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Abstract. This note is concerned with input-to-state stability analy-
sis of discrete-time switched nonlinear time-varying (DSNTV) systems.
Some sufficient conditions are derived for testing input-to-state stability
(ISS) of discrete-time nonlinear time-varying (DNTV) systems. ISS of
DSNTYV systems is further studied. The main feature of these obtained
results is that the time-difference of Lyapunov functions of subsystems
is allowed to be indefinite. Globally uniformly asymptotically stability
(GUAS) and globally uniformly exponentially stability (GUES) concepts
are utilized for analysis stability of general DNTV and DSNTV systems.
An numerical example demonstrate the effectiveness of the proposed
approaches.
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1 Introduction

Switched systems are a class of important systems composed of many sub-
systems, which have received extensive attention from researchers in the past
decades. The application of the switched systems are very extensive, such as
artificial intelligence systems, power systems, and economic systems. Because
switching is widespread in practical systems, switched systems have received
great attention in the control community and a large number of results have been
reported (see [3,6,10,17,18,20,21] and the reference therein). Particularly, sta-
bility analysis of switched system is the most important and fundamental prob-
lem in these results. Various stability concepts such as asymptotic stability [23],
input-to-state stability (ISS) [13], and finite time stability have been thoroughly
investigated for both continuous and discrete systems by exploiting Lyapunov’s
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second method. For this stability analysis method, unlike the well-established
time-invariant system stability theory, stability analysis of time-varying systems
is full of challenges. This is also true for discrete nonlinear time-varying (DNTV)
systems and discrete switched nonlinear time-varying (DSNTV) systems.

ISS means that the bound of the system response can be determined by the
bounds of disturbance input and system initial state. ISS has proved to be very
effective in describing the external disturbance input of the control system, and
has attracted more and more attention of researchers since the pioneering result
[15]. As mentioned earlier, ISS analysis can be applied on both continuous-time
and discrete-time systems. For continuous-time systems, ISS analysis was studied
in [15,16,19]. However, when V (¢t,2z) > p(Ju|), the time derivative of Lyapunov
functions along the trajectories of the considered system in these documents
must be negative. Recently, an improved ISS analysis method based on Lya-
punov function is studied in [3,12,14,22,24], which allows the time derivative
of Lyapunov functions to be indefinite. For discrete-time systems, ISS analysis
was studied in [6,8,10,11]. Whereas, the time-shift of the ISS-Lyapunov function
needs to be negative under some additional condition on u. [7] improved these
results, and proposed two methods. The advantage of this method is that the
time-difference of the Lyapunov functions are allowed to be indefinite. Inspired
by these existing work, in this paper, we continue to extend the method in
[3,7,22,24] to the ISS analysis of DNTV and DSNTV systems.

Lyapunov’s second method has been recognized as a very powerful tool in
stability theory, especially the time-invariant systems. However, stability anal-
ysis for time-varying systems is more challenging than time-invariant systems.
Therefore, stability analysis methods for time-varying systems still need to be
further studied. For both continuous systems and discrete systems, the classi-
cal Lyapunov stability analysis method requires the derivative or difference of
the Lyapunov function to be negative (see [2,4,5] and the reference therein).
Recently, we have established a stability analysis method for several kinds of
time-varying systems in [22-25] that allows the time derivative (time difference)
of Lyapunov functions to be indefinite. Meanwhile, a similar stability analy-
sis method was also used in the ISS analysis for continuous nonlinear time-
delay systems by Ning et al. [13] and switched systems by Chen and Yang [3],
respectively.

The main purpose of this paper is to establish stability theorems to discrete-
time time-varying systems by using improved Lyapunov functions developed
in [3,24]. The main contributions of this paper are highlighted as follows: (1).
With the help of the scalar stable function [23,25] and an improved comparison
lemma, some sufficient conditions are derived for testing ISS of DNTV systems.
(2). Extend the results from Item 1 to DSNTV systems. (3). Studied the globally
uniformly asymptotically stability (GUAS) and globally uniformly exponentially
stability (GUES) of the previous two kinds of systems. The time-difference of
Lyapunov functions in all these methods is allowed to be indefinite under some
additional condition, which is more easily satisfied than the conditions in [6,8].
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Notation: In this paper, R, R*, and R" denote the set of real numbers, non-
negative real numbers, and n-dimensional Fuclidean space respectively. For p,
qg € J with p < ¢, I|p,q|] is the set {p,p + 1,...,q} and I[p,00) is the set
{p,p+1,...}. Let J = I[0,00) and Hf:kOH(k) = I, Yk < kg, ko € J. Denote
1 ={f(k): J = R™,|supe;{|f(k)|} < oo}. Fora, b € J, and a function f,
we denote |f|yq = sup{|f(s)|,s € I[a,b]}. The function ¢ : R™ — RT is a
KC function, if ¢ is continuous and strictly increasing and ¥(0) = 0. If ¢ € K
and moreover limgs_, . ¥(s) = oo, then it is denoted by ¥ € K. The function
¥(s, k) : RTxRT — R* is a KL function, if ¢ (-, k) € K for a fixed k, and (s, -)
is decreasing with limy_, ¥ (s, k) = 0 for a fixed s. For a positive constant z,the
function |z| denotes the largest integer not greater than x.

2 Problem Formulation and Preliminaries

2.1 Systems Description

We first consider the following discrete nonlinear time-varying system (DNTV)
x(k+1) :f(k,x(k),u(k)),l'(ko) :ankZ kOa (1)

where initial time ko € J, the state of the system z (k) : J — R", the input
u(k) : J — R™ is assumed to be locally essentially bounded. We also assume
that f: RT x R® x R™ — R" is locally essentially bounded with f(k,0,0) = 0.

For futher use, we introduce the following definition, which characterize sev-
eral stability notions for system (1).

Definition 1. The system (1) is said to be:

1. Input-to-state stable (ISS) if there exist a KCL-function o and a K-function ~y
such that, for each w € I, and k > ko, ko € J, (see [8])

[oop)

lz(k)| < o(lzol, kb — ko) + vy(|ultro,k—1));

2. Globally uniformly asymptotically stable (GUAS) (with uw = 0), if there exists
a KL-function o such that, for any k > ko, ko € J, (see [1,9])

lz(k)| < o(|zol, k — Ko);

3. Globally uniformly exponentially stable (GUES) (with u
two positive constants a and B < 1 such that, for any k

[1,9])

0), if there exist
ko, ko € J, (see

VAl

(k)| < a7 |ol.

We next consider the following discrete-time switched nonlinear time-varying
(DSNTV) systems:

z(k+1) = fow (kx(k),u (k) x(ko) = o, k = ko, (2)
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where initial time ko € J, the state of the system z(k) € R™, the input u(k) €
R™ is assumed to be locally essentially bounded, and switching signal ¥ : J —
Q={1,2,...,q}. Let ky < ko < --- < kt, t > 1, denote the switching instants of
’19(7') for kg < 7 < k and {$(k()) : (i(), ko), (il, kl), ceey (’it, kt), ceey |’Lt € Q,t € J}
denote the switching sequence. When k € [k;, k; 1), the ¢;th subsystem is active.
For each i € Q, f; : Rt x R® x R™ — R" is locally essentially bounded with
fi(k,0,0) = 0. Moreover, system (1) and system (2) have the same stability
definition. Let 3(a,b) denote the number of switches occurring in the interval
I[a, b]. Throughout this paper, we assume that z(k) is a single-valued function.

2.2 Scalar Stable Functions and Comparison Lemma

To build our results, we need the following basic concepts recalled from [23,25].
Consider the following scalar discrete linear time-varying (DLTV) system

y(k+1)=pk)y k), keJ, (3)
where p (k) : J — R* and y € R.

Definition 2. [23,25] The function p (k) is a uniformly stable (US) function if
system (3) is US, a asymptotically stable (AS) function if system (3) is AS, and
a uniformly asymptotically stable (UAS) function if system (3) is UAS.

By noting that the state transition matrix ¢1(k, ko) for system (3) is [23,25]

k—1
1 (k, ko) = ] 1 (i), ¥k > ko, ko € J. (4)

i=ko
We have the following result.
Lemma 1. [23,25] The function u (k) : J — R is

1. US if and only if there exists a number x > 1 such that, for any k > ko, ko € J,
o1(k, ko) < x is satisfied;

2. AS if and only if limy_,o ¢1 (k, ko) = 0;

3. UAS if and only if there exist two numbers x > 1 and X € (0,1) such that

b1 (k, ko) < xN* 7R VE > ko, ko € J. (5)

To obtain the ISS stability theorem, we need the following comparison lemma.
Lemma 2. Let y(k) be a function satisfying

y(k+1) < p(k)y (k) whenever y (k + 1) > o (), (6)

where p(k) is a US function and (k) : J — R is a sequence (which can be
dependent on y). Then, the following inequality is established

y (k) < max {¢1 (k, ko) y (ko) , x |¢|1[k0’k*”} ’ ™
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Proof. We consider the following inequality in two cases,

y(s+1) =4 (s). (8)

Case 1: For all s € I[kg,k — 1], (8) holds. By using (4), (6) and Gronwall
inequality, we have

y (k) < é1 (K, ko) y (ko) - 9)

Case 2: For some s € I[ko, k — 1], (8) does not hold true. Let k* € I[kg, k — 1]
be the maximal number such that y (k* +1) < 9 (k*). Then we have either
kE*<k—lork*=Fk—1.1If k* <k—1, then (8) holds for all s € I[k*+ 1,k — 1],
which implies y (s + 1) < u (s) y (s), and thus

y (k) <o (b k" + Dy (k" +1) <xb (k%) < X ¥y p—1y - (10)
If k* = k — 1, then by the definition of £* and (6), we have
y(k) =y (k" +1) <o (k") §X|w|1[k0,k71] : (11)

Now, combining (9), (10) and (11), we conclude that (7) is true.

3 Main Results

3.1 Improved ISS Analysis for DNTV Systems
We first establish an improved ISS analysis for DNTV system (1).

Theorem 1. Assume that there exist two functions ui,us € Koo, a function
p €K, aAS and US function pu(k), and a function V(k,z) : J x R™ — R, such
that, for all k € J and x € R", the following conditions hold:

(A). ui(|z]) < V(k, z(k)) < ua(|z]).
B). V(k+1Lz(k+1)<puk)V (kzk) if V(k+1,z(k+1) > p(uk)]).

Then the DNTV system (1) is ISS.

Proof. We choose y(k) = V(k,z(k)) = |y(k)|, ¥(k) = p(Ju(k)|). Then (B) is
just in the form of (6) and it follows from Lemma 2 that, for any k > kg € J,

y (k) < max {@(k)»X |¢|1[k0,k71]} < O(k) +x |1/)|1[k07k71] )

where O(k) = ¢1(k, ko)y(ko). Hence, by using a(a +b) < a(2a) + a(2b),a €
K,a > 0,b> 0 and condition (A), we get, for any k, ko € J, with k > ko,

2(B)] < it (y (8) <t QOW) +ur (X Wl p ) (12)

We next construct a KL-function o1 (|xg|, k — ko) satisfying 20(k) < o1(|zol, k—
ko). Since p(k) is AS, namely, limg_,o ¢1(k, ko) = 0, there exists a sequence
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{k;}, satisfying, for k,i € J, k;, — 00,i — 00, such that 20(k) < 2X§fi’1€°) <
ZXuff(lfol), k > k;. Then KL-function oy is defined as, for all j > 1,

2xuz(|zo]) k—k; e
g1 = { * 2j - (1 - (j+1)(k]‘+1fk_7’)) ’k € I [k.]7 k]+1) 9
2xuz(|7o) k€ X[ko, k1).

From which and (12), we have

(k)| < ui (ool b — ko)) + eyt (2 [0y )
which shows that the system (1) is ISS. The proof is finished.

From Example 1 in [23], it is easy to know that we can find a scalar stable
function u(k) that is US and AS but is not UAS. But, if scalar stable function
u(k) is UAS, then it is a AS and US function. Therefore, we can get the following
corollary, which seems more concise.

Corollary 1. [7] Assume that there exist two functions uy,us € Ko, a function
p €K, a UAS function pu(k), and a function V(k,z) : J x R™ — R, such that,
forallk € J and x € R™, (A) and (B) are satisfied, then the DNTV system (1)
s ISS.

We mention that Theorem 1 and Corollary 1 can be viewed as the discretization
of Theorem 2 in [3] and Theorem 3 in [24] respectively. In addition, Theorem 1
and Corollary 1 are an extension of Lemma 3.5 in [8]. Because, under condition
V(k+ 1,z(k + 1)) > p(|u(k)|), the time-shift of Lyapunov functions can take
both negative and positive values. DLTV (researched in [z]) is a special case of
DNTV.

3.2 Improved ISS Analysis for DSNTV Systems
We then can provide the following ISS stability theorems for system (2).

Theorem 2. Assume that there exist two functions uy,us € Koo, a function
p € K, a US function pu;(k), two positive constants b > 1, B, and a function
Vi(k,z) : J x R"™ — R, such that, for all k € J and x € R,

(©) w(lz]) < Vi, (k,2(k)) < ua(lz]).

(D) Vi, (k+ La(k+1) < pi; (K)Vi; (k, x(k)) if Vi; (k+1,2(k + 1)) = p(Ju(k)))-
(E) Vij (R x(k)) <0V (K, z(k)),Vij € Q.

(F) klgr;Q m(k) =0 and n(k) < B,

where m(k) = b*F0R) gy (k ko) and n(k) = Tpo<r, <k (0*F R po(k, ky)). Then
the system (2) is ISS.
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Proof. We also choose i, (k) = Vi, (b,2(k)) = |ys, (K)], $(k) = p(|u (K)]). The
state transition matrix for u;(k), denoted by ¢o(k, ko), is given by

k—1
2 (k. ko) = [ rocs) (5).Vk > ko, ko € J. (13)

S:ko

Meanwhile, Lemma 1 and Lemma 2 remains true for ¢5. By using Lemma 2 agian,
we have, for any k € I[k; + 1,k 1], j € J,

Yi, (k) < 2 (K, kj) iy (K5) + X [ €1y, o1y - (14)
Now, for proving ISS, we need to prove that, for all k£ > kg,
Yok (k) < m(k)yi, (ko) + (1 4 1(k)) X[ [1jko k-1 (15)

We prove this by mathematical induction. For & € I[ko+1, k1], (15) follows from
(14), namely,
Yio (k) < boa (K, ko) yie (ko) + X [¥lxpkg k—1) -

We now assume that (15) is true for k € I[k; + 1, k; 1], namely,
yi; (k) < m(k)yi, (ko) + (14 1(k)) X[9lxro k-1, (16)

and want to show that (15) is still satisfied for k € I[k;41 + 1, kj1+2]. By using
(E), (14), and (16), we have

Yijpr (k) <2 (ks kjg1) iy o0 (Kjea) + X [¥lap, oy ey
<bga (K ki) yiy (Kjen) + X P,y k1)
<bga (k. kji1) (m(ijrl)yio (ko) + (1 +n(kj41)) x |1/J|1[k0,kj+1_1])
+ X Clygp; o1
< *0 R gy (k, ko) iy (ko) + X %] ko k—1)

| 14bos (b k) + > (b%(ks’k)gbg(k,ks))
ko<ks<kji1

=m(k)yi, (ko) + (14 n(k)) X|¥[xmo k—1)-
Therefore, (15) is satisfied for all k > kg, ko € J. Then, by using a(a +b) <
a(2a) + a(2b),a € K,a > 0,b > 0, (C), and (15), we get, for all k > kg
o ()] <y (2uz (o) m (8) + 7 (2014 () X g )
<upt (2us (Jzol) m () +ur " (2(1+ B) X [Pl sy ) -

Since limy .o m(k) = 0, using a similar method in Theorem 1, we can construct
a KL-function o9 such that, for all k € J, 2us (|zo]) m (k) < o2(|zo] , k — ko).
Hence, the system (2) is ISS. The proof is finished.
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Corollary 2. Assume that there exist an integer m > 1 and a constant 5 sat-
isfying 8; = kjp1 — kj > 01,Y§ > m, with j € J, two functions uy,us € Koo, a
function p € K, a UAS function p;(k), a positive constant b > 1 and a function
Vi(k,z) : J x R™ = R, such that, for all k € J and x € R", (C), (D), (E) and

VoA < 1, (17)
are satisfied. Then the system (2) is ISS.

Proof. We also choose y;, (k) =V, (k,z(k)) = ’yij (k)|, w(k) = p(Ju(k)|). More-
over, the state transition matrix for p;(k) is defined in (13). According to the
analysis of the Theorem 2, we have, for all & > kg

[ (B)] < it (2ua (Jzol)m (k) + i (20040 () X [l ery) - (18)
where m(k) = b*F0F) gy (k, ko) and n(k) = Zgy <, <k (07%FF) po(k, ks)). We con-
sider two cases:

Case 1: A finite number of switching for system (2).

Case 2: An infinite number of switching for system (2).
In Case 1, there exist an integer ¢ and a constant m; such that the g-th
subsystem is active on I[k,, 00), and

m(k) = bR gy (k, ko) < bIHHARTH,
(k)= 3 (b”(ks”‘“)(bg (k,ks)) =y < 0,

ko<ks<k

from which and (18) it follows that, for all & > ko,

|z (k)] < up! (myug (Jzo]) N¥7F0) + up! (2(1 +n)x lel[ko,k_l]) ,

where m; = 2xb?*!. Hence, system (2) is ISS in Case 1.

Now consider Case 2. Let k € I[k; + 1,k¢q1],t € J. Then we have either
t >mort<m. Ift <m, then we have system (2) is ISS by using the same
approach as Case 1. If t > m, then we have,

k‘o, m-|—z J+1 ] Siz_: ]+1 +2m
7=0

j=m

(k ko) + 2m,

cq\‘ —_

from which and condition (17) it follows that, for all & > ko
i k—k
m(k) = bR gk, ho) < 02 (VBA)
k)= 3 0Pk k)) < D (k)

ko<ks<k ko<ks<k

=ng + Z b%(kﬁ,k: X)\k ks ) S ng +
km<ks<k

_bx
1—bro’
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where ng = Yg, <k, <k, (b*FsF) xA\F~k:)  Hence, all the conditions in Theorem 2
are satisfied, the system (2) is ISS. The proof is finished.

Theorem 3. Assume that system (2) has an infinite number of switching.
Assume that there exist two functions uy, us € Ko, a function p € K, a US func-
tion p;(k), a positive constant b > 1, a positive integer p, a constant X € (0,1)
and a function Vi(k,z) : J x R™ — R, such that, for allk € J and x € R"™, (C),
(D), (E) and

W o (kp(jry, kps) S A< 1 (19)

are satisfied. Then the system (2) is ISS.

Proof. According to the analysis of the Theorem 2, we also have, for all k > kg,
(18) holds, where ¥(k), m(k) and n(k) are given in Theorem 2 and Corollary 2.
By using (D), (E) and (19), we have limy, .o m(k) = limg_ oo 0**0:8) o (k, ko) <
limy 500 BPCTV Go (K, kpo ) b2 (kpzy ko) < lim, oo x0PA* = 0, where z = |s¢(ko,
k)/p|. Next, we claim that there exists a constant L such that,

bPx i
< 14+ —= S=1L . 2
n(k)_x(+1_/\>§b < o0 (20)

For all k& > kg, there exist two positive integers j and [, such that k € I[k; +
1, kjp1] € I[ky, + 1, k(41)p). Similarly to the proof of Theorem 5 in [3], we next
consider two cases.

Case 1: [ = 0. In this case, we have

(k)= > (b”(ks’k)@ k, k) )<X2bs (21)

ko<ks<k

Case 2: [ > 0. In this case, we have

(k)= 3 (0N (k,k))

ko<ks<k
p—1 p—1 -1 .
< Xzbs + b%(klp,k)x2 st ZXz
s=1 s=0 =0
bPx iy
< 1+ ——= b®. 22
(1 25) 2 (22)

Combining (21) and (22), we can get (20) and n(k) is bounded. Hence, the
system (2) is ISS.

3.3 Asymptotic Stability Analysis

We finally introduce some crateria for system (1) and (2) with « = 0.
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Corollary 3. [25] Then the system (1) with u =0 is:

1. GUAS if there exist two functions ui,us € Koo, a UAS function p(k) and a
function V(k,x) : J x R™ — R such that, for all z € R™, (A), and

V(k+1ak+1) < pk)V (k ak),Vk € J, (23)

are satisfied.

2. GUES if there exist three positive constants ui,us,w, a UAS function u(k)
and a function V(k,x) : J x R™ — R such that, for all k € J and x € R",
uy |x|" < V(k,x(k)) < wugl|z|”, and (23) are satisfied.

Corollary 4. The assumption of 6, b, u;(k) and Vi(k,z) : J x R" — R in
Corollary 2 is still valid. Then the system (2) with u =0 is:

1. GUAS if there exist two functions uy,us € Koo such that, for all k € J and
€ R", (C), (E), (17), and

Vi(k + La(k + 1)) < i (k) Vi (k, (k) (24)

are satisfied.
2. GUES if there exist three positive constants uy,us,w, such that, for allk € J
and x € R™, uy |z|" < Vi(k,z(k)) <wus|z|™, (E), (17), and (24) are satisfied.

4 An Numerical Example
Consider system (2) with z(k) € R?, u(k) € R, o (k) € Q = {1,2}, and

(k; x(k),u(k)) = (2.1 = 2M (k)) 2(k) + u(k),
(k2 (k) u(k)) = (L3 + M(k)) z(k) + u(k).

where M (k) = cos(kn/10). Let Vi(k,z(k)) = Va(k,z(k)) = |z(k)|, then we
have Vi(k + L,z(k + 1)) < (2.2 — 2M(k))Vi(k,z(k)), Va(k + Lz(k + 1)) <
(1.4+ M (k) Va(k, x(k)), for Vi(k,z(k)) > 100|u(k)|?,i = 1,2. Let p1 (k) = (2. 2—
2M(K)), pa(k) = (L4 + M(k)), p(s) = 10052, ui(|z(k)]) = ua(|z(k)]) = |z(k)|,
and b = 1, we can verify that (C), (D) and (E) are satisfied. Since the equations
u1(k) and po(k) are periodic functions with period 20, we have, for k € I[0,19],

(k) < (k) k € 1[5, 15],
11 (k) < pa(k), otherwise.

h
f2

Assume that 9(k) = 2 over I[20m + 5,20m + 16],Vm € J and J(k) = 1 in other
case, then y;(k) is UAS, which implies /b < 1. Hence the system is ISS.



142 T. Zhao et al.

5 Conclusion

This paper has studied the input-to-state (ISS) stability analysis of discrete-
time switched nonlinear time-varying (DSNTV) systems by using Lyapunov’s
second method. The existing ISS approaches were improved and some sufficient
conditions have been proposed to analyze the ISS of discrete-time nonlinear time-
varying (DNTV) systems with the help of the concept of scalar stable function
and an improved comparison lemma. The improved input-to-state stability anal-
ysis approache was applied on a class of DSNTYV systems and some criteria are
obtained. The advantage of the conditions obtained is that the time-difference
of improved Lyapunov functions are allowed to be indefinite. Finally, globally
uniformly asymptotically stability (GUAS) and globally uniformly exponentially
stability (GUES) concepts were considered for analysis stability of general DNTV
and DSNTYV systems.
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