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Abstract We establish difference versions of the classical integral inequalities
of Holder, Cauchy-Schwartz, Minkowski and integral inequalities of Gronwall,
Bernoulli and Lyapunov based on the Lagrange method of linear difference equation
of first order.
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1 Introduction
Considering the most general divided difference derivative [5, 6],

fs+iy—fas—1)
D = 2 2 1
Sf((s)) Y S PT D (1)

admitting the property that if f(¢) = P,(t(s)) is a polynomial of degree n in ¢ (s),
then Df(t(s)) = 15,,,1 (t(s)) is a polynomial in #(s) of degree n — 1, one is led
to the following most important canonical forms for #(s) in order of increasing
complexity:

1(s) =1(0); 2
1(s) =s; 3)
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t(s) =q°; 4)

—S

_ 49 *4

> ,qeC,s eZ. (®))

When the function 7(s) is given by (2)—(4), the divided difference derivative (1)
leads to the ordinary differential derivative Df () = j—t f(t), finite difference
derivative

Af() = fs+1) = f(5) = (B — 1) f(s) (6)

and g-difference derivative (or Jakson derivative [4])

flan— £ _gf -1

D t) =
af () qt —t qt —t

@) (M

respectively. When x(s) is given by (5), the corresponding derivative is usually
referred to as the Askey-Wilson first order divided difference operator [1] that one
can write:

1 1
(x(q2 7)) — -2
Df(x(z) = flx(g f)) f()ffql 2)) , (8)
x(g2z)—x(qg 22)
where x(z) = ”{1 , having in mind that z = ¢°.

The calculus related to the differential derivative, the continuous or differential
calculus, is clearly the classical one. The one related to the derivatives (6)—(8)
(difference, g-difference and g-nonuniform difference respectively) is referred to
as the discrete calculus. Its interest is two folds: On the one hand it generalizes the
continuous calculus, and on the other hand it uses discrete variable.

This work is concerned in the difference calculus. We particularly aim to
establish difference versions of the well-known in differential calculus, integral
inequalities of Holder, Cauchy-Schwartz, Minkowski, Gronwall, Bernoulli, and
Lyapunov. We will note that the raised inequalities were proved in [3] for a more
general difference operator than (6), but one will remark that except classical
recipes used for the inequalities of classical analysis (Holder, Cauchy-Schwartz
and Minkowski), our approach here is essentially different. It is essentially based
on the Lagrange method and it is so that it can be extended to the more general
derivative (7) or even (8) (see [2]), the latter being, at our best knowledge, the
largest one having the mentioned property of sending a polynomial of degree n
in a polynomial of degree n — 1.

In the following lines, we first introduce basic concepts of difference calculus
and linear first order difference equations necessary for the sequel, and then study
the mentionned integral inequalities.
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2 Preliminaries

2.1 Difference Derivative and Integral

Consider again the difference derivative that is the derivative related to the grid
in (2):

AF(s)=F(s+1)—F(s) = f(s) (D)

Basing on this derivative, one defines the integration that is the inverse of the
differentiation operation as follows:

S £y =1L 3520 (D). ©)

The defined integral admits the following properties:

Fundamental Principle of Analysis One easily verifies that

) A ([ F)das) = A (X5 FD) = £6), 3)

ii) [S (AF(s) das = Y5t AF() = F(s) — F(5o). @)
Integration by Parts Integrating the two members of the equality
F©AL(s) = A(f(5)g(5) — gls + DAS(s) 5)
and applying (4), one gets
2 F©)Ag(s)das =[£I, = [2 (s + DAF(5)das, (©)

which is the integration by parts formula.

Positivity of the Integral We finally remark that when f(s) is positive, the integral
in (2) is clearly positive, which gives the following property and its corollary useful
for the sequel.

Property 2.1 If f(s)>0 and s1 < s2, then
52
f f(s)das>o. (M
S

Corollary 2.1 If f(s)>g(s) and s1 < s3, then

St F(©)das> [ g(s)das. ®)
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2.2 Linear Difference Equations of First Order

A linear difference equation of first order can be written as
Ay(s) = a(s)y(s + 1) + b(s) €))
or
Ay(s) = a(s)y(s) + b(s). (10)

Consider first the homogenous equation corresponding to (9):

Ay(s) = a(s)y(s + 1). (1
Equation (11) gives
Y+ 1) = (=) ), (12)
which by recursion leads to
y(s) = Eq(no, n)y(no), (13)
where
| R SR
Eq(no, n) =/ 3 " li=so T=a@* = 70 (14)
1, s<80

is a difference version of the exponential function (since Eq. (11) is a difference ver-
sion of the differential equation, y’(x) = a(x)y(x)). Consider now the homogenous
equation corresponding to (10):
Ay(s) = a(s)y(s). (15)
Equation (15) gives
Y+ 1) =0+als)yls), (16)

which by recursion leads to

y(s) = eq(no, n)y(no), (17)
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where

_def :Hf_jo(l +a(i)), s > 5

eq(ng, n) =
a( 0 ) 1, $<50
is another difference version of the exponential function. Clearly, we have
Theorem 2.1
ea(no, n).E_q(no, n) = e_q(no,n).Eqa(no,n) = 1.

More generally, we have

Theorem 2.2 If

Ay(s) = a(s)y(s + 1),
Az(s) = —a(s)z(s),

with
y(s0)z(s0) =1,
then

y(s)z(s) = 1.

141

(18)

19)

(20)

ey

(22)

Prof. A (y(s)z(s)) = y(s + DAz(s) + z(s)Ay(s) = y(s + D(—a(s))z(s) +
z(s)a(s)y(s+1) = 0. This implies that y(s)z(s) = const., which by (21) gives (22),

and the theorem is proved. [J

Nonhomogenous Cases Consider first the equation

Ay(s) =a(s)y(s + 1) + b(s).

(23)

Solving (23) by the method of variation of constants or method of Lagrange, we

suppose that
Ayo(s) = a(s)yo(s + 1)
and search the solution of (23) as
y(s) = c(s)yo(s)
where c(s) is to be determined. Placing (25) in (23) and using (24), we get

yo(s)Ac(s) = b(s),

(24)

(25)

(26)
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or
c(s) = ¢+ 212y ¥o L DbG). @7
Placing this in (25), we get
¥(s) = yo($)e + yols) 32y vy ()b(), (28)

with ¢ = yo_l(so)yo(so) (we suppose that ZjZ:u h(i) = 0,1if 51 > s2), or
equivalently

¥(5) = 9 (s, 50) [ y(s0) + LI, 950, Db ] 29)

where ¢ (a, b) = yo(@)yy ' (b).
Consider now the nonhomogenous equation

Ay(s) = a(s)y(s) + b(s). (30)
Here also, solving the equation by the method of Lagrange, we get
() = yo(s)e + yo(s) 3=y ¥ ' (i + Db (), 31
where
Ayo(s) = a(s)yo(s) (32)

and ¢ =y, ! (s0)y(s0), or equivalently,

¥(5) = 5. 50) [ y(50) + LI} dGso.1 + Db (33)

3 Difference Integral Inequalities

In this section, we deal with the main content of the work, that is we establish the
mentioned integral inequalities. In the first two subsections, where we prove the
Holder, Cauchy-Schwartz, and Minkowski inequalities, we refer to classical recipes
currently used in differential situations. In the last three sections, where we prove
the Gronwall, Bernoulli, and Lyapunov inequalities, we mainly rely on the method
of variation of constants of Lagrange.
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3.1 Holder and Cauchy-Schwartz Inequalities

Theorem 3.1 (Holder Inequality) Let a,b € Z. For all functions f, g : [a,b] N
7. —> R, we have

b b & /b B
/If(S)g(S)IdAS<</ |f(5)|adAs> </ Ig(S)I’gdAS) ) 1)
with & + 5 = 1.

Proof For A, B € [0, oo, by the concavity of the logarithm function, we have

1
Au L BT log(A") log(BF) _

l > log(AB). 2
o8| 5 P 5 0g(AB) 2
which leads to
1.1 A B
ATBP<E 4 2. 3)
a B
Now let
o B
_ O g ko)l @
L1 f()|%das [ 18(s)|Pdns
with

b b
( / |f(s)|“dAs> ( / |g(s>|/f‘dAs> #0, 5)

since [ | f(5)|%das = 0 or [”|g(s)|Pdas = 0 implies that f(s) = 0 or g(s) =0
and (1) becomes an identity.

Next, substituting A and B in (3) and integrating from a to b, considering
Corollary 2.1, one gets

/” |£(s) lg(s)]
1 1
C (I reedss)” (7 186)1Pdas)”

das

b o B
</ {1 BFLC T O] }dAs
o Lo fP1r@ledas B [P 1g(s)Pdas
1 1
=—+_-=1 (6)

which gives directly the Holder inequality and the theorem is proved.



144 G. Bangerezako and J. P. Nuwacu

If we set « = B = 2 in the Holder inequality (1), we get the Cauchy-Schwartz
inequality.

Corollary 3.1 (Cauchy-Schwartz Inequality) Let a,b € Z. For all functions
frg:la,blNZ — R, we have

b b b
/If(S)g(S)IdAS<\/</ If(S)IszS) (/ Ig(S)IszS>. (7

Next, we can use the Holder inequality to prove the Minkowski one.

3.2 Minkowski Inequality

Theorem 3.2 (Minkowski Inequality) Soient a,b € Z. For all functions f, g :
[a,b]NZ — R, we have

b i b i b &
(/ |f(s)+g(s)|dAs> <</ |f(S)|adAS) +(/ |g(S)|adAS> . (8)

Proof We apply the Holder inequality to obtain

b b
/ £ (5) + g(s)[“das = / 1£(5) + g1 £ (5) + g(5)ldas

b b
< / 1£(s) + g1 £ ()ldas + / 1£(s) + ()| g(s)ldas

b 3 b 5 b &
<(f |f<s>+g<s)|<°‘—”ﬂdAs) (/ |f<s>|“dAs> +(/ |g<s>|“dAs)
1

Dividing the two members of the inequality by (fab | f(s) + g(s)|(a—l)ﬁdAs)E,
with (@ — 1)8 = «, we get
1-1

b % b a b &
</ |f(s)+g(s)|°‘dAs) < (/ |f(S)|adAS) +</ |8(S)|adAS> ,

which is the Minkowski inequality since 1 — }13 = é g
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3.3 Gronwall Inequality

Let’s prove first the following:

Lemma 3.1 Given y, f, a real valued functions defined on 7, with a(s)>0. Sup-
pose that yo(s) is the solution of Ayo(s) = a(s)yo(s), such that yy(so) = 1.
In that case, if

Ay(s)<a(s)y(s) + f(s) )
forall s € Z, then
Y($)<yo(s)y(so) + yo(S)/ yo_l(s + 1) f(s)das. (10)
50

Proof Let yo(s) be the solution of the homogenous equation

Ayo(s) = a(s)yo(s). (1)

Searching the solution y(s) of (9) verifying (10), by the method of variation of
constants

y(s) = c(s)yo(s), (12)
where c(s) is unknown, we place (12) in (9), considering (11) and get

yo(s + DAc()<f(s). 13)

Given the fact that a(s) >0, we have that yp(s) > 0 and the relation (13) simplifies
in

Ac()<yy (s + D F(s). (14)

Integrating the two members of the inequality from s to s, we get

c(s) — c(s9)< / Yo L5 + 1) f(5)das. (15)
S0

Since yo(so) = 1, (12) gives c(s9) = y(so), and (15) simplifies in

N

()< (s0) + / Yo [ (s + 1) f(s)das. (16)

S0
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Hence

c(8)yo(s)<yo(s) [y(SO)+/ yo_l(S+ l)f(S)dAS}, (17)

0

which gives the expected result:

y(s)<yo(s)y(so) + yo(s) / yo_l(s + D f(s)das.
S0

O
Considering the Theorem 2.1, we obtain the following

Corollary 3.2 Ifthe functions y, f, a verify the conditions of Lemma 3.1, then
N
y(8)<y(so)ea(so, ) +ea(SO,S)/ E_a(s0,s + 1) f(s)das.
50

Lemma 3.2 Given y, f, a real valued functions defined on Z, with a(s)<0.
Suppose that yo(s) is the solution of Ayo(s) = a(s)yo(s + 1), such that yo(sg) =
1.
In that case, if

Ay(s)<a(s)y(s +1) + f(s) (18)
forall s € Z, then
y()<yo(s)y(so) + yo(S)/ yal (8) f(s)das (19)
50

Proof Let yo(s) be the solution of the homogenous equation
Ayo(s) = a(s)yo(s + 1). (20)

Searching the solution y(s) of (18) verifying (19), by the method of variation of
constants

y(s) = c(s)yo(s), (21)
where c(s) is unknown, we place (21) in (18), considering (20) and get
Yo(s)Ac(s)< f(s). (22)

Given the fact that a(s)<0, we have that yo(s) > 0 and the relation (22) simplifies
in
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Ac()<yy () F(s). (23)

Integrating the two members of the inequality from s to s, we get
P
c(s) —c(s0)< / Yo () f(s)das. (24)
50
Since yg(sp) = 1, (21) gives c(sg) = y(so), and (24) simplifies in
Yo
c(s)<y(s0) + f Yo (8)f(s)das. (25
50
Hence

c(s)yo(s)<yo(s) [y(SO) + / YQI(S)f(S)dAS:| ; (26)

0

which gives the expected result:
t o
y($)<yo(s)y(s0) + yo(s) / Yo (8)f(s)das.
)

O
For the same reasons as the Corollary 3.2, we obtain the following:

Corollary 3.3 If the functions y, f, a verify the conditions of Lemma 3.2, then
N
y($)<y(s0) Ea(s0, s) + Eq(s0, 5) / e—a(50,8) f(s)dns.
50

We can now prove the following:

Theorem 3.3 (Gronwall Inequality) Let y, f, a be real valued functions defined
on Z, with a(s)>0.
Suppose that yo(s) is the solution of Ayy(s) = a(s)yo(s), such that yo(sg) = 1.
In that case if
S
YOF6)+ [ s, @)

50

then

YK f(s) + eq(so, s)/ a(s) f(s)E_q(so, s + 1)das. (28)
S0
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Proof Defining

v = | ¥(5)a(s)das, 29)
(27) gives
Y f(s) 4+ v(s), (30)
and
Av(s) = y(s)a(s)< f(s)als) +al(s)v(s). (31

By the Corollary 3.2 of Lemma 3.1, the inequality (31) leads to
N
v(s)<v(s0)eaq(so, 5) + eq(so, S)/ a(s) f(s)E—a(s0, s + D)das (32)
S0
Since v(sg) = 0, (30) and (32) imply that
N
< f(s) +ea(So,S)_/ a(s) f(s)E—a(s0, s + Ddas, (33)
S0

which is the expected Gronwall inequality. [
As direct consequences, we obtain the following results:
Corollary 3.4 Let y, f, a be real valued functions defined on 7, with a(s)>0. If

)< / Cy()als)das, (34)

0

forall s € Z, then
y(s)<0. (35)

Proof This follows from the Theorem 3.3 with f(s) = 0.J
Corollary 3.5 Leta(s)>0and o« € R. If

y(s)<a + / y()als)das, (36)

S0

forall s € Z, then

y(s)<aeq(s0, §). 37



Some Difference Integral Inequalities 149

Proof From the Gronwall inequality with f(s) = «, one gets
s
y($)=a + eq(so, S)/ aa(s)E_q(so, s + Ddas
50

=« (1 — e,4(s0, s)/ AE_,(sp, s)dAs)
S0

=a (1 —eq(s0,5) [E—a(s0,5) — E_4(50, 50)])
= o —ae,(s0, S)E_,(s0, 5) + aeq (50, 5)
= aeq(50, 5),

(38)

which gives the expected inequality. [J

3.4 Bernoulli Inequality

Theorem 3.4 (Bernoulli Inequality) Let « € R. Then for all s,sy € 7Z, with
s > §0, we have

ea(s0, $)=1+ a(s — s0). (39
Proof Let y(s) = a(s — s9),s > so. Then Ay(s) = « and ay(s) + a = (s —

s0) + a>a = Ay(s), which implies that Ay(s)<ay(s) + «.
By the Corollary 3.2 of Lemma 3.1, we obtain

s
y(s)<y(so)ex(so, s) + eq (50, s)/ oE_y(sg, 5 4+ 1)das,
0

—eq (50, s)/ AE_y(s0, s)das, (y(xo) = 0)
50

= —eu (50, )[E—a(s0,5) — 1]
—1 + eq(s0, 5).

(40)

Hence e, (s, s)>1 4+ a(s — sg), with s > sq, as expected. [
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3.5 Lyapunov Inequality

Let f : Z —> [0, oo[. Consider the Sturm-Liouville difference equation
A%u(s) + f(Hu(s +1)=0,s € Z. (41)
Define the function F' by
F(y) = fab [(Ay()* = f()y*(s + D] das. (42)

We prove first the following lemmas:

Lemma 3.3 Let u(s) be a nontrivial solution of the Sturm-Liowville difference
equation (41). In that case, for all y belonging to the domain of definition of F,
the following equality is verified,
F(y) = F(u) = F(y —u) = 2(y — u)(b) Au(b) — 2(y — u)(a) Au(a). (43)
Proof We have
F(y)— F(u) — F(y —u)
- / LAY = £y + 1) = (Au(s))?
+(@uP(s + 1) = (Aly —u)($)* + f()(y —w)*(s + D]das
=2 / L= (AU 4 FO + 1) + Ay)Au(s)
—fa(s>y<s + Du(s + Dldas
=2 / b[Ay(s)Au(s) +y(s + DA%u(s) — (Au(s))?

—A%u(s)u(s + 1))das

b
—2 / [ADY(5)Au(s)] — Alu(s) Aus)lldas

b
= 2/ AL(y(s) —u(s)) Au(s)ldas
=2(y(b) —u)) Aud) —2(y(a) — u(a)) Au(a), (44)

which proves the lemma. []
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Lemma 3.4 Let y be in the domain of definition of F. For all c,d € [a,b] N Z,
a,b e Z and a<c<d<b, we have

d ) —v 2
JEAY () dps > L@, s

Proof Let u(s) = y(d;:g(c)s + dy(c;:‘;y(d) . Then Au(s) = % and AZu(s) =
0. This proves that u(s) is a solution of (41) with f(s) = Oforalls € Z and F(y) =
fab (Ay(s))2 dps, for all y from the domain of definition of F. By Lemma 3.3, we
get F(s)— F(u)— F(y—u) = 0, and consequently F(y) = F(u)+F(y—u)>F (u).
This leads to the following result:

[4 Ay dasz [¢ (Au(s))? das
- (Y

(D)2
_ (3’(d21:>C(c)) ’ (46)

which proves the lemma. [J

Theorem 3.5 (Lyapunov Inequality) Given f : Z —> [0, oo[ and u a nontrivial
solution of Eq. (41) withu(a) = u(b) = 0,a,b € Z and a < b, then

b 4
/ f($)das> 5 47)

Proof By the Lemma 3.3 with y = 0 and u(a) = u(b) = 0, one gets F(0) — F (u) —
F(—u) = —2u(b)Au(b) + 2u(a)Au(a).This gives F(u) = 0 since F(0) = 0 and
F () = F(—u). Thus

b
Flu) = / [(Au(s))2 — Fo)ul(s + 1)] dps = 0. (48)

Let M = max [uz(s); s € [a,b]N Z] and ¢ € [a, b|NZ such that u%(c) = M. Then
M = u®(c)>u?(s+1) and using (48), Lemma 3.4 and the fact that u(a) = u(b) = 0,
we get

b b
M/ f(s)dAs>/ F($)u*(s + Ddas
b
=/ (Aus))* das

c b
= / (Aus))? das + / (A(us))* das



152 G. Bangerezako and J. P. Nuwacu

S () = u(a))? L w® - u(c))?
c—a b—c

[ 1 1 } 4
=M + =M
C

(49)

which proves the Lyapunov inequality. [J
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