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Abstract. In this paper, a mechanically compliant joint is designed
and a novel proportional-integral-retarded (PIR) controller is adopted.
Firstly, the structure of the invariant stiffness joint is introduced in
details and linear springs are connected with the output link to obtain
flexibility. Secondly, the control programs are built with Simulink and
automatically compiled and downloaded into the controller. Thirdly,
the physical mechanism and electromagnetic function of permanent
magnet synchronous motor (PMSM) are combined to get the transfer
function. Fourthly, a direct integration method (DIM) with Simpson
method is proposed and used to analyze the stability of PIR controller
with the joint. Finally, some compared experiments with conventional
proportional-integral-derivative (PID) controller added a low-pass filter
in the derivative term in speed loop and position loop are taken, and the
results show that PIR controller is better in the speed of settlement and
more stable in some condition.
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1 Introduction

Robot compliance characteristic plays an important role in the interaction
between robots and human or environment to ensure the safety of operation.
The compliance or stiffness of robot joints can be obtained from the force con-
trol of rigid joints with torque sensors or compliant joints based on mechanical
system like springs [5]. Because of the good performance of the bandwidth of
force input and energy efficiency [4,13], the mechanically compliant joints have
been widely studied in recent decades. Humanoid robots with mechanically com-
pliant systems may have wide applications in fields like service, education and
health care.

One type of mechanically compliant joints have invariant stiffness like Domo
[2] and the Robonaut 2 (R2) designed by the National Aeronautics and Space
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Administration (NASA) [1]. Another type of joints have variable stiffness like the
Floating Spring Joint (FSJ) from Deutsches Zentrum für Luft- und Raumfahrt
(DLR) (German Aerospace Center in English) [12], hybrid dual actuator unit
(HDAU) [5] and The CompAct-VSA unit designed by Istituto Italiano di Tecnolo-
gia (IIT) (Italian Institute of Technology in English) [9]. There is only one motor
in invariant stiffness joints to keep the output position that results in advantages
in cost, weight and size while the stiffness cannot be adapted [8]. Variant stiff-
ness joints have one motor to keep the position of the output and another motor
to adjust the stiffness of the joint, so they can be used in different tasks because
of the adaptable stiffness [6]. Considering the invariant stiffness joints are lighter,
smaller and cost less, an invariant stiffness joint using linear springs with constant
elastic coefficient as elastic elements was designed.

Recently, a novel type of controller called proportional-integral-retarded
(PIR) controller is proposed [7,10]. For n-th order linear time-invariant (LTI)
system with PIR controller

⎧
⎨

⎩

x(n)(t) +
n−1∑

k=0

akx(k)(t) =
n−1∑

k=0

bku(k)(t)

u(t) = kpe(t) + ki

∫ t

0
e(τ)dτ − kre(t − tr)

(1)

where u(t) is the input, x(t) is the output, e(t) = r(t) − x(t) is the error, r(t) is
the reference and e(t < 0) = 0. kp is the proportional gain, ki is the integral gain,
kr is the retarded gain, and tr > 0 is the delayed error. The difference between
PIR controller and conventional PID controller is that the derivative term is
replaced by a former error, thus noise amplification by derivation is avoided. In
order to analyze the stability of PIR controller, direct integration method (DIM)
is used [11]. Typically, time delay is approximated by Pade approximation to a
rational function but losing accuracy when the delay is long and needs high order
approximation. Frequency domain study on second order LTI systems has been
taken [7], but not appropriate for higher order systems.

The rest of this paper is organized as follows. The design and model of the
mechanically compliant joint are in Sect. 2. In Sect. 3, stability analysis with
DIM on PIR controller is presented. Some experiments are taken and results are
analyzed in Sect. 4, followed by the conclusion in Sect. 5.

2 Mechanically Compliant Joint

Figures 1 and 2 shows the structure of the joint. The joint consists a motor, a
harmonic drive and a passive compliant module. The passive compliant module
is fixedly connected with the output of the harmonic drive. An output link is
connect to the base of the module with four linear springs. Given the physical
mechanisms of the mechanically compliant joint, a linear torsion spring model
approximately describes the flexibility of the joint. When the rotation angle
of the output link is different with the output of harmonic drive, the passive



Control of a Mechanically Compliant Joint with PIR Controller 381

Fig. 1. Mechanically compliant joint.
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1. PMSM; 2. Harmonic drive; 3. Linear springs; 4. Extended output link.

Fig. 2. Section view of the joint.
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compliant module products a torque which has linear relationship with the rota-
tion angle difference, and the spring torque is

τk = k(
θm

r
− θl) (2)

where k is the spring’s torsion coefficient, θ is the rotation angle when subscript
m represents motor and subscript l represents the link, and r is the gearing
reduction ratio.

At the motor side and the link side, assume there is no load and perform the
torque balance

jmθ̈m + bmθ̇m = τm − τk (3)

jlθ̈l + blθ̇l = τk (4)

where j is the moment of inertia, b is the damping coefficient, and τm is the
motor torque.

The model of the PMSM is described in direct (d) and quadrature (q) rotating
coordinate system by

ud = Ldi̇d + Rid − pθ̇mLqiq (5)

uq = Lq i̇q + Riq + pθ̇m(Ldid + ψ) (6)

τm =
3
2
piq((Ld − Lq)id + ψ) (7)

where ud and uq are d axis and q axis voltage components, id and iq are d axis
and q axis current components, Ld and Lq are d axis and q axis inductance
components, R is the stator resistance, p is the motor pole pairs, and ψ is the
permanent magnet flux linkage.

In order to simplify the system, PI controllers are used in current loops for
controlling id to zero, and uq is approximately proportional to iq, so

uq = kqiq (8)

τm = kuuq (9)

After Laplace transformation, transfer function between input uq and output
θl is

P (s) =
Θl(s)
Uq(s)

=
kuk

(rjms2 + rbms + k)(jls2 + bls + k) − k2
(10)

Notice that the model is a fourth order system with four poles and no zeros.
For a large number of experiments and comparisons, the best identification can
be given as follows:

7.148 × 106

s4 + 130.2s3 + 2.671 × 104s2 + 6.030 × 105s + 4261
(11)
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Fig. 3. Scheme of control and sensor system.

Figure 3 shows the control and sensor system. The main chip is a microcon-
troller TMS320F28335 from Texas Instruments. In general, programs are devel-
oped with C program language and debugged in the integrated development
environment (IDE) named Code Composer Studio (CCS), but a more convenient
way is developing with block diagram in the Matlab/Simulink environment and
building by embedded coder toolbox. Applications are automatically compiled,
downloaded through emulator and executed by only one click.

There are many integrated peripherals in F28335. With space vector pulse-
width modulation (SVPWM), desired d axis and q axis voltage are encoded
into pulse signals by enhanced pulse-width modulation (ePWM) modules to
control six metal-oxide-semiconductor field-effect transistors (MOSFET). When
the PMSM is actuated, the harmonic drive reduces speed and the output link
of the joint waves. There are three types of sensors for data acquisition. Firstly,
currents are detected by two current sensors Honeywell CSNE151-100 based on
Hall effect and converted into digital signals by the analog-to-digital converter
(ADC) module. Secondly, the position of motor from a resolver on the PMSM
is read through external interface (XINTF). Finally, a rotary encoder ROD 486
from HEIDENHAIN gets the rotation angle of the output link and transferred
to enhanced quadrature encoder (eQEP) module. When the program is running,
the enhanced controller area network (eCAN) module sends data in 1 Mbps to
PC through a CAN receiver and a CAN tool software.

3 DIM on PIR Controller

In the system Eq. 1 with PIR controller, assume r(t) = 0, then

x(n+1)(t) +
n∑

i=0

cix
(i)(t) −

n∑

j=1

krbj−1x
(j)(t − tr) = 0 (12)

where c0 = kib0, cn = an−1 +kpbn−1, ck = ak−1 +kpbk−1 +kibk(k = 1, ..., n−1).
Let X(t) = [x(t), ẋ(t), ..., x(n)(t)]T , then

Ẋ(t) = BX(t − tr) + CX(t) (13)
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where

B = kr

(
0n×(n+1)

0 b0 . . . bn−1

)

,C =

⎛

⎜
⎜
⎜
⎝

0 1
. . .

1
−c0 −c1 . . . −cn

⎞

⎟
⎟
⎟
⎠

(14)

Assume the sample time is δ < tr and the time period [t − tr, t] is separated
into tk = t − tr + k

2 δ(k = 0, 1, ..., N) (N = 〈2tr/δ〉, 〈x〉 means the nearest even
integer of x). So

Ẋ(t) = BX(t − tr) + C(X(tk) +
∫ t

tk

Ẋ(τ)dτ) (15)

If numerically integrated by the trapezoidal rule at the start and the Simp-
son’s rule with the rest, then

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ẋ(t0) = BX(t0 − tr) + CX(t0)
Ẋ(t1) = BX(t1 − tr) + CX(t0) + δ

2C(Ẋ(t0) + Ẋ(t1))
Ẋ(ti) = BX(ti − tr) + CX(ti−2) + δ

6C(Ẋ(ti−2) + 4Ẋ(ti−1) + Ẋ(ti))
(i = 2, ..., N)

(16)
Let ZZ(t) = [X(t0)T ,X(t1)T , ...,X(tN )T ]T , so

DŻZ(t) = EZZ(t − tr) + FZZ(t) (17)

where

D =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

In+1

− δ
2C In+1 − δ

2C
− δ

6C − 4δ
6 C In+1 − δ

6C
. . . . . . . . .

− δ
6C − 4δ

6 C In+1 − δ
6C

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(18)

E =

⎛

⎜
⎝

B
. . .

B

⎞

⎟
⎠ (19)

F =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

C
C
C

. . .
C 0n+1 0n+1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(20)

In+1 is the identity matrix of size n + 1.
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In the period [t0, t],

X(t) = X(tk) +
∫ t

tk

Ẋ(τ)dτ (21)

also using the numerical integration,
{

X(t1) = X(t0) + δ
2 (Ẋ(t0) + Ẋ(t1))

Ẋ(ti) = X(ti−2) + δ
6C(Ẋ(ti−2) + 4Ẋ(ti−1) + Ẋ(ti))(i = 2, ..., N)

(22)

So
GŻZ(t) = HZZ(t) (23)

where

G =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0n+1
δ
2In+1

δ
2In+1

δ
6In+1

4δ
6 In+1

δ
6In+1

. . . . . . . . .
δ
6In+1

4δ
6 In+1

δ
6In+1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(24)

H =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0n+1

−In+1 In+1

−In+1 0n+1 In+1

. . . . . . . . .
−In+1 0n+1 In+1

⎞

⎟
⎟
⎟
⎟
⎟
⎠

(25)

With Eqs. 17 and 23,

(H − GD−1F )ZZ(t) = (GD−1E)ZZ(t − tr) (26)

Equation 26 cannot be solved because it is an indeterminate equation, thus
adding the continuity (i.e. X(t0) = X(tN − tr))

PZZ(t) = QZZ(t − tr) (27)

where

P =
(

In+1

0

)

,Q =
(

In+1

0

)

(28)

then
ZZ(t) = ΦZZ(t − tr) (29)

where
Φ = (H − GD−1F + P )−1(GD−1E + Q) (30)

Φ is the transition matrix. According to Floquet theory, the system is stable
when all modules of eigenvalues of Φ is less than one [3]. In other words, if λ
presents eigenvalue function, then

max(|λ(Φ)|) < 1 (31)

In order to demonstrate DIM is as reliable as frequency domain method, an
analyzed system by Ramı́rez et al. [7] is taken as an example (Fig. 4).
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Example. n = 2, a1 = 0.45056, a0 = 309.76, b1 = 0, b0 = 31, kp = 22.57, ki = 0,
find stable region in the (tr, kr) space.
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Fig. 4. Stable region of example.

4 Experiment

Figure 5 shows the block diagram of experiments. In order to control the position
of the link, two controllers based on errors are used in position loop F (s) and
speed loop H(s) and two types of controllers are compared: PIR and PIDN.
PIDN controller is a conventional PID controller added a low-pass filter with
coefficient N in the derivative term to filter noise and sudden reference signal
change, and the transfer function is

kp +
ki

s
+ kds

N

s + N
(32)

F(s) H(s) P(s)+_+_
rθ(t)

s
ω(t)

θl(t)uq(t)rω(t) kq
iq(t)

joint and current loop

Fig. 5. Block diagram of experiments.
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There are four parameters in both controllers, and parameters tuning is per-
formed through minimizing the integral time absolute error (ITAE) function

ITAE =
∫ T

0

t|e(t)|dt (33)

Because the ITAE function is hard to calculate derivative, a derivative-free
Nelder-Mead method is used. In order to protect the joint, stability is analyzed
by DIM before taking experiment.
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Fig. 6. Experiment results in speed loop.

Table 1. Experiment results in speed loop.

Speed loop controller ITAE (T = 4s)

PIDN 14.32

PIR 9.51

Figure 6 and Table 1 show the optimal results in speed loop. Due to the
amplification of noise and disturbance when using position difference to obtain
speed, both angular speeds are oscillating around given speed 20 degree/s, but
obviously the amplitude of oscillation and ITAE of PIR controller are smaller
than those of PIDN controller.

The optimal results in position loop are shown in Fig. 7 and Table 2 when the
parameters of controllers in speed loop are not tuned again. The results prove
that using PIR controller in speed loop is much better than PIDN controller no



388 X. Mo et al.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (s)

0

5

10

15

20

25
R

ot
at

io
n 

an
gl

e 
(d

eg
re

e)

PIDN (speed loop), PIDN (position loop)
PIDN (speed loop), PIR (position loop)
PIR (speed loop), PIDN (position loop)
PIR (speed loop), PIR (position loop)

Fig. 7. Experiment results in position loop.

Table 2. Experiment results in position loop.

Speed loop controller Position loop controller ITAE (T = 4s) 2% settling time (s)

PIDN PIDN 1.518 1.548

PIDN PIR 2.001 0.788

PIR PIDN 1.028 0.563

PIR PIR 0.799 0.571

matter which controller is used in position loop. When using PIR controller in
speed loop, the performance of PIR controller and PIDN controller in position
loop is almost the same. Even though using PIDN controller in speed loop, ITAE
and settling time of PIR controller in position loop is smaller than those of PIDN
controller. The conclusion is PIR controller is better in the speed of settlement
and more stable than PIDN controller in some condition.

5 Conclusion

This paper presents a mechanically compliant joint. The joint is designed with
linear springs to obtain flexibility. Physical model and the characteristic of
PMSM are combined to get the transfer function. A PIR controller is proposed
and DIM is used to analyze the stability. The compared experiment results show
that PIR controller is better in the speed of settlement and more stable than
PIDN controller in some condition. In the speed loop, the amplitude of oscillation
and ITAE of PIR controller are smaller than those of PIDN controller. When
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using PIDN controller in speed loop, ITAE and settling time of PIR controller in
position loop is smaller than those of PIDN controller. In the future work, some
global optimization like generic algorithm and particle swarm optimization may
be used to optimize the parameters of controllers in speed loop and position loop
at the same time.
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