Chapter 1 )
Distributed Optimization Over Networks e

Angelia Nedi¢

Abstract The advances in wired and wireless technology necessitated the develop-
ment of theory, models and tools to cope with new challenges posed by large-scale
optimization problems over networks. The classical optimization methodology
works under the premise that all problem data is available to some central entity
(computing agent/node). This premise does not apply to large networked systems
where typically each agent (node) in the network has access only to its private
local information and has a local view of the network structure. This chapter
will cover the development of such distributed computational models for time-
varying networks, both deterministic and stochastic, which arise due to the use
of different synchronous and asynchronous communication protocols in ad-hoc
wireless networks. For each of these network dynamics, distributed algorithms for
convex constrained minimization will be considered. In order to emphasize the role
of the network structure in these approaches, our main focus will be on direct primal
(sub)-gradient methods. The development of these methods combines optimization
techniques with graph theory and the non-negative matrix theory, which model
the network aspect. The lectures will provide some basic background theory on
graphs, graph Laplacians and their properties, and the convergence results for related
stochastic matrix sequences. Using the graph models and optimization techniques,
the convergence and convergence rate analysis of the methods will be presented.
The convergence rate results will demonstrate the dependence of the methods’
performance on the problem and the network properties, such as the network
capability to diffuse the information.

1.1 Introduction

Recent advances in wired and wireless technology have lead to the emergence of
large-scale networks such as Internet, mobile ad-hoc networks, and wireless sensor
networks. Their emergence gave rise to new network application domains ranging
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from data-base networks, social and economic networks to decentralized in-network
operations including resource allocation, coordination, learning, and estimation.

As a result, there is a necessity to develop new models and tools for the design
and performance analysis of such large complex networked systems. The problems
arising in such networks stem mainly from two aspects, namely, a lack of central
authority or a coordinator (a master node), and an inherent dynamic of the network
connectivity structure. The lack of central authority in a network system naturally
requires decentralized architecture for operations over the network (such as in
the case of Internet). In some applications, the decentralized architecture is often
preferred over a centralized architecture due to several reasons: (1) the size of
the network (the number of agents) and the resources needed to coordinate (i.e.,
communicate) with a large number of agents; (2) a centralized network architecture
is not desirable since it is not robust to the failure of the central entity; and (3) the
privacy of agent information often cannot be preserved in a centralized systems.
Furthermore, additional challenges in decentralized operations over such networks
are encountered from the network connectivity structure that can vary over time due
to unreliable communication links or mobility of the network agents.

The challenge is to control, coordinate, and analyze the performance of such
networks. As a particular goal, one would like to develop distributed optimization
algorithms that can be deployed in such networks that do not have a central
coordinator, but exploit the network connectivity to achieve a global network
performance objective. Thus, it is desirable that such algorithms are:

* Locally distributed in the sense that they rely on local information and obser-
vations only, i.e., the agents can exchange some limited information with their
one-hop neighbors only;

* Robust against changes in the network topology (since the topology is not
necessarily static as the communication links may not function perfectly);

» Easily implementable in the sense that the local computations performed by the
agents are not expensive.

We next provide some examples of large scale networks and applications that
arise within such networks.

Example 1 (Sensor Networks) A new computing concept based on a system of
small sensors also referred to as motes or smart dust sensors, see Fig.1.1. The
sensors are of small size and have some computational, sensing and communication
capabilities. They can be used in many different ways, such as for example, they
may be mixed into concrete in order to monitor the structural health of buildings
and bridges (smart structures), or be placed on power grids to monitor the power
load (smart grids).

A specific problem of interest that supports a number of applications in sensor
networks, such as building a piece-wise approximation of the coverage area, multi-
sensor target localization and tracking problems, is the determination of Voronoi
cells. A Voronoi cell of a sensor in a network is the locus of points in a sensor field
that are the closest to a given sensor among all other sensors [6]. Upon determining



1 Distributed Optimization Over Networks 3

user button

reset button

TSR photodiode
PAR photodiode

HEDs . SHT11 humidity / temp
USB-serial % & 6 pin expansion
-serial NN . d )
reset SUPPOIt Ny 10 pin expansion

(bottom
TIMSP430 F1611
ST M25P80 flash
serial ID

CC2420
IEEE 802.15.4 radio

PIFA Antenna

Fig. 1.1 A mote and its functionalities

Fig. 1.2 A peer-to-peer network

such a partition in a distributed fashion, each sensor acts as a representative for the
points in its cell. ]

Example 2 (Computing Aggregates in Peer-to-Peer (P2P) Networks) In a P2P
network consisting of m nodes, each node i has its local data/files stored with
average size 6;, which is known to node i only. The nodes are connected over
a static undirected network (see Fig.1.2), and they want to jointly compute the
average file size ;1 Y 'L, 6; without a central coordinator. In control theory and
game theory literature, the problem is known as the agreement or consensus problem
[15, 34, 60, 67, 171].
The problem has an optimization formulation, as follows:

m
min E (x—9,-)2.
xeR “4 ]

1=

It is a convex unconstrained problem with a strongly convex objective. Its unique
solution 6* is the average of the values 6;, i.e., 6* = ’; Z:”: 1 6. The solution cannot
easily be computed when the agents have to calculate it in a distributed fashion by
communicating only locally. In this case, the agents need to agree on the average of
the values they hold.

In a more general variant of the consensus problem, the agents want to agree on
some common value, which need not be the average of the values they initially
have. For example, in a problem of leaderless heading alignment, autonomous
agents move in a two-dimensional plane region with the same speed but different
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headings (they are refracted from the boundary to prevent them from leaving the
area) [60, 174]. The objective is to design a local protocol that will ensure the
alignment of the agent headings, while the agents communications are constrained
by a given maximal distance. (]

Another motivating example for distributed optimization over networks is a
special machine learning problem, known as Support Vector Machine or maximum
margin classifier. We discuss this problem in a centralized setting and then, we will
see how it naturally fits in a distributed setting in the situations when the privacy of
the data is of concern or when the data is too large to be shared.

Example 3 (Support Vector Machine (SVM)) We are given a data set {z;, y; }‘;:1
consisting of d points, where z; € R”" is a measurement vector and y; € {+1, —1}
is its label. Assuming that the data can be perfectly separated, the problem consists
of determining a hyperplane that separates data the best, i.e., solving the following
convex problem:

min F(x), where F(x)— llx11% Zmax —yjlx, zp)} s

xeR”

where p > 0 is a regularizing parameter that indicates the importance of having a
small-norm solution. Given that the objective function is strongly convex, a solution
exists and it is unique (see Fig. 1.3 for an illustration). The problem can be solved
by using a subgradient method. If the data is distributed across several data centers,
say m centers, then the joint problem can be written as:

m
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Fig. 1.3 A maximum margin separating hyperplane for a single data center
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where D; is the collection of data points at the center i. Letting

P
fito=, Il? + ) max{0, 1 — y;{x, z;)},
JE€D;

we see that the distributed variant of the problem assumes the following form:

min F(x) =) fi(x),

i=1

where the function f; is known to center i. In this setting, sharing the function f;
with any other center amounts to sharing the entire data collection D; available at
center . When the data is private or the data sets are too large, sharing the data is
not an option and the problem has to be solved in a distributed manner. O

Many more examples of distributed problems and the use of consensus can
be found in the domains of bio-inspired systems, self-organized systems, social
networks, opinion dynamics, and autonomous (robotic) systems. For such examples,
a reader may refer to some recent books and monographs on robotic networks
[18,94,96], and social and economic networks [42,49, 59]. These examples can also
be found in related thesis works including [12, 52, 120, 155] dealing with averaging
dynamics and [47, 69, 73, 130, 144, 183] dealing with distributed optimization
aspects.

In the sequel, we will often refer to networks as graphs, and we will use “agent”
and “node” interchangeably. The rest of the chapter is organized as follows: in
Sect. 1.2, we formally describe a multi-agent problem in a network and discuss
some related aspects of the consensus protocol. Section 1.3 presents a distributed
synchronous algorithm for solving the multi-agent problem in time-varying undi-
rected graphs, while Sect. 1.4 deals with asynchronous implementations over a static
undirected graph. Section 1.5 concludes this chapter by providing an overview of
related literature including the most recent research directions.

1.2 Distributed Multi-Agent Problem

This section provides a formal multi-agent system problem description, introduces
our basic notation and gives the underlying assumptions on the multi-agent prob-
lem. The agents are embedded in a communication graph which accommodates
distributed computations through the use of consensus protocols. A basic consensus
protocol for undirected time-varying graphs is presented, and its convergence result
is provided for later use.
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1.2.1 Problem and Assumptions

Throughout this chapter, we will be focused on solving distributed problems of the
generic form

min f(x)  with f(x>=§fi<x), (1.1)

in a network of m agents, where each function f; is known to agent i only while the
constraint set X C R" is known to all agents. We will assume that the problem (1.1)
is convex.

Assumption 1 The set X € R" is closed and convex, and each function f; : R" —
R is convex.

We will explicitly state when we assume that problem (1.1) has a solution. In
such cases, we will let f* denote the optimal value of the problem and X* denote
the set of its solutions,

f*=inei§f(X), X*={x"eX| f&x") = f").

Throughout the chapter, we will work with the Euclidean norm, denoted by || - ||,
unless otherwise explicitly stated. We use (-, -) to denote the inner product. We will
view all vectors as column vectors, unless stated otherwise. We will use the prime
to denote the transpose of a matrix and a vector.

We assume that the agents are embedded in a communication network, which
allows the agents to exchange some limited information with their immediate (one-
hop) neighbors. Multi-hop communications are not allowed in this setting. The
agents’ common goal is to solve the problem (1.1) collaboratively.

The communication network structure over time is captured with a sequence
of time-varying undirected graphs. More specifically, we assume that the agents
exchange their information (and perform some updates) at given discrete time

instances, which are indexed by k = 0,1,2,.... The communication network
structure at time k is represented by an undirected graph Gy = ([m], Ex), where
[m] is the agent (node) set, i.e., [m] = {1, ..., m}, while Ey is the set of edges. The

edge i <> j € Ej indicates that agents i and j can communicate (send and receive
messages) at time k.

Given a graph Gy at a time k, we let N; (k) denote the set of neighbors of agent
i, at time k:

Ni(k) ={j e [m]|i < j € Ex} U{i}.
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Note that the neighbor set N; (k) includes agent i itself, which reflects the fact that
agent i has access to some information from its one-hop neighbors and its own
information.

The agents’ desire to solve the problem (1.1) jointly through local communica-
tions translates to the following problem that agents are facing at time k:

m
min £(x1, ..., xm) with F(xp, ..., xm) = Zﬁ(x,-)
i=1
subject to x; =xj forall j € Nj(k) andalli € [m],
x; € X foralli € [m]. (1.2)

Thus, the agents are facing a sequence of optimization problems with time-
varying constraints, which are capturing the time-varying structure of the underlying
communication network. Since this is a nonstandard optimization problem, we need
to specify what it means to solve the problem. To do so, we will impose some
additional assumptions on the graphs Gy.

Throughout, we will assume that the graphs G are connected.

Assumption 2 Each graph Gy is connected.

This assumption can be relaxed to the requirement that the union of B consecutive
graphs Gy, . .., Gr4+p—1 is connected for all k > 0 and for some positive integer B.
However, to keep the exposition simple, we will adopt Assumption 2.

Let Cy be the constraint set of problem (1.2) at time £, i.e.,

Ce ={(x1,...,xn) € X" | x; = xj forall j € N;j(k) and all i € [m]}.

Under Assumption 2, the constraint sets Cy are all the same. Their description is
given to the agents through a different set of equations at different time instances,
as seen from the following lemma.

Lemma 1 Let Assumption 2 hold. Then, for each k, we have
Cr ={(x1,...,xm) | xi = x for some x € X and alli € [m]}.

The proof of Lemma 1 is straightforward and it is omitted. In fact, it can be seen
that Lemma 1 also holds when the graphs Gy are directed and each of the graphs
contains a directed rooted spanning tree,' where the neighbor set N; (k) is replaced
with the in-neighbor set” Nl.irl (k) of agent i at time k.

IThere exists a node i such that the graph contains a directed path from node i to any other node
in the network.

2The set Nl.in (k) of in-neighbors of agent i in a directed graph Gy is the set of all agents j such that
the directed edge (j, i) exists in the graph.
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In view of Lemma 1, it is now obvious that we can associate a limit problem with
the sequence of problems (1.2), where the limit problem is given by:

m
min f(x1,...,xy,) with f(xl,...,xm):Zfi(x,-)
i=1

subject to (X1, .oy Xm) € NZ2 Ck. (1.3)

As we noted, all sets Cy are the same under Assumption 2. However, we will keep
the notation Cy to capture the fact that the agents have a different set of equations
that describe the constraint set at different times. Furthermore, the preceding
formulation of the limit problem is also suitable for the situations where the graphs
G are not necessarily connected.

1.2.2 Consensus Problem and Algorithm

The consensus problem is a special case of the limit problem (1.3), where each
fi =0and X = R", i.e., the consensus problem is given by

min 0
subject to (X1, .oy Xm) € NZ2, Cr, (1.4)
with
Cie ={(x1,...,xm) | xi = x forsome x € R" and all i € [m]} forall k > 1.

As one may observe, the consensus problem is a feasibility problem where the
agents need to collectively determine an x = (xy, ..., Xj;) satisfying the constraint
in (1.4), while obeying the communication structure imposed by graph G at each
time k.

A possible way to solve the consensus problem is that each agent considers its
own problem, at time k, of the following form:

: 2
min E ) lx — x4,
AeRH pij (k)| il

JEN; (k)

where p;;(k) > Oforall j € N;(k) and foralli € [m]. The values x; are assumed to
be communicated to agent i by its neighbors j € N; (k). This problem can be viewed
as a penalty problem associated with the constraints in the set Cy that involve agent
i decision variable. The objective function is strongly convex and it has a unique
solution, denoted by x;, i.e.,

Ri(k) = argmin Y pij(k)llx —xj 1%
TR e
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In the following lemma, we provide the closed form of the solution X; (k).
Lemma 2 Let X = R", and consider the feasible set
Cik ={(xj)jen;) | xj = x forall j € Ni(k) and x € R"} (1.5)
corresponding to the constraints in Cy that involve agent i at time k. Then, the
solution x; (k) of the penalty problem min, cgn ZjeN,- &) Pij (R llx —x; ||2 associated

with the feasible set C;y is given by

ZjeNi(k) Pij (k)xj

xi (k) = .
ZjeNi(k) Pij (k)

Proof We note that

Yo P lx —x;l?

JEN; (k)

> p,-j(k)||x||2—2<x, > p,-,-(k)xj>+ > pilx?

JeNi (k) JENi (k) JENi (k)
i 2
= Y pyo I -2 {x 2 jenih Pij ()X, _I_ZjeNi(k)pij(k)”xj”
- Ly - s
JeNi (k) L 2 jeN; o Pij k) 2 jenitky Pij k)
i 2
— Z pii ) | 112 = 2( 2 jen; i Pij (K)xj n 2 jen; k) Pij (R)x;
- Ly s
jeN: (k) 2 jenitky Pij k) 2 jen; k) Pij (k)
5 -
_ 2 jen; k) Pij (K)x; ZjeN,-(k)pij(k)“xjHZ
2 jeN; ) Pij (k) > jen; k) Pij (k)
Therefore,
2
> p®l -5l = Y pit Hx_zzfew) o
JENi(k) jeN; (k) JEN; (k) Pij
2

ZjeNl-(k) Pij (k)”)Cj”2

_ ZjeN,- ) Pij (k)X
ZjeN,- (k) Pij (k)

ZjeN,- ) Pij (k)
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Since the last two terms in the preceding sum do not depend on x, we see that

£i(k) = argmin Y " pij (R)|lx — x;
YR e

2
= argmin Z pij ) | |x = 2 jenihy Pij (R)x;
xR \emio 2 jeN;w Pij (k)
Furthermore, since jeNi () Pij (k) > 0, we finally have
2
£i(k) = argmin { | x 2 jenito Pii x|~ X en; o Pij K)x;
' - o - .
xeR > jeNik) Pij () Y jenin Pij )

d

In view of Lemma 2, the penalty problem associated with agent i feasible set C;y
at time k can be equivalently be given by

. 2
min wii(k)||x —x;|*,
min 3wy k)l — )]

JEN; (k)

where the weights w;; (k), j € N;(k), correspond to convex combinations, i.e.,

w;j(k) >0 forall j € N;(k), Z w;j (k) = 1. (1.6)
JEN; (k)

Obviously, for the equivalence of the two penalty problems, we need w;;(k) =
pijk)/ Y jeNi(k) Pij (k). In this case, the corresponding solution %; (k) is given by

fity = Y wijkx;.

JEN; (k)

The preceding discussion motivates the following algorithm, known as a con-
sensus algorithm (with projections), for solving the constrained consensus prob-
lem (1.4): each agent has a variable x; (k) at time k. At time k + 1, every agent
i sends x; (k) to its neighboring agents j € N;(k) and receives x;(k) from them.
Then, every agent i updates its variable as follows:

xitk+ 1= Y wijlk)x;k),

JEN; (k)
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where w;; (k) > Oforall j € N;(k)and alli € [m], and ZjeNi(k) w;j (k) =1 forall
i € [m]. For a more compact representation, we define w;; (k) = 0 forall j & N; (k)
and all i € [m], so we have

m
xitk+1) = Z w;j (k)x (k) foralli € [m] and all k > 0. (1.7)
j=1

The initial points x; (0) € R", i € [m], are assumed to be arbitrary.

We note here that if a (convex) constraint set X € R” is known to all agents,
then the constrained consensus problem (1.4) can also be solved by the consensus
algorithm in (1.7) with an adjustment of the initial selections x; (0) to satisfy x; (0) €
X for all i. This can be seen by noting that x; (k + 1) is a convex combination of
xj(k) for j € N;(k) (see (1.6)), and it will lie in the set X as long as this set is
convex and x; (k) € X forall j € N;(k).

The consensus algorithm in (1.7) has regained interest since the recent work [60],
which attracted a significant attention to the consensus problem in various settings
(for an overview of the consensus related literature see Sect. 1.5).

For the convergence of the consensus algorithm, some additional assumptions
are typically needed for the weights w;; (k) aside from the “convex combination”
requirement captured by relation (1.6). To state one such assumption, we will
introduce some additional terminology and notation. We let W (k) be the matrix
with i jth entry equal to w;; (k). We will say that a matrix W is (row) stochastic if
its entries are non-negative and the sum of its entries in each row is equal to 1. We
will say that W is doubly stochastic if both W and its transpose W' are stochastic
matrices.

Next, we state an assumption on the matrices W (k) that we will use later on.

Assumption 3 For every k > 0, the matrix W (k) has the following properties:

(a) W (k) is doubly stochastic.
(b) W (k) is compatible with the structure of the graph Gy, i.e.,

w;j(k) =0 iff i< j&E.

(c) W(k) has positive diagonal entries, i.e., wi; (k) > 0 for alli € [m].
(d) Thereis ann > 0 such that

wij(k)y=n iff i< j€E.

First, let us note that Assumption 3 is much stronger than what is typically
assumed to guarantee the convergence of the consensus algorithm. In general, the
graph Gy can be directed and the positive weights w;; (k) are assumed for the
directed links (j,i) € Ej, while the matrix W (k) is assumed to be just (row)
stochastic. We work with a stronger assumption since we want to address the
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optimization problem (1.3) which has a more general objective function than that
of the consensus problem (1.4).

To provide insights into what motivates Assumption 3, consider the consensus
algorithm in the case of an unconstrained scalar problem, i.e., X = R. Then, for the
consensus algorithm in (1.7), by stacking all the variables x; (k) into a single vector
x (k) at time k, we have

x(k+1D)=Wkxk)=---=WEkWk—1)--- W(0)x(0).

Furthermore, in the case of static graphs Gy, i.e., Gy = G for some graph G, we
can use W(k) = W for all k, thus implying that

x(k) = Wkx(0).

When W is a stochastic matrix which is compatible with a connected graph G, then
W is irreducible and, by Perron-Frobenius Theorem (see Theorem 4.2.1, page 101
of [46]), the spectral radius p(W) (which is equal to 1 in this case) is a simple
positive eigenvalue and the vector 1 with all entries equal to 1 is the unique right-
eigenvector associated with eigenvalue 1, i.e.,

W1 =1.

When, in addition, W has positive diagonal entries, then W is also primitive, so we
have

lim Wk = 1v,
k— o0
where v is the normalized (unique positive) left-eigenvector of W associated with
eigenvalue 1, i.e., a unique vector satisfying
VW =1 where v; > Oforalli and (v,1) =1
(see Theorem 4.3.1, page 106, and Theorem 4.4.4, page 119, both in [46]). Thus,

when W is stochastic, compatible with a connected graph G, and has a positive
diagonal, we obtain

Jim x(k) = (klim Wk)x(O) =1'x(0) = (v, x(0)) 1.

Hence, in this case, the consensus is reached, i.e., the iterates of the consensus
algorithm converge to the value (v, x(0)), which is a convex combination of the
initial agents’ values x; (0). Observe that the behavior of the iterates in the limit, as
k increases, is completely determined by the limit behavior of W* as k — oc.
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In the light of the preceding discussion, Assumption 3 guarantees that a similar
behavior is exhibited in the case when the matrices are time-varying and the graphs
G are connected. Specifically, in this case, we would like to have

Jim W)Wk — 1) W(O)] =1/

for some vector v with all entries v; positive and (v, 1) = 1. This relation is
guaranteed by Assumptions 2 and 3. In fact, under these assumptions we have a
stronger result for the matrix sequence {W (k)}, as follows:

1
lim [WE)Wk—1)---W(s)]= 11 forall s > 0.
k— 00 m
This result is formalized in the following lemma, which also provides the rate of
convergence for the matrix products W(k)W(k — 1) --- W(s) forall k > s > 0.

Lemma 3 (Lemma S in [110]) Let the graph sequence {G} satisfy Assumption 2,
and let the matrix sequence {W(k)} satisfy Assumption 3. Then, we have for all
s >0andk > s,

sup
xeR™ |x]=1

1 , n k—s
<W(k)W(k— D W(s + DW(s) — mll)x < (1 _ 2m2) .

In particular, for all s > 0 and k > s, and for all i, j € [m],

2 k—s
([W(k)W(k W+ W — ) =(1-.0)
m 2m

The first relation in Lemma 3 is a consequence of Lemma 5 in [110]. The second
relation follows by letting x be any of the unit-vectors of the standard basis in R".

Lemma 3 provides a key insight into the behavior of the products of the matrices
W (k), which implies that the consensus method in (1.7) converges geometrically
to ,111 Z;"zl x;(0). We will use this lemma to show that consensus-based methods
for solving a more general optimization problem (1.1) converge to a solution, as
discussed in the next section.

1.3 Distributed Synchronous Algorithms for Time-Varying
Undirected Graphs

We now consider a distributed algorithm for solving problem (1.3). We assume that
the set X is closed and convex, and it has a simple structure so that the projection
of a point on the set X is not computationally expensive. The idea is to construct
an algorithm to be executed locally by each agent i that at every instant k involves
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two steps: one step aimed at satisfying agent i feasibility constraint Cyx in (1.5),
and the other step aimed at minimizing its objective cost f; over the set X. Thus,
the first step is akin to consensus update in (1.7), while the second step is a simple
projection-based (sub)gradient update using f;.

To illustrate the idea, consider agent i and its surrogate objective function at
time k:

Fa) = i) +0x+ ) Y w0l = 1P,
JEN; (k)

where §x (x) is the indicator function of the set X, i.e.,

0 ifx € X,
+00 otherwise.

dx(x) = {

The weights w;; (k), j € N;(k), are convex combinations (i.e., they are positive and
they sum to 1; see (1.6)).

Having the vectors x;, j € N;(k), agent i may take the first step aimed at
minimizing ; > JEN; (k) Wij k) llx — x; 12, which would result in setting

xi(k) = Z wjj (k)x;.

JEN; (k)

In the second step, assuming for the moment that f; is differentiable, agent i
considers solving the problem

. . 1 .
min {(Vﬁ(Xi(k)),X>+8x(X)+ [lx —xl'(k)llz},
xeR” 20
which is equivalent to

1
min {Wﬁ(&i(k)),m + . x - @(k)uz} ,
xeX 094

2

where o > 0is a stepsize. The preceding problem has a closed form solution given
by

x; (k) = Hx[%i (k) — oV f (% (k)]
where ITx[z] is the projection of a point z on the set X, i.e.,

ITx[z] = argmin ||x — 22 for all z € R".
xeX
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When the function f; is not differentiable, we would replace the gradient V f (x; (k))
with a subgradient g; (%;(k)). Recall that a subgradient of a convex function & :
R" — R at a given point x is a vector g(x) € R" such that

h(x)+ {(g(x),y —x) < h(y) forall y € R".

In what follows, we will use g;(k) to abbreviate the notation for a subgradient
gi (xi (k)) of the function f;(z) evaluated at z = x; (k).

Now, based on the preceding discussion, we have the following algorithm: at
every time k, each agent i € [m] maintains two vectors y; (k) and x; (k). The agent
sends x; (k) to its neighbors j € N;(k) and receives x (k) from its neighbors j €
N; (k). Then, it updates as follows:

yitk+1) =Y wijk)x;(k),

JEN; (k)

xi(k+1) = Hx[yi(k + 1) — agy18i (k + D], (1.8)

where ox41 > 0 is a stepsize and g; (k 4 1) is a subgradient of f;(z) at point z =
yi(k 4+ 1). The process is initialized with arbitrary points x;(0) € X for all i € [m].
Note that the agents use the same stepsize value aj1. Note further that, due to
the projection on the set X, we have x; (k) € X for all i and k. Moreover, since
yi(k + 1) is a convex combination of points in X and since X is convex, we have
yi(k+ 1) € X foralli and k.
By introducing 0-weights for non-existing links in the graph Gy, i.e., by defining

w,-j(k) =0 whenj ¢ N,'(k),

we can re-write (1.8) as follows: forall k > O and all i € [m],

vilk +1) =Y wij(k)x; k),

j=1
xi(k+1) = Hx[yi(k + 1) — agq18i(k + D]. (1.9)

To illustrate the iterations of the algorithm in (1.9), consider a system of three
agents in a connected graph, as illustrated in Fig. 1.4. Figure 1.4 shows a typical
iteration of the algorithm. Since the graph is fully connected, all weights w;; (k)
are positive, so the resulting points y;(k 4+ 1) lie inside the triangle formed by
the points x;(k), i = 1,2,3. The new points x;(k + 1), i = 1,2,3, obtained
after the subgradient steps do not necessarily lie inside the triangle formed by the
points x;(k), i = 1,2, 3. Under some suitable assumptions on the stepsize and the
subgradients, these triangles formed by x;(k), i = 1,2, 3, as k — 00, can shrink
into a single point, which is solution of the problem. Loosely speaking, while the
consensus steps force the agents to agree on some point, the subgradient steps are
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Fig. 1.4 At iteration k, agents hold values x; (k). The plot to the left illustrates the resulting points
v; (k 4+ 1) of the iteration (1.9) which lie inside the triangle formed by the points x; (k), i = 1, 2, 3,
(as all weights w;; (k) are positive in this case). The plot to the right depicts the iterates x; (k +
1), i = 1,2, 3, obtained through the subgradient steps of algorithm (1.9). These iterates do not
necessarily lie inside the triangle formed by the prior iterates x; (k), i = 1,2, 3

forcing the agreement point to be a solution of a given problem. Thus, one can think
of the algorithm in (1.9) as a process that steers the consensus toward a particular
region, in this case the region being the solution set of the agent optimization
problem (1.3). To see this, note that from the definition of x; (k + 1) we have

xi(k+ 1) =yitk + 1) —ar18i(k + 1) + e,
er = (Ix[yitk + 1) —oxy18i(k + D] = (vi(k + 1) — agq18i (k + 1)).

Assuming that the projection error € is small, and assuming that the functions are
differentiable, we can approximate x; (k + 1) as follows:

xi(k+1) = yitk + 1) — e 1V fi (i (k + 1))

= Zwij(k)xj(k) —og+1V fi Zwij(k)xj(k) . (1.10)

j=1 j=1

Thus, the algorithm is similar to the consensus process Z?:l w;j (k)x (k) with an
additional force coming from the gradient field, which steers the agreement point
toward a solution of the problem minyex Y ;- fi(x). The preceding discussion
sketches the approach that we will follow to establish the convergence properties
of the method, which is the focus of the next section.

1.3.1 Convergence Analysis of Distributed Subgradient Method

In this section, we provide a main convergence result in Theorem 1 showing that
the iterates x; (k), for all agents i € [m], converge to a solution of the problem (1.1),
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as k — oo. The proof of Theorem 1 relies on a basic relation satisfied by the
algorithm in terms of all agents’ iterates, as given in Proposition 1. The proof of
this proposition is constructed through several auxiliary results that are provided in
Lemmas 4-6. Specifically, Lemma 4 provides an elementary relation for the iterates
xi(k) for a single agent, without the use of the network aspect. By viewing the
algorithm (1.9) as a perturbation of the consensus algorithm, Lemma 5 establishes
a relation for the distances between the iterates x;(k) and their averages taken
across the agents (i.e., ,111 Z?=1 xj(k)) in terms of the perturbation. The result of
Lemma 5 is refined in Lemma 6 by taking into account that the perturbation to the
consensus algorithm comes from a subgradient influence controlled by a stepsize
choice.

Based on relation (1.10), we see that if y;(k 4 1) is close to the average of the
points xj(k + 1), j € [m], then for the iterate x; (k + 1) we have

xi(k+1) = xqu(k + 1) — 041V fi (xav(k + 1)) + €x41,

where x,,(k + 1) = ;l 27:1 xj(k + 1) and €41 is an error due to using the
gradient difference V f; (x4y(k+1)) — V fi (yi (k+1)). When f; is not differentiable,
the iterates x;(k + 1) would similarly correspond to an approximate subgradient
update, where a subgradient g;(k + 1) of fi(z) at z = y;(k + 1) is used
instead of a subgradient of f;(z) evaluated at z = x4,(k + 1) (which would
have been used if the average x,,(k + 1) were available to all agents). Thus, the
method (1.9) can be interpreted as an approximation of a centralized algorithm,
where each agent would have access to the average vector x,,(k + 1) and could
update by computing gradients of its own objective function f; at the average
Xay(k + 1).

1.3.1.1 Relation for a Single Agent Iterates

To start the analysis, for a single arbitrary agent, we will explore a basic relation for
the distances between x; (k 4+ 1) and a point x € X. In doing so, we will use the
well-known property of the projection operator, namely

ITx(z] — x)* < |z — x|I> = [[x[z] — zII? forall x € X and all z € R".
(1.11)

The preceding projection relation follows from a more general relation which can
be found in [44], in Volume II, 12.1.13 Lemma, on page 1120.

Lemma 4 Let the problem be convex (Assumption 1 holds) and let ax41 > 0. Then,
for the iterate x;(k + 1) of the method (1.9), we have for all x € X and alli € [m],

i (k + 1) = x| < lyitk + 1) — x|I* = 2041 (fi i (k + 1)) — fi (x))
+aillgitk + D>
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Proof From the projection relation in (1.11) and the definition of x; (k+ 1) we obtain
forany x € X,

lxi(k 4+ 1) — x> <llyitk + 1) — o1 (k + 1) — x|
— llxiCk + 1) = yitk + 1) + agq18i (k + D>
By expanding the squared-norm terms, we further have
i (k + 1) — x> <llyi Gk + 1) = x[|* = 20041 (i (k + 1) — x, gi(k + 1))
+ oy llgi Gk + DI? = llxi (k + 1) — yitk + D>
— 2041 {xitk + 1) — yi(k + 1), gi(k + 1))
—apyllgik+ D
=llyitk+ 1) = x|* = 2ok 41 (yi(k + 1) — x, gi (k + 1))
— llxi(k + 1) = yiCk + DI
— 201 {xi(k + 1) — yi(k + 1), gi(k + 1)).
Since g; (k 4+ 1) is a subgradient of f; at y; (k 4 1), by convexity of f;, we have
itk +1) —x, gitk+ 1) = fiyitk + 1) — f; (x),
implying that
i (k 4+ 1) — x> <llyi Gk + 1) = x[I* = 20041 (fi ik + 1) = fi (x))
— llxi(k + 1) — yitk + DI
—20p41{xitk + 1) —yitk + 1), gi(k + 1)).

The last term in the preceding relation can be estimated by using Cauchy-Schwarz
inequality, to obtain

— 20k 41(xi(k + 1) — yi(k + 1), gi (k + 1))
<2xi(k + 1) — yitk + DIl - ax+1lgi (k + Dl
< llxik+ D) = itk + DI + oy llgi(k + DI,
By combining the preceding two relations, we find that for any x € X,
lbxi (k1) =2 < flyitk + 1) = x> = 2041 (fi i Gk + 1) = fi(x)
+ i llgi G+ DI
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1.3.1.2 Relation for Agents’ Iterates and Their Averages Through
Perturbed Consensus

We would like to estimate the difference between x; (k + 1) and the average of these
vectors, which can be then used in Lemma 4 to get some insights into the behavior
of ||x; (k) — x*|| for an optimal solution x*. To do so, we will re-write the iterations
of the method (1.9), as follows:

Vilk +1) =Y wj(k)x;(k),

j=1
xitk+1) = yi(k+ 1) +£17x[yi(k + 1) — 18tk + D] — yitk + 1)3-
€ (k+1)

Thus, we have forall i and k > 0,

xitk+ 1) =Y wijk)x; (k) + e (k + 1),
j=1
€i(k+1) = Mxlyik+ 1) —agrgik+ D1 = yiGk + 1), (1.12)

yilk +1) = wij (k)x; (k).

j=1

In this representation, the iterates x; (k + 1) can be viewed as obtained through a
perturbed consensus algorithm, where €; (k 4 1) is a perturbation at agent i.

Under suitable conditions (cf. Assumption 3), by Lemma 3, we know that the
matrix products W (k)W (k —1) - - - W(¢) are converging as k — oo, for any ¢, to the
matrix with all entries equal to 1/m. We will use that result to establish a relation
for the behavior of the iterates x; (k + 1).

Lemma 5 Let the graphs Gy satisfy Assumption 2 and the matrices W (k) satisfy
Assumption 3. Then, for the iterate process (1.12), we have for all k > 0,

D lxite+ 1) = xauk + D2
i=1

m k m
<mp* | D 1@ 12 +m | D p D llao])?
i=1 t=1 i=1

+m =1 > ek + DI,

i=1
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where x4y (k+ 1) = n11 Z;”lej(k—i— D,p=1-— 4;712 and n > 0 is a uniform lower

bound on the entries of the matrices W (k) (see Assumption 3(d)).

Proof We write the evolution of the iterates x;(k + 1) in (1.12) in a matrix
representation. Letting £ € [n] be any coordinate index, we can write for the £th
coordinate (denoted by a superscript)

m
xfe+1) =Y wixik) +ef(k+1)  forall € € [n].
j=1
Stacking all the £th coordinates in a column vector, denoted by xt (k+ 1), we have

xk+1) = W(k)xf(k) +efk+1)  foralle e [n)].

Next, we take the column vectors x‘(k + 1), £ € [n], in a matrix X(k + 1), for
all k, and similarly, we construct the matrix E(k + 1) from the perturbation vectors
et(k + 1), € € [n]. Thus, we have the following compact form representation for
the evolution of the iterates x; (k + 1):

Xk+1)=Wk)Xk)+EKk+1) forall k > 0. (1.13)
Using the recursion, from (1.13) we see that for all k¥ > 0,

X(k+1) = Wk)X(k) +Ek+1)
=W@EWk — DXk — 1) + WK)EK) + E(k + 1)

k
= Wk : 0)X(0) + (Z Wk : t)E(t)) +EGk+1), (114

t=1
where
Wk:t)=WE)WkEk—-1)--- Wi+ DHW() forallk >t > 0.

By multiplying both sides of (1.14) with the matrix ,11111’ , we have

1
11'X(k + 1)
m

1 / < k 1 / ) 1 /
Wk :0XO) + Y 1W'Wk:0E@®) |+ 1Ek+1)
m m m

t=1

k
1 1 1
11'X(0) + (Z 11’E(:)) + 1UEk + 1),
m m m

t=1
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where the last equality follows from the fact that the matrices W(k : f) are
column-stochastic, as inherited from the matrices W (k) being column-stochastic.
By subtracting the preceding relation from (1.14), we obtain

1
Xk+1)— - 11Xk + 1)

k
- (W(k :0) — ntn’) XO0) + Y (W(k 1) — ntn’) E(t)
=1

+<1— 111’) E(k + 1), (1.15)
m

where [ is the identity matrix. Let ||A||r denote the Frobenius norm of an m x n
matrix A, i.e.,

By taking the Frobenius norm of both sides in (1.15), we further obtain

=

HX(k +1)— ; 10X (k + 1)
F

(2

t=1

(W(k :0) — ;11’) X(0)
F

Jelle e

Since the Frobenius norm is sub-multiplicative, i.e., |AB|r < ||Allr|BlF, it
follows that

(W(k 1) — ;11’) E(?)

F

IXO)

1
HX(k +1)— 1U'X(k+1)
m F

(2

t=1

1
< H Wk:0)— 11
F m

Wk :t)—;lll’ IEtk +DlF. (1.16)

1
IIE(I)||F> + Hl— 11
F m

F

By Lemma 3 we have

n

1\2
<[W(k:t)],-j — m) sq"*’ forallk >t >0, with g =1— 2

Hence,

1 o 1)’
- Wk:0lj— ) <myqk.
2 ;;([ Giony— ) =mf

HW(k - 1
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Sinceg = 1— _",, by using the fact /1 — u < 1 — /2 forany u € (0, 1), we see

2m?2’
that forallk >t > 0,

<mp*~'  with p=1— " (1.17)

1
Wk:t)— 11 .
H ( ) m F 4m?

For the norm HI — n1111’

we have
F

\/ 1\? 1
= m(l— )—I—(m—l)m , =vm—1. (1.18)
m m

Using relations (1.17) and (1.18) in inequality (1.16), we obtain

1
Hz e
m

F

1 k
HX(k +D - X+ 1)“ < mp!IXO)llr +m (Z p"—’uE(t)uF)
F =1

+/m —1|Ek + D . (1.19)

We next interpret relation (1.19) in terms of the iterates x; (k + 1) and the vectors
€i(k + 1), as given in (1.12). Recalling that the £th column of X (k) consists of the
vector x* (k), with the entries xf (k),i € [m], for all £ € [n], we can see that

m m
1X(k) = (Z x k), ..., Zx;”(k)) )
i=1 i=1
Thus,
1 l &
ml’X(k) =x/,(k)  where x4 (k) = . lej(k),
j:
and
1
11'X(k) = 1x/ (k) forall k.
m

Hence, ,11111/ X(k) is the matrix with all rows consisting of the vector x), (k).
Observing that the matrix X(k) has rows consisting of xi (k), ..., x),(k), and using
the definition of the Frobenius norm, we can see that

HX(k) - ’71111’X(k)

= | D k) — xan (k)2
i=1

F
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Similarly, recalling that E(k) has rows consisting of € (k), i € [m], we also have

B = |l

i=1

Therefore, relation (1.19) is equivalent to

D o lxitk+ 1) = xauk + D2
i=1

m k m
<mp* | D 1@ 12 +m | D p D e
i=1 t=1 i=1

+m =1 > ek + D2

i=1

1.3.1.3 Basic Relation for Agents’ Iterates

Recall that each ¢;(k + 1) represents the difference between the projection point
Ix[yi(k+1) —agt18i(k+ 1)] and the point y; (k + 1) (see (1.12)). Thus, there is a
structure in €; (k4 1) that can be further exploited. In particular, we can further refine
the result of Lemma 5, under the assumption of bounded subgradients g; (k 4 1), as
given in the following lemma.

Lemma 6 Let the problem be convex (i.e., Assumption 1 holds). Also, assume that
the subgradients of f; are bounded over the set X for alli, i.e., there exists a constant
C such that

IIs]| <C for every subgradient s of f;(z) atany z € X.

Furthermore, let Assumptions 2 and 3 hold for the graphs Gy and the matrices
W (k), respectively. Then, for the iterates x;(k) of the method (1.9) and their
averages Xqy(k) = JL Z?:l xj(k), we have for all i € [m] and k > 0,

m m
D itk + 1) = xapk + DI2 < mp | > 20|12
i=1 i=1
k
+m/mC Zp’“’at +mCayyy,

t=1



24 A. Nedié¢

where p =1— ",

Proof By Lemma 5 we have for all k > 0,

D lxite+ 1) = xauk + D2

i=1
m k m
DO +m | D p D e
i=1 t=1 i=1

H/m =1 | etk + D12 (1.20)

i=1
Since y; (k + 1) is a convex combination of points x;(k + 1) € X, j € [m], by the
convexity of the set X it follows that y;(k 4+ 1) € X for all i, implying that for all
k>0,
Tx[yi(k + 1) — akq18i(k + DI — yi(k + DIl < o1 llgi(k + DIl < ax41C.
Therefore, for all i and k > 0,
llei (k + DI < &, C?,

implying that

m

> etk + D> < meg, C* forallk > 0.

i=1

By substituting the preceding estimate in (1.19), we obtain

m [ m k
D Mtk + 1) = xau(k + D2 < mph Z||xi<0>||2+m(2 -t Jmeic )

i=1 \ i=!
+/m — 1\/moc]%+1C

m k
=mp* | Y 6 O +m/mC (Z p"—’at)
\ i=l t=1

+/m — 1«/mCotk+L

The desired relation follows by using m — 1 < m. (]
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We will now put together Lemmas 4 and 6 to provide a key result for establishing
the convergence of the method. We assume some conditions on the stepsize, some
of which are often used when analyzing the behavior of a subgradient algorithm.

Proposition 1 Let Assumptions 1-3 hold. Assume that the subgradients of f; are
uniformly bounded over the set X for all i, i.e., there exists a constant C such that

IIs]| <C for every subgradient s of f;(z) atany z € X.

Also, let the stepsize satisfy the following conditions
o0
U1 < o forallk > 1, Zot,,% < 00.
k=1
Then, for the iterates x; (k) of the method (1.9), we have for all k > O and all x € X,

Stk + 1) = xl? < Y ) — 1 = 2041 (f (an (k) = F()) + s,

i=1 Jj=1

where x4,(k) = n11 Z;’Ll xj(k), while sy is given by

m
sk =20x1C/m | Y |lxj (k) = Xau(R)|? + mag,, C2,
j=1

and it satisfies

o
3 < oo,
k=0

Proof By Lemma 4, we have forall i, all k > 0 and all x € X,

lxi (k4 1) — x[I* < lyi(k + 1) — x> = 2041 (fi i (k + 1) — fi(x))
+af, llgik + D2

Since y;(k + 1) is a convex combination of the points x;(k), j € [m], by the
convexity of the norm squared, it follows that

i Gk 4+ 1) = x| < Y~ wij (0 lxj (k) — x| = 20041 (fi ik + 1) — fi(x))
j=1
+aillgik + D>
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By summing these relations over i and by using the subgradient-boundedness
property, we obtain

D+ 1) —x* <Y wii (o) llxj k) — x|
i=l1 i=1 j=1

2041 Y (fiyitk+ 1) = fi(x))
i=1

~|—m(x,%+1C2.

By exchanging the order of summation in the double-sum term, we see that

DD willx ) — x[* =l (k) = xIP D wij (k) =Y llx k) — x|,
i=1 j=1 j=1 i=1 j=1

where the last equality follows from 1’W (k) = 1. Therefore,

m m
D i+ 1) = x> < Y llxjik) — x> = 241

i=1 j=1
m
D filitk+ 1) = fi(0)) + maiy, C2.
i=1
We next estimate f;(y;(k + 1)) — fi(x) by using the average vector x,,(k), as
follows:
JiGitk + 1) = fi(x) = fi(yitk + D) — fi(xav (k) + fi (xav(k)) — fi (x)
= —Cllyi(k + 1) = xau (Ol + fi (xav(k)) — fi (x),
where the inequality follows by the Lipschitz continuity of f; (due to the uniform
subgradient-boundedness property on the set X and the fact that y; (k + 1) € X and

xav(k) € X). By combining the preceding two relations and using f = > /-, fi,
we have forallk > Oand all x € X,

D olxite+1) = x> <7 lx (k) — x> = 241 (f Gan () — £(x))

i=1 j=1

m
+20041C Y Ilyitk + 1) = xau ()| + meg, €. (1.21)

i=1
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Consider now the vectors y; (k + 1) and note that by the definition of y; (k + 1),
we have for any y € R",

m

Dotk + 1) =yl =" 1wt k) — y) |

i=1 i=1||j=1
where we use W (k)1 = 1. By the convexity of the norm, it follows that
m m m m
Dyt + 1 =yl =YD wit)lxi k) =yl =Y llxjk) = yll,
i=1 i=1j=1 j=1

where the last equality is obtained by exchanging the order of summation and using
1'W (k) = 1'. Hence, for y = x4, (k), we obtain

D itk + 1) = xa®l < Y llxj (k) = xap (O </m | llxj (k) — xau ()12,
i=1 j=1 j=1

where the last inequality follows by Holder’s inequality. By substituting the
preceding estimate in relation (1.21), we have forall k > O and all x € X,

D olxite+1) = x> < lx (k) — x> = 2041 (f Gan () — £(x))

i=1 j=1

m
+ 201 Cm | Yl (k) = xau ()1 + e, C*.
j=1
To simplify the notation, we let for all k > 0,
m
sk =2k 1C/m | D Ixj (k) = xap ()2 + ma, C, (122)
j=1
so that we have forall k > Oand all x € X,

3 ik + 1) = xl? < D k) — x11? = 2041 (f (an (k) — F()) + s
i=1

j=1
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We next show that the terms ak+1\/2';’:1 llx; (k) — xqu(k)||? involved in the
definition of s; are summable over k. According to Lemma 6 we have for all k¥ > 1,

m m
D lxi () = xay®)I2 < mp*= | > i (0))?
i=1 =
k—1
—l—m\/mC Zpk_t_lcxt + mCoy.
=1

Letting

re=arp1 | Y lxjk) = xa(®)]1%, (1.23)
j=1

and using the assumption that the stepsize oy is non-increasing, we see that

m k—1
e <mp* g | Y I O))12 +my/mC Y p ] + mCef.

By summing ry overk = 2,3, ..., K, for some K > 2, we have

K K m
Y or<m (Z p’”) ar | D Ix (02
k=2 k=1 i=1

Z 1x; (0) |2 + m/mC Z sz ! 2+mCZaky

s=1 =1

where we use the fact that p € (0, 1) and we shift the indices in the double-sum
term. Furthermore, by exchanging the order of summation, we see that

s K-1 K-1 K-1

K—1 1

s—t 2 2 s—t 2
Z Z )4 Olt = Olt 14 < O{t
s=1t

=1 =1 s=t t=1
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Therefore,
K m m mo/mc K= K
2 2
;Vk< R ;||x,~(0>||2+ o ;aﬁmckgak-

In view of the assumption that > o cx,% < 00, it follows that ) p2, rx < co. Since

sk = 2C/mry + moc,%_HCz

(see (1.22) and (1.23)), it follows that

o0

35 < oo

k=0

1.3.1.4 Convergence Result for Agents’ Iterates

Using Proposition 1, we establish a convergence result for the iterates x; (), as given
in the following theorem.

Theorem 1 Let Assumptions 1-3 hold. Assume that there is a constant C such that
IIs]| <C for every subgradient s of f;(z) atany z € X.

Let the stepsize satisfy the following conditions
(0.¢] (0.¢]
k41 < o forallk > 1, Zakzoo, Za,%<oo,
k=1 k=1

and assume that problem (1.1) has a solution. Then, the iterate sequences {x;(k)},
i € [m], generated by the method (1.9), converge to an optimal solution of
problem (1.1), i.e.,

lim ||x;(k) —x*||=0  foralli € [m] and some x* € X*.
k— 00

Proof By letting x = x* in Proposition 1, for an arbitrary x* € X*, we obtain for
alli € [m]and k > 0,

D Itk 4+ 1) = x* 1P <Y k) — x* 1P = 20011 (f Gan () = £(5¥)) + 5k,
i=1 j=1
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with s; > 0 satisfying Y po sx < 0. By summing these relations overk = K, K +
1,...,T forany T > K > 0, after re-arranging the terms, we further obtain for all
x*e X*andallT > K >0,

m T
DT+ D) =17 +2 ) o (f (v (k) — £(x¥))
i=1 k=K

m

llx; (K) — x*|1* + Zsk (1.24)
j= k=K

Note that f (x4, (k)) — f(x*) > 0 since x4y (k) € X. Thus, the preceding relation
implies that the sequences {x;(k)}, i € [m], are bounded and, also, that

D kst (f (av(k) = f7) < 00
k=0

since Y po sk < 00, where f* = f(x*) for any x* € X*. Thus, it follows that
lim inf (f(xav(k)) — f*) =0.
k—o00

Let {k¢} be a sequence of indices that attains the above limit inferior, i.e.,

Jim f (xav (ke)) = f* (1.25)

Since the sequences {x;(k)}, i € [m], are bounded, so is the average
sequence {x,,(k)}. Hence, {x,,(k¢)} contains a converging subsequence. Without
loss of generality, we may assume that {x,,(k¢)} converges to some point %,
i.e.,

lim x4y (k) = X.

{—00
Note that x € X since {x4y(k)} C X and the set X is assumed to be closed.
Note further that f is continuous on R” since it is convex on R". Hence, we

have

Jim flanke) = f(B) with  feX,

which together with relation (1.25) yields f(X) = f*. Therefore, X is an optimal
point.
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Next, we show that {x;(k¢)} converges to x for all i. By Lemma 6 we have for
allk > 0andalli € [m],

D o lxite+ 1) = xauk + D2 < mp® | Y [1xi (012

i=1

k
+mA/mC Z P oy + mCayy.
t=1

Letting k = k; — 1 for any k¢ > 1, we see that for all i € [m],

m m
Y llxitke) = xap k)| < mp ™" | Y i (02
i=1 =
ke—1
+mA/mC Z pké*l*t(x, +mCoy,.
t=1

Since p € (0, 1) and oy — 0 (due to 21211 oz,% < 00), it follows that

ke—1
lim sup Z llxi (k¢) — Xav(ke)||? < m+/mC lim sup Z phe g
£—00 i=1 t—o0 t=1

We note that

ke—1

k—
llmsuprk‘ =y = Ln;oz

E—)oozl

1

(k— ) 1 k—1
k—1—1 k—1—t
S Y, )
Zr:lpk ! rz=1

=1

= lim
k—>oo

"
) e £

=1

= lim o, (1.26)
1 — ptox©
where in the last equality we use that fact that any convex combination of a
convergent sequence {oy} converges to the same limit as the sequence itself. Hence,
we have

ke—1
hmsuprk“ =y, =0,

{— 00 =1
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implying that

m
limsup | llxi (ke) = xau(ke) |2 = 0.

{— 00 i=1

Therefore, since limy_, o0 X4 (k¢) = X, it follows that

Jim xi(ke) =% foralli € [m].  with feX*. (1.27)
— 00

Now, since X € X*, we let x* = x in (1.24). Then, we let K = k¢ in (1.24) and by
omitting the term involving the function values, from (1.24) we obtain for all £ > 1,

m m o
limsup » " [l (T + 1) = 217 < llxjke) — 17 + D sx.

T— 00 i=1 j=1 k=ky

Letting £ — oo, and using relation (1.27), we see that

m o0
limsup Y |lx; (T + 1) — £ < Jim > s=0,
—> 00

T—o0 i=1 k=ky

where limg— 0o ) 72, sk = 0 holds since Y 22 s; < oo. Thus, it follows that for
x € X*,

lim ||x;(k) —x|| =0 forall i € [m].
k— 00

1.3.2 Numerical Examples

Here, we show some numerical results obtained for a variant of the algorithm
in (1.9) as applied to a data classification problem from Example 3. We will
consider an extension of that problem to the case when the data set is not
perfectly separable. In this case, there is an additional slack variable u that enters
the model, and the distributed version of the problem assumes the following
form:

min fGou)  fGow) =Y filxu),
i=1

(x,u)eR*xR
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Fig. 1.5 An undirected
network with four nodes

A
Y

A
Y

where each f; : R” x R — Ris given by:
fiteuwy = x| +/EZD_ max(0, 1 - y;(x, z;) + ul,

where D; is the collection of the data points at the center i (agent 7).
Letting x = (x, u) € R” x R, we consider the following distributed algorithm?
for this problem over a static graph G = ([m], E):

m
Yilk+ 1) =xi(k) — 1 Y rijx;i (k) (rij =0 wheni < j ¢ E),
j=1
xitk+1) =yi(k+1) — ogp1gi(k + 1), (1.28)

where g;(k + 1) is a subgradient of f; at y;(k + 1). We note that the weights
used in the update of y; (k + 1) are different from the weights used in (1.9). The
weights here are based on a Laplacian formulation of the consensus problem, which
include another parameter 7,1 > 0. This parameter can be viewed as an additional
stepsize that is associated with the feasibility step for the consensus constraints.
Under some (boundedness) conditions on 7n;4+; and standard conditions on the
stepsize (akin to those in Theorem 1), the method converges to a solution of the
problem [144].

We illustrate the behavior of the method in (1.28) for the case of a network with
four nodes organized in a ring, as depicted in Fig. 1.5. The simulations are generated
for the regularization parameter p = 6. The stepsize values used in the experiment
are: nxy = 0.8 and oy = }C, for all £k > 1. The behavior of the method is depicted in
Fig. 1.6 where the resulting hyperplanes produced by agents are shown after 20 and
after 500 iterations. The plots also show the true separating hyperplane that solves
the centralized problem.

The algorithm (1.28) assumes perfect communication links, which is not typi-
cally the case in wireless networks. To capture the effect of communication noise,

3See [144, 146] for more details.
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Fig. 1.6 The top plot shows the agents’ iterates x; (k) after 20 iterations and the true solution (the
hyperplane in red color), while the bottom plot shows the agents’ iterates after 500 iterations
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consider the following variant of the method:

yitk +1) = x; (k) — nk+1 Zh’j (xj(k) +&j(k)) (rij =0wheni < j ¢ E),
j=1

Xi(k+1) =yitk+1) —arq18i(k+ 1), (1.29)

where &;; (k) is a link dependent noise associated with messages received by agent i
from a neighbor j. The parameter n;+1 > O can be viewed as a noise-damping
stepsize. In this case, for the method to converge to a solution of the problem,
the noise-damping stepsize n; has to be coordinated with the subgradient-related
stepsize o . In particular, the following conditions are imposed:

o Yom=

k=1
“k
ek < 00, z

The simulations are performed for a different set of data and the ring graph shown
in Fig. 1.5, where the links were assumed to be noisy. The noise is modeled by the
i.i.d. zero mean Gaussian process with the variance equal to 1. The regularization
parameter is p = 6, while the noise-damping parameter and the stepsize are n; =
k&SS and oy = ! for all k > 1. The results for one of the typical simulation run
are shown in Fig. 1.7. These simulation results are taken from [144], where more
simulation results can be found.
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1.4 Distributed Asynchronous Algorithms for Static
Undirected Graphs

There are several drawbacks of synchronous updates that limit their applications,
including

* All agents have to update at the same time. Imagine that each agent has its own
clock and it updates at each tick of its clock. Then, the requirement that the
agents update synchronously, as in method (1.9), means that the agents must
have their local clocks perfectly synchronized throughout the computation task.
This is hard to ensure in practice for some networks, such as wireless networks
where communication interference is an issue.

* The communication links in the connectivity graphs G4 have to be perfectly
activated to transmit and receive information. Some communication protocols
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Fig. 1.7 The top plot shows the agents’ iterates x; (k) after the first iteration and the true solution
(the hyperplane in red color), while the bottom plot shows the agents’ iterates after 500 iterations
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Fig. 1.8 The agent fix) f(x)
communication graph is

static, undirected and \
connected. However, not all

the links will necessarily be

active at each time instance.

A function f; is a local fix)
objective of agent i

require receiving message acknowledgements (“acks"), which can lead to dead-
locks when the links are not perfect.

* Communications can be costly (consume power) and it may not be efficient for
agents to be activated too frequently to communicate, due to their limited power
supply for example.

In order to alleviate these drawbacks of simultaneous updates, one possibility
is to randomize the activation of communication links in the network or the
activation of the agents. We will discuss two such random activations: gossip and
broadcast protocols. Gossip could be viewed as a random link activation process,
while broadcast is a random-agent activation process. We will here treat both as a
random-agent activation, by assuming that the agents are equipped with local clocks
that tick according to the same rate (the same inter-click time), but do not click
synchronously.

Throughout this section, we assume that the underlying communication graph
is static and undirected, denoted by G = ([m], E), see Fig. 1.8 for an illustration
of the graph. The randomization we will use to develop asynchronous algorithms
will have some stepsizes that can be easily analyzed for a static graph. While their
extensions to time-varying graphs may be possible, we will not consider them here.

To develop asynchronous algorithms for solving problem (1.1), we will use
the asynchronous methods for consensus. Thus, we will at first discuss random
asynchronous consensus methods in Sect. 1.4.1 and, then, we give the corresponding
asynchronous optimization methods in Sect. 1.4.2.

1.4.1 Random Gossip and Random Broadcast for Consensus

Both random gossip and random broadcast algorithms can be used to achieve a
consensus. These two approaches share in common the mechanism that triggers the
update events, but they differ in the update rule specifications.

More concretely, these two approaches use the same random process to wake up
an agent that will initiate a communication event that includes an iterate update.
However, in the random gossip algorithm the agent that wakes up contacts one
of its neighbors at random, thus, randomly activating a single undirected link for
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communication, and both the agent and the selected neighbor perform updates.
Unlike this, in the random broadcast approach, the agent that wakes up broadcasts its
information to all of its neighbors, thus resulting in using directed communication
links (even-though the links are undirected). Moreover, upon the broadcast, the
agent that triggered the communication event goes to an inactive mode and only
its neighbors perform updates.

Let us now describe the random process that triggers the communication events
for both gossip and broadcast models. Each agent has its own local Poisson clock
that ticks with a rate equal to 1 (the rate can take any other positive value as
long as all agents have the same rate). Each agent’s clock ticks independently of
the other agents’ clocks. At a tick of its clock, an agent wakes up and initiates a
communication event. The ticks of the local agents’ clocks can be modeled as single
virtual Poisson clock that ticks with a rate m. Letting {Z} be the Poisson process
of the virtual clock tick-times, we discretize the time according to {Z;} since these
are the only times when a change will occur in some of the agent values x; (k). The
inter-tick times {Zy4+1 — Zi} are i.i.d. exponentially distributed with the rate m.

1.4.1.1 Gossip-Based Consensus Algorithm

In the gossip-model, the randomly activated agent wakes up and selects randomly
one of its neighbors, as depicted in Fig. 1.9. The activated agent and its selected
neighbor exchange their information and perform an iterate update. Upon the
update, both agents go to sleep.

To formalize the process, we let I; be the index of the agent that is activated at
time Z, i.e., the agent whose clock ticks at time Z;. The variables {I;} are i.i.d.
with a uniform distribution over {1, ..., m}, i.e.,

1
Prob{l; =i} = for all i € [m].
m

For agent i, let p;; > 0 be the probability of contacting its neighbor j € N;,
Jj # i.Let Ji be the index of a neighbor of agent [ that is selected randomly for
communication at time Z. Let P = [p;;] be the matrix of contact probabilities,
where p;; = 0if j & N;, and note that P is row-stochastic.

Fig. 1.9 Random gossip x;(1)
communication protocol: an

agent that wakes up

establishes a connection with xi(1)
a randomly selected neighbor.

Thus, a random link is

activated (shown in green

color) x; (1)

X ()



1 Distributed Optimization Over Networks 39

At time k, the active agents I and J; exchange their current values xj, (k) and
xj, (k), and then both update as follows:

1 1
xpk+1) = ) (1, (k) + x5 (K)) xy(k+1) = ) (x7 () + x5,(K))
(1.30)
while the other agents do nothing (they sleep),
xitk+1) =x;(k) foralli ¢ {Ix, Ji}.

A value other than 1/2 can be used in the updates in (1.30); however, we will work
with 1/2.

Assuming that the agent values x; (k) are scalars, the gossip iteration update can
be compactly written, as follows:

x(k+1) = Wy(k)x(k)  forallk >0, (1.31)

where x (k) is a vector with components x;(k), i € [m], and the matrix W, (k) is
symmetric with the entries given by

1 1 1
[Wg(k)]lk,fk = [Wg(k)]fk,lk = 2a [Wg(k)]lk,lk = 2a [Wg(k)]fk,.]k = 2a
[We(k)]iy =1 foralli € [m]\ {Ik, Ji}, andelse [W,(k)];j = 0.

Equivalently, the random matrix W, (k) is given by
, 1
W (k) = WUk, with W) =71 — Lei—epe —e;) foralli, j € [m],

where e; is the unit vector with its ith entry equal to 1 and the other entries equal to 0.
Thus, the random matrix Wy (k) takes values Wy (k) = WU with the probability
(pij + pji)/m.

Every realization of W, (k) is a symmetric and stochastic matrix, hence, Wy (k) is
doubly stochastic. Furthermore, it can be seen that every realization W /) of Wy (k)
is a projection matrix* on the sub-space

Sij ={x e R" | x; = x;}.
Therefore, we have

Wy (k)Wy (k) = W, (k) = Wy (k) forallk > 0.

4 A matrix A is a projection matrix if A2 = A.
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The convergence of the gossip algorithm has been shown in [16]. In the following
theorem, we provide a statement based on the result in [16] that is relevant to our
subsequent discussion on distributed asynchronous methods.

Theorem 2 ([16]) Assume that the graph G is connected. Then, the iterate
sequences {x;(k)}, i € [m], produced by the gossip algorithm (1.31) satisfy the
following relation

2 2
| — 1 —
E x(k)—mzxj(ou < x(O)—mij(O)l forallk > 0,
j=1 j=1

where 0 < Ay < 11is the second largest eigenvalue of Wg =K [Wg (k)].
Proof Defining

1 m
dh)=x(k)— 3 xjO)1,
j=1

and using the gossip updates in (1.31), the following relation has been shown in [16]:
E [z + DIP 1 20] = 0, E[ Wyt W (0 |200)

(see equation (14) in [16]). Since Wg, (k)Wg (k) = Wy (k) and since {W,(k)} is an
i.i.d. matrix sequence, by letting £ [Wg (k)] = W_/g, we obtain

E[llzk + DI? | 260 | = (20, Wyz(h).

The matrix Wg is symmetric and doubly stochastic, since each realization W/ of
any W, (k) is symmetric and doubly stochastic. Furthermore, since each realization
WD is a projection matrix, each W/ is positive semi-definite. Hence, Wg is also
positive semi-definite and, consequently, all eigenvalues of Wg are non-negative.
Moreover, we have

[Weli; >0  foralli € [m],
and for all i # j,
[Welij >0 <<= i< jeE.

Since the graph G is connected, Wg is irreducible and by Theorem 4.3.1, page 106
in [46], the matrix W, has 1 as the largest eigenvalue of multiplicity 1, with the



1 Distributed Optimization Over Networks 41

associated eigenvector 1. Since z(k) L 1, it follows that
(2(k), Wez(K)) < Agllz(b)]?,

where 0 < A, < 1 1is the second largest eigenvalue of Wg.
Therefore, we have

E [Ilz(k + D | z(k)] < Allz(0)>  forallk >0,
implying that

E [l + DIP] = 2B [lz01P] = - =222 forallk = 0.

From Theorem 2 it follows that

2

o0 m

1
E E x(k)—m E xj(0)1 < 00,
k=0 j=1

which (by Fatou’s Lemma) implies that with probability 1,

1 & ’
li k) — (0] 1] =0,
Jm = |, 24O

showing that the iterates converge to the average of their initial values with
probability 1. We note that the same result is true if the agents variables x ; (0) were
vectors due to the linearity of the update rule (1.31).

1.4.1.2 Broadcast-Based Consensus Algorithm

In the broadcast model, at time Zj, the randomly activated agent I; broadcasts its

value x, (k) to all of its neighbors j € Ny, in the graph G = ([m], E). Here, the

neighbor set N; of an agent i does not include the agent i itself,
Ni={jelmlli< jecE)}.

Thus, even though the graph G is undirected, the actual links that are used at any
instance of time are virtually directed, as shown in Fig. 1.10.
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Fig. 1.10 Broadcast communication protocol: an agent that wakes up broadcasts its value to its
neighbors, resulting in a random set of agents that are activated for performing an update. In a
wireless network, the neighbors of an agent are typically defined as those agents that are within a
certain radius of a given agent

Upon receiving the broadcasted value, the agents j € N 1, perform an update of
their values, while the other agents do nothing (they sleep), including the agent Ij
that broadcasted its information. Formally, the updates are given by

xjk+1) =1 —B)xjtk) + xy (k)  forall j € Ny,
xj(k+1) = x;(k) forall j & Ny,

where 8 € (0, 1).
We define the matrix Wj,(k), as follows:

[Wp(k)];i =1—p foralli € Ny, [Wp(k)]iz, =B foralli € Ny,
[Wp(k)];ii =1 foralli & Ny, and else [W,(k)];; = 0.
Using this matrix, the broadcast method can be written as:
x(k+ 1) = Wp(k)x (k) for all k > 0. (1.32)

Note that the random matrix W, (k) is stochastic, but not necessarily doubly
stochastic. Also, note that it is not symmetric. The expected nlatrix Wy = E[Wy(k)]
is in fact doubly stochastic. Specifically, as shown in [2, 3], W}, is given by

Wb =1- A Lg,
m
where L¢ is the Laplacian of the graph G, i.e., Lg = D — A where A is the 0-1
adjacency matrix for the graph G and D is the diagonal matrix with entries dj; =
|Ni|, i € [m]. Since G is undirected, its Laplacian L¢ is symmetric. Furthermore,
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since Lg1 = 0, it follows that Whl = 1, which due to the symmetry of Wh also
implies that 1'W, = 1.

In addition, it has been shown in [2, 3] that, when the graph G is connected, the
spectral norm of the matrix

- 1_,
W,— 11
m

is less than 1 (see Lemma 2 in [3]). This spectral property of the matrix W, — ;l 11
is sufficient to guarantee the convergence of the random broadcast algorithm to a
consensus in expectation only. Its convergence with probability 1 requires some
additional analysis of the properties of the random matrices W (k). In particular,

the spectral norm of the matrix E [ng kU — ,111 11w, (k)] plays a crucial role in
establishing such a convergence result. Let Q denote this matrix, i.e.,

O0=E |:Wb’(k) ( - ;11’) Wh(k)i|’ (1.33)

where I denotes the identity matrix of the appropriate dimension.

It has been shown in Proposition 2 of [3] that, when the graph G is connected,
then the matrix Q has a spectral radius less than 1 for any B € (0, 1) (see the
role of B in the definition of matrix Wj(k)). This property is a key in proving the
convergence of the method with probability 1, as given in Theorem 1 in [3]. In
the next theorem, we summarize some key relations which have been established
in [3].

Theorem 3 (Lemma 3 and Proposition 2 of [3]) Assume that the graph G is
connected. Then, for any B € (0, 1), we have

(a) The spectral radius of the matrix Q in (1.33) is less than 1.
(b) The iterate sequences {x;(k)}, i € [m], produced by the random broadcast
algorithm (1.32) satisfy the following relation

2 2
1 & 1 &
E x(k)—mij(k)l <k x(O)—mij(O)l forall k > 0,
j=1 j=1

where 0 < Ap < 1 is the spectral norm of the matrix Q given in (1.33).

An extension of Theorem 3 to the case when the links are unreliable can be found
in [101]. We note that the random broadcast algorithm does not lead to the consensus
on the average of the initial agents’ values with probability 1. It guarantees, with
probability 1, that the agents will reach a consensus on a random point whose
expected value is the average of the initial agents’ values. Concretely, as shown
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in Theorem 1 of [3], there holds
Prob{ lim x(k) = cl} =1,
k—o00

where c is a random scalar satisfying

1 m
E[c] = . Zx,-(O).
i=1

1.4.2 Distributed Asynchronous Algorithm

In this section, we consider a general distributed asynchronous algorithm for
optimization problem (1.1) based on random matrices. The random matrices are
employed for the alignment of the agents iterates. As special cases of this algorithm,
one can obtain the algorithms that use the random gossip and the random broadcast
communications.

In particular, we will consider an algorithm with random asynchronous updates,
as follows. We assume that there is some random i.i.d. process that triggers the
update times Zy (as for the cases of gossip and broadcast). Without going into details
of such a process, we can simply keep a virtual index to count the update times
(corresponding to the times when at least one agent is active). We also assume that
the agents communicate over a network with connectivity structure captured by an
undirected graph G.

At the time of the k + 1st update, a random stochastic matrix W (k) is available
that captures the communication pattern among the agents, i.e., w;;(k) > 0 if and
only if agent i receives x;(k) from its neighbor j € N;. We let Ay be the set of
agents that are active (perform an update) at time k + 1. Then, the agents iterates at
time k + 1 are described through the following two steps:

vitk+1) = Zwij(k)xj(k)s

Jj=1
xi(k +1) = Ix[vitk+ 1) — i k18 (k + D xjiean
+vi(k 4+ Dxii¢ag) (1.34)

where «; 1 > 0is a stepsize of agent i, g; (k4 1) is a subgradient of f; at v; (k+1)
and yg is the characteristic function of an event E. We will assume that the initial
points {x;(0), i € [m]} C X are deterministic.

Note that each agent uses its own stepsize «; x+1. It is important to note that,
since W (k) is stochastic, the event {i € Ay} is equivalent to {w;; (k) # 1}. Thus,
when i ¢ Ay, which is equivalent to {w;; (k) = 1}, we have v;(k + 1) = x;(k)
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and x;(k + 1) = x;(k). Hence, the relation i ¢ Ay corresponds to agent i not
updating at all, so the iterate updates in (1.34) are equivalent to the following update
scheme:

vilk+1) = wij(k)x; k),

j=1
xitk+1) = Ox[vi(k + 1) — ajep1gik + 1] foralli € Ay,

and otherwise
xi(k + 1) = x; (k).
Moreover, when the matrices W (k) are stochastic, we have
xik+1eX forall k > Oandalli € [m].

There is an alternative view for the updates of x;(k + 1) in (1.34) that will be
useful in our analysis. Specifically, noting that x(i¢a,; = 1 — x{ica,}, from the
definition of x; (k + 1) in (1.34) it follows that

xi(k + 1) = yieanIx[vik +1) — i 18k + D1+ (1 — xgieay) vitk + 1).
(1.35)

Thus, we can view x;(k 4+ 1) as a convex combination of two points, namely, a
convex combination of [Ty [v;(k + 1) — aj x+18i (k + 1)] € X and v;(k + 1). When
W (k) is a stochastic matrix, the point v; (k + 1) is in the set X.

If the random gossip protocol is used for communications, then W (k) = W, (k).
Similarly, if the agents communicate using the random broadcast protocol, then
W(k) = Wp(k). Thus, the random gossip and random broadcast algorithms can
be viewed as a special case of a more general random communication model,
where the weight matrices W (k) are random, drawn independently in time from
the same distribution, and have the properties as specified in the following assump-
tion.

Assumption 4 Let {W (k)} be a sequence of m x m random i.i.d. matrices such that
the following conditions are satisfied:

(a) Each realization of W (k) is a stochastic matrix compatible with the graph G =
([m], E), i.e., w;j(k) > Oonlyif j € N;.

(b) The spectral norm of the matrix Q = E [W/(k) (I - n1111/) W(k)] is less than
1.

(c) The expected matrix E[W (k)] = W is doubly stochastic.
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In view of Assumption 4(a), the entry Wij of the expected matrix may be positive
only if j € N;. We do not assume explicitly that the graph G is connected, however,
this property of the graph is subsumed within Assumption 4(b).

Note that the random matrices corresponding to the gossip and the broadcast
model satisfy Assumption 4 when the graph G is connected. In fact, the random
matrices corresponding to the gossip model in (1.31) satisfy a stronger condition
than that of Assumption 4(a), since each realization of W, (k) is a doubly stochastic
matrix.

Under Assumption 4(a), the event {i € Ay} that agent i updates (is awaken) at
time k + 1 has a stationary probability, denoted by p;, i.e.,

pi = Prob{i € A;}.

We now specify the stepsize rule for the algorithm. We consider the case when
every agent i choses its stepsize value «; x+1 based on its own local count of the
update times. Letting I;(k + 1) be the number of times the agent was awaken up to
(including) time %, i.e.,

k
Iik+1)= ZX{ieA,},
t=0
we define the stepsize «; k1, as follows
! foralli € [m]and k > 0 (1.36)
o = oralli € [m] an . .
i,k+1 E(k + 1) =

We note that
Iik+1) > T;k) forallk > 0andi € [m],
implying that
Qik+1 < ik forallk > Oandi € [m]. (1.37)
In what follows, we will work with the conditional expectations with respect
to the past iterates of the algorithm. For this, we let F; denote the history of the
algorithm (1.34), i.e.,

Fr ={W(@),..., Wk — 1)} forallk > 1,

and Fo = 0.
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1.4.3 Convergence Analysis of Asynchronous Algorithm

We investigate the convergence properties of the algorithm assuming that the
stepsize o; k41 is selected by agent i based on its local information. Prior to
specifying the stepsize, we provide a result that is valid for any stepsize choice.
It is also valid for any matrix sequence {W (k)}.

Lemma 7 Assume that the problem is convex (i.e., Assumption 1 holds). Then, for
the iterates of the algorithm (1.34) with any stepsize a; k+1 > 0 we have for all
x € X, foralli € [m]andallk > 0,

Dotk + D = xl <Y itk + 1) — x|

i=1 i=1

=2 di ki Xiieag) (fiitk+ 1) = fi(x)

i=1

m
+ 3o xiieanligik + DI,

i=1

Proof From the relation in (1.35) by the convexity of the squared norm, it follows
that forany x € X, allk > Oand all i € [m],

i (k + 1) — x)1? <xpeag1xlvitk + 1) — @i gr18i(k + 1] — x||?
+ (1 = xgieay) lvitk + 1) — x|1%.

By Lemma 4, for the point [Tx[v;(k + 1) — a; x+18i(k + 1)] and any x € X, we
have

1Tx ik + 1) — et g1 8i (k + D] — x| < [l (k+ 1) — x|
— 20441 (fivilk + 1) = fi(x) +of i lgi Gk + D>
By combining the preceding two relations, we obtain
Ixi (k + 1) = x| <llvi (k + 1) — x[|1* = 20 k41 xpiea) (fr ik + 1)) = fi(x))
+ ol Kieagllgi (k + D%

The desired relation follows by summing the preceding inequalities over i € [m].
O
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We have the following refinement of Lemma 7 for the random stepsizes o; k1
given by (1.36), which are measurable with respect to Fy for all i € [m]. The result
is developed under the assumption that the set X is compact, which is used to bound
the error induced by the asynchronous updates and, in particular, the error due to a
different frequency of agents’ updates. The result assumes that the matrix sequence
{W(k)} is just an i.i.d. sequence.

Proposition 2 Let the problem be convex (Assumption 1) and, also, assume that
the set X is bounded. Let the random matrix sequence {W(k)} be i.i.d. Con-
sider the iterates produced by method (1.34) with the random stepsizes o; j+1
as given in (1.36). Then, with probability 1, we have for all k > 0 and all
xeX,

SB[+ D =2l | Fe] < 3B [+ 1) - 51 | Fy ]
i=1 i=1
2 k
g PGl = £+

where

m
I =2CDZ
i=1

1
[(“ Tk l)pi) Kiicar) | "}

ZC\/Z:n:1 [} "
! . _ 2
+ ;E[Ilv,(kJrl) Xav(®)112 | Fi]

m 2

1

+2/mCD ZE |:<01i,k+1 Tkt ) XlieAg} | Fk] +C2azk,
i=1 pi

with p; denoting the probability of the event xjieca,), C being the uniform upper
bound on the subgradient norms of f; over the set X, and D = maxy yex

llx = yll.

Proof In view of the compactness of the set X, it follows that the subgradients of
fi are uniformly bounded over the set X for all i, i.e., there exists a constant C such
that

Is|l < C for every subgradient s of f;(z) atany z € X. (1.38)
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Therefore, each function f; is Lipschitz continuous on X, so that for all x € X, all
k>0,andalli € [m],

Jii(k + 1)) = fi(x) = fi(i(k + 1)) = fi(Xav(k)) + fi(xau(k)) — fi(x)
= =Cllvitk + 1) = xa (Ol + fi (xav(k)) = fi(x),

where xqy (k) = ), Y1) x; (k).
By using the preceding estimate in Lemma 7 and the fact that the subgradients
are bounded, we obtain

> ik + 1) — x|?

i=1

<Y itk + 1) = xIP =2 dikpixiiea) (fi (k) — fi(x))

i=1 i=1

m m
20 ) aikrixieanlvitk + 1) = xap®)l + C* D oy Xiier)-
i=1 i=1

We take the conditional expectation with respect to Fy in both sides of the preceding
relation and further obtain, with probability 1, for all x € X and all k > 0,

m m

SB[+ D - xI? 1R = B lok+ D — 2 | Fy ]

i=1 i=1

- 2Z]E[a,-,k+1x{ieAk} | Fi] (fi (rav (k) — fi (X))

i=1

m
+2C Y Efeikrixiiean vik +1) = xa(®)] | Fi]

i=1

m
+C? Y B[ tienn | Fi] (1.39)

i=1

Since o; k+1X(ieA) < @i k+1 and the stepsize is non-increasing (see (1.37)), it
follows that

k1 X{ieA) = ik foralli € [m] and all kK > 0.

Hence, with probability 1,

E I:aiz,kJrlX{iEAk} | Fk] =E [aik | Fk] = o, (1.40)
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where in the last equality we use the fact that «;  is completely determined given
the past F¢. By substituting relation (1.40) in inequality (1.39), we obtain

m m

SB[+ D —xIP 1R = SB[ loptk+ D — 2 | Ry

i=1 i=1

~ 23 B[ xiiead | Fi] (i Gan(k) — i)

i=1

m
+2C ) Efairrixieanlvitk+ 1) = xa®l | Fe] + C7 oy (141
i=1
. . m Elxuea) Fx]
By adding and subtracting 2 ) ", Ut 1) p; (fi (xqv(k)) — fi(x)) to the second
term on the right hand side of (1.41), and by doing similarly with a corresponding
expression for the third term, we have

SB[tk + D=l [ Fe] = YE[lutk+ 1) = xI? | Fi
i=1 i=1

"\ E [xgieay | Fr] _ '
—2§ k+ Dp; (fi (aw(k)) — fi(x))

1
E [(%’,kﬂ an l)p;) XiieAg) | Fki| (fi (xqu(k)) — fi(x))‘

m
+2)°
i=1

20 1
+ > o [xticanlvik + 1) = xap ()| | Fi]

k+1;:1 i
T
m
20| 3B (o= ) aean o+ D = x (Ol | F
& i,k+1 (k+1)17; {iceAr} Vi av k
T
. (1.42)

where p; is the probability of the event that agent i is updating.
To estimate the term 77, we use Holder’s inequality

Y Elabill< | Y E[a?] | Y E[#?].
i=1 i=1 i=1
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and obtain
m 1 m
n = ZE[ 2X{ieAk}} ZE[Ilvi(k + 1) — xau(®) 1% | Fr]
\i=1 LPi i=1
m l m
= |2, | Rl + D = x| F] (1.43)
\ i=t 7'\ i=1

where in the first inequality we also use the fact that the event {i € Ay} is
independent from the past, while in the last inequality we use the fact that the
probability that the event {i € Ay} occurs is p;.

For the term 7> in (1.42), by Holder’s inequality, we have

m 2
1
I < E E ikl — ; F
2 < 2 |:<Olz,k+1 (k~|—1)p,~> XiieAy) | k:|

m

x| D E[llvitk + 1) — xan®)[1* | Fi]- (1.44)
i=1

We now substitute the estimates (1.43) and (1.44) in the inequality (1.42) and
obtain that, with probability 1, there holds for all x € X and k > 0,

SB[t + 1) —xI? | Fe] = B [luite+ D) —x)? | Fi
i=1 i=1

B [xpiean | Fe] .
—22 &+ Dp: (fi vav(k)) = fi(x))

m
+2Z
i=1

ZC\/Zlmzl ,} -
! . _ 2
+ ;E[Ilv,(kJrl) Xav ()11 | Fi]

m 2
1
2¢ | Y E| (iasr — ea | F
+ 2 |:<al,k+1 (k+1)17i) X(icAy) | k]

m

X | YE[ltk+ D = xan®I | Fe] + €2y
i=1

1
E |:<Oli,k+1 e 1)Pi) XiieAyy | Fk:| (fi xqv(k)) — fi(X))‘
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In view of compactness of X, and x,,(k) € X and v;(k + 1) € X forall i and %, it
follows that for all x € X,

| fi (xav (k) — fi(x)| < Cllxau(k) — x| < CD, lvitk + 1) = xqu(K) || < D,
where D = max, ;cx ||y — zl||. We also note that

E[xieag |Fe] 1
(k+ 1)p; k+1°

By using the preceding relations, we have that, with probability 1, there holds for
allx e Xandk > 0,

E

-

oGk + 1) = x| Fi
1

1

- 2
< gﬁ[nvi(ﬂ D= 1R = T () — £00)

" 1
2CD E ; — ; F
+ ; |:(0h,k+l h+ 1)pi)X{teAk} | ki|
ZC\/Z;”—l o
=L pi
+ ;E[nvi(kﬁ)—xau(kw | Fi]
1=

m 2

1

+24/mCD g E |:<(¥i,k+l - ) XiieAy) | Fk:| +Crafy
= (k+ Dp;

The desired relation follows by introducing the notation for the sum of the last four
terms on the right hand side of the preceding relation. (]

To establish the convergence of the method, one of the goals is to show that the
error terms ry in Proposition 2 are well behaved in the sense that Y oo qre < 00
with probability 1. We note that the error 7 has two types of terms, one type related
to the stepsize and the other related to the distances of iterates v; (k + 1) and the
average vector x,,(k), which also involves the stepsize implicitly. So we start by
investigating some properties of the stepsize.

1.4.3.1 Stepsize Analysis

We consider the random agent based stepsize defined in (1.36), which is the inverse
of the number I;(k 4 1) of agent i updates from time + = O up to time ¢t = k,
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inclusively. We establish some relations for the stepsize that involve expectations
and a set of results for the stepsize sums.

We start with the relations involving the expectations of the stepsize in the term
ri of Proposition 2.

Lemma 8 Let the matrix sequence {W (k)} be an i.i.d. random sequence. Then, for
the stepsize a; i in (1.36), with probability 1, we have for all k > 0 and i € [m],

1
‘ [(a K1 i+ 1)Pi) XiieAg | k:|

1 2
E |:<Oli,k+1 Tkt 1)[71') X(ieAg) | Fk:| <V2pi

2 Oli,k
+ (1= pi) .
pi k

Proof Recall that the event y{;jca,) that agent i updates has probability p;. Thus,
using the independence of the event xjica,) given the past Fy, we have with
probability 1 forall k > O and i € [m],

Uik
+a—m>;,

<pi %k —

1
kpi

o —
ik kpi

pi
E [eiit1 xtieay | Fi] = F'(k)l—i- X
l

Using the preceding relation and E [X{ieAk} | Fk] = p;, we obtain

1
M, = |E i — i F
1 ‘ [(az,kJrl k+ 1)[)[) XlieAy) | ki|

1 1
b <n<k>+1 - <k+1>pi)‘
— lkpi — Ii(k) + p — 1]
e+ Dpiito + 1)

where the last equality is obtained by re-grouping the terms in the numerator. Thus,
it follows that

Nkpi = i)+ A = pi) _ lkpi = Ii(k)| 4+ (1 — pi)

= Di

1= =
P e+ Dpiito + 1) kpi T (k)
By separating the terms, we have
kpi — Ii(k 1—pi 1 1 1— pi
lepi| Pi i (k)| ( I’z): . _ +( pz).
kpi I (k) kI (k) Ii(k)  kpi kI (k)
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Recognizing that o; = F-l(k)’ we obtain

Qi k
M, < p; Il( ,

Qg — + = pi)

1
kpi
thus showing the first relation stated in the lemma.

For the second relation we have

=5 ( o) 7 = o)
= O k1 — i = pi -
2 KT ey ) KT TP m iy 11Tk + Dy

~ _(<k+1)p,-—n<k>—1>2_ kpi — T1() + p— 1)?
Pk vpno+n ) TP 22w £ 12

Now using the relation (a + b)2 < 2(a2 + bz), which is valid for any scalars a and
b, we obtain

(kpi = L0 + (= p? _, (kpi = i) + (1= p)?

My <2p <
D+ D2P2(L (k) + 1)2 kK2p7 I (k)
By separating the terms we further have
(kpi — Ii(K)* . 2(1 — p;)? 1 1) 200 -p)?
k“p; I~ (k) k*pi I (k) (k) kpi K2 p;i I (k)

By substituting o; x = n 1(k), it follows that

1\? 2= p)*a},
My < 2p; (g — ok,
PEp (al’k kpi) i k?pi

Using Ja+b< Ja+ \/b, which is valid for any a, b > 0, we have

1\* /20— p)2e?,
My < 2pi |aix — ’
\/ 2_\/ Di (al,k kpi) +\/ kzp,'
2 ok
= V2pi +(1 = p) :
pi k

which establishes the second relation of the lemma. O

Uik —
kp:

1

We next investigate some properties of the stepsize sums under the assumption
that the random matrix sequence {W(k)} is i.i.d. In this case, for each i € [m], the
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events {i € Ay} are i.i.d., so that we have
E[Ii (k)] = (k+ Dpi.

By the law of iterated logarithms [41] (pages 476-479), we have that for any g > 0,

|5 (k) — (k + Dpil

Prob 1 1 ) =0; =1 foralli € [m]. (1.45)
k— o0 (k + 1)2+q

We use this relation to establish some results for the sums involving the stepsize, as
given is the following lemma.

Lemma9 Let the random matrix sequence {W(k)} be i.i.d., and consider the
stepsize o i as given in (1.36). Then, we have

o0
Prob{ % "af, < oo, foralli € [m]} =1,
k=1
o

Prob

Qi k —

< 00, foralli e [m]; =1,
kpi

»
I
-

ok

WK

Prob

< oo, foralli € [m]} =1
k=1

Proof The proof is based on considering sample paths, where a sample path
corresponds to a sequence of realizations of the matrices, which is denoted by w. We
fix a sample path w for which the limit in (1.45) is zero. Then, us1ng relation (1.45),
we can show that for every ¢ € (0, 2) there exists an index’ k(a)) such that for all

k> k(a)) and for all i € [m], we have®

1
kpi

1

o k(@) < (1.46)

kp, aj k() —

<

f— 3
—q 2

2 pi

Thus, there holds for all i € [m],

1
Y o) < oo, > ‘a,»,k«o)—k
Pi

k>k(w) k>k(w)

< 00,

5The index k(w) also depends on ¢, but this dependence is suppressed in the notation.

9The derivation of the relations in (1.46) can be found in the proof of Lemma 3 in [100], where the
analysis is to be performed on a sample path.
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where the last relation holds due to ¢ € (0, ;). Furthermore, we have for all k >
k(w) and for all i € [m],

wik(@) _ 2
ko T kpi’

implying that
5 ai,kk(w) <oo  foralli € [m].
k>k(w)

Since the preceding relations are true for almost all but zero measure sample paths
w that satisfy relation (1.45), the stated results follow. (I

1.4.3.2 Relation for Agents’ Iterates and Their Averages
We now turn our attention to the disagreements ||x; (k) — x4, (k)||. We establish a
relation for these disagreements which will be combined with Proposition 2 to assert

the convergence behavior of the distances ||x; (k) — x*|| for an optimal solution x*.
We start by re-writing the iterations of the method (1.34), as follows:

vitk+ 1) =Y wij(k)x; k),

j=1
xik+1) =vik+1) + (Mxlvitk+1) — igs18ik + D] —vi(k + 1) x{i € Ag}.
¢i(7<:‘l)

Hence, foralli € [m]and k > O,

xilk 4+ 1) =Y wij(k)x; (k) + ik + 1),
j=1
ditk +1) = (Mx[vi(k + 1) —aig 418 (k + D] —vi(k + 1) x{i € A}, (1.47)

vitk + 1) =Y wij(k)x; (k).

j=1

Thus, we perceive the iterates x; (k 4+ 1) as obtained through a perturbed random
consensus algorithm with random perturbations ¢; (k + 1).

Under Assumption 4(a) and (c), in the following lemma, we establish a relation
for the iterates x; (k + 1).
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Lemma 10 Let the matrices W (k) satisfy Assumptions 4(a) and (b). Then, for the
iterate process in (1.47), we have for all k > 0 with probability I,

E [Z o+ 1) — xa C + DI | Fk} = |3 otk = xau ()2
i=1 i=1

+ | D Ntk + DI,

i=1

where xg4y (k) = ;l Z'}Ll xj(k) and p € (0,1) is the spectral norm of the matrix
0=EFE [W/(k)(l -~ 11/)W(k)] (see Assumption 4(b)).

Proof We first write the iterates x; (k 4+ 1) in (1.47) in a matrix form. We construct
a matrix X(k) by placing the vectors x/(k) in its rows, and similarly, we construct
the matrix @ (k) by placing the vectors ¢/ (k) in its rows. By doing so, we have the
following representation for the evolution of the iterates x;(k + 1):

X(k+ 1) = Wk)X(k) + Pk +1)  forall k > 0. (1.48)

By multiplying both sides of (1.48) with the matrix ,111 11/, we have
1 / 1 / 1 /
1'Xk+1) = 1I'WHE)XKk)+ 11Dk +1).
m m m
By subtracting the preceding relation from (1.48), we obtain for all k > 0,

X(k+1)—;11’X(k+1) = (W(k) - ntu’wao) X(k)+¢(k+1)—;11’q§(k+l).

Since W (k) is stochastic, we have W (k)1 = 1, implying that (W(k) — nﬁll’W(k))
1 = 0, so that we have

(W(k) — ! 11’W(k)> X (k) = (W(k) — ! 11’W(k)> (X(k) — ! 11’X(k)> .
m m m
Therefore, for all k > 0,
Xk+1) — ! 11Xk +1) = <W(k) — ! 11’W(k)> <X(k) — ! 11’X(k))
m m m

+dk+ 1) — ’11111’¢(k+1). (1.49)
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By taking the squared Frobenius norms of both sides in (1.49), and using the fact
that ||AB||lF < ||A|lF||B]|F for any two (compatible) matrices, we obtain for all
k>0,

1 2
HX(k +1)— 1WXk+1)
m

F

2
=

(W(k) - ;11’W(k)> (X(k) - ;ll’X(k)>

F
1 2
+ Hq>(k +1)— mll’qs(k +1)

F

+2 H <W(k) — ll/W(k)) <X(k) — ’71111/X(k)>

F

X 1Wok+1)

1
m
1
Ok+1)—
m

F

Next, we take conditional expectation with respect to Fj and obtain for all k > 0
with probability 1,
2
| Fk:|
F

‘(W(k) 1 11’W(k)> <X(k) - ;ll/X(k))

m
2
| Fk:|
F

+2E H (W(k) - ’11111’W(k)> <X(k) - ;II/X("))

|Fki|-
F

By using Holder’s inequality for expectations (see [8], page 242), we can see that

2
| Fk:|
F

<E [H <W(k) - ’71111’W(k)) <X(k) - ’71111’X(k)>

E [HX(k +1) — ’11111’X(k +1)

<E

1

2
| Fk:|
F

1
+E[ ok +1)— 1WdKk+1)
m

F

1
x|@k+1)— 1WOk+1)
m

E [HX(k +1) — ntll’X(k +1)

2
| Fk:|
F
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2
| Fk:|
F
4 ZJE [H (W(k) - ;ll’W(k)> (X(k) - ;11/)((/«))
2
| Fk:|-
F

1
+E [qu(k—l— H— 1Wok+1)
m

2
| Fk]
F

x J}E |:Hq§(k - Mrew+n
m

Hence, for all k > 0 with probability 1 we have

2
| Fk:|
F
1 1 2
<| |E H(W(k)— mll’W(k)) <X(k)— mll’X(k)) | Fx
F

2
2
| FkD . (1.50)
F

Next, using the column vectors x¢ (k) of the matrix X (k) and the definition of the
Frobenius norm, we can write

E [HX(k +1)— ! 11Xk + 1)
m

+ JE |:H¢(k+ 1) — ;11/¢(k+ 1

2

H (W(k) — ;11’W(k)) (X(k) — ;II’X(k))

>

F
2

(W(k) — ’11111’W(k)> (x‘(k) — ill/x‘(k)>

=1

<x‘(k) _ 11'x% k), Q (k) (xf(k) _ 11/x‘(k)>>,
_ m m

=1

where

Q(k) = (W(k) - ;11’W(k)> (W(k) - ;ll’W(k)> .
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After some elementary algebra, it can be seen that for Q (k) we have
1 1
Q) =Wk)YWk) — W EI1IW k) = W (k) (1 — 11/> W (k).
m m

Given the history Fg, the column vectors x¢ (k) are deterministic, so that by
using O = E[Q(k)] (see Assumption 4(b)), we have with probability 1 for all

k>0,
2
|Fk]
F

<x‘(k) . 11'x% k), E[Q (k)] (x‘(k) . 11’x‘(k)>>
m m

E [H (W(k) - ’11111’W(k)> (X(k) - ’11111’X(k))

2

1
lol||x‘t) — ~ 11'x (k)
m

m
(=1

m
=53
(=1

m 1 2
<pY |xdo— 1xk)
=1 m
1., 2
=p | X(k) — 1I'X(Kk)| ,
m F

where p € (0, 1) is the spectral norm of the matrix Q (note that p is smaller than 1
by Assumption 4(b)). Hence, we have
2
| Fk:|
F

1 1
E |:H (W(k) - 11’W(k)> (X(k) - 11’X(k)>
m m
Finally by noticing that the matrix ,1!11’ X(k) has identical rows, where each its

1 2
<p HX(k) - Xk

F

row is given by the vector ;I’X(k) = x}, (k) with x4y (k) = ;l 21}1:1 xj(k), we see

that
2
| Fk:|
F

=p Y i) = xa @) (1.51)

j=1

E [H (W(k) - ’11111’W(k)) (X(k) - ’11111’X(k)>

< p Xt — 1,0 3
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Similarly, using the definition of the Frobenius norm and the matrices @ (k), we can

see that
2
| Fx
F

—E| Y 6;tk+ 1) — galk+ D | Fe |,

j=1

E [Hqﬁ(k +1)— ;ll’qs(k +1)

where ¢qu(k) = Yy, ¢e(k). Since the distance Z?=1 llpi (k + 1) — y|I? is
minimized over all y € R" at y* = ¢, (k + 1), we obtain (using y = 0)

E [qu(k +1)— ;11’¢(k +1)

2 m
| Fk] <E| Y [oitk+ D] Fe|.
F =
(1.52)

Using relations (1.51) and (1.52) in inequality (1.50), we have for all kK > 0 with
probability 1,
2
| Fk]
F

<[ 10X |50 —xa® >+ [E| Y |k + D | Fe

j=1 j=1

E [HX(k +1) — ! 11Xk + 1)
m

Hence, by taking square roots on both sides, we see that

2
| Fk:|
F

< (2D 50 —xa®|*+ [E| D ik + D)7 1 Fi|. (1.53)

j=1 j=1

E [HX(/( +1)— ;ll’X(k +1)

The desired relation follows from (1.53) by using the fact that

2

=Y lxitk+ 1) = xauk + D>

HX(k +1) — ntll’X(k +1)
Fooi
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Based on Lemma 10, we can prove that the agents’ disagreements are well
behaved. The proof makes use of an (almost) supermartingale convergence result.
The result is due to Robbins and Siegmund [136], and it can also be found in [129]
(Chapter 2.2, Lemma 11).

Lemma 11 ([136]) Let Vi, uk, Br and yx be non-negative random variables
adapted to some o-algebra ox. If with probability 1 we have Y ;oux < 00,

Y o Br < 00, and
EViti okl =X +up)Vie — vk + B forallk =0,
then Vi converges to some non-negative scalar and  po vk < 00 with probabil-
ity 1.
We have the following result for the disagreement sum 27:1 H xj(k) — xqu(k) || 2.

Lemma 12 Let the problem be convex (Assumption 1 holds) and let the set X
be bounded. Let the matrices W (k) satisfy Assumption 4(a) and (b). Then, with
probability 1,

m

=1
Dk | 2o ) = xa )2 < oo,

k=0 i=1
“ 2
1}€nli£le ;) = xau )|~ = 0.
j:

Proof By Lemma 10 and by using the relation E [a] < \/ E [az], we have with
probability 1 for all k£ > 0,

E| [ Initk+ D) —xauk+DIP 1 Fe| < | Y |26 — x|
i=1 j=1

+ |E| Y ik + D)7 Fe |,
j=1
(1.54)
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with p € (0, 1). From the definition of ¢; (k+1) in (1.47) and the non-expansiveness
property of the projection operator, we can se that

i (k + DI < a4y llgi ke + DIPx{i € Ak} < o1 CPxli € Agl,

where the last inequality follows from the compactness of X, which implies that the
subgradients of each f; are uniformly bounded over the set X. Therefore, we have
with probability 1,

C?pi C?pi
, 2 e[ 2 ~ _ i i
E[Igik+ DI | A ] < CEodxti € an] = 0 < g

2 2
= C piojy,

implying that

m m m
E|Y [ojk+D|* IF| =C | D pied, <€ piaia.
j=1 i=1 i=1

where the last inequality follows from relation ) ;_, al.2 <, a;)? which holds
for any nonnegative scalars g;. By using the preceding estimate in relation (1.54),
we obtain with probability 1 for all £k > 0,

E| | Y itk + 1) = xapk + DI? | F
i=1

= PZ lxj k) _x“”(k)||2+CZ\/Pi“i,k- (1.55)

j=1 i=1

We divide both sides of (1.55) by lerl and obtain with probability 1 for all k > 0,

1

m
. _ 2
. ;Hxl(kwtl) Xav(k + 1|2 | Fx

NZERC 2 "/ Diik
S ;Hx,(k)—xav(k)u +c§ P
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We add and subtract ,1\/ Z?=1 Hx (k) — xqv(k) H2 to the right hand side of the
preceding relation, so we can write

1

m
E (k+1) — k+D|?|F
- ;nx,(+> Xav(k + 1)) | Fi

m 1 m
> b - 5@~ (= ) | @ - o
j=1

j=1

Cm JPi%k
+ ; k+1°

We note that

L e _ktl=ypk _k(=yp)+1 _ (1=p)
k k+1  k(k+1) ktk+1D) — (k+1"°

where we use the fact that p € (0, 1). Therefore, we have with probability 1 for all
k>0,

1 " 11
k~|—1E Z||xi(k+l)_)€av(k+l)||2|Fk = Z||xj(k)—xau(k)ﬂ2
i=1 j=1
VPitik
B k+1 Z | (k) = xau ()| +CZ P (1.56)

We now apply Lemma 11 with the following identification

- 2 \/Pzazk
;ij(k)—xav(k)ﬂ, ug =0 Z o
1-—
Ve = k+1 an,(k)—xav(k)n

Note that by Lemma 9 we have

3 VPI%ik it probability 1,
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so that the condition Y po Bx < oo with probability 1 is also satisfied. Thus, by
the Robinson-Siegmund (almost) supermartingale convergence result in Lemma 11,
from (1.56) we have that

o0 1_\/10 m )
]; e jz::l”xj(k)—xav(k)” <00 with probability 1.

Since 1 — ,/p > 0, the preceding relation implies that with probability 1,

© m
Z k+1 Z ij(k) — Xqv (k) ||2 < 00, (1.57)
=1

k=0
" 2
1}{1332@2; |xj (k) = xau(0) |~ = 0,
i

where the last relation can be shown by arguing per sample path w for which
relation (1.57) is valid. [l

1.4.3.3 Convergence Result for Asynchronous Algorithm

We are now in position to assert the convergence of the iterates of the algo-
rithm (1.34) with probability 1, as stated in the following theorem. The proof is
based on Proposition 2 and the almost supermartingale convergence result as given
in Lemma 11. To verify that the conditions of Lemma 11 are satisfied, we rely on
Lemmas 8, 9 and 12.

Theorem 4 Let the problem be convex (Assumption 1) and, also, assume that the
set X is bounded. Let the random matrix sequence {W(k)} satisfy Assumption 4.
Consider the iterates produced by method (1.34) with the random stepsizes o; k1
as given in (1.36). Then, with probability 1, the sequences {x;(k)}, i € [m], converge
to a common (random) optimal solution of the problem.

Proof The proof has two main parts: (i) proving that x; (k) — x4, (k) converges to
0, as k tends to infinity, with probability 1 for all i, and (ii) proving that the iterate
sequences {x;(k)}, i € [m], converge to the same (random) optimal solution’ with
probability 1. We start by deriving a relation that will be used in both parts (i) and
(ii) of the proof.

7Different sample paths may converge to different solutions.
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By Proposition 2 we have with probability 1 for all k > 0 and all x € X,

SR [+ 1 = xIP 1 F] < YR [lute+ D — 20 | F]
i=1

i=1
2
Th+l (f Xav(®)) = f (X)) + i, (1.58)

with

m
1
re =2CD El (o _ ' .
k ; [( ik+1 (k+1)pi)X{teAk}| k:|

ZC\/Z:n:1 ; "
! . _ 2
+ gﬁ[uvl(/wl) Xav ()12 | Fi]

m 2
1
+2/mCD ZIE |:<a,»,k+1 — U+ l)p') XlieA) | Fk]
L

i=1

+C2azk, (1.59)

where p; is the probability of the event x{ica,}, C is a uniform upper bound on
the subgradient norms of f; over the set X, and D = max, yex ||lx — y|. By the
definition, v;(k + 1) is a convex combination of x;(k), j € [m], so that by the
convexity of the norm and the assumption that W (k) is a stochastic matrix (see
Assumption 4(a)), we have for any x € R",

llvi Gk + 1) = x [ < D wij R)llx; k) — x]1%,
j=1

implying that

NE

E ik + 1) =217 | Fe] = B [wi 0l 0 = x17 | Fi

.
I
—_

E [wij (k) ]llx; (k) — x|I*

I
NE

~.
I
—

Wijllx; (k) — x||%.

I
NE

~.
I
—
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By summing the preceding inequalities over i € [m] and by using the assumption
that W doubly stochastic (cf. Assumption 4(c)), we obtain for any x € R",

m

SB[+ 1) = xI? 1 Fe] < 3 Iyt — 2P (1.60)
j=1

i=1

By substituting (1.60) in relation (1.58), we obtain with probability 1 for all £ > 0
and all x € X,

E[llxik + 1) = x| | Fi ]
i=1
“ 2
<Dl —xIP = o ) = fG) + . (1.61)
j=1

We will use relation (1.61) with x = x,4,(k) and x = x* for an arbitrary x* €
X*. In either case, we will use the almost supermartingale convergence result of
Lemma 11. To use Lemma 11, we need to verify that Y ;- r < 0o with probability
1. For this, we break down ry in its terms, as follows:

m
1
=2CD Y (B | (g1 — o IF
Ik ; [(al,kﬂ (k+1)pi>X{zeAk}| ki|
g
+2/mCD ZE|:<(Xi,k+l_(k+l)p_> x{ieAk}|Fk}
i=1 i
ok
2C, /300 Lol
+ \{(H PO B[t + D) = xan®12 | F] +C? 0. (1.62)
i=1

By Lemmas 8 and 9 we can see that

(e.¢] o
Z rix <oo and Zrz,k < 00 with probability 1.
k=0 k=0
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By Lemma 12 it follows that

o
Z 13k < 00 with probability 1,
k=0

while by Lemma 9 we have
(0.¢]
> ofy <oo  with probability 1.
k=0
Hence, from the preceding relations and relation (1.62) we have
(e.¢]
Y ri<oo  with probability 1. (1.63)
k=0

(i) We now use relation (1.61) with x = x4, (k) and, thus, obtain with probability 1
forall k > 0,

m

SUE[lxik + D = v ®I [ Fe] < Y00 = xa P+ (1.64)

i=1 Jj=1

By noting that 37| ||x; (k + 1) — xau(k + D> < 37, llxi (k + 1) — y]|? for any
y € R", we have Y 7 [|x; (k + 1) — xap(k + D[I* < 30 [l (k 4+ 1) — xau (k) ||
Thus relation (1.64) implies that with probability 1 for all £k > 0,

-

B[l + 1) = 0k + DIP | Fi]

1

1

m
<l (k) = xan®) 1 + 7. (1.65)
j=1
By the almost supermartingale convergence of Lemma 11, we conclude that

m
Z llx; (k) — xau(k)”2 is convergent with probability 1.
j=1

Since by Lemma 12 lim infj_, Z;’;l ||xj (k) — x40 (k) H2 = 0, we must have that

m
lim Y |lx; (k) — xap(k)[|* = 0 with probability 1. (1.66)
k— 00 o
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(ii) Since the set X is compact, the optimal set X* must be nonempty. Thus, by

letting x = x* in relation (1.61) for any x* € X*, we have with probability 1 for all

k > 0andall x* € X*,

m
E [tk + 1) — I | Fe

=1

1

” 2
= 2 Ikt =12 = (FGau ) = f7) + e
j=1

By the almost supermartingale convergence of Lemma 11, it follows that

m
Z llx; (k) — x*||* ¢ is convergent with probability 1 for all x* € X*,
j=1
(1.67)

o]

2
> ") (FGan(l) = f*) < 0 with probabiliy 1.
k=0

Thus, with probability 1 we must have
liminf (f (xav(k)) — f*) = 0.
k—o00

Since X is bounded so is the sequence {x,,(k)}, and we can choose a subsequence
{xav(ke)} such that, with probability 1, limy_, o f(xqv(ke)) = [, xqu(ke) — X
where X € X. By continuity of f, it follows that f(x) = f*, i.e., X € X* with
probability 1.

Since we have shown that Z?=1 llxj (k) — x40 (k) 12 — 0 with probability 1 (see
relation (1.66)), it follows that

m
li (k¢) — %> =0 with probability 1.
Z;nolo;nxj(z) il with probability

By using relation (1.67) with x* = X, we find that limy_, 27:1 llxj (k) — #I7=0
with probability 1. O

Theorem 4 shows that the random updates driven by an i.i.d. matrix sequence
{W(k)}, where agents are updating using their own stepsizes (based on their
frequency of updates) leads to a convergence to some consensual (random) solution
of the problem. Theorem 4 includes as special cases the random gossip and
random broadcast methods, by setting W (k) = W, (k) and W (k) = W; (k). It can
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accommodate other asynchronous approaches whose corresponding matrices W (k)
satisfy Assumption 4.

Prior work on convex multi-agent problems that explored the use of random
gossip method, with frequency-based stepsize, can be found in [131], while the
random broadcast method with such a stepsize has been proposed and studied
in [100]. Error rate results for these methods with a constant stepsize can be found
in [132] (see also [130]). Another related work on distributed convex optimization
that considers random matrices is reference [86].

1.5 Literature Overview and New Research Directions

1.5.1 Literature on Consensus Algorithms

The consensus algorithms have drawn a renewed interest in more recent years,
which was inspired by the work [60]. There has been a large body of work
on the stability property and the convergence behavior of consensus dynamic in
continuous-time [98, 118, 119, 134, 135], including the variants with switching
network topology and time delays. Also, there are many papers investigating
convergence of consensus algorithm in discrete-time, such as [21-24, 97, 99, 135,
180-182], where different aspects are also considered including time-switching
network topology and asynchrony. The convergence rate properties have been
studied in [122, 124] (for a more detailed overview see [102]).

Consensus has been used in rendezvous problems [78, 79], flocking [11], opinion
dynamics [90, 91], and parameter estimation [65]. There are several Ph.D. theses
that provide a comprehensive study of the averaging dynamics and its properties
for deterministic and random matrices, including [12, 52, 120, 144, 155, 156].
Moreover, various communication effects have been investigated such as the effects
of the delay [9, 10, 107], quantization effects [20, 25, 26, 43, 66, 71, 110], and
the effects of link failures and noise [56, 63, 64, 125, 127, 128, 158]. A question
of (non)existence of quadratic Lyapunov function for consensus dynamic has been
investigated in [123, 163], while in [53, 54, 166] some cut-related properties have
been explored.

Consensus algorithms implemented in a network using a gossip-based or a
broadcast-based communications have been studied in [2, 3, 16, 82], while a
different consensus algorithm (the so called push-sum method) has been considered
in [7, 67]. Paper [93] explores a connection between consensus problems and
potential games. An averaging dynamic for opinion spread has been proposed
in [51] (leading to a formation of agents’ groups with each group reaching its own
consensus value).

The robustness of consensus including robustness to adversarial agents, faulty
nodes, resilience and privacy preserving are studied in [29, 72, 149-151, 185]. Fast
convergence of consensus algorithms in networks with quantized communications
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has been recently investigated in [4, 30]. There are also recent works on complex
consensus [84], consensus stability [83, 85], and the use of semi-norms [32, 81] to
study the stability. The best known convergence rate (in terms of its dependence
on the number of agents) has been accomplished in a recent paper [121], which
provides a consensus algorithm inspired by the fast Nesterov method [117].

There is a stream of work focused on the consensus problem over random
graphs and weighted (random) averaging dynamics [5, 13, 27, 45, 50, 55-58, 126,
152, 153, 156, 157, 159-162, 164—166]. One may refer to survey paper [38] for a
detailed account of gossip algorithms and their applications to signal processing
in sensor networks. An application of an asynchronous gossip algorithm to the
problem of spectral ranking has been explored in [14], while a nonlinear gossip is
investigated in [95]. A monograph [138] discusses applications of consensus-based
approaches to parameter estimation, learning and adaptation in networks, while
monograph [102] discusses weighted-averaging algorithms for solving constrained
and unconstrained consensus problems over time-varying (deterministic) graphs.

1.5.2 Literature on Distributed Methods for Optimization in
Networks

1.5.2.1 Weighted Averaging-Based Approaches

The approaches that use consensus models with stochastic matrices are often
referred to as weighted-averaging methods. Thus, both algorithms (1.9) and (1.34)
are based on weighted-averaging methods, where the former uses deterministic
weights while the latter employs random weights.

There are various extensions and modifications to the algorithm (1.9) which were
developed over the past few years. The early work on consensus-based optimization
can be found in [171], where the agents share a common objective function. The
first work on distributed optimization in a network with agent based local objective
functions can be found in [88, 106, 108]. In [106, 108] a slightly different algorithm
has been considered (with a fixed stepsize), namely

xitk+1) =) wijk)x; (k) — axdi (k). (1.68)
j=1

where d; (k) is a subgradient of f;(x) at x = x;(k). The convergence rate of this
algorithm has been investigated in [105]. An extension of this algorithm to the case
of quantized messages has been investigated in [109], while its implementation over
random networks has been studied in [86]. In [89, 172] both of these alternative
approaches, namely, algorithm (1.9) and (1.68) have been studied for distributed
estimation.
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A variant of the distributed optimization problem, where agents want to solve the
problem of minimizing »";_ | f;(x) over X = N_, X;, with each agent / handling
its own function f; and its constraint set X;, has been considered in [111]. To solve
the problem, a modification of the algorithm (1.9) has been proposed, where each
agent i updates using the projection on its constraint set X;, instead of the common
set X. Thus, agent i updates assume the following form:

xilk+ 1) = MMy, | > wij(k)x; (k) — oxgi(k) |,
j=1

where g; (k) is a subgradient of f;(x) at x = 27:1 w;j(k)x;(k). This algorithm
has been studied in [73-75] for synchronous updates over time-varying graphs
and for gossip-based asynchronous updates over a static graph. A different variant
of this algorithm (using the Laplacian formulation of the consensus problem) for
distributed optimization with distributed constraints in noisy networks has been
studied in [144—-146]. Distributed algorithms for special quadratic convex problems
arising in parameter estimation in sensor networks have been developed and studied
in [28, 33, 88, 89, 172, 173].

The consensus-based algorithms for other types of network objective functions
have been considered in [133]. A Bregman-distance based distributed algorithm has
been developed in [147], as well as consensus-based algorithms for solving certain
min-max problems. Distributed algorithms, both synchronous and asynchronous,
for solving special type of games (aggregative games) have been studied in [68].

A distributed dual Nesterov algorithm has been proposed in [40], while a
distributed algorithm using the gradient differences has been recently proposed
in [142]. A distributed algorithm that is based on the idea of preserving an optimality
condition at every stage of the algorithm has been proposed in [92]. Distributed
convex optimization algorithms for weight-balanced directed graphs have been
investigated in continuous-time [48].

A different type of a distributed algorithm for convex optimization has been
proposed in [77], where each agent keeps an estimate for all agents’ decisions. This
algorithm solves a problem where the agents have to minimize a global cost function
f(x1,...,x,) while each agent i can control only its variable x;. The algorithm
of [77] has been recently extended to the online optimization setting in [76, 113].

Distributed algorithms using augmented Lagrangian approach with gossip-type
communications have been studied in [61], while accelerated versions of distributed
gradient methods have been proposed and studied in [62].

A consensus-based algorithm for solving problems with a separable constraint
structure and the use of primal-dual distributed methods has been studied in [147,
189, 190], while a distributed primal-dual approach with perturbations has been
explored in [31]. Work [176] provides algorithms for centralized and distributed
convex optimization from control perspective, while [175] considers an event-
triggered distributed optimization for sensor networks. In [19], a distributed simplex
algorithm has been developed for linear programming problems, while a Newton-
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Raphson consensus-based method has been proposed in [186] for distributed convex
problems.

All of the prior work relies on the use of state-independent weights, i.e., the
weights that do not depend on agents’ iterates. A consensus-based algorithm
employing state-dependent weights have been proposed and analyzed in [87].

The application of distributed methods to hypothesis testing problems in graphs
has recently attracted attention, resulting in a stream of papers [70, 112, 139, 140].
While these works deal mainly with finitely many hypothesis, a recent paper [114]
extends the framework to the case of infinitely many hypotheses. Paper [116]
considers several algorithms that use different types of consensus models, namely,
weighted-averaging as well as push-sum models, which are discussed in the next
paragraph with some more details.

1.5.2.2 Push-Sum Based Approaches

Another class of distributed algorithms has recently been developed that employs
a different type of consensus strategy known as push-sum model. It has also been
referred to as doubly-linear iteration or ratio consensus algorithm, due to its form
which involves ratio of two variables that evolve according to the same linear
dynamics, but differ in the choice of the initial point. This algorithm was originally
proposed in [67] for consensus problem over a static network (in a random gossip-
based form), and has been recently investigated in [39] in a deterministic setting. It
has been extended to time-varying networks in [7].

The first work that has employed the push-sum consensus model to develop
distributed optimization methods is [169], which has been further investigated
in [167, 168, 170]. This work has been focused on static graphs and it has been
proposed as an alternative to the algorithm based on weighted averages in order
to eliminate deadlocks and synchronization issues among others. The prior work
also offers a push-sum algorithm that can deal with constraints by using Nesterov
dual-averaging approach. Recently, this push-sum consensus-based algorithm has
been extended to a subgradient-push algorithm in [103, 104] that can deal with
convex optimization problems over time-varying directed graphs. More recently,
the paper [148] has extended the push-sum algorithm to a larger class of distributed
algorithms that are applicable to nonconvex objective functions, convex constraint
sets, and time-varying graphs (see the subsequent paragraph on new directions for
more details).

1.5.2.3 ADMM Based Approaches

Another approach for solving problem (1.1) in a distributed fashion over a static
network can be constructed by using the Alternate Direction Multiplier Method
(ADMM). This method is based on an equivalent formulation of consensus con-
straints. Unlike consensus-based (sub)-gradient method (1.9) which operates in
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the space of the primal-variables, the ADMM solves a corresponding Lagrangian
dual problem (obtained by relaxing the equality constraints that are associated
with consensus requirement). Just as any dual method, the ADMM is applicable
to problems where the structure of the objective functions f; is simple enough so
that the ADMM updates can be executed efficiently. The algorithm has potential
of solving the problem with geometric convergence rate, which requires global
knowledge of some parameters including eigenvalues of a weight matrix associated
with the graph. A recent survey on the ADMM and its various applications is given
in [17].

The first works to address the development of distributed ADMM over a network
are [80, 177, 178], while a linear convergence rate of the ADMM has been shown
in [141]. In [1] the ADMM with linearization has been proposed for special
composite optimization problems over graphs.

1.5.2.4 New Directions

Within the area of distributed (multi-agent) optimization over networks, loosely
speaking, two main directions of research can be noted, namely toward efficiency
improvements (to develop “fast” distributed algorithms whose performance can
meet the best known performance guarantees in a centralized setting) and toward
addressing non-convex problems over networks.

In the domain of efficiency improvements, there are new approaches that
are rooted in the idea of distributing the optimality conditions for multi-agent
problems and the approaches that investigate gradient-consensus models. The
consensus-based primal algorithms with a constant step-size are not likely to reach
geometric convergence rate even when the overall objective function is strongly
convex. Papers [142, 143] develop the algorithm EXTRA and its proximal-gradient
variant by employing a carefully selected gradient-difference scheme to cancel
out the steady-state error that occurs in some distributed methods with a constant
stepsize [106, 108]. The EXTRA algorithm converges at an o(1/k) rate when
the objective network function is convex, and it has a geometric rate when the
objective function is strongly convex. These developments have considered a static
and undirected graph.

References [179, 187] combine EXTRA with the push-sum protocol of [67] to
produce DEXTRA (Directed Extra-Push) algorithm for optimization over a directed
graph. It has been shown that DEXTRA converges at a geometric (R-linear) rate for
a strongly convex objective function, but it requires a careful stepsize selection. It
has been noted in [179] that the feasible region of stepsizes which guarantees this
convergence rate can be empty in some cases.

The work [183, 184] utilizes an adapt-then-combine (ATC) strategy [137, 138]
of dynamic weighted-average consensus approach [188] to develop a distributed
algorithm, termed Aug-DGM algorithm. This algorithm can be used over static
directed or undirected graphs (but requires doubly stochastic matrices). The most
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interesting aspect of the Aug-DGM algorithm is that it can produce convergent
iterates even when different agents use different (constant) stepsizes.

Simultaneously and independently, the idea of tracking the gradient averages
through the use of consensus has been proposed in [184] for convex unconstrained
problems and in [35] for non-convex problems with convex constraints. The
work in [35-37] develops a large class of distributed algorithms, referred to as
NEXT, which utilizes various “function-surrogate modules” thus providing a great
flexibility in its use and rendering a new class of algorithms that subsumes many
of the existing distributed algorithms. The ideas in [36, 37] and in [183] have also
been proposed independently, with the former preceding the latter. The algorithm
framework of [35-37] is applicable to nonconvex problems with convex constraint
sets over time-varying graphs, but requires the use of doubly stochastic matrices.
This assumption was recently removed in [148] by using column-stochastic matri-
ces, which are more general than the degree-based column-stochastic matrices of
the push-sum method. Simultaneously and independently, the papers [37] and [154]
have appeared to treat nonconvex problems over graphs. The work in [154] proposes
and analyzes a distributed gradient method based on the push-sum consensus in
deterministic and stochastic setting for unconstrained problems.

The idea of using a consensus process to track gradients has also been recently
used in [115] to develop a distributed algorithm, referred to as DIGing, with a
geometric convergence rate over time-varying graphs. This is the first paper to
establish such a rate for a consensus-based algorithms for convex optimization
over time-varying graphs. We note that the algorithm uses a fixed stepsize, and the
rate result is applicable to the problems with a strongly convex smooth objective
function.
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