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Abstract. The Limited Resistance Rigid Perfectly Plastic Hinge (LRPH) are
special steel connections mainly usable to join beam elements of plane or spatial
steel frames. The fundamental characteristics of these devices are the mutual
independence of their own resistance and stiffness features as well as the respect
of assigned constraints related to the elastic and limit behaviour of the joined
elements. Within the frame structural scheme, the device plays the role of a rigid
perfectly plastic hinge, constituted by a suitably sized sandwich section. The
efficient use of the LRPH in the relevant frame depends on the appropriate
design of the device geometry. In the present paper, a new approach devoted to
the optimal flexural design of the LRPH is presented, according with the
imposed mechanical constraints as well as with further suggested technological
ones. The optimization procedure is based on a genetic algorithm approach and
different applications are reported confirming the good applicability of the
computational method as well as the reliability of the relevant device.

Keywords: Steel device � LRPH � Optimal design � Behavioural features
Finite element analysis

1 Introduction

The greater part of the European standards, which regulates the structural design of
civil and industrial constructions, prescribes the evaluation of different load conditions
and, consequently, different limit behaviours to be imposed to the structure. Usually,
two different conditions are defined: the first one, called serviceability condition, is
characterized by the presence of quasi static loads (gravity loads and wind actions) and
moderate intensity seismic actions; the second one, called ultimate limit condition, is
characterized by the presence of suitably reduced gravity loads and full intensity
seismic actions. Correspondingly, it is prescribed that the structure exhibits an elastic or
a shakedown behaviour in serviceability conditions and that it does not collapse under
limit load conditions, even suffering a limited amount of damage. Therefore, optimal
structures must possess adequate stiffness properties in order to ensure the complete
usability in serviceability conditions and good resistance and ductility features in order
to respect the imposed limit conditions.

In this context, steel structures find their ideal application and, actually, they are
more and more frequently utilized in new constructions as well as within restoration
interventions. Moreover, the practical utilization of these structures and the evolution of
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the structural standards are the result of the great effort spent by the researchers in their
scientific activity. Actually, in the last decades, many papers have been proposed
regarding the analysis and/or the design of steel frames subjected to static loads either
within the elastic limit or beyond the same limit (see, e.g., [1–8]), and as many
theoretical and computational studies have been devoted to steel structures subjected to
dynamic loads (see, e.g., [9–20]).

The behaviour of the structure depends on the adopted steel profiles and on the way
they are joined each other. Usually, the connections are designed to ensure very high
stiffness and resistance to the nodes, so that the elastic and post elastic response of the
structure is just governed by the steel element features. In other words, the elastic and
the limit behaviours of the structure are depending on each other being related both to
the stiffness of the utilized profiles and to their limit resistance. On the other side, in
many cases of practical interest it can be required that structures exhibit an elastic and a
limit behaviour independent of each other. Two examples of such cases are that when
the structure capacity design must be satisfied and that of the design of a steel frame
devoted to the structural restoration of an opening in a wall panel. In these cases, it is
desirable to introduce appropriate resistance reduction in suitably chosen structural
cross sections and, yet, it would be desirable not to introduce any elastic stiffness
variation. In this topic, some studies have been published (see, e.g., [21–27]) proposing
suitable modifications of the steel element geometry with the aim of obtaining a
reduced resistance capacity. It has to be noticed that utilizing these approaches the
mutual dependence of stiffness and resistance is still present.

Recently, a new type of connection for steel elements has been proposed by the
authors [28, 29] which allows to design a structure with appropriate and independent
stiffness and resistance features. This special connection is a steel device and it rep-
resents a Limited Resistance Rigid Perfectly Plastic Hinge (LRPH), covered by patent
n. 102017000088597 at the Italian Ministry of Economic Development, constituted by
two parallel bounding plates, connecting the relevant structure elements, with inside a
suitably designed sandwich section. In the last referenced papers, a first design has been
presented, based on a simple sequential computational approach, being the latter just
aimed to prove the compliance of the proposed devices to the imposed constraints. In
the present paper, an optimization procedure based on a genetic algorithm approach is
utilized in order to perform the flexural optimal design of LRPH connections according
with the prescribed mechanical, kinematical and technological constraints. The
obtained results, even if obtained in the limited field of pure bending, are very
encouraging and they represent a fundamental starting point for practical applications
related to full stress behaviour and structures that are more complex.

2 Features and Design of LRPH

As previously described, the Limited Resistance Rigid Perfectly Plastic Hinge (LRPH)
is an innovative steel device, devoted to connect steel beam elements of plane and
spatial frames. This device possesses two fundamental independent features [29]: (a) its
yield bending moment can be suitably prefixed; (b) its elastic flexural stiffness can be
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appropriately designed in order to equal the elastic flexural stiffness of the connected
frame elements.

In Fig. 1a, a scheme of LRPH connecting two typical steel profiles is represented,
while in Fig. 1b and c, the LRPH is represented according to different views being the
dimensions pointed out.

In particular, b and h are the plane dimensions of the connecting plates, equal to the
dimensions of the joined steel profiles, and ‘tot is the total length of the device. LRPH
can be thought as constituted by five subsequent portions:

• the first and last portions are the connection plates just devoted to ensure a perfectly
rigid joint between LRPH and steel elements;

Fig. 1. (a) 3D view of LRPH connecting beam and pillar; (b) front view; (c) section A–A.
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• the central portion is a perfect sandwich section with small thickness wings,
appropriately designed in order to ensure the suitably assigned yield bending
moment value;

• the remaining two symmetric portions are as many sandwich sections with
appropriate thickness such that the device complies with the imposed elastic flexural
stiffness constraints.

It is easy to verify that:

‘tot ¼ ‘þ 2‘p ð1Þ

with:

‘ ¼ 2‘out þ ‘inn ð2Þ

being:

• ‘ the total length of the composed sandwich section;
• ‘p the thickness of the connection plates;
• ‘out the length of the outer portions of the composed sandwich section;
• ‘inn the length of the inner portion.

Furthermore, the outer portions have the same thickness tout, while tinn is the
thickness of the inner portion. Due to the required features, as it will be clarified later
on, it will always result tout [ tinn. Furthermore, always with reference to Fig. 1c, h� is
the internal lever arm common to the three sandwich sections. Consequently, the
moments of inertia of the inner and outer sections are, respectively:

Jinn ¼ bt3inn
6

þ btinn
h�2

2
ð3aÞ

Jout ¼ bt3out
6

þ btout
h�2

2
ð3bÞ

and the corresponding yield bending moments are:

M0
inn ¼ rybtinnh

� ð4aÞ

M0
out ¼ rybtouth

� ð4bÞ

being ry the material yield stress.
Therefore, the yield bending moment of the device is:

MLRPH ¼ M0
inn\M0

out ð5Þ

The use of LRPH is substantially required when we want to introduce in a beam
element a reduction of the resistance capacity at any cross-section element without
modifying the original stiffness of the relevant steel profile.
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As a typical example, we can consider the simple steel frame in Fig. 2, where
geometry, material features and load conditions are defined.

As usual, a sufficiently reliable design can be realized by imposing resistance and
displacement constraints. In particular, by evaluating the maximum bending moment
acting on the beam as Mmax ¼ 48:00 kNm, an IPE200 could be used, being

Wel
IPE200 ¼ 194:3 cm3 [

Mmax

ry
¼ 4; 800

27:5
¼ 174:55 cm3 ð6Þ

Besides the mechanical constraint in the design of such structure, it is usual to
impose a displacement constraint. The latter, in the case under consideration, assumes
the following expression

flim ¼ ‘

300
¼ 1:67 cm ð7Þ

being flim the maximum allowed deflection. It can be easily deduced that the IPE200
profile is no longer adequate and that a different steel profile with suitable character-
istics is necessary. After very simple analysis, it is possible to deduce that, among the
on-sale profiles, the suitable one is an IPE270, for which

JIPE270 ¼ 5; 790 cm4 [
3q‘4

384Eflim
¼ 4; 176:9 cm4 ð8Þ

q = 30kN/m

5.00

3.
00

Fig. 2. Geometry and load condition of the S275 steel frame
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In these conditions, in order to respect the structure capacity design imposing that
the yield bending moment of the pillar be not lower than the corresponding bending
moment of the beam, even the pillar must be constituted at least by IPE 270 profiles,
with useless waste of material.

Alternatively, the proposed device can be utilized with the constraint

MLRPH ¼ Mmax ¼ 48:00 kNcm ð9Þ

and designed so that its flexural stiffness equals the analogous stiffness related to the
beam. Utilizing such a device, the frame can be constituted by pillars HEA180 and
beam IPE270 being satisfied the required structure capacity design (Fig. 3).

Therefore, LRPH must be characterized by an assigned yield bending moment M0
ass

and by appropriate flexural stiffness, features independent of each other.
The first requirement can be satisfied imposing MLRPH ¼ M0

ass and designing tinn
and h�. With regard to the definition of the appropriate flexural stiffness, the following
approach can be utilized. The proposed device (Fig. 3) substitutes a limited portion of
the beam to which it is connected. If any variation in the stiffness properties of the
beam must be avoided, LRPH must possess a flexural stiffness equal to the one
characterizing the substituted portion of the beam. This goal can be achieved by
imposing the equality between the relative rotation of the bound sections of the LRPH
device and that of the portion of substituted original beam [29] as reported in Fig. 4.

Fig. 3. Connecting device between HEA180 pillars and IPE270 beam.
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In the hypothesis of small displacements, linear elasticity and by adopting an Euler-
Bernoulli beam model, the following relation ensures the respect of the above
described flexural stiffness constraint:

Jinn
Jout

Jout � Jp
Jp � Jinn

� �
¼ ‘inn

‘out
ð10Þ

where Jp is the moment of inertia of the steel profile connected to the device.
In order to satisfy all the above requirements the following optimization problem

must be solved:

min
xð Þ

f xð Þ ð11aÞ

subjected to:

xlb � x� xub ð11bÞ

Aeqx ¼ ceq ð11cÞ

Ainx� cin ð11dÞ

Geq xð Þ ¼ 0 ð11eÞ

Gin xð Þ� 0 ð11fÞ

where x is the design variable vector (xT ¼ h� tout tinn ‘out ‘innj j) and f xð Þ ¼
tout=tinn is the relevant objective function chosen in order to fulfill clear desirable
technological requisites and to ensure a good coherence with the adopted mechanical
model (Euler-Bernoulli model).

Furthermore,

xTlb ¼ h=2 tp 0 0 0
�� �� ð12Þ

Fig. 4. Evaluation of the equivalent bending stiffness: (a) LRPH; (b) given profile.
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and

xTub ¼ h� tp h=2 h=2 ‘=2 ‘
�� �� ð13Þ

are the lower and upper bound vectors, respectively, related to the design variables,
being tp the wing thickness of the connected steel profiles,

Aeq ¼ 0 0 0 2 1j j ð14Þ

is the row matrix of the linear equality constraint and ceq ¼ ‘ is the related given
constant term,

Ain ¼ 1
0

1
0

0
a

0
0

0
�1

����
���� ð15Þ

is the matrix of the linear inequality constraints, and

cTin ¼ h 0j j ð16Þ

is the related given constant term vector. It is worth noting that 0\a� ‘inn=tinn
introduces a suitable technological constraint for the device.

Finally,

Geq xð Þ ¼ btinnryh�

MLRPH
� 1 ð17Þ

is the nonlinear equality constraint function and

Gin xð Þ ¼ ‘inn
‘out

� 2
tinn t2inn þ 3h�2

� �
tout t2out þ 3h�2

� � btout t2out þ 3h�2
� �� 6Jp

6Jp � btinn t2inn þ 3h�2½ �
� �

ð18Þ

is the nonlinear inequality constraint function.
Therefore, in order to solve the above-reported optimization problem, once the

geometrical features (b, h, tp and Jp) of the steel profile to be connected and the related
material yield stress ry are known, the following quantities must be suitably assigned:
‘tot, ‘p (and as a consequence ‘), a and MLRPH . These choices will be explained in the
following application section.

3 Applications

As first application, we shall design the same LRPH device considered in [29].
Therefore, let us consider a S275 steel profile HEA240. The required goal is the design
of the optimal device characterized by a yield bending moment MLRPH ¼ 0:40
M0

p;y ¼ 75:948 kNm, being M0
p;y the relevant yield bending moment of the steel profile,
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and such that it also respects the above described stiffness constraints. Basing on a
simple computational approach, as utilized in [29], imposing ‘tot ¼ h ¼ 230mm and
‘p ¼ 24mm, a sub-optimal solution is reached. It results (Table 1).

An appropriate finite element analysis has been effected for the obtained device and
the results confirm its goodness. Actually, it respects all the imposed constraints in
terms of resistance and elastic stiffness behaviour, but the high ratio between outer and
inner thickness produces an undesired stress concentration in correspondence of the
two common sections between the thinner and the thicker sections (Fig. 5).

As a consequence, problem (11) has been solved by means of a suitable genetic
algorithm (see, e.g., [30–32]) with the following data: ‘tot ¼ h ¼ 230mm, ‘p ¼ 24mm,
a ¼ 2, MLRPH ¼ 0:40M0

p;y ¼ 75:948 kNm. It results (Table 2).

Table 1. Geometry features of the sub-optimal device connecting HEA240 profile.

h� tout tinn ‘out ‘inn Jout Jinn tout=tinn ‘inn=‘out

190 40 6:056 70:817 40:366 17,584 2,624.35 6:60 0:57

Fig. 5. (a) Sub-optimal LRPH connecting HEA240 profile; (b) Stress distribution between
thinner and the thicker sections.
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The optimal device (Fig. 6) yet confirms the goodness of the device and shows that
the obtained reduced optimal ratio between outer and inner thickness allows to achieve
a definitely better behaviour with respect to the stress distribution.

As previously stated, one of the parameters which it is necessary to be chosen is the
device total length ‘tot. It is usually assumed equal to the smaller dimension of the
connected steel profile. Therefore, it was considered as a useful application the solution
of the proposed optimization problem for a steel profile (S275) characterized by a more
stretched cross section, and, in particular, the IPE 270 already designed in the previous
section has been considered. We want to design the optimal device characterized by a
yield bending moment MLRPH ¼ 0:36M0

p;y ¼ 48 kNm and respecting the prescribed
stiffness constraints. The solution to problem (11), with ‘tot ¼ b ¼ 135mm, ‘p ¼
20:4mm and a ¼ 2 provides (Table 3).

Table 2. Geometry features of the optimal device connecting HEA240 profile.

h� tout tinn ‘out ‘inn Jout Jinn tout=tinn ‘inn=‘out

214.355 15.645 5.368 85.632 10.737 8,641.61 2,960.41 2.91 0.125

Fig. 6. (a) Optimal LRPH connecting HEA240 profile; (b) Stress distribution between thinner
and the thicker sections.

Table 3. Geometry features of the optimal device connecting IPE270 profile.

h� tout tinn ‘out ‘inn Jout Jinn tout=tinn ‘inn=‘out

253.39 16.608 5.094 42.006 10.187 7208.1 2,207.9 3.26 0.2425
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The results obtained for this last optimal device by a finite element analysis (Fig. 7)
are definitely coherent with the theoretical expectation.

4 Conclusions

The present paper has been devoted to the study of an innovative steel beam element
connection named Limited Resistance Rigid Perfectly Plastic Hinge (LRPH). In par-
ticular, a specific optimization problem, devoted to the design of the optimal shape of
these devices according to suitably imposed constraints, has been proposed. Actually,
the proposed LRPH must possess two fundamental and independent characteristics: the
relevant yield bending moment is given and it is lower than the yield bending moment
of the connected beam elements, the elastic flexural stiffness is equal to the one of the
connected beam elements. The device consists in a special sandwich section with wing
thickness variable in a discrete manner. It is characterized by two identical outer
sandwich section with greater thickness and an inner sandwich section with lower
thickness. The proposed objective function of the relevant minimum optimal design
problem is the ratio between the outer and the inner wing thickness. The optimization
of this parameter is related to clear technological constraints as well as to the respect of
usual beam models. Different applications are reported and they show the complete
reliability of device with respect to the imposed constraints, as well as the effected FEM
analyses related to the optimal LRPH provide encouraging results with reference to the
utilized model.

Fig. 7. (a) Optimal LRPH connecting IPE270 profile; (b) Stress distribution between thinner and
the thicker sections.
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