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Abstract. In this paper, the consensus of fractional-order multi-agent
systems subject to input delay is investigated by sampled data method
on directed graph. By applying the Laplace transform and the technique
of inequality, some necessary and sufficient conditions for achieving con-
sensus of the delay systems are obtained. It is shown that the consensus
of the delay systems has relationships with the order of the derivative,
the sampling period, delay, coupling strength, and communication topol-
ogy. Lastly, a numerical simulation is given to illustrate the theoretical
results.
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1 Introduction

Consensus as one of the most essential collective behaviors in multi-agent sys-
tems has been widely studied due to its extensive applications [1-3], such as
biology systems, multi-robots systems, sensor networks, to name just a few. The
consensus problem is to make a group of autonomous agents converge to an
agreement by only using some local information.

However, most of the researches about the consensus of multi-agent sys-
tems are focused on the integer-order dynamics, such as single-integral systems,
double-integral systems. In practice, some systems cannot be exactly described
by integer-order dynamics [4-6], such as porous media and electromagnetic
waves, while some characteristics of these systems can be explained naturally
by fractional-order dynamics. On the other hand, integer-order systems can be
deemed to a special case of fractional-order systems.
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Cao et al. discussed the consensus of fractional-order multi-agent systems
firstly [6,7], and they obtained that the stability of the fractional-order multi-
agent systems had something to do with the fractional order and the networked
topology. Then, many works about the consensus of fractional-order multi-agent
systems were done [9-14]. Nevertheless, because of the complex circumstances
and the finite reaction times, the input delay always occurs in real systems.
In [11], the heterogeneous input delays and communication delay were studied
by the frequency-domain method and the generalized Nyquist criterion, respec-
tively, and the consensus condition made a big difference for the different frac-
tional order interval. In [12], a necessary and sufficient condition for the consen-
sus of fractional-order multi-agent systems subject to input delay was obtained
and a necessity condition was given for the systems with diverse input delays. In
[14], consensus of fractional-order multi-agent systems with general linear and
nonlinear dynamics and input delay was researched.

In practice, due to the finite transmission bandwidth and the limited resource,
continuous information transmission is unreliable. Therefore, it is more practical
to use the sampled data method which means that a continuous system adopts
a discrete control protocol. On the other hand, it can reduce the energy and cut
down the cost. As far as we know, there is only one paper which has studied the
consensus of the fractional-order multi-agent systems via sampled data method
[15]. In [15], the leaderless and leader consensus of fractional-order multi-agent
systems with sampled data method were investigated, and some necessary and
sufficient conditions were obtained.

In this paper, based on the sampled data scheme, the delay fractional-order
multi-agent system was considered. Then main contributions of this paper are
presented as follows. First, a sampled data method is used for the fractional-order
multi-agent systems with input delay on directed network. Compared with the
existing works, the system is more general and the method reduces the energy.
Second, some necessary and sufficient conditions are presented, which give the
relationship between the consensus of the systems and the order of the derivative,
the sampling period, delay, coupling strength, and communication topology.

Section 2 introduces some preliminaries and states the problem. Section 3
presents the main results. Section 4 gives a numerical example and some conclu-
sions are presented in Sect. 5.

2 Preliminaries and Problem Statement

2.1 Graph Theory

Let a networked graph G(V,€, W) be the communication topology among N
agents, where V = {0,1,...,N}, and £ C V x V denote the set of nodes and
the set of edges, respectively. W = [w;;] € R¥*N is the weighted adjacency
matrix, where w;; > 0 if (j,4) € &, else w;; = 0, and w;; = 0. If the communica-
tion topology is an undirected graph, w;; = w;;, which means the j-th agent can
receive the information from the i-th agent, and vice verse. If the communication
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topology is a directed graph, w;; > 0 means the j-th agent can receive the infor-
mation from the i-th agent, but not the opposite. N; = {v; € V : (vj,v;) € £}
denotes the neighbors set for the i-th agent. The Laplacian matrix L associated
with the communication topology G is defined as L = [l;;] € R¥*N in which

l“‘ = E;\;z wij and lij = —wij,i 75 j

Lemma 1. [16] For a directed graph, a Laplacian matriz has a simple zero
eigenvalue and all of the other eigenvalues have positive real parts if and only
if the directed graph has a directed spanning tree. For an undirected graph, a

Laplacian matriz has a simple zero eigenvalue and all of the other eigenvalues
are positive if and only if the undirected graph is connected.

2.2 Caputo Fractional Operator

Definition 1. [17] The definition of Caputo fractional-order integral for a func-
tion f(t) can be written as

1 ! a—1
F(a)/t (t — )1 f(r)dr

where 0 < a < 1 denotes the order of integral, and I'() is the Gamma function
which is defined as

CD;Of(t) =

F(z):/ e 7 at.
0

Definition 2. [17] The definition of Caputo fractional-order derivative for a
function f(t) can be expressed as

S S O o
W00 = g, e

where 0 < o < 1 denotes the order of derivative.

Because just the Caputo fractional operator is studied throughout this paper,
we use § D; ®f(t) to replace D~ f(t) and § D f(t) to replace D f(t) for con-

venience.

Lemma 2. [17] For a constant ¢, and a function f(t) € C"[a,b],

(1) D% =0;
(2) D~ D2 f(t) = f(t) — f(a), 0 < a < 1.
In the next, the Laplace transform of the Caputo derivative is introduction.

Let £{-} denote the Laplace transform of a function. The formal definition
of the Laplace transform L£{f(t)} = [;* e~ f(t)dt is written as

L{D*f(t)} = s*F(s) — s*71£(0), a € (0,1].
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2.3 System Description

Consider the fractional-order multi-agent system consisting of N agents, the
dynamics of the i-th agent is presented as follows:

Dy(t) = wi(t), i=1,2,...,N, (1)

with 0 < o < 1. &;(t) € R™ and u;(t) € R™ represent the state and the control
input for the i-th agent, respectively.

In practice, the input delay always cannot be negligible. Therefore, the input
delay is considered in this paper. By utilizing the period sampled data method,
the delay control input for the i-th agent is given by

Uz(t) = —U Z aij(xi(tk - T) —.’L'j(tk —’7’)), te [tk,tk+1)7 1= 1,2, .. .,N, (2)
JEN;

where p is the coupling strength. t, (k=0,1,2,...), denotes the sampling time
instants such that 0 =ty < ¢} < -+ <t < tpy1 < --- and tpy1 —tp = T,
in which T > 0 denotes the sampling period, and 0 < 7 < T is the input time
delay.

Definition 3. The fractional-order multi-agent system (1) under the control
protocol (2) is said to reach consensus, if for any initial conditions,

tlim | z;(t) —z;(t) |=0, Vi=1,2,...,N.
Lemma 3. [18] For the following polynomial with a; € R, b; € R, i=1,2,
fls) = 2+ (a1 + ib1)s + (a2 + ibs).
f(s) is stable if and only if a1 > 0 and a1biby + a%as — b2 > 0.

3 Main Results
Combining (1) and (2), the fractional-order multi-agent system can be written as
Dozi(t) = —p Y lyw(ty —7), t€[tetrrr), i=1,2,...,N, (3)
JEN;
described the systems in matrix form,
Dox(t) = —p(L @ In)x(ty = 7), t € [th,tri), (4)

where x(t) = (2T (t), 22 (¢),..., 2% ))T.

For the Laplacian matrix L, there exists a nonsingular matrix U satisfy-
ing U"'LU = J, where J is the Jordan form associated with L, and J =
diag(Aq, Ag, ..., A,). For directed graph, the eigenvalues of L may be complex,

N1---0
A= : (5)
OO)‘[ Nix N,
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where ); is the eigenvalue of L with algebraic multiplicity N;, I =1,2,...,r and
Ni+No+---+ N.=N.

For undirected graph, the Laplacian matrix L is symmetric, so the Jordon
form J is a diagonal matrix with real eigenvalues of L.

Let y(t) = (P~' ® I,)z(t), we obtain,

D(t) = —p(J @ In)x(ty = 7), ¢ € [t tpa), (6)

According to Lemma 1, if the networked graph has a directed spanning tree,
0 is a simple eigenvalue of L, thus,

D% (t) =0, tE [trytrt1)s (7)
where 0,, denotes a n-dimensional column vector with all entries being zero.

Lemma 4. Assume that the network is directed and has a directed spanning
tree, the consensus of the system (4) can be reached if and only if, in (6)

Tim [lgi(8)] =0, i =2,3,...,N.

Proof (Sufficiency): Based on Lemma 2, integrating both sides of (7) from
tr to t, we have y1(t) — y1(tx) = 0, t € [ti,tg+1). Therefore, y1(t) =
y1(te) = y1(tk—1) = -+ = y1(0). Because lim;_ [ly:(t)]| = 0, i = 2,3,..., N,
so we can get lim; o, y(t) = [y1(0)7,07,...,07]". We have lim; .., z(t) =
limy oo (P ® I,)y(t) = (P ® L,)My(0) = (P ® I,)M (P~ ® I,)z(0), where
the matrix M = [m;;] € RN™N" gatisfies m;; = 0, i = j = 1,2,...,n, else
m;; = 0. Since the network has a directed spanning tree, so we can choose
P=[1n,p2,...,pn] and P71 =[¢7, ¥, ... ¢, therefore, 15 and ¢ are the
right and left eigenvector of the Laplacian matrix L associated with \; = 0 and
qly = 1. So, limy o 2(t) = (P® I, )M(P'®1,)x(0) = (1xyq" ® I,,)x(0), that
is, limy_o 7;(t) = (¢ ® I,,)x(0). The consensus is reached.

(Necessity): If the consensus can be reached, then there must exist a vector
x*(t) such that lim; o 2;(t) = z*(¢) and limy_,o 2(t) = 1y ® z*(t). Because
Oy = P 'L1y = JP 11y = J[qlN,q21N,.--,qv1n]T. Based on Lemma 1,
if the network has a directed spanning tree, the eigenvalues of L satisfy that
0 = M < Re(A2) < Re(Az) < -+ < Re(Ay). Combining with the Jor-
dan form J, we have ¢;1y = 0, ¢ = 2,3,..., N. Hence, lim; . ||y:(?)|| =
lim o 1P 1@ L) (1) | = limy oo (@i L) 2(8)]| = limy oo | (@10 @2" ()] =
0,i=23,...,N.

Corollary 1. Assume that the network is directed and has a directed spanning
tree, the system (4) can reach consensus if and only if the following r—1 systems
are asymptotically stable

Do‘zi(t) = —,u)\izi(tk — T), te [tk7tk+1)7 1=2,3,...,1, (8)

where 0 < a < 1.
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Proof. The proof is similar to Corollary 1 in [15].

Theorem 1. If the network has a directed spanning tree and 0 < 7 < T, then,
the fractional-order multi-agent system (1) under the control protocol (2) can
reach consensus if and only if

T — (T — 1) < a, (9)
and

(37 — 2(T — 7)* — 2a)b? — (T* — (T — 7)* — a)*(T™ — 2(T — 7)* 4 2a) < 0,
(10)

where a = ZI(\T-—HO;) Re(N\;), b= I;:\(IT-_IT;) Im()\;). a is the order of derivative. \; is

the nonzero eigenvalues of the Laplacian matriz L, Re(\;) and Im()\;) denote
the real part and imaginary part of \;, respectively.

Proof. For t € [ti,tx+1), taking the Laplace transform of (8), we have

UA

s%2i(s) — s () = —Tizi(tk —7), (11)
S0,
1 ,U,)\i
zi(s) = ;Zi(tk) - Saﬁzi(tk = 7). (12)

Taking the inverse Laplace transform of (12), we can obtain,

P

Zl(t) = Zi(tk) - m(t — tk)azi(tk - T), te [tk,tk+1), (13)
and \
HAG a
alt = 7) = 5(te) — Fi oyt =)l = 7). (14)

Since the sampling time instants 0 =tg < t1 < -+ <t <tpp1 < -, thp1—tp =
T and 7 < T, we can get

PG

zi(tk) = zi(tk—1) — mTazi(tkfl -7), (15)
and N
2t —7) = 2i(the1) — ﬁ(zﬂ—r)%i(tk_1 — ), (16)

Let w;(t) = [2i(t), z;i(t — 7)]T, we have

wi(ty) = BE(T)wi(tx—1) = E¥(T)wi(to), wi(t) = E(t—tx)wi(ts) = E(t—tx) E* (T)w(to),

L —rfigtt
where E(t) = AN ol
L —rigat—7)
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Therefore, limt — coz;(t) — 0 is equivalent to w;(t) — 0 as t — co. Because
it is obvious that E(t — t) is bounded on t € [tk, tk+1), so limt — coz;(t) — 0
is equivalent to all the eigenvalues « of the matrix E(T) satisfy ||| < 1.

Let |yIo — E(T)| = 0, we can get

— ) — 1),7 + pA j (TO‘ — (T - T)a) = 0. (17)

I'l+a«

Let v = 2L hence, ||v| < 1 if and only if Re(s) < 0. (17) is equivalent to

s—17
52 + 2(@1 + ibl)S + (0,2 + ibg) =0, (18)
where a; = —l—i—(l—%)a—l—%Re(Ai), as = 1—2(1—%)0‘4—2%1?6(&),
by = by = —2%[7@&). Based on Lemma 3, (19) is stable if and only if
a1 > 0 and a1b1by + a%ag — b% > 0. By solving the above inequation, we can
get the conditions (9) and(10). Therefore, lim; o 2;(t) = 0 if and only if (9)
and(10) are satisfied.

Remark 1. In Theorem 1, a necessary and sufficient condition for the fractional-
order multi-agent systems subject to input delay is proposed. For a fixed directed
network, we can see that the consensus of the fractional-order multi-agent sys-
tems depends on the sampling period, delay, coupling strength, communication
topology, and depends on the order of the derivative.

Remark 2. When 7 = 0, the system (1) degrades as the system without input
delay, and the conditions (9) and(10) simplify as

2I'(1+«)
T <24 = ——5—
w2

which is the same as the Theorem 1 in [15].

Re()\i),

Corollary 2. If the network is undirected and connected, and 0 < 7 < T. Then
the fractional-order multi-agent system (1) under the control protocol (2), can
reach consensus if and only if

T — (T —7)%—a; <0, (19)

and
T —2(T — 1) 4+ 2a; > 0. (20)
where a1 = FUT?O‘), « is the order of derivative, p is the coupling strength, and

AN is the largest eigenvalue of L.

Proof. If the network is undirected and connect, we have all the eigenvalues of
the Laplacian matrix L are positive real number, that is Re(\;) = \; > 0 and
Im(X;) = 0. Then, a = % and b = 0. Then, the conditions in Theorem 1
degrade as (19) and (20).
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4 Simulation Example

Consider that the fractional-order multi-agent system (4) contains four agents, and
the elements of weighted adjacency matrix are wis = 0.5, w14 = 0.7, woy = 1,
w3y = 0.3, wgz = 0.8, and w;; = 0, otherwise. We can get that the eigenvalues
of Laplacian matrix are Ay = 0, Ao = 0.95 4+ 0.5454i, A3 = 0.95 — 0.5454i, and
Ay = 1.4. Choosing the order of derivative a = 0.9, the coupling strength p = 0.2,
the sampling period T = 1s, and the input delay 7 = 0.5s, which can make sure
that the conditions in Theorem 1 are satisfied. The initial condition are x; = —1,
x9 = —4,23 = —8,and 24 = 2. The state of x; (i = 1,2, 3,4) is presented in Fig. 1,
which illustrates that the consensus of the fractional-order multi-agent system (4)
is achieved.

0 50 100 150

Fig. 1. The state of z;(¢),7 = 1,2, 3, 4.

5 Conclusion

In this paper, under the period sampled data method, the consensus of fractional-
order multi-agent systems with the order 0 < a < 1 subject to input delay over
directed communication topology is studied. Some necessary and sufficient con-
ditions are established which give the relationship of the achieving consensus and
the systems parameters (sampling period, delay, coupling strength, communica-
tion topology and the order of the derivative). Research of the aperiodic sampled
data and diverse delays for the fractional-order multi-agent systems will be done
in the future work.
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