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Abstract This paper aims to propose a new spectral element with additional mass.
Methodologies for structural health monitoring are used to include additional auxil-
iary mass in the structure to change of natural frequencies. Therefore, the additional
auxiliary mass can enhance the effects of discontinuities in the structural dynamics
response, which could improve the identification and location of the discontinuities.
The proposed approach deals with the wave propagation in structures regarding the
spectral analysis method. The change in the natural frequencies due the mass is
examined by comparing the differences between the dynamic responses of the beam
with and without additional auxiliary mass. Similar analyses also performed with
the Galerkin assumed modes technique to validate the new spectral element. The
proposed technique is validated with numerical simulation and then compared to
experimental data.

Keywords Spectral element method · Auxiliary mass spatial probing · Galerkin
assumed modes technique.

E. U. L. Palechor · L. M. Bezerra
Civil Engineering Department, Faculty of Technology, University of Brasília,
Campus Universitário Darcy Ribeiro, Asa Norte, Brasília, DF 70910-900, Brazil
e-mail: erwinlopezpalechor@hotmail.com

L. M. Bezerra
e-mail: lmbz@unb.br

M. R. Machado (B) · M. V. G. de Morais
Mechanical Engineering Department, Faculty of Technology, University of Brasília,
Campus Universitário Darcy Ribeiro, Asa Norte, Brasília, DF 70910-900, Brazil
e-mail: marcelam@unb.br

M. V. G. de Morais
e-mail: mvmorais@unb.br

© Springer International Publishing AG, part of Springer Nature 2018
J. Awrejcewicz (ed.), Dynamical Systems in Applications,
Springer Proceedings in Mathematics & Statistics 249,
https://doi.org/10.1007/978-3-319-96601-4_25

279

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-96601-4_25&domain=pdf


280 E. U. L. Palechor et al.

1 Introduction

The spectral element method (SEM) consists in the exact displacement of the wave
equation of the analytical solution in the frequency domain. It is equivalent to an
infinite number of finite elements. SEM is a meshing method similar to FEM, where
the approximated element shape functions are substituted by exact dynamic shape
functions obtained from the exact solution of governing differential equations. As
the SEM assumes the exact frequency-domain solution, it implies high accuracy.
Other advantages of this method are the reduction of the problem size and DOFs,
low computational costs, effectiveness in dealing with frequency-domain problems,
adequate to deal with the non-reflecting boundary conditions of the infinite or semi-
infinite-domain problems [11]. This characteristic and the spectral domain make
SEM more suitable to solve the structural discontinues detection. The advantage of
SEM is the reduced number of elements required to model the system as compared
to other computational methods. Due to the SEM be formulated with the exact wave
propagation solution, it became a suitable technique to model structural damage
detection. In general, changes in either global or local structural properties can be
associated with an imperfection or damage. In the last decades, damage detection
researchers are focused on methods that use elastic wave propagation at medium and
high-frequency bands [7, 8, 12, 14, 18, 20]. Some techniques in health structural
monitoring use to add a traversing auxiliary mass change in the structure to enhance
the effects of the discontinuities on the dynamic response and facilitate the identifi-
cation and location, i.e., of damage. Zhong [21] presented damage detect technique
that uses auxiliary mass spatial probing.

The modal analysis aims to reduce a complex system of partial differential equa-
tions that describe the dynamical behaviour of a continuous structure. This approach
is less complicated and is described by a system of ordinary differential equations
that considers the motion of an equivalent one-dimensional structure, such approach
and numerical model especially in a non-linear analyses lead to errors in solution and
must be treated with particular attention. Although the reduction of PDEs, especially
non-linear systems analysis to ODEs and possibly algebraic equations to considera-
tion of only a few degrees of freedom can lead to erroneous results. This approach
in beam-like structure can be found in the references [2–4, 9]. A theoretical treat-
ment of modal analysis is given in Meirovitch [13]. In literature, we found several
examples of model reduction, for example, vortex induced vibration [5] or stochastic
problems [17], or wind turbine analysis [16]. The order reduction can be made in the
analysis. One of these techniques is to reduce the continuous system to a few degrees
of freedomMDOF throughmodal analysis [1, 19]. Reducing continuous mechanical
systems into discrete ones is advantageous. According to Galerkin’s method [15].

The aim of this paper is to propose a new spectral element with additional mass.
The proposed approach deals with the wave propagation in structures regarding the
spectral analysis method. Methodologies for structural health monitoring are used
to include additional auxiliary mass in the structure in order to change of natu-
ral frequencies. The change in the natural frequencies due the mass is examined by
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comparing the differences between the dynamic responses of the beamwith andwith-
out additional auxiliary mass. Similar analyse was also performed with the Galerkin
assumed modes technique in order to validate the new spectral element with addi-
tional mass. The proposed model is validated with a numerical simulation and then
compared to experimental data.

2 Beam Spectral Element with Additional Mass

A spectral damaged Euler-Bernoulli beam element with an auxiliary mass is
addressed. Figure 1 shows a two-nodes auxiliary mass beam element with uniform
rectangular cross-section, length L and auxiliary mass position L1. The auxiliary
mass ismodelledwith a tipmass (ϑδ(x − L)) added in thebeammass.Theundamped
equilibrium equation with the auxiliary mass in frequency domain can be written as:

E I
d4v(x)

dx4
+ ω2[ρA + ϑδ(x − L)]v(x) = p(x), (1)

where I is the inertiamoment, v is the transverse displacement, and p is the distributed
external transversal force. A structural internal damping is introduced into the beam
formulation as E I = E I + cE I0 with cE I0 = iη where η is the hysteretic structural
damping factor. The auxiliary mass is described by a impulse force described by a
Dirac delta function (δ(x − L/2)) multiplied by a mass value ϑ . The homogeneous
displacement solution for Eq. (1) must be described in two parts, one for the left-hand
side of the mass, it has

vL(x) = a1e
−i(kbx) + a2e

−(kbx) + a3e
−ikb(L1−x) + a4e

−kb(L1−x) (0 ≤ x ≤ L1)

= sL(x, ω)aL (2)

where kb = √
ω(ρA/E I )1/4 is the beam wavenumber, sL(x, ω) = [

e−i(kbx) e−(kbx)

e−ikb(L1−x) e−kb(L1−x)
]
, and aL = {a1 a2 a3 a4}T . Other, for the right-hand side of the

mass

vR(x) = a5e
−ikb(L1+x) + a6e

−kb(L1+x) + a7e
−ikb(L−(L1+x))

+a8e
−kb(L−(L1+x)) (0 ≤ x ≤ L − L1)

= sR(x, ω)aR (3)

where sR(x, ω) = [
e−ikb(L1+x) e−kb(L1+x) e−ikb(L−(L1+x)) e−kb(L−(L1+x))

]
, and aR =

{a5 a6 a7 a8}T . Writing Eqs. (2) and (3) in a matrix form,

{
vL(x)
vR(x)

}
= d =

[
sL(x, ω) 0

0 sR(x, ω)

] {
aL
aR

}
= s(x, ω)a (4)
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Fig. 1 Two-node damaged beam spectral element

where d is the nodal displacement vector, a is the coefficient vector, and s is a
matrix dependent of the element boundary and compatibility conditions. The element
boundary conditions are considered as following form:

• at node 1

vL(0) = v1 and
∂vL(0)

∂x
= φ1 (5)

• at the mass location (x = L1 for vL(x) and x = 0 for vR(x))

vL(L1) = vR(0),
∂vL(L1)

∂x
= ∂vR(0)

∂x
,

∂2vL(L1)

∂x2
= ∂2vR(0)

∂x2
,

∂3vL(L1)

∂x3
− ∂3vR(0)

∂x3
= −ϑ

∂2vL(L1)

∂t2
(6)

• at node 2

vR(L − L1) = v2 and
∂vR(L − L1)

∂x
= φ2 (7)

Applying boundary and compatibility conditions in Eq. (4) it has,

⎡

⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎣

1 1 m n 0 0 0 0
−ik −k ikm kn 0 0 0 0
−m −n 1 1 m n o p
mik nk −ik −k −ikm −kn iko kp

−k2m k2n −k2 k2 k2m −k2n k2o −k2p
ik3m + ϑik2m −k3n + ϑk2 −ik3 + ϑik2 k3 + ϑk2 −k3m k3nn ik3o −k3p

0 0 0 0 r t 1 1
0 0 0 0 −ikr −kt ik k

⎤

⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎦

︸ ︷︷ ︸
Gb

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1
a2
a3
a4
a5
a6
a7
a8

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

v1
φ1
0
0
0
0
v2
φ2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(8)
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where m = eikL1 , n = e−kL1 , o = e−ik(L−L1), p = ek(L−L1), r = e−ikL , t = e−kL .
From the Eq. (8) it can relate the coefficient vector with the nodal displacement
vector by:

a = G−1
br d (9)

whereG−1
br is the inverse ofGb reduced to the order [8 × 4] due to the zeros into the

displacement vector d. Substituting Eq. (9) into (4) it has,

{
vL(x)
vR(x)

}
=

[
sL(x, ω) 0

0 sR(x, ω)

]
G−1

br d = g(x, ω)d (10)

Note thatΓ (ω) = G−1
br . For instance the deterministic flexibility rigidity andmass per

unit of length parameters, E I (x) and ρA(x), are assumed as deterministic constants.
The stiffness operator is given by ∂2(•)/∂x2 = (•)′′. Due spacial reference in the
model the equations must be integrated according to the corresponding limits, then

K(ω) = E IΓ T
d (ω)

[
Sk0L 0
0 Sk0R

]
Γ (ω), (11)

and

M(ω) = ρA Γ T
d (ω)

[
Sm0L 0
0 Sm0R

]
Γ (ω), (12)

where

Sk0L =
∫ L1

0
s′′TL (x, ω)s′′L(x, ω)dx, Sk0R =

∫ (L−L1)

0
s′′TR(x, ω)s′′R(x, ω)dx

(13)

Sm0L =
∫ L1

0
sTL (x, ω)sL(x, ω)dx, Sm0R =

∫ (L−L1)

0
sTR(x, ω)sR(x, ω)dx

(14)
Substituting Eqs. (13) in (11), and Eqs. (14) in (12) the deterministic stiffness and

mass matrices as closed-form expressions can be obtained. Then, the spectral beam
with auxiliary dynamic stiffness matrix can be obtained as D(ω) = K(ω)ω2M(ω).

3 Experimental Procedure

Experimental results are performed for a I-beam 102 × 11.4 (exact dimensions
101.6 × 67.6 mm2) of steel MR-250 with length of 6m. Figure2 show in
detail the nominal geometric properties of I-beam. The Young’s modulus is E =
200.0474 ± 2.0675 (nominal 200) GPa, cross-sectional area A = 14.3156 cm2, den-
sity ρ = 7848.156 kg/m3 and moment of inertia Ix = 245.13 cm4 were obtained
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Dimension Nominal
h (mm) 101.6
ho (mm) 86.8
ho (mm) 7.4
t f (mm) 4.84
to (mm) 15.9
b (mm) 67.6
S (cm2) 14.5
Ix (cm4) 252
Wx (cm3) 49.7
ix (mm) 41.7
Iy (cm4) 31.7
Wy (cm3) 9.37
iy (mm) 14.8
L (mm) 6000.0

Fig. 2 Geometrical properties of I-shape 102 × 11.4

Fig. 3 Simply supported condition at both ends

experimentally. The dynamic tests were developed in laboratory ofMechanical Engi-
neering Department of University of Braslia.

Geometric properties (area A and inertia Ix ) was determined by articulated arm
coordinatemeasuringmachine (modelArm100 - uncertainty of 0.070mm) ofMetrol-
ogyLaboratory (UnB-FT/EnM/LabMetro).WithArchimedes principle, we obtain an
density estimation of material. The experimental verification of Young modulus was
performed by FRF estimation of a free-free and simply supported Euler-Bernoulli
beam. With a modal impact testing, Young modulus was estimated by report to
the best fit to natural frequencies identified. The tested beam has simply supported
condition guarantee by steel rollers lean on steel plates, as show by Fig. 3.
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Fig. 4 Additional mass

The additional mass was composed by steel plates fixed with four threaded rod
and nuts as shown in Fig. 4. Each steel plate weighted 5714 ± 2g. The added mass
system was fast to avoid any accidental motion.

Instrumentation and Experimental Procedure

Figure5 describe experimental setup in Laboratory of Vibration in University of
Braslia to estimate FRF betweenmodal hammer and accelerometer. The list of equip-
ments are NI cDAQ-91 and NI-9124, accelerometers PCB352C34/PCB352C33,
modal hammer PCB086C0, and a PC desktop with LabView to data acquisition.
For experimental tests, one accelerometers located in L/4 from the right support and
an impact in force in the L/4 from the right support.

The additional mass was placed along the beam every 20 cm. Once the masses
were positioned, the modal hammer tests were performed to obtain the FRFs. The
first and second frequencies for each position of the additional mass were identified
by spectral centre correction method [21] (Table1).

4 Numerical Results

In the first numerical example, a simply supported beamboundary conditionswith the
samematerial properties and geometry presented in Sect. 3. The impact andmeasured
points are also assumed likewise in the experimental test setup. It is compared the
firsts natural frequencies of the beamwith andwithout auxiliarymass spatial probing.
In Fig. 6 shows that when no mass is added to the structure the first natural frequency
is constant, while that the beam with additional mass the first natural frequency
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Fig. 5 General view of
experimental setup

Table 1 First and second frequency (Hz) as function of position of additional mass (cm)
x(cm) 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

f1 9.329 9.336 9.320 9.270 9.219 9.168 9.106 9.034 8.956 8.893

f2 36.804 36.719 36.501 36.211 35.890 35.593 35.392 35.281 35.300 35.432

x(cm) 2.0 2.2 2.4 2.6 2.8 3.0 3.2 3.4 3.6 3.8

f1 8.836 8.793 8.746 8.709 8.694 8.683 8.686 8.711 8.747 8.792

f2 35.656 35.940 36.249 36.517 36.709 36.794 36.728 36.539 36.278 35.975

x(cm) 4.0 4.2 4.4 4.6 4.8 5.0 5.2 5.4 5.6 5.8

f1 8.838 8.900 8.964 9.031 9.100 9.167 9.224 9.263 9.298 9.327

f2 35.685 35.448 35.310 35.278 35.373 35.578 35.871 36.192 36.489 36.694

change when the auxiliary mass change position. The additional auxiliary mass
approximately 10% of the beam mass (ϑ = 0.54 kg).

For the second example compare the firsts frequencies obtained with the SEM
model, Galerkin [1] and experimental measured. Figure7 presents experimental
results and SEM simulation of accelerometer 2 (x = L/4) FRF with additional mass
at middle span. This figure compare experimental results and SEM simulation with
a reasonable agreement. The error are more notable to second frequency.
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Fig. 6 First frequency as function of position of additional mass obtained using the SEM and
Ritz-Galerkin with and without auxiliary added mass
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Fig. 7 FRF of accelerometer 2 (x = L/4) with additional mass at middle span: comparison of
SEM, Ritz-Galerkin and experimental results

Fig. 8 Natural frequencies of beam fi (i = 1, 2)[Hz] as function of additional mass x[cm]

Figure8 show the first two natural frequency of essayed beam as function of
addition mass position x[cm]. The error between SEM simulation and experimental
are inferior of 1.2%.
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5 Conclusions

This paper present a new spectral element with additional mass. The natural fre-
quencies change due to position of the mass along x-axis. Similar analyse was also
performed with the Galerkin assumed modes technique in order to validate the new
spectral element with additional mass. Galerkin technique presents similar results to
spectral element method even needing some assumed modes to converge (N ≥ 6).

The proposed model is validated with a numerical simulation and then compared
to experimental data. The spectral element results shows a good agreement with
experimental first natural frequencies. Comparing the second natural frequencies
experimentally identified, the spectral element observe a difference inferior to 1.2%.

Acknowledgements The authors acknowledgeCNPq (Brazilian ScientificConseil),MCTI (Indus-
trial, Science and Technology Ministry) and FAP-DF by financial support referent to scientific
project.

Appendix

According to Galerkin’s method [15], the solution of Eq. (1) can be expanded as
function of:

w(x, t) ∼= wh(x, t) =
N∑

j=1

ψ j (x) q j (t) (15)

where ψ j (x) are test functions in domain D = [0, L] that satisfying boundary con-
ditions of problem, q j (t) are generalized coordinates of discretized system. By sub-
stituting (15) into (1) to obtain residual functionR. As base functions are not exact
solutions of problem (1), the residual function R results a non-null function. But,
according to Garlerkin’s method, a kind of weighted residual method [6, 10], we
search minimize the residual function R in domain D ∈ [0, L],

∫

D
R [wh(x, t)] · ψi (x)dx = 0, i = 1, 2, . . . , N (16)

This problem can be solved by a numerical time integrator, e.g., Newmarkmethod,
Hilbert-Hughes-Taylor method, or a simple Runge-Kutta.
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