Chapter 3 )
Rigid Bodies Shethie

Another interesting application of the Lagrangian formalism is found in the motion
of a rigid body. A rigid body can be defined as a collection of point particles such
that the distances between them are constant. Even though, in essence, this example
is similar to those already considered, the expression of the kinetic energy of a rigid
body involves a more elaborate process and the definition of a new object (the inertia
tensor).

This chapter differs from the other chapters of this book by the extensive use of
objects with indices. A more elementary approach is based on the use of the vector
algebra. The treatment given here highlights the use of the Lagrangian formalism.

3.1 The Configuration Space of a Rigid Body
with a Fixed Point

We shall restrict ourselves to the study of the motion of a rigid body assuming that
there exists a fixed point (with respect, of course, to some inertial frame). We shall
also assume that the particles forming the rigid body are not all collinear (this means
that there are at least three particles). Under these conditions, the system has three
degrees of freedom (see below).

In order to study the motion of a rigid body with a fixed point, following a
standard approach, we consider two sets of Cartesian axes, the first one, with
coordinates x, y, z, assumed inertial, and the second one, with coordinates x’, y’, z/,
fixed in the rigid body. The origins of both sets of Cartesian axes coincide with
the fixed point of the body (see Figure 3.1). It is convenient to denote x, y, z as
X1, X2, x3, and, similarly, x’, y’, 7’ as xy/, xp, x3. Then, any point of the rigid body
has a position vector

r = xyey + xyey + xyey,
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82 3 Rigid Bodies

where the unit vectors e;s (i’ = 1/,2/,3’) form an orthonormal basis fixed in the
body, and, at the same time,

r = xie; + xze2 + x3es,

where the unit vectors e; (i = 1, 2, 3) form an orthonormal basis associated with
the inertial frame.

Fig. 3.1 The Cartesian axes z
with coordinates x’, y’, 7’ are
fixed in the body and rotate Z LY
about the origin of the M ,”
Cartesian axes with b '
coordinates x, y, z, which o
belong to an inertial frame. -
Both sets of axes are > y
right-handed

Since the vectors e; form a basis, there exist nine real numbers, g;;/, which may
depend on the time only, such that

€;/ :aji/ej (31)

(note the position of the indices, the order is purely conventional). With these
numbers we can form a 3 x 3 matrix, A = (g;;r), in the usual manner, using the
first subscript to label rows and the second subscript to label columns, that is

ayy ayy ay
A=\ ay ayy ary |,
asy azy asy

so that the i-th column of this matrix contains the components of the vector e;; with
respect to the basis formed by the vectors e;. For instance, if the vectors e;: are
obtained from the vectors e; by means of a rotation through an angle ¢ about the
z-axis, then the matrix A is (see Figure 3.2)

cos¢ —sing 0
A= sing cos¢ 0 |. (3.2)
0 0 1

Using the fact that both bases are orthonormal we have

Sirjr = ey -ej = agie - ajje] = axyayj Sk = ki’ Ak
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Fig. 3.2 The vectors e; are y
obtained from the vectors e;
by a rotation through an angle y ¥
¢ about the z-axis. The figure LN 7
shows that AN e
. \ 7/
ey = cos.d) e] + sing ey, N Ae X
ey = —sin¢g e + cos ¢ ey, £ 71/ ¢
ey = e3, which leads to the S ey
matrix (3.2) / S X
7/ N T d
d \ €]
7 AN
i.e.,
Sirjr = akirag;- (3.3)

These conditions mean that the matrix (a;;/) is orthogonal (A'A = I, where A'is the
transpose of A, and [ is the unit matrix), that is, its inverse is equal to its transpose
and, since any matrix commutes with its inverse, Equation (3.3) is equivalent to

8,'/' =aipajy - (34)

Once we have chosen the basis vectors €; and e, the matrix A = (a;j)
determines the configuration of the rigid body and, therefore, for a rigid body
with a fixed point, the configuration space can be identified with the set of all the
real 3 x 3 orthogonal matrices with positive determinant (so that the orientation,
or handedness, of the basis vectors is not inverted). This set of matrices is, in
fact, a group, which is denoted by SO(3). The set of equations (3.3) constitute
six algebraically independent conditions on the nine entries of A (since both sides
of the equation are symmetric in the indices i/, j’); hence, the 3 x 3 orthogonal
matrices can be parameterized by three coordinates (for instance, the three Euler
angles presented in Section 3.3, below).

Usually, in the so-called tensor notation, the indices labeling the components of
an object (e.g., a vector or a tensor) determine the way in which these components
transform under a change of the basis vectors. For that reason, here we need two
different kinds of indices: the unprimed and the primed ones, because we can
perform two different kinds of changes of bases. We can replace the orthonormal
basis e; by another orthonormal basis (related to the first one by means of a
constant orthogonal matrix) and, independently, we can replace the orthonormal
basis e;; by another orthonormal basis, also fixed in the rigid body (and the two
orthonormal bases fixed with respect to the body are also related by some constant
orthogonal matrix, see, e.g., Equation (3.19), below). The equations developed here
must maintain their form under the independent changes of the two bases.

It may be remarked that in all the other examples in this book, we start by
choosing some coordinates to represent the configuration of the mechanical system
(which, in some cases, are replaced afterwards). By contrast, in the case of the
motion of a rigid body we can postpone this choice and establish several results
without having to write down the explicit expression of the Lagrangian in terms of
coordinates.
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3.2 The Instantaneous Angular Velocity and the Inertia
Tensor

Assuming that the rigid body is made out of N point particles with position vectors
ro (@ = 1,2,..., N), each of these vectors is represented by three real numbers,
xi(a) (i = 1,2,3), with respect to the inertial frame defined by the basis vectors e;,

and by three real numbers, xl.(,a ) (i’ = 1,2/, 3"), with respect to the frame fixed in
the body, defined by the basis vectors e;’, that is,

l'(a)ei = xl.(,a)

e =X €.
According to Equation (3.1), using the fact that the inverse of the matrix (a;;/) is its
transpose, these sets of coordinates are related by

X = aij’x;(/x), x = aji’x/(-a), (3.5)
with the same matrix (a;;’) for all the particles of the body (that is, Equations (3.5)
hold fore =1, 2, ..., N). (Note that the components of any vector with respect to

the bases formed by the vectors e; and e;s are related in this form.)
()

Since the basis vectors e;s are fixed with respect to the body, the coordinates x;,

cannot vary with the time. On the other hand, the coordinates xl.(“) will vary with

the time as a consequence of the rotation of the body, hence, making use of the first
equation in (3.5),

ty = &'

e =aixPe;
j &= ajiXy €

and, therefore, the kinetic energy of the body (with respect to the inertial frame) is
Ay
T = Iy - T
(; 2moz a T

N
=Y zma(aj,»,x,.(,‘"))(a',-k,x,ﬁ?‘))

a=1
N
= ajpaje Y 2maxl.<,‘">x,§‘,">. (3.6)
a=1

In this manner, the kinetic energy is expressed in terms of the time derivative of
the matrix (a;;-), which depends on how the body moves, and of the nine constant
real numbers fov=1 émaxi(,“)xlg?), (i’, k' = 1’,2',3") which are determined by the
positions and masses of the particles forming the rigid body. As we shall see, the
product of time derivatives aj;:a j;/, appearing in (3.6), can be written in terms of a
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single vector, which corresponds to the body’s angular velocity and, instead of the
sums Z(vazl émaxl.(,a )xlg‘,x), it will be more convenient to use the components of the
inertia tensor, to be defined below.

Differentiating both sides of Equation (3.3) with respect to the time we obtain

0 = apirayjr + axiragjr-

Since the factors appearing in the last equation are real-valued functions, we have
agiragjr = agjray; and, therefore,

QpirQxjr = —Qyjragjr

which shows that the product dy;ra; is antisymmetric in the indices i" and j’. This
is equivalent to say that there exist three real-valued functions of the time, w;’, such
that

AkirAkjr = €t jrs/ Oy 5 (3.7
where ¢;/ 1/ is the Levi-Civita symbol, defined by

1 if i’ j’k’ is an even permutation of 123’
girjr = | —1 if i’ j’k" is an odd permutation of 12’3’ (3.8)
0 otherwise.

The w;s are the components of the angular velocity of the rigid body in the basis e;:.
In terms of the matrix notation, Equation (3.7) is equivalent to

0 w3y —wy
AtA = —wy 0 w1/ . (39)

wy —wy 0

For instance, in the case of the matrix (3.2) we find that the product A'A is

—sing cos¢ O cos¢ —sing 0 010
¢ | —cos¢p —sing 0 sing cosp 0] =¢| —-100],
0 0 O 0 0 1 000

which shows that the only nonzero component w;’ is wy = ¢, as one would expect.
The Levi-Civita symbol (3.8) is invariant under cyclic permutations of the
indices, that is,

gi/j/k/ = Sj/k/i/ = Sk/i/j/ (310)
and satisfies the relation

gl-/j/klgl-/l/m/ = (Sj/l/gk'm’ —_ Sj/m/(sk/l/_ (311)
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The Levi-Civita symbol is very useful owing to its relationship with the determinant.
If B = (b;j) is a 3 x 3 matrix, then from the definition (3.8) it follows that
8,’jkb,'pqubkr = (det B)Spqr. (3.12)
A related result is that the components of the vector product of two vectors can be
conveniently expressed with the aid of the Levi-Civita symbol. If a; and b; are the
components of two vectors, a and b, respectively, with respect to some right-handed

orthonormal basis, then the components of the vector product ¢ = a x b with respect
to this basis are given by

¢i = &jjkajby. (3.13)
Making use of Equations (3.4), from (3.7) we have
8i/j/s/a)s/arj/ = dki/akjra,jr = dkifakr = dri’v (314)
hence, with the aid of (3.3)
dji’djk’ = gi’l’s’ws’ajl’sk’n’r’wr’ajn’ = gi’l’s’ws’sk’n’r’wr’Sl’n’ = &/ 5! Wy ER'] ! Wy!
= EUgi! Ws/ E | Wy = (5s’r’8i’k’ - Ss’k’Si’r’) Wy Wy .
Substituting this expression into (3.6) we find that the kinetic energy of the rigid

body can also be written in the form

1

N
1
T = (8gp8irk — S50 Siryr) gty Z zmax.(/a)xlgx)
a=1

N
1
zws’wr’ Z My (as’r’Si’k’ - 6s’k’ai’r’) x,'(/a)xlg‘fx)

a=1

N
1 3 2 L@ @
= zws’wr’ 1ma(83’r’ra — XX )
o=

The nine real numbers

N
e =Y ma(8jra® — xx() (3.15)
a=1

are the components of the inertia tensor of the rigid body (with respect to the basis
vectors e;/) so that the kinetic energy of the rigid body is expressed as

T = élj/k/a)j/a)k/. (316)

If we consider a continuous distribution of matter, with a mass density p, the
components of the inertia tensor are given by
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I E/,o(r)(Sj/k/rz—xj/xk/)dv/, (3.17)

with r = x;e; and dv’ = dxy-dxydxz. The definitions (3.15) and (3.17) show that
the inertia tensor is symmetric, Iy = I/, and therefore it has six independent
components only.

Expression (3.16) can also be obtained in a more elementary manner. However,
the procedure followed above yields a useful expression for the angular velocity of
the rigid body in terms of the matrix (a ;") [Equation (3.7)].

Example 3.1 (Inertia tensor of a homogeneous cylinder). We shall calculate the
inertia tensor of a homogeneous right circular cylinder. The height of the cylinder
will be denoted by #, its radius by a, and its mass by M. Then its density, assumed
constant, is p = M/ (na2h). We take the fixed point, O, at the center of the
cylinder and the x3/-axis will coincide with the axis of the cylinder (see Figure 3.3).
From Equation (3.17) we have, making use of cylindrical coordinates (that is,

X171 = pcoso, xy = psing, xy = z),

h/2 27
=y [ [ a [ paotnt 4 ad
ma-h n/2 0

M a h/2 27
= / dp / dz / pdd (p* sin® ¢ + 2°)
wash Jo —ni2 Jo

h/2
/ / 71,0 + 2mpz )

h/2
= d o h+ 1,0h3

a’h 6

Similarly we find that

h/2 2 ) ) Cl2 h2
12/2/ = / / dZ/ ,Od¢ ()Cl’ + X3/ ) = M ( + ) N
wah e Jo 412

and
h/2 27 Ma?
Ly=_, / dpf dz/ pde (x1* + xx?) = :
h ni2 Jo 2

Making use of the parity of the integrands one finds that 11/, I1/3/, and I3 are
equal to zero. Hence,

3a’+h* 0 0
U=, 0 3a®>+h* 0 |. (3.18)
0 0  6a®
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Fig. 3.3 The mass density of Xy
the cylinder is uniform. The
origin is placed at the
geometric center of the C_\
cylinder, which coincides I
with the center of mass. The

O

X3 -axis coincides with the
axis of the cylinder

Xor

Xy | e -

Principal Moments of Inertia

The components of the inertia tensor depend on the mass distribution of the body,
but also on the choice of the coordinate axes fixed in the body. If we replace the
orthonormal basis e;» by another orthonormal basis €,/ also fixed in the body, then
there exists a (time-independent) orthogonal matrix, B = (b /), such that

éj/ = bk/j/ek/ (319)

(again, note the position of the indices). According to this definition, the columns of
the orthogonal matrix

by byy bry
B = b2/1/ b2/2/ b2/3/
b3/1/ b3/2/ b3/3/

are the components of the vectors €;; with respect to the basis formed by the vectors
e /. Then, the Cartesian coordinates of the a-th particle with respect to the new axes

fixed in the body are )Z,E(,x) =b j/k/x;?l) and, therefore, with respect to these new axes,
the components of the inertia tensor are [see (3.15)]

Iy = bpiby ji L. (3.20)

In terms of matrices, this last equation amounts to
4 = B'.7B,

where . = (ii/jr), # = (1), and B is the orthogonal matrix defined above.

If the columns of the matrix B are three mutually orthogonal unit eigenvectors
of the matrix (/;;/), then Iy ;) is diagonal (see below).

Since the matrix (/,vy) is real and symmetric, we can always find three mutually
orthogonal eigenvectors of (/,/,/). Recall that vy is an eigenvector of (I,/y), with
eigenvalue A, if
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Iy Ty Iy vy vy
12/1/ 12/2/ 12/3/ vy = A vy (321)
Iy Iypr Iy vy vy
or, equivalently,
Ir/s/vs/ = )\,vr/. (322)

The eigenvalue A is a root of the characteristic polynomial of (/,/y), that is,
det(l,7yy — Ad,s/) = 0. Since the components I,+¢ are real, (3.22) is equivalent to

Ir’s’vs’ = )\,Ur/’ (323)

where the bar denotes complex conjugation. By combining Equations (3.22) and
(3.23), using the symmetry of I,-;/, we obtain

Il'/j/vj/vl'/ = )\.U[/U[/

and

Ii/j/vj/vi/ = Uj/Ij/i/Ui/ = Uj’)hvj’ = )\,Ul-/vi/,
thus, (A — A)vyvyy = 0, which means that A is real (v; v;s is equal to zero only if
vis = 0, which is excluded from the definition of eigenvector). Furthermore, the

eigenvectors corresponding to different eigenvalues are orthogonal to each other: if
w;s is an eigenvector of [;7;» with eigenvalue w, Iy yw ;7 = pwy, then, proceeding
as above,

Ii/j/vl-/wj/ = Ui/lu,wi/,
and
Ii/j/vi/wj/ = u)j/Ij/i/Ui/ = wj/)\‘vjf

which leads to (A — w)vyw; = 0, showing that if A # p then vywy = 0, ie.,
the vectors v;s and w;s are orthogonal to each other. Thus, if the three eigenvalues
of (I;j+) are distinct, then the corresponding unit eigenvectors form an orthonormal
basis.

When only two eigenvalues of (I,+y/) coincide, the corresponding eigenvectors
form a two-dimensional plane, and any pair of orthogonal unit vectors of this plane
will be part of an orthonormal basis formed by eigenvectors of (/7). When the
three eigenvalues of (I,¢/) coincide, then (/,75/) is a multiple of the identity matrix
and any orthonormal basis is formed by eigenvectors of (1,74/).

In conclusion, in all cases we can find an orthonormal basis formed by eigenvec-
tors of (1,/5), and from (3.22) it follows that if the columns of the matrix B are three
mutually orthogonal unit eigenvectors of the matrix (I /), then (ii/ j/) is diagonal.
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If the matrix (fi/ j/) is diagonal, the directions defined by the basis vectors €

are called principal axes at O and the entries of Iy j7) along the diagonal are
called principal moments of inertia [hence, the principal moments of inertia are
the eigenvalues of (/7 )].

In Example 3.1 the matrix (/,75) is already diagonal, which means that the basis
vectors e;s point along the principal axes. The entries along the diagonal of (/)
are the principal moments of inertia and, therefore, at least two principal moments
of inertia coincide (the three principal moments of inertia coincide when & = v/3 a).

On the other hand, if we place the origin at the base of the cylinder, with the axes
as shown in Figure 3.4, the matrix (/) is given by (see Equation (3.28), below)

3a* + 4h? 0 —6ah
yj) = 2 0 1542+ 4h%* 0
—6ah 0 18a?

The eigenvalues of (/7 ;) (and, hence, the principal moments of inertia) are the roots
of the polynomial

15 (3a? +4n?) — 1 0 —an
0 M(15a>+4n*) -2 0 =0,
—lzwah 0 3%”612—)»

thus, the principal moments of inertia are

M M
12(15a2 + 4h?), 04 (21a* + 4h* £ V22504 4 24a2h? + 16h%).
Fig. 3.4 The fixed point, O, X3

is at the edge of the base of
the cylinder. The x;/-axis

passes through the center of C
the base. The vector R goes

from the origin to the center
of mass

\/

Xy

In order to simplify the expressions below, we shall consider the specific case
where i = +/3 a, then, the principal moments of inertia are
IMa? 9Ma? Ma?
4 4 2
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and the matrix (/;/j») becomes

M 5 0 =23
) =", 0 9 0
-2J30 6

The eigenvectors of this matrix corresponding to the (repeated) eigenvalue 9Ma?/4
are determined by the homogeneous system of linear equations [see (3.21)]

5 0 =23 vy

Ma? 0 9 o oMa? [V
v2/ = v2/ ,
Y \2v30 6 vy 4 vy

which gives 2vyr + V3 vy = 0, with vy arbitrary. These conditions define a two-
dimensional plane, and two solutions of these conditions are v;y = —+/3/7, vy =
0, vy = 2/«/7, and vy = 0, vy = 1, vy = 0, which correspond to two mutually
orthogonal unit vectors. Hence, the two unit vectors

2
V7

point along principal axes (the labeling of the vectors €;s is completely arbitrary).
According to the discussion above, the eigenvectors corresponding to the third
eigenvalue, which is different from the first two, must be orthogonal to €, and ej3'.
Thus, we can find the third principal axis by means of the cross product €y x €3.
Letting €y = €y x €y we obtain the missing element of a positively oriented
orthonormal basis such that the vectors €;/ point along principal axes. We find

- 2 3
ey = «/7 ey + 7 ey.

(One can readily verify that the vector given by vy = 2/+/7, vy = 0, vy = +/3/7
is indeed an eigenvector of (/) with eigenvalue M a?/2.)

. . 3
€y = ey, ey = —\/7 ey + €3

Exercise 3.2. Four particles of mass m are at the points (a, 0, 0), (0, a, 0), (a, a, 0),
and (0, 0, 0), with respect to the Cartesian axes x;;, where a is a positive constant.
Find the principal axes and the principal moments of inertia.

Angular Momentum

From the elementary definition of the angular momentum of a particle (L. = r x mr)
it follows that the Cartesian components of the angular momentum of the rigid body
(with respect to the inertial frame) are given by

N
Ll‘ = Z maé‘,’jkx;a))'clga).
a=1
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According to (3.5) and (3.14), we have

- ()

xk = ézk,vx (@)

() o
= Sl-/j/s/a)s/akj/xi/ s

l'/
hence,
N
o o
L= E masijkx; )Si’j’s’ws’akj’xi(/ )

a=1

N
= g @ (@
= maeljka]qrxq, Sl’j’s’ws’ak]’-xi/ .

a=1

Noting that, owing to (3.4) and (3.12),

EijkAjq'akj’ = Sip€pjkdjq arj
= Qjr'Apy € pjkd jq'akj!

= al-r/gr/q/j/, (324)

where we have used that the determinant of an orthogonal matrix that does not
invert the orientation is equal to +1 (which follows from 1 = det/ = det(A'A) =
det A' det A = (det A)?), with the aid of (3.10) and (3.11), we have

N
MayQiv’E1 4 i1 E51 /D /x(oz)x(oz)
E allir'erlqj el j's'@s' A g Ay

a=1

L;
N
(o) (o)
= ajy’ Zma(&”s’aq’i’ - Sr’i’aq’s’)ws’xq/ x,’/
a=1

N
2 o) (a
= djy’ § Mo (8750 — xr(’ )xs(’ ))ws/
a=1
= air’Ir’s’ws’-

This means that /7y wy is the r-th Cartesian component of the angular momentum
of the body with respect to the basis vectors e;r,

Lr/ = Irls/a)s/, (325)

Among other things, Equation (3.25) means that the angular velocity and the
angular momentum may not be collinear, but when wy is an eigenvector of the
matrix (/,/g) then the angular momentum and the angular velocity are collinear.
Thus, the principal axes are the directions where the angular momentum and the
angular velocity are collinear.



3.2 The Instantaneous Angular Velocity and the Inertia Tensor 93

Exercise 3.3. Show that

0 w3 —wn
AA'=| —w3 0 )
wy —w; 0

where the w; are the components of the angular velocity with respect to the basis
vectors e; (the inertial frame), that is,

Qis'Qjg = E;jkW

[cf. Equation (3.7)].

Parallel Axes Theorem

Now we shall study the behavior of the inertia tensor under a parallel translation
of the axes fixed in the body. To this end, it is convenient to consider two parallel
sets of Cartesian axes fixed in the body, x;» and y;» (see Figure 3.5), defined in the
following way. The origin of the axes x; is located at an arbitrary point of the body,
while the origin of the axes y; is at the center of mass of the rigid body, this means
that

Zmay("‘) 0, i'=1,2.3, (3.26)

where (yf‘,x), yé‘,x), A2y )) are the Cartesian coordinates of the a-th particle of the body

with respect to the axes with origin at the center of mass.

Fig. 3.5 The Cartesian axes
x;» have their origin at an
arbitrary point fixed in the
body, and the origin of the
Cartesian axes y;/ is at the
center of mass. The vector R
is the position vector of the
center of mass with respect to
the axes x;/. The axes y;s are
parallel to the axes x;/ X

V3

Y2

Xy i

If (Ry, Ry, Ry/) are the coordinates of the center of mass with respect to the axes
x;7, we have (see Figure 3.5)

=Ry, a=1,2,...,N;i'=1,2.3
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Hence, making use of the definition of the (components of the) inertia tensor (3.15)
and Equation (3.26), we have

N
_ 2 : Loy@ (@) (@) (@)
Ij/k/ = ma(aj’k’xi/ xi/ _xj/ xk/ )
a=1

N
= ma[8jw (R + 3Ry + 5 = Ry + Y (Rer + 3]
a=1

N N
= (Ri/Rl-/Sj/k/ —_ Rj/Rk/) Zma —|— Z ma (8]/k/yl(,a)yl(,a) _ )’;?l)ylgfl))
a=1 a=1
= MR*S; — Rj'Ry) + Iko (3.27)

where M is the total mass of the body, R?> = R;/R;: is the square of the norm of the
vector (Ry/, Ry, Ry), and the [ C,kN,[ are the components of the inertia tensor, taking
the center of mass as the fixed point of the rigid body. This result is known as the
parallel axes theorem.

For instance, considering again the homogeneous circular cylinder of Exam-
ple 3.1, with the aid of Equation (3.27) we can readily obtain the components of
the inertia tensor taking one point at the edge of the base of the cylinder as the fixed
point (see Figure 3.4). If the x/-axis lies along a diameter of the base of the cylinder,
then (Ry/, Ry, Ry) = (a, 0, h/2) and from Equations (3.27) and (3.18) we find

h? 0 —2ah 3a24+h12 0 0
M 2 ) M 2 2
(Iyj) = A 0 4a’>+Hh* 0 + 1, 0 3a2+h% 0
—2ah 0 4q* 0 0  6a2
3a? + 4h? 0 —6ah
M 2 2
= 15 0 15¢2+ 40 0 ) (3.28)
—6ah 0 18a?

Exercise 3.4. Show that if the line joining O and the center of mass is parallel to
one of the principal axes at the center of mass, then this line is also parallel to a
principal axis at O. Furthermore, any principal axis at the center of mass orthogonal
to the line is parallel to a principal axis at O.

Coordinate-Free Expression of the Lagrange Equations. The Euler Equations
So far, we have not required the introduction of coordinates to parameterize the
configuration of the rigid body, and as we shall see below and in Section 4.2, there
are some results that can be obtained without giving an explicit expression for the
matrix elements g;;/ in terms of coordinates.

Assuming that the a;;: are parameterized by some coordinates gy, from (3.7) and
the chain rule we have
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dagi
34, qrakj = &' js'Ws'
then, making use of (3.11),
1 dag )
Wy = 28i’j’s’ aqr qragjr = Ms’r‘]rs (329)

where we have introduced the functions

1 8ak»/
Mslr = 28i/j/sl aq: akj/v (330)

which depend on the coordinates g, only, and relate the angular velocity with the
generalized velocities g;. The last equation is equivalent to the relation

day;

aqr = akj/gl-/j/erS/r, (331)

According to Equations (3.31), (3.10), and (3.11) the second partial derivatives of
ay;’ are given by

2ay dayjr M
! = J Si’j/S,MS/V +akj’€i’j’s’ sr
0qmoqr 0qm oGm
IMy,
= akplsj/p/n/ n/mgi/j/S/MS/r —|— akj/gl-/jrsr
m

oMy
= (Sp’s’sn’i’ - 8p’i’8n"v’)akp’Mn’mMs’r +akj’<9i’j’s’ 3 o
m

oMy,
= aps Mym M1y — agyr Mgy Mgy + QagjrEirj's’ 3 .
m

Then, the commutativity of the partial derivatives of ay;s is equivalent to

IMy oM
akj'€i' j's' ( aqsr - aq€m> = agsy (M1, My — Mty Myry)
m r

= axj (M Mjm — MymM ),
hence,

aMs’r aMs’m
&t jis! dqm  dq, =M Mjm — My My

With the aid of (3.11) one finds that the last equation is equivalent to
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IMy,  OMyy,

=ciiaMir,Mir,. 332
aqm aqr gl ]S vr J'm ( )

Note that these equations must hold for any choice of the coordinates g;. (It turns
out that Equations (3.32) are related to the structure of the rotation group itself.)

Assuming that the applied forces on the body are derivable from a potential
V(gi), the equations of motion of the rigid body can be obtained substituting the
Lagrangian [see Equation (3.16)]

L= Ijpwjop—V (3.33)

into the Lagrange equations. Making use of the symmetry of /;x/, (3.25), (3.29),
and (3.32), we obtain

= QD G QD bl Q) T —
dr 8g; \2 J'k L)k agi \2 J' @) Pk

d / dwj / dwj + av
= QD —_ 1 QD
Jj'k' Wk aq Jj'k' Wk 9

dr i gi  9qi
d oM . A%
— LM:+)—1L U
dt( iMji) 7 ag; Qk+8qi
y dLj/—i—L oM . L oM . +8V
T A T g BT g BT ag,
dL oMy  OMy )\ . oV
=M’ Lj’( - )cIk+
dr dqxk 9qi aqi
dLj . oV
= Mj,; a T LjepyjMyiMgrqr + b
M dL, N L)+ A%
= 17 Eplgl 1MW i’ ,
ri dt rsj S J aql
that is,
dL, _1. 9V
dt —|— srls/j’wS/Lj’ = —(M )ir’ aql . (334)

where the (M ~1);, are the entries of the inverse of the matrix (M,/;). The right-
hand side of (3.34) is the r-th component of the torque on the rigid body, 7,7, with
respect to the basis fixed in the body. In fact, with the aid of Equations (3.14) and
(3.10) we find that
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dL; d(a;y L)

dr dr
dL,
= dajy’ + Sr’k’s’ws’aik’Lr’
dr
dL,
= air’ dt —|— Erlslk/a)S/Lk/ .

which shows that, indeed, the left-hand side of (3.34) is the r-th component of the
torque on the rigid body with respect to the basis fixed in the body. Equations (3.34),
written in the form

dL,

dt ~|—$r/s/j/a)s/Lj/ = ‘[r/’

are known as the Euler equations for a rigid body with a fixed point. As we have
shown, these equations are equivalent to the Lagrange equations for the Lagrangian
(3.33).

A particular case corresponds to the motion of the rigid body with the torque
equal to zero. Then, the Euler equations reduce to

dL,

dt —+ gr/s/j/a)S/Lj/ = 0

If the matrix (/;j/) is diagonal, these equations expressed in terms of the compo-
nents of the angular velocity w;’ take the form [see (3.25)]

do

1/
1 I3 — I ’ — 0’
Uy + (I3 — Qh)wyw;
da)z/
143 dr + (Il — B)wywy =0, (3.35)
dws
I3 d: + (I — Hoywy =0,

where the /; are the principal moments of inertia (/1 = Iy, I = Lyy, I3 = I33).

Exercise 3.5. A rigid body is symmetric if two of its principal moments of
inertia coincide. Solve Equations (3.35) for a symmetric rigid body. Note that this
solution only gives the angular velocity as a function of time; in order to find the
configuration of the body we would still have to solve another system of ODEs [e.g.,
(3.14) or (3.38)].

Exercise 3.6. Making use of the Euler equations (3.35), show that the kinetic
energy and the total angular momentum of the rigid body are constants of motion,
that is,

;(Ilwl’z + hay? + Bwy?) and IPwor? + L2y + Bloy?
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are conserved [see (3.16) and (3.25)]. (With the aid of these two constants of motion,
Equations (3.35) can be reduced to a single first-order ODE whose solution, in
general, involves elliptic functions.)

3.3 The Euler Angles

A usual and convenient set of generalized coordinates for a rigid body with a fixed
point is given by the so-called Euler angles. The matrix A = (a;;/), representing the
configuration of a rigid body, is expressed in the form

A = R(P)R:(O)R:(V), (3.36)

where R;(¢) is the 3 x 3 orthogonal matrix (3.2), corresponding to a rotation about
the z-axis through an angle ¢ and, similarly,

1 0 0
R, (0) =] 0cosf® —sinb
0 sinf cosH

corresponds to a rotation about the x-axis through an angle 6. The angles ¢, 6, ¢
are called Euler angles and are restricted by 0 < ¢ < 27,0 <0 < 7,0 < ¥ < 2.
(A slightly different definition, which is especially convenient in the study of the
rotation group in quantum mechanics, is given by A = R (¢) Ry (0) R, (), where
Ry (0) corresponds to a rotation about the y-axis through an angle 6.)

According to Equation (3.16), in order to write the kinetic energy in terms of
the Euler angles and their time derivatives, we need the explicit expression of
the components of the angular velocity, w;/, in terms of those variables. These
expressions can be readily obtained with the aid of Equation (3.9) by calculating the
product A'A (without having to resort to a geometrical image or to the consideration
of “infinitesimal rotations”). Using the fact that (A B)' = B'A" and that each matrix
appearing in (3.36) is orthogonal, we find

A'A = [RA()Rc(O)R-(V) + R(§) Re (O)R-(¥) + R($) R (O) R (¥)]'
x R:(¢)Rc(0) R ()
= R.(Y)'Re(0)'R:($)' R-($) Ry (O)R- (V) + R (¥) Rc (0)' Ry (O)R. ()
+ R.(Y)'R. (). (3.37)

The last term in Equation (3.37) was already calculated in Section 3.2; the
result is

_ [ 010
R R(Yy) =9 | —100
000
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A similar computation gives

000
Rc(®)'R:(6)=60[0 0 1
0-10
and, therefore,
0O o0 sin Y
R (¥)'Rc(0)' R (O)R, () = 6 0 0 cosy

—siny —cosyr 0
A more lengthy computation gives

R (¥)' Re () Ry (9)' Ro (9) Re (O) R ()

0 cos 6 —sinf cos ¥
=¢ —cos6 0 sin 6 sin ¥
sinf cos ¢ — sin 6 sin i 0

Adding these expressions and comparing the result with (3.9) we conclude that the
components of the angular velocity of the body, with respect to the axes fixed in the
body, are

wy = ¢ sinf siny + 6 cos ¥,
wy = ¢ sinf cos Y — 6 sin ¥, (3.38)
wy = ¢cosd + .

Thus, assuming that the matrix (/;;/) is diagonal, from (3.16) and (3.38) we have
the expression for the kinetic energy in terms of the Euler angles

T = é[ll(é sin@ sin ¥ + 6 cos w)z + I (¢ sin@ cos ¥ — O sin w)z
+ I3(¢ cos 6 + ). (3.39)

When two principal moments of inertia coincide, it is convenient to select the axes
in such a way that /1 = I, because then (3.39) reduces to

T = J[11(¢*sin® 0 + 6%) + I3(¢ cos O + )] (3.40)

Example 3.7 (Symmetric top in a uniform gravitational field). A commonly studied
example is that of a symmetric top in a uniform gravitational field. This problem
consists of an axially symmetric top with a fixed point, in a uniform gravitational
field. Assuming that the x3-axis points upwards and taking the x3-axis as the
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symmetry axis of the top, we have I; = I». Then, making use of (3.40) we find
that the standard Lagrangian is

L = L [11(¢?sin® 0 + 62) + I3(d cos b + 4)*] — Mgl cos b, (3.41)

where M is the mass of the top and / is the distance between the fixed point of the
body (which is placed at the origin) and the center of mass. (The product / cos @ is
the height of the center of mass with respect to the origin since, according to (3.1),
the components of the vector ey with respect to the basis formed by the vectors e;
appear in the third column of the matrix A [see (3.36)], which is given by

0 0 0
R(P)Rc(O)R:(¥) | O | = R:(9)Rx(0) | O | = R:(¢) | —sin®
1 1 cosf
cos¢ —sing 0 0 sin @ sin ¢
= | sing cos¢ 0O —sinf | = | —sinfcos¢
0 0 1 cosf cos 6

and the position vector of the center of mass is /es.)

As in previous examples, it is not convenient to obtain the equations of motion
by substituting the Lagrangian (3.41) into the Lagrange equations and then try to
solve them. It is preferable to use the fact that the coordinates ¢ and i are ignorable
and that the Lagrangian does not depend on ¢; this implies that

L., . , IL , .
. = I1¢psin“ 0 + I3 cos (¢ cosh + ), . = I3(¢pcost + )
3¢ 3
as well as

M1 ($?sin® 0 + 62) + I3($ cos O + yr)*] + Mgl cos b

are constants of motion. Denoting as a, b, and E, respectively, the values of these
constants of motion, the combination of the foregoing expressions leads to the first-
order ODE

Ee 1 [119.2+ (a —bcosO)?  b?

+ + Mgl cos@,
2 I, sin® 6 13} ¢

which determines 6 as a function of the time [cf. Equation (2.32)]. The substitution
u = cos 6 yields the equivalent equation

Vit (a = bu)? + ¥ g (1 — u?) + Mglu(l — u?) =0 (3.42)
u — —Uu u —Uu = U. .
o1 21 215 8
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Since the “effective potential,”

@b (2 e) iy 4 Mgttt — )

— —u u(l —u”),
21 213 §
is a third-degree polynomial in u, the solution of (3.42) involves elliptic functions.
Alternatively, one can find the qualitative behavior of the solutions with the aid of
the graph of the effective potential.
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