Chapter 4 ®)
Master Equations Versus Keldysh e
Green’s Functions for Correlated

Quantum Systems Out of Equilibrium

Enrico Arrigoni and Antonius Dorda

Abstract The goal of these lecture notes is to illustrate connections between two
widely used, but often separately adopted approaches to deal with quantum systems
out of equilibrium, namely quantum master equations and nonequilibrium Green’s
functions. For the paradigmatic case of the Anderson impurity model out of equilib-
rium we elaborate on these connections and map its description from one approach
to the other. At the end of this chapter, we will show how the “best of the two worlds”
can be combined to obtain a highly accurate solution of this model, which resolves
the nonequilibrium Kondo physics down to temperatures well below the Kondo scale.
As a training course, these lectures devote a large portion to an introduction to the
Lindblad quantum master equation based on standard treatments, as well as methods
to solve this equation. For nonequilibrium Green’s functions, which are discussed
in the first part of the course, we only provide a summary of the most important
aspects necessary to address the topics of the present chapter. The relevant aspects
of these two topics are presented in a self-contained manner so that a background in
equilibrium many-body physics is sufficient to follow these notes.

4.1 Introduction

The problem we address in these lectures consists of a small correlated central sys-
tem in which particles interact with each other, connected to external noninteracting
infinite reservoirs (leads), see Fig. 4.1. We focus here to the case of a purely fermionic
model, although many ideas can be easily extended to more general problems includ-
ing, e.g., electron-phonon interactions, photons, etc. We are typically interested in
the case of two leads with different chemical potentials and/or temperatures (see,
e.g. [1, 2]). Thus, a particle current flows from the lead with larger chemical poten-
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Fig. 4.1 Schematic illustration of the system of interest: A small interacting central system is
connected to two leads with different chemical potentials and/or temperatures. The leads are infinite,
so that a stationary current flows from one lead to the other in the steady state

Vv Vv

U \
One Level fa

Fig. 4.2 Special case of the system depicted in Fig.4.1: The single impurity Anderson Model out
of equilibrium. The central system consists of a single spin-degenerate level, with on-site Hubbard
interaction U. The coupling to the leads is provided by the hopping V

tial through the central system to the other lead, and, since the leads are infinite
they provide the dissipation necessary to reach a stationary state. As a paradigmatic
example, on which we will focus in the last part of this lecture, we consider the spe-
cial case of a central system consisting of a single interacting spin-degenerate level
with an onsite Hubbard interaction (Fig.4.2), the single impurity Anderson model
(SIAM) [3-7] out of equilibrium. This model is, on the one hand, interesting per
se as a simple description of transport across quantum dots or small molecules and
for understanding the Kondo effect, and on the other hand, constitutes the “bottle-
neck” problem in the self-consistent cycle within nonequilibrium dynamical mean
field theory (DMFT) [8-24], see also previous chapters in this book. Therefore, an
accurate solution of impurity models is of great interest and importance.

While we will restrict mainly to the steady state, other related situations can be
treated with the approaches presented here and similar ones. For example, one can
include a periodic driving within a Floquet approach, or study quantum quenches in
which one is interested in the real time dynamics after a sudden change of parameters
(see Fig.4.3).
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Fig. 4.3 Possible extensions: Time-dependent situations such as quantum quenches [15, 25], i.e.
sudden change of parameters, or periodically driven systems [11, 26-29] (left); or coupling to a
bosonic bath to account e.g. for electron phonon interaction [30-35] (right)

Limits in which the impurity problem can be solved

Numerous approaches have been developed in the past decades to address impurity
problems. For the case of a single reservoir, the steady state corresponds to thermo-
dynamic equilibrium. Dedicated methods such as numerical renormalization group
(NRG) were developed in order to resolve the challenging and exponentially small
low-energy physics of the model. As a result, the so-called Kondo effect (in equilib-
rium) is nowadays well understood [7, 36-38]. For the nonequilibrium case a number
of numerical approaches have been suggested that are valid in specific limits, but a
“full solution” is not yet available. A discussion of all these approaches is beyond
the scope of these lectures.! Instead, we present in Sect. 4.9 the so-called Auxil-
iary Master Equation Approach (AMEA) a non-perturbative approach devised and
developed in our group in recent years, which is based on a combination of quantum
master equation with nonequilibrium Green’s functions.

To start with, let consider situations in which models of Figs. 4.1 and 4.2 are exactly
solvable. Two trivial cases are (i) the noninteracting case U = 0, where one can use
nonequilibrium Green’s functions, and the decoupled case V = 0, for which one can
explicitly carry out an exact diagonalization of the many-body Fock space of the
small central system. But there is another less trivial limit in which an exact solution
is available, the so-called Markovian Limit. This is the case when the response of the
reservoir is instantaneous, i.e. without memory effects. In this limit, the reservoir’s
degrees of freedom can be eliminated and the dynamics of the reduced density matrix
of the central system is exactly described by the so-called Lindblad Equation. Since
the central system is small this can again be solved by exact diagonalization in the
space of many-body density matrices. This will be discussed in detail in Sect. 4.9.1.2.

Outline

The Lindblad equation is the main topic of the first part of the present lectures. More
specifically, we will:

'For a non-comprehensive list see, e.g., [21, 39-64].
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(1) Provide a derivation of the Lindblad Equation, first heuristically in Sect. 4.4.1
and then rigorously in Sect. 4.4.4.

(2) Discuss under which condition a reservoir can be considered as Markovian
(Sect. 4.4.4). We will specify this explicitly in terms of the parameters of the
microscopic model. As anticipated, we will mainly concentrate on fermionic
models.

(3) Present some approaches to solve the many-body Lindblad equation for the non-

interacting and the interacting case. In particular, we shall present the so-called
superfermion representation [65] (Sect. 4.5), in which the space of density oper-
ators for the open system is replaced by a “superspace” of state vectors acting
on twice as many single-particle levels (see also [66, 67]). In this formalism,
the Lindblad equation acquires a structure like the Schrodinger equation, with
which many of us are more familiar.
In the noninteracting case, this linear operator problem can be solved by
equations-of-motion techniques, leading to an analytic expression for the steady-
state Green’s functions, see Sect. 4.9.1.1. In the interacting case we will discuss
the solution via exact diagonalization in Sect. 4.9.1.2.

Master Equation Approaches

Unfortunately, it turns out that the Markovian approximation is unrealistic for inter-
esting fermionic models. As we will see, a Markovian reservoir must have both
a constant density of states as well as an infinite temperature 7" and/or chemical
potential(s) 1.> While these two conditions appear quite restrictive and unphysical,
a possible solution is to introduce an intermediate auxiliary buffer zone (mesoreser-
voir) between the Lindblad couplings and the central system (Sect. 4.8.1, see, e.g.
[65, 69, 70] and Fig. 4.4). The buffer zone consists of Ny isolated discrete sites (bath
levels), each one coupled to a reservoir with a constant density of states that is either
completely filled © = 400 or completely empty ; = —oo. Therefore, these reser-
voirs fulfill the Markovian condition and the system can be exactly mapped onto a
Lindblad equation. With properly chosen parameters and for large enough N, the
buffer layer plus Markovian reservoirs exactly describe an arbitrary non-Markovian
reservoir of noninteracting fermions coupled to the central system [71].3

Here comes the connection with nonequilibrium Green’s functions*: The model as
depicted in the lower part of Fig. 4.4 can, on the one hand, be seen as a an open system
(the central system plus the buffer layer) whose dynamics is exactly controlled by the
Lindblad equation, and on the other hand, consists of a closed system with an infinite
number of fermionic levels, that can be (approximately) treated by nonequilibrium
Green'’s functions. For the case of a noninteracting central system, an exact solution is
obviously available in both cases. This is shown in Sect. 4.9.1.1, where we will derive
analytic expressions for the steady state Green’s functions in the noninteracting case.

2See also [68].
3For related discussions about non-Markovianity and open quantum systems, see e.g. [72-76].
4For similar discussions see, e.g. [52, 77].
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The problem we want to address, however, includes an interaction in the central
system, which makes an exact solution by Green’s function methods impossible. On
the other hand, the Lindblad equation for the open system can, in principle, be solved
exactly by approaches addressing the full many body space of density matrices, pro-
vided Np is small enough. This will be discussed in Sect. 4.9.1.2. Unfortunately,
the buffer layer representation discussed above is limited by the fact that an accu-
rate description of the original system requires quite large values Np, especially at
low temperatures where the Fermi function is sharp. Consequently, the many-body
Hilbert space is too large and the treatment of a correlated problem becomes pro-
hibitive.

In the last part of these lectures, Sect. 4.9, we will illustrate how the efficiency of
this buffer layer approach can be significantly improved by allowing for more general
Lindblad couplings [21, 63, 71, 78], which are determined through an optimization
procedure aiming at fitting the so-called bath hybridization function. For the case
of the nonequilibrium Anderson impurity model, Fig.4.2, already modest values of
Np (Np < 8), which can be treated by Krylov-space schemes [63], are sufficient
to resolve the nonequilibrium behavior of the Kondo resonance. Larger values of
N (Np < 20) can be addressed by matrix-product states [79-82] which allows to
resolve the Kondo peak at temperatures below the Kondo scale with an accuracy
that, in equilibrium, becomes comparable with NRG up to intermediate values of the
interaction U [78].

4.2 Master Equations

Besides quantum problems, master equations are a central object in classical physics
in the context of stochastic processes. Examples are for instance Brownian motion

>More specifically, in [78] we resolved temperatures down to T/Tx = 0.25 for Ty = 0.21".
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or any other subsystem coupled to a heat bath/environment. In such cases, when the
dynamics of a system is non-deterministic it is convenient to describe its state by
a probability density. For the case of stochastic processes which fulfill the Markov
property, i.e. which have a very short memory kernel and only depend on the present
state of the system, a master equation is applicable. For a thorough introduction we
refer e.g. to [83—85]. Here, we will follow the treatment by Schaller [84].

Let us consider here a discrete set of system states labeled by k and assign each
state a probability P;. The temporal evolution of these probabilities is governed by
the rates Ty; > O for a transition from state / to state k, and is described by the master
equation:

dPy

o > TP, — TyPy] (4.1)
I

In order for the Py, to be interpreted as probabilities, at each time they have to obey two
properties: (i) Conservation of total probability ), Py = 1, and (ii) semipositivity
P, > 0 Vk. Assuming that (i) and (ii) are fulfilled at some initial time, the master
equation must guarantee that these properties are preserved.

(1) can be proven as follows:

dPy

dr

=Y (TuPi—TuPo) =Y (TuPi —TuP) =0.  (42)
k kl

ki

For (ii) one can argue in the following way. Assume that for a certain k*, the corre-
sponding P+ becomes zero at a certain time. Then

dt

Ppx=0 I

Therefore, P~ cannot become negative.

Example Consider the temporal dynamics of a two level system with transition rate
Ty from state k = 0O to state k = 1 and rate Ty for the inverse process. The master
equation (4.1) is in matrix form then given by

d (P =To +To1 (Po

— = . 4.4

dt (P1> <+T10 —To1 ) \ P @4
The stationary (steady-state) solution P7° is obtained by setting the left-hand side to

zero, yielding

P3° = Tor/ (Tor + Tho) ,
P = Tio/ (Tor + Tho) - 4.5)
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The two eigenvalues of the matrix on the right-hand side of (4.4) are 0 and —A =
—To1 — T1o. The former corresponds to the stationary solution and A determines the
decay rate in the time evolution. The full time-dependent solution of (4.4) is easily
seen to be

Py(t) = Po(0)e ™ + P (1 — ™),
Pi(1) = Pi(0)e ™™ + P (1 —e ™). (4.6)

4.3 Density Matrix

Open quantum systems consist of a microscopic quantum mechanical central sys-
tem of interest which couples, possibly weakly, with an environment. Due to the
entanglement with the environment, the properties of the central system cannot be
described by a quantum state alone, but rather require the concept of reduced density
matrix. The same concept is also needed if the quantum state of the central system is
not known exactly due to a statistical uncertainty. A general mixed system state can
be characterized by an ensemble of states {|®;)} which are realized with probability
P;. Here ) . P, = 1 and the states are normalized but not necessarily orthogonal.
Such a mixed quantum state is conveniently described in terms of the density matrix
(or density operator)

p=2_Pilo)@i. 4.7)
The expectation value of an operator A for the system is then given by
) =3 Pi(@ilAIP:)
= ZPi(<15i|n)(n|A|¢;> (4.8)

=3 (A Y P @) (@l n)

Density matrix

= TrAp .

p must fulfill the following properties:

()=1=Trp=1 Normalization
p=p' Hermiticity
Wlply) =32, Pil(¥|@)|> = 0 Viy) (Semi) positivity: p > 0
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If the system is characterized by a single quantum mechanical state with probability
1, the density matrix describes a so-called pure state for which

p=1P)(Pil = p* = p. (4.9)

On the other hand, for a general non-pure (mixed) state p = Y P, |¥,,) (¥,,| expanded
in its eigenbasis® one finds

Trp? = 3 (Yol W) (Wl W) (W | Y1) PP

m,n,k

= ZPﬁ <1. (4.10)

Therefore, a system is in a pure state if and only if
Trp? =1 4.11)

so that Trp? is a measure for the degree of purity of the state [86].

4.3.1 Time Dependence

The time evolution of the density matrix p for a closed quantum system is determined
by the Liouville von Neumann Equation’:

b= Pi(18)(®] + |9 (i)

1

= —i[H, p], (4.12)

which can be easily obtained by applying the Schrédinger equation for |®;), and
using Pi = 0. Notice that (4.12) is similar to the Heisenberg time evolution for an
operator, A=+i [H, A], however, the sign is opposite.

It is easy to verify that (4.12) preserves normalization, Hermiticity and semipos-
itivity of the density matrix:

Trp =1 p=p p =0, (4.13)

An important example for a nonunitary evolution is a measure operation. Let us
consider the spectral representation of a generic operator A,

6In contrast to the |@;) in (4.7) the |v,) are orthogonal to each other.
7From now on we will adopt units in which 7 = 1.

wne

81n these lectures, we will not explicitly mark operators with a hat
of confusion.

except when there is a risk
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A=Y ab,
n
Py = |a,){ay), (4.14)
with f’n the projection operators onto the eigenstates |a,), of A, i.e. Ala,) = a,|a,).

Quantum mechanics tells us that if one measures A on a pure state |®;), the value a,,
is obtained with probability P, = |P,|®;)|?, and the state collapses to

P, | @)

T

Therefore, when starting from p = |®;)(®;| and performing a measure without
looking at the result one gets an ensemble of states with the probabilities P,, i.e.

Measure ﬁn|¢i> (¢i|ﬁ)n
—_— P,
= () ()

= D PI®)(®iIP, =) PP, (4.16)

|Pi) —

(4.15)

Clearly, the last line of (4.16), the von Neumann measure, holds also in the case in
which one starts from a mixed state p. Also in the case of a von Neumann measure,
the properties (4.13) are preserved.

Unitary evolution and von Neumann measure are two examples of quantum oper-
ations, i.e. linear time evolutions for the density matrix.

Example The density matrix of a spin 1/2 system, or any other two-state quantum
system, can be represented in terms of the so-called Bloch sphere. The density matrix
for such a system can be expressed in terms of the identity / and the Pauli matrices o

1
p=5(1+a-a), 4.17)
with o an appropriate vector with real coefficients. From
21 2
Trp” = ZTr(I+2cx-a+(ot~o) )
1
= ;2 +20ef, (4.18)

using Tro;0; = 28;;, one finds that || = 1 describes a pure state, while a mixed state
has |a| < 1.
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4.3.2 Reduced Density Matrix

Open quantum systems consist of a microscopic system embedded within a reservoir,
see also Fig.4.5. In general, one is not interested in the properties of the reservoir
itself, however, the latter affect the dynamics of the system. Ideally, one would
like to eliminate the degrees of freedom of the reservoir and obtain an effective
description for the system alone. Due to the entanglement with the reservoir, the
system’s quantum mechanical state must be formulated in terms of the so-called
reduced density matrix, which, quite generally, describes a mixed state.

The combined Hilbert space of the so-called “universe” (= system + reservoir) is
given by the tensor product space of the system and the reservoir Hilbert spaces Hg
and Hpg:

Hy = Hs ® Hk. (4.19)

A basis of Hy is {|S;) ® |Ry)}, where {|S;)} is a basis of Hg and {|R,)} a basis of
‘Hg. For simplicity, we will use alternative equivalent notations

ISi) ® [Ra) <> [Si)|Ra) <> |Si, Ra) (4.20)
and for the bra counterparts
(Sil @ (Ral <> (Sil{Ra| <> (Sil(Rql .

Let us recall the following important properties of the tensor product:

e Distributivity:

(la) +16)) ® |c) = la) ® [c) + |b) ® |c)
= |a, c) + |b, c) (4.21)

e Operators act only on states in their corresponding subspace:

(AQB)lx) ® ly) = (Alx)) ® (Bly)) (4.22)
HU = ,Hs ®7‘LR
s o H

Fig. 4.5 Open system embedded into a reservoir. The Hilbert space for the full “universe” is given
by Hy = Hs @ Hg, for which a pure state description in terms of a wave function is possible. Due
to particle/energy exchange between the system and the reservoir this is not true for Hg and Hpg
separately, which requires a description in terms of density matrices
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e Scalar Product:
({al ® (b)) ® (Ix) ® [y)) = (alx){bly) (4.23)

As noted above, the set of product states (4.20) provides a complete basis for Hy .
However, a generic state in Hy will not factorize in simple product states in terms
of the system and the reservoir separately. One then speaks of entangled states. As
an example, let us consider two basis states for the system and the reservoir each,
|S;) and |R,), i, = 1,2 and the following two states:

[¥p) = |S1)IR1) + [S2)[R1)
= (IS1) +1S2)IRy), (4.24)

and

[VE) = IS1)IR1) + [52)IR2)
# la)|b). (4.25)

While |,) is a product state, the latter is not.
From the properties (4.22) and (4.23) one can compute the trace of a tensor product
operator O = A ® B as

TrO = ) (Si, RulOISi, Ra)
=D (SiAIS)(Rq|BIR,)
= TrA TrB . (4.26)
————
Trg Trg

In the last line we introduced the partial traces over either system or reservoir states,
defined as:

Trs O = Y _(Si|01S),

Trr O = ) (RalOIR,).

4.27)

Let us consider for instance the operator 0= |S)(S’| ® |R)(R'| and evaluate

TrzO = |S)(S'| ) (Ru|R)(R|Rs)

= [S)(S'| Trr|R)(R'|. (4.28)
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From this one sees that the partial trace Trz produces an operator acting in Hg alone.
An explicit expression for the partial trace of an arbitrary operator O expanded in
the product basis (4.20)

0= Z Oi,aj,p15i) Ra) (S| (Rg]
ia.j,p

can be readily obtained as

Tie0 = ) (Z oi,a,j,a) 15:)(S;1. (4.29)
ij a

If we are interested in observables of the system only we can restrict to the system’s
reduced density matrix
ps = Trrp, (4.30)

which is obtained as the partial trace of the density matrix p of the universe over the
reservoir degrees of freedom. Indeed, the expectation value of an arbitrary operator
A ® I acting on the system only can be expressed as

AQI) =Tr{AQIp)
=Y (SIA® (Rul) p (1S} ® [Ra))

=D (SiIAD (Rulp|Ra)IS:) (431)

=) (SilA(Trzp)|S:)
= TrsAps,

which is valid for any system operator A. The reduced density matrix, thus, contains
all the necessary information to compute system properties. Quite generally, for the
universe one can assume that the density matrix is represented by a pure state p =
|Y)(¥|. On the contrary, the reduced system density matrix pg = Trg|¥)(¥| only
describes a pure state if the universe wave function is a product state: [/) = |R)|S).
In the general case, when |1) is entangled, ps describes a mixed state with Tr p§ < 1.

On the other hand, for every given system density matrix ps one can always
construct a “sufficiently large” universe Hy = Hg ® Hpy such that

ps = Trp[yr) (Y], (4.32)

and with |y) a pure state. This procedure is termed purification. For example, sup-
pose we have pg = ZnN=1 P,|®,){(®,|. In this case one needs a reservoir with an
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N-dimensional orthonormal basis set {|R,)}. A universe wave function |{) satisfy-
ing (4.32) is then, for instance, given by

V) =Y VPul®) ® [Ry) .
Proof

TerlY) (W] = Y V/Pus/Pul @) (@] Trg|Ry) (R -
N e’

n,m
’ Sn,m

= pPs

The above examples show that there can be two situations in which the quantum
mechanical state |1) is not sufficient to describe a microscopic system and one needs
a density matrix:

1. The exact state is not known, only its statistical distribution.
2. The system is entangled with a reservoir.

In the rest of these lectures we will be interested in the second case.

4.4 Lindblad Equation

As discussed in the previous section, the reduced density matrix contains all possible
information about a microscopic system even if it is in contact (entangled) with a large
reservoir. This is obviously a big advantage since one has to deal with a much smaller
Hilbert space, without caring about the much larger reservoir. However, computing
the time evolution of the reduced density matrix is again a prohibitive task. Whenever
there is a coupling between system and environment, pg does not evolve according
to the Liouville equation (4.12). To find its time evolution one should first evolve the
density matrix of the universe p, which follows the Liouville equation, and then carry
out the partial trace (4.29). The intermediate step, thus, involves again addressing the
full universe Hilbert space. It would be useful if, under some conditions, one could
work in the restricted subspace of the system reduced density matrices including the
action of the reservoir in some effective way. In this section, we are going to show
that within the so-called Markovian condition one can indeed formulate the time
evolution of the reservoir within a closed time evolution equation for pg, the Lindblad
equation. In Sect. 4.4.4 we will present a microscopic derivation of the Lindblad
equation in the so-called strong-coupling limit, and discuss under which conditions,
in terms of the parameters of the microscopic model, this equation provides an exact
description of the effects of the environment. A microscopic derivation, as well as a
derivation obtained by the conventional Markovian assumption based on so-called
Kraus operators can be found in several textbooks, see, e.g. [83-85, 87, 88]. Here
we will roughly follow the treatments of [84, 88].
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But before becoming rigorous, we first present a heuristic derivation based on the
master equation discussed in Sect. 4.2.

4.4.1 Heuristic Derivation

A situation described in Sect. 4.3 in which one has a set of quantum-mechanical
states |k) occupied with probabilities P, (also called populations) is described by
a density matrix with diagonal elements px x = P. As a consequence, the Master
equation (4.1) can be rewritten as

d Pk

” = Z(Tklpll — Ty p), (4.33)

Master 1

The transitions between different states in (4.33) can be expressed in terms of jump
operators
Ju = [k){I]. (4.34)

This allows to express (4.33) in operator form

dp

o =Y Tulupy — Tudup). (4.35)

Master 1.k

In order to have an expression which is quadratic in J , We rewrite jkk = jknjnk =
j;kjnk with arbitrary n. Accordingly, the term jkk,é can be written in several forms,
for instance J Z}lj Ik Or ,6.7 12.7 k- While these give the same result for the diagonal terms
(4.33), different results are obtained for the nondiagonal terms. We here choose’ the
symmetrized form

A R
Jip — 3 {J/LJZk,,O], (4.36)
leading to
dﬁ fa A’\T ] AT’\ A
a0 -7 JJ—-[JJ,]. 437
ar | %; ki ( wply = 5 {Julu: P (4.37)

We now replace the jump operators by arbitrary operators

Jk[ — Sn

9Remember, this is just a non-rigorous derivation.
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with corresponding coefficients
Ty = ¥n

and omit the “hats” for the sake of readability. In addition to the master equation
(4.33), which describes changes in population of the states, one has to include the
Liouville von Neumann contribution (4.12) originating from the internal Hamiltonian
dynamics, which leads to

dp g g
—=—il, p]+Zyn< 8,05, ‘E{S S 0}). (4.38)
This is the Lindblad equation in diagonal form.

The positivity of probabilities is ensured by using nonnegative coefficients .
This allows them to be absorbed into the definition of the S, operators

Ly = /7uSa. (4.39)
so that (4.38) can be written as
——z[H pl +Z< pr‘——{r Fn,p}) (4.40)

Besides the diagonal form (4.40), also a non-diagonal one is often adopted:

dp . PR P
— = —ilH, pl+ %m (SﬂpSa — 5 {5aSs p}> ’ (44D

where the coefficient matrix y,g is Hermitian and semi-positive definite. As can
be easily checked, the two forms are linked by the eigen decomposition y,g =
2. UL i U, g and the linear combination S, = =3, UnaSe.

The Lindblad equations (4.38), (4.40) and (4.41) can be formally written in the
following form

dp 2
F_rh
dt P
=Lup+ Lop. (4.42)

Here, we have introduced a notation with two hats to indicate a superoperator (ﬁ),
i.e. a linear transformation in the space of operators (here density matrices). As for
operators, we will use the “hat” notation only when necessary in order to avoid

confusion. In (4.42) ﬁH describes the Liouville von Neumann contribution and thus
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unitary time evolution, while Lp is the so-called dissipator. It is straightforward to
prove (see, e.g. [83, 84]) that the Lindblad equation preserves the properties of the
density matrix, namely

Trp =1 p=p p=>0. (4.43)

4.4.2 Solution of the Lindblad Equation by Exact
Diagonalization

The formal solution of the linear equation (4.42), for the case of a time-independent

L, is obtained in the usual way:
(1) = e j(0). (4.44)

Or, in terms of the eigenoperators p® and corresponding eigenvalues £, of L,
satisfying
LAY = Lop@, (4.45)

one has
Pty =) cap e, (4.46)
o

where the ¢, are fixed by the initial # = O condition. Since L is non-Hermitian its
eigenvalues are complex, so we write them as

Lo = Ry +il,. (4.47)

From (4.46) we readily see that we must have R, < 0 since otherwise there would
be unphysical exponential divergences at large times. The coefficients —R,, are the
decay rates of the exponentially damped modes described by the corresponding 5.
In order for the trace to be preserved, at least one eigenvalue, say the one with o = 0,
is expected to be zero,'® L,_y = 0. Then p©@=? corresponds to the stationary or
steady state which survives in the long-time limit.

Alternatively, instead of addressing the full “doubled” many-body space of the
density matrix, one can use quantum trajectory methods [82, 89-92], whereby the
density matrix is replaced by an ensemble of quantum states and the dissipative terms
of the Lindblad equation produces so-called quantum jumps.

100r one or more must have Ry = 0.
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4.4.3 Fermionic Model Described by the Lindblad Equation

We are here interested in the situation of a fermionic central system connected to
a reservoir of non-interacting fermions. We will later show that under some condi-
tions, the action of the reservoir can be described by a correction to the system’s
Hamiltonian (Lamb shift) plus a dissipator [cf. (4.41)]

1

['D,O :ZQ,F],']‘ <ajpa;f — E{ajaj, ,0})
ij

1

+) 2Dy (afﬂaj - 5[a_,-a?, P]) :
i

(4.48)

Here, p is the reduced density matrix of the central system. This becomes an exact
description of the reservoir in particular limits, as discussed below. The terms in
(4.48) proportional to I'y; with jump operators a; describe particles jumping from
the central system into the reservoir. The ones with I;; describe the opposite process,
namely particles jumping from the reservoir into the central system.

Example As an example, consider a single-level model [(4.48) with no indices
i and j], for which the Hamiltonian reads

H=¢da. (4.49)

By explicitly solving for the steady-state of the Lindblad equation it is straightforward
to show that the steady state occupation reads

N+

(a‘a) (4.50)

4.4.4 Microscopic Derivation of the Lindblad Equation

In this section we will provide an explicit derivation of (4.41) starting from a micro-
scopic model describing a central system coupled to a reservoir. In (4.41), p is the
reduced density matrix of the central system after tracing out the reservoir. This topic
has been treated in a number of textbooks. Here, we roughly follow [84, 88].

We start from a “universe” consisting of a central system +reservoir and described
by the following Hamiltonian

H=HsQI+1QHr+V =Hy+ V. 4.51)

Here, Hg (Hg) is the Hamiltonian for the isolated central system (reservoir), and V
is the coupling between the two. The latter can always be expressed in terms of a
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sum of tensor products of system (S,) and reservoir (R, ) operators:

V=v) S.®R,. (4.52)

The parameter v is introduced for convenience as a measure for the strength of the
coupling V, and will be used later in order to discuss the range of validity of the
Lindblad equation. v is chosen in such a way that the operators S, and R, are of
order 1. The full density matrix p for the (closed) universe obeys the Liouville-von
Neumann equation

p=—i[Ho+V,p]. (4.53)

The goal is to integrate out the reservoir degrees of freedom in order to arrive at an
effective time evolution equation for the reduced density matrix

ps(t) = Trrp(1), (4.54)

which only depends on system operators and pg(¢) itself. As we will show on the
next pages, under certain conditions one gets an equation of Lindblad form

dps (1)

= Lhs. (4.55)

A central aspect is that this equation is time local, which is a consequence of the
so-called Markovian assumption for the reservoirs’ dynamics, see below, so that
memory effects are neglected.

A trivial limit is the decoupled case V = 0. Here, the time evolution for pg(?) is
unitary and the Lindblad equation is given by

%mz_{mﬁq. (4.56)

Introducing the density matrix in the interaction picture
(1) = e p(1)e ot (4.57)
Equation (4.53) can be rewritten as
p=—i[V(@®),p]. (4.58)
where

‘_/(t) — engtVe—iHot
=V Su() @R, (1), (4.59)
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is the system-reservoir coupling in the interaction picture, and the time evolution
of S, (") is determined by its corresponding unperturbed Hamiltonian, i.e. S, (1) =
eMs'S, et and similarly for R,.

4.4.4.1 Born Markov Approximation

According to (4.58), the time evolution for a small step At is given by

t+ At
ot + Ar) = —i f [V, pth]dt + p (o). (4.60)

This equation can be iterated by inserting for p(¢') again (4.60), leading to

t+Ar t+ At t B _
Ap(t) = —i/ [V(t’),,é(t)]dt’—/ dt’/ dt”[V(t’), [V(t”),,é(t”)ﬂ,
461)

where Ap(t) = p(t + Ar) — p(t). We now split p in the following way:
)6([) = I5S (t) X 15R0(t) + 8lacorr(t)s (462)

where, pg(t) = Trgp(?) is the system’s reduced density matrix, pgo(¢) the unper-
turbed (V = 0) reservoir density matrix, and §p.,, the rest, which accounts for
correlations between system and reservoir. pgo(#) is chosen to commute with Hp,
so that it is time independent pgo(#) — pg. This is not a major restriction and, for
example, this is the case for the equilibrium distribution pg o e #Hr,

The main approximation now will be to neglect & o.o». In Sect. 4.4.4.3 we will
discuss under which conditions and in what sense this is justified. With this approx-
imation, (4.61) becomes

t+At _
Ay =i [ T [V i) ® o
1+ At t B _
_ / dr / dt”TrR[V(t’), [V(t”),ﬁs(t”)@pR]].

The first term on the r.h.s. of (4.63) can generally be taken to be zero. Specifically,
this part contains terms of the form

(4.63)

TrgrRy (") pr = TrgRy pr = 7o (4.64)

11 We omit the bar used to indicate the interaction picture here, since this is already clear from the
time dependence.
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and the numbers r,, can be chosen without restriction to be zero. Indeed, for nonzero
7, One may introduce new reservoir operators

R, =Ry —ry1, (4.65)

which yield TrgR,, pr = 0. The coupling Hamiltonian (4.52) becomes

V=v) (R, ®Su+ruSa). (4.66)

and the term v ), r, S, can be reabsorbed into Hs.

To get a useful expression out of the remaining term in (4.63) (second line), we
need to introduce the Markov approximation. In order to understand it, let us denote
by T the time scale over which the system, i.e. ps, changes due to the interaction
with the environment. In terms of pg this is clearly given by

Apsl 1 \7!
T ~ (' Ps| _—) , (4.67)
At | ps]
where |- --| is some suitable measure. We now take At, which up to now can be
chosen arbitrarily, to be
At L Ts. (4.68)

In this way, since the variation of pg(t”) for t <" <t + At is negligible, one can
replace in (4.63) ps(t”) — ps(r). With this one obtains from (4.63) the coarse-
grained derivative

Aps(®) _

1 t+At t _ _
.y _E/z dt’/t dt’ TrR[V(t’), [V(t”),[)s(t) ®pRH. (4.69)

This equation looks Markovian, as ps(t) is time local and there is no memory on the
past. However, this is valid only in a very small interval At, and we will see below
that Ar cannot be taken arbitrarily small.

4.44.2 Reservoir Correlation Functions

Equation (4.69) contains terms of the form

TrrRo (1 )R (t") pr = Cop(t' — 1), (4.70)

and permutations thereof. Here, we have again exploited time translational invariance
of the reservoir. Provided the reservoir is infinite, its correlation functions Ceg(7)
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decay with a characteristic time scale tz. As we will see, in order to be able to neglect
8 Pcorr,» ONE Must have
R KL At. 4.71)

This has to be supplemented with the previous requirement At < Ts. More specifi-
cally, we will see (cf. [88]) that if (4.71) is fulfilled, the contribution from 8 o, are
canceled from coarse graining on the scale At.

Introducing the time difference T =t — t” € (0, At), the integrals in (4.69) can

be rewritten as
At t+At
/ dt / dr' . ... 4.72)
0 +t

The integrand contains terms Cog(7), which decay in a time 7z < At. Therefore, it
is safe to change the boundaries of the integrals to

[ee] t+At
/ dt / ar ... (4.73)
0 t

With the explicit form of the coupling Hamiltonian (4.52), (4.69) becomes

AD (f) 00 1 t+ At , , , _
% - _/0 th/t dtv2%:{sa(t )Sp(t' — ) fs (1) Cap (T)
—So (1) ps (1)Sp(t" — T)Cpo (—1)
—Sp(t" — 1) ps(1)Sa (1) Cop(7)
+ps(1)Sp(t' — f)Sa(l’)Cﬂa(—f)}-
(4.74)

From here we shall omit to explicitly indicate the time argument for pg (7). Equa-
tions (4.74) in turn can be rewritten in terms of commutators as

AI(_)S 00 1 t+At L , , _
= _—/0 drE/t dr'v aXﬂ: caﬂ(z)[sa(t),sﬁ(t —‘L’)ps]

+Cpo(=D)| 558y (' = ). S0 }

(4.75)

and we are now in the position to determine the order of magnitude of (4.75). As
stated above, Tz is assumed to be the characteristic decay time of Cyg(7), (4.70).
Since the involved operators R,, and pg are of O(1), one can estimate

/oo dt Cup(T) ~ TR0 (4.76)
0
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Since also the S, ~ O(1) we can estimate

1 Aps| 1
1 Al 1 4.77)
Ts At |ps]
The two conditions (4.68) and (4.71) become
1
R LA KL —, (4.78)
TRV
which brings us to the necessary condition
RV <L L 4.79)
In terms of energy scales (4.78) reads
W, 1>>1>>2 o (4.80)
=—> —>vnr=Il=—. .
R TR At k § Ts

Here, W is the typical energy scale of the reservoir controlling its relaxation rate, e.g.
the bandwidth or chemical potential , and Iy is a measure for the system-reservoir
coupling which will be related to the system’s relaxation rate. From (4.79) we have
the requirement

Wr > v. (4.81)

A further scale is the typical spacing Aeg of the system’s energies. Depending on its
magnitude there can be two situations

(1) Aeg > I's — weak coupling limit: One then takes

1
A — > Iy, 4.82
s > 7 > 1 ( )

which leads to the so-called secular approximation, [83] which we are not going
to discuss here.

(2) Wg > Aes — singular coupling limit: Formally this is obtained by rewrit-
ing (4.51) as

1 1
H=H -V + - Hpg, 4.83
s+ 5V + hr (4.83)

and taking 6 — O.

Of course one can, in principle, have both situations at the same time, provided

1
Wr > Agg > a7 > Is. (4.84)
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In these lectures we focus on the second case. The interesting situation is especially
when I's ~ Agg, so that the action of the environment on the system cannot be
regarded as small. Here we have

1 1
—=Wir > — > Agg ~ Ik. (4.85)
TR At

We now return to the evolution equation for pg(7), (4.75). Let us consider the
eigenvectors |n) with eigenvalues ¢, of the system Hamiltonian in terms of which
the time dependence of the system operators can be rewritten as

Sa(t') =Y n) (m|(n|Sq|m)e' =", (4.86)

m,n

see also (4.59). The integration in (4.75) has to be evaluated in the range t € (0, )
and ¢’ — t € (0, At), which allows one to approximate

(Sn - 8m)t/ ~ (5‘" - 8m)(t/ - T) ~ (8n - gm)t’ (487)

since Agg At < 1 due to (4.85). Therefore, the detailed #'- and t-dependence of
S, can be neglected and we can replace S, (') and S, (#' — ) in (4.75) by S, (?).
This allows us to pull out the #-dependent terms and the integration j fﬁm di' — 1
can be dropped. We denote the remaining integrals over the reservoir correlation
functions by

o0
Coy = / Cop(£7)d1. (4.88)
0

Furthermore, one can formally interpret Apg/At on the lhs of (4.75) as a derivative
dps/dt. The t-dependent terms in (4.75) are of the form

Sa (I)Sﬂ (t)ﬁS (t) — eiHstSae—iHst eiH_gl‘sﬁ e_iHStﬁS (t)eiHsf e_iHSt
— —
Sa (1) ps (1)
= 'S, Spps(t)e™ ™", (4.89)

We now transform the derivative from the interaction to the Schrédinger representa-
tion. From differentiating

iHgt

ps(t) = ™' pg(t)e s, (4.90)
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one finds
dﬁS(t) iHst | dpS —iH¢
—_— = Hg, —_— Hst 491
a1 e i[Hg, ps]+ a )¢ (4.91)
dps ) _inados(®) i,
905 _ ilHs. ittt ST, st 492
=4 i[Hs, ps]+e a € (4.92)
where we omitted the time argument of pg(z), and the terms e~#57 _ ¢s! cancel
the ones e'fs” . .. 75" in (4.89). We thus get from (4.75) and (4.92)
dp . _
5 = —ilHs. ps] =2 Y (o [Sur Spps] + Cop [58a: S5]) . (493)
ap
with Cj;, given in (4.88). Furthermore, by defining
o0
Cap = Cly + Copy = / Cop(r)dT (4.94)
-0
_ o0
Cop = C;}} —Cop = / sgn(7)Cyp(7)dr, (4.95)
-0
one arrives at
dos =—i[Hs, ps] +v* Z Cop | SppsSe — l{SaSﬁ, Ps}
dr oy 2
: (4.96)

-1
=Y Cus=[S4Ss, ps].
Vazﬁ: ﬁz[ ﬁpS]

This expression can be rewritten in a more convenient form when explicitly con-
sidering that the coupling Hamiltonian V in (4.52) is Hermitian and, thus, can be
rewritten as

v=vY s, aR, (4.97)

Y (S ®R. +S{®RY), (4.98)
o

/

where the Z is such that the two expressions coincide. Introducing o indices in
o

such a way that

Sz =S Ry=Rl, (4.99)
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as well as new coefficients
— 2 . — 2~
Vap = CapV”, [0q = —V CaE’ (4.100)

we can rewrite (4.96) as (we omit the prime from the sum from now on)

dpS .7y 3 1
4 = [Hs. ps] + Z Vap <S,3/055a - E{S;S,s, ps}>
af

= ,CH,OS +£D,OS- (4101)

Here,

- 1 .
Hy = Hs + 5 %:aaﬁsasﬁ. (4.102)

Equation (4.101) is just the Lindblad equation (4.41) stated before, provided the
coefficient matrix y,g is Hermitian and semipositive definite and 0,4 is Hermitian,
which is straightforward to prove. As a side remark, the same form of the Lindblad
equation is obtained in the weak-coupling limit (4.82), see, e.g. [83, 84, 87].

As mentioned before, £L = Ly + Lp is the Lindblad superoperator. It consists of
a unitary part Ly, which simply provides a correction [the so-called “Lamb shift”
cf. (4.102)] to the system Hamiltonian, and of the dissipator £p. Furthermore, notice
that the Lindblad equation is Markovian since dps(¢) /df only depends on ps(7), i.e.
there are no contribution from the past values of pg(z).

4.4.4.3 Validity of Neglecting & pcorr

In order to derive the pleasant equation (4.101) we introduced the quite drastic
approximation of neglecting correlations between system and environment described
by 8 pcorr- Fortunately, one can readily show that this is justified without the need to
introduce further assumptions beyond the ones we have already made in (4.85).

We follow the discussion of [88]. The correction term, as defined in (4.62),
accounts for both correlations as well as changes in pg. When including 6 pcorr in
(4.63), it enters in the first term on the r.h.s. and leads to the modification § A ps, of

Aﬁsl
t+ At _
SAps = —iTrR/ [V (), 8 peore ()] d1'. (4.103)
t

Let us consider some initial time 7y < ¢t at which .o (f9) = 0, e.g. tp - —o0.
During the time evolution this term becomes nonzero due to V, and to first order in
v we have
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t
8 Peorr (1) ~ / dt//V(l//)... (4104)

o0

Upon insertion into (4.103) one finds terms of the form

t+ At t _ _
SAps ~ / dar / Teg (V()V (") pg) d1".. (4.105)
t —0o0

VIHR(ORA))S(1)S (")

With (4.52) and (4.70) we can relate this to the reservoir correlation functions
VHR(IR(")) ~ Cop(t' — "WV, (4.106)

which are nonzero only in a small region |t — t”| < 7. This allows one to estimate

1+1R t
8 Aps ~ / dt’/ A" Cop (' — t")V? (4.107)
t t—Tg
~vits (4.108)
which has to be compared with

_ At )
Aps ~ — ~ At g v°. (4.109)
S

Therefore, the condition for neglecting the contribution § Apg originating from §
becomes _
SAps TR
Aps At

< 1, (4.110)

i.e. (4.71). In other words, averaging over a time At >> tx allows one to “forget” the
effects of correlations prior to ?.

4.4.5 Derivation for a Fermionic System-Reservoir Setup

We now derive the Lindblad equation (4.48) from a microscopic fermion-reservoir
model and discuss the limit in which the Lindblad representation of the reservoir
becomes exact. According to (4.79) we need Wy = # > v, which is fulfilled when

(1) The DOS of the reservoir is w-independent, i.e., the so-called wide-band limit
and

(2) T and/or || — oo, which corresponds to an w-independent reservoir occupation.
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We consider a generic noninteracting fermionic reservoir described by the Hamil-
tonian

Hp = E 8kack,
k

V=3 (c;an + h.c.) , 4.111)
kn
where c{ are reservoir and a(? system fermionic operators, and vy, are real-valued
coupling constants. We don’t need to specify the form of the system Hamiltonian
Hg[a], since we just want to derive the effects of the reservoir. The reservoir levels g
must be continuous in order to produce dissipation, so we will let the level spacing
go to zero, Ae — 0, and we introduce continuous operators12

Aeg

cr =4/ —c(e), “4.112)
2
Ae

Vin =1/ 5= V(&) (4.113)
2

where the system indices # remain discrete. In this way, the reservoir and coupling
Hamiltonians become

and couplings

de ¥
Hyp = / — e c'(e)c(e),
21

V= Z/ s—; va(e) ¢ (&)a, + h.c.

= Z R,a, + h.c. (4.114)

This is in the form of (4.52), except for the fact that, for simplicity, we have absorbed
v in the definition of the R,,. From (4.114) we read off

de ¥
R, = f —v,(e)c' (e), 4.115)
2

We need to evaluate the reservoir correlation functions (4.70)

Cim(T) = (RY (DR, (0)), (4.116)

1276 be more rigorous: c(g) = \/ﬁ D i 8(e — er)ck.
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and
Cuin(T) = (Ry()R],(0))
= / ((jngd;vn(e)vm(e’)(cT(a, )e(e)), 4.117)
where
cfe, 1) = e ci(e) . (4.118)

The occupation of reservoir states is given by

(cler) = S n(k)

Ag . ,
= —{(c"(e)c(e)), (4.119)
2

and with &y /Ae — 8(e — &) one finds that
(c"(e, T)c(e)) = 218 (e — &)n(e)e T, (4.120)

by which (4.117) simplifies to

Cin (T) =/§—;vn(e)vm(8) n(e) e 7. (4.121)

As discussed in (4.80), in order for the Lindblad equation representation of the
reservoir to be accurate, the correlation functions (4.121) must decay fast enough,
i.e. with arate 1/t much larger than the Aeg and v. 1/t is proportional to the width
of the argument in (4.121), F(¢) = v,(¢)v,,(e)n(e). Therefore, strictly speaking the
Lindblad representation becomes exact when F (¢) is constant. In this case,

enin(T) X 8(7) , (4.122)

i.e. the Markovian condition. It is interesting to notice that this is the only require-
ment and once (4.122) is fulfilled there is no further weak-coupling requirement
although a weak-coupling expansion was used for the Born-Markov approximation.
The condition F'(¢) = const. requires both the wide-band limit v, (¢) = const. and
n(e) = const.. The latter corresponds to having either (i) u — £oo or (i) T — oo.
Otherwise, ¢,;;(t) decays with a rate 1/t proportional to the width of F(e). In
nonequilibrium situations it is useful to have reservoirs with different occupations
n(e). This is not in contradiction with the above condition since one can generalize
(4.114) by including a sum over separate reservoirs o with constant but different
occupations 7 (€).
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From (4.121) we determine the correlation functions (4.95), (4.100) by exploiting
the following relations

s 1 1
I = / e 1T = — — = _{P— 4+ 78(e),
0 i(e —id) £

1

B 4.123
i(e +i8) ! ( )

0 . .
I E/ e iEFTYr =
—00
This gives for the two matrices y and o of (4.101) and (4.102)

= [ 4T Cun®) = 1aO On0) =
_ ) del .
Coin = /d‘l,' Cnin(T) sgn(t) = —ZP/ ;gvn(e)vm(e)n(e) = —iou,. (4.124)

Even for energy independent v, (&)v,,(¢)n(e), the quantities o, may be sensitive to
their values at high energies. For simplicity, we here take even functions v(¢), n(¢),
so that o,,,, = 0. Similarly

Yam = Va(O)vn(0)m(0) — (m(e) =1 — n(e)),

O = —P/ %lvn(a)vm(e)m(e) . (4.125)
T e

Thus, the parameters entering (4.48) are (we omit the e-dependence of the v, and
of n)

2'Iﬂlnm = Vum = anm(l - n)v
20 um = Yam = VnVmh. (4.126)

As already discussed, 17, describes the removal of particles from the system which
is consistent with it being proportional to (1 — n), and I3, describes particle injec-
tion and is proportional to n.

For the 1-level model discussed above, we have in the steady state [cf. (4.50)]

I

(aTa)z =
In+1;

n, 4.127)

which we expect for a level in equilibrium with a reservoir.
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4.5 Superfermion Representation

The so-called superfermion representation is a useful scheme to map the Lindblad

equation onto a standard operator problem, in which the superoperator L acting on p
is replaced by an ordinary operator £ acting on the corresponding state vector |p) in
an enlarged Hilbert space. Like (4.42), the resulting equation is of “Schrodinger” type

d ~
— 4.12
d;'p) Llp), (4.128)

in which, however, the “Hamiltonian” i£ is a non-Hermitian operator.

Here, we follow the treatment by Dzhioev and Kosov [65], see also [93, 94], as
well as [66, 67] for an earlier treatment. The starting point is an augmented fermion
Fock space, in which the original Hilbert space is doubled. Starting from the basis
states |n) of the original space of dimension Ny, one introduces additional’tilde*
states and defines the new basis states |n)|m). The size of the new Hilbert space
clearly becomes Ny — N,?(. This allows for a convenient representation of (system)

density matrices'?:

p=>_1n) (ml Pun (4.129)
" sl

For this one introduces the so-called “left vacuum”

iy =" Im, (4.130)

which is essentially a purification of the identity operator. Applying o to the left
vacuum maps the density matrix onto a state vector of the augmented space.

p=lpy=p® 1 _II)= anmln)lm)- (4.131)

implicit nm
In general, for an arbitrary operator B one defines the corresponding state vector
|B) = BII) | (4.132)
which can be used to evaluate traces of operators

TtB = (I|B|I) = (I|B). (4.133)

13We omit here the system index of pg for the sake of clarity.
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Proof

AIBID) = ) (kIKIBlm)li) = ) Bu (4.134)
k

knm

In particular, expectation values of operators are given by

(A) =TrAp = (I| Ap |7)
——
(implicitly Ap®7)

= (11A]p). (4.135)
Besides expressions of the form A 0 we also need to evaluate /612\, whiclAl occurs for
instance in the Lindblad equation. For the first case we already found thatAp — A|p)

but a transformation of the form /3;1 — ,6;1 |I) is not useful, as we would like to express
also the second case in terms of an operator applied to |p). pA is written as

PA=) punln)(mlA, (4.136)

nm

i.e. A acts on the bra vector (m|. Its representation within the augmented space is
thus given by

PA = (pA)Yunln) i) . (4.137)

nm

One now introduces the operator'*

A=1®A" =) Ayll)kl, (4.138)
kl

acting on tilde states only. Applied on the state |p) it provides the desired result

Alp) =Y Aull) (K| pumIn) |71}

kinm

= Z Amlpnm |n> |~)

Inm

=Y " (pA)uIn) [0}, (4.139)
nl

which is the r.h.s. of (4.137), i.e. we have

PA — Alp). (4.140)

14Note that the definition of A” is basis dependent.
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For a Fock space of fermionic particles one has to specify the fermionic sign of
each term, or in other words the ordering of the levels when specifying states such as
(4.130). Considering a many-fermion system characterized by levelsi = 1,2, ..., N,
which may include spin, the basis states of the two Fock spaces are indicated as

ln) = [mny ... ny),
|7y “tilde” Fock space, (4.141)

with corresponding creation and annihilation operators alT, a;, 5;, a;. In the left
vacuum one can include an arbitrary phase for each state. Here, it is convenient to
adopt the convention

N =>"In7),

{n}
n, ) = (=D& (aa@)™ ... (aydy)™ [0)[0). (4.142)

Using this expression, one obtains the so-called tilde conjugation rules [65]:
Y = —i5t
ai|ll) = —ia;|I),
aj\ly = —ia|I). (4.143)
By taking their Hermitian conjugate, these can be easily generalized to

FIIy = —i F'|1),
(I|F =i (|F", (4.144)

where F is an arbitrary linear combination of a;, ajT with real coefficients.
Proof of (4.143):

glly =" (=)=" .. .aa/a)...|0)[0)
nn=1

= —i'&; Z |n,7) (due to E;, n; = 0 is guaranteed)

n:n;=0

— 5T
= lajU)’

and similarly for a;.
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4.5.1 Representation of the Lindblad Equation

For a representation of the Lindblad equation (4.101), or specifically for fermions
(4.48), we have to consider the representation of different operator terms multiplying
the density matrix and applied to the left vacuum state. If the S,, are linear combina-
tions of the ai(T) and a;, we have for a quadratic term multiplied from the left

SuSsAll) = SuSgl0). (4.145)

and for one multiplied from the right

PSaSpll) = pSoa  (=iSp) 1I) (4.146)
——
can now be moved
to the left
= iS5p(—iSHII) (4.147)
= S5Sil), (4.148)

where we used (4.143). In a similar manner, quartic terms are transformed as
$S15,838411) = SISISIST 1 p), (4.149)
and in general, for an operator O with an even number of fermionic a; or a; one has
p0|I) = O'p). (4.150)

Finally, (4.101) contains terms with operators multiplying on the left and on the right
that become'” N
SaPSgll) = —iSaS;|,o). (4.151)

We are now in the position to express the superfermion representation of the Lind-
blad equation (4.101), or more specifically of (LA,é) |I). The Liouville von Neumann

part Ly becomes
Lupll) = —i[H, p| 1) = —i (H — H) |p), (4.152)

i.e. we have the following mapping of the superoperator Ly in the superfermion
space:

~

J (H-H), (4.153)

I5Note that p contains even products of untilded fermion operators only, and thus commutes with
tilde operators.
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where H is the Hamiltonian applied to the “tilde” part of the Hilbert space [cf.
(4.138)]. Here we used (4.150) and the fact that H is Hermitian and contains terms
quadratic and quartic in the fermionic operators.

The dissipator /30 in (4.101) becomes
Lop ) 1D => is,3, - Lsis, - 13 p) (4.154)
DP = ~ Yap B «a PR B 5B P .

where we have used (4.145, 4.148, 4.151).
On the whole, (4.152) and (4.154) transform the Lindblad equation into a
“Schrodinger-type” equation governing the time evolution of the “supervector” |p),

d \
3P = Lle), (4.155)

with a non-Hermitian generator iL. The trace preserving property of the Lindblad
equation transforms into [cf. (4.133)]

d d .
—Trp =0 I|—lp) = {{|L|p) =0. 4.156
G P =l le) = {ILlp) (4.156)

Since this holds true for any |p), one has

A

\L =o. (4.157)

Therefore, the left vacuum (/| is a left eigenstate of L with eigenvalue zero, which
explains its name. For each left eigenstate there is a right one with the same eigen-
value. In this case this is the steady state | p,) with the property

Llpss) = 0. (4.158)

Equations of Motion

One way to address the time dependence of observables is via the equations of motion
technique:

(A@) = (I1Alp(D),

d
E(A(m = ({[|AL|p (1))
= [A L] lp@®). (4.159)
——
because (I|£=0
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In some cases, e.g. noninteracting particles, this yields a closed set of equations. In
the general interacting case, however, this is not possible and a hierarchy of equations
is created, which must be truncated at some point. Below we discuss in more detail
an alternative way, namely to directly solve (4.155) in a manybody basis.

Example (Single-level model) Consider again a fermionic system consisting of a
single level with Hamiltonian (4.49) and dissipator (4.48) with no indices i, j. Using
(4.154), the superfermion representation of the Lindblad operator becomes

L=—ie (a'a—3'a) — I (a'a +3'd + 2iad)

. » (4.160)
- (acfr +aal + 2iaTaT) ,
which can be conveniently written in a matrix form
L=—i(d'd)H 2.} + const
— aT :
= —ia'Ha, (4.161)
with the matrix H given by
E+ B . D
ﬂ: BE Ei=5:|:z(F2—F1),B=2F2,B=—2F1. (4162)

We leave it as an exercise to use the equations of motion technique discussed above
to evaluate the time dependence of the density

n(t) = (Ila‘alp(1)), (4.163)

for this model.

Example (Current) Consider the single-level model (4.161), (4.162) coupled to two
reservoirs, one described by the I} term and the other by the I term only. Accord-
ingly, we split the dissipator as

Lp= LDI + ‘CDZ' (4.164)

The current I, from the level to the I reservoir is determined by the temporal change
of the electron density in the level due to the coupling to the reservoir I only:

L= d( Ta) (4.165)
2 = dr ada)r, .
=—Tr <a*aﬁD2 ,0) (4.166)

— [am, ﬁDz] 10). (4.167)
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We leave it as an exercise to determine the steady-state current and show that in
steady state the current is conserved I} = —1I.

4.5.1.1 Generic Fermionic Hamiltonian with Many Levels

For the case of a central system consisting of N noninteracting fermionic levels with

Hamiltonian
H = E snma;am’
nm

and dissipator (4.48), it is straightforward to show that the expressions (4.161)
with (4.162) still hold, provided one takes e, I}, I, as matrices with elements
Enms Flnm’ Fan, as well as

a = (aj,...,a;,zl,...,aN). (4.168)

If, additionally, an interaction described by a Hamiltonian Hy is present in the
central system, the corresponding contribution to the Lindblad operator being

A

ﬁU p=—i [HU, ,6], becomes in the superfermion representation [cf. (4.153)]

Ly|p) = —i(Hy — Hy)|p). (4.169)

Example (Anderson impurity chain attached to reservoirs) As a simple example,
one can consider a fermionic tight-binding chain consisting of N sites (spin is not
indicated explicitly) in which the leftmost site n = 1 is attached to areservoir injecting
particles, I> with the only nonzero matrix element I3 1,1, and the rightmost site
n = N is attached to a reservoir removing particles, 1] with the only nonzero matrix
element I'] y x.One can include a Hubbard interaction U on the central chain, so that
the system describes a nonequilibrium Anderson impurity chain in which a current
flows from left to right, see upper part of Fig.4.6. The corresponding superfermion
Hamiltonian describes two chains, one corresponding to the operators a,, the other
to the @,. The two chains are coupled by the I" and have opposite sign of the single-
particle parameters. The I (1) term injects (removes) particles on both chains, so
that the total particle number is not conserved (see lower part of Fig. 4.6). However,
if one carries out a particle-hole transformation for the tilde particles d, = @, then
the total particle number Zilv:l (afan + 3; cNin) is conserved.
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Fig.4.6 (Top) [llustration of an Anderson impurity coupled to two reservoirs given by tight-binding
chains with Lindblad drivings at the outermost sites. (Bottom) In the superfermion representation
this maps onto to two chains, which are coupled via the Lindblad terms /7] and I

4.6 Correlation Functions and Quantum
Regression Theorem

Up to now we only discussed the time dependence of expectation values (A(?)).
We now focus on two-time correlation functions (A(¢t)B(¢')). The computation of
such correlation or Green’s functions is particularly important in the present treat-
ment, since it enables us to combine the Lindblad approach with the framework of
nonequilibrium Green’s functions, as outlined below in more detail.

The time dependence of an operator A acting on the system only is given by

(A(1)) = TrA(t)o = Trs Trr Ao(t) = Trs Aos(t), (4.170)

with o5 = Trg o the system reduced and o the universe density matrix. Here, we have
exploited the fact that the Heisenberg time evolution of an operator A has opposite
sign with respect to the time evolution of p, the cyclic property of the trace, and
that the reservoir trace can be “pulled over” the system operator A. Due to this, it
is sufficient to know the time dependence of og(#), which is given by the Lindblad
equation (4.41) as discussed up to now. However, for two-time correlation functions
of system operators a knowledge of ps(¢) is no longer sufficient. Let us illustrate this
for the following correlation function of two system operators A, B:
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iGpa(ti +1,1) =TrB(t) + 1)A(t)o
— TreiH(t1+‘L')BefiH(f1+T)eth1Aefth1Q

= TrBe M7 Ao(t))e™™ = Trs BTrre " Ao(t))e™*.  (4.171)

Now, since the Hamiltonian H acts on both system and reservoir, one cannot pull
Trg over e 7,
In order to make progress, let us introduce the following system operator

As(t, 1) = Trge T Ap(1))e™, (4.172)

in terms of which
iGpa(ty + 7, t1) = Trg BAs(t, t1). 4.173)

Unfortunately, As (7, #;) cannot be determined solely from the knowledge of the
reduced density matrix og(#;). Fortunately, the so-called quantum regression theo-
rem [85, 87] states that the time dependence of the operator As(t, ;) is governed by
an equation of Lindblad type

d
EAS(T, 1) = LAs(z, 1), (4.174)

provided that the same Markovian conditions as for pg, (4.80), hold true:
Ts > At > tr. (4.175)
This result combined with the initial (z = 0) condition
As(0,11) =Trr Ao (1) = Ags(t1), (4.176)

allows to determine an arbitrary operator As (7, #1), and thus any two-time correlation
function iGga (¢ + 7, t1). This works as follows:

(1) First calculate pg(t;) from dill,os = Lps and a given initial condition. In partic-
ular, we are interested in the steady state case 1; — 00, see below.

(2) Then compute the t-time evolution of Ag(t, #;) from (4.174), with initial con-
dition (4.176), taking #, as a fixed parameter.

In fact, for the case that A is a bosonic operator (or contains even products of
fermionic creation/annihilation operators), £ and £ from (4.41) coincide. For the
case of operators containing odd products of fermions, which is relevant in evaluating
single-particle Green’s functions, there is an additional sign, [95], which we are going
to discuss below.

The Quantum Regression Theorem (4.174) can be readily proven by repeating the
steps of Sect. 4.4.4 whereby one takes instead of the universe density matrix p(t),
the quantity [Ao(#1)](?), where %[~ () = —i[H, [---]()], c.f. (4.53). Since the
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quantity we are looking for is precisely Ag(t, t1) = Trg[Ao(t1)](?) (cf. (4.172)), the
procedure carried out to determine the time dependence of pg () ((4.54)) is precisely
the same. As a result, one gets the same (4.174) with £ = L. For fermions, one
should take care of the fact that the coupling Hamiltonian cannot be readily written
in the form (4.52), since there are additional fermionic signs. In the end, this leads to
a slightly different expression for £, which we are going to discuss below. See [95],
Appendix B, for a complete treatment.

One should point out that the Lindblad time evolutions (4.174) and (4.41) are valid
only in the positive direction of time. Inherently, this is connected to the Markov
approximation and the dissipative dynamics. However, in the case of correlation
functions we generally need to compute iGga(t + 7, t) for T < 0 as well. This can
be achieved in two ways

e Instead of iGpa(f + 7, t) one considers the complex conjugate

TrA™(£)B'(t + 7)o
iGpipt(f, 1+ T), (4.177)

—iGi @t +1,0)

which is in the proper time order since t — (t + 1) > 0 for r < 0.
e Alternatively, with the cyclic invariance of the trace one has that

iGpa(t +7,1) = TrA(1)oB(t + 1)
= Trg A Trg {7 0(t + T)Be "7}
= Trs AB{(—1, 1+ 1), (4.178)

and the time evolution of E;(—r, t + 1) is determined by (4.174) for < 0.

4.6.1 Superfermion Representation

We now want to express a correlation function (4.173) in the superfermion formalism
of Sect. 4.5. In this notation,

iGpa(ty + 7, 11) = ([|BAs(t, 1) |I) = (I|B|As(z, 1)) - (4.179)

Here, the supervector |As(7, #1)) has the properties

d R
77 As(m ) = LIAs(t, 1)), 1As(0, 1)) = Alps(t1), (4.180)

provided A is a bosonic operator. This can be easily shown by using (4.174), (4.176),
and (4.144), and proceeding like for (4.145, 4.148, 4.151). For fermionic operators
the derivation is somewhat more tricky, but in the end one obtains effectively the
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same expression (4.180) with the same ﬁ, despite of the fact that in (4.174) é differs

from L. This is discussed in the next section.
Note that the expression (4.179) is valid for T > 0 only. For negative t one should
use (4.177) or (4.178).

4.6.2 Fermionic Operators

As mentioned above, special care has to be taken for the case of fermionic operators
since their expression in terms of tensor products is not trivial. We here only sketch
the issue and refer to [95], Appendix B, for a complete treatment. The system operator
A of Sect. 4.6 has in fact the form A = Iz ® Ag. On the other hand, a single-particle
fermionic operator C for the system does not have this form since it anti-commutes
with reservoir states. Consider for instance the product state [1/) = |R) ® |S). Here,'®

Cly) = (=D™IR) ® CslS), (4.181)

with Ny the number of fermions in state |R). Therefore, one must include these phase
factors in the definition of the tensor product operators, leading to

C=(-D"gCs. (4.182)

When carrying out the microscopic derivation of Sect. 4.4.4, one finds that these sign
factors cancel away in the case of the Lindblad equation for the density matrix p,
while for correlation functions they do matter.

Following the treatment of [95], Appendix B, one obtains that a fermionic operator
Cs(7, 1) defined similarly to (4.172) obeys

d 2
—Cs(z,11) = LCs(T, 1), (4.183)
dt
with
A . e
LCs := —i[H, Cs] + ; Ve <n5acssﬁ -3 {Sﬁsa, cs]) . (4.184)

The additional sign factor n (possibly) distinguishes this result from (4.41) and is
equal to —1 if Cg and S, both contain an odd number of fermionic operators, and
+1 otherwise.

16Cy is the same as C but acting on the system Hilbert space only.
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Nevertheless, the pleasant aspect is that in the superfermion representation of
Sect. 4.5, this sign n cancels out again. Therefore, in the superfermion representation,
the vector |Cs (7, t1)) associated to Cs(7, #;) obeys an equation like (4.155)

d A
a7 |Cs(t, 1)) = LICs(T, 1)), (4.185)
T

with the same £ (4.153), (4.154).

4.7 Nonequilibrium Green’s Functions

Nonequilibrium Green’s functions have been treated in detail in the previous two
lectures, so here we are simply going to summarize the parts which are most relevant
for the present treatment. Again we specialize to the case of a fermionic system. We
refer to these lectures and to previous literature (see, e.g. [1, 2, 96]).

As introduced by Kadanoff, Baym and Keldysh, a modified time contour ordering
allows one to formulate a systematic Green’s function formalism analogous to the
equilibrium case. In contrast to equilibrium, the system states at t — 400 are no
longer equivalent and thus the only reference point is the infinite past.'” Only there
one can assume that the system is in a noninteracting initial state necessary in order
to apply Wick’s theorem. Therefore, instead of time-ordered expectation values as in
equilibrium, one has to consider contour-ordered ones. Different contour orders exist
and we focus here only on the Keldysh contour, as sketched in Fig.4.7. Here, the
Matsubara branch, accounting for initial correlations, is neglected and the contour
extends until t — —oo. This is justified when considering steady states or even when
carrying out time evolutions starting from a steady state.'® An example for a two-
time correlation function is depicted in Fig. 4.7, which demonstrates that the contour-
ordering of times generally differs from the ordinary time-ordering. When denoting
contour times by 74,5 and “standard” times by 74,5, one can write contour-ordered
two-time Green’s functions in the following way

(4.186)

G(ta, 1) = Gta, 1) = (GT(’A’ tg) G~ (ta, ’B)>.

G~ (14, tg) G7(a, tp)

Itis convenient to employ a matrix structure, which contains all the possible orderings
of the two time variables t4, on the lower and on the upper contour. Gr (14, 1)
(G7(4, t)) s the time (anti-time) ordered Green’s function, which corresponds to
the case that 74 and ¢z are both on the upper (lower) contour. The lesser (greater)

"Tn case of the L-shaped Kadanoff-Baym contour this starting point is on the imaginary-time
Matsubara branch, i.e. corresponds to a thermal initial state.

18 1n principle, one could avoid the Matsubara branch altogether by designing a Hamiltonian whose
steady state is the required initial state.
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Fig. 4.7 Sketch of the Keldysh contour with an upper and a lower branch, both extending to —oo.
Depicted is the example of a “lesser” two-time function (e.g. G=(#4, tg)), in which #4 is before #p
in terms of the contour ordering

Green’s function G=(14, tg) (G~ (24, tg)) refers to the mixed cases, with one time
variable on the upper and one on the lower time contour.

The matrix form stated above contains redundant information and it is thus con-
venient to employ a transformation [2]

(4.187)

Q:LO’\;éL»k: (GR GK) ,

0 Ga

to the so-called Keldysh space. The retarded (Gg), advanced (G4) and Keldysh (Gg)
Green’s functions are hereby defined as:

Gr(1,2) = —iO (1 — ) ({c(1), ¢ (2)}),
Ga(1,2) = Gr(2, 1),
Gg(1,2) = —i{[c(1), cT(2)]). (4.188)

The matrix form (4.187), which we shall indicate by an underscore “_", is very useful
since essentially the full perturbation theory and Feynman diagrams developed for
equilibrium is also applicable in the nonequilibrium case, whereby all scalar expres-
sions for the Green’s functions have to replaced by analogous matrix expressions.

Besides matrix products, one also needs to compute inverses F ! of two-point
Keldysh objects F. This is given in terms of the Langreth rules, by

[ Fg Fx o (Fp' —Fy'FgFy!
whereby the individual objects F, Fk, ... can also be matrices in site and/or spin

indices. Clearly, retarded objects transform in a simple manner and only the Keldysh
part is more involved

(F e = Fp)™,
(F Yk = —Fg'FxF . (4.190)
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4.7.1 Anderson Impurity Model

As mentioned at the beginning, we are particularly interested in the nonequilibrium
Anderson impurity model, which is described by the Hamiltonian

H=Hc+Hg+V,

HC =£ ZCSGC()U + UI’lOTI/l(w,

o
ECTC
P~ po ~po>

Hp =
o,p#0
V= wc,co +he, (4.191)
o,p#0

with Hc the impurity, Hg the reservoir and V the coupling Hamiltonian.'® For the
reservoir we consider the case of two leads denoted by + and —, corresponding top >
Oandp < 0in (4.191), with different chemical potentials (¢, (1 —) and temperatures
(T4, T_), see left side of Fig.4.8. The unperturbed Hamiltonian

Hy=H_+H, + Hco. (4.192)

corresponds to the decoupled system without interaction and we consider as pertur-
bation the hybridizations v, and the interaction U. At ty — —oo the system is pre-
pared in an eigenstate of Hy, i.e. the three regions are separately in equilibrium with
their respective chemical potentials and temperatures, and the perturbation is then
switched on. For t — #y — oo the system reaches the steady state of the full Hamil-
tonian (4.191). In the steady state one can assume that time translational invariance
applies, so that Green’s functions can be written in the frequency domain:

Gt —n) — Go). (4.193)

From now on we assume that all Green’s functions are w-dependent and omit the
argument for the sake of simplicity.

Let us start with the noninteracting case U = 0, so that the perturbation is only
given by the hybridizations to the leads. For this case the exact Dyson equation reads

G=g+gVG. (4.194)

The equation is analogous to the equilibrium case, the difference being that every
object has a 2 x 2 matrix structure in Keldysh space, in addition to level and/or

19Similarly, one could also generalize the steps outlined below to the situation of a central system
containing a small number of interacting sites, see Fig.4.1, by a suitable matrix notation.
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p<0 . . p>0 p<0 p>0
H M M,
T T T,
p=0
[ v, v
g€, €1 gU g €
= 7
= =
3 4

Fig. 4.8 (Left) Sketch of the nonequilibrium Anderson impurity model as defined in (4.191). The
two reservoirs p < 0 and p > 0 consist of an infinite number of levels ¢, which are (at ) — —00)
filled according to the Fermi-Dirac distributions fr (w — p4, T+ ). This is the “star” representation.
(Right) Equivalent “chain” representation, with two semi-infinite chains representing the reservoirs

spin indices. G is the full Green’s function, g is the Green’s function of the isolated
regions (v, = 0) and V is the hybridization, which is diagonal in Keldysh space:

vy 0
Vop =Yy = ( 0 v,,) : (4.195)

In principle, the full matrices in (4.194) can be inverted with the help of (4.189). It
is convenient to write them explicitly in terms of their components

Gy = Eoo + Eoo Z KOpgﬁo’
p

Gu= 8,0+ 8, VG (4.196)
—
0

Here, we made use of the fact that 8, does not have off-diagonal components linking
the initially decoupled regions. On the whole, one can write Dyson’s equation as

Goo =84+ 8404 G (4.197)
with the bath hybridization function defined as

A= Xo

P8, Y0 - (4.198)
pp'

As usual, the solution of (4.197) is obtained by

Gy = (ggol - A)_l , (4.199)
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whereby one has to take the Langreth rules (4.189) into account, in order to invert
the 2 x 2 Keldysh objects.
The reservoir Green’s functions g,, are known analytically, since they correspond

to a noninteracting system in equilibrium.?’ For a reservoir Hamiltonian as specified
in (4.191), which is diagonal in the p operators, the retarded part is given by

rpp (@) = 8y (0 — £, +i07) " (4.200)

Of course, other choices of the reservoir are possible as well, e.g. a “chain” instead
of a “star” representation, see Fig.4.8. In the latter case, only one site of each lead,
e.g. gr11(w) and ggr_1_1(w), would couple to the central system. Notice that such
“surface” Green’s function of a noninteracting semi-infinite tight-binding chain can
be determined analytically, cf. [97].

In equilibrium, the Keldysh and the retarded Green’s functions are not independent
but linked via the so-called fluctuation dissipation theorem:

Skop (@) = (Srpp(@) — Gapp(@)) 5,(),
sp(w) =1 = 2fp(w — 1y, Tp), (4.201)

with fr(w — u,, T,) the Fermi-Dirac distribution. For the nonequilibrium case, the
Keldysh and the retarded component are independent functions and both of them
must be considered explicitly.

As in equilibrium, the solution of the interacting problem U # 0 poses the main
challenge. A couple of different approaches are discussed in the next section. Here,
let us focus on the general properties. As usual, the contribution from U can be
encoded in terms of the self energy X' (w), which is also a 2 x 2 Keldysh object in
nonequilibrium. In terms of site indices pp’, X (») is only nonzero when an interaction
term is present in the Hamiltonian at p and p’. Therefore, in the single impurity case
considered here, the self energy has only contributions on the impurity site. In this
way, (4.199) is modified to

—1
Gy = (&;01 —A- goo) . (4.202)

Once X, is known, all single particle quantities of interest can be computed.”!

The possibly spin-dependent particle density on the impurity site, for instance, is
given in terms of the Keldysh Green’s function by

1 i
= - — — . 4.2
n 7 1 /GKoo(a))da) (4.203)

20Note that g refers to the initially decoupled situation.

2lWe focus here on the impurity, but also reservoir properties are accessible via Dyson’s equation.
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The current from the reservoir to the impurity is determined in terms of G, leading
to the Meir-Wingreen formula: [98]

A B
=5 f_ N do ([y-(@) — v+ (@)] G5 ()
+ [fr-(@)y—(®) = fr+ (@) y+(@) ] [Groo(®) — Gago(@)]), (4.204)

with fpy the Fermi functions of the left (-) and right (+) reservoir, and yi(w) =
—23m {Ag+(w)} accounts for the coupling strength to and the DOS of each lead.

4.8 Nonequilibrium Impurity Problems

The manybody solution of nonequilibrium impurity problems, as defined by (4.191),
is an active area of research and numerous different approaches were devised in recent
years. Here, we want to give only a brief overview over some of them and then focus
on solution strategies based on a combination of nonequilibrium Green’s functions
and Lindblad equations, which is the topic of the present lecture.

Powerful numerical methods for the solution of equilibrium impurity models are
for instance exact diagonalization (ED), quantum Monte Carlo (QMC), matrix prod-
uct states (MPS) and numerical renormalization group (NRG). Except for action-
based QMC solvers, the common solution strategy is to replace the exact hybridiza-
tion function A(w) by an approximate one, corresponding to a finite size system
which can be solved precisely by numerical techniques (see, e.g., Fig.4.9).

The key point is always that the influence of the leads is completely determined
by A(w). In other words, the self energy X' (w) depends solely on ¢, U and A(w),
but not on other details of the reservoir. This means that different representations of
the reservoir, for instance a chain or a star geometry, which yield the same A(w) are
equivalent on the level of impurity properties. Both of them result in the same G,

Fig. 4.9 Exact
diagonalization approach as
used for equilibrium
situations. Instead of the
exact system, Fig.4.8 with a
single reservoir, e.g. p > 0
only, a finite size problem
consisting of the impurity
and a small number of levels
&p 1s solved

-

fe(w-p,T)
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9imp  noninteracting, decoupled IMPURITY

Gywp  full IMPURITY —
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Gwe = 9w+ Depends on
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Fig. 4.10 Sketch of the diagrammatic proof that correlation functions on the impurity site are fully
determined by the hybridization function A(w), and the impurity terms U and &imp Other details
of the bath are irrelevant, e.g. whether one considers a “star” or “chain” representation, cf. Fig.4.8.
The bath can be also represented by a mixed auxiliary system consisting of orbitals and Lindblad
terms, such as a buffer layer (see Sect. 4.8.1) or by a more generic one within the Auxiliary Master
Equation Approach [21, 63], as depicted in Fig.4.13, see Sect. 4.9

and Xy,. Of course, this fact holds in nonequilibrium as well, see Fig.4.10. Within
NRG, this fact is exploited to justify the Wilson chain [6].

In equilibrium one exploits this to replace the dense reservoir by an auxiliary reser-
voir with a small number of levels only and different parameters &,, v,, see Fig.4.9.
Here, the parameters are determined (fitted) in order to provide the best representa-
tion of the bath hybridization function A(iw,) in Matsubara frequency space. This
is the exact-diagonalization based impurity solver [8, 9], widely used for DMFT.
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Out of equilibrium this does not work since a finite size reservoir cannot provide
dissipation and thus a steady state situation can never be reached in the time evolution.
Instead, such a system exhibits oscillating dynamics. Here, we want to consider
closely related approaches, in which the reservoir is modeled by a small number of
levels which are additionally coupled to Markovian environments. Such auxiliary
systems are governed by a Lindblad equation, which we discussed earlier. The key
advantage is that these reservoir representations exhibit dissipative dynamics and
truly represent nonequilibrium impurity systems.

4.8.1 Buffer Layer Approach

In the so-called buffer layer approach, see e.g. [65], one considers a certain number Ng
of bath levels coupled to the impurity site, similar to the original Hamiltonian (4.191)
but with Np finite. To “compensate” for the missing part of the infinite reservoir one
additionally couples the bath sites to Markovian environments, see also Fig.4.11. In
this way one is able to achieve a continuous DOS in the auxiliary system, appropriate
for a nonequilibrium situation.

If one assumes for the Markovian environments an infinite bandwidth and energy-
independent occupations 7, the auxiliary system can be exactly written in terms of
a Lindblad equation, as previously discussed

p=Lyp~+ Lpp,
Np

PR R N 1 .
Lop=2)" (nn(dnpd,; = 5didi, p}) + Dn(d; pdy — S {dud), p})), (4.205)
n=1
.
T
My
T+
= B
7 £
2 =

Fig.4.11 Buffer layer approach: The nonequilibrium impurity model Fig. 4.8 is replaced by a finite
number of levels &, which are additionally coupled to Markovian environments. The appropriate
filling n, = fr (€, — i+, T+) is achieved by suitable coupling constants I, and I, to the empty
and filled Markovian environments, (4.206). The resulting finite size open quantum system is
governed by a Lindblad equation (4.205) and represents a true nonequilibrium model
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where p represents the density matrix of the open system consisting of impurity
plus level sites with corresponding operators d,,. There are two types of Markovian
environments, one completely empty (1w — —o0) and one completely filled (© —
+00). The coefficients I, determine the couplings to the empty environment, and
I, the couplings to the filled one. One can choose them in the following way:

I, = Mn(l — ),
Doy = Myn,,. (4.206)

Here, M, determines the coupling strength of the n-th level to the two Markovian
environments, and n,, refers to its desired occupation.

We now evaluate the corresponding auxiliary bath hybridization function A4
at the impurity site. For this one should first determine the noninteracting Green’s
function and then use (4.199). The expression for the noninteracting Green’s function
of an open lattice system described by (4.161), (4.162) is evaluated in Sect. 4.9.1.1,
and the expression for the Green’s function matrices is given in (4.222).

For the present case it is more convenient to use (4.198) in terms of the local
Green’s function 8, =8, of the n-th isolated level plus Markovian reservoir, i.e.
decoupled from the 1mpur1ty site. These can be determined by using (4.222) for a
single site, leading to

8Rn = (a) — & + iPJrn)_l’
2i(In — Iy)

. 4.207
(—e)2+ T3, ( )

8Kn = 2ian(F2il - Fln)g;n =

With (4.198), the auxiliary hybridization function on the impurity site is given by
Al;‘?ux = Z ‘_)}?lanv
n
A — Zvﬁg,@. (4.208)
Now, the goal is to approximate the physical Az, Ak as accurately as possible by
A% and A4, Due to the Kramers-Kronig relation between the imaginary and the
real part of retarded functions, it is sufficient to consider only the imaginary part of

Apg, and Ag is itself purely imaginary. The bath spectral function, determining the
DOS of the auxiliary reservoir, is given by

1
A (@) = ——dm {47 (@)}

= 2br,, (@ — &), (4.209)
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Fig. 4.12 Sketch of A%**(w) in the buffer layer approach, with parameters chosen according to
(4.211) and (4.212), and description in the text. The separate levels produce Lorentzian curves. For
illustrative purposes we choose Iy, = §,/2, see e.g. [95] for a detailed discussion

with the Lorentzians

Sr(w) ! r (4.210)
)= ——7———. .

r T w4 I?

Therefore, a given physical bath spectral function Ax(w) = —1/73m {Ag(w)} is

approximated by a superposition of Lorentz curves, as sketched in Fig.4.12. For
equidistant levels with energies &, the level spacing is given by

Oy = —, 4.211
N, ( )

with W the bandwidth. The width of the Lorentzians (4.210) is given by I}, and
one should choose

[y~ 6y, 4.212)

in order to achieve a smooth and non-peaked A4 (w), which reproduces features
in A, (w) properly. The hoppings v, are then adjusted in such a way that the local
density of states is correctly reproduced, and normalization requires that ) V=1
In the hypothetical Ny — oo limit, one recovers the exact result A’Z‘“ (w) > Ax(w).
See [95] for a further discussion of these aspects.

Up to now we only made use of v, and Iy, but I'_, = I, — I}, was not deter-
mined. This remaining degree of freedom amounts to specifying the filling of each
Lorentz peak §r,, (@), and thus to adjusting the Keldysh component A‘,‘}“". From
(4.201) one knows that the latter is related to the spectral function via

Ak (w) = =2miA A (w)s(w), 4.213)
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with s(w) = 1 — 2n(w) the particular equilibrium or nonequilibrium occupation.
From (4.207) and (4.208) we have for the auxiliary system

r, _
AP () =2im Y vﬁr—aﬂ (0 — &), (4.214)
n +n

which suggests to determine I, via

I,
F—‘rn

= —s(&,), (4.215)
in order to achieve the correct Ny — oo limit. Furthermore, when inserting (4.206)

into this expression we find

I,
F+n

=2, — 1, (4.216)

and thus s(g,) = 1 — 2n,, as desired. For an exemplary plot of A% and A% with
the buffer layer idea see Fig.4.12.

4.8.2 Finite Size Lindblad Impurity Problem

As sketched above, in the buffer layer approach one is able to approximate the original
nonequilibrium impurity model by an auxiliary one, with a finite number Np of levels
only. Most importantly, these levels are coupled to additional Markovian reservoirs
in order to obtain dissipation. Once this mapping to a finite size Lindblad model has
been achieved, one can solve the auxiliary manybody problem with U # 0. This is
much simpler than in the original model because one only has to deal with a finite
many-body Hilbert space. Appropriate methods for this, such as Lanczos ED or MPS
are discussed below.

On the whole, from solving the U # 0 Lindblad model one obtains the interacting
Green’s function G*** on the impurity site. From the discussion at the beginning of
this section it is clear that the mismatch between the auxiliary G*** and the exact G
of the original model depends solely on || A%** — A||. This difference can be reduced
by increasing Np. However, a larger number of bath sites comes at the price of a
drastically increased effort to address the manybody solution. For example, methods
such as Lanczos ED scale exponentially in Ng. Therefore, it is highly desirable to find
a mapping procedure which yields a good accuracy | A — A|| « || A|| already for
modest values of Ng. This is provided by the Auxiliary Master Equation Approach
[21, 63, 78] which we present in the next section.
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4.9 Auxiliary Master Equation Approach

The key idea of the auxiliary master equation approach (AMEA), introduced in [21,
63], is to make optimal use of all available parameters in the finite size Lindblad
impurity model. In this way, it is possible to achieve already for small values of
Np ~ 0(10) a very good accuracy | A" — A|| < || Al|. For this purpose we consider
the most general quadratic Lindblad dissipator with one impurity and Ny bath levels

Np
1 1
ED;O =2 Z (Flmn(dmod;l - E{d;yr;dns IO}) + FZmn(d;,pdn - E{dnd;qu p})>

n,m=1

4.217)

Note here the important aspect that the coupling matrices I, and I%,, to the
Markovian environments are non diagonal, in contrast to (4.205), i.e. every possible
coupling is included. The unitary part of the Lindblad equation can be chosen to be
sparse, even in the most general case, since one always has the freedom to perform
unitary transformations among bath sites only, since it does not affect A on the
impurity site. Therefore, the Np bath sites can be assumed to be either in a chain or
star geometry. The former case is schematically depicted in Fig.4.13. In the latter
case, in addition to I, and I,,, we have the Hamiltonian parameters &, and v,,.
In AMEA all these parameters are optimized in a fit procedure by minimizing the
difference between A" and A. We again stress that the better A approaches
A, the better the accuracy of the impurity solver is. In order to carry out the fit, we
define the cost function

X@E 5,1 = / do|3m {4" (@) — A} I, (4.218)

and minimize it with respect to {1, {2m, Ens Vu}- On the whole, this amounts to
solving a multi-dimensional optimization problem with O(N3) parameters. Even
though this procedure is more involved than the simple choice of {I,,, [2mm, En, Vi}

Fig. 4.13 Auxiliary master equation approach: The reservoirs are represented by a finite number of
levels coupled to two Markovian environments. In contrast to the buffer layer approach, Fig.4.11,
all possible couplings are allowed, so that the coupling matrices I, and I%,,, are non diagonal.
Again, the system is governed by a Lindblad equation (4.217)
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Fig. 4.14 Results for A**(w) in the auxiliary master equation approach, for a physical A(w)
similar to the one in Fig.4.12. Already for real, dense I}, and I, matrices, a rapid convergence
with increasing Np is observed, see also [63, 71, 78]. The bias voltage between left and right lead
is denoted by ¢, and I" refers to the hybridization strength of the leads

in the buffer layer idea discussed above, the key aspect is that one achieves here
an exponential convergence of A towards A with increasing N, see also [71].
Exemplary results for this fitting procedure are depicted in Fig.4.14. More details
can be found in [71].

Once the parameters of the auxiliary system are fitted, the interacting Lindblad
equation must be solved. Up to now, we employed for this two different strategies
based on ED and MPS, respectively, see [63] and [78] for details. The former allows
us to consider all possible couplings so that modest values of Ng = 6 are sufficient
for an accurate representation of the reservoirs, see Fig.4.14. In the latter case we
restricted the fit to sparse I'},,,, and I3, matrices, in order to be able to apply efficient
MPS techniques. The restriction results in not as optimal fits as with dense I7,,,, and
Iy, but, due to MPS much larger system sizes of Ng = 15 — 20 are possible, which
outweighs and yields a significantly improved accuracy compared to the ED solver.

In the figures below, we present exemplary results for the ED and the MPS
approach. In Figs.4.15 and 4.16 ED results for a semi-circular lead DOS are shown.
With the MPS approach we focused on the low-bias regime and considered a wide
band model for the leads, as plotted in Figs.4.12 and 4.14. Very accurate spectral
functions could be obtained and it was possible for us to resolve the splitting of the
Kondo peak with increasing bias voltage ¢ = u; — ug in detail, see Figs.4.17, 4.18
and 4.19.

4.9.1 Evaluation of Steady State Green’s Functions

We now focus on the computation of the steady state Green’s functions in the auxiliary
Lindblad system. At first we consider the noninteracting case, for which compact
expressions are derived. These are crucial for AMEA in order to efficiently compute
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Fig. 4.15 ED results for the evolution of the impurity spectral function A(w) with increasing bias
voltage ¢. In the equilibrium limit ¢ = 0, a distinct Kondo peak and two Hubbard bands are clearly
visible. The former splits upon increasing ¢ into two weak excitations, which are located at the
positions of the chemical potentials ©+ = ¢ /2. Results taken from [63], for an interaction strength
U =20 Ay, with Ag half the hybridization strength of the leads
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Fig.4.16 ED results for the current-voltage characteristics of the nonequilibrium SIAM with semi-
circular lead DOS. At the lead bandwidth ¢ = 40 A, the current is strongly suppressed and must
vanish for U = 0. MPS refers to quasi exact reference data [61]. Results taken from [63]
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Fig. 4.17 MPS results for the equilibrium, i.e. ¢ = 0, spectral function with increasing num-
ber of bath sites. A comparison to a quasi exact NRG reference calculation reveals a remarkably
close agreement. Results for a temperature 7 = 0.05I" well below the Kondo scale Tx ~ 0.2I,
taken from [78] (For T'/Tx — 0 the exact spectral function fullfills the so-called Friedel sum rule
Alw)=nT.)
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Fig. 4.18 Sketch of the nonequilibrium impurity problem on the left. In the low energy limit
¢ K Tk, as well as in the high energy limit ¢ > Tk, the detailed physics is known. On the right
we present MPS results for the nonequilibrium spectral function in the challenging intermediate
regime T < Tk and ¢ ~ Tk, displaying a clear splitting of the Kondo peak for ¢ > I"/2. Figure
on the right taken from [78]
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Fig. 4.19 MPS results for
the current-voltage
characteristics together with
the differential conductance
dj/0¢. At low temperatures
and close to ¢ ~ 0, a clear
enhancement of the
conductivity due to the
Kondo eftect is found.
Figure taken from [78]
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AN (w), and thus, for fitting A (w) to A(w) by minimizing (4.218). After that
we focus on the manybody problem and the computation of the interacting Green’s

function GA**.

4.9.1.1 Noninteracting Case

We start from (4.153), (4.154) and (4.155), i.e. the Lindblad equation in superfermion
representation. This equation of “Schrédinger type” can be rewritten in the following

form

where

iL = ngg—}— const.,

€1

(4.219)

(4.220)

summarizes the fermionic operators c; (Z’j) for original (tilde) sites, and

[iss

_(E+ B
" \BE_)’

Er=Exi(Ih> - 1),

(4.221)
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The matrix E accounts hereby for all single-particle terms in the original Hamiltonian,
i.e. all hoppings and onsite energies, and the dense matrices I/, contain all the
couplings to the Markovian environments, see (4.217).

The detailed derivation of the Green’s functions for the generic case of a lattice
model is rather lengthy and can be found for instance in [63, 95]. On the other hand,
the final expression is quite compact, so we start by displaying it here in matrix form
in the i, j indices

Gr(w) = (@ —E+ily)™,
Gg(w) =2iGr(w)-Gx(w), (4.222)

with the abbreviations Iy = I & I'|. These analytic expressions involve only matrix
multiplications of size N = Np + 1 and are thus numerically cheap to evaluate. We
now prove (4.222).

Proof for the Retarded Component
The retarded Green’s function is given by

Gr(D)ap = —i0(1){{ca (). cj})
= 0() (Pap (1) + 8ap(1)). (4.223)

with the first part

Pap(t) = —iTreq () = =ill|ca(chp)ill)
—illleqe  cjlo) = —illleqlch (), (4224)
where p isin the steady state, and the usual restriction ¢ > 0 of the Lindblad formalism

applies. When making use of the property (/|£ = 0 one can write the time derivative
in terms of an equation of motion

d
o Pes @) = —illllca, Lllck ). (4.225)

With the Lindblad operator in the form of (4.219) one finds for the commutator

2
learill =Y H
v

=

<

v

Il
M= T

(Etay ¢y + Bay C5). (4.226)
1

.<
I

where we made use of the definition (4.220) in the second line. Multiplied with the
left vacuum this results in terms of the form
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(I[ca, iL] = Y (Ey = iB)ay (Ilcy =Y (E =il ay (Ilcy,  (4.227)
Y Y
due to the tilde conjugation rule (/ |6t = —i(I|c. In matrix notation one thus arrives at
d . .
Ep =—i(E—il")p. (4.228)

Now, we proceed analogously with the second part
8ap(t) = —iTr(cjca (1) p) = —iTrca(pc));. (4.229)

In terms of Lindblad time evolution and with the help of the tilde conjugation rules
we find that

8ap(t) = —i(llcue™ pef|l) = —i(l|cue™ (—itp)|p)
= —(Ilcae™eglp) = —{I|calp(®)). (4.230)

In the same manner as before, by writing down the equations of motion one arrives at

d . .
Eg =—i(E—ily)g. (4.231)

Finally, from inserting the results (4.228) and (4.231) into the time derivative of
(4.223), one finds the following equation of motion for the retarded Green’s function

i%GR(t) =18(t) + (E — i) GR(0). (4.232)

Fourier transforming of the lhs and rhs of the equation yields f i% Gr()e®'dt =
wGr(w) and I 4 (E — il})Gr(w). Overall this results in the first equation in
(4.222). The effective broadening I, corresponds in real time to a damping:
Gr(t) = fj;o GR(w)e’i“”‘zl—;’ ~e T fort > 0.

In analogous manner one obtains for the advanced Green’s function the usual
relation

Ga(@) = Gr(@)'
=(w—E—ily)™". (4.233)
Proof for the Keldysh component

For the Keldysh component we follow closely the one presented in [95]. Analogous
to (4.223), Gk is given by
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Gk (t) = —i{lc(t), ')
=p(t) — g(), (4.234)

when written in matrix form. Using the expressions for p(¢) and g(¢) derived above,
one has forr > 0

d
iEGK(t) =(E —il"p)Gk (1), (4.235)
with the solution
Gr(t>0) = E-HD Gro . (4.236)
——
Gk (1=0)

For t < 0 one can use the following property
Gk(1) = =Gk (-1, (4.237)

which is easily verified by inserting the definition of G, (4.234). For negative times
one thus has

G (t < 0) = Ggoe "EHID (4.238)

since G}(O = —Ggo. When splitting the time integration in the Fourier transform,
one finds from (4.236) and (4.238)%

+00
G (w) = / dte'™ G (1)

o0
=i(w—E+il'y) 'Gxo— iGgo(w — E —illy)!
= i(Gr(0)Gko — GgoGa(w)). (4.239)

From the Langreth rules, (4.190), one has for the inverse
[G(@) 'k = —i(GxoGa(@) ™" — Gr(®) ' Gko), (4.240)
and Gy is given by the equal time expectation value

GKO = —l(zm - I),
map (1) = (caCh)r. (4.241)

From the corresponding equation of motion we now determine the steady state
expression for mgg(1):

22Cf. Generalized Kadanoff-Baym ansatz (GKBA) [99].
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dmes  d . : . .
= T — Zicach) = Ulleach, Lllp®)) = UI(calch. L]+ [ea. L1ch)]0)-

dt  dt
(4.242)

0

For the sake of clarity we omit matrix indices. Using (4.219) for the Lindblad operator
we obtain

dm . + . +
Z — —illle(~C'lp) ~ HIH O |p)

= i(llc(c"E4 +EB)|p) — i{I|(E+c + BEH) | p)
= imE, — (I|c'c|p) B — iE,m — Bm, (4.243)
———

1—-m

where in the last line we have made use of the tilde conjugation rules. On the whole,
the steady-state single particle density matrix 1 — m is obtained from solving

(m —1)B — Bm — i[E,, m] = 0. (4.244)
With the definitions from (4.221) and (4.241) this amounts to
2I'. = (E—il'\)Gko — Ggo(E +ily). (4.245)

The rhs is just what is obtained from (4.240), when inserting the expressions for
Gria(w):

[G(@) 'k = —i(GkoGa(®) ™" — Gr(w) ™' Gko)
= —i(Gxo(® — E — il'y) — (w — E +iI";)Ggo)
=2il_. (4.246)

4.9.1.2 Interacting Case

To solve the interacting problem we set up the full manybody basis in the super-
fermion representation, which corresponds to the manybody Hilbert space for
(density) operators of the N = Np + 1 sites system. The Hilbert space size is expo-
nentially large, N3y = 16", when taking both spin directions and no particle conser-
vation into account. In the following we assume that the Lindblad operator and the
corresponding manybody states are expressed in this basis, so that the time evolution
equation

1p(8)) = e“|p(0)), (4.247)

corresponds to a linear algebra problem of size Ny;. As before, il plays the role of
a non-Hermitian Hamiltonian.
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We assume that £ can be diagonalized, a property which is not trivial for a non-
Hermitian matrix but can be argued from a physical point of view. The left- and
right-sided eigenvectors

L|aR) = Ly|aR),

K (4.248)
(aL|L = Ly(aL],

with eigenvalues £, can be chosen in such a way that they are bi-orthogonal to each
other
(L|BR) = b4p, (4.249)

and form a complete set,
I=>"|aR) (L. (4.250)

Due to this we can expand any state |p(¢)) in this basis and one can rewrite (4.247)
as

lp(0) =Y Po()|aR),
Py (1) = e~'P,(0). (4.251)

For a stable solution one must have that R{L,} < 0, which is ensured by the form
of the Lindblad equation. Furthermore, at least one eigenvalue must be zero due to
the property (/ |fi = 0 of the left vacuum, (4.157). We assume here that exactly one
eigenvalue, say L,—o, is zero with the following two corresponding left and right
eigenstates

(Il =(a=0,L|,

where |p) is the steady state. From (4.249) it follows that
(Ilpsc) =1, (4.253)

which is just the trace normalization of the density matrix. The assumption that only
one eigenvalue is zero, and, more generally, that only one has a vanishing real part,
is expected to be fullfilled for systems in which each level which is connected to
a Lindblad coupling. In this case, any initial state is expected to dissipate so that a
unique steady state is fullfilled.
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In order to reduce the relevant Hilbert space size Ny, it is expedient to make use
of conserved quantities. In many interesting cases, the number of particles per spin
component is conserved. Within the superfermion representation this translates into
the conservation of the operator®®

— No

=N,
zz(c Cig — €] c,g) (4.254)

The left vacuum (/| and, consequently also the steady state |p.,) are situated in
the sector A, = 0, as can be easily checked. The excited states used to evaluate
Green’s function belong to sectors with one of the A, # 0. For example, |c; 1) =

eLich | Poo) has Ay =1 and A = 0. A general non-stationary state |o(¢)) which is
not an eigenstate of £, however, does not necessarily have a well-defined particle
sector A,. From (4.251) it follows that in this case all components with A, # 0 are
exponentially damped and only the steady state component | = 0, R) in the sector
A, = 0 survives in the long-time limit. Thus, for the purpose of finding the steady
state | poo), @ convenient choice for the initial state is for instance |p(t = 0)) = |I).*

Steady State Correlation Functions

Here we show that correlation functions in the steady state can be expressed in the
form of a Lehmann representation, analogous to the equilibrium case (cf. [63, 100]).
The steady state Green’s function in the time domain, iGps(f) = (B(¢)A), reads in
terms of the superfermion representation

iGpa(t, +) = 0(O{I|B|A®D))
= 0(t)(I1Be™ Al o). (4.255)
where + indicates that the time argument is > 0 and one can use the “normal”
quantum regression theorem, see Sect. 4.6. When inserting the identity operator in
terms of the eigenstates of £, (4.250), one obtains
iGga(t, +) = 0(1)(OL|BIe“"IA|OR)
=0(1) Z(OL|B|aR)(aL|A|OR)eE“’ , (4.256)

23 Also the analogue to the usual SU(2) spin symmetry can be implemented, although it is more
involved.

24Note that a more standard form for the conserved quantities is obtained when performing a
particle-hole transformation in the tilde space ¢, — h:;, since then A, — Ny + N, — N.
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and subsequent Fourier transformation yields

[ee}

Gpa(w, +) = / Gpa(t, +)e™ dt

—00

= ) (OL|B|aR)(«L|A|OR)

a

. 4.257
w—iLl,y ( )

In particular we are interested in the retarded and Keldysh Green’s functions. The
retarded Green’s function in the time domain is given by

Grpa(t) = —i0(){{B(), A})
—if(t){B()A + A(—1)B)
Gpa(t, +) + Gap(—t, —), (4.258)

where the QRT cannot be applied directly to the second term. But, as before, from
the complex conjugate one finds
iGap(—t, —) = 0(1)(AB(1))
=0 (B"(nA")*
= 0)(I|B'1A ()"
*
=0(1) (Z(OLW|aR><aL|AT|0R>e‘a’) , (4.259)

o

and the Fourier transform is given by

o0
GMQH=/ Goan(—t, )™ dr

o0

= Z ((OL|B"|aR) (¢ LIAT|OR))" " (4.260)

—iLx
On the whole, Ggpa () is obtained by the Fourier transform of (4.258), so by the
sum of (4.257) and (4.260). In particular, one can see that the poles are located at
o =iLl, and w = iL}, so in the lower complex half plane since R{L,} < O for all
eigenstates. This ensures the causality of the retarded Green’s functions. Due to these
poles away from the real axis, the spectrum is not given by a sum of delta peaks, as
for a finite size system, but by a continuous function.
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The Lehmann representation of Ggap(w) is obtained in a similar way, leading to

Grap(@) = —iF{{[B(1), A])}

> "(OL|B|aR) {L|A|OR)

o

w—iLl,

1
OL|A|xR){xL|B|OR) ———— — h.c. 4.261
+ Y (OL|A|aR) (o L|B| Vo he (4.261)

with F{} denoting the Fourier transformation and h.c. stands for the Hermitian con-
jugate of the two sums.

In practice, the Green’s functions described above can be determined either
directly by full diagonalization of the Lindblad operator, see (4.248), or with Krylov
space methods. A full diagonalization is only feasible for rather small matrices of
size Niy < 5000, due to memory constraints and since the numerical effort scales
with the third power of the matrix size. Krylov space methods, on the other hand,
allow one to consider much larger values of N3y &~ 107 — 10”, because only matrix-
vector products are needed. Instead of computing all eigenvectors of the Lindblad
operator, only the relevant subset, the so-called Krylov subspace is targeted in an
iterative fashion. For the case of Green’s functions, for instance, (/|1/(w — aL)|r)
is computed by forming a bi-orthogonal set of vectors spanned by (/|£" and L"|r)
withn =0, 1, 2, .... For more details on the common Lanczos algorithm for Her-
mitian problems, as well as the bi- or two-sided Lanczos and the Arnoldi algorithm
for non-Hermitian matrices, which must be used in the present problem, we refer to
[101-103].
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