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Chapter 4

Automorphic Forms and Hecke
Operators

4.1 Lattices and Class Sets of Z-groups

Let P be the set of prime numbers. Set Z = [I,cp Zp,andletA; = Q®Zbe the set of
finite adeles of Q. Fix a Z-group G, that is, an affine group scheme of finite type over
Z.The group G(A y) can be canonically identified with the subgroup of [ [, p G(Qy)
whose elements (g,) satisfy g, € G(Z,) for almost all p, in other words, for all
p € P except possibly a finite number. The groups G(Q) and G(Z) embed naturally
into G(Ay) and satisfy G(Z) = [[,cp G(Zp) and G(Z) = G(Q) N G(Z). The
G(Aj)-set
R(G) = G(Ay)/G(Z)

will play an important role in this chapter. We denote it by R, for the French word
for lattice, “réseau”, because it can, in general, be identified with the set of lattices
of a certain type in a QQ-vector space.

A classical result of Borel [32, Sect. 5] asserts that the class set of G:

CI(G) = GQ\G(Ay)/G(Z) = GQ\R(G)

is finite. Its cardinality h(G) = |Cl(G)] is called the class number of G. In this
section, we describe R(G) and C1(G) in several standard cases we are interested in
(see, for example, [32, Sect. 2]).

4.1.1 Linear Groups

Let us begin with the case of GL,,. If V' is a vector space of finite dimension n over
the field of fractions of a principal ideal domain A, we denote by R 4 (V) the set of
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lattices in V' with respect to A, that is, the set of free sub-A-modules of V' of rank
n (Sect.2.1). It is endowed with a transitive action of GL(V); the stabilizer of L in
Ra(V)is GL(L).

Let V be a Q-vector space of dimension n. If p is prime and we set V,, = V ® Q,,
then there is a natural map Rz(V') — Rz, (V,) defined by M — M), := M & Z,.
We fix L € Ry (V) and set G = GLj. We easily verify, following Eichler [78,
Sect. 13], that the map

Rz (V) = [[ Rz, (i), M = (M), (4.1.1)
peP

is an injection from Rz(V') to the subset H;ep Rz,(Vp) C Il ep Rz, (Vp) con-
sisting of the families (M) such that M, = L,, for almost all p (this subset does
not depend on the choice of L). The natural action of G(As) on [[ cp Rz, (V)
preserves H;eP Rz,(Vp), and it is transitive on the latter. Therefore, if we identify
Rz (V') with H;ep Rz, (V) using the map (4.1.1), which we will do systematically
from now on, then by transport of structure, we obtain a transitive action of G(Ay)
on Rz(V) that extends the obvious action of G(Q) = GL(V). Since the stabilizer
of the lattice L is G(Z), this leads to an isomorphism of G((A £)-sets

R(G) S Ry (V).
Since G(Q) also acts transitively on Rz (V'), it follows, in particular, that we have
h(GL,) =1.

In the case G = PGL, (resp. G = SLy), the set R(G) can also be viewed as the
quotient of Rz (V') by Q* for the action by homotheties (resp. as the subset of Rz (V)
consisting of the M that have a Z-basis of determinant 1 with respect to a Z-basis
of L). We again have h(PGL,,) = h(SL,,) = 1.

4.1.2 Orthogonal and Symplectic Groups

We now assume that the Q-vector space V' is endowed with a nondegenerate bilinear
form ¢ that is symmetric or alternating. Let L € Rz (V). Recall that the dual lattice
of L is the lattice L* € Rz(V) defined by (Sect.2.1)

LF={veV;pwaz)eZ YeelL}.

We call L homodual, for “homothetic to its dual,” if there exists a A € Q* such that
we have L! = \L; there then exists a unique strictly positive \ with this property;
we denote it by Az. The lattice L is called self-dual if we have L¥ = L. If L is
homodual and ¢ is symmetric (resp. alternating), then the bilinear form Ar ¢ gives
L the structure of a b-module (resp. a-module) over Z in the sense of Sect.2.1. We
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then say that L is even if A\ p(x,x) € 2Z for every x € L. This is automatic if ¢ is
alternating, and if ¢ is symmetric, this allows us to view L as a g-module over Z by
setting q(z) = A ¢(z,2)/2 for z € L. We denote by

RE(V) C Ry (V)

the subsets of Rz(V') consisting of the even self-dual (resp. homodual) lattices.
Setn = dim V, and fix L € R§(V'). By reduction modulo 2, the existence of such

an L induces the congruence n = 0 mod 2. Consider the sub-Z-group G C GL[,
defined by

Spy, if ¢ is alternating,
G =
Oy else.

We denote by Cz the corresponding similitude Z-group, so that we have G C G C
GL, and by PG the projective similitude Z-group, which is the quotient of G by its
central sub-Z-group isomorphic to G,,, consisting of the homotheties (Sect.2.1).

Lemma 4.1.3. The restriction of the action of GLy,(As) on Rz (V) to G(Ay) (resp.
G(Ay)) preserves RE (V) (resp. R&(V)).

Before giving the proof, let us introduce the local analogs of the previous defi-
nitions. Let p be prime. For M € Rz, (V,), the dual lattice M* € Rz, (V,) (with
respect to Zy; see Sect.2.1) is well defined. We denote by TRQP(V;)) C Rz, (V)
the subset of lattices M such that there exists A € Q, with M £ = AM and
Ap(x,x) € 2Zj for every x € M. Furthermore, we denote by Rj, (V) C IRQP (V)
the subset of lattices M such that we have M* = M. For M € R%p (Vp), there exists
a unique A\p; € p” with M* = X\p/ M. If o is symmetric (resp. alternating), the
quadratic form x — Aps p(x, x)/2 (resp. the alternating form Aps¢) then gives M
the structure of a g-module (resp. a-module) over Z,,.

Proof. Let M € Rz (V). We begin by noting that M is in R% (V) if and only if M, is
in fR%p (V},) for every prime p, in which case we, moreover, have Ay; = Hp An, (of
course, A M, is1 for almostall p). Indeed, this follows from the identity A; =Q* 2
(that is, h(G,,) = 1) and the immediate relation (N*), = (N,)%, which holds for
every prime p and every N € Rz (V). In particular, we have M € R (V) if and
only if we have M), € R} (V) for every p.

To conclude the proof, it suffices to note that if g € G (Qp) has similitude factor
v(g) (Sect.2.1) and we have M € Ry, (V},), then we have the relation g(M)* =
v(g)~'g(MF). D

Note that the action of the homotheties Q* on Rz (V') preserves R% (V). By
Lemma 4.1.3, the quotient set

Rz (V) == Q*\R3(V)
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is therefore endowed with an action of PG (Ay) that extends the obvious action of

PG(Q). We denote the homothety class of M € Rz (V) by M. In summary, we
have the following commutative diagram:

R(G)C R(G) R(PG)

)
)

Re (V) —=RE(V) Ry (V)

|

GQ\RE(V) —> G(Q)\RE(V) —2> PGQ\RE(V) .

The w;, for¢ = 1, 2, 3, are, respectively, the “orbit” maps of L, L, and L under the
actions of G(Ay), G(Ay), and PG(Ay). All other arrows denote canonical maps.

Proposition 4.1.4. The maps w; and &; are bijective. In particular, the action of
G(Ay) on R& (V) is transitive; the orbit of L defines an isomorphism of G(Ay)-sets
R(G) = RE(V).

Proof. Theinjectivity of the w; is obvious. Let us begin by verifying the last assertion,
which is nothing more than the surjectivity of w;. If ¢ is symmetric, Scholium 2.2.5
asserts that for every M € R5(V), the g-module M, over Z, is hyperbolic. It is, in
particular, isomorphic to L,, which concludes the proof of the last assertion because
every isometry L, — M), is necessarily induced by an element of O(V,,) = G(Q,).
Let us therefore suppose that  is alternating. It is well known that if A is a principal
ideal domain, there exists, up to equivalence, a unique nondegenerate alternating
bilinear form on the A-module A™ (n even). We conclude by considering the case
A=17Z,.

The surjectivity of w3 (resp. wz) follows from that of wo (resp. from those of
wi and &;). Let us show the surjectivity of &;. For M € RE(V) and g € G(Q)
with similitude factor v/(g), we have Ay(a) = £v(g) ™" Aps. It therefore suffices to

see that v(G(Q)) contains the set Q¢ of strictly positive rational numbers. This is
obvious in the alternating case and, more generally, when V' is hyperbolic. In the
symmetric case, we must show that for A\ € Q- , the vector spaces V and V' ® ()
(obtained by multiplying the quadratic form on V' by \) are isomorphic as g-vector
spaces over Q. But they are so over QQ,, for every prime p because the V' ® Q,, are
hyperbolic by Scholium 2.2.5, and they are so over R because we have A > 0. We
conclude using the Hasse-Minkowski theorem. _ _

The map &» is bijective because of the equality PG(Q) = G(Q)/Q*. Finally,
let us verify the injectivity of £&. We may assume that ¢ is symmetric because
the argument given in the first paragraph shows that we have h(G) = 1 if ¢ is
alternating. Let us therefore assume that there exist M € R%(V)and g € G(Q) such
that g(M) = L. We then have v(g) = +1. If v(g) = 1, then we have g € G(Q),
and we are done. Otherwise, M is isometric to the g-module L ® (—1), which
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has underlying space L but opposite quadratic form. This implies that V ® R is
hyperbolic, and thus that L and M are isomorphic by Theorem 2.2.7. O

Corollary 4.1.5. We have h(G) = h(G) = h(PG).

When ¢ is alternating, the classification given above of the nondegenerate alter-

nating forms applied to the ring Z implies' h(G) = 1, and therefore h(Sp,,) =
h(GSp,,) = h(PGSp,,) = 1 forevery g > 1.

Let us assume that ¢ is symmetric. If the g-vector space L ® R is indefinite,
then Theorem 2.2.7 implies h(Oy) = 1. The situation is quite different if L ® R
is positive definite, which we will assume from now on. Recall that L can then be
viewed as an even unimodular lattice in the Euclidean space V' ® R of dimension
n. In particular, we have n = 0 mod 8. In this case, fR%(V) is, by definition, the set
of even unimodular lattices in V' ® R that are contained in L ® Q. Recall that X,,
denotes the set of isometry classes of even unimodular lattices in the Euclidean space
V ® R. By Scholium 2.2.1, the natural inclusion O(V)\R5 (V) — X,, is bijective
and therefore induces an isomorphism C1(Op,) 5 X,,.In particular, if O,, denotes
the orthogonal Z-group of the lattice L = E,, (Sect. 1.3), we obtain the equality

h(0n) = [Xal

which shows that h(O,,) is a quite interesting number.

4.1.6 SOy, Versus Oy,

We continue the analysis of the previous subsection by assuming that o is symmetric,
so that GG, G and PG are, respectively, O, GO, and PGOp. We are interested
in their respective sub-Z-groups SOy, GSOy,, and PGSOy, (Sect.2.1). The groups
SOL(Ay), GSOL(Af), and PGSOy (A ) act on, respectively, R (V), RE(V), and
R%(V) (Proposition 4.1.3). Let us consider the following commutative diagram,
which extends that of Sect.4.1.2:

! The assertions h(SLy) = h(Sp,,) = 1 recalled above are also very particular cases of Kneser’s
strong approximation theorem (see [123], [162, Theorem 7.12]). It asserts that we have h(G) =1
whenever the C-group G¢ is semisimple and simply connected and the topological group G(R)
does not have a nontrivial connected, compact, normal subgroup.
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R(SOL) —————— > R(GSOr) R(PGSOL)
y o1 y @ % @3
R(OL) ———————— > R(GOy) R(PGOL)
wi wo w3
R (V)C RE(V) RE(V)
RI(V) ————— = RE(V) RE(V)
sm(@)\ﬂaz(wg — GSOL«@)\R‘Z‘(V)E —— PGSOL(Q)\RE(V)
/ 1 / 2 /

OL@\RF(V) ———> GOL(Q)\RE(V) — PGOL(Q\R (V)

The vertical maps w; are again the “orbit” maps of L (resp. L, resp. L), and the
other arrows are the canonical maps.

Proposition 4.1.7. The maps w;, p;, and §~J are bijective. In particular, the action
of SO (Ay) on R (V') is again transitive; the orbit of L defines an isomorphism
R(SOL) = Ra(V).

Proof. We have already seen that the natural action of O (A ) on Rg (V) is transitive
(Proposition 4.1.4). The same holds for the restriction of this action to its subgroup
SO (Ay) because the orthogonal group of a nontrivial hyperbolic q-module over
Z,, always has an element of determinant —1. The same reasoning shows that the f;
are bijective because O (Z,)/SOr(Z,) — GOL(Q,)/GSOL(Q,) is bijective for
every prime p (Sect. 2.1). Since the w; are bijective, the bijectivity of the w; follows.

The bijectivity of 52 is obvious. The surjectivity of &; follows from that of
& and from the fact that we have —1 € det(O(V)). Finally, the injectivity of
El can be shown similarly to that of & (Proposition 4.1.4), using that we have
—1 € det(O(H(Z"/?))). 0

Corollary 4.1.8. If L is a q-module over Z, we have h(SOr) = h(GSO) =
h(PGSOy). If, moreover, L ® R is indefinite, then these integers are equal to 1.

Proof. The first assertion follows from the bijectivity of the maps &; (Proposi-
tion 4.1.7). When L ® R is indefinite, we already explained the equality h(Op) =1
in Sect.4.1.2. It remains to show that there exists an s € O(L) with dets = —1.
The assumption on L and Theorem 2.2.7 show that there exists a g-module L’ over
Z such that L ~ L' ® H(Z) (orthogonal sum). This concludes the proof because
H(Z) contains an automorphism of determinant —1. O

Finally, let us assume that L is positive definite. As before, we then have a
canonical bijection C1(SOy,) A Xn, where X denotes the set of direct isometry
classes of even unimodular lattices in V' ® R (in other words, the set of orbits of
the action of SO(V ® R) on the latter). The isometry class of an even unimodular
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lattice M C V ® R admits exactly one or two inverse images under the canonical
projection ~
Xn = Xy,

depending on whether O(M ) has an element of determinant —1 or not. It has one
if, for example, M has at least one root, that is, an « € M such that o - @ = 2,
because the associated orthogonal reflection is in O(M) (Sect.2.3). On the other
hand, if M is the Leech lattice, then we have O(M) = SO(M) by Conway [65].
The results recalled in Sect. 2.3 imply the following corollary. For n = 0 mod 8, we
set SO, = SOg,,.

Corollary 4.1.9. We have h(SOg) = 1, h(SO1¢) = 2, and h(SO44) = 25.

4.1.10 Orthogonal Groups in Odd Dimensions

We return to the setting of Sect. 4.1.2, where we assume that ¢ is symmetric. We
now consider the set
R(V) € Rz (V)

consisting of the L € Rz (V') with (v, x) € 2Zforeveryx € Land L*/L ~ 7./27.
This last condition is equivalent to requiring that ¢, 7, have determinant £2. We
refer to Appendix B for an analysis of these lattices.

We fix L € R5(V), which requires the dimension n of V to be odd. Then
SOL(Ay) acts transitively on RE(V) by Proposition B.2.5, and the stabilizer of L
is SOL(Z). If L ® R is indefinite, the number of classes of SOy, is 1; this is a
classical result that would not be difficult to deduce from Proposition B.2.5 (iii) and
Theorem 2.2.7. The situation is more interesting when L ® R is definite, say positive
definite to fix the ideas; we will assume that this is the case from now on.

In this case, we have the congruence n = 41 mod 8 and CI(SOy,) can be
identified with the set of isometry classes of even lattices of determinant 2 in R™
(Sect. B.2). Here, we do not need to distinguish between direct and indirect isometries
because x — —x is in O(M) and has determinant —1 for every M € Rb(V). If
n =1mod8, wesetL, = E,_1 ®A;. If n = —1 mod 8, we denote by L,, the
orthogonal complement of an arbitrary root of E,, 1 1; since these roots are permuted
transitively by the orthogonal group of E,, 11, the isometry class of such a lattice does
not depend on any choice we make. If n = +1 mod 8, the lattice L,, is therefore
even of determinant 2 (Sect. B.2), and we set SO,, = SOy, (Sect.B.1).

The known values of h(SO,,) with n odd are gathered in the following corollary
(see also [68]). The cases n < 23 are treated, for example, in Appendix B, Sect. B.2;
the case n = 25 is due to Borcherds [29, Table -2].

Corollary 4.1.11. We have h(SO;) = h(SO7) = h(SOg) = 1, h(SO35) = 2,
h(SOl7) = 4, h(SOQg) = 32, and h(SOQ5) =121.
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4.2 Hecke Correspondences

4.2.1 General Formalism

Let I" be an (abstract) group, and let X be a transitive I'-set. The ring of Hecke
correspondences (or operators) of X is the ring

H(X) = Endygn(Z[X]) .

Witheach T’ € Endz(Z[X]) is associated a matrix (7% ) (z,y)e x x x thatdetermines
it uniquely; the matrix is defined by the formula

VweX, Ty =Y Ty,
rzeX

By definition, such an element 7T is in the ring H(X) if and only if the function
X x X — Z given by (z,y) — Ty, is constant on the orbits of the group I acting
diagonally on X x X. The resulting function I'\(X x X) — Z then has finite
support, by the finiteness of {x € X ; T}, , # 0} for y € X and by the transitivity
of X. We therefore have an injective map

H(X) = Home(T\(X x X),Z), T ((z,y) — Tay) @.2.1)

where Homg; (Y, Z) denotes the abelian group of functions with finite support on the
set Y and values in Z.

For z € X, we denote the stabilizer of z by I'; C I'. We assume that the following
properties hold:

(i) ForeveryorbitQof I'in X x X andevery x € X, the intersection QN (X x {z})
is finite.

(ii) For every x € X, the orbits of I';, on X are finite. In other words, for every
z,y € X, the intersection I';, N Iy has finite index in I,

These conditions ensure that the map (4.2.1) is bijective. In particular, H(X) is a
free Z-module with natural basis the characteristic functions of the orbits of I" on
X x X.

Fix x € X. The transitivity of X ensures that the map I' — X X X given by
v+ (v(z), z) induces bijections

I \L/Ty =5 T\ (X x {z}) =5 T\ (X x X). (4.22)

In particular, this identifies H(X) with Homgs(T';\I'/T';, Z). By transport of struc-
ture, the latter inherits a ring structure from H(X): we recover the more standard
presentations of the Hecke rings, such as those in [174], [188, Sect. 3], [48], [88,
Kap. IV], or [97]. Note that depending on the reference, the ring structure considered
on Homygs (T, \I'/T';, Z) (defined, in general, by an explicit convolution product) may
differ slightly from ours; this is, in particular, the case in the articles of Cartier and
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Gross, to which we refer in Sect. 6.2, in which the ring H(X) is exactly the opposite
of ours.

Since the second formulation of condition (ii) is symmetric in z, y, condition (i)
is also equivalent to requiring that for every orbit Q of I'in X x X and every z € X,
the intersection N ({x} x X) be finite. Thus, if we have T' € H(X), there exists a
unique T'* € H(X) such that T;)y =T, . forevery z,y € X. The endomorphism

T—T*

of H(X) is an anti-involution, that is, satisfies (ST)" = T*S" and (T*)"* = T for
every S, T € H(X); this endomorphism simply corresponds to taking the transpose
of the associated matrices. This anti-involution is the identity if and only if the
T-orbits of X x X are invariant under (x,y) — (y,x), in which case H(X) is
commutative; this is a special case of Gelfand’s criterion.

4.2.2 A Functor from I'-Modules to H( X )°PP-Modules

Let X be a transitive I'-set that satisfies conditions (i) and (ii) of Sect.4.2.1. The ring
H(X) appears as follows in the representation theory of I'. If M is a Z[[']-module,
then the abelian group

Mx = Homgr)(Z[X], M)

inherits a right action of H(X) by composition at the source. It is obvious that
M — M is a functor from I'-modules (on the left) to H(X )-modules on the right.

For a Z[I']-module M and x € X, the map ¢ — ¢(z) identifies M x with the sub-
group of invariants M= C M, which also endows this subgroup with the structure
of an H(X')-module. Suppose that the matrix of T" € H(X) is the characteristic func-
tion of the double coset I',yT",, through the identification I';\I'/T',, = I'\(X x X)
chosen in Sect.4.2.1. We have the classical formula

T(m)=>» ~vi(m) ¥YmeM™ (4.2.3)

for every decomposition I'; 41", = ]_L ~; ' (this is a finite union).

In this context, the anti-involution 7" — T'* defined in Sect. 4.2.1 takes on the
following meaning. Let M and M’ be two Z[[']-modules, N an abelian group, and
(—|=): M x M' — N abilinear map with (ym|ym’) = (m|m’) for every v € T
and every (m,m’) € M x M'. For (p,¢') € Mx x Mk, (¢(z)|¢'(x)) does not
depend on the choice of x € X hence

(ele") = (e(@)|¢' (z))

defines a bilinear form from M x x M }( to V. If we identify M x with M I's a5 before,
this bilinear map is nothing more than the restriction of (—|—) to MT= x M'""*.
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We will say that X is symmetric if, in addition to verifying conditions (i) and (ii)
of Sect.4.2.1, it has the following equivalent properties?:

(iii) For every orbit Q of I' in X x X and every x € X, we have the equality
12N (X x {a})] = [N ({z} x X)|.
(iv) Forevery z,y € X, the intersection I';, N Iy has the same index in I';, and I',,.

Lemma 4.2.3. Suppose that X is symmetric. For T € H(X) and (¢, ¢') € Mx x
MY, we have (T ()|¢") = (0|T*(¢")).

Proof. Letvy: X x X — N be a map that is constant on every I"-orbit in X x X
and zero outside a finite number of them. The symmetry of X implies, for every
x € X, the relation Z;;gx Y(y,x) = >, cx ¥(z,y). We apply this to the function
(@, 9) = Toy - (0(2)|¢ (). O

Remark 4.2.4. Suppose that V' is a right H(X )-module. The map H(X) x V — V
given by (T, v) — T" v defines the structure of a (left) H(X )-module on V, which
we denote by V*.

4.2.5 The Hecke Ring of a 7-group

Let G be a Z-group. We will apply the definitions given above to I' = G(Ay) and
X = R(G). The Hecke ring of G is the ring

H(G) := H(R(G)) .

Recall that for every prime p, the group G(Q),) inherits from Q,, the structure of
a locally compact topological group (that is, moreover, separated and the union of
a countable number of compact groups). The subgroup G(Z,) is both compact and
open. The group G(A ) is also a locally compact topological group for the topology
whose base of open neighborhoods of the identity consists of the open sets of the
form HpeP U,, where U, for p prime is an open neighborhood of the identity in

G(Qyp) and we have U, = G(Z,) for almost all p. In particular, G (Z) is a compact
open subgroup of G(A y). Consequently, R(G) has property (ii) of Sect.4.2.1, as do
the G(Q,)-sets

Rp(G) = G(Qy)/G(Zy) -

The G(Ay)-set R(G) and the R,(G) are symmetric in the sense of Sect.4.2.2 if
G(Ay) is unimodular, which is, in particular, the case if the neutral component of
G(C) is reductive [32, Sect. 5.5].

2 This property is not automatic if X is infinite. Consider, for example, the group I' = Q x Q* of
affine transformations of Q and the I'-set X consisting of the subsets of Q of the form aZ + b with
a€Q*andbe Q.
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For p prime, we also define H,,(G) as the Hecke ring of the G(Q,)-set R, (G).
The G(Ay)-set R(G) can be canonically identified with the subset of [ .p Ry (G)
consisting of the (z,) with z,, = G(Z,) for almost all p. We have already seen a
manifestation of this fact in the Eichler embedding (4.1.1). In particular, for every
prime p, we have a canonical injective ring homomorphism

H,(G) — H(G)

that takes T' € H,(G) to the endomorphism of Z[R(G)] that sends y = (y¢)eep to
> 2Tz, .y, T, where the sum is taken over the elements = of R(G) with 2, = y, in
R¢(G) for every £ # p. We will simply write

H,(G) C H(G) .

If p # g, thenfor S € H,(G) and T € Hy(G), we have T'S = ST

If for every prime p, we take a G(Qp)-orbit Q, C R,(G) x Rp(G) and if,
moreover, €2, is the orbit of G(Z,) x G(Z,) for almost all p, then the subset of
elements (w;) of [, ©,, withw, = G(Z,) x G(Z,) for almost all p can be naturally
identified with a G(Aj)-orbit in R(G) x R(G). Conversely, every G(A)-orbit
Q1 C R(G) x R(G) is of this form for a unique family (€2,), where the G(Q,)-orbit
(1, is the image of € by the canonical projection R(G) x R(G) — Rp(G) x R, (G).
From these observations and the surjectivity of the map (4.2.1) it follows that H(G)
is isomorphic to the tensor product of its subrings H,(G):

Q) H,(G) = H(G) .

peP

Understanding H(G) therefore completely reduces to understanding the H,(G).

The ring H,(G) depends only on the Z,-group Gz, = G xz Z,. When Gz, is
reductive, general results of Satake and Bruhat-Tits imply that H,(G) is commuta-
tive; we will come back to this in Sect. 6.2. As a consequence, the same holds for
H(G) if G is reductive over Z. However, this property is elementary in the most
classical cases, which we recall below.

4.2.6 Some Classical Hecke Rings

First, suppose G = PGL,,. We have seen that R(G) can be identified with
Ry (V) = Q\Rz(V)

where V' = Q™. Recall that M € R,(V') denotes the homothety class of a lattice
M e fRz(V)

For M,N € Ry(V), there exists a least integer d > 1 with dN C M. The
isomorphism class of the abelian group M /dN depends only on the G(A f)-orbit of
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(N,M)in R, (V) x R, (V). The theory of elementary divisors then shows that the
resulting map
GAP\(Rz(V) x Ry (V) — AF

where AF is the set of isomorphism classes of finite abelian groups, is an injection
whose image consists of the groups generated by n — 1 elements. If A is such a
group, the associated Hecke operator T 4 € H(G) satisfies, by definition,

Ta(M)=) N,

where the sum is taken over the subgroups N of M with M /N ~ A. When A runs
through the finite abelian groups generated by n — 1 elements, these operators T 4
therefore form a Z-basis of H(G). It is clear that we have T g4 g = T4 Ty if |A] and
| B| are relatively prime and that we have T 4 € H,(G) if and only if A is a p-group.

If n = 2, we easily verify that T% = T4 for every A; in particular, H(G) is
commutative (the notation T* is defined in Sect. 4.2.1). The first statement no longer
holds forn > 2, but H(G) remains commutative. We can see this simply by endowing
V with a nondegenerate symmetric bilinear form. The map M ~ M* is an involution
of R, (V). It induces a linear involution of Z[ R, (V') | and then, by conjugation, an
involution ¢ of H(G), which is nothing more than (T as) — (T'n: as¢) on the
associated matrices. But for N C M, the quotient N* /M* is in perfect duality with
M /N and therefore ¢ coincides with the canonical anti-involution of H(G): «(T') =
T* for every T € H(G) (see also [188, Sect. 3]).

Let us now discuss the case of orthogonal and symplectic Z-groups, which is
particularly important for this book [174, 88, 5]. We use the notation of Sect.4.1.2;
in particular, V' = L ® Q has even dimension n, ¢ is a bilinear form on V' that is
symmetric (resp. alternating), for which L is self-dual and even, and G C GL is
the group Oy, (resp. Spy).

In this case, we have seen that R(G) can be identified with the G(Ay)-
set Rg(V) of self-dual lattices in V (Proposition 4.1.4). For (N,M) in
the product R (V) x Rg(V), the isomorphism class of the abelian group
M /(N N M) depends only on the G(A f)-orbit of (N, M). We have thus defined a
natural map

GA\RZ(V) x Rz (V) = AF, (N, M) — M/(NOM).  (424)

Proposition 4.2.7. The map (4.2.4)is an injection whose image consists of the groups
generated by n/2 elements.

This proposition is well known; we will recall a proof at the end of this subsection
for the sake of the reader. Let A be a finite abelian group generated by at most n/2
elements. To this group corresponds a Hecke operator

Ts € H(G)
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defined by T4 (M) = > N, where the sum is taken over the IV such that A/ /(N N
M) ~ A or, equivalently, over the A-neighbors of M in the sense of Scholium-
Definition 3.1.2 in the quadratic case. These operators T 4 therefore form a Z-basis
of H(G). We, of course, still have Taxp = TaTp if |A| and | B| are relatively
prime, and T4 € H,(G) if and only if A is a p-group. From the point of view of
Chap. 3, an operator that is particularly important for us is T4z for d > 1, which
we also denote simply by T'y.

Proposition 4.2.8. Let A be a finite abelian group generated by n/2 elements. Then
we have TY = T av = T 4. In particular, the ring H(G) is commutative.

Proof. The first assertion follows from Scholium-Definition 3.1.2 when ¢ is sym-
metric, and from a similar argument in the alternating case. The second assertion
follows from the first by the end of Sect.4.2.1. See also [174, Chap. I11], [88, Kap. IV],
and Sect. 6.2.8. O

Finally, let us discuss the group of projective similitudes PG. Let p be a prime
and R (V ) the set of even homodual lattices in V},, introduced after Lemma 4.1.3.

Recall that if ¢ is symmetric (resp alternating), alattice M € Rz, (V},) ishomodual if
and only if there exists a A\p; € p”, necessarily unique, such that = > M p(x,x)/2
(resp. Aprg) endows M with the structure of a g-module (resp. a-module) over Z,,.
Since the g-vector space V), is hyperbolic by Scholium 2.2.5, the same holds for
M e Rb ( ») as ag- module over Zjy, by Proposition 2.1.2. This shows that the
map g — g(L) induces isomorphisms R (G) = IRQP (V,) and R,(G) = Ry, (Vo).
In particular, the set JQZ (Vp) = Q) \iRh (V}) can be naturally identified with
RP(PG).

Consider M € iR%p(Vp). We denote by vy € Z the unique integer such that
Ay =p VM. Forg € G(Qp) we have vgpr) = v + v, where v is the p-adic
valuation of v(g). Let (N, M) be an ordered pair of elements of RZ (V). After
changing the representative NV if necessary, we may assume vy; — vy € {0,1}. The
pair (M/N N M,vy — vy) then depends only on the PG(Q,,)-orbit of (N, M),
which defines a map

PG(Q)\(Rz, (Vp) x Rg, (V) = AF x {0, 1} . (4.2.5)

Proposition 4.2.9. The map (4.2.5) is an injection whose image is the set of pairs
(A, =) with A an abelian p-group generated by n/2 elements.

We push back the proof of this proposition to Sect.6.2.8. Consider (A,7) €
AF x JﬁqO 1} where A is a p-group generated by at most n/2 elements. We say that
N € Ry (V,) is an A-neighbor of type i of M € RZ (V) if the image of (N, M)
by the map (4 2.5)is (A, ). The corresponding Hecke operator is denoted by

T(AJ-) S Hp(Pé) )
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these operators form a Z-basis of Hp(Pé). If we have M*# = M, then N is an
A-neighbor of type 0 of M if and only if N has a self-dual representative, which
is then unique, and if the latter is an A-neighbor of M in the previous sense. The
notion of an A-neighbor of type 1 of M is, on the other hand, “new.” The following
example will be particularly important in this book.

Consider M, N € RE(V). Following Koch and Venkov in the quadratic case
[127], we say that N is a perestroika of M with respect to p if we have

pMCNCM.

We easily verify that IV is a perestroika of M with respect to p if and only if we have
vy — Vp-iy = 1l and N is a O-neighbor of M of type 1. Moreover, the following
proposition is immediate.

Proposition 4.2.10. Consider M & TRE(V), and let p be a prime number. The map
N — N/pM defines a bijection from the set of perestroikas of M with respect to p
onto the set of Lagrangians of M ® T,

The perestroika operator with respect to p is the operator
K, := T € H,y(PG) .

For (N, M) € R5(V'), N is a perestroika of M with respect to p if and only if pM
is a perestroika of N with respect to p. In particular, we have K;) = K,. In fact, we

have T* = T for every T € H(PG), as we will see in Sect. 6.2.8.
Let us conclude this subsection, as announced, with a proof of Proposition 4.2.7.

Proof of Proposition 4.2.7. We place ourselves in the quadratic setting, that is, ¢
symmetric and q(x) = ¢(x, x)/2, in which case L is a g-module over Z. The proof
in the alternating setting is similar (and even simpler).

We must show that if U is a hyperbolic g-vector space over Q,, and (L1, L2) and
(L4, LY) are two ordered pairs of self-dual lattices in U such that Ly /(L N Ly) ~

1 /(LY N L), then there exists an o € O(U) with a(L;) = L) fori = 1,2. We use

induction on dim(U).

The cases U = 0 and L; = Lo are trivial. We assume Ly # Lo; the annihilator
of the quotient L1 /(L1 N L) is therefore of the form p*Z,, with v > 1. Moreover,
there exist an element e; of L and an element e5 of Lo such that we have

aler) =0, qle2) =0, erea=p"

Indeed, it is first of all easy to see that there exist an element €; of L1 and an element
€9 of Lo with €1.€o = p~”. Hensel’s lemma then shows that there exists a matrix

a1 a
p— 011012
2,1 G22
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with coefficients in Z,,, with P = I mod p”, such that we have

P [261(61) P }P _ [pO p‘”} _

p™" 2q(e2) 0

We take e; = aj,1€1 + a2,1€2 and es = a1,2€1 + ag 262 € Lo (the congruence
P = Imod p” implies e; € L1 and e; € Ls). This concludes the proof of the
statement.

Let us now finish the induction. We denote by H, H;, and H, respectively, the
linear subspace of U generated by e; and eq, the submodule of L; generated by
e1 and p”es, and the submodule of Lo generated by p“e; and es. We endow H,
H,, and Hy with the quadratic forms induced by those on U. By construction, we
have H ~ H(Q,) and H; ~ H(Z,) for i = 1,2. We denote by W, M, and Mo,
respectively, the orthogonal complement of H in U, the orthogonal complement of
H, in L;, and the orthogonal complement of Hs in Ls. We have decompositions
into orthogonal sums

U=HoW, L1=H &M, Ly=Hy® M
and isomorphisms
Ll/(leLQ) = Hl/(HlﬁHQ) @Ml/(MlﬁMg) 5 Hl/(HlﬁHQ) = Zp/pUZp .

We replace the ordered pair (L1, Lo) by the ordered pair (L), L}) and introduce the
qg-vector spaces H' and W' and the q-modules H1, Hj, M7, and M} analogously.
We obtain the desired automorphism a.: U — U as the orthogonal sum of suitable
isomorphisms of g-vector spaces H — H' and W — W', the existence of the
second is ensured by the induction hypothesis. a

4.2.11 H(SOy) Versus H(Opr)

Let L be a g-module over Z. Let us briefly discuss the link between H(SO,) and
H(Op). The cases PGSOy, and PGOyp, can be treated similarly.

By Proposition 4.1.7, the inclusion SOy, — Oy, induces an SOy, (A r)-equivariant
bijection R(SOL) = R(Oyr). It follows that H(Oy) can be canonically identified
with a subring of H(SOr,): these are the subrings of Endz(Z[R5(V)]) consisting
of the Oy, (Af)-equivariant and SO, (A y)-equivariant endomorphisms, respectively.
The quotient group

OL(A7)/SOL(Af) ~ (Z/2L)°

acts naturally by conjugation on H(SO,), with ring of invariants H(O, ). This action
respects the decomposition of H(G) as a tensor product of the H,(G) over the p € P
and also identifies H,,(Or,) with H,, (SO ,)%/?Z.
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Let us give an example of an element of H, (SO, thatis notin H, (O ). Consider
A = (Z/pZ)"/?, where n is the rank of L. Let Q be the set of pairs (N, M) of
elements of R (V') such that N is an A-neighbor of M. Proposition 4.2.7 asserts
that €2 is an O (Q))-orbit. However, it is the disjoint union of two orbits under the
action of SO (Q,). To see this, we begin by verifying, using arguments similar to
those in Sect. 3.1, that the map

N — (M NN)/pM

induces a surjection (that is not bijective in general) between the A-neighbors of M
and the Lagrangians of the hyperbolic g-vector space M ® IF),. But it is well known
that for every field & and every hyperbolic g-vector space V' over k, there are exactly
two orbits of Lagrangians of V' under the action of SO(V') (and only one under
O(V), by Witt’s theorem). By the smoothness of SO, over Z,, each of these two
orbits therefore defines an SO(M)-orbit of A-neighbors of M and, consequently,
two distinct Hecke operators Tj € H(SOy) with sum T 4, which are interchanged
under the action of O, (Q,)/SOL(Q,) = Z/2Z.

4.2.12 Isogenies

We will now discuss the isogenies between transitive I'-sets, by presenting a variant
of the considerations in [174, Chap. II, Sect. 7].

Let X be a I'-set and X’ a I"/-set. Recall that a morphism X — X' is a pair
(f,g), where g: X — X’ isamapand f: T' — I is a group morphism such that
we have g(yz) = f(v)g(z) for every x € X and every v € I. In what follows, we
conveniently assume that a transitive set is nonempty.

Lemma 4.2.13. Let X be a transitive T'-set, X' a T"-set, and (f,g) a morphism
X — X' such that f(T) is normal in T". Let S be the stabilizer of g(X) in T, that
is, S = {y eI"; v9(X) C g(X)}.

(i) For every x € g(X), we have S = f(I')T..

(ii) We have S = {v € T"; vg(X) N g(X) # 0}.

Proof. Take x € g(X). Since the subgroup f(T) is normal in T”, the subset £, :=
F(II7, C I is a subgroup. The transitivity of X then shows that

— E, does not depend on the choice of z € g(X);
— E, isthe set of v € I with y(z) € g(X).

We consequently have the identities S = [\, x)Ee = Usegx) Be =
{y e"; 19(X) Ng(X) # 0} O

Let X be a transitive I'-set, X’ a ["-set, and (f, g) a morphism X — X'. We
assume, as in the lemma above, that f(T") is normal in T and, moreover that the map
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g isinjective.? Let S be the stabilizer of g(X ) in I”. The map (s, ) — g~ 1(s(g(z)),
which is well defined by the injectivity of g, defines an action of .S on X whose
restriction to f: T' — S is the I'-set X. It therefore induces an action of S/ f(T)
on H(X) by ring automorphisms; we denote by H(X )™ C H(X) the subring of
invariants, which is also Endzg)(Z[X]).

Proposition-Definition 4.2.14. Let u = (f,g): X — X’ be a morphism between
the transitive I'-set X and the transitive I"-set X'. We assume that f(T') is normal
in I and that g is injective.

() For T € H(X)™, there exists a unique T' € H(X') that vanishes on (X' —
9(X)) x g(X) and satisfies T;(z)_’g(y) =T, foreveryx,y € X.

(ii) The resulting map H(u): H(X)™ — H(X') defined by T + T" is an injective
ring homomorphism.

Proof. The uniqueness assertion in part (i) follows from the injectivity of g and the
transitivity of X’. Assertion (ii) immediately follows from part (i). We are therefore
left with justifying the existence of 7" in part (i). But part (ii) of Lemma 4.2.13 shows
that the injection g: X — X' induces a bijection Indg/X 2 X' and therefore an
isomorphism Z[I"'] ®z(s) Z[X] = Z[X']. Thus, when composed with g: Z[X] —
Z[X'], every S-equivariant linear map T': Z[X] — Z[X] extends uniquely to a
I-equivariant map 7" : Z[X'] — Z[X']; this has the desired properties. O

In all the examples we consider, it turns out that the group S preserves every
I-orbit of X x X, so that we have H(X)™ = H(X). A particularly simple case
is that where we have I = T" and X’ = X and f and g are bijective. In this case,
we have S = f(T") and H(u) is, by definition, the automorphism of H(X) whose
matrix is given by (17, ) = (Ty-15 g-14)-

Let us assume that the hypotheses of Proposition-Definition 4.2.14 hold. For
a I"-module M, we denote by M) the I'-module obtained by restricting M via

f: T'— T. We then have a canonical injective map
Mx: — (Mr)x, @ px:i=¢og.
The following lemma is immediate.

Lemma 4.2.15. Under the assumptions of Proposition-Definition 4.2.14, let M be
a I'-module, and take T € H(X)™ and ¢ € Mx:. Then we have T(p|x) =

H(u)(T)()-

Example 4.2.16. By way of example, we return to the context of the similitude groups
(Sect.4.1.2) and consider the natural Z-morphism p: G — PG. The results of this

3 We refer to the article of Satake for a variant without the injectivity assumption on g. The reader
will not miss much in the current discussion by assuming I' C TV and X C X', with f and g the
corresponding inclusions.
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section apply and define a ring morphism
H(p): H(G) — H(PG)

with H(y1)(T a) = T(4,0) for every finite abelian group A generated by at most n/2
elements. _ _
Indeed, consider I' = G(Ay), X = R(G), IV = PG(Ay), and X' = R(PG),
and for f and g, take the natural maps deduced from p. The group I' is a normal
subgroup of G(Ay); likewise, f(I') is a normal subgroup of I". Moreover, g can
be identified with the natural injection Rg (V') — Rj(V') defined by M — M, by
Proposition 4.1.4. The group S'is the subgroup of elements g € G (Ay)suchthatv(g)
is of the form a2b witha € A7 andb € Z* Tt acts trivially on T\(R5(V) x R5(V)).

Indeed, given N, M € R5(V), g € é(A 7). and a prime p, the map ¢ induces an
isomorphism M, /(N, N M,) ~ g(M),/(g(N), N g(M),), which allows us to
conclude using Proposition 4.2.7. The assertion on T 4 follows from the discussion
following Proposition 4.2.9.

4.3 Automorpic Forms of a Z-group

The ring of adeles of Q is the ring A = R x A;. Let G be a Z-group. The group
G(R) is naturally a Lie group, and the group

G(A) = G(R) x G(Ay)

is locally compact and separated for the product topology; we already recalled the
topology on G(Ay) in Sect.4.2.5. There is a natural diagonal embedding of the
group G(Q) in G(A); the image is a discrete closed subgroup (see [92, Chap. II,
Sect. 3] for the basics on these constructions).

4.3.1 Square-Integrable Automorphic Forms

Let us recall some classical results due to Borel and Harish-Chandra, for which we
refer to [32, Sect. 5]. We assume that the neutral component of G(C) is semisim-
ple [103, 34]. The locally compact group G(A) is then unimodular. By Weil, the
homogeneous space

G(Q\G(A)

inherits a positive (nonzero) Radon measure  invariant under the action of G(A)
by right translations [211, Chap. II], [172, Chap. 2]. It has finite measure.
The space of square-integrable automorphic forms for G is the subspace

A2(G) € L*(G(Q\G(A), p)
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of elements that are invariant under G (2) for right translations [92, Chap. 3], [36,
Sect. 4]. It is a Hilbert space for the Hermitian inner product

(Fof Ipe ::/ff' du,

also called the Petersson inner product. Alternatively, A%(G) can be viewed as
the space of square-integrable functions on G(Q)\G(A)/G(Z) endowed with the
Radon measure that is the image of u by the canonical (proper) map G(Q)\G(A) —
G(Q)\G(A)/G(Z). The space A%(G) is endowed with two important additional
structures that we will now describe. R

On the one hand, since the space A?(G) is the space of G(Z)-invariants of the
G(Ay)-module L?(G(Q)\G(A), ) for the right translations, it is endowed with a
right action of the Hecke ring H(G) (Sects. 4.2.2, 4.2.5). This action is a x-action
for the Petersson inner product. By this, we mean that the adjoint of T € H(G) is
the operator T defined in Sect. 4.2.1: for f, f’ € A%(G) and T € H(G), we have

(T(f), f Ype = (F;TH(f") Ype - 4.3.1)

Indeed, this is a consequence of Lemma 4.2.3 and the unimodularity of G(Ay).

On the other hand, A?(G) is stable under the action of G(IR) by right translations,
and this action commutes with that of H(G). It turns A?(G) into a unitary repre-
sentation of the Lie group G(R) (we refer to [119] as a general reference on unitary
representations). A more classical description of this representation is obtained by
writing

h(G)
GAy) = [ ¢@gG2Z) (432)
i=1
for certain elements g; € G(Ay), by the finiteness of the class set of G. For every
1, the double coset G(Q)giG(Z) is an open subset of G(A ;) and the congruence
subgroup R
I =G(Q) NgG(Z)g; "

is a discrete subgroup of G(R) that is commensurable with G(Z). The map f —
(fie(®)xg, )i induces a G(R)-equivariant isomorphism

h(G)
A S [ LP@AG®) , (4.3.3)
i=1

where each T';\G(R) naturally inherits a strictly positive Radon measure that is
right invariant for G(R), has finite mass, and is uniquely determined by p. This
representation of G(IR) in general has a “discrete” part that is notoriously difficult to
describe, as well as a “continuous” part whose study was reduced by Langlands to
that of discrete subsets for auxiliary groups G’ [138].
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4.3.2 The Set Hdisc(G)

Here, we are interested only in the discrete part of A2((G), that is, in the subspace
Adise(G) C A*(G)

defined as the closure of the sum of the closed and topologically irreducible sub-
G(R)-representations of A?(G). It is a representation of G(R) that is, by construc-
tion, an orthogonal sum of irreducible representations,* where each component has
a finite multiplicity by a fundamental result due to Harish-Chandra (see the introduc-
tion of [101], as well as Theorem 1 of Chap. 1 of the same reference; see also [36]).
In other words, if U is a unitary irreducible representation of G(R), then the space

Av(G) := Homg ) (U, Adise (G)) = Homg g (U, A*(G))

has finite dimension over C. We have, of course, a canonical isomorphism

P UeA(G) = Aucl(@) (4.3.4)
Uelrr(G(R))

where Irr(H) is the set of isomorphism classes of topologically irreducible unitary
representations of the locally compact group H.

The right H(G)-module structure on A?(G) naturally induces the structure of a
right H(G)-module on Ay (G). The latter also inherits a Hermitian inner product
for which the action of H(G) is again a x-action. For example, for a fixed nonzero
e € Uand ¢,¢" € Ay(G), we can set (p,¢’) = (p(e), ¢’ (e))pe. But it is well
known that a sub-C-algebra of M,,(C) that is stable under M — *M is semisimple:
if X is in its Jacobson radical, then the Hermitian matrix X 'X is nilpotent, hence
zero, which implies that X is zero. In particular, Ay (G) is semisimple when viewed
as a representation of the C-algebra H(G)°PP @ C.

We define a representation of (G(R), H(G)) to be a Hilbert space endowed with a
unitary representation of G(R), together with the structure of a right H(G)-module,
such that the action of any element of G(R) commutes with that of any element
of H(G). These representations naturally form a C-linear category: a morphism
E — Fis a continuous C-linear map £ — F' that commutes with the actions of
G(R) and H(G). For a unitary representation U of G(R) and a H(G)°PP ® C-module
V' of finite dimension as a C-vector space, U ® V is naturally a representation of
(G(R),H(G)) (where the tensor product is taken over C). We denote by II(G)
the set of isomorphism classes of representations of (G(R), H(G)) of this form

4 At this point, it is useful to recall the following version of Schur’s lemma. Let U and V be Hilbert
spaces endowed with unitary representations of a group I'. We assume that U is topologically
irreducible and that w: U — V is a nonzero, I"-equivariant, continuous linear map. Then the
adjoint u*: V' — U (which is I'-equivariant) satisfies u* o u = Aldy for some A € R*. Indeed,
u* ou € End(U) is Hermitian and nonzero and commutes with I'; by the spectral theorem, its
spectrum is therefore reduced to a point {A}. It follows that V' is the orthogonal sum of Im(u)
(which is closed) and Ker(u*).
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such that, moreover, U is topologically irreducible and V is simple. The restriction
to G(R) of such a unitary representation 7 is isomorphic to U%™ V', so that the
isomorphism class 7, of the unitary representation U is fully determined by the
unitary representation of G(R) underlying 7. Likewise, the H(G)°PP @ C-module
underlying 7 is semisimple and V-isotypical, so that the isomorphism class 7y of
the H(G)°PP @ C-module V is uniquely determined by that of 7. In particular, we
have T >~ 7, ® s for every m € II(G). Finally, Schur’s lemma implies that every
7 € II(G) is topologically irreducible as a representation of (G(R), H(G)).

By the discussion above, for U € Irr(G(R)), the space U ® Ay (G) is naturally
a representation of (G(R), H(QG)), as is Agisc(G), where the isomorphism (4.3.4)
trivially commutes with the actions of G(R) and H(G). It follows that we have a
decomposition into a Hilbert sum of elements of II(G) that refines the decomposi-
tion (4.3.4):

—

Adise(G) ~ @ m(m)7, (4.3.5)

7ell(G)

where m(w) > 0 is an integer that is called the multiplicity of 7. By definition, if
7w € II(G) and U ~ 7o, then m(7) is the multiplicity of 7 in the H(G)°PP ® C-
module Ay (G), which is semisimple and of finite dimension. We denote by

Hdisc(G) C H(G)

the subsets consisting of the 7 with m(7) # 0.

The elements of T14isc (G) are called the discrete automorphic representationss of
G. The only truly obvious example of such a representation is the trivial representa-
tion, denoted 1, realized as the subspace (of dimension 1) of constant functions in
A?(G) (note that y has finite mass). The action of G(R) in 1 is, of course, the trivial
action, while that of H(G) is the multiplication by the “degree” (see Example 6.2.3).
In general, the set I1g;s. (G) is countably infinite, which is not the case for II(G). We
will give a few concrete examples in the following chapters.

An element F' € Ay (G) is called an eigenform if it is nonzero and generates an
irreducible H(G)°PP ® C-module. When H(G) is commutative, this is equivalent
to requiring that F' # 0 be an eigenvector of all Hecke operators in H(G). If F is
an eigenform and V' C Ay (G) denotes the H(G)°PP ® C-module generated by F,
the image of U ® V in Aqisc(G) by the canonical map (4.3.4) is a topologically
irreducible subrepresentation of (G(R), H(G)), which we denote by 7p; it is the
(automorphic, discrete) representation generated by F. We often also denote its
isomorphism class by 7 ; this is an element of ILg;sc(G).

5 The reader should be aware that the definition we use here depends not only on G but also on G
as a Z-group. In the literature, our discrete automorphic representations are more commonly called
“discrete automorphic representations of G(A) that are spherical (or unramified) with respect to

G(Z).” The apparent loss of generality in our presentation is, however, at this point illusory, because

every open compact subgroup of G(A ) is of the form G’ (Z) for a well-chosen Z-group G’ with
Gy ~ Gg.
Q Q
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Finally, following Gelfand, Graev, and Piatetski-Shapiro in [92, Chap. 3, Sect. 7],
we consider the subspace Acusp(G) C A?(G) consisting of the cusp forms (the
definition of a cusp form is recalled below). This is a closed subspace that is stable
under the actions of G(R) and H(G). Gelfand, Graev, and Piatetski-Shapiro show
the inclusion

-Acusp(G) C -Adisc(G) (436)

(see also [35, Theorem 16.2]). We denote by
chsp(G) C Hdisc(G)

the set of 7 € II(G) that occur in the subspace Acysp (G); these representations are
called the cuspidal automorphic representations of G.

When Gg does not admit a strict parabolic sub-Q-group, which is equivalent
to saying that G(Q) does not have any nontrivial unipotent elements, we have the
obvious equality Acusp(G) = A?(G). In this case,® the inclusion (4.3.6) implies
Adisc(G) = A%(G).

Let us recall the definition of a cusp form. Let P C G be a strict parabolic sub-Q-
group, that is, such that P(C) is connected, contains a Borel subgroup of the neutral
component of G(C), and is not equal to that component [103, 34]. If N denotes
the unipotent radical of P, then the locally compact group N (A) is unimodular
and its subgroup N(Q) is discrete and cocompact. We denote by dn a strictly
positive N(A)-invariant Radion measure on N(Q)\N(A).Let f: G(Q)\G(A) — C
be a Borel function that is square-integrable and take g € G(A). The function
n — f(ng), N(Q\N(A) — C, is then a square-integrable Borel function for
almost all g € G(A). We say that f is a cusp form if for every strict parabolic sub-Q-
group P of Gg, we have fN(Q)\N(A) f(ng) dn = 0 foralmostall g € N(A)\G(A).

We can show that the subset of L?(G(Q)\G(A), i) consisting of the classes of
cusp forms is a closed linear subspace (see, for example, [35, Proposition 8.2]). It is
trivially stable under right translations by the elements of G/(A).

4.4 Automorphic Forms for O,,

4.4.1 Automorphic Forms for the Z-groups G with G(R) Compact

We return to the setting of Sect. 4.3.1. Suppose that the Z-group G has the property
that G(R) is compact. Then, the groups I'; = G(Q) N g;G(Z)g; * of formula (4.3.2)
are finite subgroups of G(R) because they are discrete subgroups of a compact group.
Moreover, the quotient G(Q)\G(A) is compact because it is homeomorphic to the

disjoint union of the I';\G(RR). Formula (4.3.3) then implies Agisc(G) = A?(G),

6 In fact, a famous result of Godement shows that under this same hypothesis on G, the group
G(Q) is cocompact in G(A), which implies the equality Agisc(G) = A%(G) more directly in this
specific case (see, for example, [35, Lemma 16.1]).
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by the Peter-Weyl theorem. We will give another description of the H(G)-modules
Av(G).
For a Z[G(Q)]-module U, we denote by M (G) the space of functions

F:R(G) —U

such that we have F'(yx) = v - F(z) for all v € G(Q) and z € R(G). It can
be canonically identified with Homgzq(q)(Z[R(G)],U), which endows it with a
right action of the ring H(G). Even better, U +— My (G) defines a functor from
the G(Q)-modules to the H(G)°PP-modules. Its additive structure is very simple
because F' — (F(g;)) induces an isomorphism

h(G)
My (G) — H Ul 4.4.1)

i=1

In particular, we have Mygv (G) ~ My (G) ® My (G). Observe, incidentally, that
the construction so far makes sense for an arbitrary Z-group G.

Next, assume that U is a finite-dimensional, continuous, complex representation
of G(R), and denote its dual by U*. For F € My (G) and u € U*, we denote
by ¢r(u) the function G(R) x R(G) — C defined by (h,z) + {(u, h~1F(x)).
This function is invariant under the diagonal action of G(Q). This is a continuous
function of its first variable; it is therefore in A2 (G) because G(Q)\(G(R) x R(G))
is compact by (4.3.3). The obvious relation ¢ (gu) = g - (¢r(u)), which holds for
u € U* and g € G(R), shows that the function ¢ defined by v — @p(u) is an
element of Ay~ (G). The proof of the following lemma is immediate and is left to
the reader.

Lemma 4.4.2. Let U be an irreducible representation of G(R). Then F — pp is an
H(G)-equivariant isomorphism My (G) = Ay (Q).

Since the article of Gross [98], the elements of My (G) are sometimes called
algebraic modular forms of weight U for the Z-group G; we will not use this
terminology, which conflicts with the notion of algebraicity introduced in Sect. 8.2.6.
Forexample, if U = Cis the trivial representation, then the H(G)°PP-module M¢(G)
can be canonically identified with the space of functions C1(G) — C or, equivalently,
with the dual of the H(G)-module C[Cl(G)].

Let us conclude these basic results with an assertion of compatibility with certain
morphisms of Z-groups. Let 1: G — G’ be a morphism of Z-groups. It induces,
in an obvious way, a morphism (f,, g,,) from the G(Ay)-set R(G) to the G’ (Ay)-
set R(G’), in the sense of Sect.4.2.12. We assume that f,(G(Ay)) is a normal
subgroup of G'(Af), that g,, is injective, and, moreover, that the action of the group
S defined loc. cit. on R(G) is trivial. This is, for example, trivially the case if x is an
isomorphism. We then have an injective ring homomorphism H(x) : H(G) — H(G")
defined loc. cit. Let U’ be a G’ (Q)-module, and let U be its restriction to G(Q). The
following lemma paraphrases Lemma 4.2.15.
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Lemma 4.4.3. The morphism p*: My (G') — My (G) defined by ¢ — (x +—
©(gu(x))) satisfies T o p* = p* o H(p)(T) for every T € H(G).

4.4.4 The Case of the Groups O,, and SO,,

Let us now specify this construction for the orthogonal Z-group O,, of the even
unimodular lattice E,, C R", for n = 0 mod 8 (Sect. 2.3, choosing another lattice
would lead to a theory equivalent to the one we now present).

In this case, we saw in Sect. 4.1.2 that the O,, (A f)-set R(O,,) can be canonically
identified with the set of even unimodular lattices in R™ contained in E,, ® Q and
that we have C1(O,,) = X,,. In particular, we have

Mc(0,) = C[X,]* .

The right action of H(O,,) on M (O,,) defines by transposition a left action of H(O,,)
on C[X,,]. In particular, the operator Ty, 47 € H(O,,) defined in Sect. 4.2.6, viewed
as an endomorphism of C[X,,], is the operator T, of Sect.3.2. The description of
the structure of the H(O,,)°"P-module M¢(O,,) when n < 24 is therefore the main
theme of this book.

The ring H(O,,) is commutative by Proposition 4.2.8. Let us fix a (finite-
dimensional, continuous, complex) representation U of O,,(R). By Lemma 4.4.2
and the general results recalled in Sect. 4.3.1, the action of H(O,,) is therefore codi-
agonalizable on each My; (O,,). The eigenvalues of these operators have an important
arithmetic meaning. In Corollary 8.2.20, we will see that they are linked, in an a
priori rather surprising manner, to the representations of the absolute Galois group
of Q. The line of constant functions in Mc(O,,) is, for example, trivially stable
under T 4 for every A, where the eigenvalue of T, on this line is, of course, ¢, (p)
(Proposition-Definition 3.2.1). We will give markedly more interesting examples in
the next chapters.

Remark 4.4.5. Let £,, be the set of all even unimodular lattices in R™, which we
already considered in the introduction (Chap. 1). It contains R(O,,) and the natural
action of O,,(R) on £,, extends the natural action of O,,(Q) on R(O,,). The map
0,(R) x On(Af) — £, defined by (go0, 97) — 95 (97(Ey)) therefore factors
through a map R

04(Q)\Ow(A)/0n(Z) = £y .

This is a bijection: the surjectivity follows from Scholium 2.2.1 and the injectivity
is immediate.

Let us turn to the case of SO,,. By Proposition4.1.7 and Sect. 4.2.11, the inclusion
SO,, — O,, induces a bijection R(SO,,) = R(O,,) and H(O,,) is naturally a subring
of H(SO,,). Let U be an SO,, (Q)-module, and consider

! On (Q)
U’ =ndgg DU -
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The universal property of induced modules provides a canonical isomorphism
ind: Homgso, Q) (Z[R(On)]\Son(Q), U) — Homgo, ()] (Z[R(O)], U"), which
can also be written as

ind: MU(SOn) :) MU/(On) .

This isomorphism is trivially H(O,,)-equivariant, so that studying the H(O,,)-
modules My (SO,,) reduces to studying My (Oy,), where W is an O,,(Q)-module.
Let us add that if U is the restriction to SO, (Q) of an SO,,(R)-module V and V'

denotes the O, (R)-module induced by V', then we have Vi, (o) = Indggi%)U .
Finally, let W be an O, (Q)-module, and let W’ denote its restriction to
SO, (Q). The group O,(Q) has a natural action on My~ (SO,,), by (v, f) —
(x — ~(f(y1(x)))), where the subgroup SO, (Q) acts trivially. Let s €
End(Mw (SO,,)) be the operator induced by the nontrivial element of the quo-
tient 0,,(Q)/SO,(Q) ~ Z/27Z. The restriction of the functions via the bijective

map R(SO,,) — R(O,,) then defines an H(O,,)-equivariant injection

res: My (O,,) — My (SO,,)

s=id

whose image is My (SO,,)
Example 4.4.6. The isomorphism ind induces a canonical decomposition
M(C(Son) ~ M(C(On) @ Mdet (On) )

where det is the representation of dimension 1 given by the determinant. If we,
moreover, view C as the restriction to SO,, (R) of the trivial representation of O, (R),
this endows M¢(SO,,) with a symmetry s that preserves the decomposition given
above, with fixed points M¢(O,,).

We refer to [55, Sect. 2] for a discussion of the spaces My (SOg), and in particular
their dimension, in terms of the representation U; see also Sect. 7.4 for examples.

4.4.7 An Invariant Hermitian Inner Product

Let us consider the case of a general Z-group G with G(R) compact. Let U be a finite-
dimensional, continuous, complex representation of G(R). By transport of structure,
the isomorphism My (G) = Ay (G) endows My (G) with a natural Hermitian inner
product, for which the action of H(G) is a %-action, by Sect.4.3.1, which we now
only need to make explicit. For this, fix a G(R)-invariant Hermitian inner product
(—, —)uv on U. Also choose elements g; € G(A ) satisfying equality (4.3.2); recall

thatT; = G(Q) N giG(z)gi_l is a finite group.
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Proposition 4.4.8. For F, F’ € My (G), the formula

h(G) 1

i=1

defines a Hermitian inner product on My (G) that does not depend on the choice of
the g; and for which the action of H(G) is a x-action.

We include a proof because we could not find any adequate reference for this
result.

Proof. Fix anonzero e € U*. By the isomorphism (4.4.2) and Sect. 4.3,
(FIF) = [ rlopr(@dn
GQ\G(A)

is a Hermitian inner product on My (G) for which the action of H(G) is a x-action.
We will verify that it is proportional to the inner product of Proposition 4.4.8.

Let ©; C G(A) be the compact open set g;(G(R) x G(Z)), let m: G(A) —
G(Q)\G(A) be the canonical projection, and set 2; = 7(£2;). By definition,
G(Q)\G(A) is the (finite) disjoint union of the ;. Let us first verify that there
exists a Haar measure m on G(A) such that for every continuous function ¢ on (the
compact set) G(Q)\G(A), we have

h(G)

1
Pdyu = E / Yomwdm . (4.4.2)
/G@)\G(A) — L] Jo,

Indeed, recall that if f is continuous with compact support on G(A), then f(g) :=
> ~ec(q) f(79) is continuous with compact support on G(Q)\G(A). Moreover,
by the characteristic property of the quotient measure (i, there exists a unique Haar
measure 1 on G/(A) such that for every continuous function f on G(A) with compact
support, we have fG(A) fdm= fG(Q)\G(A) fdu (see [211, Chap. I1]).

For g € G(A), set n;(9) = |G(Q)g N Q;|. We clearly have n;(vgk) = n;(g)
for every v € G(Q) and every k € 1 x G (Z) By definition, we also have
n;(g;) = |T'i|d;,;, where d; ; is the Kronecker delta. Let ¢ be a continuous function
on G(Q)\G(A). The function G(A) — C defined by f; = 1, X ¢ o 7 is contin-
uous with support in ; and satisfies f;(g) = (7w (g)) ni(g) for every g € G(A)
(we denote the characteristic function of the set A by 1 4). In other words, we have
P xlg = (1/|T3|) f;. This proves formula (4.4.2).

Let us apply this formula to the function ¢ = ¢r(e) prs(€). Note that if U = C,
so that 1) is constant, equal to |e(1)|2F (¢g;)F’(g;) on §);, the proposition follows
from the fact that m(€;) = m(G(R) x G(Z)) is independent of 7. In general, we
introduce the Haar measure dg on G(R) of total mass 1 and the Haar measure m ¢

on G(Ay) such that dm = dg x dms. The right invariance of ¢ under 1 x G(Z)
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and Fubini’s theorem imply

Ppomdm = mf(G(i))/ (e,97 F(g)){e, g~ F'(9:)) dg -

Q G(R)

Let E € U be such that we have (E, x)y = (e, ) forevery x € U. The orthogonality
relations of the matrix entries for the irreducible representations of the compact
groups imply that we have

1

dimU<E7E>U<F(gi)7Fl(gi)>U )

[ e Ple)) g™ Fg) dmoe =
G(R)

which concludes the proof of the proposition. O

Assume, for example, that we have G = O, and U = C. If L; € R3(E, ® Q)
denotes the lattice g;(L), we have I'; = O(L;) C O, (Q). The relation T4 = T%
of Proposition 4.2.8 and Proposition 4.4.8 can then be written as

Na(L, M)|O(M)| = Na(M, L)|O(L)] ,

where N 4 (L, M) denotes the number of A-neighbors of L isometric to M (with
L,M € R(O,)). This is the generalization of Proposition 3.2.3 we announced
earlier.

Corollary 4.4.9. The bilinear form on My (G) x My (G) defined by
1

is independent of the choice of the g; and is nondegenerate. It satisfies the identity
(T(F)|F") = (F|T"(F")) forall T € H(G), F € My~(G), and F' € My(G). In
particular, it defines a canonical isomorphism between the H(G)-module My~ (G)*
and the H(G)-module My (G)" (see Remark 4.2.4).

Proof. For a C-vector space V, we denote by V' the conjugate C-vector space
(that is, the abelian group V' endowed with the action C x V' — V of C defined
by (A,v) — Av). For U as in the corollary, U is naturally a representation of
G(R) and the map v — (u — (v, u)y ) induces an isomorphism of representations
U = U*. We therefore have a natural isomorphism My - (G) = M, (G) = My (G).
Via this isomorphism, the bilinear form of the corollary coincides with the form
MU(G) X MU(G) — C defined by (F, F/) — Zl(l/|I‘l|)<F(gz), Fl(gi)>U, which
is none other than the Hermitian form on My (G) given by Proposition 4.4.8. The
first two assertions follow; the last is obvious. O

Let us conclude with one last observation. For L € R(G) and u € U, the map
F — (F(L),u) is a linear form on My« (G), which we denote by evy, ,,. We have a
unique linear map
ZIR(G) U — My-(G)*
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that sends [L] ® u to evy,,, for every L € R(G) and every u € U. The C-vector
space Z|R(G)] ® U is endowed with a diagonal action of G(Q), and the map above
is constant on the orbits of this action. It therefore factors through a linear map

(Z[R(G)] @ U)o — Mu=-(G), (4.4.3)

where V1 denotes the coinvariants of the I'-module V. This is an isomorphism: this
follows simply from the finiteness of G(Q)\R(G) and of the natural isomorphism
(U*)Y' = (Ur)*, which holds for every finite subgroup I' of G(R). The isomor-
phism (4.4.3) trivially commutes with the natural (left) actions of H(G). If we
compose it with the isomorphism My« (G)* — My (G)* given by Corollary 4.4.9,
we obtain a canonical isomorphism of H(G)-modules

(ZIR(@D)] @ U)gq = Mu(G)". 444

It sends (the class of) the element [L] ® u to an element of M/ (G) that we denote
by [L, u]. Concretely, [L, u] is the unique function F' € My (G) that is zero outside
of G(Q) - L that satisfies F'(L) = > . v(u), where I' = G(Q), is the stabilizer
of L in G(Q). The isomorphism (4.4.4) will play a (small) role in our discussion of
the theta series in Sect. 5.4.1 and Chap. 7.

4.5 Siegel Modular Forms

Let us begin by recalling some results on Siegel modular forms (see [5, 45, 46, 88]).
We will closely follow the exposition of Van der Geer [89], to which we refer, in
particular, for a history of the subject.

4.5.1 The Classical Point of View

Let g > 1 be an integer. For a ring R, we denote by Mat,(R) the set of g X g
matrices with coefficients in 2 and by Sym, (R) C Mat,, (R) the subset of symmetric
matrices. We denote by 1, the identity matrix in Mat, (R) and by Jo, € Matoy(R)

the element
_ 0 1,4
T20 = (‘19 O) '

The Siegel half-space of genus g is the open subset
H, C Sym,(C)

of matrices with positive definite imaginary part. We view the Z-group GSp,,, as
the sub-group scheme of GLy, consisting of the v with y Jo, 'y = v/(7y)J24, where
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the morphism v: GSpy, — Gy, is the similitude factor. Its elements are of the form

_ [ Ay bv)
’y =
(c,y dy

witha., b, ¢y, d, € Mat, satisfying the relations a-, ‘b, = b, *a,, ¢y °d, = d, "¢y,
and a., *d, — b, 'c, = v(y)1,.

Let GSp,, (R)™ be the subgroup of GSp,,(R) consisting of the elements with
strictly positive similitude factor. For v € GSpy, (R)* and 7 € H,, we can show
that the element j(y, 7) := ¢y 7 + d is in GL4(C) and that

(v, 7) = 7 = (a7 + by ) (cy 7T + d'y)il

defines a transitive action of GSp,, (R)* on Hy, by biholomorphic transformations.
Moreover, we easily verify the 1-cocyle relation j(y4', 7) = j(~,v'7)j(v’, 7) for all
7,7" € GSpy,(R)T and every 7 € H,.

Let W be a finite-dimensional C-vector space endowed with a C-representation
p: GLy — GLw. A Siegel modular form of weight W and genus g > 1 is a
holomorphic function f: H; — W with

foyr) = p(i(v; 7)) - f(r) vVr € Hy, Yy € Spy,(Z) .

For g = 1, we add the assumption that f is bounded on {7 € Hj ; 3(7) > 1}. These
functions form a C-vector space that we denote by

My (Spay(Z)) ,

whose dimension is finite, as shown by Siegel.

When we have (p, W) = (det”, C) for k € 7Z, we speak of classical, or scalar-
valued Siegel forms of weight k; we speak of vector-valued forms otherwise. In
the former case, we also denote the space My (Spy, (Z)) by My (Spy,(Z)). When
g = 1, we recover, as a special case, the usual modular forms for the group SLs(Z),
which are, for example, treated in detail in Serre’s book [177]. Finally, note that the
presence of the element —12, € Sp,,(Z) and the relation j(—124,7) = —1, imply
Mw (Spgy(Z)) = 0if p(—1g) = —idw.

Let us conclude this subsection with a reformulation of the notion of a Siegel
modular form. Assume that the representation (p, W) is irreducible or, more
generally, that there exists an element myy € Z, necessarily unique, such that
p(z1ly) = 2™wW idw forevery z € C*. Foramap f: H, — W, we set

fwy: Hg = Wm0 v()™ 2 p(i(y, 7)) f(y7) -

The map (v, f) ~ f),,~y defines a right action of the group GSp,,(R)* on the
space of holomorphic functions H, — W; by construction, this action is trivial on
the subgroup of homotheties with strictly positive factor in GSp,, (R)T. A Siegel
modular form of weight W and genus g > 2 is, by definition, an Sp,,(Z)-invariant
element for this action.
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4.5.2 Fourier Series Expansions and Cusp Forms

For n € Sym (C), we set

qn _ eQiTrtr(n‘r) _ | | 21T 5T :

1<i,j<g

this is a holomorphic function on H,. If n is semi-integral, thatis, if n € éSymg (Z2),
and if n;; € Z forevery ¢ = 1,..., g, then ¢" is invariant under translations by
Symg(Z). It can be shown that every f € Myy (Spy,(Z)) admits a Fourier series
expansion, which normally converges on every compact subset of H, of the form

.f:zanqna

n>0

where the sum is taken over the positive semi-integral elements n € ;Symg(Z) (in
the sense of real symmetric matrices) and where the a,, are in W [89, Sect. 4]. For
g > 2, the Siegel operator is the map

Dy MW(SPQQ(Z)) — Mw~ (Sp2972(Z))

defined by ®,(3 a,q") = 3., anq” , where we view Sym,_;(—) as a subset
of Sym,(—) with last line and column consisting of zeros, and we have W’ =
WiaL,_, x1 [89, Sect. 5]. The subspace of cusp forms is

Sw (Spag(2)) := Ker(®y) C My (Spyy(Z)) -

A Siegel form is therefore cuspidal if its Fourier series expansion ), a,¢" satisfies
an, = 0 for every n with det(n) = 0. When we have (W, p) = (C, det") for k € Z,
we write Sy (Spa, (Z)) for Sw (Spay(Z)).

4.5.3 The Relation Between Sy, (Sp,,(Z)) and A*(PGSp,,)

We will now recall the classical link between Sy (Spy,(Z)) and the space
Acusp (PGSpQ_q). A nice recent reference on this subject is the article [14], to which
we will refer as soon as we can formulate the statement (see also [195, Sect. 5]).

Set G = PGSp,,,. The similitude factor v: GSp,y, — G, induces a homomor-
phism v, : G(R) — R*/RZ, whose kernel we denote by G(R)*. The canonical
morphism Sp,,(R) — G(R) induces an isomorphism

Spag (R)/{£1} = GR)" .

We also set G(A)T = G(A) N G(R)™ when A is a subring of R.
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By Sect. 4.1.2, we have h(G) = 1. Since we have vo, (G(Z)) = {£1}, we obtain
the equality R
G(A) = GQ(GR)" x G(Z)) @5.1)

and, from (4.3.3), it follows that the restriction f — f|g+®)x1 induces a G(R)™-
equivariant isomorphism

A?(PGSp,,) = L*(G(Z)"\G(R)™) . (4.5.2)

The action of GSp,, (R)* on H, recalled in Sect.4.5.1 factors through an action
of G(R)™. The latter is faithful and transitive, and its stabilizers are the maximal
compact subgroups of G(R)*. If K denotes the stabilizer in Sp,,(R) of the ele-
ment i1, € H, and K denotes its image in G(R)*, we therefore have a natural
identification

GR)"/KT S H, .

Let (p, W) be a C-representation of GL, as in Sect. 4.5.1, which we now assume
to be irreducible and satisfy my, = 0 mod 2. Fix w € W* and f € Sy (Sp,,(Z));
we will associate a function ¢, ; € A?(G) with w and f. Consider the function
¢: G(R)™ — C defined by

(v) = (w, (fi,y7)(ily)) -

By construction, ¢ is continuous and left invariant under G (Z)*. By formula (4.5.1),
it is therefore the restriction to G(R)™ x 1 of a unique continuous function
¢ : G(Q)\G(A) — C that is invariant under right translations by G(Z). Set

Duw,f =@ .

By Asgari and Schmidt [14, Lemma 5], we have ¢, 5 € Acusp(G).

Before stating the final proposition, we still need to define the notion of a holomor-
phic element of A%(G). Let g and £ be the Lie algebras of G(R)* and K, respectively,
and let g = € ® p be the associated Cartan decomposition. Let d: g — T, be the
differential in the identity of the map G(R)* — H, defined by h — h(il,). It
induces an R-linear isomorphism

p = Tilg = Symg((C) .

The C-vector space structure of Symg((C) therefore endows p with the structure
of a C-vector space that decomposes p @ C into p™ @ p~, so that d induces a
C-linear isomorphism p* = T;1, . An element f € A*(G) is called holomorphic
if it is continuous and if for every g € G(A), the function G(R) — C defined by
h +— f(gh) is infinitely differentiable and annihilated by p—.

Proposition 4.5.4. The map (w, f) — ., r defines a C[K|-linear injection

W* ® Sw (szg(Z)) — ‘ACUSP(PGSPQQ)
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whose image is the set of f € Acusp(PGSpy,) that are holomorphic and W*-
isotypical under the action of K.

Let us make this statement more precise. The map h — j(h,i1,) is a group mor-
phism K" — GL,;(C) that realizes GL,(C) as the complexification of the compact
unitary group K. This, in particular, allows us to view W as a representation of K
by restriction; it is irreducible because W is so as a representation of GL,. We refer
to [14, Sect. 4.5, Theorem 1] for a proof of this proposition, up to the assertion of
surjectivity, which is verified in [195, Sect. 5.2].

4.5.5 The Action of Hecke Operators

It follows from Proposition 4.5.4 that the image of the map in that statement is
stable under the action of H(PGSp,, ), so that the space Sy (Sp,,(Z)) inherits an
action of H(PGSp,,) from A?(PGSp,,, ). Up to normalization constants sometimes
introduced by different authors for integrality reasons, this action coincides with the
action traditionally defined on Sy (Sp,,(Z)), and even on My (Spy, (Z)), which we
recall below (see also [88, Kap. IV], [89, Sect. 16], and [14, Sect. 4.3]). Without going
into details, let us mention that is it particularly natural when we view Sp,,(Z)\H,
as the space of complex abelian varieties of dimension g endowed with a principal
polarization” [89, Sect. 10].

Let (W, p) be an irreducible C-representation of GL,, p a prime, and G the
Z-group PGSp,,,. The natural map

a: G(E|) ) /G(@) = GIQ,)/G(Z,)
is bijective because we have h(G) = 1 (Corollary 4.1.5) and v (G(Z)) =
{£1} (Sect.4.5.3). It therefore induces, in an obvious way, an injective homo-
morphism between the ring H,(G) and the Hecke ring of the G(Z[1/p])"-set
G(Z[1/p])T/G(Z)*. This homomorphism is an isomorphism; this follows from
the isomorphism (4.2.1) and the fact that a also induces a bijection

G(Z)"\G(Z[1/p)"/G(Z)" = G(Zp)\G(Qy)/G(Zy) , (4.5.3)

as shown by the theory of elementary divisors (Propositions 4.2.7 and 4.2.9, see also
Sect.6.2.5).

Suppose that the matrix of the element T' € H,(G) is the characteristic function
of the class set G(Z,)yG(Z,) with v € G(Z[1/p])™, in the sense of the identifica-

7 A principal polarization on a lattice L C C9 consists of a nondegenerate alternating bilinear form
n: L x L — 7 whose extension of scalars ng to L ® R = C9 satisfies ng (iz, iy) = nr(z,y)
for every z,y € C9 and whose associated Hermitian form (z,y) — nr(iz,y) + inr(x,y) on C9
is positive definite. Riemann’s theory allows us to naturally identify Sp,,(Z)\Hy with the set of
GLg(C)-orbits of pairs (L, n), where L C CY is a lattice and 7 is a principal polarization on L.



4.5 Siegel Modular Forms 121

tion (4.2.2). If we write

Gz ye@t =][vnG@",

we immediately see, using formula (4.2.3), that the following diagram is commuta-
tive:

Sw (Spay) ————— Hom (W, Acusp (PGSpy,))

=3, fwvfli iT

Sw (Spay) ————— Hom g (W, Acusp (PGSpy)) » (4.5.4)

where the vertical maps are those defined by Proposition 4.5.4 (see [14, Lemma 9]
for the details of the argument). Given the equality T = T" forevery T' € H(G), we
will not need to remember the inversion of the ~; in (4.5.4).

Formula (4.5.4) allows us to determine the link between the Hecke operators
considered here and different definitions given in the literature. We will just give the
translation of the definitions of Serre [177, Chap. VII, Sects. 2, 5] in the case g = 1.
We will consider specific cases in genus g = 2 in Chap. 9.

Let £ > 0 be an even integer. In [177, Chap. VII, Sect. 5.3], Serre defines,
for every integer n > 1, an endomorphism of My (SL2(Z)) that he denotes by
T(n) and whose effect on the g-expansions he determines. We also have another
endomorphism, given by the action defined above of the operator T4 € H(PGLs)
introduced in Sect. 4.2.6, where A is a cyclic group. The translation is then as follows:

n—(k—l)/2T(n) — L2 Z T2/ (n)d2)z - 4.5.5)

d?|n

This comes, in particular, from the fact that in Serre’s book, the correspondence
T(n) sends a lattice to the set of its subgroups of index n rather than the set of those
with quotient Z/nZ.

4.5.6 Aaisc(Sp2,) May Be Deduced from Ag;sc(PGSp,,)

By restriction of the functions, the morphism Sp,,(A) — PGSp,,(A) induces an
isomorphism
Res: A2(PGSp2g) = .A2(Sp29) .

This follows from formula (4.3.3), taking into account that we have

B(Spa,) = h(PGSpy,) = 1
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and that the natural homomorphism Sp,, (R) — PGSp, 9 (R) induces a homeomor-
phism Sp., (Z)\Sps, (R) 5 PGSp,, (Z)\PGSp,, (R).

Recall that in Sect. 4.2.6, we defined an injective ring homomorphism H(Sp,, ) —
H(PGSp,, ), which we will from now on view as an inclusion, by a slight abuse of
language. The source and target of the morphism Res are therefore both H(Sp, g)-
modules.

Proposition 4.5.7. The map Res commutes with the action of Sp,,(R) and that of
H(Spy, ). It sends A3, (PGSpy,) onto A% (Spy,).

Proof. The first assertion is obvious; the second follows from Lemma 4.2.15. The
last is a consequence of the first and the fact that the image of Sp, , (R) in PGSp,,(R)
has finite index (equal to 2). O
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