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Abstract The paper presents 2DOF dynamicmodel of the piston-crankshaft system
of HONDA NHX 110. The piston-crankshaft system was combined with pressure
curve, which was obtained from the experimental research, measured in the cylinder
during the execution of the working cycle of ICE engine. In the article the theoretical
and analytical dependencies, which described heat generation in the cylinder, have
been presented. Based on research results obtained from the experiment and simu-
lation model the value of angular displacement, velocity and acceleration value of
flywheel and shaft have been illustrated. Moreover piston displacement, velocity and
acceleration has been showed. In the paper, the research results and simulation results
at different angles of the ignition advance of ICE engine powered by compressed
natural gas—CNG have been analyzed and compared.
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1 Introduction

Nowadays more andmore attention is given to distributed energy generation systems
[1, 2], which include: renewable energy sources or cogeneration systems [3–6]. Some
of them including internal combustion engines (ICE) powered by alternative fuels
(e.g. biogas) [7, 8]. Especially important from economic stand point are low power
output engines.

The structure of the following work is as follows: in Sect. 2 a research stand for
conducting pressure change measurements inside the combustion chamber of a CNG
powered ICE was presented. In Sect. 3 presents an analytical description of piston
and crankshaft system and description of heat exchange in combustion chamber.
Results of the research were used in a model simulation (model of the piston and
crankshaft mechanism of low power output Honda NHX internal combustion engine
powered by CNG with 2 degrees of freedom was used). Analytical dependencies of
the model are presented in Sect. 3. In Sect. 4 the simulation model and simulation
results are presented. Section 5 contains the main conclusions and limitations of
usage of simulation models for describing thermodynamic processes.

2 Test Stand Description

The engine test stand, presented in Fig. 1, consisted of the Honda NHX 110 4 stroke
internal combustion engine, an electric machine, the programmable engine manage-
ment unit ECU MASTER EMU, the measurement track and control system. The
engine was equipped with the trifunctional catalytic converter. The receiver of the
generated torque was a brushless electric motor with permanent magnets, working
as an electric generator. The power receiving circuit consisted of a 3-phase rectifying
bridge (maximum voltage: 400 V, maximum current: 300 A), a transistor module, a
resistor module (0.05 �), a brushless electric motor with permanent magnets (resis-
tance: 0.0004�, input voltage: 30–70 V, rotational speed: 150 rpm per 1 V of voltage
input, maximum rotational speed 10,500 rpm, current draw with no load: 13 A at
20 V voltage input). Control over the transistor module was performed by a custom
microprocessor control module, described in detail in [6, 9–11]. A toothed belt trans-
mission (ratio i�1.42) was used to transfer the torque from engine crankshaft to the
electric generator. Torquewasmeasuredwith a Zemic L6N load cell sensor (accuracy
class: C3). Engine crankshaft angle was registered with a single-turn digital absolute
encoder with 14 bit precision. The SSI standard communication protocol was used
for data transmission from the encoder, at a rate of 44.9 kHz, which resulted in accu-
racy of 0.5° CA (crankshaft angle) at 3800 rpm (1° CA at 7600 rpm respectively).
Detailed description of the test stand was provided in [8, 9].
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Fig. 1 The scheme of the
test stand

Fig. 2 Open indicator
graphs for ICE powered by
CNG

2.1 Research Results—Indicator Pressure Graphs

In the following section, open indicator graphs obtained from experimental research
are presented (Fig. 2). Results for ICE powered by CNG.

Analysis of Fig. 2 shows that with the increase of ignition advance angle, the
maximum pressure in the combustion chamber increases (for ignition advance angle
from ranging from 0 to 720 CA). The obtained results of pressure change were used
as source data for the piston and crankshaft assembly with 2 degrees of freedom
model of Honda NHX 110 engine, presented in Sect. 2.

3 Analytical Background

3.1 Analytical Description of 2DOF Crankshaft Assembly

In the following section the analytical dependencies of the crankshaft assembly with
2 degrees of freedom were presented. A geometry model was presented in Fig. 3.
The model assumes a static reduction of crankshaft masses. Similar assumptions
were made in [12–16]. The analyzed physical model has 2 degrees of freedom. The
fragment of the crankshaft connecting the flywheel with the crank has rigidity k.
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Fig. 3 Diagram of the crankshaft assembly with 2 DOF

Fig. 4 Diagram presenting the distribution of force and angles in analyzed system

In Fig. 4 a diagram of the crankshaft assemblywith indication of forces and torque
was presented.

Based on analysis of Figs. 3 and 4, the equation for the moments of inertia of
crankshaft’s crank can be written:

Fcrr sin(ϕp + γp) − Ipϕ̈p − k(ϕp − ϕ f ) � 0 (1)

and the dependence for sum of moments of the flywheel can be written:

I f ϕ̈ f − k(ϕp − ϕ f ) � 0 (2)

The sum of projected forces on x axis for the piston (based on Figs. 3 and 4) is:

Fcr cos γp + mpẍp − pAp � 0 (3)

From analysis of Fig. 4, knowing that:
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l

sin ϕp
� r

sin γp
(4)

Using the law of sines, the dependencies between γ p and ϕp can be determined:

cos γp �
√
1 − r2

l2
sin2 ϕp �

√
1 − λ2 sin2 ϕp (5)

Fitting the dependencies (2–5) into dependency (1) results in equation for angular
acceleration of the piston:

ϕ̈p � r
(
pAp − mpẍp

)
Ip

(
sin ϕp

√
1 − λ2 sin2 ϕp + λ sin ϕp cosϕp

)
√
1 − λ2 sin2 ϕp

− k

Ip
(ϕp − ϕ f )

(6)

From geometrical and trigonometric dependencies the final unknown value can
be determined from Eq. (6), linear displacement of piston xp:

xp � r + l − r cosϕp − l cos γp (7)

After transformations, knowing that λ = r/l:

xp � r

{
(1 − cosϕp) +

l

r
(1 −

√
1 − r2

l2
sin2 ϕp)

}

� r

{
(1 − cosϕp) +

1

λ
(1 −

√
1 − λ2 sin2 ϕp)

}
(8)

The result is:

xp � r

{
(1 − cosϕp) +

λ

4
(1 − cos 2ϕp)

}
(9)

Differentiating the dependency (9) results in dependency for the speed of the
piston:

ẋ p � dxp
dt

� r ϕ̇p

{
sin ϕp +

λ

2
sin 2ϕp

}
(10)

Differentiating for the second time (8) results in dependency for acceleration of
the piston:

ẍ p � d2xp0
dt2

� r

[
ϕ̈p

(
sin ϕp +

λ

2
sin 2ϕp

)
+ ϕ̇2

p

(
cosϕp + λ cos 2ϕp

)]
(11)
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Transforming and differentiating the dependency (2) twice results in the equation
for angular acceleration of the flywheel:

ϕ̈ f � k

I f
(ϕp − ϕ f ) (12)

In Eq. (3) one unknown value, p, is present. The value can be determined from
the thermodynamic domain, which was analyzed in Sect. 3.2.

3.2 Analytical Dependencies of Thermodynamic Domain

In order to determine the pressure changes inside the combustion chamber with the
use of the first law of thermodynamics, using the zero-dimensional model, it can be
written that in accordance with the law of conservation of energy (for low power
output engine) [17–23]:

dQh

dϕ
� cv

R

(
p
dV

dϕ
+ Vc

dp

dϕ

)
+ p

dVc

dϕ
+
dQhetr

dϕ

� 1

n − 1

(
p
dVc

dϕ
+ Vc

dp

dϕ

)
+ p

dVc

dϕ
+
dQhetr

dϕ
(13)

Transforming the dependency (13), dp/dϕ can be determined:

dp

dϕ
� n − 1

Vc

(
dQh

dϕ
− dQhetr

dϕ

)
− n

Vc
p
dVc

dϕ
(14)

where: n—the ratio of specific heat (−), n =1.338-6 × 10−5Tgas+10−8T2
gas,

Tgas=pV /mairR, Tgas—the temperature of the flowing gas (K), mair—the mass of
the air in the cylinder (kg), R—the individual gas constant (J/kgK).

The rate of heat transfer Qhert /dt from the flowing gas to the combustion cham-
ber wall is dominated by the forced convection [18, 19], so the following can be
calculated:

dQhert

dt
� hA

(
Tgas − Tspt

) �
h︷ ︸︸ ︷

Stςcpv A

(
pVc

mair R
− Tspt

)

� Stς

cp︷ ︸︸ ︷
R

1 − 1
n

vA

(
pVc

mair R
− Tspt

)

� 0.715 exp(−0.14(ẋ p mean))ς
R

1 − 1
n

vA

(
pVc

mair R
− Tspt

)
(15)
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where: cp—specific heat (J/kgK), St—the Stanton number (–), v—turbulent gas fluc-
tuating velocity (m/s), v�0.5 (ẋ p mean), Tspt—measured temperature of the spark
plug (K).

The heat flux in combustion chamber can be calculated by solving the partial
differential equation which contains two boundary conditions:

∂T

∂t
� α

∂T 2

∂2x

∣∣∣∣∣
T (0, t) � Twin(t) f or x � 0

T (a, t) � Twot (t) f or x � a
(16)

where: Twin—instantaneous temperature inside of the cylinder wall (K), Twot—the
steady state temperature of the cylinder of the surface of the outside wall at distance
a from the inside wall surface (K), α—thermal conductivity, α=k/ζc, k—thermal
conductivity (W/mK), c—the specific heat (J/kgK), ζ—gas density (kg/m3).

Twin can be calculated as follows [19]:

Twin � Twmean +
M∑
n�1

(An cos(nωt) + Bn sin(nωt)) (17)

where: Twmean—time averaged value of Twin, ω � ϕ̇p—the angular frequency of the
temperature variation—the half of the engine angular velocity for the four-stroke
engine, M—harmonic number (–).

We can write the following solution of (17):

T (x, t) � Twmean − (Twmean − Twot ) +
∞∑
n�1

(exp(−cnx))En(x, t)

� Twmean − (Twmean − Twot )

+
∞∑
n�1

(exp(−cnx))

En (x,t)︷ ︸︸ ︷
An cos(nϕ̇t − cnx) + Bn sin(nϕ̇t − cnx)

� Twmean − (Twmean − Twot )

+
∞∑
n�1

(exp(−cnx))

An︷ ︸︸ ︷
2

τ

τ∫
0

Tw(t) cos(ϕ̇nt)dt cos(nϕ̇t −

cn︷ ︸︸ ︷√
nϕ̇

2α
x)

+

Bn︷ ︸︸ ︷
2

τ

τ∫
0

Tw(t) cos(ϕ̇nt)dt sin(nϕ̇t −

cn︷ ︸︸ ︷√
nϕ̇

2α
x) (18)

The heat flux at the cylinder (for x=0) can be expressed by using Furier’s law as
follows:
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q(t) � −k
∂T

∂x

∣∣∣∣
x�0

� k

a
(Twmean − Twot ) + k

M∑
n�1

cn{([An + Bn] cos(nϕ̇t)

+([Bn − An] sin(nϕ̇t)} (19)

The useful formula for small scale engine proposed by Wu-Chen-Hiseh-Ke [18,
19] allows to calculate Tspt with use of intake manifold pressure pimp, based on
experimental research:

Tspt � bspt1ω + bspt2ω
2 + bspt3 pimp + bspt4 pimpω + bspt5 p

2
imp + bspt6ε (20)

where: bspi—coefficients, described in detail in [18, 19] (–), ε—compression ratio
(–).

Similarly, we can determine the Stanton number, based on experimental data [18,
19]:

St � ψεS2
(
b
(
105Vc(ϕ)

)2
+ exp((l ẋ2

mean
)
)

(21)

where: ψε<5.9;6> , lε <−0.01; −0.015>– coefficients, S—stroke (m), S �2r.
The Vc volume we can calculate to input xp from (8), we can write as follows:

Vc � Vch + Axp � Vsc

ε − 1
+

πd2

4
r

{
(1 − cosϕp) +

1

λ
(1 −

√
1 − λ2 sin2 ϕp)

}
︸ ︷︷ ︸

xp

�

Vsc︷ ︸︸ ︷
πd2

4
S|S�2r

ε − 1
+

πd2

4
r

{
(1 − cosϕp) +

1

λ
(1 −

√
1 − λ2 sin2 ϕp)

}
(22)

The last unknown parameter in (13) and (14) dQh. The heat release rate connected
with the crank angle can be obtained from the rate of mass fraction calculated as
follows:

dQh

dϕp
� w1

w2 + 1

ϕd0

(
ϕdeg − ϕ0

ϕd0

)w2

exp

{
−w1

(
ϕdeg − ϕ0

ϕd0

)w2+1
}
g f Wu (23)

where: w1=5, w2=2 according to [18, 19], Wu—the fuel caloric value (MJ/kg),
gf—the fuel mass injected into the cylinder (kg/s), ϕd0—the total combustion
expressed in crank angle—CA (deg), ϕ0—the start of combustion expressed in crank
angle—CA (deg), ϕ0 � I AA + 25.5pin manifold − 0.0605ϕ̇p − 0.2801pin manifoldϕ̇p +
6.88 × 10−4ϕ̇2

p, pinmanifold—intake manifold pressure (MPa). The ϕdeg can be
expressed as follows:
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(a) (b) 

(c) 

Fig. 5 Parameters of piston of engine fueled by CNG: a piston displacement xp, b piston velocity
vp, c piston acceleration ap

ϕdeg[deg] � ϕp[rad]
180◦

π
(24)

4 Simulation Model and Simulation Results

Asimulationmodelwas prepared based ondependencies (1–12).Changes of pressure
were determined and implemented into the model based on analysis of research
results presented in Fig. 2, respectively for CNG. Analytical description of pressure
changes was presented with use of dependency (13–24).

Figure 5 presents respectively: linear displacement (Fig. 5a), piston velocity
(Fig. 5b) and acceleration of the piston (Fig. 5c) of engine fueled by CNG. It presents
the results of the simulations for the following main parameters: k=9150 N/m,
l=0.091m, r=0.0275m,mf =2.851 kg,mp=0.22 kg, rf =0.11m.Change in rotational
speed (Fig. 5a) is caused by change in frequency, the assembly accelerates (up to 2 s),
which is shown by the increasing density of displacements. After approximately 2 s
(for IAACNG=10 up to 40 before TDC—Top Dead Centre) the assembly reaches the
constant amplitude. If the ignition advance angle IAACNG increases (which increases
the pressure in the cylinder as well) then piston velocity and piston acceleration
amplitude decrease. Similar results for the acceleration, velocity, and displacement
values have been obtained for the model with 3DOF in the works [12–14]. From a
practical point of view, selecting the appropriate inertia of the flywheel I f is crucial.

Figure 6 presents angular displacement (Fig. 6a), angular velocity (Fig. 6b) and
angular acceleration (Fig. 6c) of shaft in engine fueled by CNG. For IAACNG=10



44 A. Chmielewski et al.

(a) (b) 

(c) 

Fig. 6 Parameters of shaft of engine fueled by CNG: a angular displacement ϕp, b angular velocity
ωp, c angular acceleration εp

the assembly start up time is the shortest, at 1.95 s, ωpIAAA_CNG=10=4990 rad/s
(Fig. 6b). Angular accelerations in steady state don’t exceed 4.2 × 104rad/s2 and
−5 × 104rad/s2 for all ignition advance angles.

Figure 7 presents angular displacement (Fig. 7a), speed (Fig. 7b) and acceler-
ation (Fig. 7c) of flywheel of engine fueled by CNG. Greatest increase in angular
displacement can be observed in the first second after assembly start up, which accel-
erates (angular accelerations for all ignition advance angles increase). The highest
values of angular accelerations appear for ignition advance angle IAACNG=40 . This
is a result of increased pressure inside the combustion chamber, for IAACNG=40
pmax=5.2 MPa (Fig. 2).As a consequence, greater forces affect the flywheel (visible
higher amplitudes of angular speed changes—Fig. 7b).

5 Conclusions

In the article, a model of the piston and crankshaft assembly with 2 degrees of
freedom is presented.Themodelwaspairedwith a chart of indicatedpressure changes
inside the combustion chamber, acquired from experimental research. To describe the
changes of pressure inside the combustion chamber, a zero-dimensional analytical
model using the law of conservation of energy was used.

Presented simulations show, that for all ignition advance angles the angular accel-
erations in steady state do not exceed 4.2 × 104rad/s2 and −5 × 104rad/s2.

The greatest increase in angular displacement can be observed in the first second
after assembly start up, as it is accelerating (angular accelerations for all ignition
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(a) (b) 

(c) 

Fig. 7 Parameters of flywheel of engine fueled by CNG: a angular displacement ϕf , b angular
velocity ωf , c angular acceleration εf

advance angles increase). The highest values of angular accelerations (Fig. 7c) appear
for ignition advance angle IAACNG =40 . This is a result of increased pressure inside
the combustion chamber, for IAACNG =40 pmax =5.2 MPa.

The analysis presented in this work and the proposition of merging a piston and
crankshaft assembly model with 2 degrees of freedom with a thermodynamic model
that takes into account the combustion processes opens up new possibilities of mod-
eling combined systems (mechanical domain—thermodynamic domain).

Below are presented the mechanical equations coupled with equations governing
the pressure change.
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of HONDA NHX 110 powered by an alternative fuel. In: IOP Conference Series: Earth and
Environmental Science (EES), Second International Conference on the Sustainable Energy and
Environmental Development, SEED 2017 Cracow (in Print)

9. Małecki, A., Mydłowski, T., Dybała, J.: Stanowisko hamowniane do badań silników spali-
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