

Î�X tð Þ ¼ I � I11f1 tð Þ ð23Þ

Î�Y tð Þ ¼ Iþ I11f1 tð Þ � I22f2 tð Þ ð24Þ

The finite element stiffness matrix of the cracked element by the Al-Shudeifat
modeling is given by

kcrack ¼ kþ k1f1 tð Þþ k2f2 tð Þ ð25Þ

where k is the stiffness matrix of the fully-closed crack element which is equivalent to
the stiffness element of the uncrack element [20, 21], k1 and k2 are the stiffness matrices
which consider the area moment of inertia of the crack element due to the breathing
crack described in [1].

3 Motion Equation of the Cracked Rotor

The rotor consists of a flexible horizontal shaft, two disks and two ball bearings
supported by two springs that allow to regulate the stiffness of the bearings (Fig. 3a).
The model discretization and the finite element is shown in Fig. 3b. The parameters
and dimensions of the system are described in Table 1.
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The shaft is discretized into twenty beam elements. Each node has four degrees of
freedom, consisting of two translational and rotational displacement about the X and
Y axis, described by the nodal displacement vector ~qi tð Þ ¼ ui vi hi wif gT to
i ¼ 1; 2; . . .; 21.

Each rigid disk is discretized into just one node – with the same degrees of freedom
of the shaft. The bearings are considered support elements represented by stiffness
coefficients and damping coefficients [20, 21].

The assembly of the element matrices ensures that each of the element matrix rows
and columns (mass, stiffness and damping) is identified by the corresponding degree of
freedom and placed in their appropriate locations in the overall matrix of the assembled
system. After this procedure, the equation of motion is written by [10]

LD2
Lcrack

LD1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Screw

BearingSpring

Structure(a)

(c)

(b)

Fig. 3. Rotating system configuration with a structure that allows to change the bearings
coefficients. (a) Front view. (b) Side view. (c) Finite element model of rotor-disk-bearing system.

Table 1. Physical parameters of the system.

Parameters Values Parameters Values

Length of the shaft 1 m Modulus of elasticity 2.1 1011 N m−2

Length of the finite element 0.05 m Poisson ratio 0.3
Radius of the shaft 0.0075 m Density of rotor 7800 kg m−3

Position of the disk 1 (LD1) 0.3 m Unbalance 2 10−4 m kg
Position of the disk 2 (LD2) 0.7 m Soft bearing stiffness 5 103 N m−1

Outer diameter of the disks 0.040 m Stiff bearing stiffness 5 106 N m−1

Inner diameter of the disks 0.015 m Bearing damping 100 Ns m−1

Thickness of the disks 0.015 m Coefficient of damping 10−5
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M €~q tð ÞþD tð Þ _~q tð ÞþKcrack tð Þ~q tð Þ ¼~f tð Þ ð26Þ

where~f tð Þ is the forces vectors; M is the mass matrix of the shaft with the disk; D tð Þ
includes the shaft’s damping, the damping of the bearings and also the gyroscopic
effect of the shaft with the disk; Kcrack tð Þ represents the stiffness matrix of the shaft with
the time-varying stiffness of the crack element. The vector ~q tð Þ ¼ ~q1 tð Þ; . . .;~qN tð Þf gT
includes the translational and rotational node displacements of the full system. The
shaft’s damping is taken as proportional to stiffness Dshaf ¼ gKshaft, where g is a
constant factor of proportionality [10].

4 Solutions Methods

In 1959 Newmark presented an integration method to find the solution of a system
based on the approximation of its acceleration vector, using the Taylor approach for the
displacement and speed vectors [22, 23]. Approaching the vectors €~q tð Þ, _~q tð Þ, ~q tð Þ and
~f tð Þ by €~qn, _~qn,~qn and~fn at t ¼ ns with a positive time-step s ¼ tnþ 1 � tn and an integer
n, Eq. (26) can be written by

M €~qnþ 1 þDnþ 1
_~qnþ 1 þKcrack

nþ 1~qnþ 1 ¼~fnþ 1 ð27Þ

The Newmark family of time integration algorithms requires the displacement and
velocity to be updated as [24]

~qnþ 1 ¼~qn þ s _~qn þ 1=2s2 €~qn þ bs2 €~qnþ 1 � €~qn
� �

_~qnþ 1 ¼ _~qn þ s€~qn þ cs €~qnþ 1 � €~qn
� � ð28Þ

where b and c are Newmark’s integration parameters.
Based on Eq. (28), Newmark’s method generates the approximation sequence by

the following iteration steps given by [24]

€~q0 ¼ M�1 ~f0 � D0
_~q0 � Kcrack

0 ~q0
� �

€~qnþ 1 ¼ Mþ csDn þ bs2Kcrack
n

� ��1 �Kcrack
n ~qn � Dn þ sKcrack

n

� �
_~qn þ

h
c� 1ð ÞsDn þ b� 1=2ð Þs2Kcrack

n

	 

€~qn þ~fnþ 1

i ð29Þ
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In order to obtain a state-space representation, Eq. (26) can take the following form

_~x tð Þ ¼ A tð Þ~x tð ÞþB~u tð Þ
~y tð Þ ¼ C~x tð Þ ð30Þ

where

A tð Þ ¼ 0 I
�M�1Kcrack tð Þ �M�1D tð Þ

� �
; B ¼ 0

M�1

� �
; C ¼ Coq Cov½ �;~x tð Þ ¼ ~q tð Þ

_~q tð Þ
 �

where~x tð Þ is the state vector,~y tð Þ is the output vector,~u tð Þ is the input vector, Coq and
Cov are the output displacement and velocity matrices (defined by the variables of
interest), I is the identity matrix and 0 is the null matrix.

The state is the information that must be stored and updated at the simulation. Thus,
given the initial state vector, input vector, and physical parameters of the system, it is
possible to find the state vector as well the output vector by a recursive formula by
using first-order difference equations [25]

~xnþ 1 ¼ Ad
n~xn þBd~un

~yn ¼ Cd~xn
ð31Þ

where Ad ;Bd ;Cd are the discrete matrices of the Eq. (30) for the sampling time s.

5 Dynamic Analysis and Crack Detection Methodology

The critical speeds and modes shapes depend on the magnitude of the bearing stiffness,
bearing position and the mass and stiffness of the rotor. More specifically, the ratio of
bearing stiffness to the shaft stiffness has a significant impact on the critical speeds,
mode-shapes and, consequently, the whirl orbits [26].

According to the ratio of bearing stiffness to the shaft stiffness, the rotor can be
classified into three versions: soft, intermediate and stiff bearings. For the soft bearings,
the bearing stiffness is low relative to the shaft stiffness, the natural frequencies are
controlled by the bearing stiffness and the shaft almost no bending. Conversely, for stiff
bearing, the bearings are much stiffer than the shaft, the lower natural frequencies are
controlled by the shaft stiffness and increase bearing stiffness would not change the
natural frequencies. For intermediate bearing, both contribute to the modal behavior of
the system [20, 26]. The bearing stiffness diagram, Fig. 4, summarizes the three ver-
sions. The gray arrow indicates the bearing stiffness coefficients used.
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As well-known in the literature, the continuous variation of the stiffness in rotating
coordinate system influences the frequency composition, generating higher frequency
components in the response (2�, 3�, …), unlike for the uncracked rotor where the
dynamic response is purely synchronous (without harmonics).

The effect of these components on the rotor orbits is visualized by the appearance of
extra loops through subcritical speeds (1/2�, 1/3�, …). It is important to emphasize
that the behavior of the orbits during passage through the subcritical forward whirl is
different from that at the subcritical backward whirl. As well shown in [1], the change
in the phase and amplitude of the response causes the appearance of outer loops during
the passage through the subcritical backward whirl and inner loops during the passage
through the subcritical forward whirl.

The analysis of the crack effect is visualized during the passage through subcritical
forward whirl of the right bearing for two cases: soft bearing (ksoft = 5 kN/m) and stiff
bearing (kstiff = 5 MN/m), considering an unbalance mass located at the left disk. In the
system with stiff bearing, the inner loop formed due to dominant second harmonic
component indicating is clearly seen. As the crack depth increases, the amplitude of the
harmonic component becomes more significant and the inner loop get larger, as shown
in Fig. 5a to c. These effects are like those found in the literature.

However, for the soft bearing the influence of the crack was not significant in the
system response, which can be explained due to the change in system behavior, since
the shaft not bend very much, and its mode shape is like a rigid rotor. This behavior can
be visualized even at greater depths crack, as shown in Fig. 5d to f.

Soft bearing

Stiff rotor modes

Stiff bearing

Flexible rotor modes

Intermediate
bearing

Stiffness bearing [N/m]

Fr
eq

ue
nc

y
[H

z]

Fig. 4. Frequency versus stiffness bearing (two gray arrows indicate the bearing stiffness values
used).
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In order to investigate the influence of the time-step on the solution methods, the
sampling rate was obtained by dividing the number of samples, Nd, per time required
for one revolution of the shaft. Thus, the higher the Nd the lower the time-step resulting
in a more accurate solution. This analysis was performed for two depth cracks, only for
the stiff bearing, since in the other case there was no loop formation and the response of
the cracked and uncracked rotor was the same. The effect of time-step in the solution
methods is shown in Fig. 6 by comparing the appearance of the inner loop in whirl
orbits of the cracked rotor.

The solution by the Newmark method requires a smaller time-step so that the
response is not incorrectly calculated. However, the final simulation time was con-
siderably smaller (about fifty times faster) compared to the solution by discrete-time
state equation. It was verified that the highest computational cost of this last method
was due to the discretization of matrices A, B, C of the state equation, Eq. (30), to be
inserted in Eq. (31).

The influence of the crack is not significant in the soft bearing response, as shown
in Fig. 5. However, there is a method which success have been theoretically and
experimentally proven in many studies. In this technique, forces are applied to the
system to induce the rotor to combination resonances [2, 13, 27–30]. These signatures
are diagnostic peaks that arise due to the nonlinear effect in the rotor caused by the
presence of crack.
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Fig. 5. Whirl orbits of the right bearing during passage through 1/2 of critical whirl speed for
different crack depth for the stiff bearings (a-c) and soft bearings (d-f).
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According to [2, 11], the conditions required for a combination resonance occurs
when

Xdiag ¼ kX� xfw

�� ��; to k ¼ 	1;	2;	3; . . . ð32Þ

where X is the rotation speed and xfw is critical speed (forward whirl) of the rotor.
Changing the values of the stiffness bearings coefficients modifies the modal

properties of the system. Thus, the rotation speed, critical frequency and frequency of
diagnostic forces used to induce the combination resonance in the system are described
in Table 2. For the spectral response in Fig. 7 (obtained from the solution by discrete-
time state equation) an amplitude of 50 N for the diagnostic forces was applied at the
left bearing, both for stiff bearing, Fig. 7a-b, and soft bearing, Fig. 7c-d.

The use of diagnostic forces is able to show the peaks associated with the com-
bination of resonances, harmonic component frequencies and critical frequencies for
both soft bearing and stiff bearing. As expected, the increase in crack depth caused the

(a) (b)

(d) (e) (f)

µ = 0.10 µ = 0.10 µ = 0.10

Ve
rti
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m
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 [m
]
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(c)

µ = 0.40 µ = 0.40 µ = 0.40

Nd = 80 Nd = 120 Nd = 200

Nd = 80 Nd = 120 Nd = 200

Uncracked Cracked by Newmark Cracked by state equation

Fig. 6. Whirl orbits of the right bearing during passage through 1/2 of critical whirl speed for
different time-step for the stiff bearings with depth crack l = 0.10 and l = 0.40.

Table 2. Frequencies used in the combination resonances method.

Rotation speed Critical speed Diagnostic frequency (k = −1)

Soft bearing 8 Hz 11.48 Hz 19.48 Hz
Stiff bearing 20 Hz 27.39 Hz 47.39 Hz
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increase in resonance peaks because the nonlinear effect becomes more evident in the
system responses. This relationship can be used as a tool to estimate the depth of the
crack [2].

6 Conclusion

The analysis performed in this work investigates the nonlinear effect of crack in soft
bearing systems, in which modal behavior at low frequencies are controlled by the
stiffness coefficients of the bearings. A second analysis is how the solution method of
the motion equations can affect the cracked rotor response.

As well known in the literature, the effect of the harmonic components was clearly
seen by the appearance of inner loops in the whirl orbit of the cracked rotor for the stiff
bearing system. However, the influence of the crack was not significant for the soft
bearing system, where the uncracked and cracked rotor responses did not change.

The technique of crack detection by the application of diagnostic forces proved to
be efficient when applied in both systems. The diagnostic peaks are smaller when
compared to the stiff bearing system. However, even with smaller peaks for the system
with stiff bearings, this technique is a promising tool to satisfactorily estimate the
existence and depth of a transverse crack found in rotating machine shafts. In addition,
the amplitude of the force can be adjusted to further evidence the peaks as long as it
keeps a safe vibration level.

Fig. 7. Diagnostic peaks on the FFT response for right bearing position in vertical direction.
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The time-step significantly impacts the solution of the dynamic response of cracked
rotor. Newmark’s method is very sensitive to time-step, requiring smaller values when
compared to the discrete-time state equation. However, the computational efficiency of
the Newmark method, measured by processing time, is considerably higher.
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