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The fields of DNA computing, molecular programming and DNA nanotech-
nology offer exciting new possibilities for organizing and manipulating matter
at the nanoscale, and prompt us to think about computation in creative new
ways. Molecules reacting in a test tube change state, and counts of molecules
can in principle be used to simulate counter machines, all in a highly distributed,
asynchronous and stochastic manner. In this talk I'll give some background on
models of molecular programming, focusing on Stochastic Chemical Reaction
Networks, and describe some beautiful results and open problems pertaining to
this model of computing.

Stochastic Chemical Reaction Networks (CRNs) have traditionally been used
to model the dynamics of interacting molecules in a well-mixed solution [1], par-
ticularly when the counts of some molecular species is low, in which case mass
action kinetics is not a good model. More recently, stochastic CRNs have become
a popular model for describing molecular programs - programs that can be exe-
cuted in a test tube or other wet environment [2,3]. Reactions are the basic
instructions of these programs, acting on molecules in a well-mixed solution.
CRNs are closely related to population protocols among resource-limited agents
in distributed networks [4], as well as models of gene regulatory networks, infec-
tious diseases and voting processes [5-8].

Stable Function Computation by CRNs. In one model of predicate computation
by CRNs proposed by Angluin et al. [9,10], inputs are represented by initial
counts of certain molecular species in a well-mixed solution of fixed volume.
Chen et al. [11] studied function computation in essentially the same model. For
example, if the solution contains ni copies of species X1 and no copies of species
Xo, then the two reactions of Fig. 1(a) eventually produce a number of Y’s equal
to n1 + ng, while the single reaction of Fig. 1(b) produces a number of Y’s equal
to the min of the counts of X; and X5, and the reactions of Fig. 1(c) produce the
max of the counts. (Assume that the rate constant associated with each reaction
is 1, although these assertions are true regardless of the rate constant.)

The evolution of a “computation” by a CRN can be described as a sequence
of configurations, where each configuration is a vector of counts of molecular
species and the initial configuration describes initial species counts. There is an
underlying probabilistic model, consistent with the principles of chemical reac-
tions (under fixed environmental conditions such as temperature), that deter-
mines the rates and relative likelihoods of reactions as a function of molecular
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Fig. 1. Simple CRNs for stably computing the (a) sum, (b) min and (c) max of the
counts of two molecular species X1 and X2. The output is represented by the number
of copies of species Y. The CRN of part (c) integrates the CRN of part (a) with a
slight variant of part (b), thereby computing the max as the sum minus the min.

species counts, reaction rate constants, and the volume of the enclosing solu-
tion. From this probabilistic model, notions of correctness (perhaps allowing for
a small probability of error) as well as efficiency (depending on reaction rates,
which in turn depend on rate constants and counts of molecular reactants) can
be formulated.

All of the CRNs of Fig. 1 compute their functions stably [9-11]: on any com-
putation, a configuration is eventually reached with probability 1 in which the
counts of output species are consistent with the function being computed, and
once reached, the counts never change subsequently. The class of functions that
can be stably computed by CRNs is exactly the semi-linear functions [10,11].

Stable Function Composition. A basic question is: given two CRNs that sta-
bly compute two functions f and g, when is it possible to compose the CRNs
in order to compute the composition g o f?7 Stable composition is certainly
possible when the CRN that computes f is output-oblivious - that is, no
output species is a reactant in any reaction of the CRN. Not all semi-linear
functions are output-oblivious. We will show that the max function and gen-
eralizations are not output-oblivious, and present a characterization of which
semilinear functions can be stably computed by output-oblivious CRNs.

CRNs with Error: Approximate Majority. The Approximate Majority problem is
as follows: in a mixture of two types of species where the gap between the counts
of the majority and minority species is above some threshold, which species is in
the majority? CRNs that solve Approximate Majority with low error probability
have been well studied but have been difficult to analyze [12]. We’ll describe a
simple way to analyze CRNs for Approximate Majority [13], as well as several
variants, e.g., when reaction rates are uncertain or when some molecules are
Byzantine. These CRNs are described in Fig. 2 which is from Condon et al. [13].
Key to our approach is to first analyze a very simple CRN for Approximate
Majority involving tri-molecular reactions, i.e., reactions with three reactants.
We can show that well-studied bi-molecular CRNs for Approximate Majority
essentially emulate the tri-molecular protocol, and also that the same analy-
sis principles can be used to prove correctness and efficiency of multi-valued
consensus.
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(a) Tri-molecular CRN. (b) Double-B CRN. (c) Single-B CRN.

Fig. 2. A tri-molecular and two bi-molecular chemical reaction networks (CRNs) for
Approximate Majority. Reactions (0’x) and (1’y) of Single-B have rate constant 1/2
while all other reactions have rate constant 1.
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