Chapter 18 )
Uniform Strong Law of Large Numbers Shethie
for Random Signed Measures

0. I. Klesov and 1. Molchanov

Abstract We prove a strong law of large numbers for random signed measures on
Euclidean space that holds uniformly over a family of arguments (sets) scaled by
diagonal matrices. Applications to random measures generated by sums of random
variables, marked point processes and stochastic integrals are also presented.

18.1 Introduction

Set-indexed stochastic processes naturally appear in many areas of probability
theory and mathematical statistics, e.g., as empirical measures [26], set-indexed
martingales [15], point processes [7, 8], and random measures [17].

Both empirical and partial sum processes are special cases of marked point
processes or random measures. They can be described via the pairs (x;, m;), where
x; are locations and m; is the mass located at x;, also called the mark of x;.

Empirical processes assign the same nonrandom mass to each random location.
More precisely, based on d-dimensional sample X1, ..., X,, the empirical measure
is defined for any Borel A C RY by

1
Fi(A)= #j=1....n:X;eA)
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Partial-sum processes are defined by assigning i.i.d. random masses to fixed
locations on a grid in the space R?. If Z? stands for the set of integer points in
R?, then the partial-sum process is the normalized version of

S(A) = ij (18.1)

jeA

being the sum of i.i.d. random variables X;, j € Z9, with j € A. We set S(A) = 0 if
{i:jeA}l=0.

The partial sum processes in dimension one are extensively studied in the
classical probability theory as cumulative sums of random variables. We discuss
below the higher-dimensional setting and allow for a richer family of sets A than
in the classical case of multiple sums, see, e.g., [19]. There are three main types of
asymptotic results for partial-sum processes indexed by sets, namely,

» strong laws of large numbers,
e central limit theorems,
* laws of the iterated logarithms.

Perhaps the first strong law of large numbers appeared in the paper by Bass and Pyke
[3]. The central limit theorem for partial-sum processes is obtained by Kuelbs [22],
while the law of the iterated logarithm is due to Wichura [29]. Further references
can be found in the survey papers by Pyke [25] and Gaenssler and Ziegler [11].
From now on, we concentrate on the strong law of large numbers.

The paper is organised as follows. First, we recall the Bass—Pyke theorem (the
uniform strong law of large numbers) in Sect. 18.2. It is generalised for signed
measures in Sect. 18.3 and proved in the subsequent Sect. 18.4. The main feature is
the general scaling of the argument set using diagonal matrices with the determinant
converging to infinity. The case of stationary measures is considered in Sect. 18.5.
The most important special cases concern random measures generated by marked
point processes and by sums of random variables on a grid. Section 18.6 describes
an application to stochastic integrals. Section 18.7 concludes and mentions a number
of further related references.

18.2 The Bass—Pyke Theorem

Let N be the set of d-dimensional vectors with positive integer coordinates.
Consider a family of independent identically distributed random variables {Xj, j €
Nd}. If A is a Borel measurable subset of R? define S(A) by (18.1). Let |A| denote
the Lebesgue measure of A andtA = {tx : x € A} fort > 0, and let B be the open
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unit Euclidean ball centered at the origin. For » > 0 and Borel A C R,
A'={xeRY: x+rBNA#®
denotes the outer r-parallel set of A and
A7 ={x: x+rB C A}
is the inner r-parallel set. Therefore,
Ar)=A"\A7" ={x:p(x,0A) <r},

where p is the Euclidean distance and d A is the boundary of A.

Theorem 18.1 (See [3, Th.1]) Assume that the expectation © = E [X j] exists.
Let </ be a collection of Borel measurable subsets of [0, 1. If

sup |[AG)| = 0 as 840, (18.2)
Aed
then
S(nA
lim sup ‘ ("d ) —M|A|‘ -0 as (18.3)
>0 pegy | N

To appreciate some peculiarities of this theorem we briefly discuss below its
simplest case, where .7 consists of a single set A.

Example 18.1 If A = [0, 1], then nA is the cube in N¢ with a side of length
n and thus mA C nA if m < n. Therefore S(nA) is, in fact, a subsequence of
sums of independent identically distributed random variables with the expectation
. In this case, (18.3) follows from the Kolmogorov strong law of large numbers for
independent identically distributed random variables.

Example 18.2 Let A be the set of points with rational coordinates in [0, 114.
Clearly (18.2) fails. On the other hand, S(nA) is the same as in the case of [0, 174
but |A| = 0. Therefore, (18.3) holds if «# = 0 and it fails otherwise.

Example 18.3 Let A be the set of points of [0, 119 with irrational coordinates.
Clearly (18.2) fails. Since S(nA) = 0, strong law of large numbers (18.3) fails
if u # 0. Otherwise (18.3) holds.

The situation is even more complicated if .27 becomes richer.
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18.3 Uniform Law of Large Numbers for Random Signed
Measures

Let £(A), A € A, be a random signed measure defined on the family % of Borel
sets in RY, see, e.g., [17]. Denote |t| = ]_[f=1 t; and [t, s] = xflzl[t,-, s;] for t =
(t1,...,ta) and s = (s1, ..., s4) from RY. Fort € RY and A C R?, write

t-A={({t1x1,...,t9xq) : xX=(x1,...,x4) € A}
Assume that £(A) is integrable for each bounded Borel A and let
A(A) =E [§(A)], Ae %,

be the first moment measure of &.
The signed measure & is said to satisfy the multiparameter strong law of large
numbers if
lim S D —E - D]
m =

[t|—o00 |t|

0 as., (18.4)

where I = (0, 1]. Note that t converges to infinity in a rather arbitrary manner, it is
only essential that the volume of the rectangle [0, t] converges to infinity.
Let 7 be a subfamily of Borel sets in /. For m > 1, denote

1
Cn(K) = m(k— 1, K], k e N¢.

Herel=(1,...,1)andk —1=(k; — 1,..., kg — 1) fork = (ky, ..., kg) € N¢.
For every A € &7,

A= | amw. A= U Gk

Cn(k)CA Cn(K)NA#£D

are discrete analogues of the inner and outer parallel sets to A.
The following result generalizes Theorem 18.1.

Theorem 18.2 Let & be a random signed measure that satisfies the multiparameter
strong law of large numbers. Assume that

E [6t-(A\AL))]

lim limsup sup ]

Mm=X0 |t| 500 Aco

‘ ) (18.5)
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and |E(A)| < n(A) for all Borel sets A and a random measure n that satisfies the
multiparameter strong law of large numbers and such that

I E [n(t- (A5, \ A}))]
lim limsup sup

Mm=00 |{| 500 Ace/ It]

=0. (18.6)

Then & satisfies the uniform strong law of large numbers, that is,

. E(t-A)—E[&(t-A)]|
im sup =

0 a.s. (18.7)
[tI=>00 geor It]

Corollary 18.1 Assume that & is a random (non-negative) measure that satisfies
the multiparameter strong law of large numbers. If

lim limsup sup E [£(t- (4] \ A}))]

M=>00 |4 00 Acys [t]

=0,

then (18.7) holds.

Even in the setting of partial sums, there are several differences with Theo-
rem 18.1. First, the growth parameter t is continuous. This allows one to treat the
cases where some of the coordinates of t approach the axes or are constant, while all
coordinates are separated from zero and grow in the setting of [3], so that the set n A
increases to the whole Rﬁ in the limit if A contains a neighborhood of the origin.

Second, we deal with signed measures rather than with sums of random variables
over sets in R?. Even if we restrict our setting and consider a particular case where &
is constructed in the same manner as in [3], we still are in a more general situation,
since we do not impose the independence assumption on the auxiliary random
variables, e.g., it is applicable to orthogonal random variables. Of course, one should
be aware of appropriate conditions for the strong law of large numbers (18.4)
for every particular dependence scheme. Various examples are presented in [19].
Therefore, we provide a universal method for obtaining the uniform strong law of
large numbers (18.7) from (18.4).

18.4 Proof of Theorem 18.2

Forx = (x1,...,xq) € I, wehavex - I = (0, x]. Then

i A —EET-A)
1m

t|— o0 L

=0 a.s. (18.8)
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holds with A = x - [ for any fixedx € I, sincet-(x-1) =s-Ifors=t-x =
(t1x1, ..., t4x4) and |t| — oo is equivalent to |s| — co.

Since £ is a signed measure, condition (18.8) also holds for every set A being a
difference of x; - I and x; - 1. Thus, (18.8) holds for sets A being a finite union of
differences (x1 - 1) \ (xa - I).

Turning to the general set A € o7, fix m > 1 and write

lim sup sup
[tl>o00 Aca/

‘S(t'A)—E[S(t-A)]
It]

< limsup sup S(t-A) —5(t-4,)

ltl—>o00 Ace/ [t]

E(t-AL) —E [£(t- A))] ‘
It]

+ lim sup sup
[t|—>oc0 Aco/

(18.9)

+ lim sup sup
[t} >0 Aess/

E [£(t- A),)] —E [£(t- A)] ‘
It ‘

Since £ is a signed measure, E [S(t . A;n)] —E[E(t-A)] =-E [é(t- (A\ A;”))] ,
hence,

lim sup sup
[t|—>o00 Ace/

= lim sup sup
[t|>00 Aco/

E [£(t-A,)] —E [£(t- A)] ‘
It

E [£(t-(A\A))] ‘
It ‘

Passing to the second term on the right hand side of (18.9), note that there is only
a finite number of possible combinations of the cubes Cy, (k) belonging to I (this
number depends on m, of course). Since A}, is constructed from the cubes C, (k),
there is only a finite number of possible values for A/, if A € 7. From the strong
law of large numbers (18.8) we conclude that

E(t-A,) —E [5(t-A))]

lim sup sup n

|t}>00 Acs/

‘ =0 a.s.

Now we proceed with the first term on the right-hand side of (18.9). Since

E(t- A) —&(t- A, = 61 (AN A))] < n(t- (A\A)) < n(t- (A, \ A))),



18 Uniform Strong Law of Large Numbers 341

we get

lim sup sup
[tj—>oc0 Aco/

‘é(t-A)—E(t'Ain)
It]

n(t- (Ay, \ A,) —E [n(t-(A)\ A})]
It]

+ lim sup sup E [n(t- A\ Am))] .

|t}>00 A/ |t|

< lim sup sup
|t}>00 Acs/

Since 7 is assumed to satisfy the multiparameter strong law of large numbers, (18.8)
holds for 1 instead of & and with A being a finite union of the cubes Cy, (k). The set
Al \ A, belongsto (0, 1+ (1/m)]¢. Since only a finite number of configurations of
the cubes C,,, (k) € (0,1 + (l/m)]d exists, the strong law of large numbers (18.8)
for n implies that

lim sup sup Nt (An \ Ap)) —E [n(t- (A \A;"))] =0 a.s
[t}>o0 Acg/ L
Therefore,
Jim sup sup §t-A)—E[§(t-A)] ‘
ltl>o0 Aeos It|
E |6t -(A\ A
< limsup sup (6@ AN A,))]
[tl>00 Aed/ |t|
E |[nt- (A7 \ A
+ lim sup sup [nct- Az m))].
|t}>00 A/ |t|

Passing to the limit as m — oo and using assumptions (18.5) and (18.6), we
complete the proof of the uniform strong law of large numbers (18.7).

18.5 Homogeneous Random Fields and Stationary Measures

A random signed measure £ in R is said to be stationary if £(-) shares the finite-

dimensional distributions with & (- 4 t) for each t € R?. If the first moment E [£(-)]

is finite, then the first moment measure A is proportional to the Lebesgue measure.
The ergodic theorem of Zygmund [31] implies that, if £ is stationary with

E [[6(A)]Gog" )" !] < o0 (18.10)
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for all bounded Borel A, then

It | E(A +x)dx
[0,t]

converges almost surely as t — oo to a finite random variable, being the
conditional expectation of £(A) with respect to the invariant o -algebra. The limit
is deterministic and equals E [£(A)] if £ is ergodic. Here log™ z = log(e + z) for
z > 0. Note that all results of Sect. 18.3 can be amended for the convergencet — oo
instead of |t| — oo. The notation t — oo means that all coordinates of t tend to
infinity, while |t| — oo means that at least one of them tends to infinity.

Theorem 18.3 Let o7 be a family of Borel sets in I that satisfies (18.2). Assume
that & is a stationary ergodic random measure such that (18.10) holds for A = I.
Then & satisfies the uniform strong law of large numbers as t — oo, that is, (18.7)
holds with t — oo.

Proof Note that

S(du)dx=/ [(—1 +uw) N[0, t]|E(d u).

[0,t+1]

§(I+X)dx=/
[

[0,¢] 0,t] JI+x

Further, |(—1 + u) N [0, t]| is less than or equal to one for all u € [0, t 4 1] and is
exactly one if u € [1, t], whence

£([1,t]) = §(I +x)dx < £([0, t + 1]), (18.11)
[0.¢]

since £ is nonnegative. If d = 1, then

—&(1
lim 5(00.t) = £(U1. t) =0 a.s. (18.12)
t—00 t]
which together with (18.11) and ergodic theorem (Zygmund’s theorem [31] for d =
1) yields ford = 1

Jim S(tlt'll) =E [£(])] a.s. (18.13)

Now let d > 1 and assume that (18.13) holds for all dimensions less than d.
Then (18.12) holds for the dimension d. This together with (18.11) combined
with Zygmund’s theorem [31] yields (18.13) for the dimension d. Since & is
stationary, (18.5) and (18.6) follow from (18.2). The result follows from a variant of
Theorem 18.2 for the convergence t — oo.

Let Xj, j € Nd, be a homogeneous random field, that is, (Xj,,..., Xj,)
coincides in distribution with (Xj, 45, . .., Xj,, 4s) forallm € N, ands, ji,...,jm €
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N¢. Forn = (n1, ...,nq) € N, denote S, = S([0, n]) from (18.1). In other words,

S,,:ZXk

k=<n
where < is a partial order in N¢ defined by
k<n << k<ni,....ki<ng

fork = (k1,...,ks) e N andn = (n, ..., nq) € N,
Dunford [9] proved that if

E [|xj| (log*+ |Xj|)"*1] < o0, (18.14)

then the limit of the averages

Sn

(18.15)
n|

exists almost surely as |n| = n; X --- x n, — oo. Smythe [27] provides
a probabilistic statement and proof of this result for independent identically
distributed random variables Xj. Etemadi [10] obtains the same result for pairwise
independent identically distributed random variables. The limit of S,/|n| in the
latter case coincides with the expectation © = E [XJ] This property requires
the ergodicity if random variables are not necessarily pairwise independent and
identically distributed.

Note that S(A) given by (18.1) is not a stationary random measure and it may be
also signed, so Theorem 18.3 is not directly applicable. The following result follows
from Theorem 18.2.

Corollary 18.2 Ler (X, j € N¢} be a homogeneous random field and the moment
condition (18.14) holds. Further let of be a family of subsets of the unit cube I that
satisfies (18.2). If {X;} is ergodic, then

lim sup

‘ St-A)
[t|=00 gcor

—M|A|‘ =0 a.s.
It|

Proof Note that the expectations in (18.5) and (18.6) are dominated by a constant
times |A), \ A}, |.

Remark 18.1 Condition (18.14) is necessary for the almost sure convergence
of (18.15) in the case of independent identically distributed random variables.

Another particularly important family of random signed measures is generated
by marked point processes. Let N = {(x;, m;), i > 1} be a point process in R? x R,
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where the second coordinate m; represents the mark of the point x;. Then

EA) =Y m (18.16)

X;€EA

is a random signed measure. The process is called independently marked if the
marks are i.i.d. random variables and independent of locations. The first order
moment measure

AAxC)=E[#{i: (xi;,m;j) € AxC}]

is the measure on Borel sets in R? x R, and we assume that A(A x R) is finite for
each bounded Borel set A.

The marked point process is stationary if its distribution does not change if the
locations x; are all translated by any vector t; then A(A x C) = A((A+t) x C) for
allt e RY.

Theorem 18.4 Assume that & is given by (18.16) for an ergodic independently
marked point process satisfying

E [jmi|og* Imi)*~| < oc,
and the random variable N = card{i : X; € I} is square integrable. Then (18.7)

holds for any family o satisfying (18.2).

The proof of Theorem 18.4 is based on the following elementary upper bound
for the function x(logx)".

Lemma 18.1 Letr > O0,n > landay,...,ay > ¢ L. Put A, = a1+ -+ an.
Then

n n
An(log An)" <) ai(loga))” +r ) (Ay —a)(loga) ™.
i=1 i=1
Proof 1Ttis clear that
n n n
An(log Ay)" = "ai(logAy)" = ai(loga)) + Y _a; ((log Ay)" — (loga;)") .
i=1 i=1 i=1

By the mean value theorem,

(logg)"~!
-

(log Ap)" — (logai)" = (Ap — aj) - £
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for some a; < & < A,. Since the right hand side is a decreasing function in &,

(loga;) !

ai

(log Ap)" — (loga;)" < (Ap —ai) -1

Therefore,
n n
An(log Ap)" <Y ai(loga)” +r Y (A, —ai)(loga) ™.
i=1 i=1
Proof (of Theorem 18.4) In order to apply Theorem 18.2, we only need to show that
E =" |mil

x; el

satisfies (18.14). Without loss of generality, we assume that |m;| > e?=2 almost
surely, since 5(1) = 51(1) + 52(1), where 51(1) and 52(1) are constructed from
milly,,, | <ea—2y and mi 1y, -\~ a2y, respectively, with m; Iy, | - .a—2y being bounded.
By Lemma 18.1 withr =d — 1, and a; = |m;]|

N N
E[AvGogay)™'] <E {Zai (logal»y} +(d—-DE [Z(AN — a)(log a»”] .

i=1 i=1

Since N and {m;} are independent, Wald’s equality implies

N
E [Za;(loga;)’:| =E [N] -E [a;(loga)"] .
i=1

The total expectation formula yields that

|:Z(AN —aj)(loga;) ™ 1] ZP(N =n)E |:Z(A —aj)(loga;)"~ 1}

i=1 n=1 i=1

=Y PV =m Y E (A, —a)oga) "]
n=1 i=l

=Y PV =m Y E[(4, —a)] -E [(oga) ]
n=1

i=1
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> PV = mn(n = DE [jmy]] -E | dlog m]y "]
n=1

=E [Im] -E [doglmiy ™| E[NWV = D]

This together with the latter bound proves the desired result.

18.6 Stochastic Integrals

Stochastic integrals with respect to the Brownian sheet have been intensively studied
since the 70s. Treated as signed measures, stochastic integrals fit very well the
framework of Theorem 18.2. Although the construction of stochastic integrals can
be done for any dimension, we restrict ourselves to the case of d = 2 as in [6].

Let W be a white noise in the plane, that is a finitely additive set function
defined on the Borel subsets of ]R?Ir such that W(A) is a normal random variable
with parameters 0 and |A| and W(A) and W (B) are independent for disjoint Borel
subsets A and B.

If Ry, denotes the rectangle [0, s] x [0, ¢], then Wy, = W(Ry,) is called the
Brownian sheet. By .%,, (s,t) € R%, we denote the o-algebra generated by the
random variables W, (1, v) < (s, t).

Let A be a closed rectangle with the lower left-hand corner zp. Introduce the
function ¢, z € R2, as follows

¢. = dolla(z), zeR2, (18.17)

where ¢ is a .%o measurable random variable. Then, by definition,

/R ¢dW = ¢poW(ANR,), zeRA.

The integral is extended by linearity to simple ¢, i.e. to finite linear combinations of
“step” functions of the form (18.17). In general, let ¢ be such that

(a) ¢ is Z;-measurable,

(b) (z,w) — ¢.(w),z € RZ, w € 2,is & x F-measurable where Z is the family
of Borel subsets in the plane and .% is the o-algebra of the probability space
(£2,.7,P), and

© /R E [qsg] d¢ < ooforall z € R2.

Then one can find a sequence of simple random functions {¢, } for which

. N2 _ 2
Tim_ RZE[(an 97| dg =0  forallz eR2.
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The integrals f g. ®n dW converge in the mean square sense, the limit is denoted by
Jr. ¢ dW. The defined integral is

e continuous as a function of z,
* atwo-parameter martingale, and

o forallz € R,
2
E [(f ¢dW> } :/ E [¢§] de. (18.18)
R, R.

Recall the three defining properties for an arbitrary two-parameter martingale
M,, z € R%, with respect to the family of o-algebras .%,, z € ]R?Ir (see [S]):

(D E [|M,]] < oo forall z € R%;
) M, is #,-measurable;
(1) ifz < 7/, then E [M,

F.| = M..

The final step in the construction of the integral is to pass to a general bounded Borel
set A by letting

/¢dW=/ s pdW,
A R

where R is a rectangle containing A. Then, for each fixed ¢,

§(A) = / ¢dwW
A

is a signed measure.

Now we define the two-parameter discrete time martingale associated with the
stochastic integral. For (m, n) € N2, define rup = R \ (Rm—1,n Y Ry p—1) and
put

m n
Xow= [ daW.  Su=33X5=[ ¢aw.
Tmn i=1 j=1 Rinn

Then S,,, is a two-parameter discrete time martingale with respect to the family of
o-algebras %,,,. It follows from [20] that if

ZZ oy <% (18.19)

m=1n=1
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then the strong law of large numbers holds for {S,,},

S,
lim ™ =0 as. (18.20)

mn—o0 mn

In view of (18.18), condition (18.19) is equivalent to

00 00 2
/ / B [¢5] dsdt < . (18.21)
11 (s1)?

The strong law of large numbers (18.20) is easily extended to the continuous
time limit result by using the Cairoli maximal inequality [5]. Thus (18.4) holds with
the signed measure £§(A) = [ 4 @ dW. Now Theorem 18.2 implies the following
corollary.

Corollary 18.3 Let ¢, z € Ri, satisfy conditions (a)—(c). Let </ be a family of
subsets of the square [0, 1] x [0, 1] such that conditions (18.5) and (18.6) hold.
Then (18.21) implies

lim sup
§t—00
svzl, =1 Aed/

1
/ d)dW‘ =0 a.s.
St Jsr.A

18.7 Concluding Remarks

The assumptions for the uniform strong law of large numbers imposed on the family
&/ (either (18.2) in Theorem 18.1 or (18.5)—(18.6) in Theorem 18.2) do not involve
any entropy type restriction needed for both the central limit theorem [1] and law of
the iterated logarithm [2]. For the both latter results, one needs to assume that the

entropy is integrable, that is
U [H®@w)
/ du < 00,
0 u

where H (1) is the entropy of the family <7 being the logarithm of the cardinality of
a minimal u-net.

Krengel and Pyke [21] provide the strong law of large numbers for multiparam-
eter subadditive processes rather than for signed measures as in our Theorem 18.2.
It is worthwhile mentioning that they do not get a uniform version. Liu, Rio, and
Rouault [23] treat the uniform strong law of large numbers for random measures,
which is a partial case of signed measures with a one-dimensional growth parameter.
A version of Theorem 18.1 for random product measures is considered by Kil and
Kwon [18]. Jang and Kwon [16] obtain a generalization of Theorem 18.1 for fuzzy
random variables. Bing [4] extends Theorem 18.1 for the a-mixing case. Note that
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this result follows from Theorem 18.2 by referring to the usual strong law of large
numbers available in this case. Ziegler [30] investigates the uniform law of large
numbers for triangular arrays extending Theorem 18.1 to the case of non-identically
distributed random variables.

Considering random sets as measurable mappings from a probability space into
the set of compact convex subsets of a Banach space, Jang and Kwon [16] prove a
uniform strong law of large numbers for sequences of independent and identically
distributed random sets, which is another direct generalization of Theorem 18.1.

Under a mild assumption, Giné and Zinn [12] show that condition (18.2) is
necessary and sufficient for the uniform strong law of large numbers (18.3) if © = 0
(see also Hong and Kwon [13]). However, the case of u # 0 is different.

Ivanoff [14] discusses the uniform strong law of large numbers in connection to
possible generalizations of the definitions of a stochastic process indexed by R to
processes indexed by a multidimensional time parameter or a class of sets.

Miiller and Song [24] apply the uniform strong law of large numbers for partial-
sum process to investigate the problem of edge estimation in a two-region image
in the setting of a fixed design regression model. Terdn and Lopez-Diaz [28] use
Theorem 18.1 to study some aspects of the approximation of mappings taking values
in a special class of upper semicontinuous functions and to obtain some Korovkin
type theorems for positive linear operators.
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