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Abstract

Cell migration is the physical movement of
cells and is responsible for the extensive cel-
lular invasion and metastasis that occur in
high-grade tumors. Motivated by decades of
direct observation of cell migration via light
microscopy, theoretical models have emerged
to capture various aspects of the fundamental
physical phenomena underlying cell migra-
tion. Yet, the motility mechanisms actually
used by tumor cells during invasion are still
poorly understood, as is the role of cellular in-
teractions with the extracellular environment.
In this chapter, we review key physical prin-
ciples of cytoskeletal self-assembly and force
generation, membrane tension, biological ad-
hesion, hydrostatic and osmotic pressures, and
their integration in mathematical models of
cell migration. With the goal of modeling-
driven cancer therapy, we provide examples
to guide oncologists and physical scientists in
developing next-generation models to predict
disease progression and treatment.
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ATP Adenosine triphosphate
CMS Cell migration simulator
ECM Extracellular matrix
FEM Finite element modeling
GBM Glioblastoma (grade IV glioma)
ODE Ordinary differential equations
PDE Partial differential equations
RGD Arginine-glycine-aspartic acid tripeptide
SDE Stochastic differential equations
SSA Stochastic simulation algorithm

9.1 Introduction: Cell Migration
as a Physical Process

The remarkable physical process of cellular
locomotion, termed migration, is one of
the most extensively studied phenomena in
biology. Throughout the organismal life cycle,
cell migration plays key roles in directing
biological processes from collective migration
that shapes tissues during development, to
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immune cell surveillance and repair mechanisms
that maintain tissue integrity [1, 2]. On the darker
side, pathological invasion and metastasis are
hallmarks of high-grade, invasive tumors [3]
highlighting a critical clinical need for rationally
designed anti-motility therapies. Decades of
studies, fueled by advances in molecular biology
and light microscopy, have contributed to an
extensive “parts list” of molecular components
involved in migration, as well as rich physical
descriptions of cellular mechanics. Despite the
explosion of available experimental data, we
still lack a comprehensive understanding of
mechanisms that guide cell migration.

Abercrombie provided one of the first unified
physical descriptions of cell migration, one he
described as a cyclic process involving distinct
and concurrently executed steps of front protru-
sion, adhesion, contraction, and rear detachment
that lead to forward motion in a polarized cell [4].
These steps form the blueprint for mesenchymal
migration best associated with fibroblasts on 2D
flat substrates, which inspired seminal mathemat-
ical models of cell migration [5, 6]. Protrusion
and contraction are largely driven by dynamic
self-assembly and force-generating properties of
the actin cytoskeleton and myosin motors. Cell
surface adhesion receptors, such as integrins, rec-
ognize specific extracellular matrix (ECM) lig-
ands and are capable of transmitting cytoskeletal
contractile forces to surrounding tissue environ-
ments.

Subsequent works describe a striking plastic-
ity of migration “modes” that can vary by cell
type and tissue context [7], sometimes heighten-
ing or diminishing the role of specific molecular
components. Amoeboid migration of certain im-
mune and cancer cells can persist in the appar-
ent absence of integrin-mediated adhesions [8,
9], possibly through frictional forces exerted on
the extracellular environment [10, 11]. Osmotic
pressure generated by aquaporins or ion pumps
can drive motion for certain tumor cells within
confined channels, even following addition of
actin polymerization inhibitors that stall motion
in other cell types [12]. Despite these appar-
ent exceptions, most migration modes still fit
into the general framework proposed by Aber-

crombie [4], coordinating protrusion that drives
shape change with active force generation to
drive motion relative to the substrate. Driven
by an explosion of cutting-edge imaging tech-
niques and sensitive measurements of cellular
and molecular-scale forces [13], experimental
efforts to dissect these alternative “modes” offer
modelers a rich milieu of physical data for model
development.

Extracellular environmental properties repre-
sent another challenge in understanding physi-
ologically relevant cell migration mechanisms.
Early cell migration studies were typically con-
ducted on flat 2D plastic or glass substrates
that are much stiffer than biological tissues. Pel-
ham and Wang [14] introduced polyacrylamide
gels (PAGs) as a simple approach to provid-
ing cells with a compliant substrate (Young’s
modulus ∼0.1–100 kPa, consistent with biolog-
ical tissues), now a widely used system because
their surfaces can be functionalized with pro-
teins to study ECM effects on cell migration.
(Patho)physiological conditions in which cells
migrate include myriad other factors not repre-
sented in these assays, such as aligned extracellu-
lar matrix fibers [15], shear forces from fluid flow
[16], physically confined spaces between other
cells [17], and other spatially and temporally
varying physical and chemical cues [18]. In re-
sponse to emerging techniques to image migrat-
ing cells in vivo [19, 20] or in vitro engineered
environments that mimic tissue properties [20–
22], models will need to adapt to incorporate and
test these new conditions.

Ultimately, the grand challenge of modeling
cell migration is to develop a general theoret-
ical framework connecting experimental obser-
vations to physical laws that accurately capture
underlying molecular details and environmental
factors, across cell types, and in conditions of
health and disease. The goals of this chapter
are threefold: (1) to examine the basic physical
principles underlying cell migration, (2) to re-
view and critique existing models that incorpo-
rate these principles, and (3) to outline prospects
for adopting cellular-scale modeling to predict
cancer progression and treatment outcomes. The
third point is of paramount importance in treat-
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ing high-grade cancer, as tumor cell invasion
and metastasis are the main cause of mortality
in patients with malignant tumors. The goal of
biophysical modeling in oncology should move
toward accurately predicting patient outcomes
and strive to guide rational design of treatments
that target migration.

9.2 Protrusion, Adhesion,
Contraction, and Beyond:
IntegratedMechanical Steps
of Cell Migration

Mathematical cell migration models have tradi-
tionally been built around the conceptual basis
of coordinated steps of protrusion, adhesion, and
contraction [4, 23]. However, the remarkable
complexity and plasticity of cell migration have
led modelers to diverse physics-based mathemat-
ical expressions for these individual steps. In this
first section, we first separate the three canon-
ical steps and discuss, individually, their math-
ematical implementation using existing models
as examples. We then examine cases of whole-
cell models that can successfully predict cell mi-
gration behaviors. Finally, we provide examples
from a recently developed cell migration simula-
tor (CMS) that can potentially relate to disease
progression or predict therapeutic interventions
in silico. While it is beyond the scope of this
chapter to provide detailed analysis of each and
every model, we aim to clearly and concisely
elucidate these key principles to guide their im-
plementation in physical oncology research and
toward the clinic.

9.2.1 Protrusive Forces and Actin
Self-Assembly

One of the most striking aspects of cell migration
is cells’ ability to adopt a wide range of shapes
and to change direction or overcome obstacles by
extending pseudopods. Existing models of cell
migration have almost universally incorporated
some protrusive mechanism, typically based on
actin self-assembly [24], examples of which are

shown in Fig. 9.1. Experimentally, dynamic actin
is indispensible for most cell migration modes,
with a few apparent exceptions [12]. Adeno-
sine triphosphate (ATP) nucleotide hydrolysis by
actin drives filament assembly, with new sub-
units primarily added at the “barbed” (+)-end
(at rate kon), while depolymerization (at rate koff)
mainly occurs at the “pointed” (−)-end (Fig.
9.1a). The first key step in the canonical model
of fibroblast migration is polarization: the ex-
tension of a lamellipodium in the direction of
forward motion, marking the front of the cell,
while the nucleus and a smaller protrusion mark
the rear [4]. Lamellipodium extension relies on
the formation of a branched actin network (Fig.
9.1b), dependent on nucleation factors, such as
the Arp2/3 complex [25, 26], which arranges
barbed ends in the direction of protrusion, giv-
ing rise to a polarized network. Actin assembly
pushes the plasma membrane forward to create a
thin (100–200 nm) actin-rich sheet at the leading
edge of the cell [27]. Membrane tension (μ)
antagonizes and limits actin network expansion,
providing an opposing force that moves actin
filaments away from the leading edge and toward
the cell body, termed retrograde flow. Actin fil-
aments are disassembled by a variety of mech-
anisms (e.g., depolymerization, breaking, sever-
ing), creating new assembly-competent actin to
fuel network assembly and further leading edge
advance [24].

9.2.2 The Brownian Ratchet Model
for Pushing by Cytoskeletal
Filaments

How does actin polymerization push the lamel-
lipodium forward? Individual actin filaments are
the least rigid component of the cytoskeleton
under compressive load (∼10−26 N/m2 compared
with microtubule ∼10−23 N/m2 bending rigidity
[28]). At first glance, compliant filaments in di-
rect contact with a rigid plasma membrane would
be excluded from adding new actin monomers
to their tips, precluding any sustained pushing
force (Fig. 9.1a). Hill [29] originally proposed a
Brownian ratchet model, where stochastic ther-
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Fig. 9.1 Actin self-assembly and force-generating prop-
erties. (a) Force generation caused by a polymerizing
actin filament against the plasma membrane (i.e., the
“Brownian ratchet” model). Actin monomers (purple)
exchange at both ends of the filament, but kinetic rates
of assembly and disassembly (kon and koff, respectively,
represented by arrows) are biased toward assembly at
the “barbed” end (shown in contact with the plasma
membrane, black) and toward disassembly at the distal
“pointed” end. ATP hydrolysis occurs within the fila-
ment, distal to the tip, and is represented by changes
in color within actin subunits. A dashed circle marks
a possible new subunit addition site at near the plasma
membrane, created by Brownian motion of the mem-
brane and filament tip. Membrane tension (μ) provides
an opposing compressive force on F-actin that resists
polymerization. As new subunits are added, the plasma
membrane is pushed forward at velocity (v), which de-
pends on the membrane tension, association rate constant,

G-actin concentration, and the size of actin monomers.
Formins (cyan) create a “template” to catalyze this linear
assembly in linear, actin-rich structures such as filopodia.
(b) Branched actin networks, such as those nucleated by
Arp2/3 complex in the lamellipodia of migrating cells,
generate forward protrusion of the plasma membrane
in a similar fashion. The branched structure allows the
network to expand both forward and laterally, generating
the sheet-like actin-rich structures. Opposing forces by
membrane tension (μ) lead to retrograde flow of the
actin network (u), frustrating forward protrusion of the
membrane. Myosin II motors (red) cross-link actin fila-
ments and hydrolyze ATP to slide filaments and facilitate
network contraction. The total contractile force (Fmotor)
reflects the summed motor forces and can drive actin
retrograde flow. Actin filament assembly and disassembly
can also generate or relieve stress within the network,
contributing to the total contractile force

mal fluctuations of the filament tip and plasma
membrane can momentarily generate gaps for the
addition of new monomers, essentially creating
a drift in the membrane position. The Brownian
ratchet theory was later elaborated to account for
the filament architectures within cellular protru-
sions [30, 31]. Filament lengthening by subunit
addition biases membrane diffusion in the di-
rection of forward motion, which is powered by
the favorable binding energy for subunit addition.
The pushing force for an individual filament (f0)
thus depends on the free actin monomer con-
centration [M] and kinetic rates of assembly and
disassembly, kon and koff, respectively.

f0 = kBT

δ
ln

(
kon [M]

koff

)
(9.1)

In Eq. 9.1, kB is Boltzmann’s constant, so
kBT = 4.18 pNnm at T = 310 K. If each actin
monomer added protrudes the membrane 2.7 nm,
assuming a free actin concentration of 10 μM and
equal binding and unbinding rates (kon = koff),
Eq. 9.1 predicts a maximal pushing force of
∼3.5 piconewtons (pN) per filament [30, 31].
Dickinson et al. [32] note that larger forces are
potentially attainable via biased diffusion of a nu-
cleotide state-dependent barbed end coupler. Co-
operation between multiple filaments and “load
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sharing” ensures that at least some filaments do
not exceed their stall forces and can still effi-
ciently drive forward protrusion [27, 33]. Using
these principles, the simple Brownian ratchet
explains how filament assembly drives other cell
protrusions, such as the long, parallel, cross-
linked actin bundles that form filopodia [31, 34]
or invadopodia that cancer cells use to penetrate
dense basement membrane structures [35, 36].

9.2.3 Actin Dynamics and Turnover
in Lamellipodial Protrusion

Keratocytes are a particularly well-studied model
for cells migrating with a lamellipodium driven
primarily by actin polymerization-based forces.
Nearly constant leading edge extension rate
across their broad lamellipodium simplifies
analysis of steady-state actin assembly dynamics.
In other cell types, asynchronous leading
edge advance can result from the intermittent
loading dynamics of adhesive substrate coupling
[37, 38] (see Sects. 9.4.3, 9.4.4 and 9.4.5
for more details on modeling adhesions).
Mathematical modeling of actin turnover within
the keratocyte lamellipodium [33] illuminates a
fundamental relationship between the numbers
of actin ends involved in leading edge force
production, membrane tension, and steady-
state actin assembly and disassembly kinetics.
Their ordinary differential equation (ODE)
model found that protrusion rate has a biphasic
dependence on filament number, meaning
an intermediate number of force-producing
filaments yields the fastest migration speed for a
given membrane tension resistance. Cells having
too few filaments generate insufficient pushing
force, while having too many filaments depletes
the available actin pool and stalls forward
motion. Although their model does not explicitly
consider substrate force transmission, it does
quantitatively describe fundamental principles
that generally apply to actin-based structures
within in cell protrusions.

9.3 Contractile Forces
and Cytoplasmic Flows

The actin cytoskeleton also generates contractile
forces, which are the typical molecular source
of the traction forces that motile cells gener-
ate on their environment. Actin filaments and
myosin II motors form a dynamic, cross-linked,
viscoelastic gel, while ATP consumption by these
elements provides a driving force for gel com-
paction [39–41]. These types of actin gels, such
as the actin layer that gives rigidity to the cortex,
tend to have moduli in the ∼kPa range [41, 42].
Dubbed “active gels,” these systems are fun-
damentally out of thermodynamic equilibrium
due to the conversion of chemical energy into
mechanical force that can generate cytoplasmic
flows within the cell [40, 43]. Actin filament
depolymerization distal to the leading edge is
sufficient to generate retrograde flow (Fig. 9.1b),
although in most cell types myosin II motor
forces are also involved in sustaining flows [44,
45]. Each actin filament [31, 46] or myosin II
motor [47] can generate a few piconewtons (pN)
of force, the net sum of which is the stall force
(Fstall) of the cell. Estimates of ∼104–105 myosin
II motors per cell are consistent with maximum
cellular outputs of 10–100 nanonewtons (n) for
adherent cells [14, 48].

9.3.1 Actomyosin Force-Velocity
Relationships

Actin flows are a highly conserved feature
between different organisms and cell types
and between the various “modes” of migration
[49]. For well-adherent mesenchymal cells, actin
retrograde flows can establish significant (∼102–
103 Pa) traction stresses on the extracellular
environment [44, 50]. The specific properties
of adhesions and mathematical models for their
behavior are described in greater detail later in
this chapter (Sect. 9.4). Even in the absence of
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specific adhesion complexes (characteristic of
amoeboid migration), cortical actin flows can
generate non-specific frictional forces on the
extracellular environment to drive motion [10,
51]. Simultaneous measurements of traction
and F-actin flow in cells demonstrate a clear
inverse relationship between the two [37, 50, 52],
which is explicitly assumed by some models
of traction force generation [37]. A typical
expression is based on the original Hill equation
for contraction of a muscle under tension
[53], Eq. 9.2.

v = vmotor

(
1 − Fsub

nmotorFmotor

)
(9.2)

In Eq. 9.2, the force transmitted to the
substrate (Fsub) opposes the total cell stall
force, here contributed by nmotor individual
myosin II motors, each generating Fmotor

stall force [47]. This slows flow from its
maximal velocity (vmotor), typically ∼100 nm/s
for both actin polymerization and myosin II
motors sliding filament actin bundles [30, 54].
This relationship assumes the actin filaments
and myosin motors are rigid, a reasonable
assumption for individual actin filaments
given tensile strength measurements in the
hundreds of pN [55]. Force-velocity relationships
have been experimentally observed for both
actin polymerization [30, 32] and myosin
II motors working against an opposing load
[54, 56, 57].

9.3.2 Actin Flows Antagonize
Protrusion to Produce Cell
Shapes

A combination of actin polymerization and actin
flows are sufficient to drive large-scale rearrange-
ment of cell shape, leading to polarized migra-
tion. Returning to the highly motile keratocyte
model system, Barnhart et al. [58] developed
a moveable cell boundary model using partial

differential equations (PDE) where the velocities
of points along the cell outline are determined
by the difference between actin protrusion and
retrograde flow. If protrusion is faster than retro-
grade flow at a given point, the cell will elongate
in that direction, while if the reverse is true,
retraction occurs. Interestingly, and consistent
with their experimental measurements, the ability
of a cell to establish polarity depended on the
degree of adhesion to the substrate, here modeled
as frictional drag on the surface for a variable
density of adhesion sites. At low adhesion levels,
cells were round and contained fast flowing actin.
Flows were drastically slower when adhesion
levels were high, and cells stalled on the ad-
hesive surface. At intermediate adhesion levels,
polarity and migration recovered, demonstrat-
ing that establishment of stable cell protrusions
requires a balance between polymerization and
flow, with adhesion serving as a coupler between
them. In a similar fashion, highly contractile
epithelial cells, which are typically nonpolar and
immobile, can undergo spontaneous symmetry
breaking upon inhibition of myosin II [59]. In
these cells, myosin II immobilizes actin in cir-
cumferential bundles around the cell and sup-
presses spontaneous polarization. Relaxing the
bundles by inhibiting myosin II frees actin to
self-assemble into protrusive networks and es-
tablishes polarity and movement, consistent with
a model requiring a balance between contractile
forces and protrusion. Other models, such as by
Satulovsky et al. [60], generate simulated cells
that protrude and retract in response to locally ex-
citable protrusion (i.e., actin polymerization) and
global retraction signals (i.e., retrograde flow).
Although their model does not incorporate any
mechanism of direct force generation, it shows
that these competing signals can drive a wide
range of cell shape changes, including the dis-
parate morphologies of keratocytes and neurons,
with a limited number of parameters. Thus, actin
flows and their relation to actin assembly and
protrusive forces emerge with key functions in
shaping cells and guiding migration.
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9.3.3 Actin Flows Reinforce Polarity
in Persistent Migration

Robust actin flows also establish persistent
fast migration in highly polarized amoeboid
cells [51, 61, 62]. Maiuri et al. [61] identified
a power law relationship between actin flow
speed and protrusion lifetime, which was
consistent between a wide array of cell types
and environments. Their diffusion-convection-
reaction model quantitatively predicts intracel-
lular gradients of actin-binding factors (such as
myosin II) that are established by actin retrograde
flows and illustrates a close relationship between
polarity and migration. Actin flows emerge
as a major determinant of protrusion lifetime
(τ), which enables a switch between slow
“random” and fast “persistent” trajectories,
as well as an “intermediate” phenotype that
stochastically switches between the two.
Although the Maiuri et al. model replicates an
important relationship involved in determining
cell migration behaviors, and can replicate
both in vitro and in vivo cell tracking results
with only two tunable parameters (the actin
flow speed and polarity factor concentration),
it does not consider force transmission to
the substrate, an important determinant of
cells’ ability to sense environmental stiffness
(Sect. 9.4).

Poorly adhesive environments with a high de-
gree of mechanical confinement promote sponta-
neous polarization and fast migration in a manner
that depends on myosin II activity [51]. This
is thought to be due to fluctuations in binding
and unbinding of myosin II to cortical actin,
which may weaken the cortex and lead to the
establishment of large bleb or membrane disten-
sion [63] driven by intracellular pressure (Sect.
9.5). Spontaneous polarization in this so-called
“leader bleb” migration was also likelier for cer-
tain immune cells and transformed cells, com-
pared to their healthy counterparts [51], sug-
gesting a conserved motility mode that may be
activated by high myosin II activity under certain
tumor conditions. Ruprecht et al. [62] similarly
demonstrated that high myosin II activity and
anisotropic tension within the cortex are suffi-

cient to initiate and maintain polarization in zebra
fish germ line cells, suggesting this phenotype
may also occur for cells in specific stages of
development.

9.4 Adhesive Bonds and Force
Transmission
to the Substrate

Force transmission to the ECM is the final step
in the canonical model of cell migration. Many
migrating cells transmit actomyosin forces to the
substrate through adhesion receptors that recog-
nize and reversibly bind specific ECM compo-
nents [64, 65]. Cells express a wide variety of
adhesion receptors, such as integrins, cadherins,
and other membrane-spanning molecules such as
CD44, each of which bind to specific ECM lig-
ands or other cells [65–68]. Adhesion receptors
are key components for their roles in coupling
actin dynamics that control protrusion (Sect. 9.2)
and contraction (Sect. 9.3) to motion via traction
forces on the substrate (Fig. 9.2a). Traction stress
and strain energy output may also depend on
cell size and geometry, which is captured by
continuum models that forego modeling individ-
ual adhesion dynamics [70]. Because ECM com-
position and cell adhesion receptor expression
may change in cancer [71], we now focus on
principles of molecular-scale adhesion dynamics
that enable cells to tune their responses to envi-
ronmental mechanical and chemical factors.

Integrin-containing focal adhesions are by
far the best-characterized type of adhesion
complexes formed by adherent cells and contain
well over 100 distinct proteins involved in
signaling and force transmission [72]. Integrins
are transmembrane proteins that form αβ

heterodimers, each of which recognizes a specific
extracellular matrix ligand; in humans, there
are 18 α isoforms and 8 β isoforms with
many functionally redundant combinations that
bind similar ligands [64]. Integrin intracellular
domains engage actin filaments through adaptor
proteins such as talin, α-actinin, and vinculin, en-
abling transmission of actomyosin-based forces
to the extracellular environment [65, 73, 74].
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For different adhesion receptors, such as CD44,
the adaptor protein role of talin and vinculin in
linking to the cytoskeleton may involve other
molecular players such as ezrin/radixin/moesin
(ERM) proteins [68]. Bonds formed between the
ECM, integrins, adaptors, and actin filaments
are highly dynamic (Fig. 9.2b), and the kinetics
of bond association and dissociation are strongly
force-dependent [18]. Notably, different integrins
may bind their ligands with different kinetics,
which can affect traction force outputs in
environments of varying stiffness [75]. This
stiffness sensing by dynamic adhesions regulates
important biological functions, such as stem cell
differentiation [76], tumor cell proliferation [77],
transcription factor nuclear localization [78],
and, this chapter’s primary focus, cell migration
[79].

9.4.1 Slip Bonds

To a first approximation, the binding rate be-
tween adaptor proteins and actin filaments (al-
ternatively, adhesion receptors and their ECM
ligands) can be considered first-order reactions,
since they are in close proximity within the fo-
cal adhesion complex or the cell-substrate inter-
face. Unbinding events occur with increasing fre-
quency as actin retrograde flow builds forces on
individual bonds. Early models of cell adhesion

[69] refer to a so-called “slip bond” behavior
(Fig. 9.2c) in which the force on a particular bond
(F) scales a basal off-rate for the slip bond (koff,s).

koff = koff,se

(
F

/
Fbond,s

)

(9.3)

Equation 9.3 predicts that the slip bond disso-
ciation frequency increases with increasing load,
while the property Fbond,s is the characteristic
scaling force for the slip bond. Slip bonds pro-
vide a straightforward example of force-bearing
linkages that dissociate under a few pN of load,
such as the bond between fibronectin and αvβ3

integrin [80].

9.4.2 Catch-Slip Bonds

Other bonds exhibit “catch-slip bond” behavior,
where longest lifetimes occur at an intermediate
force (Fig. 9.2c). The “catch” term refers to
the weak association between a receptor and its
ligand at low force, which strengthens as force
increases. At higher forces, the bond functions as
a slip bond, and detachment becomes more likely
with increasing force. Integrins [75, 78, 81], the
cadherin-catenin complex [82], and other types
of adhesion molecules [83, 84] display catch-
slip bond behavior under certain conditions.
Bond lifetimes measured in vitro between

�
Fig. 9.2 (continued) the F-actin network by myosin II
motors drive retrograde flow of F-actin inward, toward
the cell nucleus, where nucleus-cytoskeleton linking com-
plexes (yellow) provide mechanical continuity within the
cell to allow connection to other protrusions (not shown).
Distal to the leading edge, F-actin network disassem-
bly occurs as described in Fig. 9.1b. Adhesion com-
plexes (molecular clutches) are transmembrane structures
(green), which transiently bind both F-actin and the ECM
and can transmit traction forces on the extracellular ma-
trix through their extension (orange springs) by retro-
grade flow. Adhesions that are not bound to actin (gray
springs) do not contribute to the traction force. Adhesions
are considered molecular “clutches” (b), which undergo
force-dependent cycles of binding and unbinding. An
unbound adhesion (i) is shown disconnected from the
F-actin bundle but bound to the ECM. When unbound,
force on the clutch (Fclutch) and traction force on the

substrate (Fsubstrate, gray spring) are both zero. When
the clutch binds at rate kbind, (ii) retrograde flow (vflow)
extends the bound clutch (Δx), increasing the force on
the clutch and force transmitted to the substrate. As force
builds (iii), clutch unbinding (kunbind) becomes increas-
ingly likely, relaxing the load on the clutch and substrate.
For an ensemble of clutches, as in an adhesion complex,
cooperative behaviors may arise to increase the total
force and effective bond lifetime of force transmission.
(c) Molecular clutch binding lifetimes may follow any
of several force-dependent behaviors: for “slip bonds”
(blue line), unbinding becomes exponentially more likely
with increasing load (a.k.a. Bell’s law [69]), while for
“catch-slip bonds” (red line), peak lifetimes occur at an
intermediate force, while detachment is faster for lower
or higher forces. Slip bonds and catch-slip bonds were
modeled using Eqs. 9.3 and 9.4, respectively
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α5β1-integrin and fibronectin-binding domain
peak at applied loads of 20–30 pN [81], easily
within range of the forces observed at individual
focal adhesions using molecular tension sensors
[85, 86]. Catch-slip bond dissociation rates are
typically modeled using a two-exponential model
(Eq. 9.4) that includes the slip bond behavior (Eq.
9.3), plus an additional off-rate constant (koff,c)
and bond force (Fbond,c) for the catch behavior.

koff =

koff, se

(
F

/
Fbond,s

)

+ koff, ce

(−F
/
Fbond,c

)

(9.4)

Other models that describe more detailed mul-
tistep kinetic models defined by transition prob-
abilities between different bound states are dis-
cussed elsewhere [83, 87]. Note that the catch-
slip model introduces two additional parameters
beyond the slip bond model, so unless there
is evidence of catch bond behavior in a given
system, adhesion bonds are most simply modeled
as slip bonds.

9.4.3 TheMolecular Clutch
Hypothesis and Stiffness
Sensing

The “molecular clutch” hypothesis is an
established model for cell force transmission
through dynamic adhesion complexes to the
underlying substrate [88]. From a modeling
perspective, individual clutches encompass
the entire force-transmitting linkage that can
engage both actin and the extracellular matrix.
Bound clutches transmit force to the substrate,
slowing actin retrograde flow, and permitting
actin polymerization that can drive leading edge
protrusion (Fig. 9.2). Modeling clutches as elastic
springs connected to a deformable substrate (also
modeled as an elastic spring), and employing a
stochastic simulation algorithm (SSA) to model
clutch binding through slip bonds (Eq. 9.4),
the model of Chan and Odde [37] predicted an
inverse relationship between actin retrograde
flow velocity and traction forces in neuron
growth cone filopodia (Fig. 9.3a). Resistance
from the compliant substrate opposes the motor
forces, slowing actin retrograde flow (Eq. 9.2)
and increasing the unbinding rate for individual
clutches (Eqs. 9.4 or 9.5).

�
Fig. 9.3 (continued) on a soft ECM, leading to fast actin
retrograde flow (u ≈ umax) that limits leading edge ad-
vancement and spreading. Clutch bonds tend to fail spon-
taneously even at low load, relieving mechanical strain
energy and frustrating the system’s ability to achieve
high force transmission. (ii) ECM of intermediate stiffness
enables enough time to engage nearly all the clutches to
achieve load sharing between clutches, so they can sustain
larger traction forces as an ensemble before unbinding.
As the last few clutches engage, the forces become large
enough to cause a cascade of bond failure, a “load and
fail” dynamic that can cycle indefinitely. Overall, the
load sharing between clutches before failure slows actin
retrograde flow (u < umax), permits leading edge advance,
and averages high force transmission. The location of this
regime defines the “optimal stiffness” and depends on
simulation parameters, especially numbers of motors and
molecular clutches [89]. (iii) On stiff ECM, clutches build
forces faster than the ensemble binding time, causing indi-
vidual bound clutches to quickly detach, typically before
other clutches can even engage to share the load. The
resultant traction forces are low, and retrograde flow speed

is near its unloaded velocity (u ≈ umax). (b) Simulation
predictions of traction forces and actin retrograde flow
speed from the motor-clutch model using a previously
described parameter set [89] highlighting regimes of “fric-
tional slippage” (i, iii) and the “optimum stiffness” (ii).
(c) A mechanism for adhesion reinforcement that can be
triggered on stiff substrates and is mediated by competing
kinetic rates of clutch unbinding and talin unfolding, as
described previously [78]. Clutch unbinding rates (kunbind)
are governed by catch-slip bond behavior (Eq. 9.4), while
talin unfolding (kunfold) occurs as a slip bond (Eq. 9.3).
Force on an individual clutch that exceeds a threshold
force (yellow star) can trigger talin unfolding, which
recruits additional clutch components to the complex.
This permits larger traction forces on stiff substrates and
a monotonically rising traction force as a function of
substrate stiffness. If clutch unbinding occurs faster than
talin unfolding, no new clutch components are added,
and traction forces decrease on stiff substrates, giving
the biphasic dependence of traction forces on substrate
stiffness, with an optimum at intermediate level
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The stochastic motor-clutch model predicts a
biphasic response to substrate stiffness, with an
“optimum” defined by maximal force generation
(and minimum retrograde flow) at intermediate
values (Fig. 9.3b). At the optimum stiffness,
determined by model operating parameters [90],
cells exhibit “load and fail” dynamics where
the clutch ensemble loading time is sufficient
to generate significant load before the clutches
unbind and the substrate relaxes. This prediction
is consistent with experimental measurements
of fluctuating traction forces on compliant hy-
drogels [37, 91]. Inefficient force transmission
and recovery of faster actin retrograde flows
occurs on both softer and stiffer substrates. Soft
substrates deform significantly when loaded, but
clutch unbinding occurs at low forces, dissipating
stored elastic strain energy and frustrating the
buildup of high traction forces. Stiff substrates
quickly build large forces on bound clutches,
which detach before other clutches can engage to
share the load, reducing overall force transmis-
sion. Both cases are termed “frictional slippage”
as dissipated force allows actin retrograde flow
speed to recover [89]. The optimum represents a
“sweet spot” in between these extremes, where
the compliant substrate affords sufficient time
to engage all of the clutches yet is sufficiently
stiff that they do not spontaneously disengage at
low load. Solving a set of ordinary differential
equations (ODE) defined by a chemical master
equation, Bangasser and Odde [90] defined a
critical number (Ncr) that defines the optimal
stiffness (κsub,opt) for given model parameters.

Ncr = κsub

κsub,opt
= κsubvmotor ln(n)

Fmotorkn
. (9.5)

In Eq. 9.5, n refers to the number of mo-
tors and clutches, k is the clutch binding rate
constant, Fmotor is the motor stall force, and
vmotor is the maximum motor velocity in the
absence of load (Eq. 9.3). Equation 9.5 is valid
assuming (i) motor and clutch numbers are ap-
proximately equal (nmotor ≈ nclutch), (ii) clutch
binding rate exceeds the basal unbinding rate
(kon ≈ 10koff), and (iii) force-dependent clutch
unbinding as slip bonds (Eq. 9.4). Dimensionless

analysis provides a way to quickly estimate cell
responses to stiffness given their operating pa-
rameters. When Ncr ≈ 1, cells are in the “load
and fail” regime near the optimum, while Ncr <<
1 and Ncr >> 1 are the regimes of “frictional
slippage” on softer or stiffer substrates. Ban-
gasser et al. [89] posited that this principle could
explain differences in stiffness-sensitive traction
force and cell migration trends among various
cell lines; they would each have a different op-
timal stiffness as defined by the parameters in
Eq. 9.5. This was experimentally confirmed in
glioma cells where partial pharmacological in-
hibition of myosin II motors and RGD-binding
integrins reduced the optimal stiffness for mi-
gration [79]. Other simple modifications to the
versatile motor-clutch model framework enable
theoretical studies of cell spreading dynamics on
viscoelastic substrates [92] or ECM fiber assem-
bly within tissues [93].

Other models have relied on a similar me-
chanical framework to the motor-clutch model.
Li et al. [87] simulated a multilayer adhesion with
an immobile layer of springs representing extra-
cellular matrix ligands and intermediate layers
that connect to a sliding actin filament bundle.
Transient bonds within these intermediate layers
reflect the observation that shearing can occur for
intermediary molecules within the adhesion, as
well as the adhesion receptor-ligand or adaptor-
actin interfaces [73, 94]. Their model faithfully
replicates the biphasic force-velocity relationship
observed experimentally within adhesions [50]
without requiring an empirical force-velocity re-
lationship (Eq. 9.2). Tunable spring stiffness for
each of the adhesion layers enables them to test
stiffness dependence of traction forces.

9.4.4 Stick-and-Slip and Frictional
Adhesion Dynamics

Other approaches to modeling the ensemble be-
havior of adhesions include “stick slip” dynam-
ics. Sabass and Schwarz [95] modeled adhesions
as a force balance between an actomyosin driving
force (e.g., retrograde flow), intracellular viscous
friction, and elastic resistance from adhesion re-
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ceptors that are bound to the substrate. Using
a master equation approach to model bond dy-
namics, their model replicates a biphasic force-
velocity relationship, as well as an interesting
strong dependence on intracellular friction. In the
low friction case (short relaxation times), indi-
vidual bond failures can trigger cascades within
the adhesion leading to “stick-and-slip” behav-
iors that report fluctuating traction forces, rem-
iniscent of “load and fail” dynamics [37, 91].
For longer viscous relaxation times, the adhesion
generates constant forces, essentially functioning
as a frictional element. Wolgemuth [38] coupled
a contractile stress to stick-and-slip adhesions
to reproduce regimes of persistent growth or
periodic retraction, concomitant with periodic
fluctuations in the concentration of a contractile
chemical species within the protrusion. Sacri-
ficing detailed binding and unbinding kinetics
of individual clutches can also save computa-
tional time for models to incorporate dynamics
of molecular signaling pathways. As an example,
Welf et al. [96] incorporated Rac GTPase-based
actin protrusion and myosin II activation from
engaged clutches to capture fluctuating leading
edge advance during force generation.

9.4.5 Force-Dependent Adhesion
Reinforcement

Adhesion-based models discussed to this point
have assumed that adhesions are a constant size,
focusing instead on the efficiency of force trans-
mission under a range of conditions [37, 87, 95]
or on the spatial distribution of forces within
adhesions [97]. Migrating cells have dynamic ad-
hesions that first appear as nascent focal contacts
near the leading edge, assembling and elongat-
ing under the cell as they transmit force and
disassembling at the rear to permit motion of
the cell body [98]. This maturation process is
highly force-dependent, both on internal acto-
myosin forces and on mechanical resistance from
stiff substrates [99–101].

Models often either set a force threshold for
the individual bonds [102] or an energetic barrier
to the addition of new components that is reduced

by applied load [103, 104]. Cao et al. [104]
modeled a force-generating actomyosin network
(actuator in parallel with a spring) coupled to the
nucleus at one end and an adhesion plaque at
the other. Actomyosin force feedback, as well as
tension within the adhesion structure, determines
the flux of adhesion components that regulates
adhesion length by reducing the energetic bar-
rier for addition. Although their model does not
consider adhesion protein binding and unbinding
kinetics (individual adhesions are simply added
or lost from the plaque), it does successfully
capture tension-dependent dynamics of the ad-
hesion life cycle and the observation of larger
adhesions on stiff matrices and for cells that
generate large contractile forces. Interestingly,
they also predict that either stiffer nuclei or stiffer
ECM will increase the number and size of ad-
hesions by decreasing the energetic barrier for
nucleation.

What molecular mechanisms enable adhe-
sions to sense and grow in response to substrate
stiffness? Many adhesion components inside the
cell are directly subject to mechanical forces,
so force-feedback mechanisms may function by
driving tension-dependent protein conformation
changes that mechanically strengthen adhesion
components or activate intracellular signaling
networks [18]. By adapting the properties of
the adhesion as substrate resistance builds,
traction forces may rise linearly with increasing
substrate stiffness, as observed experimentally
[78, 105], contrary to the “optimum stiffness”
prediction of the motor-clutch model [89].
Although, it is important to note that there
may still exist an optimum at higher stiffness
than is typically examined in experiments
[48]. Recent measurements of forces across
integrin-containing focal adhesions clearly
indicate nonuniform loads across single integrins
within focal adhesions, with most individuals
experiencing loads within a 1–10 pN range [85],
while forces up to 40 pN have been reported [86,
106]. Nonuniform loading is expected within a
retrograde flow-driven system [37], so models
often assume that individual bound clutches
contribute to a reinforcement signal once forces
build past a defined threshold [48, 75, 78].
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Elosegui-Artola et al. [78] extended the
motor-clutch model [37] to include force-
dependent recruitment of adhesion components.
Their model features fibronectin-binding
integrins that exhibit catch-slip bond behavior
(Eq. 9.5) and transfer load to talin molecules
within adhesions as they are stretched. The
probability of talin unfolding is modeled as a slip
bond (Eq. 9.4) that can unfold above a certain
threshold force, determined in vitro for vinculin
head binding to cryptic binding sites [107].
Unfolding signals the recruitment of additional
integrins to the adhesion, effectively increasing
the binding rate between integrin and fibronectin
(e.g., kbind between integrin and ECM, Fig. 9.2b).
Consequently, traction force monotonically
increases on stiff substrates. Eliminating the
recruitment mechanism mediates the switch
to biphasic traction and flow (Fig. 9.3c).
Importantly, Elosegui-Artola et al. went on to
experimentally confirm monotonically increasing
traction forces as a function of substrate stiffness
in the presence of talin-mediated reinforcement
and the reversion to biphasic behavior in
talin-depleted cells [78]. This behavior switch
also coincided with nuclear recruitment of
YAP transcription factor, suggesting Elosegui-
Artola et al.’s results underlie a fundamental
mechanosensitive signaling mechanism that
regulates gene expression.

9.5 Under Pressure: Cells
Migrating in Conditions
of Mechanical Confinement

Although principles outlined in previous sec-
tions form the basis for the canonical model of
cell migration, there are many context-dependent
phenomena that may contribute to cell migration
mechanics. For example, actin polymerization is
not the only way cells can generate protrusive
forces to migrate, and some cell types can mi-
grate even in the absence of apparent filamentous
actin structures following treatment with drugs
that inhibit actin self-assembly [12]. Hydrostatic
pressure within the cell can generate protrusion
of membrane blebs around weak points in the
actin cortex (Fig. 9.4a) leading to hyper polarized
migration driven by robust cortical actin flows
(Sect. 9.3) observed in confined, weakly adhesive
environments (Fig. 9.4b). We next present three
examples of how models could incorporate phys-
ical phenomena observed in migrating cells.

9.5.1 Blebs and Pressure-Driven
Membrane Extension

Tozluoğlu et al. [108] model the plasma mem-
brane as an elastic layer connected to a viscoelas-
tic actin cortex. Changes in intracellular hydro-

�
Fig. 9.4 (continued) feedback mechanism enhances fluc-
tuations in cortical tension within blebs, leading to the
establishment of fast cortical actin flows (ucortex) and
actin density gradient that are reinforced by actin turnover
within the bleb. Anisotropic cortex tension, due to the
polarized distribution of actin filaments, is required to
initiate this symmetry breaking mechanism. (c) Intracel-
lular pressure can also drive cellular protrusion in dense
ECM conditions that mechanically confines the nucleus,
known as the “nuclear piston” hypothesis [109]. When
the nucleus occludes a pore, actin-myosin contraction can
increase Pcell in the isolated front of the cell, fueling
pressure-driven extension of the cell front into gaps in
the ECM. Pcell remains low in the cell rear. If nucleus-
cytoskeleton linkages (yellow) are disrupted, the piston

mechanism is not activated, since weak nuclear anchoring
can allow pressures to equilibrate between the two com-
partments. This provides an alternative, pressure-based
mode of protrusion that can supplement actin polymeriza-
tion under these confinement conditions. (d) Schematic of
cell migration in confined channels driven by intracellular
osmotic and hydrostatic pressures, as described by an
osmotic engine model [12]. A polarized distribution of
ion pumps establishes ion fluxes on the leading (Jin) and
trailing (Jout) ends of the cell. This creates an osmotic
pressure change (�π ion) and hydrostatic pressure change
(�Pcell) between the leading and trailing edges of the
cell that pushes the leading membrane forward. Friction
between flowing cytoplasm, cell cortex, and channel wall
enables force transmission and forward motion of the cell
within the channel
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Fig. 9.4 Pressure-driven modes of cell protrusion and
migration in conditions of high contractile forces or
mechanical confinement. (a) Schematic of the mechanical
process of bleb formation, featuring a viscoelastic actin
cortex (shaded purple) coupled to an elastic membrane
(gray), based on a hybrid agent-based/finite element
model (FEM) of cell migration [108]. Intracellular
pressure (Pcell) at weak points in the cortex-membrane
cohesion can cause the membrane to delaminate, driving

protrusion by membrane blebs. Blebs are limited by
membrane elasticity and retract when the actin-myosin
cortex reforms. This mechanism is distinct from actin-
based protrusions, which contain an intact cortex layer
during the process of elongation and/or adherence to the
ECM. (b) Spontaneous “stable bleb” protrusion can drive
cells toward highly polarized migration, as previously
described using FEM [62]. An actin-myosin force
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static pressure and cortical tension allow their
model to capture the rapid expansion and slow
retraction dynamics of blebs under conditions
such as high contraction forces or weak cortical
engagement (Fig. 9.4a). This approach faithfully
replicates shapes of migrating cancer cells im-
aged using intravital imaging and enables them
to infer regimes where protrusive steps in mi-
gration are dominated by either actin-based pro-
trusions (Fig. 9.1) or pressure-based (blebbing)
motility (Fig. 9.4b). The latter primarily occurs
when the membrane layer (elastic spring) delam-
inates from the viscoelastic cortex (modeled as
a Kelvin-Voigt spring and dashpot), leading to
rapid expansion into gaps between ECM fibers
(which they explicitly include in their model, but
are not pictured in the schematic in Fig. 9.4a,
b). One critique of their model, however, is that
the two-layer cortex fails to include robust actin
flows (Fig. 9.4b) that are often observed in highly
polarized, fast migrating cells [51, 61, 62].

Intracellular pressure also plays a role in pro-
trusion dynamics even within strongly adhesive
environments, such as dense extracellular matrix.
In these environments, the ECM is typically
quite dense, forcing cells to squeeze through
constrained pores; the largest dimension in
these spaces can be ∼1 μm or less [21]. When
the nucleus occludes a pore smaller than its
dimension (typically ∼5 μm), protrusions can
become pressurized by actomyosin contraction,
driving fast leading edge extension into the
extracellular space [109]. This “nuclear piston”
mechanism depends on nucleus-cytoskeleton
linkages, substrate adhesion, and actomyosin
force generation [110] and provides cells moving
through confined ECM pores with another means
of driving fast leading edge propulsion. Although
the nuclear piston has not yet been incorporated
into mathematical models of cell migration,
pressure-driven protrusions could be modeled
alongside actin dynamics by reducing the stall
force on polymerizing filaments, contributing
an additional protrusive force to leading edge
extension [111].

9.5.2 ConfinedMigration Driven
by Osmotic Pressure

Cells are also quite sensitive to influences
from osmotic pressures generated by ion
species in their environment. Stroka et al. [12]
demonstrated that tumor cells in narrow (30 μm2)
microfabricated channels were insensitive to
myosin II and actin polymerization inhibitors that
block migration on 2D substrates and in wider
channels, but disruption of aquaporins or ion
channels slowed migration. In their model (the
Osmotic Engine Model), a polarized distribution
of ion pumps drives a net inward water and ion
flux (Jin) at the cell front and a net outward
flux (Jout) at the rear through semipermeable
cell membranes (Fig. 9.4d). Water and ion
fluxes drive osmotic and hydrostatic pressure
gradients within the cell, pushing the membrane
forward, while viscous friction between the
cortex and cytoplasm and between the cortex
and channel walls resists forward motion
within the channel. The Osmotic Engine Model
quantitatively predicts cell velocity responses to
osmotic pressure changes on either the leading
or trailing edge of the cell, demonstrating a
possible heightened role of osmotic pressure-
driven tumor cell migration in dense tissues.
Two major caveats to the Osmotic Engine
Model are that (1) model predictions were only
tested on cells experiencing a high degree of
confinement in vitro in devices fabricated from
(stiff) elastomer materials, and (2) this type of
pressure-driven migration mode may only apply
to certain tumor cell types with high expression
levels of certain ion pumps. The model also
does not incorporate principles of actomyosin-
based forces that cells often use. Combined with
other models that incorporate actin, myosin,
and adhesions, the Osmotic Engine Model may
provide an asymmetry in forces on the plasma
membrane, leading to reduced compression on
actin filament barbed ends at the leading edge
relative to the trailing edge and concomitant net
asymmetry in actin assembly.
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9.5.3 Mechanical Roles of the Cell
Nucleus

The nucleus is the largest organelle in the cell;
it is relatively stiff (1–10 kPa) and can experi-
ence viscoplastic deformation, all of which may
present a steric challenge for cells in dense tissue
environments. As such, the nucleus impedes cell
migration through constricted pores, and passage
times depend on nuclear mechanical properties
[112, 113]. Cells can adopt a range of pushing
and pulling mechanisms to move the nucleus,
typically involving actin-myosin pushing forces
[17], large traction forces within leading pro-
trusions [48], internal microtubule motor-based
forces [114], or by using actin polymerization
to drive nuclear shape changes [115]. Cao et al.
[116] coupled a contractile cell cytoskeleton to a
deformable nucleus in order to simulate nuclear
deformation during transmigration through a stiff
endothelial barrier, as may occur during metasta-
sis. They model the nucleus as a thin elastic shell
filled with poroelastic material, which reproduces
mechanical stresses and plastic deformations ob-
served in experiments, while ECM stiffness and
pore size emerged as major determinants of trans-
migration efficiency. Similar models apply finite
element modeling (FEM) to create a cell consist-
ing of two viscoelastic layers (nucleus and cy-
toplasm) and generates cyclic contractile forces
to replicate the stresses involved in deforming
the nucleus and cytoskeleton as it enters a rigid-
walled microchannel [117]. Coupled to other
models of cell migration, nuclear forces could
also be modeled as potential energy barriers that
contribute resistive forces to cell motion, in order
to replicate the mechanical challenge of over-
coming tissue barriers.

9.6 Whole-Cell Migration
Models: Force-Balances
andMotion

While many models, such as the motor-clutch
model, describe only one part of a cell, such as a
lamellipodial or filopodial protrusion (Sect. 9.2),
or the force dynamics of a single focal adhesion

complex (Sect. 9.4), more generally we seek to
develop models that capture whole-cell dynamics
during migration. We define whole-cell models
as those that integrate physical principles of force
balances and mass conservation to facilitate mo-
tion, and we review a few key examples of such
below.

9.6.1 Adhesiveness Defines
Biphasic Cell Velocity

Seminal modeling work by DiMilla et al. [6]
coupled intracellular transport and recycling of
adhesion receptors that enforce polarity to a me-
chanical model of a cell moving in 1D on an
adhesive substrate (Fig. 9.5a). Their simulated
cell consisted of several mechanical elements,
each containing force-generating elements cou-
pled to a viscoelastic cytoskeleton, which under-
goes force generation cycles. Each mechanical
element was also coupled to a set of adhesion
receptors modeled as elastic springs with an in-
trinsic stiffness. Receptor binding is at equilib-
rium (constant traction force) because the bind-
ing and unbinding times are small compared to
the cycle time for force generation. Asymmetric
receptor number at the cell front and rear gives
rise to motion (an implied polarization of the
cell) and enables calculation of cell velocity for
varying quantities such as traction force or ad-
hesive ligand concentration. A transport model
for adhesion receptor endocytosis and trafficking
maintains cell polarization.

Although their model assumes an infinitely
stiff substrate, implied polarity, and uses aver-
aging behavior of adhesion dynamics (ignoring
the contributions of individual bonds), they are
still able to make several important predictions of
cell behaviors. Notably, their model reproduces
an experimentally observed biphasic relationship
between cell speed and adhesive ligand concen-
tration ([L], termed “adhesiveness”) for a given
contractile force output by the cell [118, 119].
Cells in poorly adhesive environments (low [L])
migrate slowly, since the few available bonds
insufficiently support traction forces. Cell mi-
gration is also slow in strongly adhesive envi-
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Fig. 9.5 Whole-cell models of cell migration that inte-
grate mechanical steps to reproduce cellular behaviors.
(a) An integrated 1D whole-cell migration model [6],
which couples a mechanical model of cell adhesion and
contractile force generation to a transport-based model of
adhesion receptor endocytosis. A migrating cell consists
of modules representing a leading edge (lamellipod) and
trailing edge (uropod) and bridging contractile elements
between the two. Contractile elements each contain a vis-
coelastic cytoskeletal element and active force generator
(spring, dashpot, and contractile element in parallel). The
lamellipod and uropod contain a viscoelastic cytoskeletal
element (spring and dashpot in parallel) and the number
of adhesion receptors (Nr,l and Nr,u, respectively) which
can dynamically bind and unbind ligands on the cell sub-
strate. Unbound receptors near the cell rear are trafficked
by endocytosis to maintain a polarized distribution that
favors adhesion at the cell leading edge. Bound receptors
transmit contractile forces to enable polarized movement
of the cell. (b) Schematic of a stochastic cell migration

simulator [79] based on the motor-clutch model described
in Figs. 9.2 and 9.3. Simulated cells consist of a central
cell body, coupled to protrusions by springs (κcell) repre-
senting nucleo-cytoskeletal compliance. Modules contain
motors and clutches and are, in turn, coupled to compli-
ant substrate springs (κsubstrate) at the ends of modules.
Motors generate retrograde flow (u), which establishes
traction forces through bound molecular clutches that
extend the compliant substrate. Force balances between
traction forces and the cell body guide random motion
of the cell. Actin assembly allows protrusion extension,
while retrograde flow drives module shortening and re-
turns actin to the central pool. A mass balance between
actin filaments and unassembled actin (Eq. 9.6) limits the
total extension of the cell modules. Modules are stochas-
tically capped (kcap) and excluded from actin assembly
to facilitate turnover and cell motion. Actin-dependent
nucleation (knuc), in turn, generates new modules (not
pictured)
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ronments (high [L]), because the high concen-
tration of available ligand ensures that unbound
receptors quickly rebind, effectively stalling cell
motion. Fastest migration occurs at intermediate
ligand density, yielding a trend that is similar
to the biphasic stiffness sensitivity observed for
traction forces in the motor-clutch model (Fig.
9.3b). DiMilla et al.’s model provided an im-
portant blueprint to integrate the chemical and
mechanical steps of protrusion, contraction, and
adhesion and to probe the role of ECM properties
in guiding migration.

9.6.2 Modeling 2D Random
Migration

Migrating cells can adopt a wide range
of motility behaviors on unconstrained 2D
environments in the absence of directional
mechanical or chemical cues, from the highly
persistent motion of keratocytes to random
walk behavior characteristic of mesenchymal
cells. In order to replicate 2D random motion,
mathematical models have tended to rely on a
stochastic simulation framework with random
events corresponding to changes in polarization
direction. Tranquillo et al. [120] compared
cases of leukocytes in chemoattractant gradient
to motion in the absence of directional cues.
They modeled a leukocyte as a polarized two-
part lamellipodium containing chemoattractant
receptors, which can fluctuate between sides
in response to cues. Receptors with bound
ligand steer cell motion in a particular direction,
based on their relative spatial position within
the lamellipodium, and proportional to their
relative distribution between the two sides.
Capitalizing on these principles, and the
integrated chemical and mechanical model
of DiMilla et al. [6], subsequent modeling
efforts by Dickinson and Tranquillo [5] used
a stochastic differential equations (SDE) model
to determine a similar relationship for adhesion
receptor binding coupled to cell directionality.
Intracellular receptor transports to various cell
regions, and adhesion receptor binding kinetics
determines the spatial distribution of forces

that guide motion. Akin to DiMilla et al.
[6], their model considers an infinitely stiff
substrate and fixed cell polarity and faithfully
reproduces the adhesiveness relationship. Using
this model, Dickinson and Tranquillo [5]
demonstrated the capacity of stochastic methods
to reproduce 2D cell trajectories similar to
experiments.

9.6.3 3DMigrationModels

Developing detailed, accurate models of 3D cell
migration relies on a similar set of principles
to these discussed previously, although the
role of realistic tissue environments may
provide additional cues that are not present
on flat 2D substrates. Tissue ECM may have
strongly anisotropic mechanical properties,
presenting cells with constricted pores or
aligned fiber structures, as well as temporally
varying chemical cues [16]. Cells employ
diverse alternative “modes” of navigating
these environments, such as fast “leader bleb”
migration in poorly adhesive environments
[51] or osmotic pressure-driven migration in
stiff, confined channels [12], although well-
established phenomena such as the molecular
clutch likely still apply in many cases [121]. We
have presented some ideas in earlier sections that
could account for conditions such as confinement
of the nucleus (Sect. 9.5.3), but many of these
conditions remain to be rigorously tested within
migration models.

Zaman et al. [122] constructed a 3D
migration model that incorporates elements of
protrusion, force generation, and viscoelastic
ECM properties into the framework of a single
cell. Protrusions are generated stochastically in
random directions (enabling spontaneous repo-
larization of the cell on a relevant timescale) and
each protrusion capable of generating traction
forces that are summed to a total force on the
central cell body. Drag forces from a viscoelastic
ECM resist protrusive forces, providing a
means to empirically account for confinement
conditions that slow migration. Their approach
has several limitations, namely, that the model
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does not contain a force-velocity relationship for
traction force generation, relies on a longtime
step that requires “coarse-graining” of protrusion
dynamics and adhesion bond engagement, and
requires an implied polarity by asymmetric
distribution of adhesion receptors. Furthermore,
assuming a 3D isotropic environment ignores
anisotropic tissue features, such as aligned
collagen fibers, which may have mechanical
properties that change based on loading
conditions [123] and can serve as “tracks” that
bias cell migration in a particular direction [124].
Their model does, however, successfully predict
migration velocity trends of carcinoma cells
in manufactured 3D ECM environments where
adhesion receptor number and ECM stiffness
were independently varied in experiments [125].

9.7 Relating Physical Models
to Tumor Progression
and Treatment

To this point, our discussion has primarily fo-
cused on models that capture the cellular dynam-
ics of migration. Modeling has been successful
in elucidating physical phenomena within cells
and creating models that faithfully predict results
of in vitro experiments. We have also discussed
opportunities for models to incorporate ECM
properties such as stiffness, composition, and
architecture, which can influence cell behavior.
Many of these properties may vary widely be-
tween healthy and tumorigenic tissue, or between
tissue types, as metastatic cells colonize new
organs [126], so it is important to incorporate
these effects in order to guide better strategies
for clinical management of invasive tumors. In
this next section, we introduce recent model-
ing efforts from our laboratory toward using the
motor-clutch model (Sect. 9.4.4) as a general
framework for predicting biophysical properties
of malignant cells, as well as disease progression
in cancer models and human disease. We next
provide context for implementing models to pre-
dict disease-relevant cell migration behaviors.

9.7.1 Cell Migration Simulator:
Stiffness-Sensitive Migration
via a Motor-ClutchModel

Migrating cells are responsive to changes in bulk
tissue stiffness, to which many cells are quite
sensitive. For many cell types, there exists a
biphasic response to stiffness, where migration
speed or random motility coefficient is fastest on
intermediate stiffness and slow on softer or stiffer
[79, 127, 128]. Tissue environments may also
present cells with mechanical stiffness gradients,
and durotaxis refers to the propensity of certain
cells to bias migration behavior in order to follow
these gradients [129]. Building on the stiffness-
sensitive traction force framework of the motor-
clutch model [37], a cell migration simulator
(CMS) was recently designed to capture cell
migration trends in environments with varying
chemistry and mechanics [79, 118].

The CMS (Fig. 9.5b) is built upon funda-
mental principles described in previous sections,
integrating the motor-clutch model (Sect. 9.4.4)
with actin protrusion kinetics and turnover. In-
dividual protrusions, each functioning according
to the motor-clutch model, adhere to a compliant
substrate spring at one end. The other end is
fixed to the central cell body by an elastic spring
that represents the compliance of the cell and
which adheres to the substrate by a set of cell
body clutches (which follow the same rules as
module clutches, but are not subject to direct
motor forces). Modules undergo elongation by
actin polymerization and shortening by retro-
grade flow, destroyed when they shorten below
a threshold length (facilitated by stochastic cap-
ping, which terminates extension by actin poly-
merization) and stochastically generated at a rate
determined by the free actin concentration. Total
actin (Atotal) is constrained by mass conservation
between the free concentration (AG) and filament
(AF) states, as given in Eq. 9.6.

Atotal = AG +
nmod∑
j=1

AF,j (9.6)
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Equation 9.6 represents a cell with j modules,
each containing a certain length of filamentous
actin and a pool of monomers (representing the
free concentration), constrained by Atotal. An SSA
[130] guides simulation progression by randomly
selecting events such as clutch binding or un-
binding, module birth, or capping, while a force
balance on modules and the cell body updates
cell centroid and reference positions at each sim-
ulation step. The stochastic nature of the simula-
tion replicates individual random trajectories (as
well as quantities such has traction force, actin
retrograde flow, and aspect ratio) using a unique
random number “seed” for each simulated cell,
facilitating comparison to experimental data sets
[79, 118]. In subsequent sections, we provide
examples from recent literature for how models
such as the motor-clutch model or CMS may be
used to predict biophysical mechanisms of cancer
progression or treatment.

9.7.2 Parameterizing Tumor Cells
with Experimental Data

Tissue stiffening around breast tumors presents
migrating cells with a dense ECM that they
must navigate in order to migrate [131]. Mekhd-
jian et al. [48] found that treatments with tumor
growth factor beta (TGFβ) meant to induce an
epithelial-to-mesenchymal transition (EMT) en-
abled cells to spread and establish large traction
forces on stiff substrates, which was not ob-
served in their untreated counterparts. Increased
traction forces in either induced EMT or ma-
lignant mouse tumor cells were consistent with
increased invasion into stiffened 3D collagen
matrices. Complementary experiments measured
pN-scale forces using molecular tension sensors
[85, 132], sensitive molecular probes designed
for single integrin force measurements. Cells also
had reduced traction force output and spreading
on stiff substrates, consistent with a regime of
frictional slippage (Fig. 9.5). The motor-clutch
model provided quantitative estimates of traction
forces and spread areas (estimated using a mass
balance on actin, as in Eq. 9.6) for both control
and TGFβ-treated epithelial cells, consistent with

an increased optimal stiffness for malignant cells
[48]. Increased traction forces were most readily
explained by increases in both motor and clutch
number (which increases the optimal stiffness, by
Eq. 9.5) and found to be the strongest biophysical
predictor of 3D collagen invasiveness and pas-
sage time through subnuclear scale constrictions.
Thus, a hypothetical treatment aimed at curbing
migration on stiff diseased tissue could aim to
reduce motor and clutch number.

9.7.3 Correlating Cell Adhesion
with Tumor Progression

Integrins and adhesion proteins are often dys-
regulated in tumors [48, 71, 133] and represent
possible targets to curb motility. One such ex-
ample is the glycoprotein receptor CD44, which
functions as a signaling molecule and putative
clutch molecule for hyaluronic acid (HA) [68],
which is a major component of brain ECM [134].
In the case of glioblastoma (GBM) brain tumors,
CD44 could be a critical element of the GBM
cell adhesion machinery that enables invasion
into HA-rich brain regions. CD44 expression
has a complex history as a prognostic factor
for GBM, with some studies reporting negative
correlation with disease survival [135], some
positive correlation [136], and some no correla-
tion [137]. Using engineered GBM mouse mod-
els with varying CD44 expression backgrounds,
Klank et al. [118] reported a biphasic cell migra-
tion speed that is inversely correlated with mouse
survival: mice with low or high CD44 expression
have the longest survival, while the intermediate-
expression groups fare worst. By varying the
clutch number against a fixed motor number in
the CMS, they replicated the biphasic “adhesive-
ness” relationship (Sect. 9.6.1) first theoretically
described by DiMilla et al. [6]. Importantly, their
results hold for a compliant environment and
without an imposed polarization of the cell. A
biphasic fit also correlates CD44 expression with
disease survival in patient biopsies from multiple
GBM subtypes and reconciles the previous dis-
crepancies in using CD44 expression to predict
disease outcome [118].
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9.7.4 Interpreting or Predicting
Effects of Motility-Targeting
Drugs

Treatments aimed at curbing cell motility are
a promising concept for cancer treatment [138,
139], suggesting their effective implementation
benefits from increased knowledge of cell migra-
tion mechanisms. However, in practice, their the-
oretical promise can exceed their actual perfor-
mance in clinical trials. Cilengitide, a cyclic pep-
tide that contains the arginine-glycine-aspartic
acid (RGD)-binding site recognized by αvβ3 in-
tegrins, recently completed a Phase III trial in
glioblastoma while providing no benefit com-
pared to standard of care [71, 140, 141]. As
discussed previously (Sect. 9.7.3), a treatment
designed to inhibit adhesion molecules may yield
mixed results, depending on the expression of
that particular adhesion molecule in tumor cells.

Biphasic cell migration response to CD44
expression [118] suggests that a hypothetical
anti-CD44 therapy would have the greatest
benefit for the intermediate-expressing cohort;
low-expressing patients already have improved
survival corresponding to slow migration,
while intermediate-expressing patients could
be shifted to the low-expressing regime. In the
high-expressing cohort, the same anti-CD44
therapy would run the risk of increasing cell
migration speed due to only partial inhibition,
fueling tumor progression and shortening
patient survival times. If one averages the three
hypothetical outcomes—improved, no effect,
and worsened—then there may not be an overall
benefit. By contrast, model-driven stratification
of patients to focus on the group most likely
to benefit (the intermediate CD44-expressing
group, in this case) could lead to better clinical
success. Observation of a biphasic adhesiveness
relationship in vivo and corresponding to CD44
expression in human patients suggests that
simple biophysical theory can have meaningful
implications for treatment response. Model-

predicted adhesion effects should thus be
considered in designing future clinical trials
aimed at targeting cancer cell motility.

Bangasser et al. [79] have similar implications
for cells migrating on stiffened ECMs that
are frequently associated with aggressive
tumors [142–146]. Using human glioma cells,
they showed that fastest migration occurs on
PAG hydrogels of 100 kPa modulus. Upon
simultaneous inhibition of myosin II motors
and integrin-mediated clutches, migration speed
increased on softer PAGs (1–10 kPa) while
decreasing at 100 kPa. Reducing the number of
motors and clutches in the CMS (while holding
all other parameters constant) produced a similar
shift in optimal migration to lower stiffness.
Individual drugs shift cells to a “stalled” or “free-
flowing” regime when a myosin II or integrin
inhibitor is added, respectively [79]. “Stalled”
refers to the condition where cells strongly
adhere to their environment and is characterized
by maximal traction forces (i.e., F = Fstall) and
slow retrograde flow. The “free-flowing” regime
occurs when motor forces are much stronger
than adhesions can resist, leading to rounded
cells, fast flows, and reduced traction forces.
Both cases can abolish the stiffness sensitivity
of cell tractions and retrograde flow velocity
predicted by the motor-clutch model [89].

In therapeutic terms, this indicates that
a hypothetical combination therapy of two
drugs, one targeting motors and one targeting
clutches, could slow tumor cell migration on
stiffened ECM, thus resulting in slower disease
progression without changing the migration
“mode” employed by invading cells. Single
drug therapies may fail when cells have a
means of adapting their migration machinery
to the new environment—for example, reduced
cell adhesion may cause a “mesenchymal-
to-amoeboid transition” (MAT) that recovers
motility in contractile tumor cells [51]. A general
modeling framework can allow us to better
predict cell responses to therapy and could be
integrated into clinical studies.
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9.7.5 Toward Emergent
Multicellular Behaviors

The primary focus of this chapter has been on
efforts to model single cell migration behav-
iors and properly representing the underlying
molecular mechanisms in physical models. We
have outlined some ways differences between
cells could be parameterized in models, but have
not discussed collective multicellular behaviors.
Although single cell dissemination occurs in tu-
mor progression and may contribute to tumor
spreading, multicellular collective modes have
also been observed in tumor invasion, as well
as healthy functions such as wound healing and
tissue formation [1]. Cells within tissues are
often bound to other cells through intercellular
junctions; these contain adhesion proteins such
as cadherins [67], which bear mechanical forces
through cytoskeletal connections [147]. Binding
dynamics for cadherins and other cell-cell ad-
hesion proteins may exhibit properties similar
to cell-ECM bonds, such as catch-slip behav-
iors [82], and thus their dynamics would follow
similar behaviors as previously discussed (Sect.
9.4.2). Significant experimental efforts have re-
cently been directed at elucidating physical phe-
nomena such as “jamming” that occurs within
densely packed cell layers [148, 149], but few
models have made efforts to model collective
behaviors while still rigorously capturing intra-
cellular force generation fundamentals discussed
in this chapter. One simple interpretation is that
collectives may represent a way for a group of
cells to effectively act as a single large cell and
thereby increase their relative numbers of motors
and clutches [89], enabling faster migration or
other stiffness-sensitive behaviors in stiffened
ECM.

Sunyer et al. [150] adapted the clutch model
framework to account for collective durotaxis of
cell sheets. Their model considers a cell sheet
as a long 1D truss element that generates con-
tractile forces, while adhesion complexes (mod-
eled as slip and catch-slip bonds) engage actin
filaments and a continuous substrate of varying
stiffness at either end of the sheet. Protrusion at
either end of the cell is governed by both actin

polymerization and deformation of the compliant
substrate. When the substrate contains a stiff-
ness gradient, the sheet moves toward the stiffer,
less deformable regions, reconciling earlier de-
scriptions of durotaxis [129]. Disrupting cell-
cell junctions by protein knockdown impaired
durotaxis and could be replicated in the model by
replacing rigid cell-cell junctions with compliant
springs, reducing end-to-end force transmission.
The Sunyer et al. model is an important step
toward modeling collective cell migration behav-
iors without sacrificing molecular-scale detail or
physical principles.

9.8 Conclusions: Mathematical
Models as Oncology Tools

Biophysical modeling is a powerful tool, both for
its capacity to interface with experimental data
and to predict cellular behaviors that elude tra-
ditional intuition. Modeling shares a rich history
with cell biology, as numerous landmark papers
over the last few decades have yielded critical
physical insights into the fundamental mechanics
of migrating cells. Now, cutting-edge microscopy
methods, gene editing and protein engineering
techniques, molecular force sensors, and bio-
materials with tunable mechanics and chemistry
enable modelers’ mechanistic predictions to be
tested in unprecedented molecular detail. Moving
forward, we argue that effective models should
not merely describe a set of experiments; they
should also guide experimental design that pre-
dicts novel and potentially non-intuitive cellular
behaviors. Herein lies the potential for oncol-
ogy research: well-designed models should make
testable predictions related to disease progression
or suggest “weak points” in the cell migration
machinery that can be therapeutically exploited
to yield favorable patient outcomes.
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