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Abstract. In this paper, the consensus of fractional-order multi-agent
systems subject to input delay is investigated by sampled data method
on directed graph. By applying the Laplace transform and the technique
of inequality, some necessary and sufficient conditions for achieving con-
sensus of the delay systems are obtained. It is shown that the consensus
of the delay systems has relationships with the order of the derivative,
the sampling period, delay, coupling strength, and communication topol-
ogy. Lastly, a numerical simulation is given to illustrate the theoretical
results.
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1 Introduction

Consensus as one of the most essential collective behaviors in multi-agent sys-
tems has been widely studied due to its extensive applications [1–3], such as
biology systems, multi-robots systems, sensor networks, to name just a few. The
consensus problem is to make a group of autonomous agents converge to an
agreement by only using some local information.

However, most of the researches about the consensus of multi-agent sys-
tems are focused on the integer-order dynamics, such as single-integral systems,
double-integral systems. In practice, some systems cannot be exactly described
by integer-order dynamics [4–6], such as porous media and electromagnetic
waves, while some characteristics of these systems can be explained naturally
by fractional-order dynamics. On the other hand, integer-order systems can be
deemed to a special case of fractional-order systems.
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Cao et al. discussed the consensus of fractional-order multi-agent systems
firstly [6,7], and they obtained that the stability of the fractional-order multi-
agent systems had something to do with the fractional order and the networked
topology. Then, many works about the consensus of fractional-order multi-agent
systems were done [9–14]. Nevertheless, because of the complex circumstances
and the finite reaction times, the input delay always occurs in real systems.
In [11], the heterogeneous input delays and communication delay were studied
by the frequency-domain method and the generalized Nyquist criterion, respec-
tively, and the consensus condition made a big difference for the different frac-
tional order interval. In [12], a necessary and sufficient condition for the consen-
sus of fractional-order multi-agent systems subject to input delay was obtained
and a necessity condition was given for the systems with diverse input delays. In
[14], consensus of fractional-order multi-agent systems with general linear and
nonlinear dynamics and input delay was researched.

In practice, due to the finite transmission bandwidth and the limited resource,
continuous information transmission is unreliable. Therefore, it is more practical
to use the sampled data method which means that a continuous system adopts
a discrete control protocol. On the other hand, it can reduce the energy and cut
down the cost. As far as we know, there is only one paper which has studied the
consensus of the fractional-order multi-agent systems via sampled data method
[15]. In [15], the leaderless and leader consensus of fractional-order multi-agent
systems with sampled data method were investigated, and some necessary and
sufficient conditions were obtained.

In this paper, based on the sampled data scheme, the delay fractional-order
multi-agent system was considered. Then main contributions of this paper are
presented as follows. First, a sampled data method is used for the fractional-order
multi-agent systems with input delay on directed network. Compared with the
existing works, the system is more general and the method reduces the energy.
Second, some necessary and sufficient conditions are presented, which give the
relationship between the consensus of the systems and the order of the derivative,
the sampling period, delay, coupling strength, and communication topology.

Section 2 introduces some preliminaries and states the problem. Section 3
presents the main results. Section 4 gives a numerical example and some conclu-
sions are presented in Sect. 5.

2 Preliminaries and Problem Statement

2.1 Graph Theory

Let a networked graph G(V, E ,W) be the communication topology among N
agents, where V = {0, 1, . . . , N}, and E ⊆ V × V denote the set of nodes and
the set of edges, respectively. W = [wij ] ∈ R

N×N is the weighted adjacency
matrix, where wij > 0 if (j, i) ∈ E , else wij = 0, and wii = 0. If the communica-
tion topology is an undirected graph, wij = wji, which means the j-th agent can
receive the information from the i-th agent, and vice verse. If the communication
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topology is a directed graph, wij > 0 means the j-th agent can receive the infor-
mation from the i-th agent, but not the opposite. Ni = {vi ∈ V : (vj , vi) ∈ E}
denotes the neighbors set for the i-th agent. The Laplacian matrix L associated
with the communication topology G is defined as L = [lij ] ∈ R

N×N , in which
lii =

∑N
j �=i wij and lij = −wij , i �= j.

Lemma 1. [16] For a directed graph, a Laplacian matrix has a simple zero
eigenvalue and all of the other eigenvalues have positive real parts if and only
if the directed graph has a directed spanning tree. For an undirected graph, a
Laplacian matrix has a simple zero eigenvalue and all of the other eigenvalues
are positive if and only if the undirected graph is connected.

2.2 Caputo Fractional Operator

Definition 1. [17] The definition of Caputo fractional-order integral for a func-
tion f(t) can be written as

C
t0D

−α
t f(t) =

1
Γ (α)

∫ t

t0

(t − τ)α−1f(τ)dτ ,

where 0 < α ≤ 1 denotes the order of integral, and Γ (·) is the Gamma function
which is defined as

Γ (z) =
∫ ∞

0

e−ttz−1dt.

Definition 2. [17] The definition of Caputo fractional-order derivative for a
function f(t) can be expressed as

C
t0D

α
t f(t) =

1
Γ (1 − α)

∫ t

t0

f ′(τ)
(t − τ)α

dτ.

where 0 < α ≤ 1 denotes the order of derivative.

Because just the Caputo fractional operator is studied throughout this paper,
we use C

0 D−α
t f(t) to replace D−αf(t) and C

0 Dα
t f(t) to replace Dαf(t) for con-

venience.

Lemma 2. [17] For a constant c, and a function f(t) ∈ C
n[a, b],

(1) Dαc = 0;
(2) D−α Dαf(t) = f(t) − f(a), 0 < α ≤ 1.

In the next, the Laplace transform of the Caputo derivative is introduction.
Let L{·} denote the Laplace transform of a function. The formal definition

of the Laplace transform L{f(t)} =
∫ ∞
0

e−stf(t)dt is written as

L{Dαf(t)} = sαF (s) − sα−1f(0), α ∈ (0, 1].



42 Y. Ye et al.

2.3 System Description

Consider the fractional-order multi-agent system consisting of N agents, the
dynamics of the i-th agent is presented as follows:

Dαxi(t) = ui(t), i = 1, 2, . . . , N, (1)

with 0 < α ≤ 1. xi(t) ∈ R
n and ui(t) ∈ R

n represent the state and the control
input for the i-th agent, respectively.

In practice, the input delay always cannot be negligible. Therefore, the input
delay is considered in this paper. By utilizing the period sampled data method,
the delay control input for the i-th agent is given by

ui(t) = −μ
∑

j∈Ni

aij

(
xi(tk − τ) − xj(tk − τ)

)
, t ∈ [tk, tk+1), i = 1, 2, . . . , N, (2)

where μ is the coupling strength. tk (k = 0, 1, 2, . . . ), denotes the sampling time
instants such that 0 = t0 < t1 < · · · < tk < tk+1 < · · · and tk+1 − tk = T ,
in which T > 0 denotes the sampling period, and 0 < τ < T is the input time
delay.

Definition 3. The fractional-order multi-agent system (1) under the control
protocol (2) is said to reach consensus, if for any initial conditions,

lim
t→∞ ‖ xi(t) − xj(t) ‖= 0, ∀i = 1, 2, . . . , N.

Lemma 3. [18] For the following polynomial with ai ∈ R, bi ∈ R, i=1,2,

f(s) = s2 + (a1 + ib1)s + (a2 + ib2).

f(s) is stable if and only if a1 > 0 and a1b1b2 + a2
1a2 − b22 > 0.

3 Main Results

Combining (1) and (2), the fractional-order multi-agent system can be written as

Dαxi(t) = −μ
∑

j∈Ni

lijxj(tk − τ), t ∈ [tk, tk+1), i = 1, 2, . . . , N, (3)

described the systems in matrix form,

Dαx(t) = −μ(L ⊗ In)x(tk − τ), t ∈ [tk, tk+1), (4)

where x(t) = (xT
1 (t), xT

2 (t), . . . , xT
N (t))T .

For the Laplacian matrix L, there exists a nonsingular matrix U satisfy-
ing U−1LU = J , where J is the Jordan form associated with L, and J =
diag(Λ1, Λ2, . . . , Λr). For directed graph, the eigenvalues of L may be complex,

Λl =

⎡

⎢
⎢
⎢
⎣

λl 1 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · λl

⎤

⎥
⎥
⎥
⎦

Nl×Nl

(5)
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where λi is the eigenvalue of L with algebraic multiplicity Nl, l = 1, 2, . . . , r and
N1 + N2 + · · · + Nr = N .

For undirected graph, the Laplacian matrix L is symmetric, so the Jordon
form J is a diagonal matrix with real eigenvalues of L.

Let y(t) = (P−1 ⊗ In)x(t), we obtain,

Dαy(t) = −μ(J ⊗ In)x(tk − τ), t ∈ [tk, tk+1), (6)

According to Lemma 1, if the networked graph has a directed spanning tree,
0 is a simple eigenvalue of L, thus,

Dαy1(t) = 0n, t ∈ [tk, tk+1), (7)

where 0n denotes a n-dimensional column vector with all entries being zero.

Lemma 4. Assume that the network is directed and has a directed spanning
tree, the consensus of the system (4) can be reached if and only if, in (6)

lim
t→∞ ‖yi(t)‖ = 0, i = 2, 3, . . . , N.

Proof (Sufficiency): Based on Lemma 2, integrating both sides of (7) from
tk to t, we have y1(t) − y1(tk) = 0, t ∈ [tk, tk+1). Therefore, y1(t) =
y1(tk) = y1(tk−1) = · · · = y1(0). Because limt→∞ ‖yi(t)‖ = 0, i = 2, 3, . . . , N ,
so we can get limt→∞ y(t) = [y1(0)T ,0T , . . . ,0T ]T . We have limt→∞ x(t) =
limt→∞(P ⊗ In)y(t) = (P ⊗ In)My(0) = (P ⊗ In)M(P−1 ⊗ In)x(0), where
the matrix M = [mij ] ∈ R

Nn×Nn satisfies mij = 0, i = j = 1, 2, . . . , n, else
mij = 0. Since the network has a directed spanning tree, so we can choose
P = [1N , p2, . . . , pN ] and P−1 = [qT , qT

2 , . . . , qT
N ]T , therefore, 1N and qT are the

right and left eigenvector of the Laplacian matrix L associated with λ1 = 0 and
q1N = 1. So, limt→∞ x(t) = (P ⊗ In)M(P−1 ⊗ In)x(0) = (1NqT ⊗ In)x(0), that
is, limt→∞ xi(t) = (qT ⊗ In)x(0). The consensus is reached.

(Necessity): If the consensus can be reached, then there must exist a vector
x∗(t) such that limt→∞ xi(t) = x∗(t) and limt→∞ x(t) = 1N ⊗ x∗(t). Because
0N = P−1L1N = JP−11N = J [q1N , q21N , . . . , qN1N ]T . Based on Lemma 1,
if the network has a directed spanning tree, the eigenvalues of L satisfy that
0 = λ1 < Re(λ2) ≤ Re(λ3) ≤ · · · ≤ Re(λN ). Combining with the Jor-
dan form J , we have qi1N = 0, i = 2, 3, . . . , N . Hence, limt→∞ ‖yi(t)‖ =
limt→∞ ‖(P−1⊗In)xi(t)‖ = limt→∞ ‖(qi⊗In)x(t)‖ = limt→∞ ‖(qi1N )⊗x∗(t)‖ =
0, i = 2, 3, . . . , N .

Corollary 1. Assume that the network is directed and has a directed spanning
tree, the system (4) can reach consensus if and only if the following r−1 systems
are asymptotically stable

Dαzi(t) = −μλizi(tk − τ), t ∈ [tk, tk+1), i = 2, 3, . . . , r, (8)

where 0 < α ≤ 1.
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Proof. The proof is similar to Corollary 1 in [15].

Theorem 1. If the network has a directed spanning tree and 0 < τ < T , then,
the fractional-order multi-agent system (1) under the control protocol (2) can
reach consensus if and only if

Tα − (T − τ)α < a, (9)

and

(3Tα − 2(T − τ)α − 2a)b2 − (Tα − (T − τ)α − a)2(Tα − 2(T − τ)α + 2a) < 0,
(10)

where a = Γ (1+α)
μ‖λi‖2 Re(λi), b = Γ (1+α)

μ‖λi‖2 Im(λi). α is the order of derivative. λi is
the nonzero eigenvalues of the Laplacian matrix L, Re(λi) and Im(λi) denote
the real part and imaginary part of λi, respectively.

Proof. For t ∈ [tk, tk+1), taking the Laplace transform of (8), we have

sαzi(s) − sα−1zi(tk) = −μλi

s
zi(tk − τ), (11)

so,

zi(s) =
1
s
zi(tk) − μλi

sα+1
zi(tk − τ). (12)

Taking the inverse Laplace transform of (12), we can obtain,

zi(t) = zi(tk) − μλi

Γ (1 + α)
(t − tk)αzi(tk − τ), t ∈ [tk, tk+1), (13)

and
zi(t − τ) = zi(tk) − μλi

Γ (1 + α)
(t − tk − τ)αzi(tk − τ). (14)

Since the sampling time instants 0 = t0 < t1 < · · · < tk < tk+1 < · · · , tk+1−tk =
T and τ < T , we can get

zi(tk) = zi(tk−1) − μλi

Γ (1 + α)
Tαzi(tk−1 − τ), (15)

and
zi(tk − τ) = zi(tk−1) − μλi

Γ (1 + α)
(T − τ)αzi(tk−1 − τ), (16)

Let wi(t) = [zi(t), zi(t − τ)]T , we have

wi(tk) = E(T )wi(tk−1) =Ek(T )wi(t0), wi(t) = E(t−tk)wi(tk) =E(t−tk)Ek(T )wi(t0),

where E(t) =

[
1 − μλi

Γ (1+α) t
α

1 − μλi

Γ (1+α) (t − τ)α

]

.
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Therefore, lim t → ∞zi(t) → 0 is equivalent to wi(t) → 0 as t → ∞. Because
it is obvious that E(t − tk) is bounded on t ∈ [tk, tk+1), so lim t → ∞zi(t) → 0
is equivalent to all the eigenvalues γ of the matrix E(T ) satisfy ‖γ‖ < 1.

Let |γI2 − E(T )| = 0, we can get

γ2 +
( μλi

Γ (1 + α)
(T − τ)α − 1

)
γ +

μλi

Γ (1 + α)
(
Tα − (T − τ)α

)
= 0. (17)

Let γ = s+1
s−1 , hence, ‖γ‖ < 1 if and only if Re(s) < 0. (17) is equivalent to

s2 + 2(a1 + ib1)s + (a2 + ib2) = 0, (18)

where a1 = −1+(1− τ
T )α+ Γ (1+α)

μT α‖λi‖2 Re(λi), a2 = 1−2(1− τ
T )α+2 Γ (1+α)

μT α‖λi‖2 Re(λi),

b1 = b2 = −2 Γ (1+α)
μT α‖λi‖2 Im(λi). Based on Lemma 3, (19) is stable if and only if

a1 > 0 and a1b1b2 + a2
1a2 − b22 > 0. By solving the above inequation, we can

get the conditions (9) and(10). Therefore, limt→∞ zi(t) = 0 if and only if (9)
and(10) are satisfied.

Remark 1. In Theorem 1, a necessary and sufficient condition for the fractional-
order multi-agent systems subject to input delay is proposed. For a fixed directed
network, we can see that the consensus of the fractional-order multi-agent sys-
tems depends on the sampling period, delay, coupling strength, communication
topology, and depends on the order of the derivative.

Remark 2. When τ = 0, the system (1) degrades as the system without input
delay, and the conditions (9) and(10) simplify as

Tα < 2a =
2Γ (1 + α)

μ‖λi‖2 Re(λi),

which is the same as the Theorem 1 in [15].

Corollary 2. If the network is undirected and connected, and 0 < τ < T . Then
the fractional-order multi-agent system (1) under the control protocol (2), can
reach consensus if and only if

Tα − (T − τ)α − a1 < 0, (19)

and

Tα − 2(T − τ)α + 2a1 > 0. (20)

where a1 = Γ (1+α)
μλN

, α is the order of derivative, μ is the coupling strength, and
λN is the largest eigenvalue of L.

Proof. If the network is undirected and connect, we have all the eigenvalues of
the Laplacian matrix L are positive real number, that is Re(λi) = λi > 0 and
Im(λi) = 0. Then, a = Γ (1+α)

μλi
and b = 0. Then, the conditions in Theorem 1

degrade as (19) and (20).
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4 Simulation Example

Consider that the fractional-ordermulti-agent system (4) contains four agents, and
the elements of weighted adjacency matrix are w12 = 0.5, w14 = 0.7, w24 = 1,
w31 = 0.3, w43 = 0.8, and wij = 0, otherwise. We can get that the eigenvalues
of Laplacian matrix are λ1 = 0, λ2 = 0.95 + 0.5454i, λ3 = 0.95 − 0.5454i, and
λ4 = 1.4. Choosing the order of derivative α = 0.9, the coupling strength μ = 0.2,
the sampling period T = 1s, and the input delay τ = 0.5s, which can make sure
that the conditions in Theorem 1 are satisfied. The initial condition are x1 = −1,
x2 = −4, x3 = −8, and x4 = 2. The state of xi (i = 1, 2, 3, 4) is presented in Fig. 1,
which illustrates that the consensus of the fractional-order multi-agent system (4)
is achieved.

0 50 100 150

t

-12

-10

-8

-6

-4

-2

0

2

4

x i
(t
)

x 1(t)

x2(t)

x3(t)

x4(t)

Fig. 1. The state of xi(t), i = 1, 2, 3, 4.

5 Conclusion

In this paper, under the period sampled data method, the consensus of fractional-
order multi-agent systems with the order 0 < α < 1 subject to input delay over
directed communication topology is studied. Some necessary and sufficient con-
ditions are established which give the relationship of the achieving consensus and
the systems parameters (sampling period, delay, coupling strength, communica-
tion topology and the order of the derivative). Research of the aperiodic sampled
data and diverse delays for the fractional-order multi-agent systems will be done
in the future work.



Some Necessary and Sufficient Conditions for Consensus 47

References

1. Vicsek, T., Cziok, A., Jacob, E., Cohen, I., Shochet, O.: Novel type of phase tran-
sition in a system of self-driven particles. Phys. Rev. Lett. 75(6), 1226–1229 (1995)

2. Olfati-Saber, R., Murray, R.M.: Consensus problems in networks of agents with
switching topology and time-delays. IEEE Trans. Autom. Control 49(9), 1520–
1533 (2004)

3. Ren, W., Bread, R.W., Atkins, E.M.: Information consensus in multivehicle coop-
erative control: collective group behavior through local interaction. IEEE Control
Syst. Mag. 27(2), 71–82 (2007)

4. Arena, P., Caponetto, R., Fortuna, L., Porto, D.: Nonlinear Noninteger Order
Circuits and Systems – An Introduction. World Scientific, Singapore (2000)

5. Kilbas, A., Srivastave, H., Trujillo, J.: Theory and Applications of Fractional Dif-
ferential Equation. Springer, Oxford (2007)

6. Marcos, M.D.G., Duarte, F.B.M., Machado, J.A.T.: Fractional dynamics in the
trajectory control of redundant manipulators. Commun. Nonlinear Sci. Numer.
Simul. 13(9), 1836–1844 (2008)

7. Cao, Y., Ren, W.: Distributed formation control for fractionalorder systems:
dynamic interaction and absolute/relative damping. Syst. Control Lett. 59(3),
233–240 (2010)

8. Cao, Y., Li, Y., Ren, W., Chen, Y.: Distributed coordinative of networked
fractional-order systems. IEEE Trans. Syst. Man Cybern. Part B 40(2), 362–370
(2010)

9. Yu, W., Li, Y., Wen, G., Yu, X., Cao, J.: Observer design for tracking consensus
in second-order multi-agent systems: fractional order less than two. IEEE Trans.
Autom. Control 62(2), 894–900 (2017)

10. Zhu, W., Li, W., Zhou, P., Yang, C.: Consensus of fractional-order multi-agent
systems with linear models via observer-type protocol. Neurocomputing 230(22),
60–65 (2017)

11. Shen, J., Cao, J., Lu, J.: Consensus of fractional-order systems with non-uniform
input and communication delays. Proc. Inst. Mech. Eng. Part I J. Syst. Control
Eng. 226(2), 271–283 (2012)

12. Shen, J., Cao, J.: Necessary and sufficient conditions for consensus of delayed
fractional-order systems. Asian J. Control 14(6), 1690–1697 (2012)

13. Yang, H., Zhu, X., Cao, K.: Distributed coordination of fractional order multi-
agent systems with communication delays. Fract. Calc. Appl. Anal. 17(1), 23–37
(2014)

14. Zhu, W., Chen, B., Yang, J.: Consensus of fractional-order multi-agent systems
with input time delay. Fract. Calc. Appl. Anal. 20(1), 52–70 (2017)

15. Yu, Y., Jiang, J., Hu, C., Yu, J.: Necessary and sufficient conditions for consensus of
fractional-order multi-agent system via sampled-data control. IEEE Trans. Cybern.
47(8), 1892–1901 (2017)

16. Ren, W., Beard, R.W.: Consensus seeking in multiagent systems under dynami-
cally changing interaction topologies. IEEE Trans. Autom. Control 50(5), 655–661
(2005)

17. Podlubny, I.: Fractional Differential Equations. Academic Press, San Diego (1999)
18. Parks, P.C., Hahn, V.: Stability Theory. Prentice Hall, Upper Saddle River (1993)


	Some Necessary and Sufficient Conditions for Consensus of Fractional-Order Multi-agent Systems with Input Delay and Sampled Data
	1 Introduction
	2 Preliminaries and Problem Statement
	2.1 Graph Theory
	2.2 Caputo Fractional Operator
	2.3 System Description

	3 Main Results
	4 Simulation Example
	5 Conclusion
	References




